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SUMMARY

The integral method of Lees and Reeves-Klineberg has
been used to study the effect of changes of wall temperature
ratio upon wall pressure and heat transfer distributions, of a
shock wave - laminar boundary layer interaction generated by a

two-dimensional deflected surface,

Klineberg extended the integral method of Lees and
Reeves to the non-adiabatic case (isothermal wall) but his nu-
merical results deal only with a highly cooled surface (Sw=-0.8).
The present study consists in an extension of Klineberg's method
to intermediate values of wall to stagnation temperature ratio,

from adiabatic (Sw=0) to highly cooled wall (Sw=-0.8).

A parametric study has then been carried out to de-
termine the effect of progressive changes in the wall cooling
ratio, In particular, a linear reduction of the separation

length with the surface cooling ratio has been demonstrated.
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1. INTRODUCTION

The problem of boundary layer separation induced by a
strong external perturbation, such as a shock wave impinging on
the boundary layer has received the careful attention of nume-
rous investigators during the past 15 years, mainly because of
its unfavourable effects on the performances of control surfaces
and air inlets of supersonic vehicles. More recently, the advan-
ces in hypersonic flight have emphasized the associated thermal
heating problems. Separation has a marked effect upon the thermal
parameters of the flow, and it is desirable to be able to theo-
retically predict the location and strength of heat flux peaks

on hypersonic vehicles in the presence of separation.

Numerous methods have been developed in the past for
the prediction of boundary layer - shock wave interactions and
satisfactory numerical solutions have been found for cases when

the boundary layer 1is wholly laminar.

Though finite differences methods have been success-
fully applied (Rheyner-Flugge-Lotz) (13) the so-called integral
methods are simpler and constitute the majority of the existing
methods. The coupling between the inner viscous and the outer
essentially non-viscous flow fields was first introduced by
Crocco-Lees (1) (1952). From this basic idea other investigators
(2), (3) refined the method with the aid of empirical datas.
Later (1963) Lees and Reeves (4), (6) developed an integral
method excluding empirical data by using the first moment of
momentum equation. This method was first applied to the adia-
batic wall case, and was later extended by Klineberg (8), (9)
(1968) to the non-adiabatic isothermal wall by adding the energy
equation. A basically similar method was also applied to axi=-
symmetric bodies (7). Simultaneously with Klineberg, Holden
developed a rather similar integral method (10), (11); further-
more he included the effect of non-zero normal pressure gradient

in hypersonic flows (12).



A critical evaluation of recent available methods has

been published by Murphy (1969) (13), pointing out the weaknesses
of each of the methods studied.

Although Klineberg's basic theory is valid for any wall
temperature ratio, the polynomial functions required in the theory
were given only for the adiabatic and highly cooled wall cases
and only two complete calculations were presented. For this
reason Klineberg's theory has been extended in the present study
to arbitrary wall cooling ratios and the effect of variation of
the latter parameter upon the overall features of the interaction
has been examined., For this purpose additional "similar solutions"
of the boundary layer equations have been calculated in order
to provide a set of polynomial functions describing relations
between integral properties for each value of wall cooling para-
meter, Into the main framework of the method an interpolation
procedure was found to satisfy the required downstream boundary

conditions,

2, ANALYSIS

2.1 Governing equations

This section summarizes Klineberg's development leading
to the final form of the differential equations, The partial
differential equations describing two-dimensional compressible

boundary layer flow are :

3 3
3 I - 1
= (pu) + 5y (pv) o , (1)

du 2w _ _dp , 23 (, 3u (2)
Y Bx e y dx oy oy ?

Mo, Mo s o oy 3 [ (1= Pry . 2u (3)
U TX o¥ oy dy Pr 9y oy Pr oy %




The first moment of momentum equation is obtained by multiplying

Eq. (2) by u, giving :

2.a—u- -3-1-1-=_ E-E-Q- 2— .2.2
pu? = + puv 5y u == u 53 (u ay) . (L)

Following the Karman integral approach, these equations are inte-
grated across the boundary layer to yield & system of four or-
dinary differential equations., Then, after assuming the linear

temperature - viscosity law,

TR I
T CT (5)
and that the outer inviscid flow is isentropic (i.e. ho, = const.),

we may apply a Stewartson transformation of the form :

P
dx = C Pe Z dax

pa_ (6)
dY = " dy

to reduce the equations to an equivalent "incompressible" form.
The integral properties appearing in these transformed equations

do not depend upon the fluid properties, and may be related to

the usual compressible integral quantities, §, 6*, o, B*, Gu’

o' ¥ by means of equations (6).

The resulting equations can be written in the follow-

#*
h -+
. déi . 5*' Q% ) (l+me)iE . 6*f d Log Me = 1 m, b B
dx i (dx m, dx i dx meZl+mw5 ’
(7)
3
ds’ d Log M M
1 *dx * L e = .—°° P 8
¥ ax * 6i dx * 6i(2 *1-E) dx BC Me Re * * (8)



ast Log M
i * aJ * * og * M,
J L 4+ 3T Sx ! - _ R
dx ax | 61(3J 2T )d dx = B0 M_  Re ’ (9)
e ¥*
5.
1
asy * d Log M
I SRS - ¥ N i BC E: 9
a : 3 g ax_  PC W Fr Re : (10)
e w ¥
S.
x5
ve
where tg 0 = T
e
= X=1 4 2
me 5 Me 5
(11)
peae
B = $
¥*
pmamMmGi
and Re = .
" v

The transformed integral quantities in equations T to 10 are

defined as follows

ai 51
_ = 1 u_
Gi = J ay Z = X J i ay
0 i 0
61 61 2
* U N B E I
ai = J (1 = 5 )ay R = 26i J [ay (U )| ay
0 € 0 e
by
U U *|9 4]
6, = J — (1 - =—)ay P =6 v (ﬁ—)
0 e e e Y=0




§.
1 2
*
ei=j U (1--L) ay Q= 8% (32
0o e Ue2 Y=0
§.
0. 1
2z = — T . J sdy
*
5% 8t ’¢
1 1
* 8
8. i
1 * 1 U
J'—‘—— = e —— cm—
5* T 5* J T SdyY
i i 0 e
(12 cont'd)
The functions F and f are defined as :
l1 + m
F=2%+— € (1 - E) ,
© (13)
m (M 2 = 1) 2
_ y+1 e + 3y = 1 _
f 2+ = T3 o P - (1 E) + S me)

Numerical integration of equations T to 10 can be performed
providing we reduce the number of unknowns by choosing suitable
families of velocity and total enthalpy profiles. The integral
quantities (Eq. 12) must be expressed in terms of at least two
parameters a and b defining respectively a velocity and a total
enthalpy profile. Nevertheless it is not necessary to precisely
define the detailed shape of each profile, since only relations
between each of the integral quantities and the two profile
parameters are needed. Relations of the following type must be
obtained.

L =%(a)

J J(a)

(1k4)

= E(a,b)

E
T*’ = T*(a,b) etCeoe




Note that the integrals containing U/Ue only are functions of a

alone., Using the similar solutions concept, Cohen and Reshotko
obtained velocity and total enthalpy profile families with stream-
wise pressure gradient and constant wall temperature,

i.e., assuming :

u_ o~ x® o, (15)
S = const, .

W

For given values of B (pressure gradient parameter B = 2m/(m+1))
and Sw (wall enthalpy), one can relate each of the integral
quantities to any other. The fundamental assumption made by
Lees-Reeves~-Klineberg is that the relationships between integral
quantities obtained from similar solutions are also valid for
non-similar flows, for example separated flows. As outlined by
Klineberg, this procedure is different from local similarity
technique since only relations between integral parameters are
assumed to be universal, and the velocity and total enthalpy
profiles are not specified by the local pressure gradient para-

meter as in the method first applied by Thwaites.

452 Fatoe Ty Shd TOtAL emhalpy SEEIl e calpmiat ity ¢
Assuming the linear viscosity law (Eq. 5) for a perfect
gas and using the Stewartson transformation, we reduce the com-
pressible boundary layer equations to their equivalent incompress-
ible form., Then assuming 5, = const. (isothermal wall) and Prandtl
number equal 1, similar solutions are those for which U Xm,
in which case the shape of the non-dimensional velocity and

enthalpy profiles does not depgnd upon X,

The similarity variable is :

1 e 2 (16)




Thus the system of three partial differential equations is re=

duced to a system of two ordinary differential equations :

£"' (n) + £(n) £"(n) + B(1 + S = £'2(n)) =0 ,

(17)
8"(n) + £f(n) 8'(n) =0 ,
. _ 2m
with B = m @
The boundary conditions are :
£f(o) = £'(0) =0 (=) =1
(18)
s(0) = s, S(=) =0

The system of equations (17) is numerically integrated as a two-
point boundary value problem for fixed values of B and Sw’ using

£"(0) and g'(0) as iteration parameters.

The upper limit of the boundary layer is arbitrarily

taken as
u, = O.99ue . i.€e.
(19)
ng =n =
5 L =099
e

All the integral quantities (Eq. 12) can be integrated simulta-
neously with the parameters selected for defining both velocity

and total enthalpy profiles,

Attached flow velocity profile

£"(0) = - (20)




Separated flow velocity profile

n
£f'=0 Y
a = : = —6— (21)
099 1 U
—= )
U
e

All total enthalpy profiles

o
L}

§1(0) = a(a) |-22 , (22)

3 (==

i JY=0

where a(a) is a scaling factor :

= | o
wul

a(a)

=1

Note

.o

The velocity profile parameter a must be single-valued

for all profiles, that explains the change in the defi-

nition

2.3

For

(Eqe 12) must

of a when the flow separates.

a given profile,each of the integral quantities

be related to a, b, or a and b, As a result, the

number of unknowns in equations 7 to 10 is reduced to 5 : Me'

+ : .
§ a, b, 0. A more convenlient form of the system may be rewritten

i’

as follows

*
8T am M
da oF db 1 e © h
- t3p e TIwIx "W Re ’ (23)
e e gt

1




* *
das. §. dAM M
' i * df da i e o P
—_—+ 5. == — + $4 - . = et .
= S, g2 T (2% +1 - B) g 5% BC ¥~ Re »  (2h)
e e 6*
i
* *
das. §. daM M
dJ 4% da ¥ 1 e o R
J—.l. — a— - — = ——
= * 8; 3T 33 ax * (37 2T") - % BC T~ Re » (25)
e © 6*
i
* ¥
3 s artas ot any o 2 e 0 0e T ()
d i 'da X b dx M d4dx M Re ,°
e e 6*
i
vien . 2 _ax 17 Te oE
. da da m da °
e
aF _ (L1 e 3k (27)
b m b °
e
= _ Q
Q= Pr
w
M 1 + m
and h = - g Re tg © .

M_ me(l + m_) 6: C

According to Klineberg's treatment of the equations, one can

introduce the variables a(a) and o(b) in order to reduce to one

only the functions depending upon both a and b.

- (28)




To summarize, the profile-dependent integral quantities we need

are the following ones :

Velocity profile functions :

x(a), J(a), Z(a), R(a), P(a), %% (a), %% (a), a(a), %% (a)

Total enthalpy profile functions
do
o(b), == (v) (30)

Both velocity and total enthalpy profile functions :

)

=

(a,0), 5= (a,b)

T(a,b), E =

Q

The last remaining unknown ©, the local inclination
of streamlines at the outer edge of the boundary layer with
respect to the wall is related to the local outer flow Mach

number Me’ through the Prandtl-Meyer relationship;

0 = aw(x) + v(iM ) - v(Me) . (31)

1+8



- 1] =

assuming a supersonic, isentropic outer inviscid flow field and

© being small.

A convenient final form of the differential equations

is given by Klineberg (8) :

*
M dx Re M D b
e * e
83
*
. N
4% _ sc Y 12
dx Re*MeD ’
§.
1 .
(32)
U
i dx Re * Me D ’
5y
M N
¥ db _ _BC N
i dx Re . Me *
Sy
*
9T oF
where : D=BIT'D—-—B2‘8—‘5 s
*
oT oF
Ni = Bs gy = B g o
*
oT oF
N2=B53T)'—'-Bs—a'g ’ (33)
*
9T oF
N3 = B7 55~ - Be 3y

NL}:BHf"'BGF*BB'a—--BZh'



with

and

oF ax
AG 3;‘- + (A3f - ASF) R‘ °
*
9T * 4%
Ag 58 | (A3 = Ag) T da °
aF a?
A2 28 + (A3h - A“F) E‘ ’
*
2 3a 3@ = AyT ) 33 (34)
oF 4
A7 -a—; + (Al,,f - Aah) 'g._a- ’

Agh = (Apf + AsF)

AG-Q. - (A2 + A7) T*

+ (a,1% - aeQ) £,

a

(35)
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representatlon of integral functions

For a given value of Sw a complete family of similar
profiles and their associated integral quantities is computed
and then tabulated including both the regimes of reverse flow
(B < 0 and £"(0) < O0) and attached flow (f"(0) > 0) with adverse
(B < 0) and favourable (B > O) pressure gradient. When a suffi-
cient number of similar solutions has been computed (here in
n 30 separated and ~50 attached similar solutions) these discrete
points are curve-fitted by polynomial expressions in a, b or a

and b, taking for example the following form of polynomial :
%(a) = ¢ c, a . (36)

The polynomial coefficients C%i are determined using the least
square rule in conjunction with a best fit procedure, that is
the chosen degree of polynomial is that which provides the mini-
mum error (this error is taken as the sum of square deviations

for each point). The maximum number of coefficients is 9.

Functions depending directly of one profile only are
the following : %(a), J(a), 2z(a), R(a), P(a), a(a) and o(b).
The first order derivatives of these functions are determined
by taking the slope of the segment joining two adjacent points

as the derivative value at the middle point of this segment, for

example :

L. % .
axX —, _ i+l i
Ta (a) = ———— (37)

i+l - a.
i
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® |
]

with

Hence we obtain :

%% (a), %% (a), %% (a) and %f (v) .

Functions depending on both velocity and enthalpy

profiles are represented by a double summation on a and b :

M N 21 k
T(a,b) = I [z Dy o b ]a . (38)
k=0 =0 ’
but, prior to this curve fitting, the function T(a,b) is deter=-
mined point by point in the following manner :
Each total enthalpy profile is multiplied point by point (i.e.
for each value of n) successively by all the velocity profiles
(for both reversed and attached flow). This procedure provides

a complete dehooking of the enthalpy and velocity profiles.

From the tabulated values of T, a first curve-fit gives,

for each value of b, a polynomial function of a, i.e. :

T(b;,a) = L Ck(bl)ak . (39)

A second curve-fit of T, coefficients (for each value of k) gives

a polynomial function of b :

C (v) =1 D vt . (40)

Hence the complete set of T(a,b) coefficients can be calculated.
Both partial derivatives %% (a,b) and %% (a,b) are now deter=-
mined using a slightly different procedure to that of Klineberg

(In fact, direct differentiation of the T(a,b) polynomial provides




9T/%a and 3T/db in Klineberg's framework),

Here we use a procedure similar to that employed for
the T(a,b) curve fitting, from a discrete distribution of deri-
vative points. The first partial derivative is obtained from
five adjacent points of T(a,b) functions using a Taylor's for-

mula

£1(x) = f(x,x1) = (x=x1) £(x,x1,x2) + (x=x1)(x=x3) f(x,x],%X2,%x3)

)n-l

+ cee (=1 (x=%x1)(x=%x2) «oo (x-xn_l) F(X,X]19X29X3 oo xn),

(k1)

f(x) - £(x;)

X = X)

with f(x,x;) =

f(x,x;) - £f(x ,x2)

f(x’xltXZ) = X1 - X2

F(X,X] X2 eee X

f(x,xl,xz e e 0 xr) =

Finally, the polynomial expressions for 9T /3a and 9T/9b are

M
AT K
— (a,b) = L €. (b) a
da k=0 k ’
(L2)
3 L
with §.(b) =1 F b .
k g=0 Kot
M
3T K
and =—— (a,b) =L ¢, (a) b .
b k=0 &
(L3)
» L
¢, (a) =L Gy g &
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Polynomial expressions for T, 9T/da, 3T/3b are limited to the
fifth degree in a and b,

The result of these curve fits is & table of 29 poly-
nomials giving functional dependence of the integral quantities
to profile parameters a and b, A table of these coefficients has
been computed for the following values of S_ (Sw=-0.8, -0.6,
-0,4, =0.,2) - Appendix A,

Most of the velocity dependent integral functions are
quite independent of §, except P(a) in the separated region but
the remaining functions o(b), do/db(b), T(a,b), 3T/%a(a,b) and
aTkab(a,b) are directly dependent upon the value of Sw' For
example the dependence of T(a,b) and 3T/3a(a,b) on S, is shown

in figures 2 and 3.

Remark : A pair of polynomial expressions are needed for all
the parameters depending upon a, respectively for attached and
separated flow, due to the change in the definition of a in

these two regions,

3. METHOD OF SOLUTION FOR SHOCK-WAVE BOUNDARY LAYER
INTERACTION GENERATED BY A FLAT PLATE-RAMP

In order to compare Klineberg theory with the numerous
experimental data available the theory has been applied to the
simple geometry constituted by a flat plate followed by a deflected
flap, 8 being the deflection angle. The physical model of flow

field developed in such interactions is shown in figure 1.

3.1 Physical flow_pattern

3.1.1 Principle of equivalence :

e e e e e e e e e Ge e M A e e N M A e e e A

Lees and Reeves used the following simple flow model., A laminar

boundary layer developing on a flat plate is subjected to an
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impinging externally-generated plane oblique shock wave,
The impingement point of the shock upon the external boundary

of viscous flow field is a given parameter for the interaction

(sketch 1),
b,
%
¢

Q%
Y /// £ /pané‘ f/n
Mo // Mg
/Am wav /é Complrés#o

\W Reattachment {
| X

sh,

<

Sketch 1

If we consider only the inviscid flow field, the ramp flow can
be considered as equivalent to a flat plate-incident shock with

the following assumptions summarized in sketch 2.
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The equivalence is discussed in greater details in ref (22).

3.1.2 Entropy varlatlon through the impinging shock wave

D N e e P e e W e M M e e e e e e M N G R N N e e e e e e e S A G

We consider the static pressure to be continuous across the
incident shock and its cancelling expansion fan, i,e. pe1 = Pez
but we allow the Mach number to be discontinuous, i.e. Mel # Mez'
To compute Me2 (just behind the incident shock) we assume that
streamlines are straight lines between xsep and Xgy and parallel
to the wall at xp. Therefore :

Ogy ™ Osep = v(Meg) - v(MeseP). (45)
More details are also given in reference (22).
Note that subscripts 1 and 2 refer respectively to flow condi-

tions just ahead and just behind of shock impingement point.

3.2 Nature of solution - boundary conditions
The integration,of the differential equations system

(32) is treated as a two point boundary value problem.

342.1 Upstream initial boundary condition :

- o o o I el B R e

Klineberg performed a detailed study of solution's nature for any
typical viscous interactions. For the particular case of an inter-
action generated by external shock wave, the initialization pro-
cedure of integration must depend on the "state" of boundary
layer at the beginning of the interaction.

One can distinguish :

- An initially subcritical flow for which a thickening of the
boundary layer produces a pressure rise of the external flow,
which in turn thickens the viscous layer, and so on, leading
to an unstable system,

- The inverse case of an initially supercritical boundary layer
for which a thickening produces a pressure drop, which does

not allow upstream propagation of disturbances.
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This distinction is based on the integral properties of the
viscous layer, more precisely on the relative "areas" of the
subsonic and supersonic parts of the Mach number profile, In
the framework of Klineberg's theory, the passage from a sub- to
supercritical state is reflected by the vanishing of the deter-

minant D in equations (32).

The sub=- or supercritical character of a boundary
layer developing on a flat plate is strongly dependent upon

the surface cooling ratio.

At the same distance xy from the leading edge of a
flat plate, which was chosen sufficiently large for the self-
induced interaction to be in the weak regime, i.e.

- M c
Y = ——— << 1,

"Rexg
We have computed Me(xo), 6I(x0)s a(xp) and b(xg) for given free
stream conditions and various value of wall cooling ratio. The
determinant D(Me,a,b) is negative for s _ = -0.8, =0.6, =0.4,
vanishes for =0.h4 < s, < =-0.2 and then becomes positive for
s, = -0.2 and O reflecting in the Klineberg's formulation a
passage from a supercritical to a subcritical state of the boun-
dary layer at point x; as the surface gradually approaches adia-
batic conditions. This behaviour necessitates two different

starting processes for the integration.

3.2.1.1 Initially supercritical flow : As has been

shown in reference (8), a supercritical boundary layer subjected
to a strong adverse pressure gradient responds only by means of
a rapid but continuous change in the governing parameters of the
flow field because the supercritical viscous layer does not allow
for upstream propagation of disturbances over larger range than
a few boundary layer thicknesses. But in the integral formula-
tion, no upstream propagation is possible in such a case, and to
start the calculation a "jump" in flow properties must be intro-

duced at some point, this jump approximating to the physically
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continuous but very rapid process, Downstream of the jump the

flow proceeds smoothly into the subcritical region and under
certain conditions of Mach number wall temperature and pressure
gradient may experience a second change from sub- to supercritical

state prior to attaining the final downstream conditions,

3.2.1.2 Initially subcritical flows : Within a sub-

critical boundary layer, perturbations are propagated over a
considerable distance upstream, the intensity diminishing expo=-
nentially, as one moves upstream. We choose a point xgo as the
beginning of the interaction, such that the amplitude of the
disturbance becomes less than some arbitrary value - say t -
As in the case of an initially supercritical boundary layer,
the flow field upstream of xg is described by viscous weak

interaction upon an undisturbed flat plate,

3.2.2 Downstream boundary condition :

P I T I I I I I I

According to the sub- or supercritical state of the downstream
interacting flow, two types of downstream conditions must be
used, However, both types lead to the same condition at down-
stream infinity, where we assume a self-preserving flat plate
flow with a free stream Mach number (M:) given by invisciad

theory.

3.2.2.1 Boundary layer becomes supercritical down=-

stream of the interaction :

According to ref. (8), a study of the sub- to supercritical
"transition" for various types of viscous interaction showed

that the boundary layer flowing along a highly cooled compression
surface goes through a smooth sub- supercritical transition
downstream of the interaction, process entirely different to the
shock-like jump at the beginning of the interaction. This "tran-

sition" point is marked by the simultaneous vanishing of :

Nl, Nz, N3, NQ"O and D -0 .
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It is a singular point of the basic differential equations (saddle
point type). As shown in reference (5), there is one, and only
one, integral trajectory among an infinity tending towvard the
singular point which passes through it; this determines the
correct integral solution. Nevertheless a step=-by=-step numerical
integration cannot determine even after numerous iterations the
mathematically exact integral path. Though it is possible by
applying 1'Hospital's rule, in conjunction with a suitable
iteration process, to release the indetermination of the diffe-
rential equations at the critical point, we apply & simple gra-
phical extrapolation in this region as suggested by Klineberg.
Downstream of the critical point, the integral solution is stable
and asymptotically approaches the downstream final conditions.
(Within the accuracy of the plots, the graphical procedure doesn't
affect the final result.) Also, it must be pointed out that a
marked overshoot of pressure above inviscid downstream value
occurs. Sketch 3 describes qualitatively the behaviour of the

integral solutions in the vicinity of critical point.

A

e [o

VAR

v

Xo Xsh xcr X
Sketch 3

3,2.2,2 Boundary layer remains subcritical downstream

of the interaction :

As will be shown later, in the section 5,1, the assumed location
of the critical point moves dgwnstream as we approach the adia-
batic condition from highly cooled ones. Thus for a moderate

wall cooling ratio (sw = -0,4, =-0,2) the critical point lies out
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of the maximum range of x variation which is of practical interest,

For these conditions, the correct integral path is
obtained respectively by iteration on both xg and ¢, the per=-
turbation parameter according to the procedure used by Klineberg

for the adiabatic case.

An interpolation procedure (described in section k)
limits the number of iterations, when xy and ¥y have been deter-
mined with a sufficient accuracy,and achieves to determine the
correct downstream curve., This interpolation procedure applies
both when smooth sub- supercritical transition exists through
a critical point or when the final downstream conditions are
obtained directly. In fact the interpolation between diverging
solutions of different type leads automatically to D -+ O and
N, >0 (i=1,2,3,4) and thus to an approach to the critical point.

3,2.2.3 Locations of critical point :

A numerical evaluation of the critical point location has been

performed for some particular cases, A plot of 8.R as a function
of MeCR’
b is shown in figure 4 for different values of the wall cooling

CR
ratio. The general behaviour of the function D with variation

corresponding to D(Me,a,b) = 0, for various values of

of a at given values of b is shown in figure 5. (The Mach number
Me is fixed at 5.0, fig. 4 showing that &g is not very sensi=-
tive to Mach number above M=3,) As Sw goes from -0.8 to O, these
curves flatten along "a'axis but the general shape remains un=-
changed. Despite the fact that D=0 is not single value (i.e.
three critical points exist in most cases) the limited range of
"a" variation for practical cases of shock wave boundary layer

) define the single critical point

i actions (0 < a < a .
interact ( Blasius

which must be considered.
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L, NUMERICAL METHODS

This section describes the numerical methods used in
the different parts of a viscous interaction generated by a
two-dimensional flat plate ramp geometry in order to be able to

use digital computer.

L.1 The weak interaction region

One considers the viscous interaction developing on
an undisturbed flat plate - Kubota (23) showed that a solution
can be obtained by coordinate expansions of the basic differential
equations in the neighbourhood of the Blasius solution, taking
X (the viscous hypersonic interaction parameter) as the variable,
provided that X << 1, i.e. at a point sufficiently far from the
leading edge. Klineberg (8) performed such a coordinate expansion

of equations (23 to 26) rearranged into a convenient form,

Taking a priori solutions of this form :

(Me) = Mm(l + ml‘; + mz.;(-?' + oo-) 9
WI
(A)WI = Go(l + 51-)-(. + iz?(-z log -).(- + 52;2 + ...) s
(46)
a.WI = 8.0 + 8.1_)(- + az.;(-?' + LI ) ?
bWI = bo + bl; + bz-x.z + eee [

and by introducing these expressions into the basic differential
equations, one identifies the coefficients for each power in X
This provides the series of coefficients (my, mpy, 89, 81, 82,
%2, ag, 81y 82, Doy D1y bo)e

Note that the integral functions appearing in these expressions
(¥(a), T(a,b),.s.) are found from Taylor expansions of these

functions in the neighbourhood of the Blasius values of a and b.
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The complete expressions of series coefficients are given in
Appendix B and numerical values for each value of Sw investigated

are given in Appendix A,

. . . ¥*
Typical trajectories for p/p_(x), Gi(x), a(x) and b(x)
are given in figure 6 for M_ = 6.06 and Re = 0.239 x 107 per

meter, and various values of the wall cooling ratio.

h.2 Iteration procedure

From the undisturbed flat plate solution assumed to
be existing upstream of the interaction, the required departure
conditions are applied according to the "state" of the boundary
layer at the assumed beginning of interaction, as discussed in

section 3.2.1.

bL,2,1 Subcrltlcal flow at the beglnnlng of the inter-

.

According to an analysis of Kubota (19) using & linearization
of the hypersonic form of moment equations in the neighbourhood
of Blasius solution, the following form of perturbation must be
applied at any point of the weak interaction solution in order
to properly initiate shock-wave boundary layer interaction

computation.

Me = Meo (l + Pl\g) 1)
6: = 5: (1 + Pot)
’ (47)
a = ao(l + P3{) ’
b = bg(l + qu) s

with % << 1




and P, = [Z: %% - J] s

e
N
i

* 5 aJ
[3J-2T -(2%+1-E)E§} ’

(48)

Py = L(2:2+ 1 - E)J - (37 - 2'1'*)2:]/(5;—?) .

- * *
P, = |(P; + Pz)T* + P3('g—r£'—')]/('g'{—‘) .

-

The following numerical procedure is then used. Taking arbitrary
chosen values of xp (beginning of the interaction) and € (per-
turbation parameter), xp is iterated using a fixed value of Z

(~ 10=3) until the integral trajectory approximately satisfies
the downstream boundary condition . When xo has been localized
with a sufficient accuracy (taken arbitrarily), € is then ite=-
rated for this fixed value of xp until the correct integral path
is determined by approaching the correct downstream conditions,

i.e. the Blasius solution.

4,2.2 Supercritical flow at the beginning of interaction

~~--~~~~~~~~~~~—~~~~~~--~~-~-~~~~~~~~~~~~~-~~~~~~~

In reality perturbations are communicated upstream over a short
distance, the interaction being then initiated with a rapid
change in the flow quantities. This process is mathematically
simulated by & shock-like jump at the beginning of the inter-

actione.

Writing suitable conservation equations across the
jump, Klineberg obtained relations between flow quantities up-
stream and downstream of the discontinuity. This was done by
writing conservation equations of mass and momentum flux. A
third equation which describes the variation of mechanical energy
across the jump is obtained in the limit : the size of the

control volume (sketch 4) tends toward zero (i.e. AX;, Xy, +0).



These conservation equations are the following

mass flux
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Uep, Pe

momentum flux

total enthalpy

A Xy

AX2

Sketch

my, - h; = (peue

I, -1,

2
(oeue

*_*
(M_ 8T ) = (M
e 1 2

I

)1 (62 = 61)

9

)1 (8 = 8,) - 8 (p2 = p1)

* ¥
. 81T )1

and mechanical energy (moment of momentum)

3
G, = G; = (Oeue)l

wvhen AX; and

with m

AXz’*O

pu dy

puzdy ’

puddy ,

(6 = 61) = 2K,(p2 = P1)

(49)

(50)

(51)
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K = J u dy " (51 cont'ad)

At the jump location the external flow is assumed to experience

a plane oblique shock wave, The "strength" of this shock is fixed
by the above relations between upstream and downstream flow
quantities. Finally we get three simultaneous algebraic equa-
tions which give, together with the shock equations, the rela-

tions between upstream and downstream unknowns, respectively

* *
- Gil, aj, b; and Mez' Giz, az, boe
L3 %, 1 (Pz )[
m Fz - & m———— — - ] m F2+Z2 o0 0
F F 2
€2 mel 1 me2 2 Me1 P1 €2

(52)
F I ot + o (p2 1) [m Jdo + 2o (1L +m ) Tz*]
m 2 - " - 2 -, LI
€2 melFl me2F2 yM 2 Pl ez ez
€1

Ji
3 =
= (1 =0 ul)(Z; = Jp) + (1 = p u )(1 + melFl)Zz o ,
(53)
¥ TS . ¥ .
meze . T " m. 73 + (1 - prur)(Tz + F, Z,) =0 . (54)
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(Subscript r refers to ratio quantities across a plane oblique

shock wave, i.e, :

u2 P2
u W — p il vt )o
r u; ° r P1

Then with an initially supercritical boundary layer
the interaction parameter is xp, and for each trial value,
equations 52, 53, 54 must be solved simultaneously, to provide
initial values (Mez’ 6:2, a2, by) for starting the integration.
xo is iterated until the integral path satisfies the downstreanm
boundary conditions with a sufficient accuracy.
Remark : Convergence of equations 52 to 54 is relatively fast
for high wall cooling ratios (Sw = -0,8, -0.6) but becomes diffi-
cult to achieve (within accuracy of numerical computations) for
intermediate values (Sv = -0.4) where the jump intensity is very

small.,

L.3 Eumerlcal 1ntegrat10n of basic dlfgergntlal SquatEQEE

Starting with initial conditions as described in the
previous section, the four basic differential equations (eq. 32)
are integrated simultaneously using a Runge Kutta numerical
procedure (4th order). A computer program has been written for

an IBM 1130 digital computer.

The integration variable is x (physical abscissa along
the wall) for attached flow, but it is convenient to use the

velocity profile parameter "a" as the independent variable in

"n_n

a’ after

the separated region, due to the steep gradients in
separation and before reattachment, particularly in the case of

a highly cooled wall.

Also, the set of polynomial coefficients must be
changed from attached to separated flow values as one goes through
the separation and vice versa at the reattachment point, since

the definition of the velocity profile parameter is different
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for attached and separated flows.

ek Interpolation procedure

In order to limit the number of iterations upon both
xo and ﬁ’a linear interpolation procedure is used between two
solutions of different type downstream of reattachment (see
sketch 5). A

@0 | T

AN

Y

Sketch 5

When a sufficient number of iterations has been performed the
divergence between solutions of different type (one goes to a
new separation and the other to an expansion) becomes apparent
some distance downstream of reattachment, the upstream part of
the integral curves being quite undistinguishable from each
other, a new starting point is defined by linearly interpolating
between two diverging solutions (point A sketch 5) and the inte-
gration is continued downstream. This provides a new set of

two diverging integral curves and the process is repeated moving
downstream from the divergence point. On highly cooled wall the
boundary layer experiences a sub- to supercritical change down-
stream of reattachment. In this vicinity the above interpolation
procedure does not allow for an exact determination of this
critical point (D=0), the divergence of solutions becoming very
rapid here. A graphical extrapolation is used, as suggested

by Klineberg (8), and the numerical integration is restarted at
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one point lying downstream of the critical point. The equations

are now stable and converge to the downstream final conditions.

Note that in all cases investigated, the pressure
reached a peak value above the inviscid final pressure (p:) and
then levels off downstream. This pressure overshoot is =5% of
the inviscid pressure rise for numerical computations carried
out in the present study but increases as the free stream Mach
number of the interaction increases, Practically, the extent
of graphical extrapolation required is small for highly cooling
rate and increases as adiabatic conditions are approached. For
B = -0.4 (with free stream conditions investigated here) the
downstream critical point lies beyond the maximum value of the
abscissa x reached. For moderate ratios of cooling (-0.h<sw<0)
the interpolation procedure applies in the same way as for the
adiabatic case, and final downstream conditions can be reached
by this means. (A detailed description of the so-called inter-

polation procedure is given in reference 22,)

5. NUMERICAL RESULTS

o1 Pursmetric ptudy of suxface cooling EEfects

The experimental conditions used by Lewis (ref. 17)
apart from the wall cooling ratio, have been used for a theore-
tical analysis of the effect of step-by=-step variation of wall
cooling ratio (0.2 < Tw/Tt < 1) upon the main features of shock

wave boundary layer interactions generated by a deflected surface.

The calculated pressure distributions are shown in
figure Ta, we observe that a progressive cooling of the surface
starting with adiabatic conditions produces :

- an increase of pressure at the beginning of inter-

action (pgo/p») (weak interaction region),

- a strong decrease of upstream influence (xg = xsh)’

- an increase of pressure gradient in the neighbour-

hood of reattachment.
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The effect of cooling the surface upon distributions

* . . ;
of M _, 61, a and b 1s also shown in figures Tb and Tc.

The skin friction distributions are shown in figure Td.
It is found that, as expected, an increase of skin friction 1is
produced by surface cooling. The heat transfer coefficient dis=-
tributions are shown in figure Te. This coefficient CH is defined
in a manner homogeneous to a Stanton number where the reference
quantities are related to stagnation conditions (due to assump-
tion P_=1).

=q

_ W
Cy = o u (hoe - how) (55)

In order to study the effect of wall temperature variation upon
the x scaling of an interaction, the non-dimensionalized form
of pressure distribution, as defined by Lewis (ref. 17, 18), has

been used,

- e 8)
One plots —————— against figure
c

where 6: is the displacement thickness of an undisturbed flat
plate flow at the point X, calculated using the free stream and
wall temperature conditions of the interaction studied. The
qualitative behaviour is in agreement with Lewis' experiments
but the decrease in upstream influence due to wall cooling is

magnified by the unrealisitc jump assumption.

5.1.1 Effect of surface coollng upon characteristic

P T I P I T T T S

lengths of the 1nteract10n s

Figure 9a shows the variations of the following characteristic
lengths of an interaction with change of wall cooling ratio.
xo/L beginning of the interaction.
xs/L separation point.
xR/L reattachment point

ep/L or (xr - xs)/L length of separated flow.
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In addition the effect of free stream Reynolds number is also
shown. All these lengths vary almost linearly with the ratio

of wall-to-stagnation temperature ratio. In particular, the
length of the separated region (Lsep) is very nearly proportion-
al to T /T,  over the whole range considered. Also, (L - xq)/L
which may be considered to be a measure of the extent of up=-
stream influence, is again almost proportional to Tw/Tt' The
latter result is in accordance with the free interaction scaling
of Curle, but is more general in that it applies to the extent

of upstream influence in a complete interaction.

5¢1.2 Effect of surface cooling upon characterlstlc

P I S I I I I I -y~ R I N

features of the pressure dlstrlbutlon :

T T I I B I B e S

Figure 9b shows the variations of the following pressure ratios
as a function of wall-to-stagnation temperature ratio for two
free stream Reynolds number values :

- po/p*™ beginning of the interaction (undisturbed
flat plate flow),
pSH/p: impingement point of incident shock wave

(or "plateau" pressure),

- pr/p: reattachment pressure rise.
Also plotted are these pressures referred to pg. It will be seen
that the results must be interpreted in different ways according

to which non-dimensionalized representation is used.

Figures 9c¢ and 9d show the effect of wall temperature
variations upon the extremes of the skin friction coefficient
and heat transfer coefficient (CH), these being respectively
the minimum value reached at corner and peak value in the neigh-
bourhood of reattachment. The latter moves downstream as adia-

batic conditions are approached (see figure Te).

Figures 10 show the effect of variation of the Reynolds
number upon the pressure and heat transfer distribution respec=-
tively.

Remark : From the definition of CH the actual heat flux is :

qv(x) = p_u cthswcH( X) (56)
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In order to obtain directly the effects of both unit Reynolds
number and wall temperature ratio changes on the heat flux

distribution, one must bear in mind that C_ (x) must be multiplied

H
by factors proportional to these two parameters.

5.2 Comparison with experimental results

5.2.1 Limitations of the Lees-Reeves-Kllneberg lamlnar

~ e e o I I 2 ~ ~ - o

theory

D

Despite the fact that numerous experimental data are available
for boundary layer shock wave interactions, only a few results

are suitable for testing the laminar theory.

The assumptions used in the theoretical development

are not valid for certain cases. For example :

The external inviscid flow is assumed to be isentropic,
and the compression waves generated by the flow deflection
coalesce far from the boundary layer edge. This condition is
required in order to apply the Prandtl=Meyer relationship rela-
ting the local external flow Mach number to the inclination of
streamlines at the boundary layer edge. Needham (ref. 16) deve=-
loped a physical model of shock wave boundary layer interaction
in hypersonic flow showing that compression waves starting at
the sonic line in the boundary layer coalesce into a shock near
the boundary layer edge. Thus Klineberg's theory, in the present
formulation, is not applicable for very high Mach numbers.
Klineberg suggests the use of the tangent-wedge formula in place
of that of Prandtl-Meyer in such cases, but this does not fully
take account of the entropy discontinuities of the shock waves.
Another question arises when we consider the validity of the
boundary layer equations, particularly the assumption that
dp/dy = 0. When the separated boundary layer thickness has the
same order of magnitude as the separated length (at high Mach
numbers and strong deflection angles) the streamline curvature
at the boundary layer edge differs considerably from the wall

curvature and generates a pressure gradient normal to the wall.
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Holden (12) has developed an integral theory which includes this
normal pressure gradient. He was able to demonstrate that the
inclusion of this effect eliminated the necessity for a super-
to subcritical jump and concluded that such jump is a mathema-
tical approximation without physical meaning. Unfortunately

the addition of the normal momentum equation increases consi=-
derably the complexity of the integral method, and the improve-
ment in agreement with experimental data is small except at very

high Mach numbers.

The linearized viscosity law u ~» T 1is not a good
assumption for hypersonic flow, where large temperature differ-

ences occur within the boundary layer.

These arguments limit the application of Lees-Reeves-

Klineberg theory to moderately hypersonic flows.,

5:2.,2 Selection of experimental data for comparison

B I e e T I R

R

Most of the experimental results fall into two groups, according
to the facility used during tests
- Low Mach number, adiabatic wall data (refs, 14,15,20)
- High Mach number, cold wall data (refs. 11,12,16).
Also available are a few data at moderately low hypersonic speeds
with a controlled wall temperature, usually achieved by internal

circulation of coolant (refs. 17, 18, 24, 25, 26).

The most severe limitation arises when transition

appears in the boundary layer near the reattachment point. The
concept of "entirely laminar interaction" is understood in
different ways by experimentators. As an example, Johnson (refs.
25, 26) considers an interaction to be laminar as long as the
transition (detected by flow visualization, heat transfer mea-
surements or velocity profile surveys) occurs behind the reattach-
ment point. A theoretical analysis of the effect of transition

is excluded in the framework of laminar theory, so we consider

here only those interactions for which the transition is located
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"far" downstream of the reattachment region following the

conclusions carried out by Lewis-Kubota-Lees (18,19).

A criterion for detecting transition has been defined
in reference (20)=(21). It is based upon the observation that
upstream influence increases with increasing unit Reynolds
number in purely laminar flow, but decreases in transitional
flow., Thus, if the measured pressure at a suitably chosen point(pN)
in the separation pressure rise region is plotted against unit
Reynolds number, it is found that the pressure rises in the
laminar regime as Reu increases, in agreement with laminar theory
but then reaches a peak and starts to fall in the turbulent
regime. The flow is inferred to be certainly transitional at
Reynolds number higher than that at which the pressure peak

occurs (sketch 6).

Pa th ory

- ~TTT~&Xperiments
N

Re

Sketch 6

5.2.3 Summary of the major limitations of Lees-Reeves-

o I T I I I I I e A e A R A 2 e A
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- The external flow must be supersonic or moderately low hypersonic.

- The whole extent of the shock wave boundary layer interaction
considered must be laminar (i.e. the transition point must be
located "far" downstream of reattachment).

- The theory is valid for a short extent of separated region
and the maximum thickness of the separation bubble must be

small with respect to the separated length.
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5.2.4 Direct comparison with experiment :
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Klineberg has already made a comparison between his theory and
the measurements of Lewis (17) which shows good agreement. To
provide further comparisons, we have considered the experimental
results of Needham (16), despite the fact that they must be
considered as limiting cases for the application of the present

theory.

Non-dimensionalized pressure and heat transfer distri-
butions are presented by Needham, but the method of data reduc-
tion used to convert the data obtained in conical flow into an
equivalent two-dimensional form makes a direct comparison against
theory difficult. Here we match the theoretical values of Meo
and Re; at the beginning of the interaction with experimental

values, but allowing x; to be free to be determined by iteration.

Figure 1lla shows experimental and theoretical pressure

and heat transfer distributions on a flat plate, the interaction
being generated externally by an oblique plane shock wave impin-
ging on the boundary layer at 6 inches behind the plate leading

edge. Free stream conditions are M = T.4 and Re = 2,2x106,
ep xSH

Figure 1l1b shows similar distributions for an inter-
action generated by a flat plate ramp configuration. The deflec=-
tion angle and free stream conditions are : 6 = 10°, Me0=9.7,

Re x_ = 0.95%x10°,

Figure llc shows pressure distribution on a flat plate
ramp with deflection angle 6 = 6° and free stream conditions

are M = 7.4, Re x_ = 2.2x108,
) c

All these experimental results have been obtained in

a gun tunnel so that surface model is kept cold (sw = =0.8).

The length of separation is magnified by the theory,
whilst the predicted heating is too low. Nevertheless the agree-

ment between theory and experiment is reasonable.
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In figure 12, theoretical results obtained both in
this section and from the parametric study (section 5.1) have
been used to check the experimental plateau pressure correlation
presented by Needham (16) and derived from the "free interaction"
concept. The theoretical points lie within the scatter of the

experimental data.

Finally a comparison of the Lees-Reeves=-Klineberg
theory with experimental results obtained by the author on an
adiabatic wall model with a short flat plate ramp is presented
in figure 13. Good agreement for both unit Reynolds numbers of
1.03 and 2.32x10’7 per meter is achieved, and theoretical trend
when Reynolds number is increased is clearly demonstrated by

the experimental results.

6. CONCLUDING REMARKS

Shock wave laminar boundary layer interactions gene-
rated by a flat plate ramp geometry with a non-adiabatic iso-
thermal surface have been studied using the Lees-Reeves-Klineberg
theory. The method has been extended to a wide range of wall-to-
stagnation temperature ratios from adiabatic to highly cooled

conditions.

A parametric study of the effect of surface cooling
upon the main overall features of pressure and heat transfer
distributions has been carried out which showed that the length
of separation and the "upstream influence" decrease quasi
linearly with the wall-to-stagnation temperature ratio. Within
the basic limitations of the theory, i.e. considering a purely
laminar interaction at moderate hypersonic speed over a model
geometry generating a short length of separation, good agreement
with experimental results has been found for both pressufe and

heat transfer distributions.




10.

1.

12.

- 38 -

REFERENCES

CROCCO, L. and LEES, L. : A mixing theory for the interaction
between dissipative flows and nearly isentropic stream.
J.A.S. Vol.19 n®10, pp. 649-6T6, October 1952,

CROCCO, L. : Considerations on shock-boundary layer inter-
action. Proceedings of the Conference on high speed aero-

dynamics held at the Polytechnic Institute of Brooklyn,

Jan. 20-22, 1955.

GLICK, H.S. : Modified CROCCO-LEES mixing theory for
supersonic separated and reattaching flows G.A.L.C.I.T.
Cal. Inst. of Tech. Hypersonic research project Memo 52
May 2, 1960.

LEES, L. and REEVES, L.B. : Supersonic separated and reattaching
laminar flows : I General theory and application to adiabatic
boundary layer-shock wave interactions, AIAA J1l. Vol.2

N®11, Nov. 1964, opp. 1907-1920.

WEBB, W.H., GOLIK, R.L., VOGENITZ, F.W. and LEES,L. : A multi-
moment integral theory for laminar supersonic near wake.
Proceedings of the 1965 heat transfer and fluid mechanics
conference . Cal. Inst. of Tech. University of Cal. Los Angeles,
June 21-22-23, 1965,

GRANGE, J.H., KLINEBERG, J.M. and LEES,L. : Laminar boundary
layer separation and near wake flow for smooth blunt body

at supersonic and hypersonic speeds, AIAA 3th Aerospace
Sciences Meeting, N.Y., Jan. 23-26 1967, pp. 67-62

NIELSEN, J.N., LYNES, L.L. and GOODWIN, F.K.:Calculations

of laminar separation with free interaction by the method

of integral relations, Part II Two dimensional non adiabatic
flow and axisymmetric supersonic adiabatic and non adiabatic
flows, A.F.F.D.L., TR 65-107 Part II(1966).

KLINEBERG, J.M. : Theory of laminar viscous-inviscid inter-
actions in supersonic flow. Ph.D. Thesis June 68, Cal. Inst.
of Tech. Pasadena Cal.

KLINEBERG, J.M. and LEES, L. : Theory of laminar viscous
inviscid interactions in supersonic flow. AIAA J1l. Vol.T
N°12, opp. 2211-2221, Dec. 1969,

HOLDEN, M.S. : Theoretical and experimental studies of
separated flows induced by shock wave boundary layer inter-
action. Proceedings of the 4th A.G.A.R.D. Meeting,
Rhode-Saint-Genése, 10-13 May 1966. Separated flows part I,
Pp. 147-180.

HOLDEN, M.S. : Theoretical and experimental studies of
laminar flow separation on a flat plate-wedge compression
surface in hypersonic strong interaction regime. Cornell-
Aero. Lab. Rep. N°AF 1894 A2, Final Report May 1967.

HOLDEN, M.S. : Theoretical and experimental studies of the
shock wave boundary layer interaction as curved compression
surfaces. Proceedings of the Symposium on viscous interaction
phenomena in supersonic and hypersonic flow, May 7-8, 1969.




13.

14,

15.

16.

17.

18.

19.

20,

21,

22.

23.

2L,

25.

26.

REFERENCES (Cont'd)

MURPHY, J.D. : A critical evaluation of analytic methods

for predicting laminar boundary layer shock wave inter-
action. N.A.S.A. Symposium on analytic methods in aircraft
serodynamics. A.M.E.S. Research Center, October 28-30, 1969,
N.A.S.A. SP 228, pp. 515-539.

CHAPMAN, D.R., KUEHN, D.M. and LARSON, H. : Investigation
of separated flows in supersonic and subsonic streams with
emphasis of the effect of transition. N.A.C.A. Rep. 1356, 1958,

HAKKINEN, R.S., GREGER, I., TRILLING, L. and ABARBANEL, S.S.
The interaction of an oblique shock wave with a laminar
boundary layer. N.A.S.A. Memo 2-18-59 W, March 1959.

NEEDHAM, O.A. : Laminar separation in hypersonic flow.
Ph.D. Thesis, Faculty of Engineering of the University of
London, Aug. 1065.

LEWIS, J.E. : Experimental investigation of supersonic
laminar, two-dimensional boundary layer separation in a
compression corner with and without cooling. Cal. Inst.
of Tech., Ph.D Thesis, 1967.

LEWIS, J.E., KUBOTA, T., and LEES, L. : Experimental
investigation of supersonic laminar two dimensional
boundary layer separation in a compression corner with

and without cooling. AIAA J1. Vol.6 N°1,6Jan, 68, pp. T-1h.

KO, D.R.S. and KUBOTA, T. : Supersonic laminar boundary
layer along a two dimensional adiabatic curved ramp.
AIAA J1., Vol.T7 N°2, Feb.69, ppD. 298-30L,

GINOUX, J.J. : Supersonic separated flows over wedges and flares
with emphasis on a method of detecting transition.
von Karman Institute, Rhode-Saint-GCen&se, TNLT 1968.

GAUTIER, B. : Calcul de l'interaction onde de choc -

couche limite laminaire incluant le décollement provoqué

par une rampe 3 l'aide des méthodes intégrales de CROCCO-LEES
mod. par GLICK et de LEES-REEVES. NT23A, 1969. Université
Libre de Bruxelles

RIETHMULLFER, M.L. and GINOUX, J.J. : A parametric study

of adiabatic laminar boundary layer shock wave interaction
by the method of LEES-REEVES-KLINEBERG. von Karman Institute,
Rhode-Saint-Gendse, TN60-1970.

KUBOTA, T. and KO, D.R.S. : A second order weak interaction
expansion for moderately hypersonic flow past a flat plate.
AIAA J1., Vol.5 N°10, Oct. 1967, pp. 1915-191T7.

JOHNSON, C.B. : Pressure and flow field study at M=8 of
flow separation on a flat plate with deflected trailing edge
flap. NASA TND 4308(1968).

JOHNSON, C.B. : Heat transfer measurements at M=8 on a
flat plate with deflected trailing edge flap with effect
of transition included. N.A.S.A. TND 5899 (1970)

Don GRAY, J. : Wall cooling effects on an axisymmetric
laminar reattaching flow at hypersonic speed. A.E.D.C. TR.
£8-1935, Nov. 1968.




- 4O -

APPENDIX A

1. Notations used for weak interaction coefficients

CC(MJ,LJ) cc(MJ,1) CC(MJ,2) CC(MJ,3)
cc(1,Ld) dg ag by
cc(2,LJ) mj, mj, mj)
cc(3,LJ) d1) dzi d22
cc(u,LJ) aj ajs) aszz
cc(s5,LJ) b1 bz b22

2. Notations used for profiles dependent integral functions

2.1 Single profile dependent functions

NK=9
F(a) = I cD(NJ,Nk) al¥-1
NK=1
where F is the integral function considered

NJ is the subscript of definition of function F
NK is the subscript of summation
a is the parameter of summation.

Example

®(a) = 2 CD(6,NK) et

2.2 Functions depending on_both velocity and_ total enthal
profiles
> k
T(a,b) = ¢ Ck(b) a
k=0
6 NK=1
with z:k(b) = I CD(NJ,NK) b

BY




5
Zap) =z f () "
k=0
c 4 NK-1
with 5, (p) = & CD(NJ,NK) Db
NK=1
>
%% (a,d) = ¢ ¢y bk
k=0
6 NK-1
with ¢k(b) = I CD(NJ,NK) a
NK=1

where NJ is the subscript of definition of Ek’ 8k, ¢k
and NK is the subscript of summation
Integral Subscript Summation
function of defi=- parameter
nition (NJ)
Co 1 b
o} 2 b
dg/db 3 b
n 4 b
¢o > a
% 6 a
J T a
Z 8 a
R 9 - a
P 10 a
i%/da 11 a
daJ/4a% 12 a
a 13 a
da/da 14 a




- b2 -

Integral Subscript Summation
functions of defi- parameter
nition (NJ)

[ 15 b
T, 16 b
[ 17 b
Gy 18 b
Gs 19 b

\&1

20 b
€, g1 b
€, 22 b
fu 23 b
€ 2k b
¢ 25 a
¢, 26 a
¢ 5 27 a
¢, 28 a
¢ 29 a




WEAK INTERACTION COEFFICIENTS

CC(MJ, 1) CcC(MY,2)
cC(1,Ld) 0.17240469E 01 0.16340014E
cc(2,Ly) 0.66186177E 00 0.13781654E
cC(3,Ld) 0.18419537E 01 -0.48865032E
CC(k, L) -0.30817132E 01 -0.10742689E
cc(s, L) 0.50650164E-01 -0.25904259E

PROFILES COEFFICIENTS
ATTACHED FLOW
CD(NJ, 1) CD(NJ,2)

CcD( 1,NK) 0.1012041E 01 -0.5047927E 02
CD( 2,NK) 0.8795088E 00 -0.1368297E 02
CD( 3,NK) 0.2007842E 01 -0.5436568E 03
CD( 4,NK) 0.2281252E 00 -0,3539281F 01
cD( 5,NK) -0.7186277E 02 -0.1518796E 01
CD( 6,NK) 0.2432078E 00 0.1142097E 00
co( 7,NK) 0.3676652E 00 0.1693942E 00
CD( 8,NK) 0.1012450E 01 0.4594261E 00
9,NK) 0.1276809E 01 -0.5942157E 00
CD(10,NK) 0.1391656E-03 0.4952537E 00
CD(11,NK) 0.1136275E 00 -0.3572020E-01
CD(12,NK) 0.1511220E 01 0.2244828E 00
CD(13,NK) 0.4170089E 00 0.1549519E 00
CD(14,NK) 0.2016546E 00 -0.4722840E-01
CD(15,NK) 0.2204281E 00 -0.2194535E 01
CD(16,NK) -0.6593967E-01 -0.21747L8E 00
CD(17,NK) 0.1875200E-01 0.5760566E 00
CD(18,NK) -0.3699270E-02 -0.1548264E 00
CD(19,NK) 0.3067735E-03 0.1118205E-01
CD(20,NK) -0.1682139E 00 0.6047677E 01
CD(21,NK) 0.1106624E 00 -0.8034078E 01
CD(22,NK) -0.4944029E-01 0.5577351E 01
CD(23,NK) 0.1129086E-01 -0.1677208E 01
CD(24,NK) -0.9987279E-03 0.1759699E 00
CD(25,NK) 0.4390039E 04 -0.1989711F 03
CD(26,NK) -0.1138261E 06 0.9122404E 04
CD(27,NK) 0.1481395E 07 -0.1571627E 06
CD(28,NK) -0.9465590E 07 0,1228785E 07
CD(29,NK) 0.2358122E 08 -0.3600359E 07

o

SEPARATED FLOW

CD(NJ, 1) CD(NJ, 2)

CD( 1,NK) 0.1010356E 01 -0.4992520E 02
cD( 2,NK) 0.1711652E 01 -0.8822534E 02
cn( 3,NK) -0.1184227E 03 0.1158314E 05
CD( 4,NK) -0.2601510E 00 -0.8901453E 01
CcD( 5,NK) -0.7169670E 02 0.1059423E 02
CD( 6,NK) 0.2430146E 00 -0.2348471E 00
CD( 7,NK) 0.3669505E 00 -0.3620679E 00
CD( 8,NK) 0.1009939E 01 -0.1010514E 01
cD( 9,NK) 0.1276387E 01 0.1341297E 01
CD(10,NK) -0.2866114E-03 -0.1018305E 01
CD(11,NK) -0.2612833E 00 0.7434800E-01
CD(12,NK) 0.1506058E 01 -0.4660438E 00
CD(13, NK) 0.4127476E 00 -0.4048745E 00
CD(14,NK) -0.4359281E 00 0.3084968E 00
CD(15,NK) -0.3138301E 00 -0.3858612E 02
CD(16,NK) -0.5451201E 01 0.8426081E 03
CD(17,NK) 0.3489904E 02 -0.5096239E 04
CD(18,NK) -0.1115597E 03 0.1280081E 05
CD(19,NK) 0.1018879E 03 -0.1006172E 05
CD(20,NK) -0.2236704E 02 0.1293393E Ok
CD(21,NK) 0.2919593E 03 -0.164430LE 05
CD(22,NK) -0.1434123E O4 0.7180287E 05
CD(23,NK) 0.2579852E 04 -0.1096177E 06
CD(24,NK) " -0.1496832E O4 0.5032238E 05
CD(25,NK) 0.4374763E 04 -0.8595760E 03
CD(26,NK) -0.1132137E 06 0.342934L4LE 05
CD(27,NK) 0.1469797E 07 -0.5896708E 06
CD(28,NK) -0.9365388E 07 0.4488342E 07
CD(29,NK) 0.2326390E 08 -0.1254525E 08

~ &% »

SW -0.200

cc(MdJ,3)

01 0.93572139E-01
01 0.16065371E 01
01 0.34234957E 01
02 0.35315408E 01
01 0.13036112E 01

CD(NJ,3) CD(NJ, 4)

0.1153801E 04 -0.1387696E
0.9960583E 02 -0.2780326E
0.1216447E 05 -0.9961009E
0.1177166E 02 0.1472182E
-0.1680972E 01 0.2113904E

05
03
05
03
01

-0.2133638E-01 0,3446024E-02

-0.1353361E-01 -0.1695096E-

02

0.3377379E-01 0.3237293E-02

0.3563117E 00 -0,1135015E
-0.1086566E 00 0.1188776E-
-0.1834999E-01 0.5089926E~-
0.2845154E-01 -0.4192491E~
0.1150744E 00 -0.9130536E~
0.2645002E 00 -0,2817051E
-0.4280882E 02 0,1142487E
0.7720492E 02 -0,1716420E
-0.4947714E 02 0.1057011E
0.1194590E 02 -0.2565513F
-0.9376580E 00 0.2071095E
-0.1095075E 03 0.1378137E
0.24594444E 03 -0.4077232E
-0.2048198E 03 0.3572309E
0.6594230E 02 -0.1181328E
-0.7167904E 01 0.1303086E
0.3978322E 03 -0.3287593E
-0.1731730E 05 0.1408695E
0.3122597E 06 -0.2572816E
-0.2531726E 07 0.2111752E
0.7588980E 07 -0,6386908E

CD(NJ,3) CD(NJ, &)

0.1131355E 04 -0,1350616E
0.3197853E 04 -0,7509432E
-0.5770347E 06 0.1646610E
0.4021512E 03 -0,5698633E
-0.8727325E 02 0.9608088E
-0.6332638E 00 0.2702778E
-0.6890594E 00 0.2589437E
-0.1169582E 01 0.3497865E
0.45721058E 01 -0.2893853E
-0.3709193E 01 0,.2687367E
-0.1252811E 02 0.9311746E
-0.9389562E 00 -0.4567602E
-0.4769246E 00 0.1539471E
-0.1032689E 02 0.4737627E
0.1734677E 04 -0.2765317E
-0.2970861E 05 0.446L42L0OE
0.1748877E 06 -0,2584974E
-0.4125087E 06 0.5917823E
0.3096586E 06 -0.4343267E
-0.2960689E 05 0.3376425E
0.3613880E 06 -0.3937849E
-0.1410560E 07 0.1362827E
0.1738421E 07 -0,1190596E
-0.4569868E 06 -0.1900187E
0.2052351E 05 -0.1627131E
-0,8497768E 06 0.6417504E
0.1404771E 08 -0,1042375E
-0.1032996E 09 0.7598323E
0.2815454E 09 -0.2060415E

00
01
01
01
01
00
04
04
oL
03
02
(13
04
0l
L1
03
03
05
06
07
07

05
05
08
0k
03
01
01
01
02
02
02
01
01
02
05
06
07
07
07
06
07
08
08
07
06
07
09
09
10

CD(NJ, 5)

0.8424815E 05
0.0000000E 00
0.2820441E 06
-0.1299488E 04
-0.7680599E 00
-0.6690906E-03
0.2649824E-03
-0.5287739E-03
0.2301015E-01
0.3939403E-03
-0.5147828E-01
0.1401205E-01
0.4738381E-01
0.1611833E 00
-0.9593486E 04
0.1491038E 05
-0.9329457E 04
0.2305351E 04
-0.1904819E 03
-0.1019487E 05
0.3220142E 05
-0.2891132E 05
0.9689585E 04
-0.1078170E 04
0.1090818E 03
-0.4659340E 04
0.8570825E 05
-0.7088488E 06
0.2158036E 07

CD(NJ, 5)

0.8147603E 05
0.1078225E 07
-0.2705836E 09
0.3603473E 05
-0.3541714E 0L
-0.1313284E 02
-0.1466418E 02
-0.2086277E 02
0.1954983E 03
-0.1454293E 03
-0.43877LLE 03
0.3986344E 02
-0.745462LE 01
-0.1220907E 03
0.1951122E 06
-0.3081020E 07
0.1764671E 08
-0.3970661E 08
0.2875901E 08
-0.1911262E 07
0.2127414E 08
-0.6437761E 08
0.2671202E 08
0.4726599E 08
0.5497548E 06
-0.2095292E 08
0.3337893E 09
-0.2402994E 10
0.6460408E 10

CD(NJ,6)

-0.2026955E 06
0.0000000E 00
0.0000000E 00
0.2842161E Ok
0.8863358E-01
0.6692868E-04
0.0000000E 00
0.0000000E 00

~-0.2861258E-02

-0.3543800E~-03
0.2770314E-01

-0.1466130E-02

-0.8776338E-02

-0.4036320E-01
0.2838957E 05

-0.4623654E 05
0.2960383E 05

-0.7462201E 04
0.6299467E 03
0.3046426E 05

-0.9571915E 05
0.8685406E 05

-0.2937162E 05
0.3290778E 04

-0.1217095E 02
0.5201066E 03

-0.96164 70E 04
0.7997489E 05

-0.2447505E 06

CD(NJ,6)

-0.1949407E 06
-0.8612346E 07
0.2380160E 10
-0.8664879E 05
0.5386795E 04
0.2076036E 02
0.3109081E 02
0.4540653E 02
-0.3773260E 03
0.3126624E 03
0.1097330E 04
~-0.1146492E 03
0.1478646E 02
0.1863487E 03
-0.5137912E 06
0.8029295E 07
-0.4564025E 08
0.1015575€ 09
-0.7292795E 08
0.4282562E 07
-0.4552502E 08
0.1181893E 09
0.2277867E 08
-0.1800811E 09
-0.6808765E 06
0.2432540E 08
-0.3751930E 09
0.2649459E 10
-0.7032983E 10

CD(NJ,7)

0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
-0.1683542E-06
0.0000000E 00
0.0000000E 00
0.1659720E-03
0.3791654E-04
-0,8265964E-02
0.0000000E 00
0.4865755E~03
0.3530115E-02
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00

CD(NJ,7)

0.0000000E 00
0.2938358E 08
-0.8678436E 10
0.0000000E 00
0.0000000E 00
-0.1128720E 01
-0.2001859E 02
-0.2926388E 02
0.2479320E 03
-0.2105257E 03
-0.1237780E 04
0.1300661E 03
-0.9046825E 01
-0.1141363E 03
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00

CD(NJ, 8)

0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.1289575E-02
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00

CD(NJ,8)

0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
-0.1106946E 02
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.4923961E 03
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00

CD(NJ,9)

E 00
E

00

00000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
-0.8201556E-04
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00

CD(NJ,9)

0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00




WEAK INTERACTION COEFFICIENTS

cc(1,Ld)
cc(2,Ld)
CC(3,LJ)
CC(u,Ld)
cc(5,Ld)

CcC(My, 1)

0.17241990E 01
0.66196978E 00
0.15666942E 01
-0.24827699E 01
0.88014036E-01

PROFILES COEFFICIENTS

ATTACHED FLOW

CD( 1,NK)
CD( 2,NK)
cD( 3,NK)
CO( 4,NK)
CD( 5,NK)
cD( 6,NK)

CD(10,NK)
CD(11,NK)
CD(12,NK)
CD(13,NK)
CD(14,NK)
CD(15,NK)
CD(16,NK)
CD(17,NK)
CD(18,HK)
CD(19,NK)
CD(20,NK)
CD(21,NK)
CD(22,NK)
CD(23,NK)
CD(24,NK)
CD(25,NK)
CD(26,NK)
CD(27,NK)
CD(28,NK)
CD(29,NK)

SEPARATED

CD( 1,NK)
Co( 2,HK)
CD( 3,NK)
CD( &, NK)
CD( 5,NK)
cD( 6,NK)
cD( 7,NK)
CD( 8,NK)
CD( 9,NK)
CD(10,NK)
CD(11,NK)
CD(12,NK)
CD(13,NK)
CD(14,NK)
CD(15,NK)
CD(16,NK)
CD(17,NK)
CD(18,NK)
CD(19,NK)
CD(20,NK)
CD(21,NK)
CD(22,NK)
CD(23,NK)
CD(24,NK)
CD(25,NK)
CD(26,NK)
CD(27,NK)
CD(28,NK)
Cp(29,NK)

CD(NJ,1)

0.1890959E 01
0.1722617E 01
-0.1002562E 02
0.5041592E 00
-0.5441587E 02
0.2377678E 00
0.3582686E 00
0.9794896E 00
0.1306113E 01
0.1108829E-03
0.1213817E 00
0.1498178E 01
0.3948658E 00
0.2023109E 00
0.4653913E 00
-0.1143591E 00
0.2075782E-01
-0.3533739E-02
0.3253840E-03
-0.3879510E 00
0.2705689E 00
-0.1307030E 00
0.3078758E-01
-0.2681780E-02
0.143348LE 04
-0.1635783E 05
0.9628857E 05
~0.2850275E 06
0.3352595E 06

FLOW
CD(NJ, 1)

0.1897599E 01
0.3323193E 01
-0.9219592E 02
=0.4791203E 00
~0.5420684E 02
0.2374196E 00
0.3573910E 00
0.9766272E 00
0.1307616E 01
-0.6320771E-03
-0.2792692E 00
0.1501420E 01
0.3968561E 00
-0.4395904E 00
-0.1899182E 01
0.7324728E 01
-0.1980480E 02
~0.4500490E 02
0.8263504E 02
-0.5813166E 02
0.7871003E 03
-0.3897785E 04
0.7280035E 04
-0.449898LE 04
0.1427330E 04
-0.1628311E 05
0.9585217E 05
-0.2838471E 06
0.3341166E 06

CC(MJ, 2)

0.16341772E
0.10341641E
-0.43954992E
-0.79538545E
-0.33026561E

CD(NJ, 2)

-0.4539928E 02
-0.1293621E 02
-0.3195771E 02
-0.3680L49E 01
-0.2095991E 01
0.1192232E 00
0.1783417E 00
0.4794356E 00
-0.6488384E 00
0.5039683E 00
-0.5129218E-01
0.2735725E 00
0.2103243E 00
-0.2588326E-01
-0.1871937E 01
-0.1568937E 01
0.1646902E 01
-0.4716078E 00
0.4345988E-01
0.4230008E 01
-0.4605089E 01
0.3389947E 01
-0.1084396E 01
0.1179943E 00
-0.6572239E 02
0.1352357E 04
-0.9379966E 04
0.2883569E 05
-0.3307363E 05

CD(NJ, 2)

-0.4524365E 02
-0.7789360E 02
0.3525784E 04
-0.1339344E 02
0.2185803E-01
-0.2527624E 00
-0.3340032E 00
-0.9157787E 00
0.1303407E 01
-0.9183089E 00
0.2336680E 01
-0.6862806E 00
-0.3624773E 00
0.2988233E 01
0.6247581E 01
0.2047805E 03
-0.1890759E 04
0.6368727E 04
-0.5693217E 04
0.1977445E 04
-0.2628780E 05
0.1215494E 06
-0.2124850E 06
0.1236664E 06
0.1564376E 03
-0.1833480E 04
0.7363718E 04
-0.8926894E 04
-0.4315517E 04

SW -0

CC(MJ,3)

01 0.187988U46E
01  0.16064856E
01  0.30966854E
01 0.28607301E
01 0.16812727E

CD(NJ, 3)

b

. 400

00
01

01
01

CD(NJ,4)

0.4979707E 03 -0,2896391E 04
0.4496427E 02 -0.5944349E 02
0.1309435E 04 -0,7169710E 04

-0.1735736E 01
-0.2522788E 01
-0.2050001E-01

0.1288671E
0.3614362E
0.1343508E~

03
01
02

-0.1401867E-01 -0,3378159E-02

0.3276316E-01

0.5475098E~

02

0.3868538E 00 -0,1132663E 00

-0.1188545E 00

0.1676002E~

01

0.2020438E-01 -0,1137002E-01

-0.3589206E-01

0.1055891E~

02

0.1196742E-01 -0,1169746E-01
0.2810809E 00 -0.4119822E 00

-0.3257975E 02

0.3811770E

03

0.6370317E 02 -0.6287818E 03

-0.4342230E 02

-0.1047340E 01

0.4121735E
0.9869983E

03

.1153567E 02 -0,1086161E 03

01

0.1773375E 01 -0.2316159E 03
0.3236896E 02 -0.8896258E 02

~0.4360804E 02

0.2952515E

03

0.1686007E 02 -0.1298380E 03

-0.1998619E 01

0.1616374E

02

0.1958544E 03 -0.1971815E 03

-0.3494562E 04

0.3464075E

04

0.2654369E 05 -0.2719438E 05

-0.9226965E 05

0.9864676E

05

0.1205212E 06 -0.1346120E 06

CD(NJ, 3)

0.49248LLE 03 -
0.1218054E 04 -
-0.6646462E 05
0.2854365E 03 -
0.1449370E 03 -
0.2596845E 00 -
-0.6353008E 00
-0.9998776E 00
0.499LTULE 01 -
-0.3229979E 01
~0.5196L95E 02
0.3760630E 01 -
-0.44LB359E 00
-0.5528253E 02
0.2579342E 03 -
-0.6090050E 04
0.4298461E 05 -
-0.1168204E 06
0.942696LE 05 -
-0.2549803E 05
0.3343718E 06 -
-0.1487074E 07
0.2494641E 07 -
-0.1391669E 07
-0.2229566E 04
0.5534350E 04
0.7160635E 05 -
-0.4660560E 06
0.7884026E 06 -

CD(NJ, &)

0.2842915E
0.1154834E
0.6823332E
0.2074368E
0.7150365E
0.5330518E
0.2171027E
0.1727310E
0.3311500E
0.2372135E
0.3970874E
0.3786911E
0.1134214E
0.3788677E
0,.2888373E
0.5320903E
0.3487530E
0.8808625E
0,6816561E
0.1605861E
0.2083237E
0.9026096E
0.1469919E
0.7931024E
0.7756496E
0.5786240E
0.1119410E
0.5229819€
0.7977646E

oL
05
06
o4
03
01
01
01
02
02
03
02
01
03
04
05
06
06
06
06
07
07
08
07
o4
05
07
07
07

CD(NJ,5)

0.8587521E 04
0.0000000E 00
0.1204925E 05
-0.5689027E 03
-0.1379924E 01
0.2974451E-0k
0.8037465E-03
-0.1559927E-02
0.1743565E-01
-0.1326236E-02
0.4041757E-02
0.1083242E-02
0.2773902E-01
0.3391295E 00
-0.1534942E 04
0.2576037E 04
-0.1702281E 04
0.4518616E 03
-0.4134529E 02
0.1239675E 04
=0.7320907E 02
-0.9511889E 03
0.4674689E 03
-0.6052213E 02
0.7116502E 02
-0.1253529E 04
0.1000605E 05
-0.3703998E 05
0.5160823E 05

CO(NJ, 5)

0.8370841E 04
0.5913657E 05
-0.3628416E 07
0.6787196E 0y
0.1381561E 04
0.2199028E 02
-0.1290759E 02
-0.1431357E 02
0.2059565E 03
-0.1294306E 03
-0.1636322E 04
0.1499297E 03
-0.589414LE 01
-0.1387051E 04
0.1152338E 05
-0.1973872E 06
0.1247920E 07
-0.3037547E 07
0.229819LE 07
-0.4954733E 06
0.6373055E 07
-0.2709794E 08
0.4314467E 08
-0.2265406E 08
0.1654325E 05
-0.7871328E 06
0.7602373E 07
-0.2952993E 08
0.4127352E 08

CD(NJ,6)

CD(NJ,7)

CD(NJ,8)

-0.1017739E 05 0.0000000E 00 0,0000000E
00 0 00 0. E

0. 0
0.0000000E 00
0.8121652E 03
0.1623573E 00
0.0000000E 00
-0.4002901E-04
0.1899216E-04
~0.1109170E-02
0.6181496E-04
~0.6831059E-03
-0.2261844E-03
-0.9345412E-02
~0.1376135E 00
0,2196385E 04
-0.3822955E 04
0.2569708E 04
-0.6899420E 03
0.6369726E 02
-0.2071842E 04
0.5795192E 03
0.1123021E 04
-0.6241909E 03
0.8404975E 02
-0.8241472E 01
0.1457753E 03
-0.1175125E 04
0.4400469E OU
-0.6204315E 04

CD(NJ,6)

-0.9860314E 04
-0.1247853E 06
0.7817852E 07
-0.8448218E 04
0.5007945E 03
-0.5807538E 02
0.2739552E 02
0.3406317E 02
-0.3848120E 03
0.2736879E 03
0.3617685E 04
~-0.2848862E 03
0.1193435E 02
0.2787650E 04
-0.1620546E 05
0.2688913E 06
-0.1663984E 07
0.3961850E 07
~0.2956092E 07
0.5992000E 06
-0.7655499E 07
0.3209328E 08
-0.5020004E 08
0.2577065E 08
-0.8671532E 05
0.1735227€ 07
-0.1371340E 08
0.4860147E 08
-0.644603LE 08

0.0000000E
0.0000000E
0.0000000E

00
00
00

0.0000000E
0.0000000E
0.0000000E

0.0000000E 00 0.0000000E
0 0.0 E

CD(NJ,9)

0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00

0. E
0.0000000E
0.0000000E
0.0000000E

0.4391901E~
0.4548707E~
0.8921603E~
0.2600099E~

0.0000000E
0.0000000E

0

00
00
00
04
05
03
01
00
00

0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
-0.184692LE~
0.0000000E
8.00000005

0.

0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00

0. 0000E
0.0000000E 00

0. 0 . E
0.0000000E 00 0.0000000E
00 o

0.

0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E

CD(NJ,7)

0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.8554100E
-0.1736563E
~0.2216L2LE
0.2483550E
=0.1802585E
~0.3948061E
0.2270798E
~0.7204075E
-0.2857043E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E

00
00
00
00
00
00
00
0o
00
00

00
00
00
00
00
02

02

0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E

CD(NJ, 8)

0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
-0.4802383E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.1666447E
0.0000000E
0.0000000E
0.1164956E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E
0.0000000E

00
00
00
00
00
02
00
00
00
00
ou
00
00
o4
00
00
00
00
00
00
00
00
00

0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00

CD(NJ,9)

0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00

0.

0. E 00

0

0.0000000E
0.0000000E
0.0000000E
0.0000000E

0.

0.0000000E
0.0000000E
0.0000000E
0.0000000E

00
00
00
0o
00

0. E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00
0.0000000E 00




WEAK INTERACTION COEFFICIENTS

CC(MJ, 1) CC(MJ, 2)
CcCc(1,Ld) 0.17241549E 01  0.16336767E
cc(2,Ld) 0.6618398LE 00 0.68881285E
cC(3,Ld) 0.12964274E 01 ~0.38444666E
CC(4,Ld) -0.19024384E 01 -0.56515150E
cc(s,Ld) 0.11233793E 00 -0.40482835E

PROFILES COEFFICIENTS

ATTACHED FLOW

CD(NJ, 1) CD(NJ, 2)

CD( 1,NK) 0.2912912E 01 -0.4926310E 02
cDC 2,NK) 0.3273021E 01 -0.2329704E 02
CD( 3,NK) -0.2156118E 02 0.1467479E 03
CD( 4,NK) 0.8781807E 00 -0.4438156E 01
CD( 5,NK) -0.5922720E 02 -0.4145298E 01
CD( 6,NK) 0.2287921E 00 0.1301224LE 00
cD( 7,NK) 0.3435018E 00 0.1940737E 00
CD( 8,NK) 0.9289087E 00 0,5195834E 00
CcD( 9,NK) 0.1359245E 01 -0.7727751E 00
CD(10,NK) 0.4504812E-04 0.5167260E 00
CD(11,NK) 0.1320599E 00 -0.6178326E-01
CD(12,NK) 0.1485940E 01 0.2899080E 00
CD(13,NK) 0.3749805E 00 0.1988605E 00
CD (14, NK) 0.2026946E 00 0.2772013E-01
CD(15,NK) 0.8386147E 00 -0.3218976E 01
CD(16,NK) -0.2907772E 00 -0.1106967E-01
CD(17,NK) 0.9671567E-01 0.9828481E 00
CD(18,NK) -0.2451961E-01 -0.3644711E 00
CD(19,NK) 0.2592060E-02 0.3896356E-01
CD(20,NK) -0.8068393E 00 0.6082048E 01
CD(21,NK) 0.6740213E 00 -0.6474544E 01
CD(22,NK) -0.3692193E 00 0.4688066E 01
CD(23,NK) 0.9674753E-01 -0.1581751E 01
CD(24,NK) -0.9367635E-02 0.1876195E 00
CD(25,NK) 0.1096584E 04 -0.8045093E 01
CD(26,NK) -0.8769525E 04 0.2421282E 03
CD(27,NK) 0.3608967E 05 -0.7815559E 03
CD(28,NK) -0.745421LE 05 0.2344541E 03
CD(29,NK) 0.6108326E 05 0.1337067E 04

SEPARATED FLOW
CD(NJ, 1) CD(NJ,2)

CD( 1,NK) 0.2909518E 01 -0.4886837E 02
CcD( 2,NK) 0.5141833E 01 -0.8298115E 02
CD( 3,NK) -0.1245110E 03 0.4230522E 04
CD( 4,NK) -0.8496940E 00 -0.7339845E 01
cD( 5,NK) -0.5916951E 02 -0.1020833E 01
CD( 6,NK) 0.2284925E 00 -0.2009035E 00
cD( 7,NK) 0.3430975E 00 -0,2905073E 00
CcD( 8,NK) 0.9289307E 00 -0.7613208E 00
CcD( 9,NK) 0.1354212E 01 0.2088778E 01
CD(10,NK) 0.4996032E~-03 -0,9259158E 00
CD(11,NK) -0.2465702E 00 0.2111875E 01
CD(12,NK) 0.1478838E 01 0.5804386E-01
CD(13,NK) 0.3749648E 00 -0.3245716E 00
CD(14,NK) ~0.3676629E 00 0.2578781E 01
CD(15,NK) -0.9161282E 00 -0.3599497E 02
CD(16,NK) -0.1548636E 02 0.8185512E 03
CD(17,NK) 0.1027102E 03 -0.4963265E 04
CD(18,NK) -0.3317432E 03 0.1250726E 05
CD(19,NK) 0.3040754E 03 -0,9872160E 04
CD(20,NK) -0.7214920E 02 0.1529336E Ok4
CD(21,NK) 0.9483078E 03 -0.1926623E 05
CD(22,NK) -0.4561980E 04 0,8305068E 05
CD(23,NK) , 0.8084584E O4 -0.1281226E 06
CD(24,NK) -0.4630762E 04 0.6085132E 05
CD(25,NK) 0.1096595E 04 0.1006430E 03
CD (26, NK) -0.8781634E 04 -0.6067462E 03
CD(27,NK) 0.3620337E 05 0.5393227E 03
CD(28,NK) -0.7493679E 05 0.3286809E 04
Cp(29,NK) 0.6155607E 05 -0.6041636E 04

- 45-

SW -0.600

CC(MJ, 3)

01  0.28211760E 00
00 0.16060264LE 01
01 0.27738795E 01
01 0.22147183E 01
01 0.20676102E 01

CD(NJ, 3) CD(NJ, &)

0.3786752E 03 -0.1538372E 04
0.8807365E 02 -0.1702461E 03
-0.3234761E 03 0.1153358E 01
-0.2950157E 01 0.8575444LE 02
0.8924835E 00 0.1384278E 01
~0.2461319E-01 0.1770436E-02
-0.1894793E-01 -0.2723700E-02
0.3390965E-02 0.3412923E-01
0.5148797E 00 -0,1901181E 00
-0.1304416E 00 0,1861089E-01
0.3008609E~01 -0.2082683E-01
-0.3139439E-01 -0.2605892E-02
0.5265136E-01 -0.5793720E-01
0.1615620E 00 -0.3319475E 00
-0.1687463E 02 0.1641024E 03
0.3464562E 02 -0.2657899E 03
-0.2736865E 02 0,1946148E 03
0.8308698E 01 -0.5787398E 02
-0.8552632E 00 0.5936780E 01
0.1817016E 01 -0.1585094E 03
0.1907022E 02 0.3329749E 02
-0.3105003E 02 0.1131745E 03
0.1386276E 02 -0.6620826E 02
-0.1873053E 01 0.9768003E 01
0.5126657E 02 -0.7884082E 02
-0.7263963E 03 0.1009388E 04
0.3478544E 04 -0.5371450E 04
-0.6849587E 04 0.1279094E 05
0.4491345E O4 -0.1122879E 05

CD(NJ, 3) CD(NJ, 4)

0.3732008E 03 -0.1507484LE 04
0.8889820E 03 -0.5740300E 04
-0.7457459E 05 0.7629208E 06
0.1349612E 03 -0.6970823E 03
0.1422166E 03 -0.6091092E 03
-0.2089189E 00 -0.1598114E 01
-0.4727668E 00 -0.7567150E-01
-0.1135972E 01 0.3969454E 00
-0.1437306E 02 0.1291994E 03
0.1463316E 01 -0.2091992E 02
-0.4722626E 02 0.3566528E 03
-0.8503183E 01 0.5561031E 02
-0.9513976E-02 -0.1888377E 01
-0.5045329E 02 0.3522822E 03
0.5733518E 03 -0.3196122E 04
-0.9944634E Ob 0.5170174E 05
0.5829898E 05 -0.2972322E 06
-0.1373556E 06 0.6780007E 06
0.1033065E 06 -0.4977598E 06
-0.1258521E 05 0.5128922E 05
0.1522028E 06 -0.5965242E 06
-0.5986695E 06 0.2150248E 07
0.7932605E 06 -0.2352134E 07
~0.2747559E 06 0.3549774E 06
-0.6735957E 03 -0.2850148E Ob
-0.1115663E 05 0.1455155E 06
0.1061284E 06 -0.1043407E 07
-0.3222858E 06 0.2941699E 07
0.3327236E 06 -0.2927467E 07

CD(NJ, 5)

0.3178047E 04 -0
0.1325679E 03
0.5568568E 03 0
-0.2576340E 03 0
-0.8245806E 00 0
0.6514634E-04 0
0.6378561E-03 0
-0.1199552E-01 0
0.4522400E-01 -0
-0.9351079€E-03 0
0.8576700E-02 -0
0.3986596E-03 0
0.6256018E-01 -0
0.3865422E 00 -0
-0.4651708E 03 0
0.7754127E 03 -0
-0.5712381E 03 0
0.1708120E 03 -0
-0.1762838E 02 0
0.5768040E 03 -0
-0.2952040E 03 0
-0.1938941E 03 0
0.1529667E 03 -0
-0.2426922E 02 0
0.3563249E 02 -0
-0.4504390E 03 0
0.2478582E 04 -0
-0.6207325E 04 O
0.5789452E 04 -0

CD(NJ, 5)

0.3099419E
0.1993020E

CD(NJ,6)

.2619741E 04

0.0000000E 00

.0000000E 00
.252146LE 03
.1202995E 00
.0000000E 00
.0000000E 00
.1101652E-02
.6614011E-02
.0000000E 00
.1622709E-02
.N000000E 00

+2171938E-01
. 204666 1E 00
+.4576787E 03

.8014759E 03
.6024168E 03

.1822878E 03
.1898196E 02
.6518139E 03

.4398936E 03

.1059963E 03

.1318497E 03
.2254204E 02
.4847029E 01
.6123190E 02
.3423312E 03
.8764991E 03
.8383043E 03

CD(NJ,6)

-0.2545003E 04
.2843864E 05

-0.4536592E 07 0.1453778E 08
0.1580489E 0k -0.1355198E 04
0.8730449E 03 0.1119307E O4
0.8232807E 01 -0.3188295E 02
0.1766312E 00 -0.9095745E 01

0.9600368E 00 -0
-0.4618336E 03
0.8041362E 02 -

2038090E 02
031769E 04

12270987E 03

-0.1454021E O4 0.3169413E 04
-0.2109996E 03 0.4587796E 03
0.3256014E 01 -0,1269779E 01
-0.1321927E 04 0.2724077E 04
0.7874599E 04 -0.7247282E 04
-0.1238868E 06 0.1124335E 06
0.7032547E 06 -0.6326867E 06
-0.1574131E 07 0.1398946E 07

0.1139199E 07 -0
-0.1035331E 06 O
0.1161088E 07 -0
-0.3839439E 07 0
0.3232138E 07 -0
0.6032597E 06 -0
0.3914419E 05 -0
-0.7473870E 06 0
0.4590832E 07 -0
-0.1200562E 08 0
0.1148841E 08 -0

.1002952E 07
.8266353E 05
.8966303E 06
.2720323E 07

.1538590E 07
.1390782E 07

.8862825E 05
.1198158E 07
.6559986E 07
.1618463E 08
.1495228E 08

CD(NJ, 7) CD(NY, 8) CD(NJ,9)
0.0000000E 00 0.0000000E 00 0.0000000E
00 0. 00 0. E
0. E 00 0. 00 0.
0.0000000E 00 0.0000000E 00 0.0000000E
0. 00 0. 00 0.0000000E
0.0000000E 00 0.0000000E 00 0,0000000E
00 0. 00 0.0000000E
0. 00 O. 00 0.0000000E
0.4516236E-03 0.0000000E 00 0.0000000E
0. 00 0. E 00 O. E
0.1126484E-03 0.0000000E 00 0.0000000E
0. E 00 O. 00 0.0000000E
0.2360651E-02 0.0000000E 00 0.0000000E
0.4815844E-01 -0.4163511E-02 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.00 E o0 O. E 00 0.0000000E
0.0000000E 00 ©0.0000000E 00 0,0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 ©0.0000000E 00 0.0000000E
0.0000000E 00 ©0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
CD(NJ, 7) CD(NJ,8) CD(NJ,9)
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0,0000000E 00 0.0000000E
-0.1940401E 08 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.5967343E 02 -0.3752324E 02 0.0000000E
0.2978683E 02 -0,2294712E 02 0.0000000E
0.5775402E 02 -0.4223102E 02 0.0000000E
-0.1235459E Ok 0.6075875E 03 0.0000000E
0.3925155E 03 -0.2503818E 03 0.0000000E
-0.3399746E 04 0,1407967E 04 0.0000000E
-0.5548839E 03 0,3247883E 03 0.0000000E
0.0000000E 00 0,0000000E 00 0.0000000E
-0.2863049E 04 0,1199299E 04 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0,0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0,0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0,0000000E
0.0000000E 00 0,0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0,0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0.0000000E 00 0.0000000E
0.0000000E 00 0,0000000E 00 0.0000000E
0.0000000E 00 0,0000000E 00 0.0000000E
0.0000000E 00 ©0.0000000E 00 0.0000000E
0.0000000E 00 ©0.0000000E 00 0.0000000E

00




WEAK

cc(1,
cc(z2,
cc(s,
cC(u,

INTERACTION COEFFICIENTS

LJ)
LJ)
LJ)
LJ)

cc(s5,Ld)

CC(My,1)

0.17240300E 01
0.66210007E 00
0.10223600E 01
=-0.13357601E 01
0.12736001E 00

PROFILES COEFFICIENTS

ATTACHED FLOW

1,NK)
2,NK)
3,NK)
4,NK)
5,NK)
6, NK)
7,NK)
8,NK)

( 9,NK)

CD(10,NK)
CD(11,NK)
CD(12,NK)
CD(13,NK)
CD(1k,NK)
CD(15,NK)
CD(16,NK)
CD(17,NK)
CD(18,NK)
CD(19,K)
CD(20,NK)
CD(21,NK)
CD(22,NK)
CD(23,NK)
CD(24,NK)
CD(25,NK)
CD (26, NK)
CD(27,NK)
CD(28,NK)
CD(29,NK)

SEPARATED

co(

1,NK)
2,HK)
3,NK)
4, NK)
5,HK)
6, NK)
7,NK)
8,NK)
9, NK)

CD(10,NK)
CD(11,1K)
CD(12,NK)
CD(13,NK)
CD(14,HK)
CD(15,NK)
CD(16,NK)
CD(17,RK)

cn(1
co(1
cD(2
cn(2
co(2
cD(2
cn(2
co(2
cb(2
cD(2

8,NK)
9,NK)
0,NK)
1,NK)
2,NK)
3,NK)
4,NK)
5,HK)
6, NK)
7,NK)

CD(28,NK)

cn(2

9, NK)

cD(iy, 1)

0.4267743E 01
0.3678075E 01
~0.2560494E 02
0.1467029E 01
-0.7406826E 02
0.2139569E 00
0.3199875E 00
0.860622LE 00
0.1457706E 01

0.1699928E-03

0.149184LE 00
0.1458878E 01
0.3456743E 00
0.2202414E 00
0.1407069E 01
-0,6501719E 00
0.3130033E 00
-0.9878188E~-01
0.1199229E-01
-0.1683068E 01
0.1676513E 01
-0.9765148E 00
0.2607175E 00
-0,2522801E-01
0.1168381E 04
~0.7864746E O
0.2686553E 05
~0.4549103E 05
0.3025512E 05

FLOW

CD(NJ,1)

0.4370443E 01
0.7663401E 01
=0.1327965E 03
=0.190491LE 01
-0.7387666E 02
0.2135439E 00
0.3192735E 00
0.8590445E 00
0.1458739E 01
~0.4281918E-03
=-0.2560153E 00
0.1493762E 01
0.3419051E 00
-0.3325813E 00
-0.1339615E 02
0.1282109E 03
~0.4871962E 03
0.6506949E 03
-0.2823281E 03
~0.9480354E 02
0.1372878E 04
~0.6633544E 04
0.1167855E 05
-0.6705450E, 04
0.1165101E 04
~0.7841081E 04
0.2678362E 05
-0.4536228E 05
0.3018369E 05

CC(MJ,2)

0.16328401E
0.3426000L4E
.314874L02E
-0.38105902E
~-0.49017400E

CD(NJ,2)

-0.6157092E 02
-0.1468022E 02
0.1530367E 03
-0.6195428E 01
-0.4025508E 01
0.1446306E 00
0.2109286E 00
0.5360091E 00
-0.9707156E 00
0.5347523E 00
-0.7996785E-01
0.3382785E 00
0.1563510E 00
-0.1412186E 00
-0.4673536E 01
0.1475198E 01
0.1494366E 00
-0.1552839E 00
0.1991355E-01
0.1160509E 02
-0.1464785E 02
0.1050139E 02
-0.3544685E 01
0.4379843E 00
-0.5137349E 02
0.6340898E 03
-0.2469258E 04
0.4179989E 04
-0.2604553E Ou

CD(HJ,2)

=0.6347748E 02
-0.1140055E 03
0.3377002E 04
-0.1067966E 02
-0.1072111E 02
-0.2132991E 00
=-0.2346050E 00
-0.6518702E 00
0.9495550E 00
~0.2821226E 00
0.3724676E 01
=0.1767776E 01
-0.2557996E 00
0.3927558E 01
0.2044382E 03
-0.1988905E 04
0.6580105E 04
~0.7368958E 04
0.2479061E 04
0.3153088E 04
-0.3996389E 05
0.1697725E 06
=0.2751445E 06
0.1495183E 06
0.1727296E 03
-0.4372172E 03
=0.1422032E O
0.6879550E O
=0.7077070E 04

s &y

S\ -0.800

CcC(MJ, 3)

01 0.37953001E 00
00 0.16127500E 01
01 0.24413504E 01
01 0.15732300E 01
01  0.28740501E 01

CD(NJ, 3)

0.3985996E 03
0.2683578E 02
-0.3518975E 03
-0.1534790E 01
-0,8562842E-01
-0.2676441E-01
~0.1466506E-01
0.2517679E-01
0.6568u454E 00
-0.1442540E 00
0.4553073E-01
-0,3709781E-01
0.2181642E
0.9620319E 00
-0.1446585E 02
0.2731601E 02
=0.2222988E 02
0.7365338E 01
~0.8434880E 00
-0.1875526E 02
0.6020643E 02
-0.6316760E 02
0.2584793E 02
=0.3579971E 01
0.1105750E 03
=0.1241206E 04
0.5331488E 04
~0.1009791E 05
0.7039856E 04

CN(NY,3)

0.4123527E 03
0.118740LE 04
=0.4345064E 05
0.2121764E 03
0.2613652E 03
0.1138919E 01
=-0.4170284E 00
0.2339219E 00
0.7940913E 01
-0,8527181E 01
-0.5782386E 02
0.1669609E 02
0.3926206E 00
-0.5590923E 02
=0.1321417E 04
0.1249225E 05
-0.3659682E 05
0.3278942E 05
-0.5955044E 04
2889168E 05
.3520345E 06
=0.1432383E 07
0.2250239E 07
=0.1195494E 07
-0.1031099E 04
=-0.1610338E 05
0.1235789E 06
-0.3028460E 06
0.2506001E 06

CD(NJ, &)

-0.1343925E 04
-0.1844423E 02
0.2906592E 03
0.6636170E 02
0.2191791E 01
-0.4000408E-03
-0.8910706E-02
0.3501240E-01
-0.2256523E 00
0.1828404E-01
-0.3123530E-01
-0.3751733E-01

0 -0.2988359E 00

-0.1980170E 01
0,1234345E 03
-0.1884711E 03
0.1401812E 03
-0.4504640E 02
0.5118777E 01
-0.5216923E 02
-0.1403068E 03
0.2279887E 03
~-0.1064026E 03
0.1565586E 02
=0.1139075E 03
0.1233086E 04
-0.5525328E 04
0.1106101E 05
~-0.8172907E 04

CD(NJ, )

=0.1391791E 04
=0.7749337E 04
0.3163644E 06
-0.1001222E 04
=0.1094471E 04
-0.1332634E 02
0.2279195E 01
-0.4640319E 01
-0.5884376E 02
0.7148799E 02
0.3630224E 03
=0.7623469E 02
~0.4484LSTE 01
0.3113539E 03
0.4329795E 04
-0.3935768E 05
0.1026630E 06
0.6661459E 05
+7745866E 04
0.1169091E 06
-0.1396610E 07
0.5560625E 07
-0.8594286E 07
0.4510065E 07
~0.5022015E 04
0.1954570E 06
=0.1141430E 07
0.2572666E 07
=-0.2044715E 07

CD(NJ,5)

0.2273664E 04
0. 00

0,0000000E 00
-0.1589657E 03
~0.1166896E 01

0.5829025E-03

0.1796173E-02
-0.1492288E-01
0.4103874E-01
0.5143890E-03
0.1001542E-01
0.5194626E-01

0.2390384E 00

0.2110243E 01
-0.2802988E 03

0.4504433E 03
-0.3394885E 03

0.1098691E 03
=0.1256854E 02

0.2128265E 03

0.1643352E 03
=0,4171379E 03

0.2128204E 03
-0.3254103E 02

0.4793986E 02
-0.5144517E 03

0.2355393E 04
-0.4852531E 04

0.3696934E Ou

CD(NJ,5)

0.2354332E 04
0.2938108E 05
=0.1304398E 07
0.1991677E 04
0.1428890E 04
0.6415286E 02
-0.1871977E 02
=0.1722493E 01
0.2752751E 03
~0.3206760E 03
~0.1294467E 04
0.8610224E 02
0.1108418E 02
=-0.9633940E 03
=0.7059744E 0
0.6169219E 05
=0.1436605E 06
0.5368195E 05
0.4910963E 05
~0.2199936E 06
0.2596763E 07
=0.1020634E 08
0.1561910E 08
=0.8134053E 07
0.5277018E 05
-0.8476107E 06
0.4269094E 07
-0.9029334E 07
0.6924970E 07

CD(NJ,6) CD(NJ,7) CD(NJ,8) CD(NJ,9)
-2-15185855 g: 0.0000000E 00  0,0000000E 00 0.0000000E 00
0.0000000E 00 0.0000000t 00  9:599988%E 88 8:0888899E 88
0.1215743E 03 0,0000000E 00  0.0000000E 00 0.0000000E 00
0.1791068E 00 0. 00 0. 0. E 00
0.0000000E 00 0.0000000E 00  0.0000000E oo 0.0000000E 00
0. 00 0. E 00 O. 0.0000000E 00
0.1165230E-02 0.0000000E 00  0.0000000E oo 0.0000000E 00
-0.3069945E-02 0,0000000E 00  0.0000000E 00 0.0000000E 00
-0.1396539E-03 0,0000000E 00 0.0000000E 00 0.0000000E 00
-0.7780675E-03 -0,8590212E-04  0.0000000E 00 0.0000000E 00
-0.2203759E-01 0.2932755E-02  0.0000000E 00 0.0000000E 00
-0.8096699E-01 0,9510543E-02  0.0000000E 00 0.0000000E 00
-0.1124021E 01 0.2845030E 00 =0,2739579E-01 0.0000000E 00
0.2184363E 03 0.0000000E 00  0.0000000E 00 0.0000000E 00
-0.3740145E 03 0.0000000E 00  0.0000000E 00 0.0000000E 00
0.2894647E 03 0. 00 o, 00 0. E 00
-0.9506629E 02 0. E 00 0.0 00 0.0000000E 00
0.1099148E 02 0. 00 0.0 00 0. E 00
-0.2029576E 03 0. 00 0. 00 0. E 00
-0.6175170E 02 0.0 00 0. 00 0.0000000E 00
0.2888297E 03 0.0000000E 00 o 0000000E oo 0.0000000E 00
-0,1590093E 03 0. E 00 0.0000000E 00
0.2510894E 02 0.0000000E 00 o 0000000E oo 0.0000000E 00
-0.6807435E 01 0. E 00 . 0.0000000E 00
0.7297830E 02 0. 00  0.0000 oo 0.0000000E 00
-0.3384402E 03 0. 00 0. 00 0. 00
0.7089919E 03 0. E 00 0. E 00 0. E 00
-0.5498604E 03 0,0000000F 00  0.0000000E 00 0.0000000E 00
CD(NJ,6) CD(NJ,7) CD(NJ,8) CD(NJ,9)
-0.1571543E 04 0.0000000E 00  0.0000000E 00 0,0000000E 00
-0.5796773E 05 0.4468747E 05  0.0000000E 00 0.0000000E 00
0.2818322E 07 -0.2456204E 07  0.0000000E 00 0.0000000E 00
-0.1459769E 04 0. 0 v E 00 0. 00
0.1102238E 04 0. 00 0. 00 0. 00
-0.1905997E 03 0.3275771E 03 =-0.2877533E 03 0.9957688E 02
0.4710648E 02 -0,4612138E 02  0.1574676E 02 0.0000000E 00
0.2490831E 02 -0.2803178E 02  0.8816490E 01 0.0000000E 00
-0.4585149E 03 0.2760114E 03  0.0000000E 00 0.0000000E 00
0.6826390E 03 -0.6597211E 03  0.2361735E 03 0.0000000E 00
0.2568210E 04 -0,2564739E Ok  0.9995854E 03 0.0000000E 00
0.2555378E 03 -0,7414084E 03  0.5490654E 03 0.0000000E 00
-0.1536933E 02 0.1410988E 02 ~-0.6026988E 01 0.0000000E 00
0.1685057E 04 -0,1525127€ Ok  0.5515919E 03 0.0000000E 00
0.4544945E 04 0,0000000E 00 0 0000000E 00 0.0000000E 00
-0.3830113E 05 0. 00 00 0. 00
0.7975890E 05 0.0000000E 00 0 0000000E 00 0.0000000E 00
-0.5376768E 04 0. 00 0. 00 0. 00
-0.5096571E 05 0,0000000E 00 0.0000000E 00 0.0000000E 00
0.1571397€ 06 0. E 00 0. 00 0.0000000E 00
-0.1840010E 07 0,0000000E 00  0.0000000E 00 0 0000000E 00
0.7170955E 07 0, E 00 0.0 00 E 00
-0.1090203E 08 0.0000000E 00 ~ 0.0000000E 00 0 0000000E 00
0.5648293E 07 0.0000000E 00 . 00 o 0000000 00
-0.9861953E 05 0. 00 0. 00 E 00
0.1151934E 07 0.0000000E 00 0.0000000E 00 0 0000000E 00
-0.5237721E 07 0. 00 . 00 0.0000000E 00
0.1052920E 08 0. E 00 O. 00 0.00 0E 00
-0.7834236E 07 0.0000000E 00  0.0000000E 00 0.0000000E 00




APPENDIX B

Weak interaction coefficients computation

The four basic differential equations of moment
(eq. T to 10) can be rewritten in the following form with the
hypersonic viscous interaction parameter X as the independent

variable

Y+1
dM l+m 2(v-1] M3tgG
aA aF da , OF db A e _ 1 ® «
F =— + A( + == —) + f — —= = = |FA - 2( ) ,
- da — b - M- - 1+m -
dx dx dx e dx X e m_ X
3y~-1
2(y=1)
da dg da 22+1-E,, Me 1 2 l+m, M,P
B2 age S (ST === 2 B - 2(qey) M_a »
dx dx e dx X e e
(B1)
3y-1
2{7-15
+ M R
;48 , , 4 a2 da (3J-2T*) M L1, 2(1 B -
= I 38 = — =z - T szl
ax d%Z da ax Me iz - l+m e
3y-1
2(yv=1 -
+ M
* dn 37* aa . a7 av, . mFa Mo 1 | % lem, '
Tt &2 4 A (= 22 =) 4 == |T'a - 2( ) —
- a .— 9db _— M - - 1+ M_A
dx dx d e dx X e
Re GT X
where A =
M3c
_ M
and X = .




- }'8 -

Expansions in powers of Y about the zero pressure gradient

Blasius solution are assumed of the form :

= - =3
M = M_(1 + mpx + mox*® + ...) ,
WI

Aw1= 50(1"‘ 51-X-+€2-X-2 Log;+62;2+ T ) N

(B2)

- v £
ayr = 20 * 81X + 85X + see

b

41 = Do * DX + boXZ + e "

Here the logarithmic term in the expansion for 4 has been found
necessary because of the singular nature of a particular solu-

tion of equations Bl. It may be shown (ref. 8) that :

2
s - $,L08 8¢9 (B3)

-

52=

After introducing these expressions (B2) into equations (Bl) the
unknown coefficients are determined by equating terms of the

same power in ; up to the second degree in ;.

The integral functions of velocity and total enthalpy

profiles are found by Taylor expansions in the neighbourhood

of the Blasius point (a_ and bB). For example :

B

2
a = 8ajg 2”,
B(a) = B+ (a - ag) () + (—5—) (=) 4.,
B da?
B
or
ol
. - - 2y,
B 1'3a & 2'3a " 2 gz .

(BY)



and for T(a,b) :

aT 9T 0T aT
T = a— ol s skl
(a,b) TB + al(aa) + bl(ab 5 X + az(aa)B bo (3b ’ coe
2 2 B
aj 2 2 2
32T 327 327 | |=»
cee v 3 ( . + == | 2) + a1b1(3:33) X 5
da B ab B B

(B4 cont'd)

4E a1 3T
da’ 3a’ 93b°?
available using the polynomial expressions resulting from the

Derivatives of the first order ( etc. ) are directly

curve-fits of the similar solutions, (see section 2-5), whilst

d2® 32T 32T
9 9

da? 23a? 3b?

by differentiation of the polynomial expression of the first

are obtained

derivatives of the second order such as

order derivatives,

The following expressions for the coefficients in the

coordinate expansions of equations (B2) are found :

Oth degree in x coefficients :
(#R)g = (PI), (35)
P 1/2
5, = (=2 , (B6)
*B
P
= "B ¥
by = Pr_ ap 7, SO (BT)

Since Z, R, P, J are polynomial functions of a, the value of aj

may be found from (B5) using an iteration procedure.



st

1 degree in ; coefficients
-(y=1)(1+m_) 1+m
m = mpy + ( Jm) p ’ (B8)
hva’MZ- 1 Do
with mi, = XBGO s
mpz = (l . E)B 60 .
61 = (d; - Ky)my (B9)

da B
. B B
with dll = . iR 37 "
A (E—) v JB(E;
B B B
m
g Y =1 ®
&4 Yy - 1 (l + mw) °
a; = a))|m s (B10)
2 —
60[J(1-E-Z)+2?~GT1
. B B B B
with a)) L .
S T IR AT
B B
b; = b;m s (B11)
da
(d&)B
with bll = bo —_— a1 + dll .
a
B
nd . - ..
2 degree in x coefficients
VMi - 1 mm 1 2 ( )
my; = mp) |m; + mj] 5 B1l2




802

B

with mpy; = >

2
a, = (ap) + Kjazy)mp + (a;; - az2)m;

where a,; and a,; are given by the following relations :

- . - D ajq
+
az] = [1 - (2? E)] a;1d;; + " L S 1 = =
(B - C) B - C) 2(B - C)
A (B + C
Qz2 ® =% (- -)
C (B - C)
where
A=J % (1 - E) 2% ¥
- YB|®B T - Bl - B B ’
- a% aJ
B =J (=) =% (=) R
B'da’, B da’
- 2 |y (4R ap
C = = (=) = J_(=—)
2
52 B da’, B da' g
- 2 2y 2 2R a2p
b=f2, (0= - &) L 23R - a5
da B da B 80 da B da
Ead 2 (37 « 2t%) =3 (2% + 1 - E)
B 9a " B da B
% o do a7
F = Jpop(5y) 28 a5 (55)

(B13)




- 5p =

2
€, = (dp1 + Kydapo + Ko)my + (Ky = d2)mp ’ (B1k)
with
_ _3y-1 = 5y=3 "=
K2 = 203-1) (l+mw) {l T y=1 1+m '
d,, = %T (%%) + %2 (%2) (a1; = azp) + 2(2$B i = c"BUB) -1
B B B ‘% B
Z
1 az B ,dP 1 ax
do] = = = |(=) + =— (=) |az;] + {- = |(==) a;1+2(2% +1l-a 0 "’1}‘111
£B [ da B PB da B %B da B B B B

1 a2 g a2p, |21l d% do a
- ae_{ Ay« 2 () \a—el2@D) - |font g7 (@) P
B da? g B da? 5 B B B B
= 1 ¢
(52 -~ _2' 61 o S 3 | Log 60 . (315)
Finally,
2
by = (by1 + Kibzo)my + (b1 = b22)me . (B16)
with
* AT ar* *,da

GBTB(dzz-d11-1) + 03(3;—)B(a22-811)-33(33-)Bb11-TB(3;)B322

b2 = = ¥ »
o (AL 4 2
B '93b 2

B 50 Prw



a112

dla
)

2 2
da B

kS d
by = T 4@ (d21+d11)-(—g) (a11d11+a21)—(
Bl B da B

* ¥ *
) 2 T
voag {2 a4+ () a1+ (2) by (14ayy)
B Ja da 9b
B B B
(aZT* 811 a2T*) 1y ? (aZT*)
+ Q + + ms——— a b
B 2 2 ) 2 3adb 11711
da B ab B B
#*
Cle 2Ty %5
B'9b ', = P, Pr_

Numerical values of the coefficients given by equations B5 to

B16 are given in Appendix A for each value of Sw investigated.
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