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OPTIMAL LINEAR PREDICTION OF RANDOM FIELDS ON COMPACT
METRIC SPACES
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1Delﬁ Institute of Applied Mathematics, Delft University of Technology, ®k.kirchner @tudelft.nl
2CEMSE Division, King Abdullah University of Science and Technology, bdavid.bolin@kaust.edu.sa

Optimal linear prediction (aka. kriging) of a random field {Z(x)},cx
indexed by a compact metric space (X,dy) can be obtained if the mean
value function m : X — R and the covariance function o: X x X - Rof Z
are known. We consider the problem of predicting the value of Z(x*) at
some location x* € X" based on observations at locations {x; }’]1.: |» Which
accumulate at x* as n — oo (or, more generally, predicting ¢(Z) based on
{o; (Z)}’}: | for linear functionals ¢, @1, ..., @n). Our main result character-
izes the asymptotic performance of linear predictors (as n increases) based
on an incorrect second-order structure (71, ¢), without any restrictive assump-
tions on g, ¢ such as stationarity. We, for the first time, provide necessary and
sufficient conditions on (/7, ¢) for asymptotic optimality of the correspond-
ing linear predictor holding uniformly with respect to ¢. These general results
are illustrated by weakly stationary random fields on X' C R¥ with Matérn or
periodic covariance functions, and on the sphere X = S? for the case of two
isotropic covariance functions.

1. Introduction. Optimal linear prediction of random fields, often also called kriging, is
an important and widely used technique for interpolation of spatial data. Consider a random
field {Z(x) : x € X'} on a compact topological space X such as a closed and bounded subset
of R?. Assume that Z is almost surely continuous on X" and that we want to predict its value
at a location x* € X based on a set of observations {Z (x J-)};?: | for locations xq,...,x, € X
all distinct from x*. The kriging predictor is the linear predictor Z(x*) =ag+ Z’}: 1o Z(xj)
of Z(x™*) based on the observations, where the coefficients «y, ..., @, € R are chosen such
that the variance of the error (2 — Z)(x™) is minimized. By letting m(-) and o(-, -) denote
the mean and the covariance function of Z, we can express 4 (x*) as

(1.1) Z(x)=m(x*)+¢] 27 1(Z, —m,),

where Z,, := (Z(x1), ..., Z(xy)) |, my := (m(x1),...,m(x,)) ", T, € R"" has elements
[Znlij = 0(xi, x;) and ¢, == (0(x*, x1), ..., 0(x*, %)) .

In applications, the mean and covariance functions are rarely known and, therefore, need
to be estimated from data. It is thus of interest to study the effect, which a misspecification
of the mean or the covariance function has on the efficiency of the linear predictor. Stein [20,
21] considereg\ the situation that the sequence {x;};en C R? has x* as a limiting point and
the predictor Z is computed using misspecified mean and covariance functions, 77 and g. His
main outcome was that the best linear predictor based on (77, @) is asymptotically efficient,
as n — oo, provided that the Gaussian measures corresponding to (m, @) and (7, 9) are
equivalent (see Appendix A). This result in fact holds uniformly with respect to x* and,
moreover, uniformly for each linear functional ¢ such that ¢(Z) has finite variance [21].
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For stationary covariance functions, there exist simple conditions for verifying whether the
corresponding Gaussian measures are equivalent [2, 4, 22], and thus if the linear predictions
are asymptotically efficient. However, for any constant ¢ € (0, 00), the linear predictor based
on (m, cp) is equal to that based on (m, o), whereas the Gaussian measures corresponding to
(m, co) and (m, ) are orthogonal for all ¢ # 1. This shows that equivalence of the measures
is a sufficient but not necessary condition for asymptotic efficiency. Less restrictive conditions
have been derived for some specific cases such as periodic processes on [0, 11¢ and weakly
stationary random fields on R? observed on a lattice [23, 24]. With these results in mind,
an immediate question is if one can find necessary and sufficient conditions for uniform
asymptotic efficiency of linear prediction using misspecified mean and covariance functions.
The aim of this work is to show that this indeed is the case.

We derive necessary and sufficient conditions for general second-order structures (1, 0)
and (77, 9), without any restrictive assumptions such as periodicity or stationarity. These con-
ditions are weaker compared to those of the Feldman—H4jek theorem, and thus clearly exhibit
their fulfillment in the case that the Gaussian measures corresponding to (m, ¢) and (12, Q)
are equivalent (see Remark 3.4). Furthermore, our results are formulated for random fields
on general compact metric spaces, which include compact Euclidean domains in R¢, but also
more general domains such as the sphere S or metric graphs (see Example 2.1). Assum-
ing compactness of the space is meaningful, since in applications the observed locations are
always contained in some compact subset (e.g., a bounded and closed domain in R¥).

This general setting is outlined in Section 2. Our main results are stated in Section 3 and
proven in Section 4. Section 5 presents simplified necessary and sufficient conditions for the
two important special cases when g, ¢ induce the same eigenfunctions, or when o, ¢ are
translation invariant on R? and have spectral densities. Section 6 verifies these conditions
for weakly stationary random fields on X C R?, where o, @ are of Matérn type or periodic
on [0, 11¢. We also discuss an example on X = S? which, to the best of our knowledge, is
the first result on asymptotically optimal linear prediction on the sphere. The Supplementary
Material [9] contains three appendices (Appendix A, B and C) pertaining to this article.

2. Setting and problem formulation. We assume that we are given a square-integrable
stochastic process Z: X x Q — R defined on a complete probability space (2, .4, P) and
indexed by a connected, compact metric space (X, dy) of infinite cardinality. In addition, we
let m: X — R denote the mean value function of Z and assume that the covariance function,

0: X x X >R, o(x,x") = /Q(Z(x,a)) —mx))(Z(x', w) —m(x)) dP(w),

is (strictly) positive definite and continuous. Let vy be a strictly positive and finite Borel
measure on (X, B(X)). Here and throughout, B(7") denotes the Borel o -algebra on a topo-
logical space 7. As the symmetric covariance function o is assumed to be positive definite
and continuous, the corresponding covariance operator, defined by

(2.1) C: Ly(X,vy) = Lo(X,vy), Cw)(x) := /Xg(x,x/)w(x/) dvy(x'),

is self-adjoint, positive definite and compact on L, (X, vy). Since (X, dy) is connected and
compact, the set X is uncountable and L, (X, vy) is an infinite-dimensional separable Hilbert
space. By compactness of C, there exists a countable system of (equivalence classes of) eigen-
functions {e;} jen of C, which can be chosen as an orthonormal basis for Ly(&X, vy).
Moreover, it can be shown that C maps into the space of continuous functions. For this
reason, we may identify the eigenfunctions {e;} ;cn with their continuous representatives. We



1040 K. KIRCHNER AND D. BOLIN

let {y;};en denote the positive eigenvalues corresponding to {e;}jen. By Mercer’s theorem
(see, e.g., [15, 26]), the covariance function o then admits the series representation

(2.2) o(x.x) = yjej(x)ej(x), x.x'eX,

jeN
where the convergence of this series is absolute and uniform. In addition, we can express the
action of the covariance operator by a series,

Cw=) yjw ey e, weLy(X, va),
jeN
converging pointwise—that is, for all w € L, (X, vy)—and uniformly, that is, in the operator

norm. Finally, we note that square-integrability of the stochastic process implies that C has a
finite trace on Lo (X, vx), thatis, tr(C) = }_jen v < 00.

ExAMPLE 2.1. Examples of covariance functions on a compact metric space (X, dx)
are given by the Matérn class, where

o2
2v=1r(v)

More precisely, one may consider stochastic processes with Matérn covariance functions,
indexed by one of the following compact metric spaces:

o(x,x") :=om(dx(x,x")) with om(r):= (kr)'K,(kr), r>0.

(a) X Cc R? is a connected, compact Euclidean domain equipped with the Euclidean
metric for all parameters o, v, ¥ € (0, 00); see [14],

(b) X :=S?={x e R : || x||ga+1 = 1} is the d-sphere equipped with the great circle
distance dga(x, x") := arccos((x, x")ga+1) for o,x € (0, 00) and v € (0, 1/2]; see [6], Sec-
tion 4.5, Example 2,

() X c RP is a d-dimensional connected, compact manifold (e.g., the d-sphere S,
embedded in R? for some D > d and equipped with the Euclidean metric on R” for any set
of parameters o, v, k € (0, 00); see, for example [7],

(d) X isa graph with Euclidean edges equipped with the resistance metric for the param-
eters o, k € (0,00) and v € (0, 1/2]; see [1], Definition 1, Section 2.3 and Table 1.

We point out that, for v € (1/2, 00), the function (x, x") = om(dx (x, x")) in (b) and (d) is
not (strictly) positive definite, and thus, not a valid covariance function for our setting. We
furthermore emphasize that the Matérn covariance families in (a) and (b) are stationary on R4
and isotropic on S¢, respectively, but we do not require o to have these properties.

Since the kriging predictor in (1.1) only depends on the mean value function and the co-
variance function of the process Z, it is identical to the kriging predictor for a Gaussian
process with the same first two moments. For ease of presentation, we therefore from now on
assume that Z is a Gaussian process on (X', dy) with mean value function m € Lo(X, vy),
continuous, (strictly) positive definite covariance function ¢ and corresponding covariance
operator C. Note, however, that all our results extend to the case of non-Gaussian processes,
as their proofs rely only on the first two statistical moments. We write & = N(m, C) for the
Gaussian measure on the Hilbert space L, (X, vy) induced by the process Z, that is, for every
Borel set A € B(L>(X, vy)) we have

w(A) =P({loeQ: Z(-,w) € A}).

The operator E[-] will denote the expectation operator under w, that is, for an Lo (X, vy)-
valued random variable Y with distribution © and a real-valued, Borel measurable mapping
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@: La(X,vy) — R, the expected values E[Y] € Lo (X, vy) and E[p(Y)] € R (when existent)
are the Bochner integrals

E[Y]=/L2(X,vx)ydu(y) and E[p(Y)] =f () du(y);

Ly(X,vx)
cf. [11], Corollary 5.1. Furthermore, we use the following notation for the real-valued vari-

ance and covariance operators with respect to u: If ¢, ¢": Ly(X, vy) — R are Borel measur-
able and g := ¢(Y), g’ :=¢/(Y), then

Varlgl :=E[(¢ —Elgl)’],  Cov[g,g']:=E[(g —Elgl)(¢' — E[¢'])]-

To present the theoretical setting of optimal linear prediction (kriging) as well as the nec-
essary notation, we proceed in two steps: We first consider the centered case with m =0, and
then extend it to the general case.

2.1. Kriging assuming zero mean. Let Z°: X x Q — R be a centered Gaussian pro-
cess. Under the assumption that it has a continuous covariance function g, we may identify
70: X — L,(Q,P) with its continuous representative. In particular, for each x € X', the real-
valued random variable Z°(x) is a well-defined element of L,(Q2, P). Consider the vector
space 20 c Ly(2, P) of finite linear combinations of such random variables,

K
(2.3) 20.= {ZajZO(xj):KeN,al,...,aKG]R,xl,...,xKeX :
j=1

We then define the (Gaussian) Hilbert space H° (cf. [8]) as the closure of Z° with respect to
the norm || - [l40 induced by the L, (€2, IP) inner product,

K K’

K K’
(ZaiZO(xi), Za;ZO(x})) = Z Z aiW;E[ZO(xi)ZO(X})]’
i—1 j=1

(2.4) HO =1 =1

H' =g € Lo(@,P) [3(g;}jen € 2°: lim g — gjllL,0.8) =0).
J—00

Continuity of the covariance kernel o on X x X implies separability of the Hilbert space H’;
see [3], Theorem 32, and [16], Theorem 2C.

By definition (see, e.g., [25], Section 1.2), the kriging predictor hg of h® € H° based
on a set of observations {y,(l)], .., ¥} € HO is the best linear predictor in H? or, in other
words, the #%-orthogonal projection of 4° onto the linear space generated by yr?l, s y,?n.
By recalling the inner product on H° from (2.4), the kriging predictor hg is thus the unique
element in the finite-dimensional subspace 7-[,(1) := span{ ygl, cees y,?,,} C HO satisfying

(2.5) RS etd: (W) —n° 89,0 =E[(h —1n)gl]=0 Vgl eH).
Consequently, hg is the H -best approximation of 4° in ’Hg, that is,

W2 =100 = inf 60— hOl,e.

n n

2.2. Kriging with general mean. Let us next consider the case that the Gaussian process
Z has a general mean value function m : X — R which, for now, we assume to be continuous.
The analytical framework for kriging then needs to be adjusted, since the space of possible
predictors has to contain functions of the form (1.1) including constants.



1042 K. KIRCHNER AND D. BOLIN

Evidently, every linear combination h = Zle o;Z(x;) has a representation i = ¢ + h°

with ¢ € R and h° € 29 ¢ HO, where the vector spaces 2%, H? C L,(Q, P) are generated by
linear combinations of the centered process 7%:=Z —m asin (2.3) and (2.4); namely,

K K K
(2.6) h=Y a;Z(x))=Y am@xj)+ Y a;Z%x;) =c+h°,
j=1 j=1 j=1

or, more generally, i = E[h] 4+ (h — E[h]). Furthermore, note that zero is the only constant
contained in Z°, H° c L,(2, P). This follows from the fact that elements in Z° are linear
combinations of the process Z9 at locations in X'; see (2.3). A constant ¢ #0in 29 would
thus imply that the corresponding linear combination ¢ = K 10 Z0(x ;) has zero variance,
which contradicts the (strict) positive definiteness of the covarlance function p. For this rea-
son, the decomposition in (2.6) is unique. This motivates to define the Hilbert space contain-
ing all possible observations and predictors for a general second-order structure (2, @) as the
(internal) direct sum of vector spaces, given by

(2.7) H=ROH ={heLry(2,P):3ceR, 3r° e #° with h = c + h°},
which is equipped with the graph norm,
(2.8) IalZ, = lel> + [R50 if h=c+h’eROH'=H.
Note that, similarly as for H°, the inner product on # equals the inner product on L>($2, P):
(¢, h)3 = (Elgl, E[h])g + (¢ — Elg], h — Elh]),,0 = EIg]E[k] + Covlg, h] = Elghl.
Now suppose that we want to predict 2 € H given a set of observations
Ynj = Cnj +y,?j €M, where ¢, €R, y,?j € 7-[0, je{l,...,n}

The kriging predlctor of h = c+h° e R@H? = H based on the observations {Vn1s -+, Yun}is
then h, = ¢ + hY, where h0 is the kriging predictor of h° based on the centered observations
9, .., 9%} CHO, as defined in (2.5). The definition of the norm on # in (2.8) readily
implies that

iy — 13, = le — cl> + |h) = hO|3,0 =0+ inf ||gn )30

I’L

Hence, if we, for y,(l)l, cee, y,?n € MO, define the subspace H,, C H by
(2.9) Hy =ROHY, where H°:=span{y?,....y0 } cHO,

we have that in either case (centered and noncentered) the kriging predictor of & € H based
on the observations {y,; = c,1 + y,?l, eees Yan = Cnn + y,?n} is given by the H-orthogonal
projection of & onto H,,, that is,

hn€Huy: (hy—h,g)u= E[(hn - h)gn] =0 Vg, eHy,

210 hu€Hyu: =Rl = inf llgy — hllx.

gn€Hn
For this reason, for every h € H, the kriging predictor 4, is fully determined by the subspace
‘H,, and we also call &, the kriging predictor (or best linear predictor) based on H,, (instead
of based on the set of observations {yu1, ..., Ynn})-

Finally, since the definitions (2.7), (2.9) and (2.10) of the spaces H, H, and the kriging
predictor 4, are meaningful even if the mean value function is not continuous, hereafter
we only require that m € L,(X, vy). Note, however, that then the point evaluation Z(x*),
x* € X, might not be an element of H.
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2.3. Problem formulation. We assume without loss of generality that the centered obser-
vations y,(l)l, e ygn are linearly independent in 1O so that in (2.9) we have dim(?—[,?) =n.
Furthermore, we suppose that the family of subspaces {#, },<n generated by the observations
(see (2.9)) is dense in H. More specifically, we require that, for any & € H, the corresponding
kriging predictors {h,},eN defined via (2.10) are consistent in the sense that

(2.11) lim E[(h, —h)*] = lim ||k, — h||%, =O0.
n—oo n—oo
For future reference, we introduce the set S

2dm> Which contains all admissible sequences
{H, }nen of subspaces of ‘H generated by observations which provide p-consistent kriging,

= {{Hu}nen | Vn € N: H, is as in (2.9) with dlm(’HO) =n

SK
(2.12) wdm *
Vh e H :{h,}nen as in (2.10) satisfy (2.11)}.

Since (X, dy) is connected and compact, we have S;Ldm # . Note that we do not assume
nestedness of {H,},eN. Therefore, we cover situations when the observations are not part of

a sequence and {)’nl» ey ynn} o {yn-l—l,la ceey )’n+1,n+1}-

EXAMPLE 2.2.  Suppose that m and o are continuous and that {x;} e is a sequence in
(X, dx), which accumulates at x* € X, that is, there exists a subsequence {Xi}ken € {X;}jeN
such that limg_, oo dy (Xr, x*) = 0. Assume further that H,, D R @ span{ZO(xj) 1 j <n} for
all n. Then the kriging predictors {4, }neN for h := Z(x*) are consistent: For n sufficiently

large such that {x; }”_1 NA{Xr}ren = {Xk}k | is not empty (i.e., k;; € N), we have

n 2
E[(hn — h)2] < inf E|:<Z(x*) —ap — ZajZO(Xj)) :|
, i

n 2
B a,,..i.l,qofneRERZO(x*) - ;ajzo(x/')> }

<E[(2°(x") — 2°Gip)’]
=o(x", x*) + 0 (s, Xxr) — 20(Xgx, x*) = 0, asn — oo.

This shows (2.11) for h = Z(x*). Note that the kriging predictors based on the sub-
spaces {Hn}neN have to be consistent for every i € ‘H so that the sequence is admissible,
{Hilwen € S adm, see (2.12). Assuming that every ’HS is generated by centered point obser-
vations Z%(x1), Z%(x,), ..., the above argument shows that, for any h = Zf:] c¢Z(xy) in
R @ 29, the kriging predictors {/,},en based on {H,}nen, Hn :=R & 7-[2, are consistent
whenever the sequence of observation points {x;}jen accumulates at any x* € X. Since 20
is dense in the Hilbert space #’, the same is true for every h € H =R @ H".

Suppose that i = N(1, CN) is a second Gaussian measure on L, (X, vy) with mean value
function m € Ly(X, vy) and trace-class covariance operator C: Ly(X,vy) = Lo(X,vy).
Let E[-], \75r[-] and 63v[-, -] denote the real-valued expectation, variance and covariance op-
erators under [i. We are now interested in the asymptotic behavior of the linear predictor
based on fi. That is, what happens if, instead of the kriging predictor #,,, we use the linear
predictor h,,, which is the kriging predictor if /i was the correct model?
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3. General results on compact metric spaces. We first generalize the results of [21],
Section 3, and [25], Chapter 4, Theorem 10 to our setting of Gaussian processes on a compact
metric space (X, dy). That is, uniformly asymptotically optimal linear prediction under the
assumption that the two Gaussian measures p and fi are equivalent on Ly (X, vy).

THEOREM 3.1. Let 4 =N(m,C) and i = N(m, C~) be equivalent. Define HO and H°
as in (2.4) with respect to  and |i, respectively. Then HO and H° are norm equivalent,
St = Sk (see (2.12)), and for all {H}nen € Sk, the following hold:

(3.1) lim su M — lim su M —
' 100, ol By — )2 00 et Bl —h)2]
. E[(hy — h)?] . El(hy — 1)?]
.2 1 - A 1 = ] ~ o~ ~_ = .
G2 IS e, — 7] ‘ noto, 2 B, — h)2] 0

Here, h,,, En are the best linear predictors of h € H based on H,, and the measures (. and [,
respectively. The set H_, C H contains all elements with E[(h,, — h)z] > 0.

The norm equivalence of H° and HO guarantees that the best linear predictors {(hp}nen
of h € H based on {%n}ngﬁ € Sﬁim and /& are well-defined. Furthermore, it corresponds to
equivalence of Var[-] and Var[-] on ‘H (see Proposition 3.5 below) so that in combination with
the restriction h € H_, it ensures that the case 0/0 in (3.1) and (3.2) is evaded. Indeed, for

every h € H_,, we obtain
E[(h, — h)*] = Var[h, — h] > cVar[h, — h] > c¢Var[h, — h] = cE[(h, — h)*] > 0,

with ¢ € (0, oo) independent of n and A. _
Equivalence of the Gaussian measures u = N(m, C) and it = N(/m, C) implies that m — m
is an element of the Cameron—Martin space

H*:=C'(La(X,vx), (-, )me=(C72 .72 L vy

which also is a Hilbert space; see Appendix A in the Supplementary Material [9]. However,
m and m are not necessarily both elements of H*. Thus, Theorem 3.1 generalizes ([25],
Chapter 4, Theorem 10) where m = 0 is assumed, even on Euclidean domains.

These results for equivalent measures ¢ and [t also apply when considering the variances
of the prediction errors. This is subject of the next corollary.

COROLLARY 3.2. The statements of Theorem 3.1 remain true if we replace each second
moment in (3.1) and (3.2) by the corresponding variance. That is, for all {H,},eN € Saliim’
the following hold:

, Var[h, —h] . Varlh, — h]
3.3) lim sup ——— = lim sup —==——=1,
n—00,cq Varlh, —h] 1=, Varlh, — h]
Varlh, — h Var[h, — h
(3.4) lim sup M—1‘: lim sup e =hl [
N> pey ., Var[hn — h] >0 pen_, Var[h,, — h]

Theorem 3.1 shows that equivalence of p and [i is sufficient for uniformly asymptotically
optimal linear prediction. The following (less restrictive) assumptions will subsequently be
shown to be necessary and sufficient.
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ASSUMPTION 3.3.  Letg,0: X x X — R be two continuous, (strictly) positive definite
covariance functions with~c0rresponding covariance operators C, C, defined on Ly(X, vy)
via (2.1). Assume that C, C and m, m € L,(X, vy) are such that:

I. The Cameron—Martin spaces H* = C'/2(L,(X, vy)) and H* = C~1/2(L2(X, vy)) are
norm equivalent Hilbert spaces.
II. The difference between the mean value functions m, 7 € Ly (X, vy) is an element of
the Cameron—Martin space, that is, m — ni € H*.
III. There exists a positive real number a € (0, oo) such that the operator

(3.5) T,: Lo(X,vy) = La(X, vy), T,:=C'2Cc'? —az

is compact. Here and below, Z denotes the identity on L, (X, vy).

REMARK 3.4. We briefly comment on the similarities and differences between Assump-
tions 3.3.I-III and the set of assumptions in the Feldman—-H4jek theorem (Theorem A.1 for
E = Ly2(X,vyx); see Appendix A in the Supplementary Material [9]) that are necessary and
sufficient for equivalence of two Gaussian measures i = N(m, C) and i1 = N(71, CN). Note that
all assumptions are identical except for the third. For equivalence of the measures  and i,
the operator 71 = C~12¢C~1/2 — T has to be Hilbert—Schmidt on Lo(X,vy). Since every
Hilbert—Schmidt operator is compact, this in particular implies that Assumption 3.3.1II holds
for a = 1. This shows the greater generality of our Assumptions 3.3.I-III compared to the
assumption that the two Gaussian measures p and [i are equivalent.

PROPOSITION 3.5. Let u =N(m,C), i = N(#i, C), and define H°, H° as in (2.4) with
respect to the measures |1 and [i, respectively. The following are equivalent:

(1) Assumption 3.3.1 is satisfied.

(ii) The linear operator Cl2¢-1/2. Lr(X,vy) = Lo(X, vy) is an isomorphism, that is,
it is bounded and has a bounded inverse.

(iii) The Hilbert spaces H°, H° are norm equivalent. In particular, there exist constants
ko, k1 € (0, 00) such that ko Var[h] < \Er[h] < ki Varlh], for all h € H, with H as in (2.7).

(iv) There exist constants 0 < k < K < 0o such that, for all {H,},eN € Sﬁlm, any of the
following fractions is bounded from below by k > 0 and from above by K < oo, uniformly
with respectton e Nand h € H_j:

Varlh,, — h] Var[h, — h] Var[h, — h] Var[h, — h]
Var[h, — h]’ Var[h,, — h]’ Var[h, — h]’ Var[h, — h]’

Here, hy,, hy, are the best linear predictors of h based on H, and 1, respectively, i

(3.6)

Proposition 3.5 elucidates the role of Assumption 3.3.I: As previously noted, the norm
equivalence of the spaces H and HO in (iii) ensures that, for any h € H, the best linear
predictors {hp}nen based on {Hy}nen € S m and the measure [ are well-defined. Further-
more, uniform boundedness of the fractlons in (iv) guarantees that the sequence {h }nen is
JL-consistent,

lim Var[h, —h] <sup sup M E[(h, —h)*] =
teNgeH_, Var[ge — gl ”_>
which clearly is necessary for asymptotically optimal linear prediction.

Including one more assumption, namely Assumption 3.3.1II, yields necessary and suffi-
cient conditions for uniform asymptotic optimality of linear predictions, when the quality of
the linear predictors is measured by the variance of the error. This result is formulated in the
following theorem.
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THEOREM 3.6. Let i =N@m,C) and i = N(@i, 5). In addition, let hy, h, denote the
best linear predictors of h based on ‘H,, and the measures | and i, respectively. Then, any
of the assertions,

Var[h, — h]

3.7 li —_— =1,
3-7) n00, 228 Varlhy, — h]
Var[h, — h
(3.8) lim sup M =1,
nﬁoohe';—[_” Var[h — h]
Varlh, — h
3.9) lim sup Varlh, —hl _ —0,
n—=> 9, \Varlhy, — h]
. Var[h, —h] 1
(3.10) lim sup |==————|=0,
n—>00,cq, |Varlh, —h] a

holds for all {H,}nen € S adm if and only if Assumptions 3.3.1 and 3.3.111 are fulfilled. The
constant a € (0, 00) in (3.9) and (3.10) is the same as that in (3.5) of Assumption 3.3.111.

REMARK 3.7. Theorem 3.6 shows, in particular, that either all of the four asymptotic
statements (3.7)—(3.10) hold simultaneously or none of them are true.

Finally, when measuring the quality of the linear predictors in terms of the mean squared
error, additionally the behavior of the difference m — m between the mean value func-
tions matters, and all three of Assumptions 3.3.I-III are necessary and sufficient for uni-
form asymptotic optimality in this sense. This characterization is formulated in Theorem 3.8,
which is our main result.

THEOREM 3.8. Let i =N@m,C) and i = N(@i, 5). In addition, let hy, h, denote the
best linear predictors of h based on H,, and the measures | and L, respectively. Then any of
the assertions,

(3.11) lim sup M: ,
n=>% ey, Bl — )]

e AV
(3.12) lim M: ,
=00 cq0, El(hy — h)?]
El(h, —m)4 |
o i, 0 [5G —o| =0

El(h, — 1) 1

E[(h, —h)?] a

’

(3.14) lim sup

n— 00 heH_,

holds for all {H,},en € S adm if and only if Assumptions 3.3.1-1I1 are satisfied. The constant
a € (0, 00) in (3.13) and (3.14) is the same as that in (3.5) of Assumption 3.3.111.

4. Proofs of the results. Throughout this section, we abbreviate Ly(X,vy) by Lo,
L(L») is the space of bounded linear operators on Ly and the subspaces K(L;) C L(L»)
as well as £,(Ly) C L(L>) contain all compact and Hilbert—Schmidt operators, respectively
(see Appendix A in the Supplementary Material [9]).

Recall that Z° = Z — m, where Z is a Gaussian process on (X, dx) with corresponding
Gaussian measure p = N(m, C), and that {e;} jen is an orthonormal basis for L, consisting
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of (the continuous representatives of) eigenfunctions of the covariance operator C, with cor-
responding positive eigenvalues {y;}en. In the next lemma, a relation between the (dual of
the) Cameron—Martin space for u and the Hilbert space H? in (2.4) is established, similarly
as in [16], Theorem 5D, or [3], Theorem 35. This relation will be crucial for proving all
results.

LEMMA 4.1. For each j € N, define v; := \/Ly_jej as well as the real-valued random

variable zj := VAN Vj)L,. Then the following hold:
(1) {vj}jen is an orthonormal basis for H := C~12(L,), which is the dual of the
Cameron-Martin space H* = C'/?(Ly) with (v, v') g := (C'/?v, Cl/zv/)Lz.
(i1) {z;}jeN is an orthonormal basis for the Hilbert space HO equipped with the inner
product (-, -)30 =E[- -]=CoV[-, -], see (2.4).
(iii) The linear operator

4.1) J:H—>H, satisfying Jv= (ZO, v)L2 Yvel,CH,
is a well-defined isometric isomorphism and, for all v,v' € H, we have

42 () =(C",CY2) =Cov[Tv, TV ] =E[TvT V] = (Tv, Tv')0.

PROOF. Since L, C H andv; =C —1/2¢ j» claim (i)—orthonormality and the basis prop-
erty of {v;};en in H—follows directly from the corresponding properties of {e;}jen in L.

To prove the second assertion (ii), we first note that v;: X — R is continuous for every
Jj € N. Thus, by Lemma B.3 (see Appendix B in the Supplementary Material [9]) we find that
Zj € HO for all j € N. Next, we prove that {z j}jeN constitutes an orthonormal basis for HO.
For this, we need to show that (z;, z)40 = §;; (orthonormality) and

(h,zj)30=0 VjeN = h=0 (basis poperty).

Due to the identities E[z;z;] = Cov[(Z°, Vi)L,, (ZY, vi)r,l=(Cvi,vj)r, = (vi,v;)H, ortho-
normality follows from (i). Now let & € O be such that (4, z j)30 = 0 vanishes for all j € N.
By Fubini’s theorem, we then obtain that, for all j € N,

0=E[r(2°¢)),,] =/XE[hZO(x)]ej(x)de(x) = (E[rZ°()]). €)),,.

Since {e;}jen is an orthonormal basis for L, and the mapping &' > x E[hZ%(x)] e R is
continuous, this shows that E[2Z%(x)] = 0 for all x € X, which implies (due to strict positive
definiteness of o) that & € H° has to vanish. We conclude (ii), {z j}jen is an orthonormal
basis for HO.

It remains to prove (iii). Clearly, Jv; = z; for all j € N. Thus, the linear mapping
J: H — H is well-defined and an isometry, since by (1) and (ii) {v;}jen and {z;};eN are
orthonormal bases for H and H°, respectively. Furthermore,

(v, V)i = (Cv, V)1, = Cov[(Z°, v)1,. (Z2°,v),] = Cov[Tv, TV']
=E[JvTV']=(Jv, Tv)yo
holds for all v, v" € L, completing the proof of (iii) by density of L, in H. [
PROOF OF PROPOSITION 3.5. We first show (i) = (ii) = (iii) = (i), followed by the
proof of the equivalence (iii) < (iv):

(1) = (i1): Under Assumption 3.3.1, the norms on H* and H* are equivalent, that is, there
are co, ¢1 € (0, 00) such that |C™"2u||, < collC~'2ul|L, and [C~"2u|L, < e1lIC™2ul|L,
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for all u € H* = H*. Thus, for any w € Lo, C'?w € H* with [|C™"/2C"?w]|1, < collw]iz,
and, in addition, C'/?w € H* with ||C 1/201/211)||L2 <cillwllz,. This shows that C™ 172G1/2
and thus, also its adjoint C1/2¢=1/2 are isomorphisms on L», and (ii) follows.

(i) = (iii): Let the Hilbert space H and the isometry J: H — HO be defined as in
Lemma 4.1(iii). In addition, define H:=C" 2(L») and the isometry J: H— H in
the obvious analogous way. If ¢o := ||Cl/2(3 1/2”£(L2) and ¢y : ||Cl/2(3 1/2”£(L2) are fi-

nite, then H and H are norm equivalent, that is, ey Nvllg < vl < collvllz holds for
all ve H = H, and the inclusion mapping Z,_, 7 of H in H is continuous. Thus, we
obtain | JZy_, 7T h0llz = 127 "1l < coll 7 Th%llm = collk®llgp for every
ho e HO. Next, let h0 e 7—[0 and set v/ = J~ lho € H. Then we observe the identities

I Ty 5T "h0) o= = | T "%, %o = Var[Jv"] = Var[jvh] = Var[h°], which combined with
the above show that \Er[h] \7avr[h0] < c0||hO||2 0= Co Var[h] for all & € H, where we set
10 :=h —E[h] € H°. Similarly, we derive | TZ7_, ;T ~ 1hO||Ho < ¢1]|h°| 570 for all 2° € HO,
and we may change the roles of H and H (resp. of 7—[ and H°) to conclude that also the
relation Var{/2] < c?Var[h] holds for all h € H =R @ H°.

(iii) = (i): We prove that the dual spaces, H = C~'/?(L,), H=C 1/2(L,), are norm
equivalent, which implies the result for H* and H*. Norm equivalence of H° and HO im-
plies continuity of the inclusion maps Z;,0_, 70, IHo_ﬂ_[o which similarly as above, yields
continuity of J~'Z,0_ 507 : H — H and of 7 'Zj0_ ;07 : H — H. Thus, it follows
that |lv]|5 < collvllz and ||v||H <c1||v]lz hold for all ve H, v € H with some constants
co. ¢1 € (0, 00), since |7 1 Zy0_ 0T vll z = lvll 7 and | T~ lI;L[o 20T Ve = 1Vlla.

(iii) = (iv): Suppose that ko Var[h] < Var[h] < k; Var[h] holds for every h € H = H and

let {H,}nen € Sky,,- Then, for every n e Nand all h € H_y, ko < x;:%:ﬂ < ki as well as
k_ < Varlh,—h] < kO readily follow. Subsequently, we find that

— Varlh,—h] —

43) 1_Var[h h] Var[h —h] Var[h —h] Var[h h] kolkl,
Varlh, — h] Var[h —h] Var[h — h]Varlh, — h] —

and a similar trick shows that also xar{Z”_h] €[1, kiky Y for all n and h.
(iv) = (iii): We first show necessity of (iii) for uniform boundedness (from above and

below) of the first two fractions in (3.6). For this, let & € Z°\ {0}. By positive definiteness of

o, there exists ¢ € Z° so that {h, ¢} are linearly independent. Define y| :=¢ — %%h,
/S = Wi ” 1/f1 and 1//1 =¢ — (((ZZ)) gh 1//1 = s ” 1//1, and note that 4 € 20 is or-
thogonal to ¥ € Z° in HO and to ¥y € 2° in HO. By separablhty of HY, there exist se-
quences {{;}j>2 and {WJ};>2 such that {1/} jen and {W]}jeN are orthonormal bases for 7—[0
For n € N, define the spaces H}, := R @ span{yr1, ..., ¥}, ’H* =R span{l/fl, .. wn}
Then {H}}nen, {H} },,GN € S 4m and, if A denotes the best hnear predictor of h based
on H} and u, and h denotes the best linear predictor of 4 based on 7—[* and i, then
hy = h1 = 0 follows. By boundedness of the first or second fraction in (3. 6) (with n = 1),

Var[h] __ Var[hi—h] Var[h] __ Var[h; h]
we have that Varlh] = Var[h—h] € [k, K] or Varlhl = Varlhi— € [k, K. Thus, in both cases

ko Var[h] < Var[h] < k; Var[h] holds, where ko := min{k, K 1Y and k; := max{K, k™).
Since h € Z° was arbitrary and since the constants k, K € (0, co) do not depend on % (as
the fractions in (3.6) are bounded uniformly in {H, },en, n and h), assertion (iii) follows by
density of Z° in H° and in HO.

Assume next that the third fraction in (3.6) is bounded, uniformly with respect to
{Hnlnen € Sdm, n €N and h € H_,,. In either of the two cases, g = 0 or o] = 00,

where o := inf}, 5, 0~70 xar{h%’ o = supheHomHo Va;%, it follows as in [5], Proof of The-

orem 5, that there exist sequences {h(e)}(eN, {wl }(GN cHON 7—~[0, normalized in H°, with
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var[i{” —r (0]
Var[h{" —n(©)]
on pu, respectively, i and ,Hgg) =Re& span{wl(z)}. By separability of H°, for each ¢ € N,

> (¢ for all £ € N, where h(lg), Z(le) are the best linear predictors of h® based

we may complement w}(f) to an orthonormal basis {‘ﬁ]@} jen for HO. Thus, for all £ € N,
{"H,(f)}neN e S¥ holds, where 7—[,(16) =R span{wl(g), ey w,ﬁﬁ)} and

adm

Var[fy” — h] Var[2\"” — h(©]
sup sup sup 0 > sup G =00
teNneN jgqy© Varlhy' —h] — ¢eN Var{h;” — h©]

contradicting uniform bgundedness ~of the third fraction in (3.6). We therefore conclude that
o, @1 € (0,00), HONH® = H® = HO and (iii) follows.
Finally, assuming uniform boundedness of the last fraction in (3.6), analogous arguments
~ : Var[h] ~ Var[h . ~ o~ .
show that &g := inf},c40~70 \7%%, A = SUP,cp0NFO \73{{7} satisfy o, a1 € (0, 00), again

yielding (iii). O

REMARK 4.2. The arguments in the proof of Proposition 3.5 imply, in particular, that
under Assumption 3.3.1 we have, for all v,v' € H = H, that

(4.4) (v,v)g = (C~1/21),51/21/)L2 = Cov[Jv, JV'].

LEMMA 4.3. Suppose Assumption 3.3.1 is satisfied and let {H,},eNn be a sequence of
subspaces of H such that, for all n € N, 'H,, is of the form (2.9). Then, for every h € H, the
kriging predictors {h, }neN based on {H, },en and the measure u are -consistent if and only
if the kriging predictors {En IneN based on {Hy}nen and [ are ji-consistent. In particular, the
sets S:fdm and Sinm are equal, S;Ldm = S;dm.

PROOF. Let {H,}neN € Sé‘lfim. By Proposition 3.5(1) < (iii), #° and H° are norm equiv-
alent. Thus, E[(h, — h)*] = Var[h, — h] < Varl[h, — h] < ki Var[h, — h] = ki E[(h, — h)*]

holds, forNany h € H ="H, where ki € (0, 00) is independent of n and 4. This shows that

St C Sk . Analogously, E[(h, — h)*] < ky 'E[(h, — h)?] follows for {Hn}nen € Sfﬁlm,
with kg € (0, oo) independent of n and %, showing the reverse inclusion Sz’fdm C Se’ltlm. Ul

PROPOSITION 4.4. Let uw=N(@m,C) and i =N(m, C~). Suppose that Assumptions 3.3.1
and 3.3.111 are satisfied and let a € (0, 00) be the constant in (3.5) of Assumption 3.3.111. In
addition, let h,,, En denote the best linear predictors of h based on H,, and the measures |
and [i, respectively. Then (3.7)—(3.10) hold for all {H,}nen € SY . If, in addition, Assump-

adm*

tion 3.3.11 is fulfilled, then (3.11)—(3.14) hold for all {H,},eN € S;ﬁm.

PROOF. Let {Hp}neN € Sﬁim. As shown in Proposition C.2 (see Appendix C in the Sup-

plementary Material [9]), we can without loss of generality assume that u has zero mean and
that i1 has mean m — m. We first show that Assumptions 3.3.1 and 3.3.III imply that (3.9)
and (3.10) hold. To this end, let n € N and recall that 4,, is the kriging predictor of & based

onH,=R& 7—[2 and p. We let {wl(”), e, w,(,”)} be an #°-orthonormal basis for 7—[2, that is,
E[lﬂ,ﬁ")wé”)] = 8x¢. Since #H is a separable Hilbert space there exists a countable orthonor-
mal basis of the orthogonal complement of 7—[2 in H°, which will be denoted by {wé")}bn.
Then, by construction {gﬁ,ﬁ")}keN is an orthonormal basis for H°. We identify w,gn) e M
with v,E") = j‘lt//lgn) € H, where J: H — HO is the isometric isomorphism in (4.1) from
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Lemma 4.1(iii). Due to (4.2), {v,ﬁ")}keN is then an orthonormal basis for H = C~Y/2(L,). Fur-
thermore, we note that, for every h € H_,,, the vector h,, — h € HO can be written as a linear
combination of {{/{" Y=, thatis, b, —h =Y ¢ (”)w(’” with 2001 et < o0

We recall the identities in (4.2) and (4.4) from Lemma 4.1(iii) and Remark 4.2 and rewrite
the term (A) := |\7§r[hn — h] — aVar[h, — h]| as follows:

(A)=

Z C](gn)cén) (Cov[w(n) w(”)] a Cov[w(”l) w(")])‘

k,t=n+1

o
> e (@, C ), — alCH P ) )
k. l=n+1

Since {v,ﬁ")}keN is an orthonormal basis for H = C~1/2(L,), so is {w,(cn)}keN for L;, where
w =2 We set wh == Y2 eV w" and obtain

(A)=|((c712Cc'? —aZ) 05wl Qyw), |,

where Q,% =7 — Qpand Qy: Lz — W, denotes the L,-orthogonal projection onto the
subspace W, := span{w(") cee, Wy )}. By Assumption 3.3.1II, 7, =C~ 12CC=12 — 4T is
compact on L. For this reason, there exists an orthonormal basis {b;};en for Lo consisting
of eigenvectors of T, with corresponding eigenvalues {7} jeny C R accumulating only at zero.
For J € N, we define V; :=span{by, ..., b;}. We write P;: L, — V for the corresponding
L,-orthogonal projection and set PJl ;=7 — Pj. Then, by invoking the chain of identities

w2 =532, 41 lef” 1> = EL(hy — h)?] = Var[h, — h], we estimate

(A) <Var[h, —h] sup |(T,Qyw, Qyw), |-

lwlz,=1

Clearly, if 7;, = 0, we obtain that (A) = 0. Thus, from now on we assume that || 7, || z(z,) > 0.
Since Z= P; + Pj and Pj-T,P; = P;T,Pj =0, we find

(A)
= sup |(PJJ-TaPJlew, Qr%w)Lz"‘(PJTaPJQ;%w’ Qr%w)L2|
“5) Var(hy —h] ™ jwj,,=1

lwliz,=1 lwliz,=
2 2=

< sup |[(T,Pjw,Pj w),,|+ sup ||Q P;T,P; 0, w||L2
Here, we have used self-adjointness of 7,, Py, le and Qj; on L» in the last step. Now fix
e € (0, 00). Since lim;_, o 7; = 0, there exists J. € N with

&
(4.6) sup |(T,Pjrw, Pw), | = sup |z;| < 5
lwllz,=1 j>Je

In addition, for w := ZkeN aPw™ e Lyand h? =Y oy oy € HO, with some square-
summable coefficients {ozk )}keN, we find that

00 2

2

(4.7) |Owwl7, = Z PP = > e =Y —h"]3,
k=n+1 k=n+1 HO

Because of this relation and thanks to the assumption that {H,},eN € Sﬁim, there exists

ne € N such that maxj<j<y, |QpbjllL, < W holds for every n > ng; cf. (2.12).
a 2
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Therefore, for all n > n,, we obtain that

| QrJz_Psz”L2 Yw € L.

Ty =— (w,bj),| < 7||Png||L
2| T, ||£(L2)«/Ts Z‘ .| = 2 Tall 2Ly ?

The norm identities || Py, | 2(z,) = | @y l z(z,) = 1 thus imply that, for every n > n,, and for
all w e Lo,

£
(4.8) | Qi P1. TuPs, O w],, < | P, TaPs, Oy wl,, < =llwll,
2 2

e
2 Tall zcry)
holds. Combining (4.5), (4.6) and (4.8) shows that sup;, 4,
and, since ¢ € (0, oo) was arbitrary,

(A) Var[h,, — h]

li _— li —— —qa| =0,
150,508 Narlhy — bl n00, 550 (Varlhy —h] ¢

@
o Varh,—m < ¢ for every n > n,

and (3.9) follows. Furthermore, c-12¢c12 — _II is compact on L by Lemma B.1 (see
Appendix B in the Supplementary Material [9]) and S adm Séflm by Lemma 4.3 so that, after
changing the roles of the measures p and [i, (3.9) implies (3.10).

Next, we show validity of (3.13) under Assumptions 3.3.I-III. To this end, we first split
|E[(hn — h)?] — aE[(h, — h)?]| < (A)+ (B) in term (A), which is defined as above, and term
B) = |E[hn — h]|?. By the Cauchy—Schwarz inequality,

00 2
B =| Y Elv]| <E[th:—n?] Z E[y ]
k=n+1 k=n+1

For each k > n + 1, we let {1//,5;-’)} jeN be the coefficients of 1//,5") when represented with
respect to the orthonormal basis {z;};en from Lemma 4.1(ii). We then find (recall that we
have centered & so that [ has mean m — m):

o
> B = Y | vz
k=n+1 k=n+1"jeN
o0 2
= Y [ ),
k=n+1"jeN
o0 2
_ Z Zlﬂ(n)m m.C- 1/2ej)L2
k=n+1"jeN
o0
= Z (C_l/z(i%—m),u)("))L2
k=n+1
since w =C/?y (”) Cl/zj_lw(”) =2 jeN w,g’)ej and this series converges in L.

Therefore, %, . | |E[1p,§")]|2 1Qx+C~1/2(m — i)||3 follows. By Assumption 3.3.IL the

difference of the means m — i is an element of the Cameron—Martin space H* =CY%(Ly).
Consequently, C™'/>(m — #ii) € L, and the norm on the right-hand side converges to zero as
n — oo by (4.7) and (2.11). This shows that also

(B) . |E[h, —h]*

4.9) lim sup ——————— = lim su =
w00, o Bl — 2] 1500, 58 Ellh, — h)2]
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We thus conclude with (3.9) and (4.9) that, uniformly in 4,
El(tn — h)’] ‘ _ | Varti, — h] [EL2a — h]I?
N _— - a S
El(hn — 1)?] ~ [Varlh, — h] El(hn — 1)?]
and (3.13) follows. Again, by virtue of Lemma 4.3 and Lemma B.1 (see Appendix B in the
Supplementary Material [9]) we may change the roles of w and & which gives (3.14).

To derive (3.11), note that E[(h,, — h) ] < E[(h — h)zl as hy, is the p-best linear pre-
dictor. For the same reason, we obtain E[(h — h)?] < E[(h, — h)?], and the estimates

hy—h u—h ha—h .
1< E{Eh —hH < E{Eh _h;% E{Ehn h;Z] follow similarly as in (4.3). By (3.14) and (3.13), the

last two fractions converge to a~! and to a, uniformly in &, as n — oo and (3.11) follows.
Changing the roles of w and [ implies (3.12). 5

Finally, note that if 4 = N(m,C) and & = N(m,C) are such that Assumptions 3.3.1
and 3.3.11I are satisfied, then the centered measures . = N(0,C) and i, = N(0, C) satisty
Assumptions 3.3.1-1II so that (3.11), (3.12) hold for the pair u, ii. and (3.7), (3.8) follow
from the identities in (C.2) and (C.3); see Appendix C in the Supplementary Material [9]. [

— 0 asn— oo,

PROOF OF THEOREM 3.1 AND COROLLARY 3.2. If the measures p and [i are equiv-
alent, then by the Feldman-Hajek theorem (see Theorem A.1 in Appendix A of the Sup-
plementary Material [9]) Assumptions 3.3.I-II hold and 7} = C~V/2CC™1/? — T € L»(L»).
Since every Hilbert—Schmidt operator is compact, this implies that also Assumption 3.3.1I1 is
fulfilled for a = 1. Therefore, for every {H,},eN € Szlitlm’ all assertions in (3.1), (3.2), (3.3),
(3.4) follow from Proposition 4.4. []

LEMMA 4.5. Let . =N(m,C), i =N@#,C). In (3.7)—(3.10), let hy, hy, denote the best
linear predictors of h based on H,, and the measures [, [i. Then validity of any of the state-
ments (3.7), (3.8), (3.9) or (3.10) for all {H,}neN € Sadm implies that the Assumptions 3.3.1

and 3.3.111 are satisfied, and the constant a € (0, 00) in (3.9), (3.10) is the same as in (3.5).

PROOF. By (C.2)-(C.5) (see Appendix C in the Supplementary Material [9]), we can
without loss of generality assume that m = m = 0. Then Var[h — h] = E[(h — h)2]
and Var[h — h] = E[(hn — h)?] follow. Furthermore, Var[h, — h] = E[(h, — h)?] and
Var(h, — h] = E[(h, — h)?] always hold by unbiasedness of the kriging predictor. Recall
from Lemma 4.1 the orthonormal bases {e;}jen for Lo, {v;}jen for H = C~Y%(L,), and
{zj}jen for 1O as well as the isometry 7 : H — H°, which identifies v j with z;.

If any of the statements (3.7), (3.8), (3.9) or (3.10) holds for every {H; },eN € Sa“dm, then
by Lemma B.4 (see Appendix B in the Supplementary Material [9]), all four assertions of
Proposition 3.5 and, in particular, part (i) hold, that is, Assumption 3.3.1 is satisfied.

Next, we prove that validity of (3.8) for all {H,},eN € Sffdm implies Assumption 3.3.11II.
For n € N, define E, := span{ey,...,e,} C Ly and H, := span{vy,...,v,} C H, and let
EL spanfe;};j-, as well as H,; L = span{v;};-, be thelr orthogonal complements in
L2 and H, respectively. Note that E, = H, and El C H, L. Now suppose that, for all
a € (0, 00), the linear operator T,=C"1 2CC 12 _ aI is not compact on Lo, and define
o= ||C1/2C 1/2||£(L ) ||CI/ZC l/2||2 Ly) . Then, by Lemma B.2 (see Appendix B in
the Supplementary Materlal [9]) there exist 6 € (0,00) and, foreveryn e N, a,,a, € [a, o]
and w,, w, € EL \ {0} such that, for all n € N, we have a, —a,, > § and

c-12¢c 1/zw LW, L, ‘(C 1/256—1/2w,1,w,,)L2 _ Sa?
— s ——— —da <—.
(W, w,) L, | <32 (Wn, Wn) L, " 3w
We set ¢, 5*1, Cp = g;l, and v, :==C~ 2%, U, :=C~ 1/2w Then we obtain that, for

all n € N ¢, cne€l@ a1, and ¢, — ¢, >8 = (Sa 2. The vectors v,, v, € H satisfy

s “no
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€700, | 8 and |10 2 8 We then define ¢ = v, € HO as well as
2 — - — Cn| < 7F. =JL
||C1/2Un”L =n 3 ||Cl/2vn|l%2 " 3 - -

qbn = J7, € H° and find that

El¢?]1 [CY%v,13 5 %
~_g =15 22 e(Qn__»Qn"l__)a
El¢2]  (IC'/2v,lI7, 3 3

E[¢2]  lIC*0al3, . (_ o 5/)
— = ———— ch— —,Cn+ = ).

Elg21 IC/?u,17, 3 3

As in [5], Proof of Theorem 3, it follows that there exist 4™, Uy, € span{gn, ¢_>n} such that

ELG” —h™)%] _ G+ 6,)?
B[R — h)2) 46,0,

(4.10)

holds, where hg") and ﬁ%”) are the best linear predictors of 4 based on the subspace
V, =R @ span{y,,} C H and the measures x and [z, respectively. Moreover,

6, := min{E[h*]/E[A*] : h € span{¢ . $n}, h # 0},

and @n € (0, 00) is defined as 5,, with min replaced by max. Clearly, these definitions yield
that 6, < E[¢>1/E[¢?] < ¢, + & and ©, > E[$21/E[$2] > &y — &. which implies that

Op — 0y >Cp — c, — 2§3’ = 5—/ . As we have already derived fulﬁllment of Assumption 3.3.1,

Proposition 3.5(1) < (ii) shows that ©, < supheHo\{O} E < ||C1/ZC 1/2||2(L ) < 0. De-
fine H} := Vi and, for n > 2, set H; ;=R & span{zl, ..y Zn—1, Yn}. By the basis prop-
erty of {z_,-} jeN in HO (see Lemma 4.1(ii)), the so constructed subspaces are admissible, that
is, {H;}nen € Sﬁlm. Since h™ |y, € span{@n, ¢} and since ¢ . ¢, are H -orthogonal to
Z1s. s Zn1, We obtain AV = hg”), where A" is the best linear predictor of 2 based on
‘Hy and p. Thus, by using (4.10) we obtain, for alln € N,

Elh)” — h™)2] (©, -2 8§72 572
E[(Z™ 2y 1 45,6, 3602 - 12C-12))4 7
E[(hn _h(n)) ] n n 36”C C ”E(Lg)

a contradiction to (3.8) for the sequence {H};},en € Sadm,
all {H,}nen € SY  implies Assumption 3.3.111.

adm

Next, we show that validity of (3.9) for all {H,},eN € Sadm also implies that Assump-
tion 3.3.111 is satisfied. To this end, suppose that this assumption does not hold. It then again
follows from Lemma B.2 (see Appendix B in the Supplementary Material [9]) that there
are § € (0,00) and, for all n €N, qa,,a, € [o, @] and v,,V, € HnL, linearly independent,
IC" v, 117, _s ||c1/2vn||L 5
S 4 < —
IC1 2,117, =3 e, 2, 3’

h" .= 77, € H® and ﬁ(”) =Juy, € 7—[0. Then, for H} :=R @ span{zy, ..., z,} CH,

which proves that (3.8) holding for

such that —ay and a, — a, > ¢ for all n € N. Define

4.11) VneN: \Er”:"(fn) - ’E(")l _ Var{h” — ™) _ \Za’r[;:lm)]  Varh™) )
Var[hﬁ,n) — h] Var[h,({l) —h™] " Var[h®™]  Vvar[h™] ~ 3

Note that, if (3.9) holds for all sequences {H,}neN € Sffdm, then, in particular,

Var[g, — Var[h, — h
V(Hulnen € SY l1m< varlgn — &1 iy M):o

su
n—o0 p

m
geH_, Varlgn — gl heH_, Varlh, — h]
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follows. Therefore, (4.11) contradicts (3.9) for the sequence {H};},en € S;fjm,
sumption 3.3.111 is satisfied if (3.9) holds for all {H, },en € Sk

Finally, necessity of Assumption 3.3.III for validity of (3%(.1%1) (or (3.10)) holding for all
{Hn}lnen € Selltim follows from changing the roles of x and fi: If i and & are such that (3.7)
(or (3.10)) holds for every {H,}neN € Se’fdm, then (3.8) (or (3.9)) is true for the pair i, u
and every {H, }nenN € S;fjm. Since necessity of Assumption 3.3.1 has already been derived, by

Lemma 4.3 we have Sﬁim = Sﬁim so that the above arguments combined with Lemma B.1 in

Appendix B of the Supplementary Material [9] show that Assumption 3.3.11I also holds. [J

and thus, As-

PROOF OF THEOREM 3.6. Sufficiency and necessity of Assumptions 3.3.1 and 3.3.1I1
for (3.7)—(3.10) to hold for all {H,},eN € Séfim have been proven in Proposition 4.4 and
Lemma 4.5, respectively. [

LEMMA 4.6. Define the Gaussian measures [t = N(0, C) and pus = N@m — m, C), with
corresponding expectation operators E. and Es. Let h;, and h;, denote the best linear pre-
dictors of h based on H;, € {H,}ieN € Sﬁim and the measures [ and s, respectively.
Forn e N and h € H_,, consider the errors of the predictors, ec = e.(h,n) := h;, —h and

es =es(h,n) :=h) —h. Then

@12 Eclef] . Edel] _‘Es[ez] B ‘_ ‘Ec[esz] B ‘_ |Eqlec]|?
' Ec[eg] Es[eg] Ec[eg] Es[eg] Ec[eg] '
Furthermore, for all {H,},eN € S;fjm, this term is bounded, uniformly with respect to

neNand h € H_,, if and only if Assumption 3.3.11 is satisfied. Under Assumption 3.3.11,

. 2
limy o0 SUPpeyy, (£ = O holds for all {(Hu)nen € Sy

PROOF. Letn e Nand h € H_,. By H-orthogonality of e = h;, — h to H,, we obtain

Ec[e?] — Ec[e?] = Eclesec] + Ec[es (h — hS)] — Ecleces] = Ec[ (15, — hS)?].
Since u¢ and ug have the same covariance operator, we can combine the above equality with

(C.1) from Lemma C.1 (see Appendix C in the Supplementary Material [9]), which gives

E. g Ec h;_h; 2 Eslec 2 :
EC% 1= [(Ec[eg] 1 _ |EC[[ee%]]' . Noting that |Ec[es]| = |Es[ec]| and Eg[e?] = Ec[e?] due

2 2
to the identical covariance operators of (., s yields the relation ESEE} - 1= % Next,
sl€g cléc

again by equality of the covariance operators, we find that Es[eg] — E. [eg] = |Es[ec]|2 and
Ec[eg] — Es[eg] = |Ec[es]|2 = |Es[ec]|2, which completes the proof of (4.12).
Now suppose that Assumption 3.3.11 is satisfied and let {H,},eN € Sééim. Then we obtain

2 ~
limy, s o0 SUPjey % =0asin (4.9) with C = C. In particular, there exists a constant

2
K € (0, 00) such that sup, .y Supy,cq,  ‘Eslelemlll < g

n Eclec(h,n)?] —
Finally, assume that m — 7t ¢ H* = C'/?(L,), that is, Assumption 3.3.II is not satisfied.
For n € N, define H, = span{vy, ..., v,}, where {v;} cn is the orthonormal basis of H from

Lemma 4.1(i), and let Hnl be the H-orthogonal complement of H,. Since m — m ¢ H*
and Lj is dense in H, we can find {U,},en C L2 \ {0} such that (m — m,v,)r, > n||v,|a.
Furthermore, we may pick v, in HnL C H, since dim(H,,) < 0o. In summary,
VneN Fo,eLyNH T, #0: (m—, 0y, =nlC/%0,|L,.
By (4.2), h™ := Jv, € H" is H -orthogonal to 7—[2 :=span{zy, ..., 2y} if {zj} e is the
orthonormal basis for #° from Lemma 4.1(ii). Therefore, the kriging predictor of 4
based on H} := R @ HY and p. = N(0,C) vanishes, R = 0. Thus, there exist square-
(n)

summable coefficients {cﬁ.”)}j>n such that ") = Yjsn c;")zj andv, =3 ;., c; vj,and we
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find that

Eslhy”C —h™12  [ER™]?  IE[Y o (20, ) 1,112 i —m, T, 2
E[(hM€ — hm)2]  Ec[|h™]?] ICY20, 117, IC!/2v, 113, '

Furthermore, {H}},cn € St

adm SO that this yields a contradiction. []

PROOF OF THEOREM 3.8. In this proof, all references starting with “C” are referring
to Appendix C in the Supplementary Material [9]. As shown in (C.2)—(C.5) (see Propo-
sition C.2), we can equivalently prove the claim for the pair of measures puc = N(0,C)
and fis = N@m — m, C) in place of u = N(m,C) and & = N(m, C) Sufficiency of Assump-
tions 3.3.I-III for each of the assertions (3.11)—(3.14) to hold for all {H,,},,en € Sa Jm 18 shown
in Proposition 4.4.

Conversely, if (3.11) (or (3.12)) holds for p, iis and all {H,},en € S, adm, then by (C.7) the
relation (3.7) (or (3.8)) holds for the pair w, i and all {H,;},en € Sadm By Lemma 4.5, As-
sumptions 3.3.1 and 3.3.1II have to be satisfied. Subsequently, necessity of Assumption 3.3.11
for (3.12) follows from (C.8) combined with Lemma 4.6. Since we have already derived As-
sumption 3.3.1, we have Sﬁﬁ Sadm by Lemma 4.3, and we may also combine (C.8) with
Lemma 4.6 applied for fi. and jis, showing necessity of Assumption 3.3.1I for (3.11).

If (3.13) holds for ., iis and all {H, },eN € Sadm, then the first identity in (C.6) combined
with Lemma 4.6 (see also Remark C.3) show that Assumption 3.3.1I has to be satisfied.
Subsequently, again the first identity in (C.6) implies that (3.9) holds for the pair u, i and all
{Hi}nen € S;flm and Assumptions 3.3.1 and 3.3.III follow from Lemma 4.5. For (3.14) we
may proceed analogously, since uniform boundedness of the terms in the second identity of
(C.6) in particular implies that S adm & C 8%, , so that Lemma 4.6 is applicable for the pair of

adm’
measures i, and fig. [

5. Simplified necessary and sufficient conditions. In order to exploit Theorem 3.8 to
check if two models provide uniformly asymptotically equivalent linear predictions, one has
to verify Assumptions 3.3.I-1II. Depending on the form of the covariance operators, this may
be difficult. In this section, we provide equivalent formulations of Assumptions 3.3.1 and III
for two important cases: 1. the two covariance operators diagonalize with respect to the same
eigenbasis, and 2. g, 0: X x X — R are covariance functions of weakly stationary random
fields on X C RY, a priori defined on all of R?, which have well-defined spectral densities
£, R [0, 00).

5.1. Common eigenbasis. In the case that the two covariance operators diagonalize with
respect to the same eigenbasis, conditions I and III of Assumption 3.3 can be formulated as
conditions on the ratios of the eigenvalues. We consider this scenario in the next corollary.

COROLLARY 5.1. Suppose that C, C are self-adjoint, positive definite, compact opera-
tors on Ly (X, vy), which diagonalize with respect to the same orthonormal basis {e;} jeN for
Ly(X, vyx), that is, there exist corresponding eigenvalues y;, Y € (0, 00), j € N, accumulat-
ing only at zero such that Cej = yje; and Cej = y;je; for all j € N. Then Assumptions 3.3.1
and 3.3.111 are satisfied if and only if there exists a € (0, 00) such that lim; .~ ¥;/v; = a.

PROOF. We start by showing that lim; .« ¥;/y; = a € (0, 00) is sufficient for Assump-
tions 3.3.1 and 3.3.1II. By Proposition 3.5, Assumption 3.3.1 is equivalent to requiring that
Cl/2¢=1/2 is an isomorphism on L;. If C and C admit the same eigenbasis {e;}en, then
these are also eigenvectors of the self-adjoint, positive definite linear operator C~!/ 20c-112
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with corresponding eigenvalues {}/; /v;} jen. By assumption, this sequence converges. Hence,
Hcl/chl/Z”%(Lz) _ Sup”vHLz:l(Cfl/zcc—l/zv’ V), = Sup ey Yilvj € (0, 00) follows, and

limj_ o ¥;/¥; = 1/a implies that ||cl/25—1/2||§(L2) =sup;cy ¥;/¥j € (0,00) by the same
argument. Thus, Assumption 3.3.1 is satisfied. Furthermore, also Assumption 3.3.III follows,
since T, =C~1/2CC~1/2 —aT diagonalizes with respect to {e;} jey with corresponding eigen-
values {¥;/y; — a} jen which by assumption accumulate only at zero, and hence, T is com-
pact on Ly(X,vy). Conversely, if Assumptions 3.3.1 and 3.3.1II are satisfied, then by the
latter there exists a € (0, oo) such that T, is compact and {y;/y; — a} jen is a null sequence,

that is, {)’;/y;} jen converges to a € (0, 00). [

5.2. Weakly stationary random fields. 'We consider a connected, compact subset X' of R?
equipped with the Euclidean metric and the Lebesgue measure 4. For brevity, we omit A4
in the notation L, (X), L»(R?). We assume that the operators C, C: Ly(X) — Lo(X) are in-
duced by continuous, (strictly) positive definite kernels o|xx x and 9| x «x x, Which are restric-
tions of translation invariant covariance functions o, 3 : RY x R? — R. Translation invariance
of o implies that there exists an even function gg: R4 — R such that olx,x ) =00(x —x')
for all x,x’ € R, and similarly gg is defined for g. We assume @g, 0o € L1 (R?), so that the
corresponding spectral densities f, f R? — [0, 00) exist. Recall that the spectral density f
and g relate via the inversion formula (see, e.g., [25], page 25): For all w € R?, we have

(.1 flw)= (Feo)(w), (Feo)(w) := /iad exp(—iw - x)go(x)dx.

(2w )d
Using this convention for the Fourier transform F, its inverse becomes

(F 1) (x) = f exp(io - x)0(w)dw, xeR?,

1
Q2n)d Jrd
Let the linear operator Fy : Lo(X) — Lz(Rd ; C) be the composition Fy := F o E?v’ where
Eg( is the zero extension Ly(X) > w — E())(w e L1(RY) N Ly(RY) that sets (Eg(w)(x) =
for all x € R? \ X. We then consider the following subset of the space of complex-valued
square-integrable functions Lz(Rd ; C), which itself is a vector space over R,

Fr(Ly(X)) ={h: RY = C|3w € Ly(X) : b = Fyw} C La(RY; C),

and define the Hilbert space Hy (over R) as the closure of Fx (L(X)) with respect to norm
induced by the weighted L>(R?; C)-inner product with weight f,

(5.2) (01, 02 Hy = A;d f ()01 (@)02(w) do, H:= mlumj‘.‘

We recall the Hilbert space H = C~/2(L,(X)) with (-, -)g = (Cl/2 -,Cl/z-)Lz(X) from
Lemma 4.1(i) and find by invoking (5.1) that, for all vy, vo € Ly(X),

(Frvr, Fava)u, = / (F00) (@) (Frv) (@) Fr2) (@) do

@m)?

1 -
[, o0 x (E4w1) @) F(EG ) @) do

o " o Jue

= (00 * (E3v1), ESv2) 1, ey = (CV1, 12) Ly(x) = (v1, v2) -

By density of Ly(X) in H and of Fx(L2(X)) in Hy, Fx thus admits a unique continu-
ous linear extension to an inner product preserving isometric isomorphism between H and
Hy. Its inverse Fil v : Hyf — H is the unique continuous linear extension of Ry o F~ I
Frx(Ly(X)) — LQ(X) C H, where Ry : L»(R?) — L,(X) denotes the restriction to X'
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PROPOSITION 5.2.  Suppose that the self-adjoint, positive definite, compact operators
C,C: Lr(X) = Lo(X) are induced by restrictions (to X x X) of translation invariant co-
variance functions 0,7: R¢ x R? — R, which have spectral densities f, f - R4 — [0, 00)
defined via (5.1). Then, Assumptions 3.3.1 and 3.3.111 are satisfied if and only if:

(I') The spaces Hy and Hj are isomorphic with equivalent norms, that is, there exist
constants 0 < k < K < oo such that

(5.4) klIo1I%, < /R T@p@do<Kldly, Ve Fr(La(X).

(II’) There exists a constant a € (0, 00) such that the linear operator T"a =8 - aIHf is
compact on Hy, where Ly, denotes the identity on Hy and S: Hy — Hy is defined by

(55) (S 8m, = [ | F@n@in@do Vi i€ Hy.

PROOF. (I’) Let ¥y, 02 € Fx(L2(X)) and vy, vz € L2(X) be such that ¥} = Fyv; and
U = Fyvy. Applying the inversion formula (5.1) for f gives, similarly as in (5.3),

[ (Foo)(w)
~Jre (2m)d

Therefore, (5.4) is equivalent to k(Cv, v),x) < (51), V)1,x) < K(Cv,v),x) holding for
all v e Ly(X), which by density of Ly(X) in H can be reformulated as the relation
||cl/20*1/2w||%2()() € [k, K] for all w € Ly(X) with |w]|,x) = 1, that is, C'/2C~1/? is an
isomorphism on L, (X’). By Proposition 3.5(i) < (ii) this is equivalent to Assumption 3.3.1.

(II") We proceed as illustrated below: We prove that 7, can be expressed as the compo-
sition T, = Cl/z]-;lf"a]:,yc_l/z. Since C~V%: Ly(X) - H and Fy: H — Hy are inner
product preserving isometric isomorphisms, this shows that 7, € K(L2(X)) is equivalent to
compactness of T, on Hy.

656 Corvnw 0(@50) do = [ F@)i @i do.

T, =C~12¢c~V2 _ 41

(L2(X), (-5 D pyx)) (LX), (0 D pyx))
C—l/zl Tcl/z
c1C—az,

(H,€?.C'2 ) ) L (H,C2,C2 ) )
Fo E(/)\,J( R TRX oF1

Ta=S—aIHf

Part (I') implies that b(d1, 02) := Jpa (@)1 (w)02(w) do defines a continuous, coercive
bilinear form on the real Hilbert space H . Thus, for every 01 € H, existence and uniqueness
of Sy satisfying (5.5) follows from the Riesz representation theorem, and S: Hy — Hy is
well-defined, linear and bounded. For v, v) € Lo(X) and 01 := Fx vy, U2 := Fyva, we have

((C—lg— aly)vi, v2)y = ((5— aC)vy, vg)Lz(X)
= /Rd(f(w —af (@)1 (@) 2 (w) do

= ((S—aZu,)br. Do)y,

= (T, 11, U2)Hy = (Fy' TaFxvi, v2)

where we used (5.2), (5.3) and (5.6). By density of Ly(X) in H and continuity of ]-"/;1 Ta}";(
on H, this equality holds also for all vy, v € H. Consequently, we obtain the chain of iden-
tities T, = C~'/2CC~'? —aZ =C'2(C~'C — aZy)C~'? =C' P F' T, FxC~1/2. O
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REMARK 5.3.  We emphasize that the Hilbert spaces ° in (2.4), H from Lemma 4.1(i)
and Hy in (5.2) are mutually isomorphic, with inner product preserving isomorphisms
J:H—H%and Fx: H— Hy.

For two continuous functions g, 3: R — [0, 00), the notation g < g indicates that there
exist k, K € (0, 00) such that the relations kg(w) < g(w) < Kg(w) hold for all w € R4,

COROLLARY 5.4. Suppose the setting of Proposition 5.2.

(1) Assumption 3.3.1is satisfied whenever f < f~ .
(ii) Suppose that 0o: R? — R related to f: R? — [0, 00) via (5.1) is not infinitely differ-

[ (w)

Fa) —0

entiable in at least one Cartesian coordinate direction. Then, in either of the cases

[l

Or Figy > 0 as lwllga = 00, Assumption 3.3.1 is not satisfied.

PROOF. (i) Clearly, the relation f = f in (i) implies that (5.4) holds. Therefore, by
Proposition 5.2(I’) Assumption 3.3.1 is satisfied.

(i) Without loss of generality, we may assume that X contains an open subset containing
the origin and pick L € (0, co) with [—L~ L L1 cx. By assumption on the differentia-
bility of oo, there exist j € {1,...,d} and p € N such that [ fj(a)j)a)ip dw; = 00, where
fj: R— [0, 00) is defined by

fj(wj)i— o), e dhg (@1 @1, @)1 @)

Let r(-) be the rectangular function, defined as r(x) = 1 for |x| < % and r(x) = 0 for |x| > %
For n € N such that n > pL, consider the forward difference operator A, : L>(R) — Lo (R),
[A,g]l(x):=n(g(x 4+ 1/n) — g(x)), and set

v (x) = nd[A,’;r](nx]' - %) l_[ r(nxg — %), neN, n>pL.
k]

Each function v, has compact support in [—L~1, L—l]d.g X and v, € Lr(X ) Furthermore,
its Fourier transform is 0, () := (Frvp) (@) = nP(e!i/" — 1)P ]_[lee_’“’k/2 sinc(z‘;)f—"n),

where sinc(x) := % for all x € R, and by basic trigonometric identities

(5.7) |f),1(a)){2 [2nsm< )} l_[smc (2 n)

follows. Fix £ € N. By assumption, there exists a constant M, € (0, 00) such that one of the
following holds for all w with ||w|lpe > My: (a) f(w) < ﬁ f(w) or (b) f(w) > 24f (w). Next,
define the infinite strip Ay := {w € R? : |wj| < My}. Then, for every n > pL, we find by (5.7)

[ @l dos [ o do=mi? [ fedo=me0,

since 2n sm(2 ) = smc(2 YT, j and [sinc(x)| < 1 for all x € R. By the same arguments,

/ Ay f (w) |0y, (a))|2da) < M[p 00(0) holds for all n > pL. In addition, for every n € N with
n > max{pL, M¢/m}, define the set

B} :=|weRY: My < |w;| <nm, |wi| <nmw Yk # j} C AS:=RI\ A,.
Since sinc? (0/Q2mn)) > (2/71)2 for 6 € (—mn, mn), we obtain again by (5.7) that

N 2 2p 4d+p 5
/BZ’ f(@)|0p(w)] dw> / f(w)[2nsm(2 )} dw > @ . f(w)wjl’da)
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Furthermore, note that lim,,_, [ B! f (a))a)ip do=[ AS f (a))a)ip dw = o0, since the integral

Jpa f@)w?” do = [ fi(@))w;” da; = 0o diverges and [, f(@)w;” dw < M;"go(0) is fi-
nite. For this reason, there exists an integer ng = no(£) > max{pL, My/m} such that

fA F@)]bn(@)*do = /B £ @)]dn(@)[* doo > 26M;" max{00(0), 20(0)},

for all n > ng. We then obtain, for every n > ng, in case (a) the estimate

St F@)|on(@) 2o _ Jy, @)]on(@)] do g (@)1 (@) doo -
1nl17, = Jas f@on@)Pdo " [y f(@)]0n(@)Pdo

and in case (b) we have, for all n > ng,

Jit F(@)ln (@) do Jag F(@)lin @)/ do
19n 17, " S, f@)on(@)Fdo + [y f(@)|0n(@)]* dw

e f(w)|ﬁn(w)|2dw<fA[f(a))|ﬁn(a))|2da) 1)“
= Ta T @[Bn@)Pdeo \ [ye (@)[0(@) P do

1 -1 402
zze(— + 1) = > {.
20 1+2¢

Since ¢ € N was arbitrary, in case (a) there is no constant £ € (0, co) such that the lower
bound in (5.4) holds and in case (b) we cannot find K € (0, 0o) for the upper bound in (5.4).
Thus, the result follows by Proposition 5.2(I’). [

In what follows, we let Wp, denote the class of Fourier transforms Fv of square-
integrable functions v € L,(R%; C) with support supp(v) C IR inside the bounded paral-
lelepiped [Tg = {x e RY: —R; <x; <R, j=1,...,d)}.

COROLLARY 5.5. Suppose the setting of Proposition 5.2, f < f , and furthermore that
there exists ¢y € Wiy such that f < lo|?. Then Assumptions 3.3.1 and 3.3.11I are satisfied

whenever there exists a constant a € (0, 00) such that “"; — a as |w|lgd — 00.

PROOF. By Corollary 5.4(i), f < f implies that Assumption 3.3.I holds.
Next, recall the bounded linear operator S: Hy — H f from (5.5) and, for £ € N, define
the self-adjoint linear operator Te Hy — Hy similarly via

(T b1.92) y, = fB (f(@) —af (@)@ (w)dw Vi1, 02 € Hy,

where By := {w e R? : lwliga < ¢} is the ball around the origin with radius £. By Proposi-
tion 5.2(1°), T‘Z is bounded with ||T Iy <a+ ||S||£(Hf) for all £ € N. We now proceed

in two steps: We first show that, for every £ € N, TZ is compact on Hy. Second, we prove
convergence limy_, o ||T ~T, () =0, which 1mphes that T, = S — aZpy, is compact on
Hy, since KC(Hy) is closed in L(H ). Then Assumption 3.3.1IT holds by Proposmon 5.2(T).

By Proposition 5.2(I’), Hy and H|<po|2 are isomorphic and c||v||Hf < ||v||H|¢ 2 < C||v||Hf
0 .

for some constants ¢, C € (0, c0) independent of v € H . For this reason, the operator f‘f is
compact on H if and only if it is compact on H,, 2. To see that, for every £ € N, the operator

Tf is compact on Hy, 2, we prove the stronger result that ff is Hilbert-Schmidt on H, 2.
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Let {0} jen be an orthonormal basis for ngoo\z Then we note that the relations f =< f and
f = |@o|? imply equality of the supports, supp( f ) = supp(f) = supp(¢o), and estimate

YT

jeN
Tl |2 FOA A 2
< 2 NT0il, =22 sup |(Tad).d)y |
jeN jeNlwla,=1
Flw) — 2
:Z sup / M’¢O(w)|2ﬁj(w)ﬁ)(w)dw
jen bl =11/swp@onse  l¢o(@)]

. |f (@) — af (o) A
<Y sw lol, | O |g0(@)|?[9 ()] do
jeNlIdla, =1 ol Jsupppo)nBe @0 ()]
<C L 00(@)* Y19 (w)]* do.

wesupp(gy)  190(@)[? | I

supp(po)N By jeN

Since f = |¢o|? and f < f, the supremum in this bound is finite. Furthermore, as ¢y € Wi
by [19], Lemma on page 34, we obtain the bound

d
R Ri+K;
|g00(a))|2 Z|vj(a))|2 < CR,K, where CR,K = 1_[ (JT[—J)’

jeN j=I
and Ik is a parallelepiped enclosing the compact set X C [1g. Consequently,

fw) +af (@)

sup  —————| <090,

T, <C?20)%Cr
Z “ J ” Hy, 0l 7 wesupp(pg) |<P0(Cl))|2

jeN

that is, for every £ € N, ? ¢ is Hilbert—Schmidt on H 2, and thus, compact on H.

Finally, let € € (0, c0) and £, € N be such that SUP e B | }c(gg —al| < eforall £ > £,, where

BE = R4 \ B¢. Then, for every £ > £, and all vy, 03 € Hp,

(Ta = T))b1,02) g, = fB (@) —af (@)d1(@)Dr(@) do < el Bl 1021, -

s
4
Thus, limg_, o | T — fa”g(yf) =0 and T, is compacton H;. [J

6. Applications. In the following, we exemplify the results of Section 3 and Section 5
by three specific applications. Corollary 5.4 and Corollary 5.5 can be used to check for uni-
formly asymptotically optimal linear prediction in the case of weakly stationary processes on
compact subsets of R?, using their spectral densities. As an explicit example, we consider the
Matérn covariance family in Section 6.1. Corollary 5.1 is applicable, for example, to periodic
random fields on X’ = [0, 1]¢ as considered by Stein [23]; see Section 6.2. Moreover, as The-
orem 3.8 it also holds for random fields on more general domains. As a further illustration,
we consider an application on the sphere X’ = S? in Section 6.3.

6.1. The Matérn covariance family. The Matérn covariance function o|xxx on X C R?
with parameters o, v, k € (0, 00) (see Example 2.1(a)) has the spectral density

T(v+d/2) o2k
LT 2 + [l fa) 472

1
(6.1) fM(w)=W(J’:QM)(w)= weRY;
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cf. [25], equation (32) on page 49. Assume that ¢ is a further Matérn covariance function
with parameters &, V, ¥ € (0, co) and corresponding spectral density fy. Since

fu@) TE+d/2) T  32%%7 (2 + o)) >

— ——, welR’,
fu(@) F@) TW+d/2) o2 ® + |o)2,)"H/?

we conclude with Corollary 5.4(ii) that Assumption 3.3.1 can only be satisfied if vV = v. In
this case, fi1 = fu and, since by [10], Remark 4.1, also fi1 < |@o|? holds for some ¢ € Wik
and some parallelepiped R, Corollary 5.5 is applicable and shows that Assumptions 3.3.1
and 3.3.III hold, with a = % in (3.5). Thus, misspecifying the second-order structure
(0, 0) by (0, 9) yields uniformly asymptotically optimal linear prediction if and only if v = .
For equivalence of the corresponding Gaussian measures, a = 1 is necessary, that is, the
microergodic parameter 02«2 has to coincide for the two models. This is in accordance with
the identifiability of this parameter under infill asymptotics; see [28].

6.2. Periodic random fields. A stochastic process {Z(x)}yex indexed by X := [0, 114 is
said to be weakly periodic if its mean value function E[Z] = m is constant on [0, 1]¢ and,
in addition, its covariance function o(x, x") only depends on the difference x — x’, where
the difference is taken modulo 1 in each coordinate (see [23]). Let Zi denote all elements
k= (ki,...,kq) " € Z% such that at least one element in the vector is nonzero, and the first
nonzero component is positive. A weakly periodic process admits the series expansion

Z(x)=Xo+ Y_ [Xgcos(rk-x)+ X} sin@2rk - x)],
keZi

where X, ch(, X]S( are pairwise uncorrelated random variables such that E[Xo] = E[Z] =m
and, for all k € Z4, one has E[X{] = E[X}] = 0 as well as E[|X{|*] = E[|X}|*]. Define
f:Z% — [0,00) by f(0) := Var[Xol, f(k) := 1 Var[X{] for k € Z4, and f(-Kk) = f(K).
Then we can represent the covariance function of Z as

o(x,x') = Z f(K)[cos(2rk - x) cos(2k - x) + sin(27k - x) sin(27k - x')]
keZd
= Z fK)cos(27k - (x — x")) =: 0o(x — x').
keZd

For this reason, f can be viewed as the spectral density with respect to the counting measure
on Z4 . 1t is not difficult to show that the set

{1,ep.ep ke Zi}, ep(x) == V2cos(27k - x), ep(x) = V2sin(2rk - x),

forms an orthonormal basis for L, ([0, 1]9). Moreover, it is an eigenbasis of the covariance
operator with kernel ¢. Indeed, [ o(x, x") dx’ = f(0) and

Vk e Z‘j_ : /Xg(x, x e (x")dx" = f(K)e(x), t€{c,s}

Since 00(0) = > keze f(K) < oo and f(k) > 0, it is clear that f(k) accumulates only at
zero. Thus, for any two weakly periodic random fields on [0, 1]¢ with corresponding spectral
densities f, f - 74 — [0, o0) defined as above, we are in the setting of Corollary 5.1: As-
sumptions 3.3.1 and 3.3.1II are satisfied if and only if f (k)/f (k) — a for some a € (0, o0)
as |k| — oo. This result holds without any further assumptions on the spectral densities, and
can be viewed as a version of [25], Chapter 3, Theorem 10, for periodic random fields.
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6.3. Random fields on the sphere. Due to the popularity of the Matérn covariance family
on R? (see Example 2.1(a) and Section 6.1) it is highly desirable to have a corresponding
covariance model also on the sphere S2. A simple remedy for this is to define the covariance
function as in Example 2.1(c), that is, via the chordal distance dps(x,x") =[x — x'||p3.
One reason for why this is a common choice is that the (more suitable) great circle distance
ds2 (x, x") = arccos((x, x")g3) results in a kernel o which is (strictly) positive definite only
for v < 1/2; see Example 2.1(b) and [6]. As this severely limits the flexibility of the model,
several authors have suggested alternative “Matérn-like” covariances on S.

Guinness and Fuentes [7] proposed the Legendre—Matérn covariance,

o0 2

6.2) o1(x,x) =3 %

T Peos (s ), e
=0 ‘"1

where o1, v1, k1 € (0, 00) are model parameters and P;: [—1, 1] — R is the ¢th Legendre
polynomial, that is,

1 d
2! dyt
This choice is motivated first by the Legendre polynomial representation of positive definite

functions on S? (see [17]), and second by the fact that the spectral density fy(w) for the
Matérn covariance on R? is proportional to o2(k? + IIwII%d)_(”+d/ 2. see (6.1). However,

Py(y)=27" (yz—l)e, yvel-1,1], £eNp:={0,1,2,...}.

note that the parameter 012 in (6.2) is not the variance since

o 2

o1(x,x)=) %

= (K12 + ZZ)vl—H/Z'

Another plausible way of defining a Matérn model on S? is to use the stochastic partial dif-
ferential equation (SPDE) representation of Gaussian Matérn fields derived by Whittle [27],
according to which a centered Gaussian Matérn field {Z9(x) : x € R} can be viewed as a
solution to the SPDE

(6.3) (= A) T2 70 =W onRY,

where the parameter T € (0, 00) controls the variance of Z°, W is Gaussian white noise
and A is the Laplacian. Lindgren, Rue and Lindstrém [12] proposed Gaussian Matérn fields
on the sphere as solutions to (6.3) formulated on S? instead of R<. In this case, A is the
Laplace—Beltrami operator.

In order to state the corresponding covariance function g»: S* x S — R, we introduce
the spherical coordinates (¢, ¢) € [0, ] x [0, 27) of a point (x1, xz,x3)T e R3 on S? by
¥ = arccos(x3) and ¢ = alrccos(xl(xl2 + x%)_l/z). For all £ e Ng and m € {—¢, ..., ¢}, we
then define the (complex-valued) spherical harmonic Y, : S> — C as (see [13], page 64)

Yo (9, @) = Com Pom(cos®)e™,  m >0,
Yo (@, 0) = (—=D"Y o _n(d, 9), m <0,

where, for £ € Ng and m € {0, ..., £}, we set Cy ;1= */zfl_;;l%;%i and Py [—1,1] = R
denotes the associated Legendre polynomial, given by

dm
Pen() = 0" (1= y)" 5 PG). yel=L1]

The spherical harmonics {Y; ,, : £ € No,m = —£, ..., £} are eigenfunctions of the Laplace—

Beltrami operator, with corresponding eigenvalues given by Ay, = —€(€ 4 1). In addition,
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they form an orthonormal basis of the complex-valued Lebesgue space Lo (S?, vge; C); see
[13], Proposition 3.29. Here, vs> denotes the Lebesgue measure on the sphere which, in
spherical coordinates, can be expressed as dvgz (x) = sin ¢t dot de.

The covariance function of the solution Z° to the SPDE (6.3) on S? can thus be represented
using the spherical harmonics via the series expansion (cf. [13], Theorem 5.13 and page 125)

00 =) V4

/ T Eva / /
o2x,x’) = Yom (@ @)Y em(V, @),
(x. %) ZE) (2 + €(C + 1))V mgg " (¢

where (9, ¢), (%', ¢’) are the spherical coordinates of x and x’, respectively. Then, by ex-

pressing also the Legendre—Matérn covariance function in (6.2) in spherical coordinates and

by using the addition formula for the spherical harmonics ([13], equation (3.42)) we find that
0 2

016, x) =Y T Py((x,x)ga)

P S 4
= (Klz + 32)1)1—1—1/2

& o2 4 ¢
l Eva ! A
= Yo (@, @)Y om(®',¢).
= (x%+z2>w+1/22f+1m:Z_Z " "

Thus, the covariance functions g, g7 are similar, but not identical. Due to the SPDE repre-
sentation of oy, we believe that this is the preferable model. However, an immediate question
is now if the two models provide similar kriging predictions. The answer to this is given by
Corollary 5.1: Since Y_* e Yo @, 0)Y e (@, @) = ¢ _ om0, @)ve (¥, ¢), where

«/ECZ?_mPg,_m(cos ¥)cos(myp) ifm <0,
Ve.m (0, @) := 1 (1/4/4m) Pg(cos ¥) ifm=0,
\/ECg’m Py m(cosv) sin(me) if m >0,
the two covariance operators have the same (orthonormal, real-valued) eigenfunctions in

LZ(SZ, vs2; R). Thus, we are in the setting of Corollary 5.1 and consider the limit of the
ratio of the corresponding eigenvalues:

0 if vy <v,
W+ H220+1) 1 o ifv; >v
m = ’
t—oo  (kKZHLL+ 1)V 120247 1 :
— 5 if vy =v.
20727

We conclude that the models will provide asymptotically equivalent kriging prediction as
long as they have the same smoothness parameter v (and positive, finite variance parameters).
By the same reasoning, it is easy to see that one may misspecify both t and « as well as o1 and
k1 for the two covariance models and still obtain asymptotically optimal linear prediction.

7. Discussion. For statistical applications, it is crucial to understand the effect that mis-
specifying the mean or the covariance function has on linear prediction. We have addressed
this by providing three necessary and sufficient conditions, Assumptions 3.3.I-1II, for uni-
formly asymptotically optimal linear prediction of random fields on compact metric spaces.

There are several directions in which this work can be continued in the future. An interest-
ing question is whether Assumptions 3.3.I-III can be relaxed if the uniformity requirement
on the optimality is dropped. Furthermore, the results of Section 5.2 can likely be refined to
obtain necessary and sufficient conditions on the spectral densities f and f . This should be
possible at least in the case that f < |@g|? holds for some ¢g € Wiig-
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A more challenging problem would be to generalize our results to the setting of locally
compact spaces. This extension is conceivable, but it would require substantial changes to
both the problem formulation and the methods of proving. For the current setting of compact
metric spaces, there are several additional applications that can be considered. For example,
the application to Gaussian Matérn fields on the sphere in Section 6.3 can easily be extended
to SPDE-based Gaussian Matérn fields on more general domains, since our arguments de-
pend only on the asymptotic behavior of the eigenvalues of the Laplace-Beltrami operator,
which is also known, for instance, on compact Riemannian manifolds; see, for example, [18],
Theorem 15.2.

Acknowledgments. The authors thank S.G. Cox and J.M.A.M. van Neerven for fruitful
discussions on spectral theory, which considerably contributed to the proof of Lemma B.2;
see Appendix B in the Supplementary Material [9]. In addition, we thank the Editor and an
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