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Abstract. Railway induced ground vibrations are of increasing importance for structures
and inhabitants in the vicinity of railway tracks. This study investigates the capabilities of a
novel mitigation measure, a so-called metawedge, in reducing the ground-borne vibration at the
receiver end. A metawedge is series of barriers (i.e., resonators) arranged periodically in the
longitudinal direction and each one is offset with respect to the others in depth direction (i.e.,
while the first barrier is completely on the surface, the last barrier can be completely embedded).
The advantage of this countermeasure is that it can convert the incoming Rayleigh (surface)
waves into body ones, redirecting the energy content deep into the ground. Simulation results
show that the metawedge is capable of significantly reducing the vibration levels with as few
as five resonators. Furthermore, while conventional single trenches are efficient as mitigation
measures only at a certain angle of the incoming waves (outside the critical cone), the metawedge
is efficient inside this cone. Although the metawedge solution is promising, this paper serves
solely as a proof of concept, and additional studies are necessary to design realistic resonators
that can comply with the low frequencies of the railway induced ground vibrations. Nonetheless,
this study shows that metamaterials-inspired solutions can play an important role in addressing
present and future challenges of the railway transportation.

1. Introduction
Railway transportation is receiving increased attention due to it having the lowest percentage
of green-house gasses emission in the transportation sector and its capability of running fully
on electricity, making it an environmentally friendly mode of transportation. However, with
this increasing demand, the previously considered acceptable problems surrounding railway
transportation are quickly turning into challenging problems causing disruptions to the normal
operation of traffic. One such an issue is the ground-borne vibration that is generated by, for
example, wheel and rail unevenness, parametric excitation due to sleeper periodicity [1], or
abrupt changes in the track’s mechanical properties (i.e., transition zones [2–4]).

Mitigation measures for ground-borne vibration range from interventions at the source level
(i.e., vehicle-structure interaction), at the receiver location (e.g., vibration isolating foundations),
and on the transmission path. This work is concerned with the last category. Two of the most
widespread mitigation measures are open (or soft in-filled) and the stiff in-filled trenches [1] that
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aim at hindering the wave transmission from source to receiver. The former countermeasure
can prove efficient if the filling material is soft compared to the surrounding soil [5] and it has
been experimentally confirmed that the measure is inefficient if the aforementioned condition is
not satisfied [6]. Consequently, for railways on soft soils where the ground-borne vibrations are
exacerbated an open trench (i.e., no filling material) is necessary to ensure its efficiency; this
poses limitations in terms of trench depth and side-wall stability. The latter countermeasure,
the stiff in-filled trench does not have this drawback and has been shown to be effective both
theoretically [7] and experimentally [8]. However, its transmission reduction is only effective
above a specific incidence angle of the incoming wave, below which it has a negligible influence
on the wave transmission [7]. Consequently, this study aims to overcome both limitations of
the two aforementioned countermeasures by investigating the capabilities of a novel mitigation
measure, a so-called metawedge [9], in reducing the ground-borne vibration at the receiver end.

The application of metamaterials in elastic media allows guiding and controlling the wave
propagation direction through the so-called wave-mode conversion mechanism. This concept,
derived from photonic and phononic crystals, leads to innovative mitigation measures to
attenuate the far-field vibrations generated by the surface waves [9]. A metawedge is composed
of a series of barriers (i.e., resonators) arranged periodically in the longitudinal direction, but
unlike traditional metamaterials, each resonator presents an offset with respect to the others
in the depth direction (see Fig. 1). For example, the first resonator can lie on the soil surface
(thus also acting as a noise barrier) while the last resonator can be completely embedded.
The metawedge could be efficient at small incidence angles of the incoming wave, while the
last barrier, which is completely embedded, can act as a traditional in-filled trench which is
efficient at larger incident angles. A traditional metamaterial (i.e., without the embedment
gradient), can also be efficient at blocking the wave transmission as shown for periodic geofoam-
filled trenches [10] and periodic pile barriers [11]. However, in these cases most energy content
would be reflected towards the source, potentially causing a negative feedback loop (increased
vehicle vibration leading to stronger wave radiation) and to increased railway track wear. The
metawedge, on the other hand, can convert the incoming surface waves into body ones due to
its embedment gradient, re-directing the energy content deep into the ground. The potential
drawback of this countermeasure is that the body waves can reflect from the interface between
soil layers be re-directed towards the receiver.

The novelty of this paper lies in investigating the potential of the metawedge, which
was previously introduced in earthquake engineering applications [9], as a possible mitigation
measure for railway ground-borne vibrations. To this end, both a 2-D plane-strain model and,
unlike most studies on the metawedge concept, a so-called 2.5-D model are employed, allowing
to investigate the efficiency of the metawedge inside the conical region where the stiff in-filled
trench performs poorly [12]. The soil is modelled as a homogeneous half-space meaning that
the aforementioned potential drawback is excluded from this analysis. Although this should be
investigated in future studies, the simplified soil model facilitates the initial investigation. This
novel countermeasure where the first resonator can also fulfill the role of a noise barrier while
the last one can incorporate the advantages of the stiff trench can prove to become a superior
alternative to the traditional countermeasures for both the air- and ground-borne vibrations.

2. Model formulation and the metawedge design methodology
To investigate the performance of the metawedge, this paper makes use of two models: (i) a
2-D plane-strain model (a schematic figure is presented in Fig. 1) and (ii) a so-called 2.5-D
model, which is basically a 3-D model that is homogeneous in the third direction (the direction
of train motion). The former model is used for the preliminary design and assessment of the
metawedge while the latter model allows to investigate the efficiency of the metawedge for
incoming waves with varying different incidence angles. In both these models, the soil is modelled
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as a homogeneous half-space while the excitation is represented by a non-moving harmonic point
load, as presented in Fig. 1. The railway track is not modelled, and although it can influence
the quantitative results, its effect on the proof of concept is considered negligible.

Figure 1: A schematic depiction of the problem considered: a harmonic load acting at the surface
of a homogeneous half-space where a metawedge is placed between the source and the receiver.

The response of the formulated models is obtained by using a coupled boundary-element
(BE), finite-element (FE), and thin-layer (TL) methods where the resonators are modelled with
FE while the soil is modelled through TL and BE. The solution method is implemented in the
FEMIX software (http://alvaroazevedo.com/femix/) developed by de Oliveira Barbosa and his
collaborators [13]. The solution method formulation is thoroughly described in Refs. [13] and
its practical potential in studying ground-borne vibration in Ref. [14].

Metawedge design methodology
The procedure through which the metawedge is designed is divided into three main parts.

Firstly, the unit cell is designed as part of a structure composed of an infinite number of identical
cells (see Fig. 2a) such that one of its band gaps coincides with the desired frequency range.
Secondly, the designed unit cell is implemented in the 2-D model where the embedment gradient
is imposed. The purpose of this step is to choose the gradient and number of necessary cells
such that the optimum mitigation is obtained. Thirdly, the designed metawedge is implemented
in the 2.5-D model to investigate the effect of the incidence angle of the incoming wave on the
performance of the metawedge. An iteration between these three steps could be necessary to
ensure the optimum design of the metawedge. In the following, the first step is elaborated.

The unit cell including one partially embedded resonator (Fig. 2b) is preliminary designed
as part of a structure composed of an infinite number of identical cells (i.e., the gradient of
the metawedge is neglected), as shown in Fig. 2a. The soil column is part of the metamaterial
following the approach adopted in [15]. The properties of the unit cell are chosen to ensure that
the band gap is at the desired frequency and its range is as large as possible.

The dispersion relation problem of an infinite periodic system can be transferred into an
eigenvalue problem of a typical unit cell [10]. The dispersion curve of the periodic structure
is determined by the wave vector in the first Brillouin zone. The eigenvalue problem is solved
using a 2-D FEM model of the unit cell implemented in COMSOL Multiphysics version 5.4. An
example is presented in Fig. 2c. The soil column depth H must be large enough to accurately
represent the semi-infinite layer through a finite one. For Rayleigh waves, the motion is localized
near the surface, which is about twice the wavelength of the surface waves. Therefore, H is
chosen larger than three maximum Rayleigh wavelengths (H > 3λR,max), as imposed in [15].
The term λR,max corresponds to the minimum frequency value fmin, which is set to 1Hz for all
the presented simulations. This ensures that u ≈ 0 at z = −H. Stress-free boundary conditions
are used at the soil surface (z = 0), while the Floquet periodicity is imposed between unit cells
(see Fig. 2c).

Once the dispersion relation is found, the surface modes must be distinguished from the bulk
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Figure 2: Schematic representation of the periodic metabarrier with partially embedded
resonators used for designing the unit cell (a), unit cell (b), and FEM model of the unit cell (c).

ones. The distinction is made using the energy distribution parameter ξ [16], which reads

ξ =

∫ 0
−2λ

∫ a
0 Wε dx dz∫ 0

−H

∫ a
0 Wε dx dz

, (1)

where Wε represents the elastic strain energy density. The surface integrals are computed for
the soil column of the unit cell for its width a along the x-axis and for the depth values 2λ and H
along the z-axis, as shown in Fig. 2b. Parameter ξ has a clear physical meaning representing the
specific energy content located within two wavelengths for the examined wave mode. The surface
modes are identified for ξ > 90% [16]. Once the surface modes are found, the corresponding
band gaps along the first Brillouin zone are revealed (see Fig. 3).

3. Results and discussion
To propose an innovative countermeasure as a practically feasible solution, some realistic design
constraints must be set. We focus the study on the ground-borne vibrations induced by cargo
trains in tracks founded on soft soils. Shielding nearby buildings from vibrations generated
by cargo trains is especially difficult due to their extremely low frequency content. Field
measurements performed in Tricht, the Netherlands (reported in [12]), show that the main
energy content is in the 5–10 Hz range, with specifically high energy content at around 6 Hz.
This section investigates the metawedge performance for the aforementioned scenario.

To this end, a unit vertical point harmonic force is applied 60m from the first unit cell of the
metawedge. The receiver points are located at the soil surface between 120m < x < 160m from
the source. The soil properties are chosen to qualitatively represent the aforementioned Tricht
site with the mass density ρ = 1700 kg/m3, Young’s modulus E = 15MPa, and Poisson’s ratio
ν = 0.40. A very small soil damping ratio is chosen (i.e., 0.5%), to emphasize the metawedge
performance in the absence of strong material damping.

3.1. Proposed metawedge design
The metawedge design should be as compact as possible, to allow the development of a practically
feasible structure that is not strongly intrusive in an urban area [17]. The proposed solution has
five partially embedded resonators (see bottom panel of Fig. 6). Starting from the unit cell, the
selected resonator board is characterized by a thickness t = 0.2m and a total height h = 3m.
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The soil part of the unit cell has thickness a = 2m and total depth H = 240m. Steel has been
chosen for the resonator material with density ρ = 7830 kg/m3, Young’s modulus E = 200GPa,
and Poisson’s ratio ν = 0.26 [15].

Following the design procedure described in Section 2, the dispersion curves of the surface
waves are determined and presented in Fig. 3 for the embedded length hb = 0.4m. The vibration
modes of the unit cell manipulate the wave propagation in the medium through the Rayleigh
mode hybridization with the surface resonances [18]. Without the resonators, the dispersion
curves reduce to those of bulk and surface Rayleigh waves, which are described by the straight
black lines in Fig. 3. The first two natural frequencies of the unit cell (higher modes are not
discussed here) correspond to the flexural and longitudinal modes (resented in the right side of
the figure), and give rise to two distinct band-gaps (i.e., frequency ranges in which surface waves
cannot propagate). For frequencies in these band-gaps, the Rayleigh waves are transformed into
body waves [17]. This phenomenon generates the two separate branches of ”hybrid” Rayleigh
waves that asymptotically approach the band gaps from the bottom with a phase velocity lower
than the Rayleigh wave velocity cR. The band gap closes when the upper branch has the phase
velocity equals cS. Surface modes with phase velocity larger than the shear-wave velocity cS
cannot exist in the elastic medium.

Flexural	mode
1.8	Hz

Longitudinal	mode
7.5	Hz

Figure 3: Dispersion curves of the surface wave (red star) for embedded length hb = 0.4m, and
the compressional (dotted line), shear (dashed line), and Rayleigh (dashed-dotted line) waves
for the homogeneous half-space.

Fig. 3 shows that although the Rayleigh wave excites both the flexural and longitudinal
modes of the metawedge, only the longitudinal one is able to activate a considerable band gap.
Depending on the unit cell geometry and properties, the flexural mode plays a more or less
marginal role. It appears extremely narrow for this specific case (about 1.8 − 2Hz). Some
authors directly neglect the contribution of the first resonance [9, 19]. Above the longitudinal
mode, the second band gap appears wider due to the better wave and mode coupling with the
vertical component of the Rayleigh wave [20].

The band gaps are manipulated by adjusting the embedded depth of the barriers along
the x-axis. This layout guarantees that the mitigation mechanism of the countermeasure is
dominated by the wave-mode conversion of Rayleigh waves into bulk ones, as demonstrated in
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[19]. In particular, the second band gap should be shifted to lower frequencies to reach at least
the target value of 6Hz. Surface waves should experience a clear conversion when this excitation
frequency is imposed at the surface.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
0

2

4

6

8

10

12

14

Figure 4: The first (red triangle) and second (blue circle) band gaps vs embedded length hb.

The dispersion curves are determined for unit cells with several embedded depth values
(0m ≤ hb ≤ 1.8m). The evolution of the first two band gaps is presented as a function of hb in
Fig. 4. As indicated, the regions between the two equal curves express the interval of the band
gaps. With this metawedge setup, the Rayleigh waves travelling from left to right experience
an increasing hb trend. It can be seen that the second band gap can reach smaller frequencies
if hb is decreased. Beginning with the first barrier with hb = 0, the first five barriers with the
embedded depth difference ∆hb = 0.1m are selected. This implies that the fifth barrier has
hb = 0.4m with the imposed metawedge slope of ζ = 0.05.

3.2. Results from the 2-D model
The mitigation performance of the designed system is firstly assessed in the space-frequency
domain under the plane strain assumption (ky = 0). In other words, the plane wave motion is
perpendicular to the metawedge. The efficiency of the mitigation measure is expressed through
the so-called insertion loss ILi which is the ratio between the response of the unmitigated U ref

i
and mitigated scenarios Ui, and is given by the following expression [7]:

ILi(x, z, ω) = 20log10
|U ref

i (x, z, ω)|
|Ui(x, z, ω)|

, i ∈ {x, y, z}. (2)

Fig. 5a shows the vertical insertion loss ILz at the soil surface for different excitation
frequencies and horizontal positions. The system appears clearly effective in mitigating the
vibration for ω > 2π×5Hz. Fig. 5b shows the insertion loss ILmax computed with the maximum
real part of the displacements occurring at the receiver positions. It depicts how the peak
performance of the metawedge is achieved around 6Hz, after a steep increase. The horizontal
component of the soil response presents an almost identical reduction even though the response
amplitudes are significantly lower (not presented here for brevity).

Fig. 5 confirms that the designed solution is able to mitigate ground-borne vibration
following the design constraints previously recommended, at least for waves perpendicular to the
metawedge. Furthermore, the wave-mode conversion mechanism is clearly visible in Fig. 6. The
surface wave is redirected deep into the soil when it passes the metawedge, thus reducing the
amplitude at the surface behind the barrier, as already indicated by Fig. 5. The advantageous
effect of this countermeasure is evident when comparing the top and bottom panels in Fig. 6.
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(a)
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0
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15
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B
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(b)

Figure 5: The vertical insertion loss at receiver position (z = 0 and x ∈ [120, 160]) vs frequency
(panel a), and the maximum horizontal and vertical insertion losses vs frequency (panel b).

Figure 6: Real part of the vertical displacement Re(uz(x, ky = 0, z,Ω = 2π × 6Hz)) generated
by vertical harmonic load in homogeneous soil (top panel) and with metawedge (bottom panel).

3.3. Influence of wave incidence angle–2.5-D model
Since the waves generated by trains approach the countermeasure at different incidence angles,
it is important to investigate the influence of the incidence angle on the performance of the
metawedge. This is done by using the 2.5-D model. Consequently, the insertion loss is now
presented in the space-wavenumber (ky in y-direction)-frequency domain.

Fig. 7 presents the vertical insertion loss ILz for one receiver point at the soil surface and

distance x = 120m from the source. On the vertical axis, Ky =
ky
ω is used to make the link

between wavenumber ky and the incidence angle θ, which is also presented on the right y-axis.
As shown in the previous section, the countermeasure is effective only for frequencies larger
than 5 Hz. When it comes to the incidence angle, the metawedge shows large insertion loss
values in three ranges: (i) θ ≈ 0–5 degrees, range in which the results are qualitatively the
same as the ones presented in the previous section, (ii) θ ≈ 10–20 degrees (exact range depends
on the frequency), in which the insertion loss can be even larger than at small angles, and (ii)
θ > 60 degrees, for which the wave travels a much larger distance to reach the metawedge and,
consequently, the soil damping plays an important role in the reduction observed. Moreover,
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the insertion loss is positive even outside these angle ranges with very few exceptions.

Figure 7: The vertical insertion loss vs frequency and incidence angle of the incoming wave.

Applying the inverse Fourier transform over wavenumber ky, the soil response is expressed
in the space-frequency domain. The vertical displacement field and the vertical insertion loss
are plotted for Ω = 2π× 6Hz in Fig. 8a and Fig. 8b, respectively. To avoid cluttering the plots,
only the embedded parts of the resonators are shown in Fig. 8b by the black bands.

The metawedge appears particularly effective in mitigating the vibration along the x-axis
in the above-mentioned conical region behind the resonators. This aspect marks an important
difference from the classical trench countermeasure, which generally shows poor performance
below a certain critical incidence angle [7]. For some specific θ values, the metawedge seems
unable to redirect the incoming wave deep into the ground. This is probably given by the
different resonator properties that the incoming waves experience reaching the metawedge at
θ > 0. On the other hand, the wave-mode conversion phenomenon is clearly depicted in the
xy-plane, where negative insertion loss zones appear for z < −10m.

Fig. 8 shows that the metawedge is, to some extent, complementary to the stiff in-filled trench,
where the stiffness effect could act where the wave-mode conversion mechanism does not appear
effective. The complementary performance of the two different mitigation measures highlights
how a hybrid solution could lead to nearly complete vibration mitigation at the surface. Indeed,

Conclusion
The paper investigated the performance of a novel mitigation measure, the so-called metawedge,
for railway induced ground vibrations. By means of the wave-mode conversion mechanism, the
proposed mitigation measure is able to convert the incoming surface waves into body waves
exploiting the non-conventional dispersion properties of the resonators array. The potential of
this countermeasure is investigated using a 2-D plane-strain model in which soil is modelled
as a homogeneous half-space. The effect of the incident angle of the incoming wave on the
performance of the metawedge is also analysed by using a 2.5-D model.

Results show that the proposed metawedge is successful in attenuating vibrations even at
very low frequencies (i.e., 5 − 10Hz typically generated by cargo trains). More importantly,
the metawedge is most efficient at small-to-medium incident angles, at which traditional
countermeasures such as the stiff trench are not. Although the metawedge design proposed
in this paper is slightly unrealistic, it serves as a proof of concept. Future studies can investigate
more realistic designs that do not compromise the efficiency of the countermeasure.
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(a) Re(uz(x, y, z,Ω = 2π × 6Hz)).

(b) ILz(x, y, z,Ω = 2π × 6Hz).

Figure 8: The vertical displacement (a) and vertical insertion loss (b) generated by a unit
harmonic vertical point load applied at x = y = z = 0.

If properly designed, the metawedge can represent an improved alternative to the stiff trench.
Moreover, a superior performance could be achieved through a metawedge with the last resonator
fully embedded, thus incorporating the benefits of the traditional stiff trench. Also, the first
resonator being completely out of the ground could act as a noise barrier. Exploiting this aspect,
the construction could act in a combined way, protecting the lineside residents from both ground-
and air-borne vibration. Finally, further research is necessary to develop competitive solutions
with focus on feasible and compact designs.
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