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Joint Ranging and Phase Offset Estimation for
Multiple Drones Using ADS-B Signatures

Mostafa Mohammadkarimi
and Raj Thilak Rajan

Abstract—A new method for joint ranging and Phase Offset
(PO) estimation of multiple drones/aircrafts is proposed in this
paper. The proposed method employs the superimposed unco-
ordinated Automatic Dependent Surveillance-Broadcast (ADS-B)
packets broadcasted by drones/aircrafts for joint range and PO
estimation. It jointly estimates range and PO prior to ADS-B packet
decoding; thus, it can improve air safety when packet decoding is
infeasible due to packet collision. Moreover, it enables coherent
detection of ADS-B packets, which can result in more reliable mul-
tiple target tracking in aviation systems using cooperative sensors
for detect and avoid (DAA). By minimizing the Kullback-Leibler
Divergence (KLD) statistical distance measure, we show that the
received complex baseband signal coming from K uncoordinated
drones/aircrafts corrupted by Additive White Gaussian Noise
(AWGN) at a single antenna receiver can be approximated by an
independent and identically distributed (i.i.d.) Gaussian Mixture
(GM) with 2 mixture components in the two-dimensional (2D)
plane. While direct joint Maximum Likelihood Estimation (MLE)
of range and PO from the derived GM Probability Density Function
(PDF) leads to an intractable maximization, our proposed method
employs the Expectation-Maximization (EM) algorithm to estimate
the modes of the 2D Gaussian mixture followed by a reordering
estimation technique through combinatorial optimization to esti-
mate range and PO. An extension to a multiple antenna receiver is
also investigated in this article. While the proposed estimator can
estimate the range of multiple drones/aircrafts with a single receive
antenna, a larger number of drones/aircrafts can be supported with
higher accuracy by the use of multiple antennas at the receiver. The
effectiveness of the proposed estimator is supported by simulation
results. We show that the proposed estimator can jointly estimate
the range of multiple drones/aircrafts accurately.

Index Terms—ADS-B, cooperative navigation, detect and avoid
(DAA), expectation-maximization (EM), Gaussian mixture (GM),
multiple receive antennas, phase offset, range estimation.

1. INTRODUCTION

UTOMATIC Dependent Surveillance-Broadcast (ADS-
B) is one of the two Automatic Dependent Surveillance
(ADS) systems that tracks aircrafts without employing radar.
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It is intended to improve traffic surveillance capabilities by
sharing accurate aircraft position information between pilots and
air traffic controllers. In the ADS-B system, aircrafts regularly
and asynchronously broadcast their real-time position informa-
tion, velocity, and identification to no specific receiver using
a transponder, typically combined with a Global Positioning
System (GPS), to transmit highly accurate positional informa-
tion to traffic controllers and directly to other aircrafts. This
transmission is known as ADS-B Out and its accuracy and
update rate are much greater than conventional primary radar
surveillance. The reception of the ADS-B packet by an aircraft
is ADS-B In [1], [2], [3].

ADS-B system is considered a promising solution to enable
safe autonomous drone navigation, especially in urban environ-
ments [4]. In order to avoid aviation accidents, each drone needs
to be aware of the position and speed of the surrounding drones
so that it can keep a safe separation distance with the other
drones. This safe separation can be achieved by a cooperative
sensor system, such as the ADS-B system. In this solution,
drones are equipped with GPS, an Inertial Measurement Unit
(IMU), and a miniaturized transponder and they broadcast their
real-time position information, which can be employed by the
surrounding drones or Ground Controllers (GCs) to maintain a
safe operation distance of drones at low altitude and congested
airspace. In addition to ADS-B system, cooperative navigation
by using Wi-Fi and other industrial, scientific, and medical
(ISM) band wireless technologies have been suggested in [5]
and [6]. However, these solutions do not support long ranges.

Typically, ADS-B system is susceptible to severe message
collisions in dense air spaces. The random channel access of the
communication protocols using the 1090 MHz frequency leads
to ADS-B packet error rates above 50 percent for typical air
space densities as observed during the day [1]. One of the main
challenges in the employment of a cooperative sensor system,
such as ADS-B, for future drone technology is packet collisions
due to a larger number of drones compared to aircrafts in the
airspace. As the number of drones in the airspace increases,
the probability of packet collision also increases. The ADS-B
system in its current form cannot handle packet collision; hence,
a large number of packets are lost. Packet loss means less
information and more uncertainty for the surrounding drones,
resulting in less air safety.

Information extraction from collided and overlapping ADS-B
packets, such as range, velocity, Angle of Arrival (AoA), etc.
can contribute to safer navigation of a drone/aircraft. These

0018-9545 © 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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information can improve situational awareness and safety of the
detect and avoid (DAA) systems. Specifically, joint ranging and
phase offset (PO) estimation enables coherent detection of a
single or (collided) multiple ADS-B packets with a significantly
lower Packet Error Rate (PER) compared to non-coherent de-
tection. To the best of the authors’ knowledge, joint estimation
of range and PO for multiple drones/aircrafts using collided
ADS-B packets has not been investigated yet. Existing blind
source separation algorithms suffer from sign ambiguity and
require the number of receive antennas not to be larger than the
number of drones/aircrafts [7], [8], [9].

In this article, we address the problem of joint range and
PO estimation of multiple drones/aircrafts using the collided
and overlapping ADS-B packets. We analytically derive the
Maximum Likelihood (ML) cost function for joint range and
PO estimation of multiple drones/aircrafts. Then, a simple so-
lution based on the expectation—-maximization (EM) algorithm
is proposed. Our proposed estimator enables avionic systems
employing cooperative sensors to obtain range information of
the surrounding drones/aircrafts while ADS-B packet decoding
is not feasible due to collision. Furthermore, the estimated range
and PO can be employed for coherent detection of ADS-B pack-
ets, which offers higher detection performance. Our proposed
estimator can estimate the range of multiple drones/aircrafts with
a single receive antenna.

A. Related Works

Existing solutions for the separation of the overlapping
ADS-B packets can be broadly divided into time-domain and
spatial-domain methods [10]. The spatial-domain methods take
the advantage of antenna array and if the direction of arrival
of the aircrafts/drones signal are known, the signal subspace
methods, such as, MUSIC [11], ESPRIT [12], and minimum
variance distortionless response (MVDR) [13], can be employed
for ADS-B signal separation. Projection Algorithm (PA) and
corresponding extensions for the separation of the secondary
surveillance radar (SSR) signal have been proposed in [14],
[15]. ADS-B signal separation using high-order statistics of the
received signal has shown to be ineffective because the overlap-
ping signal is pseudo-Gaussian [16]. Furthermore, Alternating
Direction Method of Multipliers (ADMM) has been suggested to
solve the non-convex blind adaptive beamforming problem for
ADS-B signal separation in [17]. The authors in [18] showed
that the performance of the blind source separation algorithms,
such as, independent component analysis (ICA) is not acceptable
for ADS-B signal separation because of its short length. Prin-
cipal Component Analysis (PCA) and Fast ICA algorithms for
ADS-B signal separation have been proposed in [19] and [20]. A
promising solution for ADS-B signal separation is Manchester
decoding algorithm; however, as the delay between the reception
of two ADS-B packets decreases, the performance significantly
drops [18].

There are several works dealing with time-domain ADS-B
signal separation. The authors in [21] have proposed to employ
the empirical mode decomposition and ICA for the separation
of overlapping ADS-B signals via single receive antenna. The
K-means clustering for ADS-B signal separation based on
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empirical mode decomposition and ICA has been developed
in [22]. An anomaly doubt degree has been introduced in [23]
to calculate signal overlap time delay, and adaptive threshold
method based on power difference has been employed to sep-
arate ADS-B signal when the overlap signal is relatively large.
The problem of ADS-B signal separation using deep learning
with a single receive antenna has been investigated in [24], [25].
The authors have shown that the separation accuracy of the deep
learning based algorithm is higher than that of the traditional
algorithms. To the best of the authors’ knowledge, the main
issue with the above mentioned methods is that most of them
can only separate two overlapping ADS-B signals.

B. Contributions

Consider a collection of K drones/aircrafts, which are asyn-
chronously broadcasting ADS-B packets. This simple transmis-
sion protocol results in inevitable overlapping among multiple
ADS-B signals. In this work, we show that the received complex
baseband signal from these drones/aircrafts can be approximated
by an independent and identically distributed (i.i.d.). Gaussian
mixture (GM) random variable with 2% mixture components
in the 2D plane, which are independent of the arrival time of
the ADS-B packets at the receiver. Furthermore, by using the
approximate PDF, we derive the ML cost function for the joint
ranging and PO estimation of multiple drones/aircrafts. We also
propose the low-complexity EM-based joint ranging and PO
estimation algorithm for multiple drones/aircrafts. Our proposed
estimator makes active multiple target ranging possible with a
single receive antenna in the presence of ADS-B packet colli-
sion. Moreover, our solution enables ADS-B systems to coherent
multi-packet decoding. Finally, we extend the proposed EM-
based joint estimator to the case of multiple receive antennas.

C. Notations

The identity matrix, all-zero vector, and all-one vector of
length N are denoted by Iy, O, and 1 7, respectively. Through-
out the article, (-)*, ()7, and (-)! show the complex conjugate,
transpose, and Hermitian transpose, respectively. Also, | - |, | -],
%, and ® represent the absolute value operator, the floor func-
tion (greatest integer value), linear convolution, and Kronecker
product, respectively. E{-} is the statistical expectation, Z is an
estimate of x. The complex Gaussian distribution with mean
vector p and covariance matrix 3 is denoted by CN (,u, 2).
The continuous uniform distribution between a and b and the
discrete uniform distribution between N; and N, are denoted
by Uc[a, b] and Uy[ Ny, N, ], respectively.

The remainder of the article is organized as follows. Section II
introduces the system model. Section III describes the GM dis-
tribution approximation by minimizing the KLD. In Section IV,
the maximum likelihood cost function and the EM-based joint
ranging and PO estimation algorithm are analytically derived.
Reordering estimation for the proposed EM-based joint esti-
mator through permutation-based combinatorial optimization
is investigated in Section V. Joint estimation by taking the
advantage of diversity gain through multiple receive antennas
is discussed in Section VI. Simulation results are provided in
Section VII, and conclusions are drawn in Section VIII.
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Fig. 1. Range estimation using the asynchronous ADS-B In signatures of the
drones at the receiver. (a) Range estimation in a Ground Controller (GC). (b)
Range estimation in a flying drone.
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Fig.2. ADS-B packetis composed of a preamble and data in the Pulse Position
Modulation (PPM) form.

II. SYSTEM MODEL

We consider K drones broadcasting ADS-B packets through
their transponders to the GC' and also directly to other flying
drones/aircrafts. Typical scenarios for signal reception at the
GC and the flying drone are shown in Fig. 1. The packets are
transmitted at 1090 MHz and use PPM at a rate of 1 Mbit per
second. An ADS-B packet consists of a preamble followed by a
data block is shown in Fig. 2.

It is assumed that the drones/aircrafts asynchronously broad-
cast their ADS-B packets every Tp seconds. We consider an

IThe GC can be a simple Software-defined Radio (SDR) receiver. Number
of drones/aircrafts, K, can be determined by employing model-order selection
techniques [26], [27] prior to joint ranging and PO estimation.
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(b)

Fig. 3. Reception of the ADS-B packets at the receiver. Drones periodically
broadcast ADS-B packets. Different colors are used to show the packet of drones.
(a) The received ADS-B packet at the receiver and the observation window with
length T3,. (b) A special case where the complete ADS-B packets of all the
drones fall inside the observation window with length T, .

observation window of length T3, = Tp for parameter estima-
tion at the receiver (Fig. 3(a)). To make the joint ranging and PO
estimation independent of the arrival time of the ADS-B packets
at the receiver, we approximate the received samples in the ob-
servation interval by an i.i.d. complex random variable as it will
be explained in Section III. Hence, without loss of generality, we
can consider the ADS-B packet reception in Fig. 3(b) to simplify
modeling of the joint range and PO estimation. In this case, it is
assumed that the ADS-B packet of the kth drone/aircraft with a
packet length of T’y is received at the receiver with time delay
Tk € [0, Tiax] in the timing reference of the receiver, where 75
is unknown and random in each observation window of length
Tw = Tp, and Tyyax = Tp — T is the maximum time delay of
a packet.

By employing a baseband low pass filter with sufficient
bandwidth B at the receiver after RF down-conversion, the
received complex baseband signal at the ADS-B receiver can
be expressed as

K

y(t) ~ YV PeLpa(t — mi,) e/ OO Lap(t), (1)

k=1

where ¢ € [0, Ty], and where Py, x(t), w(t), and Lj denote,
the transmit power by the kth drone, the transmit PPM
waveform by the kth drone, the additive noise with Power
Spectral Density (PSD) N, over the frequency f € [—B, B,
and the path loss between the kth drone/aircraft and the ADS-B
receiver, respectively. For free-space path loss, we have

s (=) &

4rry,
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Amplitude of the noisy ADS-B packet after sampling.

1L

where 7}, is the range between the kth drone and the receiver,
FYRE / f is the wavelength of the carrier wave, ¢ denotes the
speed of light, and f. represents the carrier frequency. For the
ADS-B system, since f. = 1090 MHz, we have A, ~ 0.2752
m. In (1), Af; and 60y further denote the Carrier Frequency
Offset (CFO) and the electrical PO of the kth drone in the
observation window. The CFO and PO occur because the local
oscillator signal for RF down-conversion at the receiver does
not synchronize with the carrier signal.”

In this article, we consider that Af;T, < 1 and
exp(2rAfit) = 1 for t € [0,T], k= 1,2,..., K; thus, we
can write

K
y(t) ~~ Z \/Pkkak(t—Tk)eje’“ —|—w(t) 3)
k=1

Assumption 1: Weassume that Py, k = 1,2,..., K,isknown
at the receiver, and that P\ Ly > P,L, > ..., PxLk.

Since the bit—rate for ADS-B systems is 1M bit /s, a sampling
rate of fs = =— = 2M samples/s is sufficient to capture the bit
transitions, detect the preamble and decode packets. A typical
sampled ADS-B signal is shown in Fig. 4 for visualization. The
discrete-time received baseband signal after sampling, i.e., y,, =

y(nTy),n =0,1,...,N,where N =239 + M3 M £ | Tmax ||
can be written in vector form as
K K
y:thXk+W:ZZk+W:g+W7 “)
k=1 k=1
where g £ Zszl hpxy = ZkK:1 Zk, Zk = hpXp,
T
yE oy -y, (5a)
T
g2 (g9 ... gn] (5b)
w2 [wo wy ... ]T, (5¢)
T
ze £ (200 200 0 2N (5d)
wy, £ w(nTy), by = Bre’?, By, £ /Py Ly, and
A T
X = [l’ko Tr1 - Ik,N]
£ [OT S dT OM mk]T (6)

In (6), 5. = 21 (nTs — 71.), di € {0, 1}?%*,is the PPM data
vector of the kth drone with a length of 224 symbols, s is the
preamble vector givenby s = [101000000101 OOOO]T

2The tolerable PO estimation error for coherent ADS-B detection depends
on the value of SNR. The higher value of SNR, the less sensitivity to the PO
estimation error in coherently detecting an ADS-B packet.

3 A sampling rate of 2M samples /s results in 240 samples per ADS-B packet.
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and M £ | Zpex | and my, £\ £ | denote the maximum pos-
sible integer delay for a drone/alrcraft and the integer delay
of the kth drone/aircraft, respectively. The integer delays my,
k=1,2,..., K, are unknown at the receiver and their values
change from one observation window to another. The vector
w £ [wow; ... wy]T in (4) denotes the additive white Gaus-
sian noise (AWGN) with covariance matrix IE{WWT} =02l=
2Ny BI.
Let us define hypothesis HF, as follows:
HE: xp, = [0],s",d] ; (7)

" ]

Mm

which represents the ADS-B packet of the kth drone arriving at
the receiver with integer delay my, = m € {0,1,..., M}.

III. DISTRIBUTION APPROXIMATION

To remove the dependency of joint ranging and PO estimation
from the unknown arrival time of the ADS-B packets at the
receiver, we approximate the received noisy samples in the
observation interval by i.i.d. complex random variables. In this
article, we show that an i.i.d. two-dimensional (2D) GM model
can be used to model the received baseband superimposed and
noise corrupted signal at the receiver.

Theorem 1: By maximizing the KLD criterion, the ele-
ments of the ADS-B packet of the kth drone, i.e.,

[Jc;@o -Tk,l e l‘ka] [O%k T dT OT

X =
T canb
Mo mk] can be approx-

imated by an i.i.d. random variable that are Bernoulli distributed
with Probability Mass Function (PMF)

P if x =0,
T;p) = 8
q( p) {1—]) ife =1, ®
where
M+ 124
= 9
M + 240 ©)
Proof: See Appendix A. (]
As seen in Theorem 1, the approximated PMF ¢ does not
depend on HY .

Since zj;, = hjxy, is the scaled version of x; and the param-
eter of the Bernoulli distribution, p, is independent of my, the
elements of the complex vector zj, can be approximated by i.i.d.
complex random variables Zj, with PDF fz, (2; p, hy;) as follows

[z, (20, hi) = pbe(z) +

where 6.(2), z = z; + jz1 € C, is the complex Delta function
and is defined as

(1 =p)oc(z —hx),  (10)

5e(2) 2 8(2)0(21),

where 0(¢), t € R, is the Dirac Delta function.

We consider that g; £ S 2, i ~ Gand z;, ; ~ Zj, givenin
(10), where the symbol ~ denotes distributed according to. The
PDF of the sum of independent random variables is obtained as
the convolution of the PDFs. For the complex random variable,
G = Z,le Z, by employing the multi-binomial theorem [28],

(1)
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we can obtain the PDF of GG as

1 1
K K
f (gvpah) = Z : Z pzk:lvk(l 7p)Kfzk:1Uk
v1=0 v =0
K
x0c (9—2(1 —vk)hkﬂ, (12)
k=1
where h £ [hy, hy, ..., hi]T.
Proof: See Appendix B. m

For the circularly symmetric complex Gaussian noise vector,

w £ [wo wy ... wy]", the PDF of the random variable W
associated with the noise elements is expressed as

1 —|wp?
L2\ A
fW(w7Jw) - 770"2N exp ( 0_2 )

w

(13)

where w € C. From (4), we have vy, =g, +w,, n=
0,1,..., N,where g, ~ Gandw, ~ W.Since G and W are in-
dependent complex random variables, the PDFof Y = G + W
is obtained by the linear convolution of the PDFs in (12) and
(13), which results in

2K
€a
fY (y7p7/370 g ): Z J) CN(?J?Ma?O-\Z)V)
a=0 w
2% —1 _ 2
— Z gaz exp (_ |y 2:u’a| )7 (14)
o (o3
a=0 w w
where
. T
B8 B, (150)
02106,0,.. 0k, (15b)
= pizl bk (1 fp)K*Zle bie, (16)
and
K K
pa =Y (1=bp)he = > (1= bp)Brexp(jfs)  (17)
k=1 k=1
with b; the ith bit in the binary representation of a as
a:(bK,bK—h-u,bl)z, biG{O,l}, (18)

anda =0,1,...,25 — L.

As seen, fy (y;p,3,0,02%) represents a 2D GM, where its
modes are located at the delta functions given in (12). Since
01,0,,...,0k, are independent uniform random variables in
the range of [0,27), and 3; > 5, > ... > [k, with probability
of almost one, the number of distinct mixtures is 2. Fig. 5
illustrates the constellation of the received signal for K =3
drones, maximum integer delay M = 20, and transmit power of
51 dBm.
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Fig. 5.
drones atr; =1 =13 =

In-phase and quadrature components of the received signal for K = 3
12 Km with transmit power of 51 dBm.

IV. JOINT RANGE AND PO ESTIMATION

The MLE for the vector parameters |37 77 given observa-
tion vectory = [yo 1> ... yn|’ is expressed as

{6,0}—argmax21nfy Ynip B,0,0%) . (19)

n=0

The maximization problem in (19) cannot be analytically solved
in a trackable manner. An alternative simple solution is to
employ the EM algorithm to estimate the 2% modes of the GM
components; then, we can decouple the desired parameters, i.e.,
3 and 0 from the estimated modes.

Let ¢ £ [po pt1 ... pox_y]” denote the mode vector of the
GM, where 1., a =0,1,...,2% — 1, is given by (17). The
elements of the vector p for K = 2, 3, 4 are givenin Appendix C.

Let us define the discrete function x,(n) as

Xq(n) I} —{1,2,...,1},

where for n; # no, x4(n1) # Xq(n2). There are Q) £ [l unique
functions in the form of (20), where ! denotes the factorial
function. Using (20), (); permutation matrices of size [ x [ can
be defined as

{1,2,..., (20)

qu(l)

qu (2)

A= T, @

qu @
where ey, £ = 1,2,...,1, denote the standard basis vectors of
length [ with a 1 in the /th coordinate and 0’s elsewhere. The set
composed of all permutations of vector a = [a; ay ... a;]T is
given by

FQ & {Ala, Asa, . .. 22)

aAQla}a

where Q; = I!.
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The EM algorithm estimates the permuted mode vector ) =
.mr_4]T € .FEZK C C*,where Q,x = 2Klandp 2

[Mom -
[to pt1 - .. por_1]T. The EM algorithm defines a latent random
vector u = [ug uy ... uy]T that determines the GM compo-

nent from which the observation originates, i.e., fy | (Yn|tn =
a; p, /81 0, U%V) ~ CN(yn7 Has U&/)’Where PU(un = CL) = ¢, for
n=0,1,...,Nanda=0,1,...,25 — 1. The EM algorithm
iteratively maximizes the expected value of the complete-data
log-likelihood function to estimate the permuted mode vector
n=[mo m ...mx]T € FP* cC of the GM as fol-
lows [29], [30], [31]

ﬁ(t+1) = arg max Q(n\n(t)), (23)
n

where n(o) is the initialization vector,

Q(Tlm(t)) = EU\Y,n(t) { In fY,U (ya u;p, 1, 0—3\/) }

L [n = 1o
sy Lol (24)
n=0 a=0 W Tw
with

)‘Ezt,)n = PU\Y(Un = a|yn§n(t))

_ PU(”n = a)fY\U(yn|un = a3 n(t))

Ty (yn)
_ & CN (yni 0, w) 25)

2K 1 ’
S &N (il 02)
and the complete-data likelihood function is given by
N 2K

fY,U (y: u;p,n, U‘%V
n=0 a=0
(26)

In (26), I{-} denotes the indicator function, and £, is a function of
pandis givenin (16). The EM algorithm at the (¢ + 1)th iteration

s D DS IT which

is a permuted version of the vector . The order of n(t+!)
depends on the initialization of the EM algorithm, i.e., ().
By solving the maximization problem in (23), the elements of
nt+1) are iteratively updated as follows

ZTJZI:O )"((lt,glyn
N t

fora=0,1,...,2% — 1, where the convergence condition for
the EM algorithm s |p**!) — n®)|| < ¢, with € a preset thresh-
old. We denote 7 = n*t1) when the EM algorithm converges
at the (¢ + 1)th iteration.

The EM algorithm may converge to a local maximum of the
observed data likelihood function, depending on the starting
value. A variety of heuristic or metaheuristic approaches exist to
escape a local maximum, such as random-restart hill climbing
where the EM algorithm starts with different random initial
estimates. The recursive expression in (27) is very straightfor-
ward and can be easily computed for multiple initial points.

estimates the vector n(tt1) =

(t+1) —

Na ) 27)

) =TT TI (€l (ynimas02))" =
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Hence, EM with random-restart hill climbing can be employed
for the problem at hand. As mentioned earlier, there is an order
ambiguity in the vector 7; thus, reordering estimation is re-
quired to resolve this ambiguity. In the next section, we propose
different solutions based on permutation- based combinatorial
optimization for one to one mapping between the elements of )
and pu.

V. REORDERING ESTIMATION

The goal of reordering estimation is to change the order of
the elements in 7) £ [l 71 ... 7hx_,|”, obtained by the EM
algorithm, to achieve a new vector ft 2 [fig iy ... flax_4]T
that corresponds to an estimate of gt = [pg gy ... pox_1]7. Let
us denote 7j; as the element of 7} that corresponds to ,x_; = 0.
The index 7 can be estimated as
il 28)

i) < min { o, i i |, 1

Accordingly, we have ji,x _; = 7);. Let us now define

Ay 2 (Ao At - At it - o], (29)
and
A2 {[¢, ¢ ... ¢)T|vd € {1,2,...,1},
Ga € {0, My Dict, i1 -+ Thx 1},
1] > 2] > ... ol }. (30)

Different reordering estimation methods for B and 6 can be
considered. The Least Squares (LS) reordering estimation for 3
and @ form 1), is given by

h =70 = AA®, 31
where
(A, &} = arifgin |AA® — 7,
st B LD, Dy,... BT € Ak
Ae{A| Ay Apicy) (32)

where A; is a permutation matrix of size 251 x 2K~ given in
(21) for I = 25-1 and A is the 25~ x K matrix given by

€]
€

€K
€ —+ (S5)
e +es

; (33)

€1 + € + ...+ ek

where e;, j = 1,2,..., K, denote the standard basis vectors of

length K.
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An alternative minimization problem with lower computa-
tional complexity for vector reordering is given by

{A,®} = arg min |AAD — 7,
A2

27

S.t. {)é [@1,@2,...
A€ {AA,,...

,CI:’K]T S (CK
s Ay}

By employing the solution of the unconstrained LS minimization
for a linear observation model [32] and the fact that ATA =
AAT =T,x_,, we can easily write

&= (ATA)'ATATy,,

(34)

(35)

and thus we can formulate the following problem

~

A = arg min 7] (7); — AA®D)
A

st. & = (ATA) TATATH,
|(I)1| > |<I)2‘ > 00> |<I)K|
A€ {AI,Az,...,A(QK 1)!}.

Our simulation experiments show that for low and moderate
Signal-to-Noise Ratios (SNRs), the vector reordering based on
the combinatorial optimization in (34) outperforms the one in
(32) in terms of estimation error. While the vector reordering
based on the minimization formulation in (34) offers a lower
computational complexity compared to the minimization in (32),
the computational complexity of both methods is still high for
K > 4.

An alternative low complexity solution is to define a com-
binatorial optimization with lower cardinality. By selecting all
Q-combination of the set {fjo 71 ... 7i—1 Nit1 -+ Tox_1}s
we can define a C’g{’l-cardinality combinatorial optimization
problem that minimizes a linear/non-linear combinations of the
elements in the set in such a way that one or more elements of
the set can be unambiguously assigned to the elements of p.

As an example, for K =4 drones/aircrafts, our goal
is to estimate 14 = By exp(jb1), w3 = Brexp(jbh), i =
B3 exp(jbs), and pi7 = By exp(j0y), where B > B2 > B3 > By
(refer to (70)). We can easily show that there is a unique solution
for the linear equation

(36)

20+21+ 2+ 23— 2 =0, (37)

where z; € {po 11 sy and |zi] > |z > |z] >
|Z4|. This unique solution is fuya + py3 + p11 + 7 — o =
0, where j1g = Y"1_, B exp(j6:), pus = Br exp(jr), iz =
Baexp(jbh), pi1 = B3 exp(jbs),and 7 = By exp(jbs) for fi >
B> > B3 > (4. By taking this into account, we can define the
following combinatorial optimization for reordering estimation

@ = arg min [v' ®|
@

s.t. é [¢1 (;52 d)s]T S Aj
where & £ [q{)l ¢A2 . Q§5]T’ the set As is defined in (30) for
l=5andv 2 [vyvav3vgvs)T =[1111 —1]7. Itis obvious
that (38) represents a C13 = 3003-cardinality combinatorial op-
timization problem. By solving the combinatorial optimization

(38)
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in (38), we obtain
h = Be® = (61 b ds )"
Different combinatorial optimization problems can be defined

for reordering estimation. For K = 4, let us consider the follow-
ing linear equation

(39)

3 14

722@—221‘ :0,
i=4

=0

(40)

where z; € {1 pt1 ... pia}and |z1] > |z2| > |23] > |z4]. Since
By > 2 > B3 > (B4 (refer to Assumption 1), we can show that
the solution of (40) is given by 7p4 + Tz + Tpeny + Tpg —
cTAT =0, where ¢ £ [11g f11 12 pi3 pa fs i fis o fio fi2] T
and A is a 11 x 11 permutation matrix.* Taking this equation
into account, the combinatorial optimization for reordering es-
timation can be expressed as

$ = arg min
E

st. @ 2 [p) d2 d3 )’ € Ay

O[:ZI{

where S {io, i1, Mot Tita fax 1} —
{01, ¢2, 03,04}, @ £ [91 d2 &3 4], 14 = [1 1 1 1], and the
set Ay is defined in (30) for [ = 4. By using the solution of the
minimization in (41), we can write h = 3e7® = [}, ¢ ¢3 d4]T.

It should be mentioned that other combinatorial optimiza-
tions can also be defined for reordering estimation. Ambiguity
removal through multiple combinatorial optimization problems
can also be considered.

‘7‘I>T14 - Oé‘,

(41)

A. Joint Range and PO Estimation

For joint range and PO estimation of K drones, the modes
ta, = VPeLypel’, k=1,2,... K, are needed to be esti-
mated, where

K-1

ap= Yy 2" (42)
ngéiofl

Let fiq,, k=1,2,..., K, denote the estimated modes after

reordering estimation. By using (2), the range and PO for the

kth drone are estimated as

o= YTk 43)
|47ruak|
and
—1 S{fra, } N
. tan~! bkl R{jiq, } >0
b= e i) (44)
tan™! gty 0 R{fla,} <0

where S{-} and R{-} denotes the real and imaginary operators,
respectively. The proposed EM-based joint ranging and PO

4The second summation is independent of the permutation of c.
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Algorithm 1: EM-Based Joint Ranging and PO Estimation.
Input: P, P,...,Pxandy
Output: 7 and Op fork=1,2,....K
Initialize ()

1. fort=0,1,...,Tgm — 1 do
2:  Use (27) to obtain
e
30 if ptt) — | <eort =Tey — 1
4: f =m0t andt = Teum
5: endif
6: end for
7:  Use (28) to estimate the element of 7 that corresponds

to prx _; = 0 and obtain 7); in (29).
8:  Solve the combinatorial optimization in (32) or (34) to
obtain {A, &}
9:  Estimate h = [fiq, fia, - .. fia, ] by using (31) for a,
k=1,2,..., K, given in (42).
10:  Estimate r; and 0, by employing (43) and (44).

estimation is summarized in Algorithm 1, where 7w\ denotes
the number of iterations of the EM algorithm.’

VI. MULTIPLE ANTENNAS RECEIVER

In this section, we extend the derived maximum likelihood
cost function and the proposed EM-based joint range and PO
estimators to the case of multiple receive antennas.

A. Maximum Likelihood and EM Estimators

We consider /N, single antenna receivers where we assume
that the distance between the receive antenna elements is more
than half a wavelength. Under this assumption, the coupling
effect can be neglected and spatially uncorrelated Gaussian noise
can be considered. We propose a time-domain estimator and
does not consider the directivity of the multiple receive antennas
in contrast to an antenna array because of the random phase of
each receiver. It should be mentioned that an antenna array is
a set of multiple connected antennas which work together as
a single antenna to transmit or receive radio waves. However,
we consider independent single antenna receivers that take the
advantage of combining gain.

With the assumption that the time delay between receive
antennas is negligible, and the path loss between the kth drone
and /th receive antenna is the same for all receive antennas,
ie,Lyp=Lk, k=12,..., K,0=1,2,..., Ny, the received
complex baseband signal at the multiple-receive antennas can
be expressed as

Y =HX+W, (45)
where X2[x; x ... xg|TeCKWN+h) vy 2
[yo yi... yn]€CN>(NHD xp is given by (6), and

Yo = Win Yon yn, n)T denotes the received vector

3The pseudocode has been written for the reordering methods in (32) and (34).
Similar pseudocode can be written for other reordering estimation methods.
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at time index n. In (45), the matrices H € CN*K and
W € CN-x(N+1) are given as

h{ wi
h} Wy
H=| . , W= . , (46)
hi, wh,
where
hz £ [hg,l hl’z h[y}(]T
— [Brexp(jbes) ... By exp(jOer)]’, (47

Bi = Bee = VPrLi, we = [weowe ... we,n]T withwy, ~
CN(0,02) the complex Gaussian noise at the (th receive an-
tenna at time index n. As seen, while 3, = o =+ =
BN,k = Br, the phases 0,0, ,...,0N,  are independent
random values in [0 27).

The joint PDF of the elements of Y is given by

N, N
fY (Y;p7ﬂ7@70—3v) - H H fY (y£,71;p7ﬂ70£70\2;v) ) (48)

{=1n=0

where B2 (8 5, ... BT, @2 [0 67 ... 641", 0,2

(00,1 e .. HZ,K]T, and fy (y;p,3,0,02,) is given in (14).
We can easily write the direct MLE of the parameter vector 3
and © as

N, N
{[37(:)} = argﬁmaxzZlan(yl,n;p7ﬂa0€a0-3V)- (49)

’ =1 n=0

Solving the maximization problem in (49) is not straightforward.
Hence, the direct MLE cannot be obtained. However, indirect
estimation can be obtained by estimating the modes of the GM
similar to the single receive antenna.

Analogous to the single receive antenna scenario, we can
employ the EM algorithm for estimating the modes of the
GM. For multiple receive antennas, the EM algorithm defines
an identical latent random vector u = [ugp up ... un]T for
all receive antennas. This random vector determines the GM
component from which the observation originates, i.e.,

Up = a;p7ﬂ7 6@703\/) ~ CN (y&n; He,ay Ugv) ) (50)

where n =0,1,....N, {=1,2,...,N;, a=0,1,...,25 —
L pea 2 3000 (1= bi)heg = S04, (1= b) B exp(§0e,1.),
a = (b[(, br_1,... s b1)27 b; € {O, l}, and PU(Un = a) = fa'
The EM algorithm iteratively maximizes the expected value of
the complete-data log-likelihood function to estimate the vector

L= ny ...ony]"as

T+ = arg max C(I‘\F(t)),
r

fY (yf,n

(1)

where the vector 1, £ (o0 7e,1 ... Mo 1] denotes the 25

modes of the 2D GM at the ¢th receive antenna, ' is the
initialization vector,

C(TIT0) = By oo { In frwr (Y, wip, T,02) |
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TABLE I
OPERATION PARAMETERS FOR THE SIMULATION [34]

ADS-B parameters for the simulation
P, =51 dBm ADS-B transmit power
fe = 1090 MHz | Carrier frequency of the ADS-B system
B3 = 1.3 MHz 3 dB bandwidth of the transmit ADS-B signal
B2o =7 MHz 20 dB bandwidth of the transmit ADS-B signal
Byo = 23 MHz 40 dB bandwidth of the transmit ADS-B signal
Bgo = 78 MHz 60 dB bandwidth of the transmit ADS-B signal
Ty = 0.01pus Rise time of the ADS-B trapezoidal transmit pulse
Tq = 0.01pus Decay time of the ADS-B trapezoidal transmit pulse
T = 0.48us Time of the ADS-B trapezoidal transmit pulse

2K 1
Z (S(t) In ga - |y€,n _né,n|2
pr S ol o2 ’
5@

an = PU\Y (un = a|yn;p,r(t), Ué)

N, N
S &

{=1 n=0

_ Pulun = )y (ynlun = a;p, T, 02)
Ziio_] fY,U(Yna Up = a5 P, I‘(t)a U%v)
- ga Hé\f:rl CN(yZ,n; 77527 U\%v)
o2kt N, t
Za:O a H@:l CN(yK,n; T’é,()l’ 03‘/)
and the joint complete-data likelihood function is given by
fY,U(Y7 u;p, Fa o-\z;v)
N, N 2K_1 —
= H H H (gaCN (yé,n;ﬂﬁ,mo—%v)) .
{=1n=0 a=0
(54

By solving the maximization problem in (51), the elements
of n(*+1) are iteratively updated as follows

) (53)

(t+1) Z,]Lo 5((1t21yln
l,a -
S o,

The convergence condition for the EM algorithm is || X+ —
Y®| < ¢, where € is a preset threshold. We denote 7., =

nétaﬂ) when the EM algorithm converges at the (¢ + 1)th it-
eration.

While the EM algorithm estimates N,2% parameters, only
N, K parameters are used for joint ranging and PO estimation of
K drones. These N, K modes are [i¢ q,, [te,ays - - - 5 40,05 » Where
ay, is defined in (42). After the EM convergence, each receive
antenna independently applies estimation mapping as explained
in Section V. Let fig q,, fi¢,ays - - - » flo,ar denote the estimated
and reordered modes at the /th receive antenna. By averaging,
then we can write

(55)

(s 1

ol = ; ] o (56)
where k£ = 1,2, ..., K. By substituting (56) into (43), we can
estimate the range of the kth drone. The PO for each drone-
receive antenna is obtained by replacing fig 4, , fte,as» - - - > b0 a5 »
¢=1,2,..., N, into (44).

It should be mentioned that the EM algorithm can also be
implemented independently at each receive antennas. Then, after
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Fig.6. Range tracking by the proposed EM-based estimator for X' = 3 drones.
The dashed and solid lines denote the true and estimated range, respectively.

reordering estimation, the ranges are obtained by averaging. This
results in a lower complexity solution.

B. Outlier Detection

For multiple receive antennas at the receiver, it is possible
that one or multiple outliers appear in the estimated sequence
|fe.anls [ ey ]y - - -5 |fbe,ax | Where ay, is given in (42). These
outliers can increase the estimation error of |fi,, | in (56) that
is used for range estimation. To remove the effect of outliers, we
can use outlier detection algorithms, such as the median absolute
deviation (MAD) [33]. In this case, the averaging is performed
over the receive antennas without outliers. This results in a
significant performance improvement in range estimation.

C. Computational Complexity Analysis

In each iteration of the EM algorithm, we evaluate N,2%
Gaussian densities for /N 4 1 observation points in the E-step
in (52), and its computational cost scales as O(N, N2X). The
computational cost of the M-step in (55) per iteration also scales
as O(N,N2K). The complexity of the k-means++ initializa-
tion is O(N,N2%). The number of combinatorial search for
reordering estimation via the LS and the proposed linear/non-
linear combinations minimization is (2% — 1)!and CéK_l, Q=
1,2,...,25 — 1, (depending on the selected linear/non-linear
combinations), respectively. Hence, for K > 4, the method of
linear/non-liner combinations minimization is more computa-
tionally efficient for reordering estimation.

VII. SIMULATION

In this section, we examine the performance of the proposed
EM-based joint range and PO estimator through several simu-
lation experiments to confirm the effectiveness of the proposed
algorithm.
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Fig. 7. Performance of the proposed joint EM-based estimator for different number of drones, K, Py = P, = ... = Px =51 dBm, ry,72,...7x € Uc[1, 10]

Km, and N, = 5. (a) Range estimation for K = 2 drones. (b) PO estimation for K = 2 drones. (c) Range estimation for K = 3 drones. (d) PO estimation for
K = 3 drones. (e) Range estimation for K = 4 drones. (f) PO estimation for X' = 4 drones.
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Fig. 8. Effect of the number of receive antennas, /V,, on the performance of
the proposed EM-based joint estimator for K' = 2 drones, P; = P, = 51 dBm,
r1,7m2 € Uc[1,10] Km, and 6, 1,61 2,621,622, € Uc[—7, ). (a) The effect of
N, on range estimation. (b) The effect of /N, on PO estimation.

A. Simulation Setup

Unless otherwise mentioned, we considered K drones with
ranges 11,72, ...,rx € U.[1,10] Km. The azimuth and eleva-
tion angles of the drones are assumed to be ¢, ¢o, ..., P €
Uc[—m,m) and Yy,1,, ..., 0Kk € U[0,7/2], respectively. We
considered free space path loss model in (2) and A, ~ 0.2752 m
for ADS-B systems. The number of receive antennas was set to
N; = 5.For ADS-B message period of Tp = 240us, the discrete
time delay of each drone for each ADS-B packet transmission
is assumed to be modeled by a discrete i.i.d. random vari-
able with uniform distribution as my, my, ..., mg € Uq[0, M],
where M £ [2BT,,| with B as the bandwidth of the square-
root-raised-cosine (SRRC) receive baseband filter h(t) with
roll-off factor 3 = 0.9 and group delay 7, = 47.25us. With-

out loss of generality, we consider that By, 2 [ |n(t)[?dt =

—00
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Fig. 9. Effect of the minimum overlapping percentage on the performance of
the proposed EM-based joint estimator for X' = 2 drones, P| = P, = 51 dBm,
T,T2 € Z/{C[l, 10] Km, 91’1 s 912, 92,1 s 9212, € Z/[C[fﬂ', ﬂ'), and N, = 5. (a) The
effect of minimum overlapping on range estimation. (b) The effect of minimum
overlapping on PO estimation.

f; |H(f)|>df = 1, where H(f) is the frequency response of
the receive filter.

We also assumed that the PO between the kth drone and
the /th receive antenna is modeled by a continuous i.i.d. ran-
dom variable with uniform distribution as 6, € U.[0,27),
k=1,2,...,K,{=1,2,..., N,. Without loss of generality,
we considered that P, = P, = --- = Px = 51 dBm [34], and
the noise power in dBm at each receive antennas is considered to
be 02 = 10log;o((NoEy)/1073) = —174. The parameters of
the ADS-B PPM waveform for the simulation are summarized
in Table I.

The performance of the proposed EM-based joint range
and PO estimator was evaluated in terms of 1 — P, , and
I — Pyyy,0 where

K
1 |71 — 7k
Pou'ré_ Py —— T (>
. Kz{ —nls,
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Fig. 10. Performance comparison of the proposed EM-based joint es-
timator for K =2 drones, P| = P, =51 dBm, 7,72 € Uc[l,10] Km,
01,1,01,2,02,1,022,€ Uc[—m,7), and N, = 5. (a) Performance comparison
for range estimation. (b) Performance comparison for PO estimation.

and
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Opr —0p 1
IF,{| ok — Okl >a9}7
Ok

with 74, as the estimated range of the kth drone and éz,k as the PO
of the kth drone at the /th receive antenna. The EM algorithm
was run with 100 different random initial values by using the
k-means++ initialization, and we considered the minimization
problem in (32) for K = 2,3 and (38) for K = 4 for reordering
estimation. The number of Monte Carlo runs is 10%.

B. Simulation Results

To illustrate the performance of the proposed EM-based joint
estimator over time, we show range tracking for K = 3 drones
with transmitpower P, = P, = P; = 51 dBminFig. 6.Itis con-
sidered that the ADS-B packets overlap. The range, delay, and
PO variations versus index of the ADS-B packet, n, for the three
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drones are modeled as r;(n) = 500 + 200 cos(0.17mn + 7/3),
r2(n) = 1200 + 200 cos(0.057n + 27 /4),  r3(n) = 1900 +
200 cos(0.2mn + w/6),  my(n) € Ual0,17280], 0y r(n) €
U.[0,2m) for £=1,2,...,5 k=1,2,3, n=1,2,...,100,
and B = 36 MHz. We consider that E{0y, , (n1)0s, 1,(n2)} =
(72 /3)3[01 — €2)5]k1 — ka)d[ny — ny). As seen, the proposed
EM-based estimator can accurately track the range of K =3
drones. While the estimation error for the closest drone to
the receiver is lower, ie., E{|r; —7|}? < E{|r, — 2|}* <
E{|r; — 73|}?, 1 — Pout,»- is almost the same for all drones.

Fig. 7 illustrates 1 — Py, and 1 — P, ¢ of the proposed
EM-based joint estimator versus «, and «y for different num-
ber of drones K = 2,3, 4 and different values of receive filter
bandwidth B. As seen, by increasing B, the performance of
the EM-based joint estimator improves because sharp pulses are
received at the receiver, and thus; the approximation error of
received signal model in (1) reduces. Moreover, as expected,
the larger number of drones, higher estimation error. The reason
is that the number of GM components to be estimated by the EM
algorithm exponentially increases with K, i.e., 2K however, the
number of observation samples remains fixed.

Fig. 8 shows the effect of the number of receive antennas
on the range and PO estimation versus «, and ay for K =2
drones, P, = P, =51 dBm, and B = 36 MHz. As seen, the
larger number of receive antennas, N,, higher 1 — Py .. Also,
the rate of performance improvement decreases as the number of
receive antennas increases. As expected, increasing the number
of receive antennas does not affect 1 — P, ¢ because spatial
diversity is not employed for the estimation of the K [V, inde-
pendent POs. However, the range estimation takes the advantage
of spatial diversity. The interesting property of the proposed
algorithm is that it can jointly estimate the range and PO of
multiple drones/aircrafts with a single receive antenna. With
a single receive antenna, the range accuracy of «, = 0.03 is
archived for 80% of the time.

Fig. 9 illustrates the performance of the proposed EM-based
joint estimator for different minimum overlapping percentage of
the ADS-B packets for K = 2 drones/aircrafts, N, = 5 receive
antennas, and B = 36 MHz. As expected, the lower minimum
overlapping percentage, more accurate ranging and PO estima-
tion because interference decreases.

In Fig. 10, we compare the performance of the proposed
EM-based joint estimator with the time segmentation (TS) and
the blind adaptive beamforming (BAB) ADS-B packet sepa-
ration methods in [10] and [17] for K = 2 drones/aircrafts,
N, = 5 receive antennas, and B = 36 MHz. The TS and BAB
methods first separate the ADS-B packets. Then, by using the
separated packets, they can estimate the range and PO of the
drones. As seen, our proposed method outperforms the TS
and the BAB methods because it employs all the observation
samples including the overlapping snapshot for ranging and
PO estimation; however, the TS and the BAB methods rely
on the non-overlapping snapshot for ADS-B packet recovery.
Hence, as the delay between the reception of two ADS-B packets
decreases, their performance degrades. It should be mentioned
that while the TS and the BAB methods can be used to estimate
the range of maximum K = 2 drones; our proposed method

Authorized licensed use limited to: TU Delft Library. Downloaded on February 26,2024 at 14:24:53 UTC from IEEE Xplore. Restrictions apply.



MOHAMMADKARIMI et al.: JOINT RANGING AND PHASE OFFSET ESTIMATION FOR MULTIPLE DRONES USING ADS-B SIGNATURES

can estimate the range of K > 1 drones with a single receive
antenna. In Fig. 10, we also show performance of the efficient
estimator® [32]. For the efficient estimator, the transmit symbols
and delay of the drones/aircrafts are assumed to be known a priori
at the receiver. As seen, there is a small gap between the per-
formance of the proposed estimator and the efficient estimator
while the transmit symbols and delay of the drones/aircraft are
unknown to the EM-based estimator.

VIII. CONCLUSION

In this article, we showed that the lost ADS-B packets due to
packet collisions can be employed to jointly estimate range and
PO of multiple drones/aircrafts in the airspace. This enables
drones to maintain safe operation distance in the congested
airspace, where ADS-B packet decoding is impossible due to
packet collisions. To achieve this, we derived the maximum
likelihood and EM-based joint range and PO estimators us-
ing an approximate PDF obtained by KLD minimization. The
proposed estimators consider uncoordinated and asynchronous
ADS-B packet transmission. For joint range and PO estimation,
a priori knowledge or estimation of the drones’ time delay is
not required. Simulation results showed that the EM-based joint
estimator can estimate the range of multiple drones/aircrafts
with a single receive antenna. Performance improvement by
employing multiple receive antennas is obtained.

APPENDIX A
PROOF OF THEOREM 1

The vector x;, given hypothesis HE, in (7) is composed of 4
ones and 12 zeros in s. The number of zeros and ones in the
data field di, is 112 due to Manchester encoding. Moreover, M
zeros are added irrespective to the hypothesis H¥ because of
the maximum integer delay. Hence, the total number of zeros
and ones in x; are M + 124 and 116, respectively.

Let X* denote all possible vector for x;, given hypothesis
HE . The cardinality of X%, i.e., |X*| = 2! since the ran-
domness in x; because of the data field dj results in 2!12
different Manchester encoded sequences. Thus; the joint PMF

of 4.0, Tk 1, - ., Tk, N is given by
f(xk) = f(zro ks g N | HE)
_ 21% Xk € Xk (57)
0 Xk g 'm

Let us consider the following approximation for the joint PMF
in (57).

f(xk) zp N HY)

= f(l'kyo,xk’l, ey

N

~ H 9(@kn|Hy,)

n=0

(58)

6 An efficient estimator is an unbiased estimator that attains the Cramer-Rao
Lower Bound (CRLB) [35].
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The KLD for f and g in (58) is given by
D(fllg) = Z l:f(xk,Oaxk,la e vxk,N|Hr]:1)
X’V]?C’L
< In f(@r0, Ty xp N HY,) (59)

1Y g(xk, | HE)

Because z, , € {0,1} forn =0,1,..., N, the KLD is mini-
mized for Bernoulli distribution. The PMF of Bernoulli distri-
bution is expressed as

ifi=0
glilHE) =P TIT
1 —p ifi=1,

where p € [0, 1].

By substituting the PMF in (57) and (60) into (59), and by
using the fact that Zg:() Tpn = 116 forx; € X%, we can write
the KLD in (59) as

1
D(fllg) = 2112 Z |:2212pM+124(1 _ p)116:|

(60)

— _In |:2212pM+124(1 _ p)116:| . (61)
To obtain p, we need to minimize D(f||g). Because In(-)
is a monotonically increasing function, D(f]|g) is minimized
when pMT124(1 — p)!16 p € [0, 1], is maximized. By taking the
derivative with respect to p and setting it to zero, we obtain

d(pJ\I-‘rlZél(l _ p)llé)

dp = (M + 124)p" 15 (1 -

p)116

_ 116(1 p)115p1\1+124 — O

(62)
By solving (62), we obtain (9).
APPENDIX B
PROOF OF THE PDF OF G = Y"1, 7,

Let us consider G = 2521 Zy. Since Zp, k=1,2,..., K,
are independent random variables, the PDF of G is given by

fa(gip,h) = fz,(z:p, ) * fz,(25p, ha)
* .ok [z, (20, hic) s (63)
where z £ zr +iz1 € Coh = [hhhg,. . .,hK]T,hk = (hk)r +

i(hk); € C, and fz, (2;p, hi) is given in (10). The two-
dimensional Laplace transform of fz, (2;p, hi) is expressed
as

+o0
Fz, (s1, 52, hy) / / [z, (250, by e 12721 d 2 d 2y

“+o00 “+o00

= / / pd(2)0(21)e” 721 d 2 d 2y
400 p+400

+/ / (1 =p)o(z—

=p+(1 _p)e_((hk:)rsl""(hk)ISZ)_

(hk)r)(;(zl— (hk)l)efswrszzldzrdzl
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Using the fact that the linear convolution is equivalent to multi-
plication in the Laplace domain, we can write

K
Fg(s1,s2:p,h) = H Fz, (s1,52:p, h)
k=1
K
H [p+ (1 )ef«hk)rsw(hk)lsz)],

(64)

where Fg(sy,s2;p,h) denotes the two-dimensional Laplace
transform of fc(g;p,h). Let us consider the multi-binomial
theorem as follows [28]

d

H(ai+bi)”‘

=1
BN (1Yot (M) )
v1=0 vg=0 Vd

By substituting a; £ p, b; £ (1 — p)e(hdsit(hidi2) g = K,
andn; =1,7=1,2,...,d, into (65), we obtain

1 1
Fe 81,82;P,h):Z~ Z pzk 1”’» _p)K*Zszlvk

K

X exp | — Z(l —v)((he), 51 + (hi)ys2)

k=1

(66)

The two-dimensional inverse Laplace transform of the exponen-
tial term in (66) is given by

K
L7 exp | =Y (1= o) ((hw)s1 + (hi)52)
k=1
K K
=0 (s = > (I —vp)(he), | 0 (51— > (1—vk)(ha)
k=1 k=1

=0c (67)

K
S — Z(l — Uk)hk )
k=1

where s = s, +is1 € C. By taking two-dimensional inverse
Laplace transform from both sides of (66) and then employing
(67), we obtain fc(g;p,h) asin (12).
APPENDIX C
For K = 2, we have

p= [uo i po pa]”

= [B1 exp(j61)+B2 exp(jba) Brexp(jf) Biexp(ji) 07,
(68)

where 3y > [3,, and for K = 3, we can write

= (o pr po 3 s fis e 117)"
[B1exp(jbr) + B2 exp(j62) + B3 exp(jb3)
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1) + B3 exp(j6)
2) Prexp(jbs)
(69)

Brexp(jb2) + Bz exp(jbs) Biexp(j0
B3 exp(jbs) Brexp(j0i) + B2 exp(jo
B1exp(j0) O]T7

with 3y > 3, > 3. For K = 4, we can write

BE (o py pa 13 i fis e [T - -+ 13 f1a Mls]T

= [Brexp(j61) + B exp(jba) + B3 exp(jfs) + Ba exp(j6a)
B2 exp(j2) + B3 exp(jbs) + Ba exp(jba)
Brexp(jOr) + B3 exp(jbs) + Baexp(jbs)

B3 exp(j03) + Ba exp(jos
Brexp(jor) + B2 exp(j0z) + Baexp(ja)

2) + B3 exp(j6s)

Brexp(jbr) + B3 exp(jos)

B2 exp(jth)
(70)

(j03)
(704)
(j62)
B exp(j02) + Ba exp(jba)
(70s)
Brexp(jb) + B2 exp(j0)

(705)

)
(761)
(463)
(761)
(762)

Brexp(j0) + Paexp(jbs) Laexp(jbs)

(761)
(762)
(76s)
(761)

Baexp(jba) + B3 exp(joh
Brexp(jbi) + B2 exp(j6a)
0],

where 5) > 5, > (3 > Ss.

B3 exp(j0s

Brexp(j0;
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