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Abstract

Computational Fluid Dynamics (CFD) is the main tool to use in industry and engineering problems in-
cluding turbulent flows. Turbulence modeling relies on solving the Navier-Stokes equations. Solving
these equations directly takes a lot of time and computational power. More affordable methods solve
the Reynolds Averaged Navier-Stokes (RANS) equations. The most commonly used RANS models
rely on Linear Eddy Viscosity Models for the Reynolds stress closure. However, this type of modeling
does not provide satisfactory accuracy in general problems, which include curvature, impingement and
separation. The rapid developments of Machine Learning (ML) in fluid dynamics and the increase of
available high fidelity data of turbulent flows led to the introduction of data-driven RANS turbulence mod-
eling. ML-augmented RANS models are promising but often lack generalisability or does not meet the
preference of being interpretable. In this thesis, a sparse symbolic regression method has been used
to generate interpretable algebraic equations for the non linear anisotropic Reynolds stress. These
equations are built from a library of candidate functions of which the best fitting functions are selected
by solving a sparse regression problem. A deeper understanding of this methodology is achieved by
creating models using different input features, including a wall damping function to improve near-wall
behaviour of the model. Furthermore, different sparse regression problems are investigated, including
constrained regression problems for which physical knowledge is used. The discovered models are
propagated in a CFD solver to obtain a corrected velocity field. Most of the discovered models improve
the prediction of the Reynolds stress and its anisotropy compared to the k — w RANS model. A small
number of the discovered models are able to improve the prediction of the streamwise velocity com-
pared to the RANS model. By analysing the discovered models, it is recognised that a specific term in
the algebraic model is the basis of an inadequate prediction of the velocity. Furthermore, it is observed
that a considerable amount of the implemented models provide an unconverged solution, which is vis-
ible as instabilities in the flow variables. Suggestions are given to improve the stability of the models.
The discovered models, which include more physical knowledge by applying physical constraints to the
regression problem or by including near-wall treatments, give promising results.
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Introduction

1.1. Background

Turbulent flows are ubiquitous in nature and technology, and simulating them is an active research
topic. Examples of turbulent flows in technology are the flows in nozzles and pipes, flows in devices
such as turbomachinery and heat exchangers, and flows around moving objects, such as vehicles and
airplanes. Accurate predictions of the turbulent flows are important for the design of that perfect car or
airplane having as less drag as possible. Also in the design of turbo machines or full wind farms, insight
in the turbulent flows is important [1]. Computational Fluid Dynamics (CFD) is an important approach
in obtaining this insight of the physical characteristics of turbulence [2]. It relies on governing equations
and mathematical models that capture the complexity of turbulent flows, which are solved numerically.
CFD is favoured compared to experiments as alternative analysis tool. The practical advantage of CFD
over experiments is that it is cheaper, generates more data and can include data that is not measurable.
Furthermore, CFD has the ability to modify the virtual environment to investigate physical behaviour
that is otherwise impossible to gauge. For instance, consider a safety analysis of a turbo engine or nu-
clear reactor to investigate the behaviour under severe conditions. Without damaging the environment,
this can not be tested experimentally. Hence, CFD is and stays an important analysing and modeling
technique.

Modeling turbulent flow starts with describing the motion of the flow, which is done by the Navier-
Stokes equations. Solving these equations directly can be done with the Direct Numerical Simulation
(DNS). However, in many cases, this is excessively expensive because of the large range of turbulent
scales [3]. It can take several months to perform one DNS simulation of a simple flow. Therefore,
turbulence models are used to perform computationally affordable simulations. These models aim to
accurately describe the effect of the chaotic behaviour of turbulence on the mean flow. Two strategies
for turbulence modeling exist, namely Large Eddy Simulations (LES) and Reynolds Averaged Navier-
Stokes models (RANS). In LES the large scales of a turbulent flow are solved while influence of the
smallest scales are incorporated through a model. Although LES has been shown to be a powerful and
successful method in simulating a variety of complex turbulent flows, its application is limited since it
still requires a high grid resolution or small time steps and thus large computational cost. RANS models
on the other hand are currently the most widely used models in industry and are expected to remain
standard for simulating turbulent flows, because of their lower computational cost. However, in some
cases they suffer from poor accuracy and predictive power.

RANS models are based on the RANS equations, which are obtained by decomposing the flow
quantities into their time-averaged and fluctuating components and averaging the Navier-Stokes equa-
tions. This yields a nonlinear Reynolds stress term that requires additional modeling to fully resolve the
system. Such models, referred to as turbulent closure models, generally involve a relation that connects
the Reynolds stresses to the mean-flow field with one or two additional equations. The most common
used RANS models rely on the Linear Eddy Viscosity Model (LEVM) for the Reynolds stress closure,
which assumes a linear relationship between the Reynolds stresses and a mean-velocity gradient ten-
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sor [4]. Although this type of model works well on simple flows, it does not provide satisfactory accuracy
in more general configurations, such as those with curvature, impingement and separation. In those
cases, more advanced nonlinear modeling of the Reynolds stress is required, such as with the explicit
algebraic Reynolds stress model of Wallin and Johansson [5], or with the differential Reynolds stress
models [6]. However, these nonlinear models are not used often for industrial problems, since they
do not give consistent improvements over the LEVM and often have convergence problems [7]. Fur-
thermore, many undetermined parameters need to be tuned based on datasets from particular classes
of problems. This limits the usage of CFD in industry, which desires an affordable turbulence model
applicable for a wide range of geometries [8].

There has been an increased interest in using Machine Learning (ML) to improve, augment or de-
velop RANS turbulence models. The computational power has been majorly improved over the past
decades, which contributed to an increase of available high-fidelity data from DNS and fast develop-
ments in ML techniques. This led to the introduction of data-driven RANS turbulence modeling [9].
With high-fidelity data, correction terms can be trained to compensate for the error introduced by the
used model, which results in a data-augmented RANS model. Previous research showed that ML-
augmented turbulence modeling is promising and can offer improved predictions over classical models
[10].

Many challenges remain in the current state-of-the-art of data-driven RANS models, to begin with
the generalisability of data-driven models [11]. Ideally, an established data-driven approach can be
applied to different or unseen scenarios. However, previous work demonstrated that the predictive
ability of the model is limited to flow cases that are similar to the training flow. Ling et al. for instance,
showed that their ML model works adequately for similar flows, but fails for the cases which deviate
significantly from the training flows [12]. Furthermore, previous research revealed that an interpretable
model is preferred and can enhance the generalisation capabilities. Another challenge is to create a
robust model. When a data-driven RANS model is obtained, it often has to be implemented in a CFD
solver to recover the velocity profiles. However, Wu et al. showed that small errors in the Reynolds
stress can lead to significant errors in the velocity because of ill-conditioning of the RANS equations
with its closure model [13].

Recently, the relatively new sparse symbolic regression technique [14], has been introduced in data-
driven turbulence modeling and the initial results are promising [15] [16]. Sparse symbolic regression
generates an algebraic equation to describe the quantity of interest. This equation is interpretable,
which makes the method favourable compared to other machine learning techniques, such as Neural
Networks (NN), which are black-box models and hard to interpret. Furthermore, the derived algebraic
equation is lighter and more efficient to integrate in an existing CFD solver, which can make it easier to
assess the robustness of the model. Finally, it has been shown that integration of physical knowledge
is possible, which can contribute to more general models. These early successes motivate to continue
exploring the possibilities of sparse symbolic regression in turbulence modeling.

In this research, sparse symbolic regression is applied to find an algebraic closure model for the
RANS equations. This will be tested on different geometries of which DNS data is available. We aspire
to obtain a deeper understanding of the methodology and the obtained models. This will be achieved by
creating models using different input features, including a wall damping function. On numerical level,
this will be achieved by analysing the performance of different regression techniques, which can be
used in sparse symbolic regression. Furthermore, constraints will be added to regression techniques
such that the model is constricted to prior physical knowledge of the Reynolds stress. Finally, we would
like to get more insight in the performance of the models in terms of generalisability and robustness.

1.2. Research Objectives

The main objective of this research project is to develop data-driven turbulence models using sparse
symbolic regression to improve the k —w RANS turbulence model, which contains physical knowledge
of the Reynolds stress and should be generalisable and robust. To achieve this, several sub-goals
have been set up:
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» Create a modeling framework to learn algebraic models for the anisotropic Reynolds stress using
sparse symbolic regression, while embedding physical knowledge. The framework should consist
of a model discovery part and a model assessment part.

Generate different test cases to train and test the models.

Implement the models in the CFD solver OpenFOAM and assess the improvements in mean-flow
over the standard RANS model.

» Assess the generalisability and robustness of the models.

Relevant questions and sub-questions based on the objectives are:

Q1. Which features are the most relevant when generating an algebraic equation for the anisotropic
Reynolds stress?

1 Is the sparse symbolic regression technique able to select the most relevant features and
how do we verify that those features are the most relevant?

T If not, how can we do a pre-selection of the features?

I Can we add features to include near-wall treatment?

Q2. Which sparse symbolic regression technique finds the best performing algebraic model?

T Which sparse symbolic regression techniques exist and how does each regression function
and optimiser influence the model?

T Can we apply constraints to embed physical knowledge and how does such constraints
influence the performance of the model?

Q3. How does the resulting turbulence model perform in terms of robustness and generalisability?

1 Can we a priori predict the performance of the regressed model in terms of robustness and
generalisability?

1.3. Structure

This thesis starts with providing the necessary background information of turbulence and its modeling
in Chapter 2. An introduction of machine learning is given in Chapter 3. In this chapter, also a state-
of-the-art of machine learning in turbulence modeling is given. Chapter 4 covers the methodology of
the research. A description is given of sparse symbolic regression as applied in this thesis, including
an explanation of the used regression problems and how physical constraints and near-wall treatment
are incorporated. Furthermore, the implementation of the models in a CFD solver is presented. The
cases on which the methodology is applied are described in Chapter 5. Chapter 6 presents the results
as obtained in this research. Finally, the drawn conclusions are given in Chapter 7, together with
recommendations for future research.



Turbulence and Turbulence Modeling

This chapter serves as an introduction to turbulence and the two common used turbulence modeling
strategies, namely RANS and LES. More attention is given to RANS models, since these models will be
the basis of our modeling approach. The governing equations will be explained, including the closure
problem.

2.1. Turbulent Flows

Turbulence is a state of fluid motion which is characterised by a chaotic behaviour of the flow velocity
and the pressure of the flow. This is the opposite of a so called laminar flow, see figure 2.1. In the
laminar case, the fluid flows smoothly in parallel layers with no or little mixing. The motion of a fluid
can be described by a complete set of equations, called the Navier-Stokes (NS) equations. The NS
equations are a system of nonlinear partial differential equations and describe the relation between flow
variables, such as the velocity and pressure, as a function of position and time [1]. The NS equations
emanate from the laws of conservation of mass, momentum and energy. When mass is conserved, it
means that the total mass of a volume element in the flow remains unchanged over time. This can be
expressed as

dp

dt
where p, tand U are the density, time and velocity respectively. The term -(pU) represents the overall
rate of mass additions per volume element due to convection [2]. When the divergence of the velocity
is zero, the fluid is called incompressible. In that case, the conservation of mass can be reduced to the
continuity equation

+ - (pU) =0, (2.1)

ou oV , oW
= +

x eyt 70 (2.2)

Laminar

YveyY

Turbulent
4 C = %

AT

Figure 2.1: Schematic drawing of a laminar and turbulent flow, taken from [2, p. 35].
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where U, V and W are the velocity components in the X, y and z direction, respectively. In this report,
we limit the scope to incompressible flows.

The conservation of momentum is nothing more than Newton’s second law of motion, F = ma,
applied to fluid elements. That is, the total force F acting on a fluid equals the change of momentum
defined as the product of the mass m and the acceleration a of the fluid. For an incompressible flow,
the conservation of momentum can be described as

bu _ oy
Pt =P ot
Equations 2.2 and 2.3 are known as the Navier-Stokes equations, where | is defined as the dynamic

viscosity, which is a material property [1]. When no free surface is present in the flow, equation 2.3 can
be further simplified to

+(U: JU)=pg— p+p *U. (2.3)

DU _ oU

pﬁ = P(E

In that case, the gravity term is absorbed in the pressure term. The NS equations 2.4 and the continuity
equation 2.2 are the basis for describing the motion of an incompressible flow of a homogeneous fluid.

+(U- U == prp 2U. 24)

In the NS equation, the term i 2U represents a force of friction and acts as a damping force, driven
by viscosity [2]. Thus, the higher the viscosity, the higher the damping. The term p(U - )U represents
the inertial force, the force due to the momentum of the fluid. The denser a fluid and the higher its
velocity, the more momentum the fluid has. The ratio between these two term is expressed by the

Reynolds number, defined as

Re = % (2.5)

where U and L are the characteristic velocity and dimension of the flow. When the viscous force is
much smaller than the inertial force, a flow becomes turbulent, indicated with a high Reynolds number.

Turbulence is often described in terms of ‘eddying’ motions. When a flow becomes unstable due
to a high Reynolds number, energetic local swirls of the flow arise, which are the turbulent eddies. It
starts with large eddies, which transform into smaller and smaller eddies. Therefore, turbulent flows
consist of the superposition of a continuous scale of small to large eddies. The scales of the smallest
turbulent motions are the Kolmogorov scales.

Turbulent flows involve a very wide range of active spatial and temporal scales. In combination
with the chaotic behaviour of a turbulent flow, solving the NS equation is very complex. It is possible
to solve the NS equation directly with Direct Numerical Simulation (DNS). However, resolving all the
scales of motion, including the smallest ones, requires a high resolution and a lot of computational time,
despite the growth of computer power in the last decades. Furthermore, it is estimated that the number
of floating-point operations grows as Re? [17]. Therefore, to deal with the complexity of the problem,
several theoretical and computational approaches have been introduced to characterise turbulence.
Among these simplified approximations, Reynolds Averaged Navier-Stokes (RANS) models and Large
Eddy simulation (LES) are most common [18]. In the following sections, RANS and LES are discussed
in more detail.

2.2. RANS

RANS models are based on the RANS equations. The RANS equations are obtained by splitting the
instantaneous flow U into a mean quantity U and its associated fluctuations U illustrated in Figure 2.2.
This is called Reynolds decomposition, named after its originator Osborne Reynolds and can be written
as
U=u+u. (2.6)
The time-averaged velocity can be simply obtained by
t—+T

U(x)=T|me% - UGt 2.7)
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A
u / u

Figure 2.2: Process of Reynolds averaging in which the velocity u is decomposed into a its mean T and fluctuating u’ part;
graphic taken from [19, p. 42].

Substituting the decomposition into the NS-equations and continuity equation and performing an addi-
tional time-averaging operation, results in the RANS equations. In tensor notation, the RANS equations
read

DU __1p, 9 90U

Ui _
o = O (2.9)

Note that the RANS equations include a new term R;; = U;U;, called the Reynolds stress. The
Reynolds stress cause that we have six additional unknowns, which makes it impossible to solve the
equations. This is referred to as the turbulence closure problem. Hence, additional models for the
Reynolds stress are required.

2.2.1. Linear Eddy Viscosity Models
A majority of the turbulence models, which models the Reynolds stress in the RANS equations, are
the Linear Eddy Viscosity Models (LEVM). These models rely on a linear constitutive relationship, also
known as the Boussinesq hypothesis, yielding

2
Rij = U-Uj = 2VtSij - §k6ij' (210)

Here, 9;j is the Kronecker delta, S;j is the instantaneous strain rate tensor defined by

1 3G oG
TS g Tax (2.1)
k is the mean turbulent kinetic energy
1 —
k=200, (2.12)

and v is called turbulent viscosity or eddy viscosity. With the Boussinesq approximation, the unknown
Reynolds stress components are resolved, but again a new variable, the eddy viscosity vy, is introduced.
Over time, a wide variety of possible expression for the eddy viscosity has been derived. These eddy
viscosity models can be classified in the amount of additional used equations. Zero-equation models
or algebraic models require no additional equations and are calculated directly from the flow variables.
Consequently, these models are not able to account for history effects of the turbulence. An example
of such a model is the mixing-length model for shear flows given by the equation

Vi = W m:

(2.13)
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where |, is the mixing length and %—L; the partial derivative of the streamwise velocity with respect to the
wall normal direction [20]. The mixing length I, has to be specified, which is inevitably dependent on
the geometry of the flow. For complex flows this specifications requires a large measure of guesswork
and therefore, their application is limited to very simple flow geometries, such as simple wall-bounded
flows [21].

In one-equation models, typically a transport equation for the turbulence kinetic energy k or eddy
viscosity is solved. An example of such a model is Prandtl's one-equation model [22] that solves the
eddy viscosity by .

vt = Im K, (2.14)

where k is described by the partial differential equation

ok — ok oU; 0 ve 0Ok
— +Ui— = Rjj— — + — + = — . 215
ot 1 an 4 an an v Ok an ( )
Prandtl’s equation provides closure by defining the dissipation , the turbulent kinematic viscosity, the

eddy length scale and additional closure coefficients.

Two-equation models include two additional transport equations. Usually a transport equation for
the kinematic energy is chosen as well as one additional transport variable, which could be the tur-
bulence dissipation or the turbulence dissipation rate w. One of the most widely used two-equation
transport model is the k — w model developed by Wilcox and others [20], which solves the transport
equations of the eddy frequency w and the turbulent kinetic energy k, defined as

ok —ok _ _ dU; 0 ok
a+UJa—Xi = Rjj a%; B ko + % (v+vo) ol (2.16)
00 9 _ 0 00 g, 0 %
ﬁ+U.a—xi—yk i 3, Bw +6Xi (v +v¢0) X (2.17)

These equations contain the five closure coefficients B, B , y, 0 and o . The closure relationship for
this model is

V= (2.18)

Another widespread two-equation model is the k — model, in which transport equations for the
turbulent kinetic energy and the dissipation are solved, defined as

ok ok __ aU; 9 ve ok

— +Uj=— =Rjj=— — + — _— 2.19
ot 1 an u an an v Ok an ( )
0 — 0 oU; 2 o] vi O
— +Uj— =C1-Rjjz— —Co— + — + = — 2.2
at TUig TORiG, Tt ey Ve ax (2.20)
where C1, C,, 0k and o are constants. The eddy viscosity is calculated with
k2
Ve =Cp—. (2.21)

Overtime, many more RANS models have been developed, which rely on the Boussinesq hypothesis
as defined in equation 2.10. Unfortunately, the intrinsic assumption of the Boussinesq hypothesis that
the anisotropy is locally determined by 0U;/0x; is not valid for all cases. Therefore the eddy viscosity
models yield poor accuracy for many flows. Only for simple shear flows, the hypothesis is reasonable.

2.3. LES

Although the focus in this project is on RANS models, a brief explanation of LES models is given for
completeness. The larger eddies in turbulent flows obtain their kinetic energy from the bulk fluid energy,
which contains most of the turbulent kinetic energy of the flow. By breaking up the large eddies into
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smaller eddies, energy is transferred to the smaller eddies [2]. So, the larger eddies are responsible
for the majority of the diffusive processes. The smaller eddies on the other hand, take the the kinetic
energy from the larger eddies and dissipate it into heat at the smallest scales. The smaller eddies
are statistically isotropic and therefore, have a more universal character and are more independent of
the boundary conditions and the mean flow velocity than the larger eddies. Based on this theory, LES
models have been developed to resolve the large eddies and approximate the behaviour of the small
eddies. This is done by separating the velocity field into a field of resolved large eddies and a sub-grid
part representing the small scale motions, which are modeled, resulting in

Uu=U+U. (2.22)

The decomposition of the velocity is obtained by employing a filtering operation
U t)= U(X,t)G(x—x)dx, (2.23)

where G(x — x) is a filter function. The equations of motion for the resolved field are derived by
substituting the decomposition into the NS equations, and subsequently filtering the resulting equation.
LES is able to capture a significant number of velocity fluctuations and therefore provides more accurate
simulations than RANS models do. However, LES is in general more time intensive than RANS models,
since it requires a finer grid scale. Compared with DNS, the vast computational cost to represent the
small-scale motions is avoided and hence, LES is less time intensive than DNS.

2.4. Anisotropy Tensor
The Reynolds stress, Rjj = U; U; can be divided into an isotropic and anisotropic part

=2

kéij + ajj. (2.24)
Here, aj; = 2kbjj is the Reynolds stress anisotropy tensor and k = %trace(Rij) is the turbulent kinetic
energy [21]. The anisotropic part of the Reynolds stress is the only part that is active in transporting
momentum and hence, is the most important part. Equation 2.24 can be rewritten to define the non-
dimensional anisotropic Reynolds stress tensor, b;j, as
Rij 1

bij = 2 — 30 (2.25)
As mentioned previously, eddy-viscosity models typically rely on the assumption that b;; is a function of
local mean-flow quantities. LEVM, such as the k—w and k— models, use the Boussinesq assumption
that bij; = "—ktSij. However, this assumption introduces modelling errors. In this research, we aim to
reduce the error by finding a (nonlinear) model for the anisotropy Reynolds stress using DNS databases
and machine learning.

2.4.1. Realisability

From the properties of the Reynolds stress R;; and its anisotropic part b;j, physical constraints can be
derived [23]. This starts with the definition that a square matrix A RN*N is positive semi-definite if
and only if xTAx = 0, x RN. The Reynolds stress is constructed by taking the outer product of
turbulent fluctuation U’ with itself and therefore satisfies positive semi-definiteness, since

xTU'UTx = (xTu’)? =0.

It is still positive semi-definite after taking the temporal average R;j; = TUJ = % n UiU;, since all the
time-samples adhere this property. Since the Reynolds stress tensor is positive semi-definite, all its
eigenvalues are non-negative and therefore also its determinant and trace. Furthermore, the Reynolds
stress will have non-negative diagonal components and the Cauchy-Schwarz inequality must hold. In

summary:

Raa =0 a {1,2,3}, det(R) =0, Rip =RaaRpp O =B. (2.26)
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Table 2.1: Special states of the Reynolds-stress tensor in terms of the eigenvalues of anisotropy tensor b. With one- and
two-component turbulence is meant that fluctuations exists along one or two directions respectively. Axisymmetric
two-component turbulence indicates that fluctuations exist along two directions with equal magnitude, also referred to as
pancake-like turbulence.

State of turbulence Eigenvalues of b Designation in Figure 2.3
One-component Ai= 5,-1,-% i Corner Xic
Axisymmetric two-component  Aj = £, %, —3 T Corner Xoc

Isotropic Ai=0 Corner Xac
Axisymmetric expansion 0OsAM<=ziand—%<A=A3<0 Blackline xic - Xac
Axisymmetric contraction —isMhs0and0<A;=A3<; Blueline xzc - Xsc
Two-component AM+Az3=1landr = -1 Red line X;c - Xoc

These properties of Rjj have implications for the anisotropic stress b;j. When @; are the eigenvalues
of Rjj, then the eigenvalues of bjj, A;, can be written as

=01
N= o (2.27)

This has as consequence that the eigenvalues and the diagonal components of b;; are in the interval
[—%, %]. Furthermore, we know by the Cauchy-Schwarz inequality in equation 2.26, that the off-diagonal
components of by; are in [—31, 1].

To analyse whether the anisotropic stress tensor is in the derived intervals, it is useful to characterise
the tensor more simply than by its six components b;;j. In fact, the anisotropy can be characterised by
just two independent invariants, which are scalars obtained from a tensor (e.g., bji.bZ, bii®) and its
values are the same in any coordinate system [21]. These invariants are defined by

1 =bijbji/2, 11 :bijbinbjn/3, (2.28)
and allow for a simple graphical representation. At any point in a turbulent flow, the invariants can
be determined from the Reynolds stress and plotted as a point in the 111 — Il plane as shown in

Figure 2.3. This representation was introduced by Lumley and Newman and therefore is known as the
Lumley triangle [24] [25]. The invariants fall within a triangular domain, corresponding to the constraints
mentioned earlier. Rewriting the intervals of the anisotropy tensor, the following nonlinear relationships
can be constructed, which define the triangle domain

3 4 23 2

== =|ll I <_-+21l1l. 2.2

e LTI 5 (2:29)
Points outside the triangle correspond to non-realisable Reynolds stresses, which could have negative
or complex eigenvalues. The corners and sides of the triangle correspond to special states of the
Reynolds-stress tensor. These different states in terms of invariants and eigenvalues of the anisotropy
tensor b;j are listed in Table 2.1.

2.5. Near-Wall Treatment

The presence of a wall causes a number of different effects in a turbulent flow, which makes it complex
to model. The flow can be characterised into various regions proceeding perpendicularly from the wall.
The region adjacent to the wall is called the viscous sublayer, followed by the buffer layer and the log
layer. In every layer, different reciprocal actions take place between the viscous stress pv(dU/dy) and
the Reynolds shear stress —pU V , which together define the total shear stress t1(y) [2]. At the wall, the
no-slip boundary condition dictates that all the Reynolds stresses are zero. Therefore, the wall shear
stress entirely consists of the viscous stress

Tw=pV — . 2.30
Wpdyy:O (2.30)
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Figure 2.3: Anisotropy-invariant map based on (111, 11). The corners and sides of the triangle correspond to special states of
the Reynolds-stress tensor as explained in Table 2.1; taken from [26, p. 125].

Away from the wall, the viscous stress is negligible and the total shear stress is therefore described
by the Reynolds stress. The different regions are defined on the basis of the distance from the wall
measured in wall units, which is denoted by

5l = Yy (2.31)
v

y v

Here, y is the distance from the wall, U; is the friction velocity and 9, the viscous lengthscale, which
are defined as

_ P _ v
U= =, 5 - =_ 2.32
N P VoL TG (2:32)
The thickness of the layers is dependent of the Reynolds numbers which is illustrated in Figure 2.4.
Furthermore, with equation 2.31, a dimensionless velocity can be acquired resulting in

u

u U

(2.33)

Due to the different flow physics in each layer, U™ depends differently on y* in each layer. In the
viscous layer, for which y* < 5, the velocity adheres to a linear relation

ut=y". (2.34)
In the log layer, for which y* > 30, the velocity distribution obeys the logarithmic law
u+ = ilny++C, (2.35)
where K is the von Karman constant, k = 0.41, and C = 5.2.
The different behaviour of the velocity in each layer is correlated to different scaling of the Reynolds

stress in each layer [21]. To determine the behaviour of the Reynolds stress departing from the wall
we can write the fluctuating velocity components as Taylor series of the form

U =a; + by +cy? + O(y3),
V = a, + byy + coy? + O(yd), (2.36)
W = ag +hgy + c3y® + O(y°).



2.5. Near-Wall Treatment 11

y/(; =03
L log-law outer
) region layer  y5=0.1
10k -
[ overlap
v/ 0 L region
| buffer
10’25— layer y+=50
I viscous N
1073k sublayer y =30
3 inner
layer
: \'Jr: 5
4
10 i Il e |
10° 10* 10° 10°
Re

Figure 2.4: Regions and layers in a turbulent channel flow as functions of the Reynolds number, obtained from [21, p. 281]

At the wall, y = 0, the no-slip condition yields U = a; = 0and W = az = 0. Similarly, the imper-
meability condition of the wall yields V =a, = 0. Since U and W are zero at the wall, its derivatives
(0U 70x)y=0 and (0W /0z)y—o are also zero and the continuity equation yields (0V /9y)y=q = b, = 0.
As b, = 0, very close to the wall V is zero, whereas u and w are non-zero, resulting in a two-
component flow. Now, the Reynolds stresses near the wall can be obtained from the expansions 2.36
by taking the means of the products of the series and by taking into account the zero valued coefficients
(a1, a2,as and by). This results in

UU =h?y? (2.37)
VV =3y (2.38)
WW =h2y?, (2.39)
UV =bicry3. (2.40)

This concludes that U U and W W and k behave as y?, butthat V' V and U V increase more slowly
as y® and y#, respectively. Since the basic LEVMs do not incorporate these different scaling for the
Reynolds stress components, they require modifications referred to as near-wall treatments.

One way of modifying the basic models to make up for near-wall effect is by the use of wall-functions.
The idea of this is to apply boundary conditions some distance away from the wall so that the turbulence
model equations are not solved close to the wall. Aty = 0, the boundary condition for k and w are

ok _ 00 _
on ' on

The wall-function boundary conditions are applied at a location y =y, and are specified as

0. (2.41)

U% Ut _ kip

kp = ——, Wp = —— = .
P Cu P Cukyp  CH*kyp

(2.42)

These values result from asymptotic analysis of the log-layer.

Another way to improve the models behaviour near the wall is by the use of a damping function.
The standard k — model yields too large values of the turbulent viscosity in the near-wall region [27].
Therefore, Jones and Launder included various damping function and defined the turbulent viscosity
as 2

vr = f.Ch—, (2.43)
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in which the damping function depends on the turbulence Reynolds number and is specified as

—2.5

1+ Re /50 (2.44)

. =exp

However, different damping functions are introduced. For example, Rodi and Mansour [28] suggested
the empirical relation
f, =1—exp —0.0002y* —0.00065y*2 , (2.45)

while van Driest [29] was one of the first introducing damping as

fu=1—exp yK , (2.46)

where A is a constant. This function is plotted in Figure 2.5.
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Figure 2.5: Van Driest damping function, equation 2.46



Machine Learning in Turbulence
Modeling

This chapter provides the necessary background information of Machine Learning (ML) as used in tur-
bulence modeling and describes the current developments of it to put this research into perspective.
It also aims to explain current challenges of machine learning and to provide a motivation for the ML
method as used in this research.

3.1. Introduction of Machine Learning

Machine Learning is an umbrella term for a wide range of techniques within Artificial Intelligence (Al),
which is the theory and development of computer systems to perform tasks that normally require hu-
man intelligence, such as speech recognition and decision-making. ML can be generally defined as
“the field of study that gives computers the ability to learn without being explicitly programmed” [30].
Its main task is to develop learning algorithms that build models from data. The learning algorithm
receives training data to obtain a model that can make predictions on new data [31]. ML algorithms
can be roughly categorised into supervised learning and unsupervised learning. Unsupervised learn-
ing does not require labeled data and does generally not require any information on the exact solution
of the problem. A common area of unsupervised learning is clustering, which is the task of grouping
data such that objects in one group are more similar to each other than to the objects in other groups.
This technique is often used to find unknown correlations and patterns in datasets. In fluid mechanics
clustering can be applied to separate different regions in a flow. Furthermore, unsupervised learning
is often used for dimensionality reduction of fluid flow data. In supervised learning the objective is to
construct a function, which maps the inputs to given outputs. ML algorithms are trained with available
data containing features with associated labels. Common supervised ML methods are linear regres-
sion, random forests, support-vector machines and artificial neural networks. These methods are also
frequently used in data-driven turbulence modeling and will be described in more details in upcoming
sections.

3.1.1. Artificial Neural Networks

Artificial Neural Networks (ANN) are one of the most well-known methods in supervised learning. Neural
Networks (NN) consist of simple elements, which are parallel interconnected in a hierarchical, layered
organisation [32]. Those simple elements are called neurons and are intended to work similarly as
neurons in the biological nervous systems. ANNSs are characterised by their flexibility and hence many
variations of NNs exist. The classic ‘feed forward’ NN connects several layers in which each layer is
comprised of a number of neurons. The first layer of the network is the input layer, which receives
a data vector X. This data vector is passed through the neurons in the hidden layers and eventually
reach the output layer. A schematic overview of such NN can be seen in Figure 3.3a. In each neuron of
the hidden layers a simple mathematical model is created. The neuron receives the outputs of previous
layers as input Xj, which are multiplied by weights w; and summed up with a bias b. Subsequently, a

13
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nonlinear activation function is applied on the outcome resulting in the output Y;. The output of a neuron

is eventually calculated by
N

Y =g( wiXi+h), (3.1)
i=1
and is passed as input for the neuron in the next layer. The NN is trained to determine the optimal
weights and biases to accurately predict the output of the network. When multiple hidden layers are
used, the NN is called a multilayer perceptron (MLP). Deep learning is the branch of ML where many
layers are used such that the network can learn more complex relationships.

3.1.2. Decision Trees

A decision tree classifies data by dividing a training set recursively according decision rules. This ML
algorithm follows a tree structure to classify data, which makes it a very intuitive ML method. The
structure typically consists of one root node, multiple internal nodes and multiple leaf nodes [31]. Each
node corresponds to a decision rule, leading to an other decision rule or the final decision outcomes, the
leaf nodes; see Figure 3.1 for an example. The ML algorithm aims to produce a tree with decision rules
that optimally divides the training data. New unseen data can then be classified according the same
decision rules. Those standard decision trees are prone to overfitting and therefore more elaborate
variants are proposed, with random forests as one of the most common representatives. Instead of
one, an ensemble of decision trees is trained, each on a randomly selected subset of the training data,
to improve the generalisability [33]. When the target variables are continuous values, the tree is called
a regression tree.

3.1.3. Symbolic Regression

Symbolic regression is a type of regression analysis that tries to find a mathematical expression that fits
a given dataset optimally. Two popular methods are Gene Expression Programming and Deterministic
Symbolic Regression.

Gene Expression Programming

Gene Expression Programming (GEP) is an Evolutionary Algorithm (EA) that mimics nature’s survival
of the fittest to end up with an algebraic equation that reproduces the data. GEP is encoded in simple
linear structures, the chromosomes, containing one or more genes, which represent mathematical
operators and constants [35]. In the training process, these chromosomes are randomly mutated and
the best ones are selected. The algorithm returns a mathematical equation and an example of this is
shown in Figure 3.2. The figure exhibit an expression tree which represents the equation f(x,y) =
cos2 —y(x +4).

Deterministic Symbolic Regression

GEP is an attractive method for turbulence modeling, because of its open-box approach. However, GEP
can be expensive, may be prone to overfitting and it generally discovers for each run another model
with different mathematical expressions because of its non-deterministic behaviour. A deterministic

X1 <ty
f
Xo <to X1 <ts
Xo <ty
Ry Ry R3 |7W
Ry Rs

Figure 3.1: Example of a tree structure, obtained from [34, p. 306].



3.2. Machine Learning in Turbulence Modeling 15

Figure 3.2: Example of Gene Expression Programming, obtained from [36, p. 25].

variant, which does not rely on random processes, is sparse symbolic regression as used in the data-
driven modeling technique of Brunton et al. [14]. In this research, data is used to discover governing
equations of nonlinear, dynamical systems of the form

d _
X = Fx(). (3.2)

Brunton et al. assume that most physical systems only have a few relevant terms that define the
dynamics. To determine the function ¥ from data x(t), a library ©(x) is constructed. This library con-
sists of candidate functions, which could be polynomials, trigonometric functions or any other nonlinear
function dependent on state x. An example of a library is

O(X)= 1 x x% ... sinX COSX - (3.3)

Thereafter, a sparse regression problem is set up to determine the sparse vector of coefficients = =
[&2, &2, ..&n] that indicates which nonlinear functions are active such that

d —_ =
GX® = ©00=. (3.4)

3.2. Machine Learning in Turbulence Modeling

Simultaneously with the tremendous increase in the amount and availability of data across scientific
disciplines, the interest and progress in the field of ML advanced. Also the use of ML in the field of fluid
mechanics has grown and especially in turbulence modeling. There are multiple reasons why ML is
suitable for modeling turbulence. Brunton argued that “both ML and fluid mechanics tend to rely on the
same assumption that there are patterns that can be exploited, even in high-dimensional systems” [37].
Andrea Beck et al. pointed out that simulating and measuring turbulence requires large amounts of
high dimensional data from which ML can extract low-dimensional information to gain knowledge [11].
The flexible modeling framework of ML can be applied to many different challenges in fluid mechanics,
including discovery of governing equation, flow decomposition, producing reduced-order models and
flow control. However, in this section, we focus on augmenting RANS turbulence models.

The relevant studies of ML-augmented turbulence modeling, can be categorised based on the level
on which the modeling occurs [11] [18]. That is, improving a RANS model can be done by only op-
timising some parameters 6 in the model M or completely replacing variables by modeled terms M.
Furthermore, the RANS model can be completely avoided and the outcome of the governing equa-
tion can directly be modeled. A possible hierarchy for the different levels of turbulence modeling can
mathematically be written as

L1: Bopt = argemin [IM —g(®)Il,
L2 1 (Bopt, Gopt) = argmin|IM — M8, g(®))l, (3.5)
(9(8).8) )

L3 : (Bopt, Gopt) := argmin||U — U (8, g(®))]I.
(9(8).8)
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The first level of modeling replaces the unclosed Reynolds stresses of equation 2.8 by an a priori
determined function g containing parameters 6, in which the parameters are fit through optimisation ap-
proaches. This method of modeling, referred to as parameter estimation, is a commonly used approach,
since existing turbulence models are often naturally incorporated. Furthermore, the effect of the model
on the governing NS equations is typically computed via a modified model for the turbulent viscosity,
which is often relatively easy to integrate in existing solution schemes. In the second level of modeling,
the closure terms are directly modeled without assuming a function g a priori. Instead, the function g
dependent on 6 will be the outcome of the optimisation. In the third level of modeling, the outcome
of the governing equations U is directly approximated. These methods give up some of the results of
classical modeling schemes for turbulence, but are generally mesh-free and can work with sparse data.

In the next section, some applications of ML methods to turbulence modeling are discussed. This
should represent a small collection of the current state-of-the-art, showing the diversity of the ideas and
methods current under investigation.

3.2.1. State-of-the-art

One intuitive method to improve the accuracy of existing turbulence models is to optimise the model
coefficients, such as the constants C,,, C ; and C , of the k — maodel in equation 2.20. These coeffi-
cients are often calibrated on basic flow types such as a channel flow or flat plate. However, to obtain
more accurate solutions for more complex flows, it can be useful to tune the coefficients using ML. This
is related to the first level of modeling in equation 3.5. For example, Edeling et al. calibrated the coef-
ficients in five different turbulence models by employing Bayesian calibration using experimental data
[38]. Each model was calibrated for different scenarios. They found that the coefficients vary greatly
with the scenarios and that there is no single best choice of closure coefficients for the different scenar-
ios. This immediately indicates the lack of generalisability of turbulence models. A similar Bayesian
approach is used by Ray et al. to calibrate the coefficients of the k — model for one specific flow case,
a jet flow [39]. The method showed good results for the specific case, but is unlikely to yield a general
turbulence model. Furthermore, Fabrititus optimised the model coefficients of the k — and k —w SST
turbulence models by minimising the difference between experimental data and simulating data using
a genetic algorithm [40]. Again, the results were largely improved for the case of which the coefficients
were optimised, but not for different flow cases.

The limited successes in finding a general set of coefficients is likely originated from the fundamen-
tal assumption made in the employed turbulence models. The Boussinesq hypothesis is simply not
valid in a large range of flows [21]. Hence, to improve the turbulence models, recent research focuses
on deviating from the Boussinesq hypothesis. Instead of tuning constants, Tracey et al. tried to replace
the full closure terms of the RANS equations by supervised learning algorithms [41], which is related
to the second level of modeling in equation 3.5. They trained NNs on a number of CFD simulations
such that they reproduced the Spalart-Allmaras RANS model. Instead of improving traditional RANS
models, the potential of ML to enhance or replace the RANS models was demonstrated. This research
can be seen as a pioneering research to replace traditional closure models with ML algorithms. More
researchers followed to model closure terms in RANS or LES models with NNs, including [42] [43] [44]
[45] [46].

Ling et al. were among the first to model the full Reynolds stress anisotropy tensor and thus com-
pletely bypasses the Boussinesq hypothesis; equation 2.10. After indicating the under-predictions of
the anisotropic stress by RANS models, random forest regressors were trained to predict the anisotropic
Reynolds stress more accurately [47]. The regressors were trained to predict the barycentric coordi-
nates, which are derived from Il and 111 in the Lumley triangle, on two different cases; a duct flow
and flow around a wall-mounted cube. Thereafter the models were tested on a jet flow. The obtained
models significantly improved the anisotropic Reynolds stress and even showed a remarkable ability
to generalise across flows. However, the models were not integrated into a RANS solver and hence,
they are not tested on predicting the flow velocity.

In a later study, Ling et al. used a deep NN to learn a model for the Reynolds stress anisotropy
tensor using high-fidelity simulation data [12]. They introduced a novel architecture of the NN such



3.2. Machine Learning in Turbulence Modeling 17

Tensor input layer T

Merge output
layer b

SN

2

€
Input layer . | Tnvaﬁant.k :
Hidden layers Output layer input layer Hidden layers Final hidden
Al As layer g™
(@ (b)

Figure 3.3: Schematic of the neural network architectures of J. Ling (b) compared to a stand neural network (a). [12, p. 159]

that physical knowledge is embedded by preserving Galilean invariance of the NN predictions. This
architecture relies on the theory that the anisotropic stress tensor should lay on an invariant tensor
basis. The relevant tensor basis consists of a linear combination of ten certain isotropic basis tensors
T ™ multiplied with coefficients g™, which describes the anisotropic stress as

10
b= gMT®, (3.6)

n=1

The NN of Ling et al. predicts the coefficients g(™, which thereafter are combined with their corre-
sponding basis tensors T(™. Figure 3.3b shows the structure of the Neural Network, which is called
the invariant Tensor Based Neural Network (TBNN). The TBNN showed significantly more accurate
predictions than a general NN, which did not embed invariance properties. A downside of using NNs
is that they are difficult to integrate directly into RANS solvers due to their black-box nature and non
smooth derivatives. In the research of Ling et al., they first ran a default RANS simulation for which the
anisotropic stresses were predicted externally. Thereafter, the velocities were updated by performing
a second simulation, in which the predicted values of the anisotropic stress are inserted as a static field.

The invariant tensor basis in equation 3.6 has been used frequently in other researches, like in
the research of Kaandorp and Dwight [23]. Instead of a NN, they trained a random forest to obtain
the optimal coefficients as used in the linear combination of the ten tensor bases. Compared with the
TBNN algorithm, the random forest was easy to implement and train. The predictions of the random
forest were better than the baseline RANS simulation and performed similar compared to the TBNN
algorithm. However, also a direct implementation of the random forest algorithm in a RANS solver is
challenging. The anisotropic stresses were predicted externally, after which the flow field is corrected
in a second RANS simulation using the static values of the anisotropic stresses.

Recent work is focused on modeling a corrective term to the Boussinesq hypothesis instead of
completely replacing it. Hence, the assumption is that the Reynolds stresses can be expressed as

1
Rij = _ZVTSij + Zk(géij + bﬁ .
The decomposition of the anisotropy into the standard linear relation and a corrective terms is con-

venient for the implementation of models in RANS solvers [48]. The first reason is that some RANS
solvers do not offer much freedom in modifying turbulence models, which impede the removal of the
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OHQJH ,QJHQHUDO LW FDQEH YHU\ GLIILFXOW WR REWDLQ FRQYHUJHG
D PRGLILHG 5%$16 VRIOWBREVHUYHG WKDW WKH 5$16 HTXDWLRQV FDQ EH LC
WKH PRGHOHG 5H\QROGYV VWUHVV LV GLUHFWO® V XEN® VW& WIHEGI WDRMHR5W K
HTXDWLRQV ZLWK WKH 5H\QROGYV VWUHVVHV IURP '16 GDWD FDQ OHDG WR
WKDW WUHDW WKH 5H\QROGY VWUHVV DV DQ LPSOLFLW VRXUFH WHUP LQ
LOO FRQGLWLRQLQJ 7KHVHLQFOXGH WKHDOJHEUDLF WXUEXOHQW FRQV
JUHVVLRQ >

J)LQDOO\ LWLV IDYRXUHG WR XVH 0/ PHWKRGV ZKLFK DUH HDV\ WR HPSC
WKH EHVW DSSURDFKHV QRW DOZD\V ILQG D ZLGHVSUHDG XVH EXW UDWK
DQGLPSOHPHQWDQG DUH FRPSXWDWLRQDOO\FKHDS ([SHULPHQWLQJZL
ZKHQ WKH\DUH HDV\ WR XVH DQG XQGHUVWDQG

S5HIOHFWLQJ WKHVHFKDOOHQJHV RQWKHPHWKRGV IRXQEQ® OLWHUDW
VSDUVH V\PEROLF UHJUHVVLRQ WHQGVY WR DQWLFLSDWHRQPDQ\RIWKHYV
VSDUVH VI\PEROLF UHJUHVVLRQ RXWSXWV DQ LQWHUSUHWDEOH PRGHO
GDWHIXQFWLRQVDUHVHOHFWHGDQG ILWWHG VXFKWKDWDQDOJHEUDL
RI'WHUPV )RU WKLV UHDVRQ RWKHUDSSURDFKHV VXFKDV *(3DQG UDQG
SRSXODULW\ *(3LVEHQHILFLDO VLQFH LW DOVR SURGXFHV DQ DOJHEUDLI
GRHVY QRW JHQHUDWH DOJHEUDLF HTXDWLRQ DV RXWSXW EXW LW KDV DC
FUHDWLQJPRGHOV

JXUWKHUPRUH WKHVSDUVHV\PEROLFUHJUHVVLRQ PHWKRG LV HIILFLH
EDVHG FDQGLGDWH IXQFWLRQV DUH XVHG &RQVHTXHQWO\ IHZHU IRUZD
SDUHG WR RWKHU PHWKRGV VXFK DV UDQGRP IRUHVWY DQG 11V ZKLFK P/
FKHDS 7KH VLPSOH DOJHEUDLF HTXDWLRQ REWDLQHG E\VSDUVH V\PERO
WRLQWHIJUDWHLQWR HI[LVWLQJ &)'VROYHUV 11VDQG UDQGRPIRUHVWYV |
SOLFDWHG WR LOQWHJUDWH LQWR D VROYHU VLQFH WKH PRGHOV REWDLQ
H[SOLFLWONE\DQ HDVV\HTXDWLRQ 7KHUHIRUH WKH YHORFLW\FDQQRW E



&KDOOHQJIJHYV

/IDVWO\ SK\VLFDONQRZOHGJHFDQEHH[WUDFWHG IURP WKHDOJHEUDL!
WXUEXOHQFH )XUWKHUPRUH SK\WLFDO NQRZOHGJH FDQ EHUHODWLYHO
LQYDULDQFHFDQEHHQVXUHG E\FDUHIXOO\FRQVWUXFWLQJWKHOLEUDLU
UHJUHVVLRQ SUREOHP

7TKHVH DUJXPHQWY PRWLYDWHG WR XVH VSDUVH VI\PEROLF UHJUHVVLR
WXUEXOHQFH PRGHOV ,Q WKH QH[W FKDSWHU ZH ZLOO GLVFXVV KRZ VST
WKLV UHVHDUFK SURMHFW



OHWKRGROR

7KLV FKDSWHU ZLOO GHVFULEH WKH RYHUDOO IUDPHZRUN RI WKH WXUEX
VIPEROLFUHJUHVVLRQ PHWKRG DV DSSOLHGLQ WKLY UHVHDUFK ZLOO EH
WKHHPSOR\HG LQSXW IHDWXUHYV )XUWKHUPRUH D PHWKRG WRLQFOXGH
FKDSWHU LV FORVHG ZLWK H[SODLQLQJ WKH PRGHO SURSDJDWLRQLQ 2SH

ORGHOLQJ )UDPHZRUN
‘H DLP WR GHYHORS DQ LPSURYHG DOJHEUDLF FORVR{U D BRBBIOLIRULWK H
WKH 5$16 HTXDWERIQYH\QROGV VWUHVV WHQVRU FDQ EH &Ly LIG®IG LQWR L
DQLVRWURSEEKEDUMHOGLQJ

2k 1
Ri =aj + o =2k(y + 5 5):

$V RXWOLQHG SUHYLRXVO\ DOLQHDU HGG\ YLVFRVLW\PRGHO EDVHG RQ
XVHG WR PRGHO WKH D%WRWRSREEMHW BRSH UHFRJQLVHG WKDW D PF
QRQOLQHDU UHSUHVHQWDWLRQBl WﬁH DQLVRWURSLF VWUHVY WHQVRU
ERWK WKH QRUPDOLVHG & WU B(GU;U-DGUH WHB/WKH URWDWL'RQGUDWH WHQ
%(@Ul @UJ) ZLWK WLPHVMED®OHY) :LWK WKH XVH RI WKH &D\OH\ +DPLOWRQ '
GHULYHG D OLQHDU FRPELQDWLRQ R’W & R LIEKGIHEH § GPHPGIW WLIHQIV@E K D Y +
WUDFH GHVFULELQJWKHDQLVRWURSLFVWUHVV WHQVRU DV

520

b (& "5)= G (gl TM:

n=1
+HUH WKH FRGEM PPLHEMNWYQFWLRQV RI W KH: 1Y HOLLYWHEG DQ WB/EOWH Q
EDVLVWHQVRUV WKDW DUH XVHG LQ WK L\8 ¥ T D MT RIWDLAD LDVGWHE MCD THHE C
WKDW *DOLOHDQ LQYDULDQFH FDQEHHQVXUHG VLQFHWKHWHQVRUV IRU
DOQLVRWURS\ WHQVRU LV WKH VDPH LQ GLIITHUHQW LQHUWLDO IUDPHV ,Q
XVHG

7TDEOH 7THQVRU Eiﬁ\/NVHG LQHTXDWERRGHVFULEH WKH DQLVRWURSLF5H\QROGYV VWU

Tij(l) = Tij(s) WL RE WHEELE WY
Tij(Z) = Si Akj ik éki Tij(7) = " Su Alp Apj " M élp Apj
Tij(a) = S ékj %ém S i Tij(8) = S "u élp épj Si S« Alp épj

@ _ N A L AEAS 9) LA AN 2 LA
Tij - ik K 3 Ik ki Tij ik klélpépj +éikékl P pj §§qkék| P pq

kSaS  SkSu Tij( ) = My S Sp "o g ik "1 Sp Spq " gj

—

PN
ql
&

1




6SDUVH 6\PEROLF 5HJUHVVLRQ

7DEOH ,QYDULDQWYVY RQ ZK L F G KLHQ AHRTHX DLVF LEIQSIANQ G

1= WUBBHI,= WUDBH ;3= WUBHH .= WUDEY Is= WUDFR)

‘H ZDQW WR ILQG DQ HTXDWLRQ IRU WKH DQLVRWURSLF VWUHVVHV LQ
LQVWHDG RI i REGBLHMIFQMO\ VHYHUDO ZRUNV UHFRPPHQG WR VSOLW WKH D¢
OLQHDY SDQ® D QRQOLQHDQYGWWDWH WKH QRQOLQHDU SDUW DV VXEMHFW
OLQHDU SDUW RI WKH DQLVRWURSLF VWUHVV FDQ EH WDNHQ DV D VWDQGI

by = b + 1B
:hj ?tSij:

6SOLWWLQIJWKHDQLVRWURSLFVWUHVV WHQVRU WKLV ZD\VKRXOG LPSUF
D&)'VROYHHW.XXOYH SRLQWHG RXW WKDW WKH UHDVRQ IRU WKLV LV WKH
HTXDWLRQWXEVWLWXWLQJ 5H\QROGV VWUHVVHY ZLWK ORZ HUURUV IURP
5$16 HTXDWLRQV FDQ OHDG WR YHORFLWLHYV ZLWK YHU\ ODUJH HUURUV
WKH5H\QROGY VWUHVVHYVY VKRXOG VWDELOLVH WKH 5%$16 VLPXODWLRQ DC
YHORFLWLHYV

,Q WKLY UHVHDUFK WKH QRQOLQHDU SDUW RI WKHDQLVRWURSLF VWU
FDOFXODWHG ZLWK @ ZXD AWK R/E H O LYHDRUS DYBW IURP WKH RE¥WISSXW RI WKH
PRGHO k7KHPRGHO FRPSXWHV WKH WX UEXO HEWKYELY'6RVHWENDLQHG E\
VROYLQJWKH WUDQVSRBRW WEKHDRRIPRS@\H W H DQLVRWURGSGD WW UNWWWGE QV
DQG KHQFH RXUWDUJHW RIPRGHOLQJLVY GHULYHG E\

NS N Srans
b :dJD * KRANS Sj ;
LQ ZKUFKD Q&$16LQGLFDWHY WKDW GDWD IURPD'16 GDWDEDVHRUDG5%$16 VL
IRUHDFK SRLQW LQ D VSHFLILFIORZFDVH'16DQG5%$16 GDWD DUH UHTXLUF
OLWHUDWXUHDQG WKH5$16 GDWD LV REWDLQHG E\SHUIRUPLQJDJ5%$16 VL
$ PRUH GHWDLOHG H[SODQDWLRQ ZLOO EHJLYHQ LQ QH[W FKDSWHU 7KH
FRRUGLQDWHYV RI WKH 5816 GDWD 7KLV ZD\ RI FDOFXODWLQJ WKH QRQOL
LQVSLUHG E\ WKH UHV HDW BPKERD @ GHMWBO® $ VOLIJKWO\ GLIITHUHQW DSSURI
E\6FKPHEBWBQ@ DQG :HDWWBO@WMWVWHDG RI FDOFXOR®B LAIWKKFEOE QHD U S
GDWD; DQ% DUH GHULYHG IURP '16 GDWID QG RWYHDPRYYVSWKW HTXDWLRQV LQ
DGGLWLRQDO PRGHOLQJHUURUV LQ WKH SURSDJDWLQJ SKDVH HYHQ LI R
XVLQJ5%$16 GbWD WKHVH HUURUV DUHLQFRUSRUDWHG DV ZHOO

2XUPRGHO GLVFRYHU\DSSURDFK IRU WKH QR XIVQ BD b DXRRR@QRSLF V
VLVWV RIGLIIHUHQW VWHSVDQGDQRYHUYLHZRIWKHPRGHOV®JIURPHZR
'16 GDWD DQG WKH EDVHOLQH 5$16 VLPXODWLRQ WKH WDUJHW DQG LQSX
VSDUVH VIPEROLF UHJUHVVLRQ LV FRQG XF ¥ HGDVRVRE WD DHDIP[ S HBR¥L
DUH GHULYHG E\ VROYLQJ WKH QHZ 5$16 HTXDWLRQV FRQWDLQLQJ WKH G
VWUHVV ZKLFK LV UHIHUUHG WR DV WKH pSURSDJDWLRQY Rl WKH QHZ 5H
7KH QH[W VHFWLRQV ZLOO H[SODLQ KRZ VSDUVH V\PEROLF UHJUHVVLRQ L
IRUWKH DQLVRWURSLF VWUHVV WHQVRU DQG ZKLFK LQSXW IHDWXUHYV DL
SURSDJDWLRQ LV JLYHQ

6SDUVH 6\PEROLF5HJUHVVLRAQ
7KH VSDUVH V\PEROLF UHJUHVVLRQ DSSURDFK DV XVHG LQ WKLV UHVHDU
QLTXH SUHVHQWH & \E\DBK XRKVIRIPY WR GLVFRYHU WKH JRYHUQLQJ HTXDW
QDPLFDO V\VWHPV XVLQJ WHP SR® D CQOAWH RO RLEDERWHDUL QJ JRYHUQLQJ |
PHWKRG LV PRGLILHG WR LGHQWLI\ GDWD GULYHQ FORVXUH PRGHOV IRU
QRQOLQHDUDQLVRWURSLFVWUHVV WHQVRU DQG DV VXPKLW KDW D WLFO® E



6SDUVH 6\PEROLF 5HJUHVVLRQ

JLIXUH )UDPHZRUN RI GDWD GULYH WXUEXOHQFH PRGHO GLVFRYHU\

ZLOO EH VOLJKWO\ H{[WHQGHG VXFK WKDW LW DOVR LQFRUSRUDWHYV RWK]|
PRUH IRUWZR GLPHQVLRQDO IORZV WKLV HTXDWLRQ VLPSOLILHVY WR D C
EDVLV WHQVRUV DQG RQO\WKH ILUVW WZRLQYDULDQWY EHLQJ QRQJHUR
GHVFULEHVY WKH QRQOLQHDU DQLVRWURSLF VWUHVV WHQVRU DV

X (n)
by = GM( )Ty s
n=1

ZKHUBUH WKH XVHG IHDWXUHV 7R ILQGWKB ®ISQH.PD O H RUHH M \FILRIQ ®/WR E O
XS VXFK WKDW
b =

,Q WKH DSSURDFK RI % UXQWRQO MEKUHDRD WUULHOHYDQW FDQGLGDWH IXQFW
WKH PRGHO RI WKH IRUP WEHVXBPWQBQGDWH IXQFWLRQV FREWRUQ WKH L
D SURGXFW RI D WHQVRU ZLWK D IXQFEWLRQ RITKD WXQEVGCONAKIXQFWLRQ
EH DV FRPSOH[DV GHVLUHG EXW PDQ\FDQGLGDWH IXQFWLRQV DOVR UHT
PHPRU\ FDSDFLW\ ,Q RUGHU WR REWDL® D ERPGHDIF@VP\RE IEE VRWD/QNQR/RRIH
FROXPQ YHFWRU 7KLV GLUHFONRAWRXWHNVZMODW QG WKDW WKH FRHIILFL
WKHPRGHO DUHVFDODUV &RQVHTXHQWO\ WKHPRGHOLVURWDWLRQ LQ
IRUP LV JXDUDQWHHG UHJDUGOHVV RI RULHQWDWLRQ 6LQFH WKH DQLVR
WHQVRU FDQ EH UHSUHVHQW H G,,L§,b, F B,06%FbQ Y HFRAHRWDIPH FRQYHQWLRQ FI
EH XVHG IRU WKH OLEUDU\ RI FDQGLGDWH I X QFW LDRIGHVV VALRGHAM UL K HD i (ZYHIDU

$QH[DPSOH RI VoKDY DFMRWHDU FRPELQDWLRQ RI D OLEUDU\RIFDQGLGDW



6SDUVH 6\PEROLF 5HJUHVVLRQ

2
=1 p=1 ... (n);p=1
1 lTll “e lel
= 1)p= n);p=
lp 1Tff p=p ... kTl(l)p p
=1 p=1 ... (n);p=1
2 1T12 “e kT12
= 1)p= n);p=
2p 1Tf; p=p ... kTl(z)p p
=1 )p=1 ... (n);p=1
3 1T13 “e kT13
2 3
B 1
= @)ip=p ... (n):p=p
3 P _ 1T13 s kT13 E 2% .
=1 (p=1 ... (n);p=1 .
2 1T22 “e kT22
g
= 1)ip=p ... (n):p=p
5 p 1Ty M kToy
=1 (p=1 ... (n);p=1
3 1T23 “e kT23
= 1)ip=p ... (n);p=p
3 P 1T23 s kT23
=1 (p=1 ... (n);p=1
3 1T33 “e kT33
= (1);p=p 1)ip=p ... (n);p=p
3 : T33 1T33 s kT3
|z} | {z
b 2R (P 6 2R (P 6) g

+HUHGHQRWHY WKH QXPEHU KIV&IRMQXSFREKUWR/I XY E GQ RDWKUNMVR GHWHUPL
WKHRSWLPDO FRHIIRDQ RRUBWLFEBWRHIDVW VTXDUHVY SUREOHP QHHGV WR EH
WKH VXP RIWKHVTXDUHG UHVLGXDOV DQG FDQ EH GHILQHG DV

zargminjj " b jj3

TRHQG XSZLWKDVPDOOHUVXEVHWRIFDQGLGDWHIXQFWLRQV VXFKWKD\
SURPRWLQJUHIXODULVDWLRQLVDGGHGWRWKHOHDVW VTXDUHVRSWLP
IRUWKLY HDFK KDYLQJ LWV RZQ FKDUDFWHULVWLFV ,Q WKLV UHVHDUFK
VLRQ IXQFWLRQV DUH XVHG DQG FRPSDUHG QDPHO\WKH /$662 UHJUHVVL
UHODWLYHO\QHZ 65 PHWKRGDQG ILQDOO\WKH VHTXHQWLDO WKUHVKRO

/1$662
7KHREMHFWLYHRI/$662 ZKLFKLVWKHDEEUHYLDWLRQRIu/HDVW $EVROX
LVWRVROYHWKHPLQLPLVDWLRQ SUREOHP

=argminjj " b jii+ i

ZKHUH WKH SHQDiQ WH® B PHIQ QR WKRI WKH FRHIILFLHQW YHFWRU ZHLJK)
VDWLRQ SDUDRBHWHKUYRUP DOORZV RQO\ D IHZ QRQ]JHUR FRHIILFLHQWYV ZK
WR JHUR /DUJHU YDHO/X-OMWRQ PRUH JHUR YD O XZHL ORHMPIDFRBROW Y RLQXHV |
LQFUHDVH WKHDPRXQW RI QRQJHUR FRHVIVAMHW R VH U R WHEWM R @/ FRK IHRQ



6SDUVH 6\PEROLF 5HJUHVVLRQ

JLIXUH &RQWRXUV RI WKH HUURU DQG FRQVWUDLQW IXQFWLRQV IRU WKH /$662@0HIW DQG 5

WKHOHDVW VTXDUHV REMHFWLYH IXQFWLRQ

JLIXUHLOOXVWUDWHY ZK\ /$662 LV DEOH WR SURGXFH FRHIILFLHQWYV WK
UHJUHVVLRQ SUREOHP FDQHTXLYDOHQWO\EH ZULWWHQ DV WKH RSWLPL)

PLQLPLJH b jj3
V X EMH FjWjW R;

ZKHUKY D WXQLQJSDUDPHWHU WKDW GHWHUPLQHYV WKH I jBJFHHERH UHJX O
ZULWWHJEDBV () ZKLFKJILYHVULVHWRDQ HOOLSVH FRQWRXU SORW FH
VROXWURIGUHVHQWHG E\ WKH IX0O0 EXHWHOWLS YHVXGHQRWH UHJLRQV ZKF
RI VTXDUHG UHVLGXDOV WDNH LGHQWLFDO YDOXHV 7KH VROLG VTXDUH
VROXWLRQRI/$662 LV WKH ILUVW SODFH ZKHUH WKH FRQWRXUV WRXFK W|
FRUUHVSRQGLQJWR D ]JHURGRHP LFLWMDNH QI WKHH Q D O W} (MFRWPL KW HD G |
FRQVWUDLQWY UHJLRQ FDQ EH UHSUHVHQWHG E\ D VROLG VSKHUH 7KLV
UHJUHVVLRQ 6LQFH WKH FRQVWUDLQWY UHJLRQ KDV QR FRUQHUV WKH |
JHUR VROXWLRQV

*LYHQ WKH /$662 UHJUHVVLRQ SUREOHP ZH QHHG WRNBWRUI\ VXLWDEO

LV FUHDWHG WKDW GHILQHV WKHHQWLUMVWDRRR & DIVAHV RO XWLRIQIRY H F

ZLWK:H VHW WR 4 DQGax WR ZLWK D ORJDULWKPLF VFDOH EHWZHHQ WK
6FLNLW /HDUQ 3\WKR@ LSD¥NIBGHVR VROYH WKH /$662 SUREOHP ZKLFK HP
GHVFHQW DOJRULWKP WR ILW WKH FRHIILFLHQWY 6XFK DQ DOJRULWKP
RQH GLUHFWLRQ RQHIFRIDIMERHQBMQIRLWHUDWLYHO\ F\FOHVWWWWRXJK D
FRQYHUJHQFH LV UHDFKHG ORUH GHWDLOV RI WKH FRRUGLQDWH JUDGLI
$SSHQB L]

(ODVWLF QHW
$OQRWKHU VSDUVLW\ SURPRWLQJ UHJXODULVDWLRQ RI WKH OHDVW VTXD!
OHP 7KH (QHW UHJUHVVLRQ SUREOHP LV DQ HIWHQVLRQ RIORKWHP/$662 E\
UHJXODULVDWLRQ WHUP UHVXOWLQJLQ WKHPLQLPLVDWLRQ SUREOHP

=argminjj " b3+ jhL+05 @ )ik
+HUH IWQRUP NQRZQ IURP5LGJH UHJUHVVLRQ HQIRUFHVY WKH FRHIILFLH
WKHP WR]JHUR 7KLVLQWURGXFHVWKHDELOLW\WRLGHQWLIV\DOVR FRUUFE

DVLQJOHRQH ,Q HEXODIWIL\RR PL[LQJ SDUDPHW H U EGHOZRIBIR) WKMNHDUFK
VSDFH WKH YDDMHWXVRIG DV LQ WKH /$662 ZHIXMH/ VRU )RU

=[0:01; 0:1; 0:2; 0:5; 0:7; 0:9; 0:95; 0:99; 1:0]:



6SDUVH 6\PEROLF 5HJUHVVLRQ

7KH SUREOHP LV DJDLQ VROYHG XVLQJ WKH 6FLNLW /HDUQ SDFNDJH SHU|
ULWKP

6HTXHQWLDO 7TKUHVKROGLQJ/HDVW 6TXDUHV
%UXQAMWRBOHVHQWHG D 6HTXHQWLDO 7KUHVKROGHG /HD& W7/ BLX DWHR 67/
ULWKP VWDUWYV EVNILQGLQJD VROXWLRQ RI WKH5LGJH UHJUHVVLRQ SURE

=argminjj " b i3+ jjj3:

$00 WKH FRHIIEAROHREWVILFHQ WKUHVKROG DUH VHW WR JHUR 6XEVHTXHC
UHPDLQLQJ QRQ JHUR FRHIILFLHQWYV D QHZ VROXWLRQ RI WKH 5LGJH UHJ
QHZ FRHIILFLHQWY DUH DJDLQ WKUHVKROGHG DQG WKLV SURFHGXUH LV
FRQYHUJHG DQG QRQ Rl WKHP DUH EHORZ WKH WKUHVKROG $FFRUGLQJV
WLRQDOO\ HIILFLHQW DQG LW UDSLGO\ FRQYHUJHV WR D VSDUVH VROXW!|
EHQHILWV IURP VLPSOLFLW\ 2Q0\ WKH WKUHVKROG SDUDPHWHU GHWHUP

7R GHILQH RXU VHDUFK \Z& WHHW KIHODD®O%;8: 1,05 DQG XVH DV WKUHVKROG Y
XHV EHWIRH @B ZKLFK DUH ORJDULWKPLFDOO\VFDOHG 7KH 3\6,1'\ SDFNI|
67/64 UHJUHVVLRQ LQ ZKLFKWKHS5LGIJHUHJUHVVLRQLY VRO@H& XVLQI W
ORUH GHWDLOV DERXW WKH &KROHVN\GHFRPSRVLWLRQ FDQ EHIRXQG LQ

6SDUVH5HOD[HG 5HIJXODULVHG 5HJUHVVLRQ
6SDUVH 5HOD[HG 5HIXODULVHG @HYW WWHWPISRY 85R PPLQLPLVH WKH REMHFW

=argmin Jji © b i3+ R+ i i
u

+HUH WKH DX[LOULDRV\LYDVWURERHHG WR DGG UHOD[DWLR@RWR WRH RSWLP
UHJXODULVIWUDDK\GHUSDUDPHWHU WKDW GHWHUPLQHY WKH VWUHQJWK R
R()=jj ji DUHOD[HG YHUVLRQ RI/$662 LVUHFRYHUHG +RZHYHU ZH ZLOO )
R() EXWDSSO\ KDUG WKUHVKROGLQJRQ WKH FRHIILFLHQWYVY 7KLV PDNHV
OHDVW VTXDUHV +\SEHWBDUPRPRWWWKH OHYHO RIUHQBRDXMWIDR@EG HFUHDVL
WR EH FORVH ZKH U H D\OORZWHDR/H QH J X O D U UARHEHFIRDRI\MIEI BIFEEE L Q J

> @ WKH®65 DSSURDFK VKRXOG EH PRUH JHQHUDOLVDEOH WR QHZ SURE
PHWKRG

$V VHDUFK VSDFH DHIVOH W, 10 DQG XVHG IRU WKH WKUHVKROGYV WKH VDPI
XVHG LQ WKH 67/64 UHJUHVVLRQ 7KH SUREOHP LV VROYHG XVLQJ WKH
&KROHVN\GHFRPSRVLWLRQ LYV SHUIRUPHG

7R 1RUPDOLVH RUQRW WR 1RUPDOLVH"
%HIRUH VROYLQJ WKH RSWLPLVDWLRQ IXQFWLRQV DV LQWURGXFHG LQ S
RI WKH OLEUDU\ FDQ EH QRUPWPOXWHG WKIKWBOBURDFK VLQFH WKH\ VXJJ
UHOHYDQFHRIHDFKFDQGLGDWH IXQFWLRQ VKRXO:® 9® WHEIRS B BIEOR.EY HWAK
FDQGLGDWHIXQFWLRQVDQGVROYHWKHUHIJUHVVLRQIXQFWLRQV WKHEI
WR REWDLQ D PRGHO ZLWK QRQ QRUPDOLVHG IXQFWLRQVY DQ DGGLWLR(
FDQGLGDWH IXQFWLRQV LQ RULIJLQDO QRQ QRUPDOLVHG IRUPV 7KLV LV
PRGHO LQ WKH &)' VROYHU 7KH DGGLWLRQDO UHJUHVVLRQ WR LQIHUHQF
GRQHE\XVLQIJWKHS5LGIJH UHJUHVVLRQ
=argmin jj " b jiz+ i’

+HUH WKH HOHPNWYWNLDIWHG ZLWK WKH LQDFWLYH FDQGLGDWHY DUH HJ[F
WDE@QG WKXV DUH QRW PRGLILHG G XU L QJQRUR WHHIDUHD/WY LL FRIFSWIVRIDSW A KI 1



,QSXW )HDWXUHYV

FDXVHV WKH PDJQLWXGH RI WKH FRHIILFLHQWYV WR VKULQN EXW FDQQRW
IRUWKH ZHLIJKWLQJIOSITDUODODWRWHIIRZHU PDIJQLWXGH RI WKH FRHIILFLHQWYV
VLQFH SUHYLRXVY UHVHDUFK UHSRUWHG WKDW D &)' VROYHU LQ ZKLFK W|
GLIILFXOWLHV LQ SURGXFLQJD FRQYHUJHG VROXWIGRQ@RY PRCGKBWREZLW
0l1IRY VHHPHG WR SURGXFHUHDVRQDEOH PRGHOV 7KH5LGJH UHJUHVVLR
SDFNDJH SHUIRUPLQJ WKH &KROHVNV\GHFRPSRVLWLRQ

7TKH5LGJH UHJUHVVLRQ FDQLOQWURGXFH PRGHOLQIJDQG QXPHULFDO HLU
LVQHFHVVDU\WR QRUPDOLVH WKH OLEUDU\EHIRUHKDQG RUQRW :KHQ W
FDQ GLUHFWO\ EH XVHG DQG SURSDJDWHG +RZHYHU VROYLQJ WKH VSDL
YDOXHV RI WKH K\SHUSDUDPHWHUV FDQ UHVXOW LQ VLPLODU IXQFWLRQV
,Q WKDW FDVH WKHPRGHOLVY VHOHFWHG ZLWK WKH EHVW WUDLQLQJ SHU

$GGLQJ &RQVWUDLQWYV
$VH[SODLQHG LQ 6 WAKWMLIRILVRWURSLF VWUHVV VKRXOG EHEHWZHHQ FHUW
IORZ 7KH GLDJRQDO FRPSRQHQWV VERBX O® 6 WIKG \RKHGLPWRQPDFERPSRQ
WKH LQWHYYBRZHYHU WKH WUDLQLQJ SURFHGXUH GRHV QRW WDNH WKL
UHVXOW LQ XQUHDOLVDEOHIORZV 7RLQFOXGH WKLV SK\VLFDO NQRZOHG
WKH 67/64DQG 65 UHJUHVVLRQ SUREOHPV &RQVLGHULQJWKH 67/64 RSW
HYROYHV LQWR

minjj * b jiz+ i
st a; (BP+ ) ay:

+HUdd DQe&z DUH FROXPQ YHFWRUV FRQWDLQLQJ WKH YDOXHV RI WKH LQWH
VWUHVV WHQVRU 7KH SUREOHP LV VROYHG ZLWK WKH &9®237 4XDGUDWLF

$GGLQJ FRQVWUDLQWY WR WKH 65 SUREOHP ORRNV VLPLODU +RZHYH
UHJUHVVLRQ SUREOHP DV GRQHLQ WKH 65 SUREOHP ZLWKRXW FRQVWUDL
Di QRUP UHJXODULVDWLRQ ZLWKRXW KDUG WKUHVKROGLQJ 7KH SUREOH

. N .. - 05.. ..
min0:55 " bijiz+ jjujji+ —ji"  uijj
st a; (BP+ ) a:

7KH QRUPLVDSSOLHG VLQFH WKH XVHG 3\6,1'\SDFNDJH GRHV QRW DOORZ
FRPELQDWLRQ ZLWK WKH KDUG WKUHVKROGLQJ PHWKRG :LWKLQ 3\6,1"\
EHGGHG &RQLF 6ROYHU (&26 XVLQJ WKHMa&IRE FJEANWIRY LV ZKHWKHU W
FRQVWUDLQWY UHVXOW LQ PRGHOV ZKLFK DUH UHDOLVDEOH DQG LI WKL
UREXVWQHVV RI WKHPRGHOV 8QIRUWXQDWHO\ ZH GLG QRW PDQDJH WR (¢
WKHFRQVWUDLQHG /$662 DQG (QHW UHJUHVVLRQ SUREOHPYVY PDLQO\EHF

, QSXW )HDWXUHYV

8VLQJWKHULJKWLQSXW IHDWXUHY FDQ KDYHD VLJQLILFDQW LQIOXHQFH
,Q WKH QRQOLQHDU HGG\ YLVFRVLW\ K\SRWKHVLV RI 3RSH WKH FRHIILFL
WKH VWUDLQ DQG URWDWLRQ UDWHARBEBYRU VLWLMHYR\VQ/ LEBGIHNR LQF O X
IHDWXUHV WR SUHGLFW WKH FRHIILFLHQWV RI WKH EDVLV WHQVRUV :LWK
SUHVYXPHDQ YHORWXWE XOHQW NK QMXVULEEXHFOHUA \G L V WIKSDRVA R\QY WU B RV L W \
. DQG QHDUHVW Z® Q0D@WLYQ® QHFMSOHWRQ FRQVWUXFWHG D ULFK VHW RI1 L
GRPDLQ NQRZOHGJH DQG SKA@VLERE® MW X MHMRDH>VHOHFWHG VHYHQ IHDW
RSLQLRQ DUH DSSOLFDEOH WR XVH LQ WKLV UHVHDURK) FEXTHQHDW KB H W
GHVFULSWLRQ 7KHIHDWXUHV DUHFRRUGLQDWH IUHH DQG VKRXOG EH Q
WKHLQSXWV LV GRQHDFFRUGLQJWKH IRUPXOD

_ & .
9T qiviai



'DPSLQJ

+HU#H DUH WKH UDZ YDOXHYV R IgW B H H FMDKHXFRHWUNYG RQGLQJ QRUPDOLVD WL
IRUPXODWLRQLV SUHIHUUHG RYHU WKH QfQ GL@HQ MW RIGIBXIFHGW K HVEK) RF
RIWKH GHQRPLQDWRU DSSURDFKLQJ]HUR DQG FRQ\,WURjYQPWV WKH LQS X\

TR VWXG\WKH FDSDELOLWLHV RI WKH SK\VLFDO IHDWXUHV WZR LQSXW
FRQVLVWY RI IXQFWLRQV RI WKH LQYDULDQWY 7KHVH IXQFWLRQV DOVR
RI WKH KLJKHU RUGHU LQYDULDQWY 7KLV OLEUDU\ ZLOO EH UHIHUUHG
UHVHDUFK 7KHFRQVWUXFWLRQ RI WKLY OLEUDU\LVY GRQHDV IROORZV {
Il DOgDUH XVHG VLQFHRQO\WZR GLPHQVLRQDO IORZFDVHVDUHFRQVLG
WKLUG SRZHU RI WKH LQYDULDQWY DUH LQFOXGHG DQG WKH UHVXOWLQJ
7KLV UHVXOWYV LQ WKH YHFWRU

R R P P E P el P PP FA A F P E{PHRE
1RWH WKDB/ DYGIVRVRRO WDR.QUFOXGH D FRQ@V\WD YW WOBFMRHIRL R W V R
IXQFWLRQV KDYLQJ D PD[LPXP SRZHU RI VHYBHQV PXIDDALCB\OHB 6 KZ LYX\XKF WD RIQ
WKUHH EDV'H”\NE[QL/RKJUHVXOWV LQ WKH OLEUDU\
| :[Tij(l);Tij(Z);:::;IflgTij(s)]:

,QRUGHU WR DYRLG FDQGLGDWH IXQFWLRQV ZLWK WRR VPDOO YDOXHV I
FROXPQ YHFWRU LO/2OREKHV WHKDXQOWV LQ WRWDO QXPEHU RI FDQGLGDWH
LQYDULDQWYVY KDYH D PD[LPXP SRZHU RI WKUHH

7KH VHFRQG OLEUDU\ ZLOO DOVR LQFOXGH WK,H SKKV VFDLAE LHOUWV XRIGHON UL
RUGHUV RIDOO WKH IHDWXUHY DUH XVHG DQG WKH\DUH QRW PXOWLSOLH
FRQVLVWYV RI IXQFWLRQV DQG UHDGYV

1) . 1). 1). 1. ... 3) 1.
n =TT T T e T )

7TDEOH $GGLWLRQDO SK\VLFDO IHDWXUHV XVHG IRUFUHDWLQJ WKH DK IE URDDW K UFHD/QD3LHE D W H
REWDLQHG@URP >

,QGH[ )HDWXUHYV 1RUPDOLVDWER@PHQW
o L(iiRii% i Sii% iiSii2 5DWLR RIURWDWLRQ UDWH WR VWU
P k iuy 5DWLR RI WKH WXUEXOHQW NLQHWI
q WKH PHDQ NLQHWLF HQHUJ\
® U 2P e &gy 3UHVVXUH JUDGLHQW DORQJ VWUH|
[N k= ﬁ 5DWLR RI WKH WXUEXOHQW WLPH V|
PHDQ IORZ WLPH VFDOH
[ U; Sk jululs; j 5DWLR RI FRQYHFWLRQ WR SURGX
7 .(
q ar?
% o or : o 5DWLR Rl SUHVVXUH QRUPDO VWU
q VKHDU VWUHVVHV
o jUiU,-%ij UiUiUi@—);Uk%; 1RQ RUWKRJRQDOLW\ EHWZHHQ

DQG LWV JIJUDGLHQW

'‘DPSLQJ
$VGHVFULEHG LQ 6HFWLRQ WKHUHJLRQ QHDU WKH ZDOO KDV D ORW R |
IORZ )ORZ YDULDEOHV VFDOH GLITHUHQWO\LQ WKH QHDU ZDOO UHJLRQ
LV GLIILFXOW WR ILQG D PRGHO ZKLFK VDWLVILHY ERWK WKH QHDU ZDOO



BSURSDJDWLRQ RI WKH $QLVRWURSLF 6WUHVV 7THQVRU

WXUEXOHQFH PRGHOLQJLQJHQHUDO 7RLPSURYHWKHEHKDYLRXULQ WK
DQG -RKDQVVRQ XVHG WKH YDQ 'ULHVW IXQFWLRQ

ZKHWYHLY WKH GLPHQVLRQOHVYV ZDOO GLVWDQFH ZKLFK FD@GEN PDOFXOD\
FRQVWDQW ZL\V2K BRBOKMIMMGPWMOLEUDWHG RQ '16 GDWD :DOOLQ DQG -RK
GHYHORS DQ H[SOLFLW DOJHEUDLF 5H\Q R@® GHW\EDWH VWWW K U E X B 8 QUH P/RIG
RI 3RSH DQG &DOH\ +DPLOWRQ WR GHVFULEH WKH DQLVRWURBQE VWUHVV
GHULYHG DQDO\WLFDOO\WKH FRHIILFLHQWV LQ IURQW RI WKH WHQVRUYV

XS ZLWK WKH IROORZLQJPRGHO IRUWKHDQLVRWURS\LQFOXGLQJWKH QF

B,

2max(l ;7%

b=f ;T® + f2 1 f2 ——c
! 2 ( ) max(l1;177) ’

T+ 2

ZKHUH WK HQRWH WKH F R IDIQRY DQMWWBQEBWDQWY %DVHG RQ '16 GDWD
1.8 ZDV XVHB, IRU

,QVSLUHG E\ HTXPRGRI@V DUH FUHDWHG LQFOXGLQJ WKH 9DQ 'ULHV G
PRGHOLQJIUDPHZRUNV DUH FRQVWUXFWHG WR REWDLQ VXFKPRGHOV ,Q
DIWHU GLVFRYHULQJ D EDVH PRGHO 7KLV SDUW VHUYHV DV D SURRI RI F
GLVFRYHUHG RQO\ XVLQJ WKH QRUPDOLVHG LQYDULDQW OLEUDU\DQG E\
)XUWKHUPRUH WKH PRGHOV DUH WUDLQHG R@WKbj GOREH G \D QG RQRIWIUR S
WUDLQ D PRGHO RQO\RQ WKH LQQHU UHJLRQ RI WKH IORZ :KHQ D PRGHO
EHDGGHG DV IROORZYV

});

by = f(By+ b+ (1 )09 2

e = (B + b)+ (L 1 3);

s = (B + bi) + (1 )5 O9)
bip = (b, + by,);
bya = 1 (5 + byy);
by = 1 (s + byo):

7KHDGGLWLRQDO WHUPV IRUWKH GLDJRQDO FRPSRQHQWYV ZLOO FDXVH W/
DV\PSWRWLF YDOXHDW WKH ZDOO 7KHVH YDOXHV DUHEDVHGRQ '16 VLPX
HYHU E\LQFOXGLQJ WKH GDPSLQJ IXQFWLRQ LQ WKLV ZD\ WKH FRRUGLQ
ZLOO EH ORVW 7KLV FDQ OHDG WR HUURUV LQ FXUYHG GRPDLQV

,QWKHVHFRQG PRGHOLQJIUDPHZRUN GDPSLQJLVDGGHG WR WKHOLEU
GDPSLQJ 7KHGDPSHG OLEUDU\FRQVLVWV RIWKHLQYfXJUDQW@EAEUDU\ P
1 f2 7RDYRLG XQUHDOLVDEOHIORZV WKHFRQVWUDLQHG 67/64 UHJUHVV
PRGHOV

SURSDJDWLRQ RIWKH $QLVRWURSLF 6WUHVV 7H

7TRDVVHVV WKH SHUIRUPDQFH RI WKH OHDUQHG PRGHO RYHU WKH VWDQGLE
EHLPSOHPHQWHG LQ D &)' VROYHU 7KH &)' VROYHU VROYHV WKH 5%$16 HT
VSHFLILF WXUEXOHQFHK RGHROGHF KOHWWWE&HY LPSURYLQJ WKH DFFXUDF\ L
5H\QROGV VWUHVVHV WKH XOWLPDWH JRDO LV WKDW WKH OHDUQHG PRG
ILHOG ,Q WKLV SURMHFW WKHRSHQ VRXUF® VRHWEDRWHI 28 B Y )12RQ RV W K H (
PRGHOV LQ 2SHQ)2%$0 VKRXOG DOVR H[SRVH WKH PRGHOVY VKRUWFRPLQJ
LVVXHV LQ WKH &)'VROYHU



BSURSDJDWLRQ RI WKH $QLVRWURSLF 6WUHVV 7THQVRU

6,03/($OJRULWKP
,Q2SHQ)2%0 WKH VLPSOH)RDP VROYHU LV XVHG WR VROYH WKH VWHDG\ V
WLRQV 7KHVHHTXDWLRQV ZLWKRXWDQ\ERG\IRUFHYVY FDQEH ZULWWHQ
U@i_ @ - @Ti+@jj

"@x  @x P @x @x
6LPSOH)RDP XVHV WKH 6,03/( 6HPL ,PSOLFLW OHWKRGIRU3UHVVXUH/LQN
WKHVHHTXD& LROVKLY DOJRULWKP WKHHTXDWLRQVIRUHDFKYDULDEOH
DUH WKH YH QWM. B H DVPGUWKH YDULDEOHY FKDUDFWHULVLQJ WXUEXOHQF
DQG WKH VROXWLRQV RI WKH SUHFHGLQJ LWHUDWLR Q@ UHKIHS/BRIFMHY® L Q
VWDUWYV E\OLQHDULVLQJWKHPRPHQWXP HTXDWLRQV DQG GLVFUHWLVLQ
WLVHG WHUPYV DUH JURXSHG WRJHWKH W IR B BB B K [ YHHIOX®RLMR @ R B © REGIHRE/
RIWKH IRUP

A" U= QT Y Gi(p™);
ZKHBHHSUHVHQWY WKH PDWUL[ FRHIILFLHQWV IURP WKH GLVFUHWLVHG
PRPHQWXP HTXGWGR Q P\@BV MRFSRQHQW RI WKH JUDGLHQW REHUDWRU 7

FRQWDLQV DQ\ ERG\IRUFH RURWKHU WHUPV WKDW@”bb EH H US®U WMANJO \ F
WKH PBWUO[O EHVSOLW LQWR D@GGEMRIRGDDIFRBMHIBOWLQJI LQ

(Ao + Aop)U; = Q  Gi(p" )

7TKLVHTXDWLRQLVVROYHG XVLQIJWKH SUHVVXUHIURP WKHSUHYLRXV LW
WKH VXSHUGHQIRSIWLQJ YDOXHV RI WKH FXUUHQW LWHUDWLRQ LV RPLWWH
WDLQHG E\VROYLQJWKLVHTXDWLRQ ZLOO QRW VDWLVI\WKHFRQWLQXLW
YHORFLWLHY QHHG WR EH FRUUHFWHG E\

p=p"t+p% U =0 +0}
7KHFRUUHFWHG YHORFLW\DQG SUHVVXUH VKRXOG VDWLVI\WKHIROORZL
ApU; +AopU; =Q Gi(p):

+HUH WKH FRUUHFWHG YHORFLW)\ LV R\ BXEOGWHEEF W R QN KHHTWEHDRNVILRRQAD O S
HTXDWLRXQYHV XVDUHODWLRQ EHWZHHQ WKH YHORFLW\DQG SUHVVXUH I

ApUl= G(p) ! UiO: (Ao) 'Gi(P):

6LQFH WKH GLDJRQDO PDWUL[FDQ EHHDVLO\LQYHUWHG IMKLDOWRDWLR
DSSOLHG WR WKH RIl GLDIJRQDOWRMWMHILKXDWHRRDARIXROEG EH WRR FRPSOLFD
UHODWLRQ EHWZHHQ WKH WZR FRUUHFWLRQV +RZHYHU QHJOHFWLQJ W
GLDJRQDO WHUPV FDXVHV WKHDOJRULWKPWRFRQYHUJHVORZO\RU QRW |

LI RQO\D S@WQ@Q_\RDGGEGD@HB‘ ' UHVSHFWLYHO\ ZKLFK LV FDOOHG XQC
7KLVLVFRQWUROOHG E\ WKH XQ GXVHGHDWKW LPRRP 8 Q WDXFPHDMHUS UH V V X U H
HTXDWLRQV )RULQVWDQFH LQMWHIUGHRNVXTUXDMRWRUWHFWLRQ HTXDWLRQ L

p=p" t+ opf
ZKHOH , 1 )LQDOO\ WKHFRUUHFWLRQ HTXDWLRQ IRUWKH SUHVVXUH L\
FRUUHFWHGU HORWLWIN\WWKH GLVFUHWLVHG FRQWLQXLW\HTXDWLRQ

D(U )+ D(UY=0:
8VLQJ H[SUHVVWK® HTXDWLRQ IRUWKH SUHVVXUH FRUUHFWLRQ LV
D( (Ap) 'G(PY) = D( U ):

2QFH WKLV HTXDWLRQ LV VROYHG WKH YHORFLWLHV DQGDBUGEVVXUH DUH
7KHVH DUH WKH VRO XW ICRG/IRQHY H WIHWDRVQRQ ZLOO VWDUW



BSURSDJDWLRQ RI WKH $QLVRWURSLF 6WUHVV 7THQVRU

,Q VXPPDU\ WKH RXWHU YWBUDW ZRQ R RRHUD D\@8 VDV HR/OQWLW DRVQIW | R U

—n+1

U™ DQ®*! 7KHQ D VROUWLRREWDLQHG E\ VROYLQJ WKH OLQHDULVHG PF
7KHUHDIWHU WKHFRUUHFWLRQ IR WWZEKIHSK ER/IWVRKUW KN YRORAIGWLNY QD G ¢
FRUUHFWH G WRBEWDWQVI\LQJ WKH FRQWLQXLW\HTXDWLRQ $W ODVW D
QHHG WR EHVROYHG VXFKDVWKHWXUEXOHQFHT TXDQWLWLHV 7KLV LV U}
VPDOO

ORGLILHG VLPSOH)RDP 6ROYHU
7KLV VHFWLRQ GHVFULEHY KRZ WKH GLVFRYHUHG PRGHOV DUH LPSOHPHQ
PRGHO RIWKHDQLVRWURS\WHQVRULQWR WKHIORZILHOG DFXVWRP VRC(
WKH VLPSOH)RDP VROYHU DV D EDVHOLQH ,Q WKH VRXUFH FRGH RI VLPS
ZLWKRXW WKH SUHVVXUH WHUP LV GHILQHG DVIROORZYV

iKT7po2+iQ J £B1L1[M
u
7pK/BpUT?B- IV
YJ_6X..iUlV
Yim #mH2MBR.2p _277UIV
44
7pPTIiBQMbUIV
Vc

+HUH WKHnWi#hWHP2ZAMB R .2p_27 FDINFXODWHYV

@ ey, ey

@("’t)@ @x

7KLVLQFOXGHV D SDUWRIWKH5H\QROGVY VWUHVV DV PRGHOHG E\WKH %R
DVVXPSWLRQ PRGHOV WKR;5HDDQROGV VWUHVYV
1 @y, @y 2

Rij =2k(bj + = jj) = —+ —L o+ ki

1] (hl 3']) t @}( @x 3 1
1IRWH WKDWAWKHWEORW LQFOXGHME BHBR.2p_27HXNW ZLOO EH LQFOXGHG L
SUHVVXUH JUDGLHQW WHUP 7R WKH HTXDWLRQ DERYH ZH ZDQW WR DGG
VWUHVV VXFK WKDW WKH 5H\QROGZK(I§¥J-WU]-I-H-V%VUI-)V,[DU\MBPI—R‘(BHCG—DG—IDNDP VROY
ZHUHSODREmH2ZMBR.2p_27BIIWKH GLUHFW FDOFXODWLRQV RI WKH %RXVVL
by

iKT7po2+iQ°J £BL1[M

u
7TpK/BpUT?B- IV

YJ_6X..iUIV
@7p+/BpUUiIim #mEEM127 U2 U7 p+/UIVVVYV
@7pKH TH +B MUim #aMheM+2 V- |V
Y7p+/BpU/2pWim #mH2M=2%.2Hi nVV

44
7TpPTIiBQMbUIV

Vc

+HUH WKHWHUHP2ZOMHR 17 FDWV FXOPWHYKHYUB QGDUH FRPSXWHG E\ WKH FKRYV
WXUEXOHQFH PRGHO 6LQFH WRIKE BRIBSFIQ/EDRVQ. RMKIRISH\QROGY VWUHVYV D
UHVSHFWLYHWXUEXOHQFHPRGHOV KDYHWR EHHFRGMWLRQGW RKHIKSH® GXE
WHR P (Rij)g—;" LQWKRVHHTXDWLRQV KDV WR EHPRGLILHG WR

ey
@x’
7KK ! HTXDWLRQV LQ WKH WXUEXOHQFH PRGHO WKHQ ORRN OLNH

P = (Zkhj +2khj + gk ij)



BSURSDJDWLRQ RI WKH $QLVRWURSLF 6WUHVV 7THQVRU

OBM+HRI2HX>]

ff * H+rmH i2 U@ kK F #f MmniV ;> /UIV 4 UkaV AV AVARY
+QMpiQHa+ H "6BARMI2 M:RI#vLm
U
;D /ITUVXpUV/I2pUirQavkKKUI;™ /IUVXpUVVYV
Ve
ff * H+rmH i2 Uk F #n.2Hi fMmniV :C /UIV 4 Uk PK2; #n.2Hi V

pQHa+ H "6B2H/ ZkBwKKUi;  /ITUVW.KXyQK2; #.2Hi nVc

ff * H+rmH i2 k F U#Y#n.2Hi VfIMmni
+QMpIQHa+ H "6BARMI2 M:#vLm
U
R#VL@G: k#vLmM
Vc

ff * H+rmH i2 4 kK F U#Y#n.2Hi V

+QMPpIQHa+ H "6BRMI2 M:UH?B@:+L K2UV- Mm#UlVmYVc

ff hm #mH2M+2 bT2+B7B+ /BbbBT iBQM " i2 UPK2; V 2[m iBQM
iKT7pa+ H "J i=BXK2; 1[M
U
TpK//iU HT? - "?2Q- QK2; nV
Y7pK/BpU HT? ?2QS?B- QK2; nV
@7pKH TH +B MU MPTQR?QK2; 177UV- QK2; nV
44
; KK nHT? UPQUVUMMmMmiaK HHV
@7pKamaTWXW ; KK nWHT? UPQUNBpl- QK2; nV
@7pKaTU#2i HT? UPQUQYK2; nUV- QK2; nV
Y7pPTiBQMbU HT? - "?2Q- QK2; nV
Vc
bQHpP2UQK2; 1[MVc

ff hm #mH2Mi FBM2iB+ 2M2 ;v 2[m iBQM
iKT7pa+ H "J i=BFtl[M
U
7pK//iU HT? - "?2Q- FnV
Y7pK/BpU HT? _?QS?B- FnV
@7pKH TH +B MU WPTRF177UV- FnV
44
HT? UYPQUV
@7pKamaTdX§ Xyw HT? UPQUMNBpPI- FnV
@7pKaTU*KnHiT? UPQUQRK2; nUV- FnV
Y7pPTIiBQMbU HT? - "?2Q- FnV
Vc
bQHpPp2UF1[MVc

EAVERY



/HVW &DVH

7R WUDLQ DQG WHVW DOJHEUDLF PRGHOV IRU WKH QRQOLQHDU DQLVRW!
YHORSHG E\ OFRW @OHXVH®@ > 7KLV GDWD VHW FRQWDLQV D YDULHW\ RI 5$1
PDWFKLQJ '16 RU /(6 GDWD ZKLFK DUH DYDLODEOH )URP WKLV GDWD VHW
VLPLODU IORZ FKDUDFWHULVWLFV ZKLFK DUH D FKDQQHO ZLWK SHULRGL
FKDQQHO DQG D FXUYHG EDFNZDUG IDFLQJ VWHS5%26)9LPRODWERE DV IS HW
IRUPHG LQ 2SHQ)2%$0 XVLQJD VWDQGDUGLVHG VHW RI QXPHULFDO VFKHPH\
LV XVHG IRU GLVFUHWLVLQ JW K HiF RQ WHKFWALRAHH\@MWXP HTXDWLRQV $ ILUV
ZLQG VFKHPH LV XVHG IRU GLVFUHWUVLKQRIQIBK H ERQWKIHF W K VU IE XVOHHUPRH W U D
HTXDWLRQV )RU WKHr@& I IRQUIPH W IDQRY D VHFRQG RUGHU FHQWUDO GL
VFKHPH LV XVHG 7KH JRYHUQLQJHTXDWLRQV DUH VROYHG ZLWK WKH VL
*HQHUDOLVHG *HRPHWULF $OJHEUDLF OXOWLJULG *$0* VROYHU LV XVH(
DQG WKH 3UHFRQGLWLRQHG %L &RQMXJDWH *UDGLHQW 3%L&*6WDE VRC
DQG WHKHHTXDWLRQV )R UFDDFEKRADDWHY DUH XVHG WR WUDLQ WKH PRGHOV $
LV DSSOLHG RQ WKH SRLQWV RI WKH &' DQG &%)6 FDVHV )RU WKH 3+ FDVH
GRPDLQ

SHULRGLF +LOO

$ FRPPRQ EHQFKPDUN SUREOHP IRUWXUEXOHQFH PRGHOLQJ LV D IORZ R
KLOOV FDXVH WKH IORZWR VHSDUDWH EHKLQG WKH GHVFHQGLQJVORSH
FDSWXUH DFFXUDWHO\ +LJKO\ DFFXUBW HZKRVSH UVRUPRHG GIBRED ;ILDRRZ RY
VHULHV RI SHULRGLF KLOOReBW:86l *Q® O GRLYXSMHEBROGY QXPEHU LV EDVHG
KHLJKW DQG WKH EXON YHORFLW\ DW WKH FUHVW &\FOLF ERXQGDU\ FR(
GLUHFWLRQ DQG QR VOLS ERXQGDU\ FRQGLWLRQV DUH DSSOLHG DW WK
GLUHFWLRQ LV KRPRJHQHRXV ZKLFK PDNHV WKLV FDVH D WZR GLPHQVLF
DQG ERXQGDU\FRQGLWLRQV DUHLPSOHPHQWHG LQ 2SHQ)2$0 WR SHUIRU
ERXQGDU\FRQGLWLRQ¥ IySHOXOWDHY | RUMKKREZY D VFKHPDWLF RI WKH IORZ JF
DQGDFRQWRXU SORW RI WKH5$16 SUHGLFWHG YHORFLW)\ IDBBQ@® UXFW XU

JLIXUH 6WUXFWXUHG KH[DKHGUDO PHVKDQG YHORFLW\ILHOG REWDReGBGOURP 5$16 VLPXC



&RQYHUJLQJ'LYHUJLQJ &KDQQHO

7TDEOH %RXQGDU\DQG LQLWLDO FRQIGESUERQAWXOBD® LR WRHWKH SHULRGLF KLOO VKRZQ L

,QOHW 2XWOHW :DOOV 6LGHV ,QWHUQDOILHOG

&\FOLF &\FOLF 1R 60LS (PSW\:028m=s

&\FOLF &\FOLF ]HUR*U D G(P-SQW\0:0 m2=s?

&\FOLF &\FOLF N/RZ5H:DOO)X@FWEBR&s? (PSW\

! &\FOLF &\FOLF RPHJD:DOO)XQEWIRG ! (PSW\
&\FOLF &\FOLF QXW/RZ5H:DOOQX@EWLRQ (PSW\

~ ©T C

150 FHOOVXA. D@EGH UHFWLRQ UHVSHFWLYHO\ 7KHPHVK LV VWUHWFKHG LQ"
UHILQHPHQW WRZDUGV WKH ORZHU DQG XSSHU ZDOOV &VEBDRBEDQH 5%$16
ZLWK WKH ERXQGDU\DQG LQLWLDO FRQGIQWRDRW\WBEQKE LWEWHRXQGDH OA
UN/RZ5H:DOO) Y RPW IR QN0 O) PQBEY X WQM Z5H : D0 A)X®IERMDLVRIQ WKDW ZDOO IXQ
DUH DSSOLHG DV H[SOD L QHGHL@OHFWIRMILHOG DGDSWV WR WKH DSSOLH
OHDGLQJWR D VWHDG\ VWDWH YHORFLW\ SURILOH

&ROQOYHUJLQJ'LYHUJLQJ &KDQQHO
/IDYDO DQG ODUTXLHOOH SHUIRUPHG D '16 VLPXODWLRQ RI D IORZ ZLWKLQ
EXPS LV SODFHG H[SRVHG WR DQ DG Y R&2/12:@0 ¥ V@ XTUKL VUBHGQR QW RIX P E H
LV EDVHG RQ WKH PD[LPXP LQOHW YHORFLW\ DQG WKH FKDQQHO KDOI KF
FKDQQHOIORZHQWHUV WKH GRPDLQ 7KHIORZDFFHOHUDWHY DW WKH FRC
DJDLQ DW WKH GLYHUJLQJ SDUW 7KH GLYHUJLQJ SDUW FDXVHV WKH IORZ
WXUEXOHQW NLQHWLF HQHUJ\]JRQH ULJKW DIWHU WKH EXPS DKHDG Rl WK1
& FKDQQHO DV XVHG LQ WKH 5%$16 VLPXODWLR®HNVWEX FWKQH® R HMKUFR Q
R564 DQB5 FHOOVLQWIGLUHFWLRQ UHVSHFWLYHO\ $ UHILQHPHQW RI WK
ORZHU DQG XSSHU ZDOOV 7KH ERXQGDU\ FRQG LWHVR /R JHHHW® W TD ED[
YHORFUM\R1:0m=s WR PDWFK WKH '16 VLPXODWLRQ 7R REWDLQ WKH 5%$16
YHUVLRQ RI WKH GRPDLQ ZDV VLPXODWHG WR SURGXFH D IXOO\ GHYHORSH

JLIXUH 6WUXFWXUHG KH[DKHGUDO PHVKDQG YHORFLW\ILHOG REWDLQHG IURP 5%$16 VLPXOD
Re =12:600



&XUYHG %DFNZDUG )DFLQJ 6WHS

7DEOH %RXQGDU\DQG LQLWLDO FIRQIGESVISRQAWP XOB@LRWRHWKH FRQYHUJLQJ GLYHUJLQJ FK

YLIXUH
,QOHW 2XWOHW :DOOV 6LGHY ,QWHUQDO ILHOG
U )XOO\ GHYHORMUB*UDGLHQW 1R 60LS (PSW:845m=s
U=1:0m=s
p JHUR*UDGLHQW¥O JHUR*UDGLHQW (PSW\0:0m?=¢
N )XOO\ GHYHORSHG JHUR*UDGLHQW N/RZ&H 1D O@PQFWLRQ (P
! )XOO\ GHYHORSHG JHUR*UDGLHQW RPHJD2DO'O)XQFWLRQ (P
FDOFXODWHGFDOFXODWHG QXW/RZ5H:DO@NBFEWLRQ (PSW\

7DEOH %RXQGDU\DQG LQLWLDO FIRQIGESIUBRQWP XOB& LA WRHWKH FXUYHG EDFNZDUG IDFLQJ

YLIXUH

,QOHW 2XWOHW :DOOV 6LGHV ,QWHUQDO ILHOG
U )XOO\ GHYHORMUB*UDGLHQW 1R 60LS JHUR*UD GL34%nAs

U=1.0m=s

JHUR*UDGLHQWO JHUR*UDGLHQW ]JHUR *U D GQ:H33%?

)XOO\ GHYHORSHG JHUR*UDGLHQW N/RZ5H:D&®M1X ORIAELRQ JHUTF
! )XOO\ GHYHORSHG JHUR*UDGLHQW RPHJD:DO@)XFBWLRQ JHUF

FDOFXODWHGFDOFXODWHG QXW/RZ5H:DOO)X PWiRQ ]JHUR*UDGL

&XUYHG %DFNZDUG )DFLQJ 6 WHS

YRU WKH IORZ RYHU D &XUYHG %DFNZD U Qe )DIBL7QD)/ 66NGHBW HIZ)BYV KMMHIG D V
UHIHUHQFH GDWD VLP XGDWBGEE \ PKHHPMDORIEGY QXPEHU LV EDVHG RQ WK
YHORFLW\ $V ZHOO DV WKH RWKHU FDVHV WKH &%)6 FDVH IHDWXUHV VHS
JHRPHWU\ DV XVHG LQ WKH 5$16 VLPXODW L RIGK AD/QVEIKK FWH Q @ PIHNKKUFR Q V|
712 DQIB4 FHOOVX QWIALUHFWLRQ UHVSHFWLYHO\ 7KH ERXQGDU\ FRQGLW

7R GHYHORS WKH LQOHW ERXQGDU\ FRQGLWIJ,R G\:®@ PDVI X\OION GBPHORS
SURFHGXUH ZDV XVHG DV GRQH IRU WKH &' FDVH

JLIXUH 6WUXFWXUHG KH[DKHGUDO PHVKDQG YHORFLW\ILHOG REWDLQHG IURP 5%$16 VLPXOL
Re =13:700



SHVXOW)

7KLV FKDSWHU GLVFXVVHV WKH UHVXOWY REWDLQHG LQ WKLY SURMHFW )
DUHLGHQWLILHG DQG VKRZQ 7KHUHDIWHU D GLVFXVVLRQLVJLYHQRI WK
VROYHU 2SHQ)2$0 )XUWKHUPRUH WKHHIIHFW RI QRUPDOLVLQJWKH LQS>
XVHRI FRQVWUDLQWY DQG WUDLQLQJRQPXOWLSOH FDVHV )LQDOO\ WKF
WKH PRGHOLQJIUDPHZRUN DUH DQDO\VHG

'LVFRYHUHG ORGHOV

JRU HDFK FDVH GHVFULEHRRGMH @K MSMAHALVFRYHUHG ZLWK WKH VSDUVH V
PHWKRG DV GHVFULEHG/LQ X KBSV HOQPHW 65 RU 67/64 UHJUHVVLRQ DQG V
OLEUDULHV RI FDQGLGDWH IXQFWLRQV 7KH ILUVWQGIMWRIPUADREDO FRQWD
LQFOXGLQJ KLIKHU RUGHU IXQFWLRQV RIWKHLQYDULDQWY 7KH VHFRQG
WLRQDO SK\VLFDO IHDWXDHYX UWHRR AYQRQ SUREOHP LV VROYHG IRU D UD
HWHUV WR GLVFRYHU PXOWLSOH PRGHO VWUXFWXUHY 5HFDS WKDW WKH
SUREOHP DUH DV IROORZV

T Lasso 2[10 10 #;9:55 10 49 10 #;85 10 %;::;85;9;9:5;10]
T Enet = LAssO
enet 2 [0:01;0:1;0:2; 0:5; 0:7; 0:9; 0:95; 0:99; 1.0]
T stisq 2 [0:001 0:05 0:1; 0:5]
thesholdsTisq 2 [10 10 3;9:5 10 3,9 10 3,85 10 3;::;85;9;9:5;10]
fthresholdsgrs = theSh0|dST|_SQ
sr3 2 [0:01;0:1;1; 10]

7KXV HDFK UHJUHVVLRQ SUREOHP LV VROYHG IRUHYHU\YDOXHRU FRPEL
SDUDPHWHU 7KH YDOXHV RI WKH SDUDPHWHUV LQIOXHQFH WKH DPRXQW |
OHYHO RI FRPSOH[LW\RIWKHPRGHOV )XUWKHUPRUH PRGHOV DUH GLVFF
WKHILUVW VHWWLQJ WKHOLEUDULHYV DUH QRW QRUPDOLVHG EHIRUH VRC
RI WKH UHJUHVVLRQ SUREOHP FDQ GLUHFWO\EH XVHG ,Q WKH VHFRQG V't
IRUH VROYLQJHDFK UHJUHVVLRQ SUREOHP 7KHUHDIWHU DQ DGGLWLRQI
QRW QRUPDOLVHG VHOHFWHG IXQFWLRQV WR REWDLQ D PRGHO KDYLQJ W
UHJUHVVLRQ ZH RQO\KDYH XVHG RQH YD GXYH | RQY WKH GD/NUSIDW VR W HWR Q
DUHDGGHG WR WKH UHJUHVVLRQ SUREOHPV DQG WKH OLEUDULHV DUH QF
WKH GLVFRYHUHG PRGHOV ZLWK ILYH RUOHVV QRQ JHUR FRHIILFLHQWV D
GLVFRYHUHG PRGHOV DUH SURSDJDWHG LQ 2SHQ)2 $OVDRD@HIWIFIS HEQ GVKD \
WKH VLPXODWLRQ GRHY QRW FRQYHUJH ,Q WKDW FDVH WKH UHVLGXDOV |
WKH UHVLGXDOV GHFUHDVH ZH VD\ WKH VLPXODWLRQ FRQYHUUWG )XUWHE
DSSOLHG



'LVFRYHUHG ORGHOV

D/$662 E(QHW

Fes G67/64

JLIXUH 7KH PRGHOV ZLWK ILYH RU OHVV WHUPV GLVFRYHUHG E\VROYLQJRQHRIWKH UHJUF
WKH OHIW JUDSK RI WKH ILJXUHV LQGLFDWH WKH FRHIILFLHQW YDOXHV RI VHOHFWHG IXQFW
DQG UHG IRUQR LQGLFDWH LI WKHPRGHO LY UHDOLVDEOH DIWHU WUDLQLQJ ILUVW FROX
VHFRQG FROXPQ DQG LI WKHLPSOHPHQWHG PRGHO FRQYHUJHBI WKHWBMFARBQRRG G 7TKH P
DQLVRWURSLF VWUHVV DQG 5H\QROGY VWUHVV DV REWDLQHG GXULQJWUDLQLQJDQG WKH
PRGHO SURSDJDWLRQ QRUPDOLVHG E\ WKH!PHIDIG P RGHMHOHIBUHHUSIRRIW \RHE KB WKH ULJKW J

JLIXUHVKRZV IRUHDFKUHJUHVVRU WKHGLVFRYHUHG PRGHOV FRQWDLQ
WKH 3+ FDVH XVLQJ WKH QRW QRUPDOLVHG OLEUDU\ ZLWK SK\VLFDO IHDW
VLRQ SUREOHP GLVFR iHADEBS/ 3K HOBBSGF @  3:93275, ,Q WKLV FDVH WKH YDO.
RIWKH K\SHUSDADDM®HWHUYXUWKHUPRUH WKHHUURUV DUHVKRZQ RIWKH S
DQG 5H\QROGYVY VWUHVVHV GXULQJ WKH PRGHO GLVFRYHU\ SKDVH EHIRU|
VWUHDPZLVH YHORFLW\ DV REWDLQHG ZKHQ WKH PRGHO LV SURSDJDWHC
IRUH SURSDJDWLRQ 5%$16 GDWD LV LQVHUWHG L@VDRQWW—KEL\ANFRNHMHH‘GEP[E
FDOFXODWHG E\

ﬁj - qlJ?ANS _,_ﬁj;

1
Ry = 2KFANS (NS + 8 + 2 ):

$V WKH HUURU PHWULF WKH PHDQ VFDUHG HUNMR'YS DG BHW & HBAY MGG D INGDC
LVXVHG ZKLFK LV GHILQHG DV

1 X
MSE = (XPNS X2

i=1
+HUHLQGLFDWHV WKHDPRXQWRIGDWD SRLOQWY 7KHVDPHHUURUV DUH FD
WKH! 5616 SUHGLFWLRQV 7KHHUURUV RIWKHPRGHOHG YDULDEOHYV DUH
SUHGLFWLRQV VXFK WKDW LW LV HDVLO\ REVHUYHG LIWKWKHSBR&EHO SUHG
PRGHO ,Q )LJXWHV DOVRLQGLFDWHG LI WKHVLPXODWLRQ FRQYHUJHG Z
RQWKHVDPHFDVH DQGLIWKHPRGHOHG5H\QROGYV VWUHVYV ZDV UHDOLVI



'LVFRYHUHG ORGHOV

7DEOH %HVW SHUIRUPLQJPRGHOV IRUWKH 3+ &' DQG &%)6 FDVH GLVFRYHUHG XVLQJ WKH QR
QRUPDOLVHG PHDQ VTXDUHG HUURUV RI WKH SUHGLFWHG VWUHDPZLVH YHORF

ORGHOV 3+ &' &%)6
(U)=(U°%) (U)=(U°) (U)= (U9

M1 =70:31,T,+( 11773, 12488l, 2265q)Ts
M, =96:31,T, +(52:4l; 1366l, 295q)Ts
M3=96:31,T,+( 843l; 1544I,)Ts

7KH UHDOLVDELOLW\RIWKHPRGHO LV FKHFNHG E\DQDO\VLQJ WKH /XPOH
7KH /XPOH\ WULDQJOH LV FUHDWHG IRUWKH PRGHOHG 5H\ QIRAGEG MWW UH V V
WKH 5H\QROGV VWUHVV DV RXWFRPH RIWKH SURSDJDWLRQ 7KH GLVFRYH
UHJUHVVLRQ VHWWLQJV DQG OLEUDU& BPQQ EH IRXQG LQ $SSHQGLFHYV

&URVV YDOLGDWLRQ LV FDUULHG RXW LQ RUGHU WR LGHQWLI\ WKH PR
7KLV LPSOLHVY WKDW PRGHOV LGHQWLILHG RQ RQH FDVH DUH SURSDJDWF
DIWHU IRUHDFK FDVH WKH EHVW SHUIRUPLQJPRGHO LV VHOHFWHG ZKLF
WKH SUHGLFWHG VWUHDPZLVH YHORFLW\ 7KH E® W LERGMHIOH FDRIHIGIMSEWR B ¢
VWUHDPZLVH YHORFLW\ HUURUV RI WKH WKUHH FDVHV DUH QRWHG DV ZHC
WKH QRQ QRUPDOLVHG OLEUDU\ FRQWDLQLQJ DGGLWLRQDO SK\VLFDO IH
QRUPDOLVHG OLEUDU\DQG ZKHQ FRQVWUDLQW YV & v/ XG G DGD VDWKEHE IR X\
PRGHOV GLVFRYHUHG ZLWK WKH LQY D&RPRMN OQE WKH EB\$\S PHRGEHIV RI W
EUDULHV ZHFDQ SUHVXPH WKDW XVLQJDGGLWLRQDO SK\VLFDO IHDWXU'}
WKH YHORFLW\WKDQ ZKHQ RQO\LQYDULDQWY DUH XVHG )XUWKHUPRUH
QRUPDOLVDWLRQ KDYH ORZHU SUHGLFWLQJHUURUV WKDQ PRGHOV ZKLF¥

7KH PRGHOV LQ SDEGHFW WKH VKH D URH RIRIOBRVKVADWHVIN VKRZQ LQ )LJ]
7KH SUHGLFWLRQV RI WKH 5H\QROGV VWUH VV W IIRWH FSEMR B DQ B & ZQ W W
PRGHOVLQ WKH &)'VROYHU 7KHPRGHOVVKRZDQLPSURYHPHQW RIWKH 51
VORSHV LQ DOO WKH FDVHV LQ FRPSDULVR @& WRPRISH BD Y)HDW R H (S D B G\LIFVRI
WKHVH VORSHY WKH PRGHOV DUH VL P ODPRGR @ K 8 URB-DG DFRVLIGRIQARK HVKRIG
2SHQ)2$0 JLYHV XV D SUHGLFWLRQ RI WKH YHORFLW\DQG WKH NLQHWLF H
YHORFLW\DQG WKH NLQHWLF HQHUJDRIZQ BH VSHRWIQYHOX YRV WKH 3+ FD)
YHORFLW\SUHGLFWLRQRIPRGHO LVZHOOFDSWXUHG KQGRRSHRYHV WK
WKURXJKRXW WKH ZKROH GRPDLQ ORGHO DXQ66 IRQW WKH & DADN R Q/G\HE H
PRGHOV VKRZLPSURYHPHQWV RIWKH YHORFLW\ SUHGLFWLRQV GRZQ WKH
VKRZ WKH VPDOOHVW LPSURYHPHQWY )RUDOO WKH FDVHV WKH NLQHWL
HDFK PRGHO WKDEDWKB®LQH EXW WKHLPSURYHPHQWY DUH OLPLWHG



'LVFRYHUHG ORGHOV

D3+

E &'

F&%)6

J)LIXUH 5H\QROGV VKHDU VWUHVYV SUHGLFWLRQV Rl WKH-RPBW SHE VRRKPLEQEFI®GHOV 7DEOH
GDWD IRUHDFK FDVH



'LVFRYHUHG ORGHOV

D3+

E &'

F&%)6

JLIXUH 6WUHDPZLVH YHORFLW\ SUHGLFWLRQV RI WKH SURSDHRPISO EHGE W BH1B RQBLQJ PRG
5$16 GDWD IRUHDFK FDVH
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