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Abstract

Targets tracked by radar may exhibit mean-reverting motion, such as motion along a nominal trajectory or weaving
behavior. Conventional target tracking models typically do not account for this characteristic, which limits estimation
and prediction performance. This study investigates the mixed Ornstein–Uhlenbeck model, also known as the second-
order continuous auto-regressive model, as a framework for representing mean-reverting motion to model targets that
follow a nominal trajectory or to model targets that display oscillatory motion. The model contains two unknown
transition parameters per dimension, which are estimated offline by maximum likelihood estimation and online by
joint estimation and a particle filter. Results show that joint estimation provides the best performance in both state
and parameter estimation. Joint estimation is applied to real-world weaving motion from jet skis, water scooters,
and RHIBs. The proposed approach improves position estimates and, in particular, velocity estimates, while also
providing accurate trajectory predictions. These findings demonstrate that the mixed Ornstein–Uhlenbeck model can
significantly enhance target-state estimation and prediction for mean-reverting motion.
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Chapter 1

Introduction

A surveillance radar looks at a large volume around it
to track targets. Targets are objects of interest, like air-
planes or ships, and target tracking consists of monitoring
a target’s position and velocity in real time. Sometimes
tracking also includes the analysis or prediction of the
target’s trajectory. The main purpose of a surveillance
radar is creating situational awareness. When a track on
a new target starts, the target’s trajectory and class can
be estimated based on its kinematic behavior, which can
be used for intention prediction and threat identification.

A radar works by transmitting electromagnetic waves.
The position and velocity of an object are calculated based
on the received reflections caused by the target. The raw
radar detections are not enough to track a target. Firstly,
the radar also receives reflections by clutter, in which we
are not interested. For example, if a radar is used for
drone detection it may also detect clutter from birds or
raindrops. Secondly, the measurements of the position
and velocity are not exact but contain measurement noise.
Lastly, measurements are not continuous, instead they
have intervals of a few seconds, and sometimes the radar
misses detections which makes this interval even longer.
To translate these raw detections into target trajectories,
a tracking algorithm is needed.

A tracking algorithm consists of multiple steps. First,
data association needs to be done. The algorithm decides
to which target a measurement belongs or if a measure-
ment is clutter. Secondly, the algorithm uses subsequent
measurements to estimate the state of a target, which
is also called filtering. The state is often defined by the
position and velocity of a target, and sometimes also the
acceleration. If necessary, the tracking algorithm can
also make predictions or analyze the trajectory. For data
association, filtering, and prediction a tracking model
which describes the behavior of a target is used. A
better tracking model can improve the state estimation
and prediction, which in turn improves classification and
trajectory analysis. It can also lead to more efficient
sensor resource management as fewer measurements may
be needed for the same tracking accuracy. For these
reasons it is desirable to improve on current tracking
models, which is the objective of this research.

1.1 State of the Art

The workhorse of the tracking models is the nearly con-
stant velocity (NCV) model, which can be used for
straight-ahead movement as it assumes the acceleration
to be white noise. The model is described by

a(t) = w(t). (1.1)

Here, a is the acceleration, and w ∼ N(0, q) is Gaussian
process noise. A state-space approach can be used in com-
bination with a Kalman filter to estimate the state. The
state is described by s = [p, v]⊤ where p is the position and
v the velocity. The derivatives of the state are given by
ṗ = v and v̇ = a = w. The NCV model has many advan-
tages: it is robust, computationally efficient and easy to
tune and implement. However, it is a very general model
as it does not take into account patterns in the acceler-
ation. Because of this it is bad at predicting the future
states of a target. For a target following the NCV model
the process noise variances are given by

σ2
p =

qt3

3
, (1.2)

σ2
v = qt. (1.3)

So the uncertainty for the position grows with t3 and the
uncertainty for velocity with t, leading to a high predic-
tion uncertainty for large t. A high prediction error can be
problematic if the intention of the target needs to be iden-
tified. Also, when there are missed detections, coverage
gaps or targets fly close to each other the radar may ”lose”
the target. The problem with the long-term prediction un-
certainty in coverage gaps is illustrated in Figure 1.1. Two
airplanes are detected by radar 1, then fly out of the cov-
erage region. Later two airplanes are detected by radar 2.
For us, it is clear that the top airplane detected by radar 2
is likely the orange/top airplane detected by radar 1. But
the NCV model cannot draw such conclusions due to the
high prediction uncertainty. An alternative model with a
lower prediction error is the Ornstein-Uhlenbeck model,
this model will be discussed next.

1.2 Ornstein-Uhlenbeck Model

The Ornstein-Uhlenbeck (OU) model is a stochastic pro-
cess that wanders randomly but is pulled back to a long-
term average. In target tracking, this pull toward a mean
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Figure 1.1: Two radars with a coverage gap in between,
the airplanes detected by radar 2 are the same airplanes
detected by radar 1, but the NCV prediction is not accu-
rate enough to draw this conclusion.

may be observed in position or velocity. For example, the
velocity of a target has an upper limit and may tend to
stay around a certain mean value. Millefiori et al. [33]
show that the velocity of maritime traffic is described well
by an OU model. Forti et al. [18] show how to exploit
this behavior to improve target tracking and anomaly de-
tection, which works especially well under lower detection
probabilities or data gaps. With data gaps, the velocity
prediction uncertainty reaches a steady state, instead of
increasing indefinitely with time. However, the position
prediction uncertainty does not reach a steady state. The

(a) Mean-reverting motion.

(b) Weaving motion.

Figure 1.2: Simulated MOU trajectories.

OU model described by Millefiori et al. has mean rever-
sion in velocity. Coraluppi et al. extended the OU model
to also have mean reversion in position. This model is
called the mixed Ornstein-Uhlenbeck model (MOU). The
mean reversion in position allows for a nominal trajectory.
If the target deviates from its nominal trajectory it will
eventually drift back. The accurate state predictions im-
prove data association under data gaps or coverage gaps
[12]. Moreover, on the short term, some motion patterns
are well described by a MOU model. One of these motion
patterns is oscillatory motion, also called a weave. Mean
reversion in position allows for such motion, which can
improve state estimation of targets following a sinusoidal
pattern [13]. Two examples of MOU process trajectories
are shown in Figure 1.2. These patterns resemble some
motion patterns observed in targets. This observation nat-
urally leads to the research question of this thesis.

1.3 Research Question

The research question is formulated as follows:

”Can the mixed Ornstein-Uhlenbeck model im-
prove target tracking?”

The corresponding sub-questions are:

• How does the mixed Ornstein-Uhlenbeck model com-
pare to other tracking models?

• How can the mixed Ornstein-Uhlenbeck model be im-
plemented in a tracking filter?

• How can the parameters of the mixed Ornstein-
Uhlenbeck model be estimated?

• Does the mixed Ornstein-Uhlenbeck model improve
state estimation and prediction?

5



Chapter 2

Dynamic Models for Target Tracking

In target tracking a state-space model is used to model
the target dynamics. Because the time intervals between
measurements may be irregular, it is important to use a
continuous state-space model. For simplicity the models
are analyzed in 2D (x, y) instead of 3D (x, y, z), but a
2D model can easily be extended to 3D. The state that
is chosen depends on which model is used. If the state
contains the position and velocity the 2D state is described
by the state-vector

s(t) = [x(t), y(t), ẋ(t), ẏ(t)]T . (2.1)

Here x and y denote positions, and ẋ and ẏ denote ve-
locities. Some models, like the Singer model, also contain
acceleration in the state. The general continuous model
of a target can be described by

ds(t) = Fs(t) + dw(t). (2.2)

Here F is the transition matrix and w the process noise.
Radar measurements are discrete so the continuous model
has to be transformed to a discrete model, which is de-
scribed by

sk+1 = Aksk +wk. (2.3)

Where the transition matrix Ak and the process noise wk

depend on τk = tk+1 − tk.

Kalman filter If the discrete model is known, the state
can be filtered by a Kalman filter (KF) [5][p. 158-168].
A KF is unbiased and has the lowest possible estima-
tion variance under the assumption that the process noise,
measurement noise and the prior of the state are Gaus-
sian distributed, and the transitions and measurements
are linear. However, there exist a range of nonlinear KF
variations [9]. Namely the extended KF (EKF), unscented
KF (UKF), cubature KF and ensemble KF. The EKF is
simple and efficient and performs well under nearly-linear,
smooth functions. The UKF works better for systems that
have more nonlinearity. The cubature KF is designed for
high-dimensional spaces and improves the numerical sta-
bility of the UKF. Lastly, the ensemble KF can be im-
plemented for highly nonlinear models. This KF uses a
Monte Carlo ensemble to estimate the posterior.

Multiple model filter A single model is not sufficient
for target tracking. For example, a model that performs
well at filtering straight-ahead motion is not good at
filtering turns. To address this, multiple models can be

run in parallel in a multiple model (MM) filter [5][p.
221-233]. This filter selects (or weighs) the models
according to their likelihood. In an interacting multiple
model (IMM) filter, the state estimates from the parallel
filters are probabilistically combined to approximate the
posterior and give the highest likelihood state estimation.
A MM for target tracking often includes a NCV, constant
acceleration and coordinated turn model. In addition
to these models, the Singer model [37], which assumes
acceleration is correlated, is also popular in target
tracking. Because of the MM framework, a single model
does not need to provide a universal description of target
motion. It may still improve performance if it captures
the dynamics of a specific subset of motion regimes.

In the next section, an overview of common track-
ing models is given and the properties of these models
are discussed. Also the OU model and variations thereof,
namely the integrated OU and MOU, are discussed.

2.1 NCV Model

The NCV model is suitable for straight-ahead motion and
assumes white-noise acceleration. The dynamics are de-
scribed by Blackman and Popoli [5][p. 203-205]. The ac-
celeration is given by

a(t) = w(t). (2.4)

Here, a denotes the acceleration, and w ∼ N(0, q) the
process noise. The continuous-time state-space model of
a single dimension is given by[

ẋ(t)
v̇(t)

]
=

[
0 1
0 0

]
︸ ︷︷ ︸

F

[
x(t)
v(t)

]
︸ ︷︷ ︸

s

+

[
0
1

]
w(t). (2.5)

Here, x denotes position and v velocity. To obtain
a discrete-time version of this continuous-time tracking
model, we use the solution of s in

ṡ(t) = Fs(t), (2.6)

which is given by

s(t) = eF ts0. (2.7)
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For the NCV model, the corresponding discrete-time form
is [31] [

x
v

]
k+1

=

[
1 τk
0 1

] [
x
v

]
k

+wk. (2.8)

(2.9)

Here, τk = tk+1− tk denotes the time interval, and wk the
process noise, whose covariance matrix is given by

Qw = q

τ
3

3

τ2

2
τ2

2
τ

 . (2.10)

2.2 Coordinated Turn Model

The coordinated turn model describes horizontal motion
with an approximately constant velocity and turn rate.
The dynamics are given by Blackman and Popoli [5][p.
205-207]

v̇x(t) = −ωvy(t), v̇y(t) = ωvx(t). (2.11)

The target follows a circular trajectory described by

v =
√
v2x + v2y, R =

v

|ω|
. (2.12)

Where R is the radius of the circle. In practice, a target
does not follow a perfect circle. To account for this process
noise can be added to the turn rate and velocity.

2.3 OU Model

The OU model for position is given by

ẋ(t) = −γx(t) + w(t). (2.13)

The OU process is mean reverting in the position. A posi-
tive position causes a negative velocity pulling the position
back to 0. The transfer function from input w to output
x is given by

H(s) =
X(s)

W (s)
=

1

s+ γ
. (2.14)

The corresponding impulse response, shown in Figure 2.1,
is obtained by taking the inverse Laplace transform of
H(s) given by

h(t) = L−1

{
1

s+ γ

}
= e−γtu(t). (2.15)

This model is not well suited to target tracking, since the
velocity is fully determined by the position. In practice,
the velocity is strongly correlated with its past values and
typically changes gradually between samples. Because this
behavior is not captured by the model, it can produce large
estimation errors and will not be practical.

Figure 2.1: Position impulse response of the OU model.

2.4 Integrated OU Model

If velocity follows an OU model, then position follows an
integrated OU (iOU) model, with acceleration given by
[15]

ẍ(t) = −γẋ(t) + w(t). (2.16)

The iOU process is mean reverting in velocity. A positive
velocity causes a negative acceleration pulling the velocity
back to zero. The impulse response, shown in Figure 2.2,
is the integral of the OU impulse response and is given by

h(t) =

∫ t

0

e−γs ds =
1− e−γt

γ
. (2.17)

Since the position does not revert to zero, this model can-

Figure 2.2: Position impulse response of the iOU model.

not follow a nominal trajectory, and the long-term position
uncertainty does not reach a steady state. Nevertheless,
it works well in modeling targets that follow a mean ve-
locity and it provides a significant predictive improvement
over the NCV model. The iOU model has been applied
to maritime traffic in several studies, which are discussed
next.

Applications

Millefiori et al. [33] apply the iOU model to cargo,
tanker, and passenger vessels for which they analyzed

7



respectively 1370, 370 and 150 trajectories. In total, they
collected about 200,000 automatic identification system
messages, also known as AIS messages, for trajectories
northeast of the Strait of Gibraltar. The velocity rever-
sion parameter γ is estimated using offline maximum
likelihood estimation. The estimation is not available in
closed form but is done iteratively. The prediction error
is then evaluated for different time horizons and they test
what percentage of observations fall within the predicted
95% confidence interval. For shorter time horizons, the
targets lie within the predicted 95% region for both the
NCV and iOU model about 95% of the time. For longer
time horizon this is only the case for the iOU model.
An interesting observation is that mean reversion in the
direction perpendicular to the trajectory is faster than in
the parallel direction for all three classes of ships. Also,
there seems to be a difference in parameters between the
classes, especially the passenger vessel parameters seem
to differ from the other two classes. Although it is not
stated whether this difference is statistically significant,
it hints at the possibility of target classification based on
the model parameters.

Coscia et al. [15] use the iOU model for detecting
waypoints in maritime traffic. Waypoints are regions
where changes in velocity or heading are observed. Ships
often navigate in straight lines between waypoints so the
majority of maritime traffic is very regular, and the iOU
model describes this behavior well as it pulls velocity back
to a mean value. Based on the iOU model, a likelihood
ratio is computed for the hypotheses of a mean change
and no mean change. If the likelihood ratio crosses the
threshold, a waypoint is detected.

Forti et al. [18] applied the OU model to both tracking
and anomaly detection in maritime traffic. They conclude
that their proposed model outperforms the classical ap-
proach, in which models such as the NCV model and the
constant turn-rate model are run in parallel, in both state
estimation and anomaly detection. The improvement is
particularly pronounced when the detection probability
is low or when data gaps are present. This study demon-
strates that the iOU model can improve state estimation
and anomaly detection in maritime traffic compared with
the classical multiple model approach.

2.5 Singer Model

The Singer model can be used for smoothly varying, corre-
lated acceleration. The dynamics are described by Black-
man and Popoli [5][p. 200-203]. The model is given by

ȧ(t) = −1

τ
a(t) + w(t). (2.18)

The parameter τ is the time constant: after τ seconds,
the acceleration has decreased to e−1 ≈ 0.37 of its initial
value. The position impulse response of the Singer model,
denoted by h(t), is obtained by integrating the impulse
response of the iOU model. It is shown in Figure 2.3 and

is given by

h(t) =

∫ t

0

1− e−γσ

γ
dσ =

t

γ
− 1− e−γt

γ2
. (2.19)

γ in this formula is the reciprocal of τ , so γ = 1
τ . Clearly,

Figure 2.3: Position impulse response of the Singer model.

this process is not mean reverting in position and there-
fore bad at long-term predictions. However, in short-term
state estimation the Singer model can outperform other
models. This is because in practice, acceleration is often
temporally correlated over short time intervals.

2.6 MOU Model

The mixed Ornstein-Uhlenbeck (MOU) process is mean
reverting in both the position and velocity for γ1, γ2 > 0,
but oscillatory motion may occur. The model is given by
[13]

ẍ(t) = −γ1 x(t)− γ2ẋ(t) + w(t). (2.20)

The impulse response is shown in Figure 2.4, the meaning
of the damping ratio ζ and natural frequency wn will be
discussed later. The MOU model is not commonly men-

Figure 2.4: Position impulse response of MOU model.

tioned in the literature, as it often goes by other names
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like the continuous auto-regressive model. Coraluppi pub-
lished multiple papers on the MOU model for target track-
ing [11][12][13][14]. Two papers contain applications of the
MOU model that align with our research question, which
will be discussed next.

Applications

Coraluppi et al. [13] propose the MOU model for tracking
a simulated target that follows deterministic sinusoidal
motion in the z-direction and a MOU model in the
x-direction. The MOU model outperforms the NCV
model by a large margin, it has a lower position and
velocity RMSE in both dimensions. It is important to
note that the model parameters are assumed to be known
in this simulation.

In a later paper, Coraluppi et al. [12] compare the
NCV and MOU models in the presence of large coverage
gaps. A simulation is created where a MOU filter exploits
a weighted set of known trajectories for a coverage
gap. Target reacquisition occurs with a much higher
probability of correct track association. Another, more
realistic, simulation is also created based on AIS historical
data along the Australian coast. Also here the paper
demonstrates the improvement of the multiple model
MOU over the NCV model for a scenario where a target
may follow multiple different nominal trajectories.

2.7 Dynamic Models Summary

For state estimation, the NCV, Singer, iOU, and MOU
models are all viable options. The most suitable model
depends on the type of motion being considered. For pro-
cesses with a nominal trajectory or weaving motion, the
MOU model is the most appropriate because it is mean re-
verting in position. Moreover, the iOU model is a special
case of the MOU model obtained by setting γ1 = 0. For
this reason, this thesis focuses on the MOU model. The
Singer and NCV models are used as benchmarks for eval-
uating its performance. Before implementing the MOU
model, its properties are examined in more detail.

2.8 MOU Model Properties

To illustrate the types of trajectories that can be described
by an MOU model, Figure 2.5 shows three simulated
trajectories generated with different parameter settings.
Here, q denotes the process noise variance, and λ1 and λ2
are the eigenvalues, whose expressions are given later. The
three simulations represent the following cases: a slowly
decaying oscillatory case with λ1,2 = −0.02±j 1, a rapidly
decaying oscillatory case with λ1,2 = −0.1±j 1, and a non-
oscillatory case with λ1 = λ2 = −0.5. Damped oscillatory
motion is not unique to the MOU model, but also appears
in several related models. We therefore first discuss the
connection between the MOU model and these models.
Next, we present formulas for the eigenvalue decomposi-
tion of the MOU model, which are needed to compute the
process noise covariance and to accelerate the evaluation

of the transition function. Finally, we derive expressions
for the autocovariance of the MOU model. These are re-
quired to initialize the prior distribution of the target state
and are also needed when using the method of moments
for parameter estimation.

(a) λ1,2 = −0.02± j 1

(b) λ1,2 = −0.1± j 1

(c) λ1 = λ2 = −0.5

Figure 2.5: Trajectories of the MOU model for different
eigenvalues.

2.8.1 Equivalent models

The MOU model can be viewed as a second-order linear
time-invariant system, or two-pole system, by rewriting
Equation 2.20 to

X(s) =
W (s)

s2 + γ2s+ γ1
=

W (s)

s2 + 2ζωns+ ω2
n

. (2.21)

With

wn =
√
γ1, (2.22)

ζ =
γ2

2
√
γ1
. (2.23)

The damped frequency, so oscillation frequency observed
when ζ is non-zero, is given by

wd =
√
γ1 − γ22/4. (2.24)

Without mean reversion in velocity, so γ2 = 0, the system
becomes undamped. The impulse response of this system
is undamped sinusoidal motion. For the case where there
is no reversion in position it becomes equivalent to the
iOU model. For different damping ratios and wn = 3 the
impulse response is shown in Figure 2.4. wn only affects
the timescale.
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CARMA model

The continuous-time counterpart of an autoregressive
moving-average (ARMA) model is the CARMA model.
Consider a CARMA(p, q) model of the form [6]

(c0 + c1D + c2D
2 + ...+ cpD

p)x

= (b0 + b1D + b2D
2 + ...+ bqD

q)w.
(2.25)

Where D is the differential operator. The CARMA(2,0)
model is given by

(c0 + c1D + c2D
2)x = b0w (2.26)

⇒ c2ẍ = −c1ẋ− c0x+ b0w. (2.27)

This model is equivalent to the MOU model up to a
nonzero scaling of the coefficients. Dividing Equation 2.27
by c2 gives

ẍ = −c1
c2
ẋ− c0

c2
x+

b0
c2
w, (2.28)

which has the same form as the MOUmodel given in Equa-
tion 2.20. Hence, the two models are equivalent after set-
ting

γ2 =
c1
c2
, γ1 =

c0
c2
,

with the noise term scaled accordingly. This means the
MOU model is a CARMA(2,0) model, also known as
a CAR(2) model as it does not have a moving-average
component. This is important to note, because relatively
little research exists on the MOU model, whereas much
more research exists on CAR models.

For regularly spaced intervals a CAR(2) model equals
an ARMA(2,1) model, but not every ARMA(2,1) model
has a CAR(2) equivalent [3][8]. More information on the
embeddability of a CARMA model in an ARMA model is
given in Appendix A.6.

2.8.2 Eigenvalue decomposition

When the x- and y-dimensions are decoupled, MOU model
for a single dimension can be written in state-space form
as ṡ = Fs, with s = [x, v]⊤ and

F =

[
0 1

−γ1 −γ2

]
. (2.29)

The eigenvalues of the state matrix F are obtained from
the roots of the characteristic polynomial

det(sI− F) = s2 + γ2s+ γ1, (2.30)

which are given by

λ1,2 =
−γ2 ±

√
γ22 − 4γ1
2

. (2.31)

From this equation, it becomes apparent that for a stable
process, i.e. one with only negative eigenvalues, both γ
variables need to be positive.

Right eigenvectors

The right eigenvectors v are obtained by solving

(F− sI)v = 0.

Writing v =
[
v1 v2

]⊤
gives[

−s 1
−γ1 −γ2 − s

] [
v1
v2

]
=

[
0
0

]
, (2.32)

which implies

−sv1 + v2 = 0, v2 = sv1. (2.33)

Choosing v1 = 1 yields the right eigenvector corresponding
to the eigenvalue λi as

vi =

[
1
λi

]
, i = 1, 2. (2.34)

Collecting the right eigenvectors in a matrix gives

V =

[
1 1
λ1 λ2

]
. (2.35)

Left eigenvectors

The left eigenvectors w⊤ are obtained by solving

w⊤(A− sI) = 0.

Writing w⊤ =
[
a b

]
gives

[
a b

] [ −s 1
−γ1 −γ2 − s

]
=

[
0 0

]
, (2.36)

which implies

−as− bγ1 = 0, a− b(γ2 + s) = 0. (2.37)

Choosing b = 1 gives a = γ2+s. Hence, for the eigenvalue
λi, the corresponding left eigenvector is

w⊤
i =

[
γ2 + λi 1

]
, i = 1, 2. (2.38)

Collecting the left eigenvectors in a matrix yields

W =

[
γ2 + λ1 1
γ2 + λ2 1

]
. (2.39)

2.8.3 Auto-covariance

Coraluppi et al. [12] give the steady-state covariance ma-
trix of the state [x, v]⊤ as

Q =

[
σ2
p 0
0 σ2

v

]
, (2.40)

where the standard deviations of position and velocity are
given by

σp =
q

2γ1γ2
, σv =

q

2γ1
. (2.41)

Here, q denotes the variance of the process noise. The au-
tocorrelation of a general state-space model can be com-
puted using the expression given by Brockwell [6]:

Σ(τ) = E
[
s(t+ τ) s(t)⊤

]
= eF|τ | Q. (2.42)
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Coraluppi et al. [13] provide an expression for eFτ , which
is verified by the derivations in Appendix A.3. For real-
valued eigenvalues of F, the matrix exponential eFτ is
given by

eFτ = 1
λ1−λ2

[
−λ2e−λ1τ + λ1e

−λ2τ −e−λ1τ + e−λ2τ

λ1λ2e
−λ1τ − λ1λ2e

−λ2τ λ1e
−λ1τ − λ2e

−λ2τ

]
.

(2.43)
For the repeated eigenvalue case it is given by

eFτ =

[
(1 + λτ)e1+λτ τe−λτ

−λ2e−λτ (1− λτ)e−λτ

]
. (2.44)

For complex-valued eigenvalues (λ1,2 = α± iβ) it is given
by

eFτ = e−ατ

cos(βτ) +
α

β
sin(βτ)

1

β
sin(βτ)

−α
2 + β2

β
sin(βτ) cos(βτ)− α

β
sin(βτ)

 .
(2.45)

11



Chapter 3

2D MOU-Based Filter Implementation

This chapter describes how the MOU model is im-
plemented for target tracking. In the 2D MOU
model the state vector s is given by s(t) =
[px(t), py(t), vx(t), vy(t)]

T , with p the positions and v the
velocities. The process noise is assumed to be i.i.d. with
covariance matrix Qc. The state-space model is given by

ṡ(t) = Fs(t) + w(t), E[w(t)w(τ)⊤] = Qc δ(t− τ).
(3.1)

For non-coupled dimensions, the matrices F and Qc are
given by

F =


0 0 1 0

0 0 0 1

−γ1x 0 −γ2x 0

0 −γ1y 0 −γ2y

 , (3.2)

Qc =


0 0 0 0

0 0 0 0

0 0 qx 0

0 0 0 qy

 . (3.3)

Up to this point, it has been assumed that both position
and velocity revert to zero, which would correspond to a
target remaining in a fixed location and is not realistic.
A nominal trajectory may be learned from historical data
but when such data are unavailable, it can also be esti-
mated. To keep the dimensionality of the optimization
problem small, the nominal trajectory may be approxi-
mated as a straight line. To represent this, as well as
a potentially time-varying mean, the state vector is aug-
mented by

µ = [µx, µy, µvx, µvy]
⊤, (3.4)

for which the transition and process noise covariance are
given by

Fµ =


0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

 , (3.5)

Qµ =


0 0 0 0

0 0 0 0

0 0 qµx 0

0 0 0 qµy

 . (3.6)

The augmented F and Qc matrices then become

F = blkdiag([F ,Fµ]), Qc = blkdiag([Qc,Qµ]).
(3.7)

The nominal trajectory is completely specified by the ini-
tial mean position and mean velocity. Next, the contin-
uous model is converted to a discrete time state-space
model, which is given by

sk+1 = Ak sk + wk, wk ∼ N (0, Qk). (3.8)

Ak is derived in section 3.2 and Qk is derived in sec-
tion 3.3. s is measured with the measurement function
h, which is derived in section 3.4. The measurement noise
ν has covariance matrix R, which is assumed to be time-
independent and known. zk can be described by

zk = h(sk) + νk, νk ∼ N (0, R). (3.9)

The true position and velocity of the target can be calcu-
lated by the summed position and summed velocity, given
by psum = p+ pµ and vsum = v + vµ.

3.1 Basis Selection

The motion dynamics in the parallel and perpendicular
directions often differ. For this reason, target coordi-
nates are often expressed in a basis aligned with these
directions. For a target following a nominal trajectory,
deviations perpendicular to the trajectory are typically
corrected so that the target returns to the path. In
contrast, a deviation in the parallel direction does not
necessarily lead to a restoring effect. For example, if a
target has been moving faster along its nominal trajectory
than expected, this does not imply that it will later slow
down to compensate, unless it is constrained to follow a
strict schedule. Thus, position reversion may be present
in the perpendicular direction but absent in the parallel
direction. This distinction is illustrated in Figure 3.1a
and Figure 3.1b. In Figure 3.1a, the target is located
at its expected position on the nominal trajectory. In
Figure 3.1b, the target has drifted to the right and
is ahead of schedule. In this case, a restoring force,
indicated in red, pulls the target back toward the nominal
trajectory shown by the green line. However, no restoring
force is required in the direction of travel, indicated by
the black arrow. This corresponds to setting γ1 = 0
in the parallel direction. A similar argument applies
to weaving motion, where the oscillations occur only in
the direction perpendicular to the nominal trajectory.
These examples illustrate why a parallel-perpendicular
basis is well suited for modeling the MOU process.
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Note that the parallel and perpendicular directions
here are defined relative to the heading of the nominal
trajectory, not to the instantaneous heading of the target.

(a) (b)

Figure 3.1: The airplane in (a) is on track. The airplane in
(b) has drifted off track, and should eventually drift back
along the red arrow to resume the nominal trajectory.

To use a parallel-perpendicular basis, a state sp = [x, y]⊤

can be rotated to pp = [∥,⊥]⊤. Let the parallel direc-
tion be oriented at an angle ψ counterclockwise from
the positive x-axis. When measurements are taken in
the x–y plane, the position can be expressed in paral-
lel–perpendicular coordinates by rotating the coordinate
system ψ degrees clockwise. The counterclockwise
rotation matrix, R(ψ), is given by

R(ψ) =

[
cosψ − sinψ
sinψ cosψ

]
. (3.10)

To rotate clockwise, the inverse of R(ψ) is used. Because
a rotation matrix is unitary the inverse of R is equal to
R⊤(ψ). The coordinate transformations are given by

pp = R(ψ)⊤sp, sp = R(ψ)pp. (3.11)

The full state can be transformed using the block rotation
matrix R(ψ) as follows

s = R(ψ)p, (3.12)

p = R(ψ)⊤s. (3.13)

Where

s = [px, py, vx, vy, µpx, µpy, µvx, µvy]
⊤, (3.14)

p = [p∥, p⊥, v∥, v⊥, µp∥ , µp⊥ , µv∥ , µv⊥ ]
⊤, (3.15)

R(ψ) = blkdiag
(
R(ψ),R(ψ),R(ψ),R(ψ)). (3.16)

The matrix F, defined in the ∥⊥ frame, can then be trans-
formed to the x− y frame by

Fxy = RFR⊤. (3.17)

Similarly, it is often more meaningful to model process
noise in the parallel and perpendicular directions rather
than in the x− y frame. The process noise is transformed
as follows:

Qxy = RQR⊤. (3.18)

3.2 Transition Function

The transition matrix A is defined as eFτ . Computing the
matrix exponential is computationally expensive. Further-
more, the matrix exponential must be evaluated n times
per Kalman filter run, where n is the number of time steps.
It is more efficient to compute the matrix exponential via
the eigenvalue decomposition

eFt = VeDτV−1. (3.19)

If F is constant, only eDdt has to be calculated, which is
computationally cheap since D is diagonal. By definition
of the matrix exponential, an eigenvector of F is also an
eigenvector of A, with corresponding eigenvalue

r = eλτ . (3.20)

Where λ is an eigenvalue of F and r the corresponding
eigenvalue of A. The eigenvalues and eigenvectors can
be obtained from the equations in subsection 2.8.2. As an
alternative to evaluating the matrix exponential, the tran-
sition matrix can be computed using the eigenvalue-based
expression proposed by Coraluppi et al. [13]. They derive
transition functions for three cases: distinct real eigenval-
ues, repeated eigenvalues, and complex eigenvalues.

3.3 Process Noise

Gaussian process noise allows for the use of a KF. Non-
Gaussian distributions can be estimated by a particle
filter, but this filter is computationally more expensive
and more complex than a KF. Gan et al. [19] filtered
the state of a target with a particle filter, using a Singer
model. They inspected the effect of modeling Levy noise
instead of Gaussian noise. Levy noise offers a flexible
formulation that encompasses a wide range of possible
system noise models. The result was that heavy-tailed
Levy noise performed better than Gaussian noise, but not
by a large margin even though the trajectory has many
sharp (90◦) turns which should favor the Levy noise due
to its heavy-tailed nature. The Gaussian noise and Levy
noise achieved a RMSE of 95.25 and 91.71 respectively.
This result indicates that modeling heavy-tailed noise is
not essential. Therefore, we assume the process noise to
be Gaussian to simplify state estimation.

In the discrete time MOU process the covariance of
the discrete process noise wk depends on the interval
time, continuous process noise Qc and the transition
matrix F. It is given by

wk =

∫ tk

tk−1

eF(tk−t) w(t) dt, Qk = E[wkw
⊤
k ].

(3.21)
Here Qk is the covariance of the discrete process noise.
The intuition behind the formula is as follows: w(t)
enters the state at time t. The transition matrix for the
state from time t to tk is eF(tk−t), so w(t) decays to
eF(tk−t)wt at time tk. The integral of the contributions
all continuous process noise in the interval results in wk.
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Because w(t) is assumed to be time independent,
the integration interval can be shifted from [tk−1, tk] to
[0, ∆tk] without altering the distribution of wk. Qk is
then given by

Qk = E
[∫ τk

0

eFt w(τk − t)w(τk − t)⊤ eF
⊤t dt

]
=

∫ τk

0

eFt E
[
w(τk − t)w(τk − t)⊤

]
eF

⊤t dt

=

∫ τk

0

eFt Qc e
F⊤t dt.

(3.22)

This formula does not have an easy solution, but
Coraluppi has derived formulas for Qk for the MOU
model. Also, van Loan derived a method to solve gen-
eral integrals of this form.

3.3.1 Coraluppi et al.

Coraluppi et al. [13] give a matrix for the process noise
covariance, but the equation for Q22 seems to have a mis-
take, the ”-2*2” in the original should be replaced with
”-2”. After fixing this, the process noise covariance func-
tions are given by

Q11 =
q

(λi1 − λi2)2

[
1− e−2λi1∆t

2λi1
+

1− e−2λi2∆t

2λi2

− 2
1− e−(λi1+λi2)∆t

λi1 + λi2

]
,

Q12 =
q

2(λi1 − λi2)2

[
e−2λi1∆t + e−2λi2∆t

− 2e−(λi1+λi2)∆t

]
,

Q22 =
q

(λi1 − λi2)2

[
λi1
2

(
1− e−2λi1∆t

)
+
λi2
2

(
1− e−2λi2∆t

)
− 2

λi1λi2
λi1 + λi2

(
1− e−(λi1+λi2)∆t

)]
.

(3.23)
Where q denotes the continuous process noise variance.
Note that in the paper they use the negative of the eigen-
value so −λ instead of λ as input in the formula, which
is why their formula is slightly different. After fixing the
mistake in Q22 the formulas give an equal output to the
alternative van Loan decomposition. They also give the
same result as the van Loan decomposition for unstable
processes, so γ values smaller than 0. For some combi-
nations of λi1 and λi2 the denominator equals zero, but
the limit is still finite. Coraluppi et al. give an extra for-
mula for repeated eigenvalues that gives the solution to
this limit.

3.3.2 Van Loan

The method of Van Loan [39] is computationally more
expensive than using Equation 3.23. But if there is
coupled noise, so the noise on x and y are dependent, the
Coraluppi formulas are not correct anymore. In that case
the Van Loan decomposition must be used.

The covariance matrix of the noise can be described
by Equation 3.22. Van Loan showed that the relation
between equations 3.24 and 3.25 holds, which can be used
to calculate the integral exactly.

exp

([
−F Qc

0 F⊤

]
τ

)
=

[
F2(τ) G2(τ)

0 F3(τ)

]
. (3.24)

Qk =

∫ τk

0

eFt Qc e
F⊤t dt = F3(τk)

⊤G2(τk). (3.25)

The integral of Equation 3.25 is exactly the integral we
need to calculate in Equation 3.22. First Equation 3.24 is
calculated. Then Qk is obtained by Equation 3.25.

3.4 Measurement Function

A radar does not work in x, y coordinates. Instead, po-
sition is measured in polar coordinates, i.e. range and
angle:

r =
√
p2x + p2y, (3.26)

θ = atan2(py, px). (3.27)

It is important to note that the measurement function uses
the true positions as input for px and py, which are equal to
px+µx and py+µy respectively if the state is augmented.
Also radial velocity is measured, vr = ∂r

∂t where r is the
radius. The radial velocity is given by

pxvx + pyvy√
p2x + p2y

. (3.28)

Also here the true velocity is used as input. The complete
measurement function is equal to

h(s) =


√
p2x + p2y

atan2(py, px)
pxvx+pyvy√

p2
x+p2

y

 . (3.29)

Because the measurement noise is in polar coordinates its
uncertainty does not describe an ellipse in x−y coordinates
but can take on different forms, as shown in Figure 3.2.

3.5 Kalman Filter

Because the measurement function is nonlinear, the stan-
dard linear Kalman-filter cannot be used anymore. How-
ever, there exist a range of nonlinear Kalman filters. To
decide which type of Kalman filter should be used, the
level of nonlinearities has to be evaluated. The transition
function is linear and the process noise is additive. Given
that polar coordinates and radial velocity are measured,
the observation matrix is nonlinear. As long as the tar-
get remains sufficiently far from the radar, the derivatives
in radial velocity and polar coordinates vary slowly and
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Figure 3.2: Example of measurement 95% confidence in-
terval of target position in r and θ.

an EKF should suffice. However, the measurement covari-
ance will not be accurately modeled by an EKF in case the
confidence interval takes on forms like the one shown in
Figure 3.2. A UKF will therefore be more accurate. How-
ever, the UKF sigma points will no longer work due to the
circular angle measurements. The angle measurements are
represented in radians in the interval [−π, π]. The Kalman
filter does not inherently understand that the angle is cir-
cular, and −0.9π and 0.9π are actually 0.2π away from
each other instead of 1.8π. For this reason it is important
to make a new error function that takes this into account.
This works for the EKF, but not for the UKF. The UKF
estimates the mean by propagating sigma points through
the nonlinear function and computing their weighted av-
erage. If two sigma points are propagated and one lands
at −π and one at π, the mean of the propagated sigma
points are estimated as 0, even though the true circular
mean should be π or −π. For this reason the polar mea-
surements and their covariance will have to be converted
to the Cartesian x, y values. The drawback is that the ac-
tual shape of the covariance, as shown in Figure 3.2, will
not be captured exactly when using x, y values. A poten-
tial solution probably exists within the UKF framework,
though implementing such a method is beyond the scope
of this work.
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Chapter 4

MOU Model Parameter Estimation

The set of parameters that needs to be optimized is called
θ. This set contains:

• γ1∥, γ1⊥ Position reversion in the parallel and per-
pendicular direction.

• γ2∥, γ2⊥ Velocity reversion in the parallel and per-
pendicular direction.

• σ∥, σ⊥ Process noise standard deviation in the paral-
lel and perpendicular direction.

A general linear Gaussian continuous-time model is given
by

sk+1 = eFτksk + Lwk (4.1)

yk = Hsk + vk (4.2)

Where wk and vk contain independent Gaussian dis-
tributed noise, L is the process noise shaping matrix
that transforms wk into state disturbances, and H is the
measurement matrix. The process noise covariance is
given by Qc = LL⊤. Christensen et al. [10] show when
such a model is identifiable. The three main identifiability
issues in state-space models will be discussed. Firstly, in
regular time intervals aliasing may happen. This happens
when the phase of the F matrix eigenvalues differ by
an integer multiple of 2π/τ for a sampling time of τ .
In practice, the sampling time will be smaller than the
period, so this is not a problem. Furthermore, aliasing
will not occur in the case of irregular time intervals.
Secondly, when the measurement matrix is unknown,
there is similarity-transform invariance. In that case
multiple models can produce identical measurements,
despite underlying model differences. Because the mea-
surement matrix is known, this similarity-transform is
not possible. Lastly, LU will result in the same likelihood
for any unitary U and only the covariance, Qc = LL⊤, is
identified. But this is not a problem as the exact process
noise dynamics are not important, only the effect of the
noise dynamics on the state are of interest. Optimizing all
entries in Qc introduces redundant degrees of freedom and
an unnecessarily large parameter space. The Cholesky
parameterization, given by L, restricts the search to the
minimal set of independent parameters, producing a sim-
pler feasible set and a smoother optimization landscape.

Multiple parameterizations exist for CAR models,
so also for the MOU model which is a CAR(2) model.
Lebreton and Jones [28] use a parameterization where the

AR polynomial is factored into second-order polynomials
and the roots of these polynomials are fitted. A more
detailed explanation can be found in Appendix A.4.1.
They state that this approach is preferred because the
feasible region becomes complex for higher-order CAR
models. However, in the CAR(2) model the feasible
region is simply γ1 > 0, γ2 > 0. Only for order > 2
the feasible region becomes complex. Another reason
root fitting is useful is because it is easy to calculate the
transition matrix if the eigenvalues are known. In that
case the transition matrix eFτ can be calculated in a com-
putationally cheap way by using the Vandermonde state
transformation, which is further explained in Appendix
section A.5. For the CAR(2) model this brings no benefit
as the eigenvalue decomposition is readily computable
which allows for a computationally cheap way to calculate
the transition matrix as shown in section 3.2.

Belcher [2] found that fitting the roots of a CAR
model encounters converging problems. Instead, Belcher
proposes to fit the roots of a discrete ARMA model. This
is done by iteratively updating the ARMA roots until
the theoretical ARMA spectrum corresponding to the
roots fit the observed spectrum of the data as close as
possible. The exact way to do this is set out in Appendix
subsection A.4.2. The sampling rate can be irregular even
though discrete ARMA roots are fitted. The rationale for
fitting ARMA roots instead of CARMA roots is that the
AR spectrum is well-known to have excellent approxima-
tion power on any continuous-valued function on [0, π].
Then the ARMA roots can be converted to CARMA roots.

To summarize, no parameterization is necessary for
the MOU model because the feasible region is simple
and the transition matrix can already be calculated in
a computationally cheap way. Belcher’s approach of
fitting discrete ARMA roots may offer better convergence
properties. However, due to the added complexity and
the uncertainty regarding its benefits for the MOU model,
this approach will not be used.

4.1 Cramer-Rao Lower Bound

The Cramér–Rao Lower Bound (CRLB) provides a lower
bound on the variance of a parameter estimator. This
bound applies when the regularity condition is satisfied,
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which is given by∫
∂p(z;θ)

∂θ
dz =

∂

∂θ

∫
p(z;θ) dz. (4.3)

Here z denotes the measurement, θ the parameters and
p(·) the likelihood. The likelihood is computed using the
Kalman filter’s innovation sequence, which is calculated
by

p(z,θ) =

N∏
k=1

1

(2π)n/2 |Sk|1/2
exp

(
−1

2
v⊤
k S

−1
k vk

)
. (4.4)

Here vk = zk −Hk sk|k−1, S is the innovation covariance
and n is the number of elements in v. For the regularity
condition to hold, the order of differentiation and integra-
tion must not matter and the likelihood must be differ-
entiable. The likelihood is a product of Gaussian terms,
which satisfies the regularity condition. This is because
the support of a Gaussian distribution is not changed by
the parameters, and the likelihood is differentiable. The
lower bound can be calculated by

var(θ̂) ≥ 1

−E
[
∂2

∂θ2
ln p(x;θ)

] =
1

E

[(
∂

∂θ
ln p(x;θ)

)2
]

=
1

I(θ)
. (4.5)

In case the likelihood of an observation matrix V =
[v1,v2...vK ] consists of independent identically dis-
tributed vectors v drawn from a Gaussian distribution,
the Slepian-Bangs formula provides a general formula for
the Fischer Information Criterion (FIM) as shown in [22]
pp. 142-143. The Slepian-Bangs formula is given by

Ii,j(θ) =

N∑
k=1

∂µT
k

∂θi
Σ−1 ∂µk

∂Σj
+ 0.5Tr{Σ−1

k Σk,iΣ
−1
k Σk,j}.

(4.6)
Where in our case µk = E[vk], Σk = Sk and Σk,j =

∂Σk

∂θj
.

Without an offset in the measurement, µk = 0 because the
expected value of the innovation residual is zero. But if
there is an offset, take for example zk = Hkx̂k|k−1+µ, this
term becomes non-zero and the FIM can be non-zero for
parameters that affect µ. We can simplify Equation 4.6
to

Ii,j(θ) =

N∑
k=1

0.5Tr{S−1
k Sk,iS

−1
k Sk,j}. (4.7)

∂Sk

∂θj
can be calculated using equations 4.8 and 4.9.

This result is also derived by Larsson et al. [27] who
use this formula for the CRLB of continuous AR mod-
els with irregular intervals but without measurement
noise. Cavanaugh and Shumway [7] use this formula
to calculate the CRLB for state-space models with an
unknown H and R matrix and with regular time intervals.

The formulas by Harvey [22][pp 142-143] are used
to derive the partial derivative formulas. Here the
derivative of the S matrix is given by

∂θSk = Hk (∂θPk|k−1)H
⊤
k + ∂θRk. (4.8)

Where ∂θPk|k−1 is given by

∂θPk|k−1 = (∂θAk)Pk−1|k−1 A
⊤
k +Ak (∂θPk−1|k−1)A

⊤
k

+Ak Pk−1|k−1 (∂θAk)
⊤ + ∂θQk. (4.9)

To calculate ∂θAk, ∂θPk−1|k−1 and ∂θQk difficult Fréchet
derivatives are needed. To simplify the computation, ∂θSk

is obtained numerically by the finite difference method.
This is done by running a KF which returns the S matri-
ces. In a KF, only the state estimate is updated by the
measurement and not the innovation covariance, so nor-
mally it does not matter what measurements are given as
input when the CRLB is calculated. However, for radar
the measurement noise depends on the position of the tar-
get. The position measurement will be set equal to the
real x and y position at every step so the measurement
covariance matrix is accurate. The CRLB depends on the
following variables:

• γ1x, γ2x, γ1y, γ2y, decay parameters in the state
transition model.

• qx, qy, the process noise variances.
• t = [t1, t2, ..., tn]

⊤, measurement time instants.
• px, py, target positions for each measurement time
• R, measurement noise covariance in polar coordinates
(range, angle, radial velocity).

• P0, the initial state covariance, defined in Equa-
tion 2.41.

• Pµ0, initial covariance on the mean state µ =
[µx, µy, µvx, µvy]

⊤.

The CRLB is computed with respect to the γ1 and γ2
parameters by Equation 4.7 with the settings defined in
Table 4.1. Figure 4.1 shows the effect of different param-
eter values on the CRLB.

Table 4.1: CRLB settings.

Parameter Value
qx, qy 5 (ms )

2

t [0, 2, 4, ..., 200] s
px, py 2000m, 2000m
R [152m2, 52mrad2, 52 (ms )

2]
Pµ0 [3000m, 3000m, 10 (ms )

2, 10 (ms )
2]

It can be observed that higher values of γ1 or γ2 lead to
decreased accuracy in parameter estimation. This behav-
ior can partly be attributed to faster dynamics for higher
γ1 or γ2 values, leading to faster signal decay and reduced
information.
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Figure 4.1: CRLB parameter SE as a function of γ1 and
γ2.

4.2 Offline Estimation Methods

Accuracy and computational efficiency are both impor-
tant in the estimation process. None of the offline esti-
mation methods that will be covered in this section have
a closed-form solution. Instead, a cost function is itera-
tively optimized by adjusting the parameters, so the cost
function needs to be evaluated many times. If the iter-
ations are computationally expensive, the estimation is
slow. The estimation methods covered here are originally
for CARMA models, but also work for the MOU model
which is a specific type of CARMA model.

4.2.1 Method of moments

One approach to estimating CARMA models is the
method of moments. In this approach, the parameters
are estimated by matching the theoretical and observed

covariances as closely as possible. Bergstrom [3] gives an
approach for regular time intervals. The method itera-
tively minimizes

L(θ) = log |V(θ)|+ z′V(θ)−1z. (4.10)

Here, z represents the observation vector, and V(θ) de-
notes the N × N covariance matrix as a function of θ,
where N is the number of samples. This theoretical co-
variance is obtained by rewriting the CAR(2) model as
an MA(∞) model. The sample covariance is then com-
puted from the truncated MA component series. When
the process noise is multivariate Gaussian, the resulting
estimator is the maximum likelihood estimator [23]. How-
ever, when this approach is used for irregular sampling
intervals, the covariance matrix no longer retains its block
structure which is given by

V =


V0 V1 V2 · · · VT

V′
1 V0 V1 · · · VT−1

V′
2 V′

1 V0 · · · VT−2

...
...

...
. . .

...
V′

T V′
T−1 V′

T−2 · · · V0

 . (4.11)

This means that the theoretical covariance has to be cal-
culated for every pair of measurements which increases
computation time. Furthermore, V has to be inverted.
This inversion can be faster than the inversion of a gen-
eral matrix because a Cholesky decomposition is possible,
but it remains computationally expensive, especially with
a large number of samples. A way to solve this is to set
the autocovariance to zero beyond a certain lag to create
a banded matrix, because eAτ tends to zero for large τ .
But for low γ values the correlation remains significant
over long lags.

4.2.2 Expectation-maximization

Another approach to parameter estimation is expectation-
maximization (EM). Ghahramani and Hinton [20] present
the E and M steps for a linear stochastic differential equa-
tion with regular time intervals. In the E-step the Kalman
filter with the Rauch-Tung-Striebel smoother is used. The
smoother performs backward recursions so future mea-
surements are used to make state estimation more accu-
rate. In the M-step, the derivative of the log-likelihood
is set to zero with respect to the parameters. Given the
states sn and measurements zn the log-likelihood is given
by

logP ({s}, {z}) = −
N∑

k=1

1
2 (zk −Hsk)

′R−1(zk −Hsk)

−
N∑

k=2

1
2 (sk −Ak−1sk−1)

′Q−1
k (sk −Ak−1sk−1)

− N
2 log |R| −

N∑
k=2

1
2 log |Qk|

− 1
2 (s1 − π1)

′V−1
1 (s1 − π1)

− 1
2 log |V1| − N(np+ns)

2 log(2π).
(4.12)
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Where V denotes the prior state covariance, π1 the mean
initial state, np the number of parameters and ns the num-
ber of state variables. The derivatives of H and R with
respect to the parameters are zero, since these matrices
are known. For regular time intervals, the M-step has a
closed-form solution. But for irregular time intervals the
transition matrix A is not constant. Consider the follow-
ing part of the log-likelihood:

ℓ(θ) =

N∑
k=2

[
− 1

2

[
sk −Ak−1sk−1

]⊤
Q−1

k

[
sk −Ak−1sk−1

]
− 1

2
log|Qk|

]
.

(4.13)

Define ek = sk −Ak−1sk−1 to obtain

∂ℓ

∂θi
=
1

2

N∑
k=2

[
− ∂e⊤k

∂θi
Q−1

k ek − e⊤k Q
−1
k

∂ek
∂θi

− e⊤k
∂Q−1

k

∂θi
ek

− ∂

∂θi
log(|Qk|)

]
.

(4.14)

Since sk are fixed during the M-step:

∂ek
∂θi

= − ∂Ak

∂θi
sk−1. (4.15)

The derivative of A with respect to the γ parameters is a
derivative of the matrix exponential, which is nonlinear:

∂Ak−1

∂θi
=
∂eFτk−1

∂θi
(4.16)

The derivative of Q with respect to the γ parameters is
also a nonlinear function. There is therefore no closed
form solution to calculate the γ parameters. Because of
this, generalized EM has to be used. In generalized EM,
the M-step is done using numerical optimization. This
makes each EM iteration computationally expensive.

4.2.3 Maximum likelihood

Another approach is to estimate parameters by maxi-
mizing the likelihood function. Every iteration a new
parameter estimate is calculated based on gradient-
descent, line-search or another optimization algorithm.
the difference with using EM is that it does not use a
smoother in its state estimation. It also does not optimize
the parameters for a given state estimate so there is no
M-step.

Harvey and Stock [23] show how to do maximium
likelihood estimation (MLE) by maximizing the likeli-
hood returned by the Kalman filter. They state that this
approach is computationally cheaper than the approach
by Bergstrom shown in subsection 4.2.1. The approach
they build on is the approach by Jones [24]. What Harvey
and Stock add is that the initial conditions are marginal-
ized out if the process is non-stationary. The mean to
which the MOU model reverts has to be estimated along

the other parameters θ. High-dimensional MLE can be
computationally intensive and could terminate at local
maxima or saddle points [35]. A lower dimensional alter-
native to using MLE for µ is to augment the state-vector
to include µ as is done in Equation 3.4. There is however
a downside to this approach, the estimation is only equal
to MLE asymptotically, and differs with a limited sample
size as shown by Qian [35]. There are two exception to
this. The first is when p(µ|Z, θ) does not depend on θ,
where Z contains the measurements. The second is when
the augmented state-space Kalman filter output mean
and covariance of µ does not depend on θ, in this case
the µ estimation is the same, but not the θ estimation.
In our case both these exceptions do not hold. For this
reason MLE is more accurate than state-augmentation in
optimizing the likelihood. Still, the state augmentation
is used because it is easier to add a drift to the mean.
But in case the estimation accuracy of µ turns out to be
a bottleneck, the ML µ estimation should be implemented.

In maximum likelihood estimation it is possible to
use numerical or analytic optimization. Koopman and
Shephard [26] conclude that doing analytic optimization
for a discrete state-space model may be slower than
numerically differentiating the likelihood. For this reason
numerical optimization is used. However, they also state
that the optimization of process noise Q and measurement
noise R parameters may be sped up significantly when
using analytic optimization. Because R is known, and Q
only has 2 unknown parameters it is not worth it to use
a hybrid solution for complexity reasons, but this may be
looked at if optimization time turns out to be a limiting
constraint.

4.2.4 ARMA fitting

For regular-interval sampling it is possible to fit an ARMA
model and convert it to a CARMA model. This method is
used for sunspots by Phadke and Wu [34]. They state that
if the continuous process is observed at a uniform sampling
interval, τ , the resulting discrete process is ARMA (p, p-
1). Furthermore, if τ is small enough so that the highest
angular frequency corresponding to the imaginary part of
the eigenvalues is less than π

τ , then the correspondence be-
tween the parameters of the discrete model and the param-
eters of the continuous model is unique. They use MLE
to estimate the ARMA parameters. The embedding of an
ARMA(2,1) process into a CARMA(2,1) process is given
by Thornton [38]. The conversion between ARMA(2,1)
roots (r1, r2) and CARMA(2,1) roots (α1, α2) is given by

eα1 = r1, e
α2 = r2, (4.17)

α1 = log(r1), α2 = log(r2). (4.18)

Thornton states that the question of embeddability is
equivalent to asking under what circumstances will the
CARMA process be real. So if the converted parameters
from the ARMA to CARMA process are real the pro-
cess is embeddable. For pure AR models, fast estimators
such as OLS or the Yule–Walker equations are available.
However, the presence of a MA component necessitates
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maximum-likelihood estimation. Furthermore, ARMA es-
timation methods usually assume noise-free observations.
So when measurement noise is present, the appropriate
approach is to use a Kalman filter on the state-space form
and use MLE. At that stage, this is effectively equivalent
to estimating the CARMA parameters directly by MLE.
One workaround is to fit an ARMA(2,2) model instead.
An ARMA(2,1) process with measurement noise can be
interpreted as an ARMA(2,2) process without measure-
ment noise for which the proof is given in Appendix A.1.
Nonetheless, this approximation is generally less accurate
than correctly specifying the model to account for mea-
surement noise. In conclusion, due to the measurement
noise in the data, estimating ARMA parameters with mea-
surement noise is as computationally expensive and ef-
fectively the same as estimating CARMA parameters di-
rectly.

4.2.5 Offline estimation conclusion

The method of moments is computationally expensive,
particularly for large sample sizes and irregular time in-
tervals. Expectation-maximization is also costly because
the M-step has no closed-form solution. ARMA fitting
is unlikely to achieve optimal accuracy, as it cannot ac-
count for measurement noise. Because of these reasons
maximum likelihood estimation appears to be the most
suitable option as its iterations are relatively inexpensive
and the method is flexible: it works for general state-space
models.

4.3 Online Estimation Methods

Chebbi et al. review three methods for online param-
eter estimation: joint estimation, dual estimation, and
observer-based methods [9]. Below, we discuss the findings
of this review together with their practical implementation
for the MOU state-space model. Observer-based methods
are not considered further, as they require a reliable initial
estimate of the transition matrix. Additional details on
observer methods are provided in section A.7. In addition
to joint estimation and dual estimation, we also consider
particle filters and gradient descent.

4.3.1 Joint estimation

In joint estimation (JE), the state vector is augmented
with the parameter vector, after which a Kalman based
method is used to estimate states and parameters simul-
taneously. This augmentation makes the transition func-
tion nonlinear, so it is necessary to choose a Kalman filter
that can handle such nonlinearities. JE has been applied
in various fields including vehicle dynamics [41]. The aug-
mented state is defined as

ηk =

[
sk
θk

]
. (4.19)

The augmented dynamics are described by

ηk+1 = fη(ηk, τk) + w̃k, fη(η, τ) =

[
A(θ, τ) s

θ

]
.

(4.20)

With

w̃ ∼ N
(
0,Qη

)
, Qη =

[
Qs(θ, τ) 0

0 Qθ(τ)

]
. (4.21)

Where Qs is the process noise covariance of the state, and
Qθ is a small process noise covariance on the parameters
that can be added to allow drift.

To use JE with an EKF, the derivatives of the transition
function have to be calculated. The derivative of the
state with respect to the state is

∂Fs

∂s
= A(θ). (4.22)

The derivative of the state with respect to the parameters
is

∂Fs

∂θ
(s,θ) =

[
∂A
∂θ1

s · · · ∂A
∂θnθ

s
]

∈ Rnx×nθ . (4.23)

The derivatives of the parameters are

∂Fθ

∂x
= 0,

∂Fθ

∂θ
= Inθ

. (4.24)

The full Jacobian of the transition matrix can then be
described by

Fη(θ, τ) =

[
A(θ, τ) ∂Fs

∂θ (s,θ)
0 Inθ

]
. (4.25)

Parameter map To improve stability, the γ parameters
are constrained to lie within the interval [−0.05, 0.8], for
this a parameter map is used. These bounds were chosen
because they cover the range of γ values observed in the
data. The parameter mapping is defined using a sigmoid
function:

σ(θ) =
1

1 + e−θ
, (4.26)

p = pmin + (pmax − pmin)σ(θ). (4.27)

Its derivative is

p′(θ) = (pmax − pmin)σ(θ)
(
1− σ(θ)

)
. (4.28)

Where p is the parameter value to which θ is mapped.
As an alternative to parameter mapping, clipping can be
used. With clipping, the parameters are projected back
onto the admissible interval after the correction step of
the Kalman filter. However, JE this not converge with this
method. A possible explanation is that clipping introduces
an inconsistency between the mean and the covariance:
the mean is forced to the boundary, while the covariance
remains unchanged. Whether this explanation is correct
is hard to prove.

Unscented or extended Kalman filter The UKF
handles nonlinearities better than the EKF, although it is
computationally more expensive. In the JE experiments,
the UKF was able to converge to the correct parameter
values, which is shown later. To assess whether the EKF
could also converge, it was tested using a parameter map.
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The EKF failed to converge because the parameters be-
came trapped near the bounds of the parameter map. A
likely explanation is that the derivatives of the map ap-
proach zero near the boundaries, which effectively slows
or prevents further updates. Without parameter map the
estimated parameters diverged to extremely high values
at the start, and did not converge to the right values.

4.3.2 Dual optimization

Dual estimation has been applied to vehicle systems, sur-
face–atmosphere exchange processes, and the estimation
of charge and circuit model parameters in lithium-ion
batteries [9]. In this approach, two filters run in parallel:
one estimates the system state, while the other estimates
the parameters. Decoupling these filters improves nu-
merical stability, although it increases computational
complexity and introduces a time lag between state and
parameter updates.

Across multiple studies, dual optimization has con-
sistently outperformed joint optimization [9], largely
because it lowers the risk of filter divergence. Chebbi et
al. also note that, once the parameters have been esti-
mated with sufficient accuracy, the parameter estimator
can be deactivated to reduce computational cost. They
do not mention if this is only possible in dual estimation,
one could argue that the parameter estimation can
also be paused in JE. Wenzel et al. demonstrate the
implementation of a dual filter for vehicle dynamics [40].
This method is discussed in the following section.

State filter In the state filter the parameters are as-
sumed to equal the current estimate given by the param-
eter filter.

sk+1 = f(θk+1, sk, τk) +wk, wk ∼ N (0, Qs(θ, τk)).
(4.29)

zk = h(sk) + vk, vk ∼ N (0, R). (4.30)

Parameter filter In the parameter filter, the param-
eters can be assumed constant, or process noise can be
introduced to allow them to drift. The state-space model
is given by

θk+1 = θk +wθ, wθ ∼ N (0, Qθ). (4.31)

The parameters are not measured directly by the measure-
ment function. Instead, a pseudo-measurement is used, in
which the parameters are observed indirectly from their
effect on the transition function.

hθ = h(f(sk−1,θk|k−1). (4.32)

For each iteration k, we follow the same four steps as de-
scribed by Wenzel et al. [40]:

1. Parameter prediction:

θk|k−1 = θk−1 (4.33)

2. State prediction:

sk|k−1 = f(θk|k−1, sk−1, τ) (4.34)

3. State correction using measurement zk and measure-
ment function h:

h
(
sk|k−1

)
. (4.35)

4. Parameter correction using measurement zk and mea-
surement function hθ:

hθ = h(f(sk−1,θk|k−1). (4.36)

4.3.3 Particle filter

A particle filter (PF) works with many particles that each
represent one possible state. As new sensor data comes
in, the filter

1. Predicts the next state of each particle.

2. Scores particles based on how well they match the
new data, based on their likelihood.

3. Keeps the good particles and discards weak ones.

Over time, the cloud of particles concentrates around
the most likely answer. McDougall and Godsill applied
a PF to target tracking with a time-varying AR model
[32]. They assume that the measurement noise variance
σ2
m, the process noise variance σ2

w, and the AR coefficient
innovation variance σ2

θ are linked by known ratios, such
that σ2

m = r1σ
2
w = r2σ

2
θ . Trajectories are simulated using

σ2
m = 4× 10−4 and σ2

w = 1, which implies r1 = 4× 10−4.
This ratio is not representative of a realistic surveil-
lance radar setting, where the measurement variance is
typically on the order of 10m2. At each iteration, new
positions are proposed from the posterior distribution.
Rather than being estimated directly, the variances are
marginalized out by incorporating the prior on σw in
the posterior calculation. A Kalman filter is then used
to estimate the AR coefficients based on the proposed
positions. This combination of a KF and a PF is known
as a Rao-Blackwellised PF. By marginalizing out the
parameters with a KF, the dimensionality of the PF is
reduced, which in turn reduces the variance on estimation
[21].

A PF may suffer from particle weight degeneracy,
meaning that many particles have a negligible likelihood
while only a few carry most of the probability mass.
In the work of McDougall and Godsill, this issue is
addressed through resampling. When the effective sample
size drops below a threshold, particles with low likelihood
are discarded and replaced by resampled particles. The
effective sample size (ESS) is commonly used to determine
when resampling should be performed. It is defined as

ESS =
1∑N

i=1 w
2
i

. (4.37)

Here wi denotes the normalized weight of particle i.
Resampling happens when the ESS drops below the
threshold, typically ESS < N

2 [17].

We make several assumptions for the MOU process
that differ from the assumptions made by McDougall and
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Godsill. First, the measurement noise is assumed to be
known. Second, although there is likely some relationship
between σ2

m and σ2
θ , their ratio is unknown and difficult

to estimate in advance. Third, data association is not
taken into account. Finally, McDougall and Godsill
consider a discrete AR process with regular sampling
intervals. In that setting, applying a Kalman filter
to the AR coefficients gives an exact solution because
the parameter effects are linear. For the continuous-
time MOU process, however, the problem becomes
nonlinear and is therefore likely to be less accurate.
Still, a Rao-Blackwellised PF can be implemented: the
target state can be marginalized out using a Kalman filter.

A common issue in particle filtering is weight de-
generacy, which is usually addressed through resampling.
Multiple resampling methods exist, but the most popular
is systematic resampling [17]. However, when state
estimation is marginalized using a Kalman filter, resam-
pling by duplicating high-likelihood particles is no longer
meaningful. This is because a Kalman filter initialized
with the same state and parameters will always produce
the same state estimate and likelihood. This is a known
problem with resampling called path degeneracy, which
is when many of the existing particles have common
ancestors, so the diversity is low. This degrades state
estimation when the amount of measurements increases
[1][25]. Diversity can be added in two ways. Innovation
noise can be added to parameters at every iteration,
which is a good choice if the parameters are indeed
time-varying. However, for constant parameters Liu and
West state that this method ”throws” away information
about parameters in assuming them to be time-varying
when they are in fact not [30]. When the parameters
are constant an alternative method can be used: noise
can be added to the parameters when a particle is copied
in the resampling process. This method allows for drift
on the parameters and creates more particles in the
high-likelihood areas, which can improve accuracy. In
both methods the noise on the parameters has to be
finely tuned. Enough noise has to be added to prevent
path degeneracy but too much increases the estimation
variance.

4.3.4 Gradient descent

Methods based on gradient descent update the parameters
by taking a step in the direction of the gradient for each
new sample. One drawback of gradient descent is that
its learning parameters must be tuned, which becomes es-
pecially difficult in high-dimensional settings. These pa-
rameters include, for example, the step size. In addition,
gradient descent often does not converge quickly enough to
be practical: even in offline maximum likelihood estima-
tion, many function evaluations may be required before
reaching a minimum. During offline MLE, of which the
results will be shown later, the number of function eval-
uations could reach more than 500. Even though a line-
search instead of gradient descent is used by offline MLE,
this number indicates a gradient-descent based algorithm
is unlikely to converge fast enough to be practical.

4.3.5 Online estimation conclusion

Joint and dual estimation are both computationally effi-
cient methods for estimating a model’s parameters and
state, though DE is generally more robust. Both ap-
proaches use a Kalman filter that includes the parameters
in the state vector, but JE relies on a single filter, whereas
DE uses two. Because of its simple implementation, JE
will be implemented. If JE turns out to be unstable DE
will be used. PF have already been applied successfully to
auto-regressive models, but under different assumptions
about the target model and with measurement noise as-
sumed to be extremely low. Nevertheless, if a sufficient
number of particles is used, the PF should converge to the
maximum likelihood estimate. It should therefore per-
form well for estimation, although the computational cost
may become high if many particles are required. Gradi-
ent descent is unlikely to converge quickly enough and will
therefore not be implemented. Joint and dual estimation
are expected to be computationally cheaper than a PF.

4.4 Process Noise Estimation

If process noise depends on the state, the noise becomes
non-additive. Additive noise is described by

sk+1 = f(sk) +w. (4.38)

While non-additive noise is described by

sk+1 = f(sk,w). (4.39)

In online estimation methods where γ is augmented to the
state, w is non-additive as it depends on the γ values. Das
et al. [16] describe how to adjust the UKF to non-additive
noise by augmenting the state with a variable w:

sa =

[
s
w

]
, (4.40)

and augmenting the estimate covariance by the process
noise covariance Q

Pa =

[
P 0
0 Q

]
. (4.41)

This formulation allows the UKF to propagate the process
noise through the dynamics. The drawback of including w
in the state vector is the added dimensionality. The mean-
reverting effect of the γ parameters reduces the magnitude
of Q as γ increases; however, over short time intervals
this effect is relatively small. In addition, the covariance
matrix Q is unknown, so an exact treatment of the pro-
cess noise is not possible anyway. For these reasons, w
is assumed to be additive from this point onward as it
is reduces dimensionality and is unlikely to significantly
degrade filter performance.

4.4.1 Gradient descent

Gradient descent can be used to estimate the process noise
covariance. Yuen et al. [42] demonstrate this approach for
the UKF. In their method, the UKF defines an objective
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function based on the likelihood, which is then minimized
with respect to the noise covariance parameters in the set
φ. The objective function is given by

J(φk+1) =
1

2

[
ln
∣∣Pz,k+1|k

∣∣
+

1

µ

(
φk+1 −φk|k

)T
Σ−1

φ,k|k
(
φk+1 −φk|k

)
+
(
zk+1 − zk+1|k

)T
P−1

z,k+1|k
(
zk+1 − zk+1|k

) ]
. (4.42)

Here Σφ,k|k is the covariance in the noise parameter esti-
mation and Pz,k+1|k the updated state covariance. This
function has no closed-form solution, Pz,k+1|k depends
on φ through all previous sigma-point propagations. At
iteration k + 1, the gradient is approximated numerically
by introducing small perturbations to φk|k.

If the uncertainty in the noise parameters is large,
a random search is performed by evaluating different
points on the grid and selecting the one with the highest
likelihood. When the noise parameter estimates are
close to convergence, a directional search is used instead,
choosing among three methods based on which yields the
highest likelihood:

1. Gradient descent.

2. Continue in the direction of the previous update.

3. The covariance remains the same.

One advantage of gradient descent is that it optimizes the
likelihood objective directly. However, it also has several
drawbacks. The step size must be selected carefully. In ad-
dition, numerically approximating derivatives with finite
differences is computationally costly, as each step requires
multiple Kalman filter propagations. Our tracking model
relies on several assumptions, including that the target fol-
lows the MOU model with Gaussian i.i.d. process noise.
Because these assumptions are unlikely to hold exactly
in practice, likelihood-based optimization may perform
worse than the more robust and computationally cheaper
innovation-based matching approach. This method is dis-
cussed next.

4.4.2 Innovation-based matching

In innovation-based matching, the process noise covari-
ance is tuned to match the innovation covariance. Shen et
al. [36] use innovation-based matching for tracking un-
manned surface vessels, which are boats/ships without
a crew. They estimate the process-noise covariance on-
line, using a moving-window covariance of the measure-
ment residuals, and then mapping that residual covari-
ance through the Kalman gain. Specifically, at each iter-
ation, the change in the state estimate is determined by
the Kalman gain and the innovation error:

δsk = sk − sk−1 = Kk ek. (4.43)

The covariance of δsk is given by

Cov(δsk) ≈ Kk Cov(ek) K
⊤
k ≈ Kk Ek K

⊤
k . (4.44)

Where Ek is the covariance of the innovation error, com-
puted with a sliding window

Ek =
1

L

k∑
i=k−L+1

(
yi − h(si)

)(
yi − h(si)

)⊤
. (4.45)

The estimated noise covariance is then given by

Qk =

{
(1− dk)Qk−1 + dk Kk Ek K

⊤
k , k ≥ L,

Qk−1, k < L.
(4.46)

Here dk is given by

dk = 0.9 eL−k. (4.47)

The rationale behind this method is that the process-
noise covariance should be equal to the covariance of
δs. A drawback, however, is that the innovation error is
influenced not only by process noise, but also by errors
in parameter estimation. Moreover, during the initial
iterations the filter has a high-variance state estimate,
which can lead to additional changes in the estimated
state. These two factors will inflate Q at the start of the
filter. To address these issues, Shen et al. keep Qk fixed
for the first 50 iterations, thereby giving the filter time
to converge on the state and parameter estimates before
beginning to estimate Q. However, this requires a good
initial estimate of Q.

Li et al. [29] take another approach by inflating the
state estimate covariance based on the innovation resid-
ual. The expectation of the innovation residual covariance
is equal to

E[e e⊤] = HPs H
⊤ +R. (4.48)

They then estimate the inflation factor by

∆̃ ≈
Tr

(
e e⊤ −R

)
Tr(HPs H⊤)

− 1. (4.49)

The trace calculates the sum of the diagonal entries, which
is in this case the sum of variances. The estimate of ∆̃ is
smoothed over time to obtain the inflation factor ∆. At
each iteration before correction, the state estimate covari-
ance is inflated by

P infl
s = (1 +∆)Ps. (4.50)

Whether it is better to inflate the state estimate
covariance P or the process noise covariance Q depends
on the setting. When the mismatch in innovation covari-
ance is caused by a wrong Q scale it is better to inflate
only Q. If the mismatch is due to more factors, such
as model misspecification, outliers or filter divergence,
inflating P is a more robust fix.

4.4.3 Multiple model filter

Rather than estimating Q directly, one can run multiple
filter banks simultaneously within a multiple model (MM)
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filter. In this approach, several parallel filters are initial-
ized with different values for Q. The MM filter then either
selects the filter bank with the highest likelihood or com-
bines the state estimates of multiple filter banks according
to their respective likelihoods. This approach is computa-
tionally more demanding, since a separate Kalman filter
must be executed for each filter bank. Its main advantage
is its robustness and accuracy, provided that at least one
filter bank is initialized at a Q value that is approximately
correct.

4.4.4 Process noise estimation conclusion

Innovation-based covariance matching is useful when Q is
unknown. In this approach, Q is inflated based on the
innovation residuals. Alternatively, the state covariance
P can be inflated, which is generally more robust than
inflating Q when the model is misspecified, outliers are
present, or the filter begins to diverge. A limitation of
innovation-based methods is that they tend to overesti-
mate Q or P during the initial iterations, because both
state and parameter estimation errors increase the inno-
vation residuals. Shen et al. [36] address this issue by
keeping Q fixed during the first L = 50 iterations. How-
ever, this strategy relies on an accurate initial estimate of
Q. In our case, no prior knowledge of the process noise
is available, making a multiple-model filter the more ro-
bust choice. Innovation-based covariance matching could
still be applied later if additional refinement of Q proves
necessary. Gradient descent has the benefit that it pro-
vides an optimal solution if the model assumptions are
correct. However, maximizing the likelihood may not be
optimal in real-world applications, as these rarely satisfy
the model assumptions exactly. Gradient descent also in-
troduces learning parameters that must be tuned, thereby
increasing the complexity of the problem. For these rea-
sons, gradient descent will not be used.
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Chapter 5

MOU Model Simulations

A total of 100 trajectories of the MOU model are sim-
ulated. For this the parameters and initial states are
sampled from a distribution based on the real-world data
presented in chapter 6. From this point onward, the x-axis
refers to the direction parallel to the nominal trajec-
tory, while the y-axis refers to the perpendicular direction.

The γ distributions in the real-world data are shown in
Appendix B.3. Because the number of data points is
limited, the underlying distribution cannot be clearly
identified. Since γ must be nonnegative to ensure system
stability, and because most observed γ distributions
contain at least one value far from the mean, a gamma
distribution was selected. The parameter distributions
used in the simulations are summarized in Table 5.1.
The γ parameters above 0.75 are discarded and resam-
pled, because JE cannot reach those values due to the
parameter map. The parameters are assumed to remain
constant throughout each run, therefore the innovation
noise is set to zero. As discussed later in chapter 6, the
standard deviations of py and vy are correlated with
the γ and q parameters. Based on this observation,
σpy is defined as σpy-theoretical/170 + 40, and σvy as
σvy-theoretical/17 + 4, where the theoretical standard
deviation is given by Equation 2.41. The initial state
distribution is summarized in Table 5.2. After creating
the trajectories, polar measurement noise is added with
a range variance of 152m2, angle variance of 52mrad2,
and a radial velocity variance of 52 (ms )

2. The targets are
assumed to be at a distance of 3000m from the radar.
At 3000m the noise std in meters due to the noise on
the angle is approximately 3000 ∗ 0.005 = 15m, so equal
to the noise std in range. Two examples of simulated
trajectories (before adding measurement noise) are shown
in Figure 5.1.

Table 5.1: Simulation parameter distributions before ex-
cluding γ > 0.75.

Parameter Value
γx1 Γ(mean=0.019, var=0.0182)
γx2

Γ(mean=0.288, var=0.1732)
γy1

Γ(mean=0.023, var=0.0132)
γy2

Γ(mean=0.044, var=0.0162)
qx 4 (fixed value)
qy 4 (fixed value)
Time interval U(0.8, 1.2)
Samples 200

Table 5.2: Simulation initial state distribution.

Parameter Value
px N (0, 502)
py N (0, σ2

y)
vx N (0, 52)
vy N (0, σ2

vy)
µx r ∗ cos(θ)
µy r ∗ sin(θ)
µvx U(7, 13)
µvy N (0, 12)
r 3000
θ U(−π, π)
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Figure 5.1: Two examples of the simulated trajectories.
Most generated trajectories display inconsistent move-
ment as illustrated in (a), whereas only a small number
exhibit more consistent behavior as shown in (b).
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Tested Models The γ parameters and the state of the
simulated trajectories are estimated using joint estima-
tion (JE), maximum likelihood estimation (MLE), and a
particle filter (PF). A basic PF is implemented without in-
novation noise on the parameters and without resampling.
A total of 5000 particles are used, which is relatively high
given that only four parameters are estimated. The state-
estimation performance of the MOU model is compared
with that of the NCV model, Singer model, and MOU
model with fixed γ. For the fixed-γ model, no parameter
estimation is required. Instead, the γ values are fixed at
their mean values: γx1 = 0.019, γx2 = 0.288, γy1 = 0.023,
and γy2

= 0.044.

Prior Distribution The distributions of the parame-
ters and initial states are assumed to be known to all
estimators and are incorporated through prior assump-
tions. The py and vy distributions depend on the γ pa-
rameters, the corresponding means and variances are ob-
tained by Monte Carlo simulation and implemented as a
Gaussian prior. The γ parameters themselves are also
assigned Gaussian priors, even though their true distribu-
tion is Gamma. This approximation is made because JE
requires Gaussian priors. In principle, MLE and the PF
could exploit the true Gamma distribution, but allowing
only these estimators to use the exact parameter distribu-
tion would make the comparison unfair and would likely
overstate their performance relative to practice, where the
true distribution is generally unknown. For consistency,
Gaussian priors for γ are therefore used for all estimators.
Finally, a separate assumption is made for the process
noise variance q: rather than being assigned a prior, it is
treated as fixed and known. For the NCV model, using the
same q value as in the MOU model would be suboptimal,
since acceleration induced by the γ parameters introduces
additional process noise. To ensure a fair comparison, q is
therefore set equal to the process noise variance observed
under the NCV model, defined as

q =
1

K

K∑
k=1

(dv)2k
τk

. (5.1)

Here, dv denotes the first difference of the velocity, which
is equal to the acceleration, and τk is the time interval
between samples. The value of q is computed from the vx
and vy, which are known exactly the data is simulated.
Likewise, using the MOU q value for the Singer model
would be inappropriate because the motion dynamics dif-
fer. the Singer model has two unknown parameters per
dimension, the decay rate of acceleration and the process
noise variance, which are estimated using MLE.

5.1 Parameter Estimation

The root mean square errors (RMSEs) of the γ parame-
ter estimates are reported in Table 5.3. Among the three
methods, JE yields the most accurate estimates, whereas
MLE performs the worst. Of the individual parameters,
γ1y is estimated most accurately. A likely explanation is
that the simulated weaving patterns produce large oscil-
lations in py, causing position reversion to have a strong

influence on the target’s acceleration. The distributions of
the estimation errors for γ1y are shown in Figure 5.2.

Method γ1x γ2x γ1y γ2y
JE 0.0152 0.0994 0.0069 0.0475
PF 0.0181 0.1670 0.0081 0.0453
MLE 0.0430 0.2101 0.0120 0.0518

Table 5.3: RMSEs of γ estimation over 100 simulated tra-
jectories. MLE has a much higher RMSE due to a few
large errors for γ1x and γ1y, JE has one very large error
of 0.45 for γ2y and the PF has no large errors.
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Figure 5.2: γ1y estimation error distribution for JE (a),
MLE (b) and the PF (c). The errors in the histogram are
bound in the range [-0.02, 0.02] for easier comparison. JE
has two values outside this range: -0.0347, -0.0274, MLE
has six: -0.0653, -0.0601, -0.0396, -0.0274, -0.0256, 0.0207
and the PF has four: -0.0341, -0.0244, -0.0221, 0.0204.
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Based on the histograms all three estimation methods
seem to perform approximately equally well. Still, MLE
has a RMSE of 0.0120 while JE has a RMSE of 0.0069.
This difference is caused by a few large errors outside of
the [-0.02, 0.02] range, meaning the MLE is not consistent
in its estimation performance. Histograms of the JE
errors for the remaining γ parameters are provided in
Appendix B.4, the histograms for other methods are
excluded to avoid unnecessary repetition. For γ1x, JE
achieves the lowest RMSE of the three methods. The
comparatively high RMSE for MLE is partly driven by
two large estimation errors, 0.264 and 0.262. Excluding
these two values reduces the RMSE to 0.022, although
this is still higher than the RMSEs obtained by the other
methods. For γ2x, no unusually large errors are observed
for any of the methods. The higher RMSE values for the
PF and MLE, relative to JE, are not caused by a small
number of extreme errors, but rather from consistently
weaker estimation performance. For γ2y, JE includes
one particularly large error of 0.450, omitting this value
lowers the RMSE to 0.0154. MLE has a few unusually
large errors, whereas the PF appears to estimate γ2y
consistently less accurately rather than being affected by
only a few unusually large errors. In conclusion, JE has
the highest estimation accuracy for all γ values, especially
after excluding the the run with a large error value for γ2y.

The convergence behavior of JE for the γ parame-
ters is shown in Figure 5.3. The estimate of γ1y improves
over the iterations and is still improving at iteration
200. The remaining parameters are more difficult to
estimate, showing only modest, though still noticeable,
improvement throughout the iterations. Appendix B.5
shows the convergence of the γ estimates by JE in the
absence of measurement noise. In this case, γ1x and
γ2y are not estimated more accurately than in the noisy
case, whereas γ1y and γ2x are estimated only slightly
better. This indicates that measurement noise is not the
dominant source of the parameter estimation error in the
simulations. Therefore, a reduction in measurement noise
by the target moving closer to the radar or implementing
a more accurate radar system, is not expected to lead to
a substantial improvement in estimation performance.

5.2 State Estimation

The mean square errors (MSEs) of position and veloc-
ity estimation are calculated over the last 50 samples of
each segment. The average MSEs over all segments are
displayed in Table 5.4, while the corresponding error dis-
tributions are shown in Appendix B.1. For clarity, these
distributions include only trajectories with a position MSE
below 350m2 and a velocity MSE below 50 (ms )

2. The ex-
cluded values are presented in Appendix B.2. First, the
performance of the NCV model and the Singer model com-
pared to the MOU model will be discussed. After that,
the performance of the different MOU model estimation
methods will be discussed.
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Figure 5.3: The JE RMSE of γ estimation at every itera-
tion.

Model / Method Position Velocity
Baseline models
NCV 184.8507 26.8694
Singer 162.8935 22.8269

MOU model
JE 143.2329 16.2549
MLE 185.1249 18.9795
PF 183.6585 21.5456
Fixed γ 194.9547 24.4725

Table 5.4: Average MSE values for position and velocity
for the baseline models (NCV and Singer) and the MOU
model under different estimation methods.

The NCV model has an approximately 30% higher posi-
tion MSE and a 65% higher velocity MSE compared to
the MOU model estimated by JE. This pronounced differ-
ence in velocity estimation performance can be explained
by the measurement process. Position is observed directly
by the radar and corrected at every time step, preventing
the estimate from drifting too far from the true trajec-
tory. Velocity, however, is only inferred indirectly, making
it more sensitive to model misspecification and therefore
more prone to large estimation errors. The Singer model
provides better position and velocity estimates, although
it is still less accurate than the MOU model estimated by
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JE. This can be explained by the structure of the MOU
model, where the acceleration depends on both position
and velocity, as expressed by

a(t) = −γ1x(t)− γ2v(t) + w(t). (5.2)

As a result, the acceleration is correlated with itself, since
both position and velocity have a strong autocorrelation.
The Singer model is able to capture part of this effect,
but it assumes the autocorrelation of the acceleration
to be constant. In contrast, for the MOU model the
autocorrelation depends on the specific combination of
position and velocity.

Among all methods, JE achieves the lowest estima-
tion MSE for both position and velocity. The high
position error for the PF and MLE is partly driven by
a few extreme error values. For MLE, the trajectory
with the highest MSE is displayed in Figure 5.4. The
position errors are only calculated for the last 50 of the
200 samples, which is exactly the point where a clear
change in the trajectory’s behavior appears. A possible
explanation for why JE captures this behavioral shift
while MLE does not is that MLE keeps the γ parameters
fixed. As a result, MLE is more confident in its position
estimates than JE, as JE accounts for uncertainty in the
γ parameters. This makes MLE less flexible when abrupt
changes occur. The same reasoning also applies to the PF,
since the PF can be viewed as an approximation of MLE.
The fixed-γ filter performs well for some trajectories, but
also produces many poor position and velocity estimates.
This is likely because only a subset of trajectories have γ
values close to the γ values in the fixed-γ filter.
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Figure 5.4: The run with the highest position MSE
(MSE=1538) for MLE.

5.3 Parameter Estimation of Real
Data

In chapter 6, real-world target trajectories are examined.
The first step in this analysis is to estimate the distri-
butions of the γ and q parameters using MLE. For the
real data, however, the true values of γ and q, as well as
their prior distributions, are unknown. For this reason a
simulation study is carried out in this section to assess

the estimation accuracy. The same prior settings for the
states and parameters as used previously are adopted, but
the measurement noise differs as GPS measurements are
used rather than radar. Assuming typical GPS measure-
ment uncertainties of 1m2 in the x- and y-positions and

0.1
(
m
s

)2
in the x- and y-velocities, the simulated data are

generated with a range variance of 1m2, an angle variance

of 0.32 mrad2, and a radial velocity variance of 0.1
(
m
s

)2
.

The estimation errors for γ1y and qy are presented in Fig-
ure 5.5. MLE was implemented as a constraint optimiza-
tion problem where q has to lie in the range [0,100]. In
most cases, the estimate of qy reached the upper bound of
100, despite the true value being 4. In addition, the wrong
qy estimation results in a high estimation error for γ1y.
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Figure 5.5: Estimation error for simulated data with GPS
measurement noise and an unknown initial state.

Further analysis indicates that the overestimation of qy
is caused by uncertainty in the initial state. When the
estimator is provided with the initial state, including the
mean positions and mean velocities, the parameter esti-
mates converge to the correct values as is shown in Fig-
ure 5.6. In an online estimation setting, the initial state
is generally unknown. However, for data inspection, the
mean positions and velocities can be computed in advance
from the full trajectory.
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Figure 5.6: Estimation error for simulated data with GPS
measurement noise and a known initial state.

5.4 Conclusion

JE outperforms MLE and the PF when estimating the
parameter and state of the target. One possible reason
is that JE accounts for uncertainty in the γ parameters
when estimating the target state. This makes the filter
more flexible, whereas MLE and the PF tend to be over-
confident in its state estimates. This becomes especially
problematic when the trajectory changes abruptly due
to high process noise. Additional state uncertainty could
be injected into the target state to compensate for the
overconfidence, but this has not been tested. The PF
uses a relatively large set of 5000 particles. However,
its implementation is still fairly basic. Its performance
could potentially be improved by adding jitter to the
γ parameters in combination with resampling, allowing
for a more focused search over the γ parameters once
more information becomes available. At present, the PF
does not use resampling, meaning that many particles
are effectively wasted in low-information regions with low
likelihood. Still, the fact that MLE does not perform well
and a PF is an approximation for MLE indicates that a
refined PF may still not be as accurate as JE.

The MOU model estimated by JE outperforms both
the NCV and Singer models, with the largest gains in
velocity estimation. The larger improvement in velocity

estimation compared to position when using the MOU
model can be attributed to the measurement setup. The
x- and y-velocity components are not observed directly,
only the radial velocity is measured. Consequently, under
a misspecified model (as in the NCV and Singer case),
velocity estimates are less effectively corrected by the
measurements than position estimates.

γ2x and especially γ1x and γ1y cannot be estimated
well by any of the applied estimation methods. This
raises the question if the parameters have to be estimated
at all, or if it is better to implement a MOU model with
a few different fixed γ values in a multiple model filter for
these parameters

Lastly, if the γ and q parameter distribution of data is
analyzed, the initial state should be known to the MLE
approach. Otherwise, the uncertainty on the initial state
will cause q to be overestimated and in turn make the γ
parameters converge to the wrong values.
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Chapter 6

The MOU Filter for Real-World Data

On simulated data, the MOU model achieved a higher
state estimation accuracy than the other models. In this
section, its performance is evaluated on real-world data.
The dataset consists of trajectories from jet skis, water
scooters, and rigid hull inflatable boats (RHIBs). The
trajectories were collected by instructing the operators of
the vehicles to perform weaving maneuvers while their po-
sition and velocity were recorded using GPS. The purpose
of the data analysis is threefold

1. Analyze the γ and q parameters for each target in the
parallel (x) and perpendicular (y) directions.

2. Analyze the state estimation accuracy.

3. Analyze the prediction accuracy.

Measurement noise of data It is important to know
how much measurement noise the data contains before
starting the data analysis. The quality indicator of the
data is reported as “GPS fix”, which provides only a
general indication of measurement accuracy. A more
precise estimate could be obtained from the horizontal
dilution of precision, also known as HDOP. This is a
commonly used accuracy indicator, but its value is not
included in the data file. As a result, only a rough
estimate is possible. To evaluate what noise variance
values are reasonable, the low-speed segment shown in
Figure 6.1 is examined. The smoothness of this segment
indicates that the measurement noise is either negligible
or strongly correlated, since the measurements show
almost no random variation.

One option would be to set the measurement noise
to a small value. If the measurement noise covariance
is set to be independent and small, while in reality the
measurement noise is strongly correlated and large, part
of the measurement noise will be absorbed into the
process noise. This additional process noise will not drift
far from zero. Instead, it is mean reverting. In that sense,
the measurement error can also be approximated partly
by a MOU process. As a consequence, the estimate of
γ reflects a combination of the true trajectory dynamics
and the measurement noise dynamics. Nevertheless, in
the weaving patterns the oscillation amplitude is much
larger than the measurement error, so the bias in γ1 is
expected to be small. The same argument applies to the
velocity: the velocity during oscillations is likely much
larger than the derivative of the measurement error, so
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Figure 6.1: GPS measurements of a low-speed segment
(RHIB II). The measurement noise seems to be almost
non-existent.

the bias in γ2 is also likely to be limited. Another option
is to the the measurement noise to a high value. If the
measurement noise covariance is set to be independent
and large to compensate for the ignored correlation, the
motion dynamics will appear slow. This misspecification
could distort the state and parameter estimates. For
instance, high γ values can become difficult to identify
because their fast dynamics are masked by measurement
noise. In conclusion, assuming a low, independent
measurement noise covariance is expected to have only
a limited effect on parameter estimation, even if the
measurement error is actually high and correlated, and
is therefore adopted for the data analysis. The positions
and velocities px, py, vx, vy are directly measured by GPS
with an assumed measurement covariance of

R =


1 0 0 0

0 1 0 0

0 0 0.1 0

0 0 0 0.1

 . (6.1)

The position variances are given in m2, and the velocity
variances are given in (ms )

2.

Selected segments The dataset contains trajectories
of five vehicles: RHIB I, RHIB II, water scooter I, water

30



scooter II, and a jet ski. From these trajectories, segments
exhibiting weaving motion were selected and rotated such
that the x-axis represents the parallel direction and the
y-axis the perpendicular direction. In total, eight weave
segments were identified, which are shown in Figure 6.2.
Panel (a) shows py plotted against px. Panel (b) shows
the detrended px plotted against time, and panel (c) shows
the detrended py plotted against time. Panel (b) and (c)
contain detrended trajectories so it is easier to inspect if
mean-reverting motion is present. When looking at seg-
ments 1 and 2 in panel (c), which are both segments of
RHIB I, we see they closely resemble each other in pe-
riod and amplitude. Their motion appears similar to un-
damped oscillation and has a relatively constant amplitude
and period, although the mean y-position shifts through-
out the segment. Segment 3 of RHIB II resembles a tri-
angular pattern and exhibits substantial variation in both
amplitude and period. Segments 4 and 5 of water scooter
I display approximately sinusoidal motion. Segment 6 of
water scooter II shows no clear consistency in either shape
or amplitude, whereas segment 7 appears more sinusoidal.
Finally, segment 8 of the jet ski follows a triangular pat-
tern and shows an abrupt change in period and amplitude
halfway through the segment.

6.1 Parameter Distribution

A MOU model is fitted on the eight segments. For the
analysis of the γ and q parameter values MLE is used,
as this method does not require assumptions on the q
values. q can be easily added to the parameters over
which the model is optimized. This is not possible for
JE where the parameter has to be specified beforehand.
In a PF it would be possible to optimize over q, but the
increased dimensionality of the problem would require
more particles resulting in a high computational load.
Besides the γ and q parameters another parameter will
be optimized: the innovation variance on the mean
velocity. The mean velocity can vary within a segment,
as illustrated by segment 2 in Figure 6.2a. The mean
velocity is initially negative in this segment, reflected in
a drift in the negative y-direction. Later, the trajectory
reverses and drifts back. To capture this behavior, the
innovation variance of the mean velocity, qµ, is also
estimated. The mean position may likewise vary over
time, but this is already accounted for through qµ. The
only situation in which a change in mean position would
not be captured by a change in mean velocity is an
abrupt shift in mean position rather than a smooth
drift. Such abrupt changes, however, are only observed
in one segment: segment 8. In some segments the
weaving frequency changes, suggesting that the γ param-
eters also vary. However, varying γ parameters cannot
be modeled by MLE as this method assumes γ to be fixed.

When q must also be estimated, the estimates of
both γ and q become unreliable if the initial state is
unknown as shown in section 5.3. To obtain an initial
state estimate, linear regression is applied to all position
measurements in both the x- and y-directions. The

resulting intercept and slope are then supplied to the
MLE as the initial mean position and mean velocity,
respectively. Since the linear regression estimate is not
exact, the initial covariance is set to 10m for position and
4m/s for velocity.

The estimated γ parameters, shown in Table 6.1,
are converted into the damping factor ζ and the damped
frequency wd using Equation 2.23 and Equation 2.24
respectively. This allows for a more intuitive interpre-
tation of the results. The resulting ζ and wd values are
listed in Table 6.2. The estimated process noise variance
parameters q and qµ are presented in Table 6.3.

Table 6.1: Estimated γ parameters and a summary of their
statistics.

# Segment γx1 γx2 γy1 γy2

1 RHIB I 0.0168 0.2076 0.0222 0.0252
2 RHIB I 0.0125 0.1697 0.0233 0.0228
3 RHIB II 0.0117 0.3908 0.0053 0.0347
4 Watersc. I 0.0173 0.1657 0.0251 0.0423
5 Watersc. I 0.0074 0.1317 0.0184 0.0422
6 Watersc. II 0.0633 0.2494 0.0334 0.0715
7 Watersc. II 0.0230 0.2944 0.0486 0.0542
8 Jetski 0.0011 0.6985 0.0091 0.0591

Statistics

Parameter Mean Std

γx1 0.019 0.018
γx2 0.288 0.173
γy1 0.023 0.013
γy2 0.044 0.016

Table 6.2: Estimated ζ and wd values for all segments

# Segment ζx wdx ζy wdy

1 RHIB I 0.80 0.08 0.08 0.15
2 RHIB I 0.76 0.07 0.07 0.15
3 RHIB II 1.81 0.16i 0.24 0.07
4 Waterscooter I 0.63 0.10 0.13 0.16
5 Waterscooter I 0.77 0.05 0.16 0.13
6 Waterscooter II 0.50 0.22 0.20 0.18
7 Waterscooter II 0.97 0.04 0.12 0.22
8 Jetski 10.48 0.35i 0.31 0.09

Parallel direction (x) First we take a look at Fig-
ure 6.2(b). Segments 1, 2, 3, and 6 visually return to a
constant mean, where segment 6 has the most consistent
pattern and 3 the least consistent pattern. These observa-
tions are verified by the low ζ value for segment 6 and the
high ζ value for segment 3. Segment 4 shows oscillatory
behavior, but also a change in mean velocity. First there
is a drift in the positive x-direction and at the end in the
negative x-direction. This indicates a varying mean veloc-
ity, which is verified by the high qµ value. Segment 5 looks
similar to segment 4, but qµx is estimated to be zero. For
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Table 6.3: Estimated q and qµ values.

# Segment qx qy qµx qµy

1 RHIB I 0.5423 1.9778 0.0000 0.0000
2 RHIB I 0.3118 1.3783 0.0001 0.0016
3 RHIB II 5.3196 5.4271 0.0000 0.0000
4 Watersc. I 6.7282 11.6440 0.0252 0.0000
5 Watersc. I 5.3175 12.0543 0.0000 0.0000
6 Watersc. II 9.0937 13.2584 0.0014 0.0000
7 Watersc. II 3.3780 16.4534 0.0000 0.0000
8 Jetski 3.0133 3.9726 0.0024 0.0007

segment 5 wd is estimated to be 0.05, which corresponds to
an oscillation period of 2π

0.05 = 126 seconds. This does not
correspond to the period of the oscillations we see in the
trajectory (around 60s). Instead, the MOU model cap-
tures the long-term change in mean velocity as oscillation.
Segment 7 also shows oscillations, but changes its pattern
towards the end of the segment. This is likely the cause for
its relatively high ζ value. Segment 8 shows oscillations
with a small amplitude and high frequency, which explains
why ζ and wd are relatively high. qx values vary from 0.31
to 9.09. This difference in qx is illustrated in Figure 6.3,
which compares the velocity for segment 2, which has the
lowest qx value, and segment 6, which has the highest qx
value. The higher qx value in segment 6 is caused by a
higher volatility and larger vx scale in general.
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Figure 6.3: The x velocity of a section of segment 2 and
segment 6. Segment 6 shows a higher volatility and a
larger scale of velocity.

Perpendicular direction (y) The estimated parame-
ters in Table 6.2 show that all segments are underdamped
in the y-direction. This is consistent with the oscilla-
tory motion visible in the detrended y trajectories in Fig-
ure 6.2c. Segments 3 and 8, which display variation in
both amplitude and period, have the highest damping fac-
tors. This is expected, since an inconsistent pattern sug-
gests the oscillations decay relatively quickly. The oscilla-
tions in segment 7 display the highest frequency, contain-
ing more than three oscillations in 100 seconds. This is in
line with its estimated wd value, which is the largest of all
segments and corresponds to a period of 2π

0.22 = 28.6 s.

20 30 40 50 60 70 80 90 100
t	(s)

-20

-15

-10

-5

0

5

10

15

20

25

v y
	(m

/s
)

(a) vy plotted against time.

20 30 40 50 60 70 80 90 100
t	(s)

-4

-3

-2

-1

0

1

2

Er
ro
r	(
m
/s
)

(b) vy one step ahead prediction error.

Figure 6.4: Segment 7: vy plotted against time (a),
and the smoothed one-step-ahead prediction error of vy:
vytrue − vypred (b). The error is smoothed by taking the
average error for [tk−3, ..., tk+3]) at tk.

The qy values vary substantially between the segments.
Segment 7 has the highest qy value which is unexpected
as the trajectory looks like a clean sinusoid. To understand
the high value of qy, Figure 6.4 shows the smoothed one-
step-ahead prediction error of vy, which is used here as
an indicator of the process noise. The error exhibits a
clear pattern: it is positive near the maxima and negative
near the minima of the oscillations. This indicates that
the trajectory does not perfectly follow the MOU model.
More specifically, the velocity does not decrease at the rate
predicted by the MOU model. This could be explained by
the fact that in practice, the velocity likely only starts
decreasing when the water scooter starts turning while
the MOU model assumes the velocity decay starts earlier.
Another reason could be that the turn is sharper than it
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should be, which means the velocity-reversion is estimated
relatively high to compensate for this. Besides a mismatch
in model, the high qy value for segment 7 may be caused
by the relatively high velocity of the water scooter due to
its high-frequency oscillations. qµy was estimated to be
zero for all segments except 2 and 8, which is in line with
the observation that both show a clear change in mean
velocity.

6.2 State Estimation and Predic-
tion

The practical viability of the MOU model is evaluated by
analyzing the filter and prediction performance. To do
this a MM is employed, in which JE and NCV filter banks
are run in parallel. In contrast to an interacting multiple-
model filter, the models in this approach do not interact,
making the structure simpler. For each model, the log-
likelihood of the measurement is computed at every time
step. To reduce sensitivity to short-term fluctuations, this
log-likelihood is smoothed using an exponential moving
average (EMA) with smoothing factor α = 0.15. The
EMA is computed as

EMAk = αLk + (1− α)EMAk−1, (6.2)

where Lk denotes the log-likelihood of the measurement
under the corresponding model at time step k. At each
time step, the model with the highest EMA value is se-
lected, and only this model is used for state estimation and
prediction. In JE it is possible to add innovation noise on
the parameters with a variance qγ . After trial and error
qγ was set to 0.005, as this value offered the best state
prediction performance. The MM filter consists of three
types of filter banks, where the MOU model is estimated
by JE:

• A MOU model with qx ∈ [0.25, 0.5, 1, 3, 6, 9] and qy ∈
[1, 3, 5, 10, 15] is implemented. qµ = 0 and qγ = 0.01.

• A NCV model with known q. The calculation of q is
explained in Appendix A.8.

• A MOU model on one dimension and a NCV model
on the other.

Before filtering and prediction, radar-like measurement
noise is added in polar coordinates (range, angle and radial
velocity), with covariance

R = E[νν⊤] =

15
2 0 0

0 52 0

0 0 52

 . (6.3)

The range variance is given in m2, the angle variance in
mrad2, and the radial velocity variance in (ms )

2. The
segment center, defined by the mean position, is located
at [x, y] = [2 km, 2 km] relative to the radar. This corre-
sponds to a distance of approximately 3 km from the radar
at an angle of 45◦ counter-clockwise from the x-axis.

Table 6.4: Prior state distribution.

Parameter Value
px N (0, 502)
py N (0, σ2

y)
vx N (0, 52)
vy N (0, σ2

vy)
µpx N (0, 30002)
µpy N (0, 30002)
µvx N (0, 102)
µvy N (0, 12)

State prior A state prior must be chosen for the
Kalman filter. The steady-state covariance formulas for
the MOU process are provided in Equation 2.41, their
validity will now be assessed empirically. Appendix B.1
reports the empirical standard deviations of position and
velocity for each segment. In addition, Figure 6.5 com-
pares the theoretical and empirical standard deviations in
the y-direction, where the theoretical values are computed
from the γ and q parameters estimated by MLE. The fig-
ure shows that the theoretical formulas do not agree with
the observed values. This is can be explained as follows:
in the theoretical model, the weave amplitude becomes
unbounded as γ2 approaches zero, whereas in practice it
remains bounded. Even so, the theoretical and empiri-
cal standard deviations are clearly correlated and appear
to follow a linear relationship, which suggests that the
prior can be improved using the γ parameters. Based on
a linear regression on the observed relationship in Fig-
ure 6.5, σpy is defined as σpy,theoretical/170 + 40, and σvy
as σvy,theoretical/17 + 4. To prevent these quantities from
diverging as γ → 0, σpy is capped at 300 and σvy at 30. Be-
cause both σpy and σvy depend on the γ parameters, their
means and variances need to be estimated by a Monte
Carlo simulation. Specifically, 1000 samples are drawn
from the prior distribution of γ, and the corresponding
values of σpy and σvy are computed. The covariance be-
tween γ and the state is also estimated and supplied to
JE. Based on the observed std in the data, σpx is set to
50m and σvx is set to 5m/s. The mean velocities in the
x-direction is also shown in Appendix B.2. Based on this
std for µvx is set to 10m/s. The y direction has a mean
velocity close to 0 due to the rotation of the segment, so
its mean velocity std is set to 1m/s. Finally, the std in
µpx and µpx are set to 3000m based on the fact that all
trajectories are centered at position [2000m, 2000m]. The
prior is summarized in Table 6.4.

Parameter prior The parameter prior for the Kalman
filer is chosen based on the distribution obtained from
MLE. The prior is listed in Table 6.5. Some state vari-
ables are correlated with the parameter values. Because
of this the covariance between γ and the state prior is
taken into account.
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Table 6.5: Joint filter parameter distributions.

Parameter Distribution
γx1 N (0.019, 0.0182)
γx2

N (0.288, 0.1732)
γy1

N (0.023, 0.0132)
γy2

N (0.044, 0.0162)

30 40 50 60 70 80 90 100
Real	y	std

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

Th
eo
re
tic
al
	y
	s
td

Segment	1
Segment	2
Segment	3
Segment	4
Segment	5
Segment	6
Segment	7
Segment	8

(a) Position of dimension y.

4 6 8 10 12 14
Real	vy	std

20

40

60

80

100

120

140

160

Th
eo
re
tic
al
	v
y	s
td

Segment	1
Segment	2
Segment	3
Segment	4
Segment	5
Segment	6
Segment	7
Segment	8

(b) Velocity of dimension y.

Figure 6.5: Real std plotted against the theoretical std
calculated according to Equation 2.41.

6.2.1 Filter accuracy

The filter accuracy of the MOU model is compared
to the accuracy of the NCV model based on the state
estimates. The MSEs of the position estimates are shown
in Table 6.6, and the MSEs of the velocity estimates are
shown in Table 6.7.

In the x-direction the MOU model provides no meaningful
improvement in position compared to the NCV model,
and for some segments even degrades the accuracy. The

Table 6.6: Position MSE for x and y (MOU vs. NCV).

# Segment x y

MOU NCV MOU NCV

1 RHIB I 40.86 43.03 69.52 115.25
2 RHIB I 32.37 41.64 77.32 87.22
3 RHIB II 54.66 57.76 88.30 90.57
4 Watersc. I 94.57 87.35 129.24 140.39
5 Watersc. I 76.69 66.35 61.80 67.01
6 Watersc. II 132.53 112.11 84.04 148.83
7 Watersc. II 36.88 37.61 107.72 131.24
8 Jetski 36.93 43.14 77.88 83.04

Table 6.7: Velocity MSE for x and y (MOU vs. NCV).

# Segment x y

MOU NCV MOU NCV

1 RHIB I 1.94 2.52 9.77 15.06
2 RHIB I 1.32 1.67 8.92 11.41
3 RHIB II 5.53 6.58 13.09 11.73
4 Watersc. I 16.84 14.80 21.25 25.22
5 Watersc. I 10.72 9.80 10.78 15.57
6 Watersc. II 18.99 18.76 17.48 24.23
7 Watersc. II 5.40 6.93 12.29 29.14
8 Jetski 2.91 4.36 9.83 10.94

MOU model does also not improve velocity estimates sig-
nificantly compared to the NCV model. This is consistent
with the simulations, which show that the parameters of
the x-direction are difficult to estimate. Furthermore, the
patterns in the x-direction seem inconsistent, which makes
parameter estimation even harder. For these reasons the
parameters are likely estimated incorrectly which may
results in inaccurate state estimation. Furthermore, the
trajectory may not even follow a MOU model in the
x-direction.

In the y-direction the MOU model generally improves
the position and velocity estimates compared with the
NCV model. Only segments 3 and 8 see no significant
improvement. These segments have a highly varying
frequency and amplitude in their oscillations. Moreover,
these segments have sharp turns, while the MOU model
is better suited to capture sinusoidal motion than motion
with sharper turns.

6.2.2 Prediction

The y-position is predicted using measurements available
up to the start time of the prediction. The prediction
is shown together with its 95% confidence interval (CI),
which is derived from the Kalman filter state covariance.
To assess how much information the MM filter requires
before its predictions become reliable, predictions were
generated from several different starting points. The
predictions for segment 4 with starting points at t = 20 s,
t = 40 s, t = 60 s, and t = 80 s are shown in Figure 6.6.
The prediction becomes more accurate when the predic-
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tion starts later, because the parameters and state are
estimated better when more measurements are available.
At t = 80 s the prediction matches the period of the first
oscillation well, but not the second. This is because the
real trajectory changes frequency, and not because the
prediction is incorrect. A time of 80 second therefore
seems to be sufficient for a good prediction. For all
starting points the CI appears reasonable, as the true
trajectory remains within the 95% CI for all starting
points. Since this assessment is based on only a single
trajectory, it is not sufficient to draw conclusions and
additional testing is required.

Next, the predicted y-positions for the last 40 sam-
ples are shown in Figure 6.7 for all segments. Segments
3 is predicted poorly by the algorithm. This segment
contains sharp turns and also exhibits large variations
in mean, amplitude, and frequency which indicates the
segment has large jumps in its parameters and nominal
trajectory. This type of behavior cannot be captured by
the MOU filter banks. Segment 7 contains relatively few
samples so prediction begins at around t = 60 s. Still,
the MM filter is able to predict the trajectory fairly well.
The turn for segment 8 is also predicted quite well, even
though the MOU model did not provide a strong MSE
improvement for position and velocity estimation.

0 20 40 60 80 100 120 140 160 180
t	(s)

1600

1700

1800

1900

2000

2100

2200

2300

2400

y	
(m
)

Trajectory
pred	t=20

(a) start at t=20

0 20 40 60 80 100 120 140 160 180
t	(s)

500

1000

1500

2000

2500

3000

3500

y	
(m
)

Trajectory
pred	t=40

(b) start at t=40

0 20 40 60 80 100 120 140 160 180
t	(s)

1200

1400

1600

1800

2000

2200

2400

2600

2800

y	
(m
)

Trajectory
pred	t=60

(c) start at t=60

0 20 40 60 80 100 120 140 160 180
t	(s)

1000

1500

2000

2500

3000

3500

y	
(m
)

Trajectory
pred	t=80

(d) start at t=80

Figure 6.6: Predictions of segment 4 starting at 20, 40, 60
and 80 seconds.
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6.3 Fixed γ MOU Model

The simulations indicate that the γ parameters in the
MOU model are difficult to estimate. As an experiment,
the γ values are set to their prior mean of γx1

= 0.019,
γx2

= 0.288, γy1
= 0.023 and γy2

= 0.044. The state
estimation accuracy of the fixed γ model is compared to
the accuracy of the MOU model where γ is estimated.
The estimation MSEs is shown in Table 6.8 for position
and in Table 6.9 for velocity. The fixed γ MOU model
has a slightly larger estimation error than the estimated
γ MOU model, but it is still more accurate than the NCV
model.

Table 6.8: Position MSE for x and y of the MOU model
for an estimated γ and fixed γ.

# Segment x y

est. γ fixed γ est. γ fixed γ

1 RHIB I 40.86 43.44 69.52 69.24
2 RHIB I 32.37 32.38 77.32 73.01
3 RHIB II 54.66 56.89 88.30 95.58
4 Water sc. I 94.57 86.43 129.24 125.57
5 Water sc. I 76.69 68.98 61.80 62.25
6 Water sc. II 132.53 156.79 84.04 106.36
7 Water sc. II 36.88 44.86 107.72 107.65
8 Jet ski 36.93 42.22 77.88 89.52

Table 6.9: Velocity MSE for x and y of the MOU model
for an estimated γ and fixed γ.

# Segment x y

est. γ fixed γ est. γ fixed γ

1 RHIB I 1.94 2.08 9.77 8.61
2 RHIB I 1.32 1.29 8.92 8.10
3 RHIB II 5.53 6.41 13.09 16.54
4 Water sc. I 16.84 15.85 21.25 19.41
5 Water sc. I 10.72 10.39 10.78 11.12
6 Water sc. II 18.99 21.23 17.48 19.95
7 Water sc. II 5.40 6.28 12.29 17.15
8 Jet ski 2.91 3.77 9.83 12.88

The predictive performance of the fixed-γ model
was evaluated using the last 40 samples. The resulting
predictions are shown in Figure 6.8. Overall, these
predictions are less accurate than those of the MOU
model with estimated γ, except for segments 5 and 8.
The good prediction for segment 8 is unexpected because
its ζ and wd values differ substantially from the mean.
The reason for this is unclear. Segment 5 has γy1 and
γy2 values that are close to the chosen fixed γy1 and γy2
values. Furthermore, the segment is relatively consistent
in its period, indicating the γ parameters do not change
throughout the segment. This means the parameters

at the moment of prediction are the same as the initial
parameters, which match with the fixed γy1 and γy2
values.

Even though the fixed γ model is not as good at
prediction as the model with estimated γ values, its
predictions are still fairly accurate for many segments.
This good performance is likely due to the fact that all
segments, expect for 3 and 8, have an approximately
similar ζ and wd value. The narrow wd range indicates
that all weave motions have the same frequency, which
may be a result of the instructions given to the operators
of the vehicles. It is likely weaves will in practice not lie
in this narrow range. The performance of the predictions
by the MOU model, which now has a strong prior, and
especially the fixed γ MOU model, may therefore be
lower in practice.

6.4 Conclusion

The NCV filter was compared with a MM filter that
contains both NCV and MOU model filter banks. For
segments exhibiting a sinusoidal weaving pattern, the
MM filter improved the estimation of the y-position
and y-velocity significantly compared to the NCV filter.
Moreover, no segment showed a significant increase in
either position or velocity MSE for y when the MM filter
was used. These results suggest that the MOU model
has to potential to improve filtering of weaving patterns
in the perpendicular direction to the nominal trajectory.
In the parallel direction the estimates are not improved
compared to the NCV model.

The MOU model can produce accurate predictions
in the perpendicular direction, provided that the motion
pattern remains consistent and the tracker has observed
the target for a sufficient period of time. The 95%
confidence intervals of the predictions appear to be
accurate, although statistical testing on a larger dataset
is required to confirm this.

A MOU model with fixed γ values proved to be al-
most as effective for filtering position and velocity as the
MOU model with estimated γ values. For some segments,
the predictions of the fixed γ model were also fairly
accurate. This can likely be attributed to the narrow
range in parameters of the dataset and will probably not
work as well for new data.
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(a) Selected segments 1 through 8, x against y
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(b) The detrended x trajectory against time
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(c) The detrended y trajectory against time
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Figure 6.2: Overview of the selected segments 1 through 8. The 2D plot of the trajectory with py plotted against px
(a), the detrended px plotted against time (b) and the detrended py plotted against time (c).

37



50 100 150 200
t	(s)

1850

1900

1950

2000

2050

2100

2150

y	
(m
)

Real	position
Predicted	position

I

100 120 140 160 180 200 220 240 260
t	(s)

1900

1950

2000

2050

2100

2150

y	
(m
)

Real	position
Predicted	position

II

200 220 240 260 280 300 320 340 360 380
t	(s)

1750

1800

1850

1900

1950

2000

2050

2100

2150

2200

y	
(m
)

Real	position
Predicted	position

III

0 20 40 60 80 100 120 140 160
t	(s)

1600

1700

1800

1900

2000

2100

2200

2300

2400

y	
(m
)

Real	position
Predicted	position

IV

60 80 100 120 140 160 180 200 220
t	(s)

1800

1900

2000

2100

2200

2300

y	
(m
)

Real	position
Predicted	position

V

0 20 40 60 80 100 120
t	(s)

1750

1800

1850

1900

1950

2000

2050

2100

2150

2200

y	
(m
)

Real	position
Predicted	position

VI

0 10 20 30 40 50 60 70 80 90 100
t	(s)

1800

1850

1900

1950

2000

2050

2100

2150

2200

2250

2300

y	
(m
)

Real	position
Predicted	position

VII

520 540 560 580 600 620 640 660 680
t	(s)

1850

1900

1950

2000

2050

2100

2150

2200

y	
(m
)

Real	position
Predicted	position

VIII

Figure 6.7: The prediction with 95% CI of the last 40 samples for every segment.
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Figure 6.8: The prediction with 95% CI of the last 40 samples for every segment for the fixed γ MOU model.
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Chapter 7

Conclusion

The aim of this thesis was to investigate whether the
mixed Ornstein–Uhlenbeck (MOU) model can improve
target tracking. This section presents the main conclu-
sions. It begins by comparing the MOU model with
alternative models, and then outlines its implementation.
Next, it discusses the results of the MOU parameter
estimation and, finally, evaluates the model’s effectiveness
for state estimation and prediction.

The dynamics of the MOU model were compared
with those of the nearly constant velocity (NCV), Singer,
and integrated Ornstein–Uhlenbeck (iOU) models. The
NCV and Singer models are not well suited to long-term
prediction, whereas the iOU model performs better be-
cause it incorporates mean reversion in the velocity. The
iOU model has also been used in maritime traffic appli-
cations, where it represents trajectories more accurately
than the NCV model. However, when a target follows a
nominal trajectory, the MOU model is more appropriate
because it includes mean reversion in both position and
velocity. As a result, for such targets its predictions
converge to a steady state rather than increasing without
bound.

The implementation of a MOU-based filter for tar-
get tracking was described. The most suitable basis is
defined by dimensions parallel and perpendicular to the
nominal trajectory. For a straight nominal trajectory,
this trajectory can be estimated by augmenting the state
with a mean position and velocity, which also allows the
nominal trajectory to drift over time if needed. A Kalman
filter is then applied to process the measurements and
estimate the target state.

100 weaving trajectories were simulated using a pa-
rameter distribution derived from real-world data. A
surveillance radar scenario was then created by adding
radar measurement noise, with the target positioned at
3 km from the radar. Under these conditions, joint esti-
mation produced the most accurate parameter estimates,
outperforming both maximum likelihood estimation and
the particle filter. The MOU model has two transition
function parameters per dimension: γ1 and γ2. In the
direction parallel to the nominal trajectory, the estimates
of the position reversion parameter γ1 and the velocity re-
version parameter γ2 are not substantially more accurate
than their prior values. In the perpendicular direction,
γ2 cannot be estimated with meaningful accuracy. By

contrast, the position reversion parameter γ1 can be
estimated more reliably, reaching a final RMSE of 0.007
after 200 measurements, and the error was still decreasing
at this point. The prior standard deviation for this
parameter was nearly 0.014.

The state estimation performance of the MOU model
was compared to the NCV model on real-world weaving
motion recorded by gps. Radar measurement noise was
added to the gps data to create a surveillance radar
setting, with the target positioned at roughly 3 km.
The MOU model is able to significantly improve both
position and velocity estimates in the perpendicular
direction of the nominal trajectory compared with the
NCV model. The improvement is especially pronounced
for the velocity estimate. By contrast, the MOU model
cannot estimate the position and velocity better than
the NCV model in the parallel direction. The prediction
accuracy of the MOU model was also evaluated. The
predictions accurately captured the trajectories of almost
all weaving segments in the real-world dataset, with the
trajectories falling within the 95% prediction interval.
However, it remains unclear whether the 95% prediction
interval actually contains the true trajectory 95% of the
time, since the evaluation of predictive accuracy was
qualitative rather than quantitative. Only one segment
was inaccurate, but this segment shows substantial
variation in mean position, frequency, and amplitude.

7.1 Discussion

The effectiveness of a target tracking model depends
on whether the model fits the data. For this reason
the dynamics of the MOU model were inspected, which
led to the observation that the MOU model is able to
represent both damped and undamped motion. In the
undamped case, the resulting trajectory corresponds to
decaying sinusoidal motion. Many of the trajectories in
the data exhibit roughly sinusoidal motion, with only
minor deviations. However, other forms of oscillatory
behavior are modeled less effectively, such as motion
with an irregular period and motion that consists of long
straight segments followed by a sharp turn rather than a
gradual change in direction. Accurately representing such
behavior may therefore require a different type of model.
Furthermore, the process noise observed in the data is
correlated rather than independent, because velocity does
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not begin to decay until the turn starts. To capture this
behavior more accurately, it may be preferable to create
a model where process noise is correlated.

Under the simulation settings considered, the parameters
of the MOU model are difficult to estimate reliably, with
the exception of the position reversion parameter in the
perpendicular direction. This suggests that estimating
the remaining three parameters may be unnecessary and
that fixed γ values may be more appropriate instead.
However, if the distributions of these parameters vary
substantially across targets, a single fixed value is unlikely
to perform well. In that case, accurately classifying the
target or trajectory type may be necessary in order to
assign γ values with sufficient precision.

Although the prior distributions for γ used in the
simulations are based on real-world data, the resulting
patterns are much less consistent than those observed
in practice. This suggests that the real-world damping
factor and process noise may be overestimated, likely
because vehicle behavior does not perfectly follow the
MOU model. This mismatch may lead to an overesti-
mation of the damping ratio, because deviations from
the MOU model can make the pattern appear similar to
that of a non-stationary MOU model. The estimator may
then interpret this as additional decay, even if the true
pattern is stationary. Likewise, the process noise may be
overestimated, since the model mismatch is effectively
treated as extra process noise.

The multiple-model (MM) approach used in the data
analysis is not an interacting MM (IMM) filter, but a
simpler variant. It determines the most likely model and
uses only that model for state estimation and prediction.
Unlike an IMM, this method does not account for the
relative probabilities of the MOU and NCV models in the
data nor the possibility of switching models. If MOU-type
trajectories occur only rarely in practice, the transition
probability from the NCV model to the MOU model will
also be low. As a result, the IMM may be slower to detect
an emerging MOU pattern, which can reduce filtering
and prediction performance in practice.

7.2 Future work

Future work could extend this thesis in several directions.
First, the present study focuses on the applicability
of the MOU model to weaving trajectories, which are
characterized by underdamped motion and therefore
exhibit oscillatory behavior. An interesting next step
would be to investigate overdamped motion, in which a
target returns to a nominal trajectory without oscillation.
Such an extension could be valuable for improving
predictions of targets that tend to follow a stable nomi-
nal path like ships or airplanes that follow a planned route.

A second direction concerns the treatment of the
nominal trajectory. In this thesis, the nominal trajec-
tory is assumed to be straight and unknown, and it

is estimated online by the Kalman filter. While this
provides flexibility, it also increases the dimensionality
of the estimation problem. Instead, future work could
explore learning it from historical data. Incorporating
prior knowledge of typical target paths may reduce model
complexity and further improve state estimation accuracy.

Another important area for future research is the
integration of the MOU model with other components
of a full tracking framework. In particular, this thesis
does not address data association, even though it is a
fundamental aspect of target tracking. Investigating how
data association methods can be combined with the MOU
model would therefore be an important step toward the
practical deployment of the model.

The current approach assumes a fixed set of possi-
ble process noise variances within a multiple-model filter.
Future work could examine innovation-based matching
or related adaptive techniques to refine the process noise
covariance online, potentially reducing the number of
filter banks required and/or making the estimation more
accurate.

Further improvements may also be achieved by in-
troducing class-dependent prior information. The
parameter distributions of the MOU model may differ
across vehicle classes, and with sufficient data it may be
possible to construct class-specific parameter distribu-
tions. Such priors could improve estimation performance
by tailoring the model more closely to the expected
behavior of different target categories. Priors on the
state itself, such as position and velocity, could also
be adapted to each class. Once the prior of each class
is known, an interesting research direction would be to
do target classification based on the estimated parameters.

Finally, a key assumption in the models developed
in this thesis is that the target heading is already known.
The reversion and process noise parameters are defined
in the parallel and perpendicular directions, and in both
the simulations and the analyzed data these directions
are aligned with the coordinate axes before filtering. In
practice, however, the heading is generally unknown and
must also be estimated. Although the presented models
can infer heading indirectly through estimation of µvx

and µvy, this assumes that no prior information about
heading is available which would make the parameter and
state estimation less accurate. Future work could inves-
tigate how to incorporate a heading prior, for example
by estimating the target’s direction of travel from the
trajectory before the onset of the weaving motion.
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Appendix A

A.1 ARMA + Measurement noise

We start from
yt = xt + et. (A.1)

Apply the AR polynomial Φ(B) to both sides

Φ(B)yt = Φ(B)xt +Φ(B)et. (A.2)

By definition of the latent ARMA(2,1) process

Φ(B)xt = Θ(B)wt, (A.3)

so
Φ(B)yt = Θ(B)wt +Φ(B)et. (A.4)

Now write the polynomials explicitly as

Φ(B) = 1− ϕ1B − ϕ2B
2, Θ(B) = 1 + θ1B, (A.5)

to get

(1− ϕ1B − ϕ2B
2)yt = (1+ θ1B)wt + (1− ϕ1B − ϕ2B

2)et.
(A.6)

Thus the AR side remains the same polynomial Φ(B),
while the noise side is the sum of two filtered white noise
processes

(1+θ1B)wt (MA(1)), (1−ϕ1B−ϕ2B2)et (MA(2)),
(A.7)

which are independent. Hence we obtain an AR(2) process
driven by a linear combination of two MA noises. The
MA order of the sum of these two MA noises is equal to 2
because the auto-covariance of the sum is 0 for lags greater
than 2.

A.2 Derivative of the Likelihood

Assume we are looking at a single dimension x. For a given
state-estimate x1,x2, ...,xn, which can be obtained by the
Kalman filter, the likelihood of the state-space model is
given in Equation 4.12. C and R are known. Only the
following terms are dependent on γ and σw:

ℓ(θ) =

N∑
n=2

[
− 1

2

[
xn −Anxn−1

]⊤
Q−1

n

[
xn −Anxn−1

]
− 1

2
log|Qn|

]
(A.8)

Define en = xn −Anxn−1. Then:

∂ℓ

∂θk
=
1

2

N∑
n=2

[
− ∂e⊤n
∂θk

Q−1
n en − e⊤nQ

−1
n

∂en
∂θk

− e⊤n
∂Q−1

n

∂θk
en

− ∂

∂θk
log(|Qn|)

]
(A.9)

Since xt are fixed:

∂en
∂θk

= − ∂An

∂θk
xn−1. (A.10)

Using that the first two terms are transposes of the same
scalar, we get

∂ℓ

∂θk
=

N∑
n=2

[
e⊤nQ

−1
n

∂An

∂θk
xn−1 −

1

2
e⊤n

∂Q−1
n

∂θk
en (A.11)

− 1

2

∂

∂θk
log(|Qn|)

]
(A.12)

The derivative of An with respect to the γ-parameters in-
volves the derivative of a matrix exponential and is there-
fore nonlinear:

∂An

∂θk
=
∂eFtn

∂θk
(A.13)

The derivative of Qn w.r.t. the γ parameters is also a non-
linear function. There is therefore no closed-form solution
for the γ parameters. The process noise covariance is a
linear function of process variance q = σ2. Let’s split the
process noise in two components, the process variance q
and the covariance matrix S (in the case of one dimension,
otherwise an independent qS is needed for each dimen-
sion). Qn = qSn. Then the derivative of the likelihood
w.r.t. q is:

∂ℓ

∂q
=

N∑
n=2

[
− 1

2
e⊤n

∂(qSn)
−1

∂q
en − 1

2

∂

∂q
log(|qSn|)

]

=

N∑
n=2

[
− 1

2
e⊤n

∂q−1

∂q
S−1
n en − 1

2

∂

∂q
log(q2|Sn|)

]

=

N∑
n=2

[
− 1

2
e⊤n

∂q−1

∂q
S−1
n en − 1

2

∂

∂q
[log(q2) + log(|Sn|)]

]

=

N∑
n=2

[
1

2q2
e⊤nS

−1
n en − 1

q

]
(A.14)

Let’s define

B :=

N∑
n=2

e⊤nS
−1
n en. (A.15)

Setting
N∑

n=2

[
1

q

]
=
N − 1

q
(A.16)

and solving for q gives

q =
B

2(N − 1)
. (A.17)
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This formula can be used to update in an EM algorithm
where the parameters are optimized while assuming the
state to be fixed. However, during maximum likelihood
optimization or in an online filter this closed-form solution
will not be effective. Take a look at the error covariance

E
[
ene

⊤
n

]
= E

[
(xn −Axn−1)(xn −Axn−1)

⊤]
= (x̂n −Ax̂n−1)(x̂n −Ax̂n−1)

⊤︸ ︷︷ ︸
mean residual of estimated means

+Pn +APn−1A
⊤ −APn−1,n −Pn,n−1A

⊤︸ ︷︷ ︸
uncertainty correction

.

(A.18)

If the state estimation is inaccurate, the uncertainty cor-
rection may grow significantly large. This will mean the
process noise covariance is over-estimated. To correct for
the uncertainty correction the cross covariance Pn|n−1 has
to be known, but this value depends on q. There is there-
fore no closed-loop solution if the state is unknown and
not assumed to be fixed as in an EM algorithm.

A.3 Autocorrelation

A.3.1 Brockwell’s approach

Brockwell et al. [6] state that if the eigenvalues λ of the
F matrix are distinct the autocorrelation of a CARMA
system can then be calculated by

Σ(τ) =
∑

λ: a(λ)=0

exp
(
|τ |λ

) b(λ) b(−λ)
a′(λ) a(−λ)

. (A.19)

where a’ is the derivative of a and lambda is the eigen-
value of F. An MOU model has b=1 as there are no MA
components. a is given by

a(z) = z2 + γ1z + γ2. (A.20)

Brockwell et al. give as example the autocorrelation for
the CARMA(2,1) process, where he sets b1 = 0 and b0 = 1
to obtain the autocorrelation for our CAR(2)/MOU pro-
cess. The result for eigenvalues a± iβ is:

Σ(τ) = Σ(0)eα|τ |

[
cos(βτ) + sin(β|τ |)

α
(
b21a2 − b20

)
β
(
b21a2 + b20

)] ,
= Σ(0)eα|τ |

[
cos(βτ)− sin(β|τ |)α

β

]
. (A.21)

A.3.2 Bernstein’s approach

The value of eFτ as a function of the damping ratio ζ and
natural frequency ωn is derived by Bernstein et al. [4].
These values can be converted to γ by using equations
2.22–2.24. For the critically damped (repeated eigenvalue)
case the value of eFτ is given by

eFτ = e−ωnτ

[
1 + ωnτ τ
−ω2

nτ 1− ωnτ

]
. (A.22)

For other cases the value is given by:

eFτ = e−ζωnτ

cos(ωdτ) +
ζ√
1−ζ2

sin(ωdτ)
1
ωd

sin(ωdτ)

− ωd√
1−ζ2

2 sin(ωdτ) cos(ωdτ)− ζ√
1−ζ2

sin(ωdτ)


(A.23)

If the formula is expressed in γ it becomes

(eFτ )11 = e−
γ2τ
2

cos(τ√γ1 − γ2
2

4

)
+

γ2/2√
γ1 − γ2

2

4

sin
(
τ

√
γ1 − γ2

2

4

) .
(A.24)

This result equals the result derived by Brockwell in Equa-
tion A.21 and also the result by Coraluppi in Equation 2.45
but expressed in γ1 and γ2 parameters instead of the eigen-
values. This formula still needs to be multiplied with the
steady-state covariance Q to obtain the covariance func-
tion Σ(τ).

A.4 Parameterization

A.4.1 Root fitting

Direct ML estimation of AR coefficients is hard because
the stability constraint defines a complicated feasible re-
gion. Le Breton and Pham [28] provide a reparameter-
ization which solves this problem by creating a domain
where all positive coefficient values correspond to a stable
process, and have a 1 to 1 mapping to the real AR co-
efficients, for this they use residual variances. Jones [24]
parametrizes the coefficients in the AR polynomial by fac-
toring the complete polynomial into second-order polyno-
mials: (s2+r1s+r2)(s

2+r3s+r4) etc. Then the conditions
of stability become

a2k−1 = −(r2k−1 + r2k) = −2ℜ(r2k),
a2k = r2k−1r2k = |r2k|2. (A.25)

If positive, these automatically guarantee a stable process
in the case of both conjugate and real roots, a is optimized
for a > 0 and then converted back to the roots. However,
because the 2nd order AR model already has a easy fea-
sible region, namely γ1 and γ2 have to be positive, both
these parameterizations are not a worthwhile addition.

A.4.2 ARMA root fitting Belcher

Belcher et al. [2] state that the parameterization where
the roots of a CAR model are fitted encounters converging
problems, and selecting the order is difficult because the
models of different orders are not nested. Belcher proposes
a new parameterization where discrete AR parameters are
fitted, which can be transformed into the continuous AR
parameters. Even though the discrete AR parameters are
fitted, this still works for irregular-sampled data. The
continuous AR polynomial is described by

α(s) = sp + α1s
p−1 + · · ·+ αp. (A.26)

The spectral density corresponding to this AR polynomial
equals

Sm(f) =

∣∣∣∣ 1

α(if)

∣∣∣∣2 σ2. (A.27)
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The continuous frequency can be transformed to discrete
frequency using the bilinear transform

s = −κ 1− z

1 + z
. (A.28)

It can be shown that the spectral density in the discrete
domain [0, π] is equal to:

F (ω) = S(f) (κ/2) {1 + (f/κ)2} (A.29)

=
κ

2

∣∣∣∣ (1 + if/κ)

α(if)

∣∣∣∣2 σ2. (A.30)

Where σ2 is the variance of the process noise. The se-
lection of κ is covered later. If a CAR filter is imple-
mented and the noise is filtered by MA terms of the form
(1 + s/κ)p−1, which is a filter with p− 1 zeros at s = −κ,
the CARMA model becomes

α(s) y(t) = (1 + s/κ)p−1 ϵ(t). (A.31)

The spectral density becomes

Fm(ω) =
κ

2

∣∣∣∣ (1 + s/κ)p

α(if)

∣∣∣∣2 σ2. (A.32)

The discrete AR filter can be transformed by the bilinear
transform to obtain

ϕ(z−1) =

p∑
i=0

ϕiz
−i (A.33)

=
β(s)

(1 + s/κ)p
(A.34)

β(s) =

p∑
i=0

ϕi(1−s/κ)i(1+s/κ)p−i = β0s
p+β1s

p−1+· · ·+βp

(A.35)
If α is defined by

α(s) =
β(s)

β0
= sp + α1s

p−1 + · · ·+ αp (A.36)

With β0 = ϕ(−1)/κp. The spectral density can be written
as

Fm(ω) =
κ

2

∣∣∣∣ (1 + s/κ)p

α(if)

∣∣∣∣2 σ2 =
κ

2

∣∣∣∣ β0
ϕ(z−1)

∣∣∣∣2 σ2 (A.37)

The idea of this is that the spectral density Fm(ω) equals
the typical discrete AR spectrum, which is well known to
have excellent approximation power on any continuous-
valued function on [0, π]. If the true spectrum can be ap-
proximated in the transformed data-space F (ω) it can also
be approximated in the original frequency space f. First
the parameters of ϕ are fitted which can be converted to
continuous AR parameters by using Equation A.28. The
MA component is introduced by setting the observation
matrix to

Hi =


(
p−1
i−1

)
κ i−1

, i = 1, . . . , p− 1,

0, i = p.

(A.38)

κ selection

To go from continuous to discrete frequency ω =
2tan−1( fκ ) can be used where the continuous frequency
is mapped to the discrete domain: [0, π]. For a regu-
larly sampled time-series with an interval time of h, the
Nyquist frequency is fN = 1

2h . When κ = 1
2h ,

f
κ = 1 and

ωN = 2tan−1(1) = π
2 .

• Frequencies below Nyquist 0 ≤ f ≤ fN map to 0 ≤
w ≤ π/2.

• Frequencies above Nyquist f > fN map to π/2 <
w < π.

Each side occupies an interval of length π/2, hence in the
w-space the frequencies above and below the Nyquist fre-
quency have the same range length of π/2. So the value
κ can be optimized by choosing what frequency should be
at position π

2 .

A.5 Vandermonde Matrix

Belcher et al. use the Vandermonde matrix to speed up
transition matrix calculations [2]. When the roots are not
distinct enough they use the standard form

x′(t) = Fx(t) + b dw(t), (A.39)

where F is the p× p matrix built from aj

F =


0 1 0 . . . 0
0 0 1 . . . 0
...

. . .
...

0 0 0 . . . 1
−ap −ap−1 . . . −a2 −a1

 . (A.40)

and
b = (0, . . . , 0, 1)⊤. (A.41)

If the roots are significantly distinct they calculate the
Vandermonde matrix with rn the nth root

RV =


1 1 · · · 1
r1 r2 · · · rp
...

...
. . .

...

rp−1
1 rp−1

2 · · · rp−1
p

 , (A.42)

and transform the state with x = RVη → η = RV
−1x.

η′(t) = Dη(t) + J dw(t), (A.43)

where
D = diag(r1, . . . , rp), (A.44)

and J = R−1b is the last column of RV
−1. The observa-

tion matrix H is given by

H = [1, 0, ..., 0]. (A.45)

The steady-state covariance is given by

P0,ij = − JiJj
ri + rj

. (A.46)

This can be used to calculate the process noise covariance
at each step with the Lyapunov equation.
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A.6 CARMA to ARMA

The continuous version of the discrete ARMA model is
the CARMA model. The MOU model is a continuous au-
toregressive (CAR) model as it does not have a MA com-
ponent. The general formula for converting a CARMA
model to a discrete ARMA model is given by Theorem 1 in
a paper by Chambers [8] where it is shown that a CAR(p)
process can be converted to an ARMA(p,p-1) process in
regular-interval samples. Bergstrom has derived the for-
mulas to convert specifically the CAR(2) (ẍ = −γ1x−γ2ẋ)
process to an ARMA(2,1) process in Theorem 2 of his pa-
per [3] under assumptions

1. Assumption 1: The innovation noise is i.i.d. and zero
mean.

2. Assumption 2: γ2 is non-singular.

3. Assumption 3: The innovation noise is independent
of past measurements

4. Assumption 4: [eF ]12 is non-singular.

Under these assumptions the ARMA(2,1) process is de-
scribed by

x(t) = f1x(t− 1) + f2x(t− 2) + ηt (A.47)

With f1 and f2 scalars equal to

f1 = [eF]12[e
F]22[e

F]−1
12 + [eF]11, (A.48)

f2 = [eF]12[e
F]21 − [eF]12[e

F]22[e
F]−1

12 [e
F]11. (A.49)

And ηt = ϵt + θϵt−1 is noise with autocorrelation at lag 1
due to the MA(1) component and F is given by

F =

[
0 1

−γ1 −γ2

]
. (A.50)

A.7 Luenberger Observer

The review on simultaneous state and parameter estima-
tion by Chebbi et al. [9] discuss the Luenberger observer.
The state-space model for the augmented state can be de-
scribed by

η̂k+1 = A(θ̂k)η̂k + L
(
yk − C(θ̂k)η̂k

)
. (A.51)

Where

A(θk) =

[
A Aθ(θk)
0 I

]
, C(θk) =

[
C(θk) 0

]
. (A.52)

In expectation, the error can be described by

ek+1 =
(
A(θ)− LC(θ)

)
ek (A.53)

The idea of the Luenberger observer is to pick L, such that
the error converges to 0. But for that a good approxima-
tion of the transition matrix A is needed. Also, in the A
matrix Equation A.52 it is assumed that the parameters
only function as an additive term on x and do not influ-
ence the transition matrix for x itself. The effect of xt
on xt+1 is unchanged. The MOU process transition from
xt to xt+1 is nonlinear so this approximation will not be
accurate. Because of this, and the fact that a good initial
guess is needed, the Luenberger observer will not be used.

A.8 NCV Model Process Poise

The process noise of the NCV is calculated using the whole
batch before adding measurement noise, so every measure-
ment is known beforehand and the process noise is calcu-
lated offline. This gives it an advantage over the MOU
model where q is unknown. In the NCV model the accel-
eration is completely described by the process noise. The
variance is calculated as follows: first the positions are
converted to velocities by

vk ≈ yk+1 − yk
∆tk

. (A.54)

Where yk are positions. Then the acceleration is calcu-
lated by

ak ≈ vk+1 − vk
∆t̄k

. (A.55)

With

∆t̄k =
∆tk +∆tk+1

2
. (A.56)

With ∆tk = tk−tk−1. ∆t̄k is the interval between tk−1+tk
2

and tk+tk+1

2 . Equation A.55 is exact under the assumption
that the average velocity on interval tk to tk+1 and tk−1

to tk are equal to the velocity at the midpoints at these
intervals.
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Appendix B

Figures and Tables

# Segment x y vx vy

1 RHIB I 9.6414 43.5186 1.2399 6.4680
2 RHIB I 8.2766 38.7782 1.0097 5.6758
3 RHIB II 20.6227 119.1041 2.6253 8.8631
4 Waterscooter I 52.7109 75.5904 4.9786 12.1861
5 Waterscooter I 62.3582 94.4078 4.8937 12.8504
6 Waterscooter II 20.2543 50.9323 4.5789 9.4768
7 Waterscooter II 11.3310 55.4346 2.3388 12.4750
8 Jetski 50.3487 64.3751 1.6373 5.8500

Table B.1: Std for position and velocity.

# Segment Value

1 RHIB I 4.49
2 RHIB I 4.60
3 RHIB II 13.15
4 Waterscooter I 10.74
5 Waterscooter I 7.46
6 Waterscooter II 6.98
7 Waterscooter II 7.94
8 Jetski 4.96

Table B.2: Mean velocity in x direction.
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(l) Particle filter

Figure B.1: Comparison of the six estimation methods. Left: position MSE, excluding values > 350. Right: velocity
MSE, excluding values > 50.
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Figure B.2: The excluded position and velocity estimation errors. Left: position MSE values > 200. Right: velocity
MSE values > 50.
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Figure B.3: Distribution of γ parameters in the data.
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Figure B.4: γ estimation errors for JE. Note the different
x scales between the histograms. The sample at γ2y =
0.4495 and the sample at γ1x = −0.0819 are not displayed.
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Figure B.5: The JE RMSE of γ estimation at every iter-
ation without measurement noise.
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