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Abstract 

The increasing need for automatic mesh generation has led to the development of efficient triangulation algorithms that are 

able to discretize any 2D or 3D domain. Modern finite element formulations based on strain smoothing techniques (SFEM) 

provide enhanced convergence properties, preventing yet the stiffening behavior of triangular meshes. Recent research has shown 

that meshless methods based on triangular mapping of the integration domain can be used to produce even better convergence 

properties than SFEM. The present study will explore the Edge-based Smoothed Point Interpolation Method (ES-PIM) as a 

meshless solution to investigate linear buckling on variable angle tow (VAT) laminates. Such advanced composite structures show 

a heterogeneous distribution of constitutive properties and thickness, presenting additional challenges to the numerical solution. 

Important aspects related to the transverse shear correction herein adopted are investigated, leading to interesting conclusions 

regarding the possibility to use the ES-PIM for conservative estimates of the critical buckling load of VAT laminates. 
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1. Introduction

The finite element method (FEM) is regarded as one of the best methodologies for solving practical problems efficiently in almost 

all areas of engineering and physical sciences [1]. The only types of finite elements that can be automatically generated for any 

complex geometries are the triangular and tetrahedral types, which show overly stiff behavior when linear interpolation is used 

[1,2]. Among the various numerical strategies that tried to solve some of the problems with conventional FEM are: the hybrid 

FEM techniques [3], for which there is no effective formulation for triangular/tetrahedral elements so far [1]; meshfree methods 

[2], which have shown a considerable development recently, but yet carry the burden on increased programming efforts and 

considerably higher computational costs. Smoothed finite element methods (S-FEM) have proven to be a valuable combination of 

meshfree techniques with the standard FEM. 

The strain smoothing technique first proposed by Chen et al.[4] was idealized to solve intrinsic non-local properties of two 

meshfree methods: Moving Least Squares (MLS) and Reproducing Kernel (RK). Subsequently, Liu et al. [5] extended strain 

smoothing to finite element formulations, developing shortly after the so called generalized gradient smoothing technique [6]. The 

success of smoothed finite element methods (SFEM) can be largely perceived from the amount of relevant literature applying 

SFEM, among others: general shell analysis [7–10], functionally graded composite plates [11–13], optimization of composite 

laminates [14–16] and fracture mechanics [17,18]. Liu established the G space theory [19] and the weakened weak formulation 

(𝑊2) [20] for various types of problems, offering new possibilities for developing a wide new class of compatible and

incompatible soft models with distinct properties such as conformability, volumetric locking free, super-convergence, upper and 

lower bound, and ultra-accuracy [1]. 

Edge-based smoothed techniques such as the edge-based smoothed point interpolation method – ES-PIM –  developed by Liu and 

his research group [2] have shown a great balance of ultra-convergence, stability and performance, even for highly dynamic 

analyses [21–26]. Liu et al. [5] have demonstrated the potential of the ES-PIM for efficient error estimations and local remeshing 

using Delaunay triangulation [2], paving the way for modern adaptive mesh algorithms based on a posteriori error estimation, 

capable of estimating whether a local refinement is required. The refinement is carried out by creating additional interpolation 

points (nodes) in the background triangular or tetrahedral mesh that represents the domain [2]. 

VAT laminates have a growing importance due to their superior tailoring potential when compared to conventional laminates with 

constant ply angles. Recent studies have focused on the development of efficient numerical methods for the analysis and 

optimization of VAT laminates aiming postbuckling and other nonlinear responses [27–31]. The authors believe that the ES-PIM 

can be a strong competitor among these numerical tools aiming the design of VAT laminates. Although the capability of the ES-

PIM has been proven in many applications, to the authors’ knowledge there are no studies demonstrating the effectiveness of the 

ES-PIM for linear buckling nor its application on the analysis of composite laminates with heterogeneous properties, such as those 

manufactured variable tow techniques, where variations of thickness and laminae angle take place along the structural domain. 

The investigation carried out in the present study propose a general interpolation procedure based on a nodal distribution of the 

constitutive properties that is properly averaged during the strain smoothing operations performed in the ES-PIM. 
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The Discrete Shear Gap (DSG) technique, originally proposed by Bletzinger [32], is applied to obtain the transverse shear 

stiffnesses, adopting the methodology proposed by Nguyen-Xuan et al. [10] and Phung-Van et al. [33] to perform a triangular cell-

based smoothing, using corrected transverse shear properties according to Lyly et al. [34]. The present study ends after 

demonstrating the effectiveness of the ES-PIM for linear buckling of variable stiffness composite shells against NX Nastran’s 

CTRIA3 element [35]. 

2. Buckling Equations for the ES-PIM 

Linear buckling equations for any solid continuum can be derived from the neutral equilibrium criterion [36,37], given in Eq. (1) 

where 𝑊 is the total potential energy of the system. 

 

 𝛿2𝑊 = 0 (1) 

 

Using the First-order Shear Deformation Theory (FSDT), the total potential of the 2D continuum Ω bounded by boundary Γ can 

be represented as: 

 

𝑊 = 𝑈 + 𝑉 

𝑈 =
1

2
∫(𝜀𝑖

𝑚𝑁𝑖 + 𝜀𝑖
𝑏𝑀𝑖 + 𝜀𝑖

𝑠𝑄𝑖) 𝑑𝛺

𝛺

 

𝑉 = ∫ 𝑢𝑖  𝑡𝑖  𝑑𝛤

𝛤

 

𝑡𝑖 = 𝜎𝑖𝑗  𝑛𝑗 

(2) 

where: 𝑈 is the strain energy within 𝛺; 𝑉 the external work applied on 𝛤; 𝑡𝑖 is the traction on Γ; 𝑛𝑖 the unit outward normal; 𝜎𝑖𝑗 

the component of the stress tensor; 𝜀𝑖
𝑚, 𝜀𝑖

𝑏, 𝜀𝑖
𝑠 are respectively the components of the membrane, bending and transverse shear 

vectors; 𝑁𝑖, 𝑀𝑖 and 𝑄𝑖  are respectively the components of the membrane, bending and transverse distributed force vectors. The 

strain vectors following Mindlin-Reissner plate theory [38–40] are: 

 

 

𝜺𝑚 =

{
 
 

 
 
𝜀𝑥𝑥

𝜀𝑦𝑦

𝛾𝑥𝑦}
 
 

 
 

=

{
 
 

 
 𝑢,𝑥+

1

2
𝑤,𝑥

2

𝑣,𝑦+
1

2
𝑤,𝑦

2

𝑢,𝑦+ 𝑣,𝑥+ 𝑤,𝑥 𝑤,𝑦}
 
 

 
 

 

𝜺𝑏 = {

𝜅𝑥𝑥

𝜅𝑦𝑦

𝜅𝑥𝑦

} = {

𝜙𝑥,𝑥
𝜙𝑦,𝑦

𝜙𝑥,𝑦 + 𝜙𝑦,𝑥

} 

𝜺𝒔 = {
𝛾𝑥𝑧

𝛾𝑦𝑧
} = {

𝑤,𝑥+ 𝜙𝑥

𝑤,𝑦+ 𝜙𝑦
} 

(3) 

 

The second variation of the strain energy and external work can now be computed, assuming small quantities for 

𝛿2(𝑢, 𝑣, 𝑤, 𝜙𝑥, 𝜙𝑦),(𝑥,𝑦)= 𝛿2(𝜙𝑥, 𝜙𝑦) = 0; and no follower traction forces such that 𝛿𝑡𝑖 = 0: 

 
𝛿2𝑈 = ∫(𝛿𝜀𝑖

𝑚𝛿𝑁𝑖 + 𝛿𝑤,𝑖 𝑁𝑖𝑗𝛿𝑤,𝑗+ 𝛿𝜀𝑖
𝑏𝛿𝑀𝑖 + 𝛿𝜀𝑖

𝑠𝛿𝑄𝑖)

𝛺

𝑑𝛺 

𝛿2𝑉 = 0 

(4) 

with 𝑁𝑖𝑗 representing the three components of the membrane stress state: 𝑁𝑥𝑥, 𝑁𝑦𝑦 and 𝑁𝑥𝑦. Applying the following constitutive 

relations: 

 

𝛿𝑁𝑖 = 𝐴𝑖𝑗𝛿𝜀𝑗
𝑚 + 𝐵𝑖𝑗𝛿𝜀𝑗

𝑏 

𝛿𝑀𝑖 = 𝐷𝑖𝑗𝛿𝜀𝑗
𝑏 + 𝐵𝑖𝑗𝛿𝜀𝑗

𝑚 

𝛿𝑄𝑖 = 𝐸𝑖𝑗𝛿𝜀𝑗
𝑠 

(5) 



where 𝐴𝑖𝑗, 𝐵𝑖𝑗, 𝐷𝑖𝑗  are calculated using Eq. (6) from the laminae stiffnesses 𝑄̅𝑖𝑗 already transformed to the laminate coordinate 

system [41]. Distances 𝑧𝑖𝑛𝑓𝑘
 and 𝑧𝑠𝑢𝑝𝑘 are respectively the bottom and top 𝑧 positions of the 𝑘𝑡ℎ ply. The transverse shear 

stiffness terms 𝐸𝑖𝑗  are defined in Section 2.1 according to the discrete shear gap formulation herein presented, c.f. Eq. (26).  

 

𝐴𝑖𝑗 =∑ (𝑧𝑠𝑢𝑝𝑘 − 𝑧𝑖𝑛𝑓𝑘
) 𝑄̅𝑖𝑗

𝑘
 

𝐵𝑖𝑗 =
1

2
∑ (𝑧𝑠𝑢𝑝𝑘

2 − 𝑧𝑖𝑛𝑓𝑘
2) 𝑄̅𝑖𝑗

𝑘
 

𝐷𝑖𝑗 =
1

3
∑ (𝑧𝑠𝑢𝑝𝑘

3 − 𝑧𝑖𝑛𝑓𝑘
3) 𝑄̅𝑖𝑗

𝑘
 

(6) 

 

 

When the ES-PIM is used two types of edges are identified in the background triangular mesh used for integration: interior (𝑎) 
and boundary (𝑏); as highlighted in Fig. 1. Each highlighted zone of Fig. 1 consists on a subdomain Ω𝐶  such that ∑ΩC = Ω and 

 Ωi ∩ Ωj = 0. Thus, using Eqs. (4) and (5), the neutral equilibrium criterion for the discretized system with 𝑛 sub-domains can be 

written as: 

 
∑ ∫(𝛿𝜀𝑖𝐶

𝑚𝐴𝑖𝑗𝛿𝜀𝑗𝐶
𝑚 + 𝛿𝜀𝑖𝐶

𝑚𝐵𝑖𝑗𝛿𝜀𝑗𝐶
𝑏 + 𝛿𝜀𝑖𝐶

𝑏 𝐵𝑖𝑗𝛿𝜀𝑗𝐶
𝑚 + 𝛿𝜀𝑖𝐶

𝑏 𝐷𝑖𝑗𝛿𝜀𝑗𝐶
𝑏 +

𝛺𝐶

𝑛

𝐶=1

 

+𝛿𝑤,𝑖𝐶 𝑁𝑖𝑗𝛿𝑤,𝑗𝐶+ 𝛿𝜀𝑖𝐶
𝑠 𝐸𝑖𝑗𝛿𝜀𝑗𝐶

𝑠 ) 𝑑𝛺𝐶 = 0 

(7) 

 

 

Fig. 1: Integration Cells for (a) Inner Edges and (b) Boundary Edges 

 

A smoothing operator is applied to Eq. (7) with the objective to achieve constant smoothed strain quantities for 𝛿𝜀𝑖𝐶
𝑚, 𝛿𝜀𝑖𝐶

𝑏 , 𝛿𝜀𝑖𝐶
𝑠  

and constant smoothed quantities for 𝑤,𝑖 within Ω𝐶 . Representing every partial derivative in Eq. (7) as 𝑓,𝑖 and the smoothed 

partial derivatives as 𝑓,𝑖, the smoothing operation for each subdomain Ω𝐶  can be written as [5]: 

 𝑓,𝑖 = ∫ 𝑓,𝑥
𝛺𝐶

 𝛷 𝑑𝛺𝐶 (8) 

where 𝛷 is assumed to be constant within the integration cell ΩC and null elsewhere [5]: 

 𝛷 = {
1 𝐴𝐶⁄ 𝑥 ∈ 𝛺𝐶
0 𝑥 ∉ 𝛺𝐶

 
 

(9) 

with 𝐴𝐶 being the area of Ω𝐶 , i.e. 𝐴𝐶 = ∫ 𝑑Ω𝐶Ω𝐶
. Applying the divergence theorem [42] to Eq. (8) transforms the area integration 

of the divergence of a vector field into a boundary integration around the cell contour Γ𝐶, which can be written as: 

 𝑓,𝑖 =
1

𝐴𝐶
∫ 𝑓

𝛤𝐶

𝒏 𝑑𝛤𝐶  (10) 



where 𝐧 = { 𝑛𝑥 𝑛𝑦 }𝑇  is the vector normal to the boundary Γ𝐶;  𝑛𝑥 and 𝑛𝑦 are its components, as illustrated in Fig. 2. Applying 

Eq. (10) and keeping only the linear terms, the smoothed membrane 𝜺̂𝐶
𝑚, bending 𝜺̂𝐶

𝑏  strain and 𝑤̂,𝑖; that are constant within Ω𝐶; 

can be calculated with an integration over 𝛤𝐶: 

 

𝜺̂𝐶
𝑚 =

1

𝐴𝐶
∫  {

𝑛𝑥𝑢

𝑛𝑦𝑣

𝑛𝑦𝑢 + 𝑛𝑥𝑣

}  𝑑𝛤𝐶
𝛤𝐶

 

𝜺̂𝐶
𝑏 =

1

𝐴𝐶
∫  {

𝑛𝑥𝜙𝑥

𝑛𝑦𝜙𝑦

𝑛𝑦𝜙𝑥 + 𝑛𝑥𝜙𝑦

}  𝑑𝛤𝐶
𝛤𝐶

 

{
𝑤̂,𝑥𝐶

𝑤̂,𝑦𝐶
} =

1

𝐴𝐶
∫  {

𝑛𝑥𝑤

𝑛𝑦𝑤
}  𝑑𝛤𝐶

𝛤𝐶

 

(11) 

Note that the transverse shear terms 𝜀𝑖𝐶
𝑠  of Eq. (7) were not smoothed and therefore not present in Eq. (11). As mentioned earlier, 

in the present study the transverse shear stiffness is calculated using the discrete shear gap (DSG) method, such that smoothing is 

applied directly on the DSG results. 

 

For edge-based integration cells built from a background triangular mesh, the boundary integration of Eq. (11) will have 4 straight 

segments for interior edges, whereas 3 straight segments for boundary edges, as illustrated in Fig. 1 and Fig. 2. Note that using 

Gauss quadrature rules only one integration point at the middle of each straight segment suffices, since linear interpolation 

functions for the displacement fields are being used [2]. 
 

 

Fig. 2: Edge-Based Integration 

 

With the integration points marked in Fig. 2, the integral of Eq. (11) can be represented as: 

 

𝜺̂𝐶
𝑚 =

1

𝐴𝐶
∑ℓ𝑖 {

𝑛𝑥𝑖𝑢𝑖

𝑛𝑦𝑖𝑣𝑖

𝑛𝑦𝑖𝑢𝑖 + 𝑛𝑥𝑖𝑣𝑖

}

𝑀

𝑖=1

 

𝜺̂𝐶
𝑏 =

1

𝐴𝐶
∑ℓ𝑖 {

𝑛𝑥𝑖𝜙𝑥𝑖

𝑛𝑦𝑖𝜙𝑦𝑖

𝑛𝑦𝑖𝜙𝑥𝑖 + 𝑛𝑥𝑖𝜙𝑦𝑖

}

𝑀

𝑖=1

 

{
𝑤̂,𝑥𝐶

𝑤̂,𝑦𝐶
} =

1

𝐴𝐶
∑ℓ𝑖 {

𝑛𝑥𝑖𝑤𝑖

𝑛𝑦𝑖𝑤𝑖
}

𝑀

𝑖=1

 

(12) 

where 𝑀 = 3 for boundary edges and 𝑀 = 4 for interior edges; ℓ𝑖 is the length of the 𝑖𝑡ℎ straight segment where the 𝑖𝑡ℎ 

integration point lies. Quantities calculated at the 𝑖𝑡ℎ integration point are the normal vector components 𝑛𝑥𝑖, 𝑛𝑦𝑖; and the 

interpolated displacement field quantities 𝑢𝑖, 𝑣𝑖, 𝑤𝑖 , 𝜙𝑥𝑖, 𝜙𝑦𝑖. 

 



Letting 𝒅 be a vector containing all of nodal degrees of freedom and 𝑵𝒖, 𝑵𝒗, 𝑵𝒘, 𝑵𝝓𝒙, 𝑵𝝓𝒚  a set of interpolation functions, 

the displacement field can be approximated by: 

 𝒖 =

{
  
 

  
 
𝑢

𝑣

𝑤

𝜙𝑥

𝜙𝑦}
  
 

  
 

=

[
 
 
 
 
 
 
𝑵𝒖

𝑵𝒗

𝑵𝒘

𝑵𝝓𝒙

𝑵𝝓𝒚]
 
 
 
 
 
 

𝒅 = 𝑵 𝒅 (13) 

where 𝒅 is defined as: 

 𝒅𝑻 = {𝑢1 𝑣1 𝑤1 𝜙𝑥1 𝜙𝑦1 ⋯ 𝑢𝑁 𝑣𝑁 𝑤𝑁 𝜙𝑦𝑁 𝜙𝑦𝑁} (14) 

 

Table 1 lists the interpolation weights for each integration point for both interior and boundary edges, noting that for boundary 

edges only 3 integration points are used. To illustrate the integration procedure, 𝑢𝑖 calculated for a boundary edge at the 

integration point 𝑖 = 1 would be 𝑢𝑖=1 = 𝑁1
𝑢𝑑1

𝑢 + 𝑁2
𝑢𝑑2

𝑢 + 𝑁3
𝑢𝑑3

𝑢 + 𝑁4
𝑢𝑑4

𝑢. Obtaining 𝑁𝑖 from Table 1 𝑢𝑖=1 becomes 𝑢𝑖=1 =
2

3
𝑑1
𝑢 +

1

6
𝑑2
𝑢 +

1

6
𝑑3
𝑢 + 0 𝑑4

𝑢. 

 

Table 1: Interpolation Points for Interior and Boundary Edges 

  𝑁1 𝑁2 𝑁3 𝑁4 

Interior 

𝑖1 
2

3
 

1

6
 

1

6
 0 

𝑖2 
1

6
 

1

6
 

2

3
 0 

𝑖3 
1

6
 0 

2

3
 

1

6
 

𝑖4 
2

3
 0 

1

6
 

1

6
 

Boundary 

𝑖1 
2

3
 

1

6
 

1

6
 0 

𝑖2 
1

6
 

1

6
 

2

3
 0 

𝑖3 
1

2
 0 

1

2
 0 

 

The numerical integration of Eq. (12) using the interpolation of Eq. (13) can be applied to Eq. (7) resulting in: 

 𝛿𝒅𝑇(𝑲𝟎 + 𝜆 𝑲𝑮)𝛿𝒅 = 0 (15) 

with: 

 

𝑲𝟎 = 𝑲𝟎
𝒔 +∑𝑲𝟎𝑪

𝑛

𝐶=1

 

𝑲𝑮 =∑𝑲𝑮𝑪

𝑛

𝐶=1

 

𝑲𝟎𝑪
= 𝐴𝐶 [𝜀𝑖̂𝐶

𝑚 𝐴𝑖𝑗𝐶𝜀𝑗̂𝐶
𝑚 + 𝜀𝑖̂𝐶

𝑚 𝐵𝑖𝑗𝐶𝜀𝑗̂𝐶
𝑏 + 𝜀𝑖̂𝐶

𝑏  𝐵𝑖𝑗𝐶𝜀𝑗̂𝐶
𝑚 + 𝜀𝑖̂𝐶

𝑏  𝐷𝑖𝑗𝐶𝜀𝑗̂𝐶
𝑏 ] 

𝑲𝑮𝑪
= 𝐴𝐶  𝑤̂,𝑖𝐶 𝑁𝑖𝑗𝐶  𝑤̂,𝑗𝐶  

(16) 

where 𝑲𝟎 is the constitutive stiffness matrix, 𝑲𝟎
𝒔  contains the stiffnesses due to the transverse shear strain terms 𝜀𝑖𝐶

𝑠  and will be 

covered in the next section, cf. Eq. (25); 𝑲𝑮 is the geometric stiffness matrix, or initial stress stiffness matrix [37], taking into 

account the stiffness change due to an initial membrane stress state 𝑁𝑖𝑗𝐶 . The initial membrane stress state 𝑁𝑖𝑗𝐶  is computed 

directly from the constant smoothed strain quantities using Eq. (17), where 𝜀𝑗̂𝐶
𝑚 and 𝜀𝑗̂𝐶

𝑏  are computed based on static results. The 

suggested procedure to smooth the constitutive properties in order to obtain 𝐴𝑖𝑗𝐶, 𝐵𝑖𝑗𝐶  and 𝐷𝑖𝑗𝐶 for each subdomain Ω𝐶  is detailed 

in Section 3. 

 



 𝑁𝑖𝑗𝐶 = 𝐴𝑖𝑗𝐶𝜀𝑗̂𝐶
𝑚 + 𝐵𝑖𝑗𝐶𝜀𝑗̂𝐶

𝑏   (17) 

 

Note in Eq. (15) that a load multiplier 𝜆 is used to transform the equation in an eigenvalue problem. Assuming any arbitrary 

quantity for the first variation 𝛿𝒅 [43], say 𝛿𝒅 = 𝒅𝟏, Eq. (15) becomes: 

 𝛿𝒅(𝑲𝟎 + 𝜆 𝑲𝑮)𝒅𝟏 = 0 (18) 

which must hold true for any variation 𝛿d. Therefore, the following eigenvalue problem is obtained: 

 (𝑲𝟎 + 𝜆 𝑲𝑮)𝒅𝟏 = {0} (19) 

which can be rearranged to: 

 (𝑲𝑮 +
1

𝜆
 𝑲𝟎)𝒅𝟏 = {0} (20) 

in order to be numerically solved in a more robust and efficient way, as proposed by Castro [44]. Eq. (20) takes advantage of the 

higher sparsity of matrix 𝑲𝑮 compared to 𝑲𝟎, where for each computed eigenvalue 1/𝜆, there is a corresponding eigenvector 𝒅𝟏. 

 

2.1 Transverse Shear Strain Smoothing 

In the previous section the contribution of the transverse shear strains to the constitutive matrices derived using strain smoothing 

was not considered. The present section demonstrates how the Discrete Shear Gap (DSG) method, developed by Bletzinger et al. 

[32] is adopted, producing a numerical solution free of shear locking [2,32,33].  

The transverse shear strain vector for each integration sub-domain Ωs, 𝜺𝛀
𝒔 , is defined using Eq. (21), for ∑Ω𝑠 = Ω and Ω𝑖 ∩ Ω𝑗 =

0. Note that Ω𝑠 is not necessarily equal to Ω𝐶  previously used for strain smoothing. In fact, for all DSG methods herein presented, 

Ωs represents a single triangle of the background mesh. 

 

 𝜺𝜴𝒔
𝒔 = {

𝛾𝑥𝑧
𝛾𝑦𝑧
} = 𝑩𝜴𝒔

𝒔  𝒅𝜴𝒔  (21) 

where 

 𝑩𝜴𝒔
𝒔 =

1

2𝐴𝛥
[
𝑏𝛥 − 𝑑𝛥 𝐴𝛥 0

𝑐𝛥 − 𝑎𝛥 0 𝐴𝛥

|
𝑑𝛥

𝑎𝛥𝑑𝛥
2

𝑏𝛥𝑑𝛥
2

−𝑐𝛥 −
𝑎𝛥𝑐𝛥
2

−
𝑏𝛥𝑐𝛥
2

|
−𝑏𝛥 −

𝑏𝛥𝑐𝛥
2

−
𝑏𝛥𝑑𝛥
2

𝑎𝛥
𝑎𝛥𝑐𝛥
2

𝑎𝛥𝑑𝛥
2

] (22) 

and 

  𝒅𝜴𝒔
𝑻 = {𝑤1 𝜙𝑥1 𝜙𝑦1|𝑤2 𝜙𝑥2 𝜙𝑦2|𝑤3 𝜙𝑥3 𝜙𝑦3} (23) 

 

Parameters 𝑎Δ, 𝑏Δ, 𝑐Δ, 𝑑Δ are explicitly calculated from the nodal coordinates as illustrated in Fig. 3 and defined in Eq. (24); 𝐴Δ is 

the area of the triangle; 𝑤𝑖 , 𝜙𝑥𝑖 and 𝜙𝑦𝑖 are respectively the normal displacement and the two shell rotations for the 𝑖𝑡ℎ node. Note 

that in the DSG the actual nodal coordinates are directly used, with no need to make use of Jacobians.  

 

 

Fig. 3: Three node domain, modified from Bletzinger et al. [32] 

 

 

𝑎𝛥 = 𝑥2 − 𝑥1 

𝑏𝛥 = 𝑦2 − 𝑦1 

𝑐𝛥 = 𝑥3 − 𝑥1 

𝑑𝛥 = 𝑦3 − 𝑦1 

(24) 



 

In Eq. (21) 𝐁𝜴𝒔
𝐬  is a constant matrix that can directly be used to calculate 𝑲𝟎

𝒔  of Eq. (16) as: 

 
𝑲𝟎
𝒔 =∑𝑲𝟎

𝒔
𝜴𝒔

 

𝑲𝟎
𝒔
𝜴𝒔
= 𝑩𝜴𝒔

𝒔 𝑻
 𝑬̂𝜴𝒔 𝑩𝜴𝒔

𝒔  
(25) 

where 𝑬̂𝜴𝒔   differs from the transverse shear terms 𝐸𝑖𝑗  defined in Eq. (5) because when the DSG is used, 𝐸𝑖𝑗  must be stabilized. 

Lyly et al. [34] proposed a stabilization method, also called Stenberg`s method [45], where the terms of  𝑬̂𝜴𝒔   are defined as: 

 
𝐸̂𝛺𝑠 𝑖𝑗

=
𝜅

1 +
𝛼ℓ𝛺𝑠

2

ℎ𝛺𝑠
2

[
𝑄̅13𝛺𝑠

0

0 𝑄̅23𝛺𝑠
] 

(26) 

where ℎ𝛺𝑠 is the plate thickness adopted for 𝛺𝑠, ℓ𝛺𝑠 is the longest edge of the corresponding triangle used in the DSG computation 

(or sub-triangle, as discussed in the subsequent paragraphs); 𝛼 is a positive constant parameter, which was investigated by Lyly et 

al. [34] using linear static analyses and is investigated in the present study for linear buckling analysis, cf. Section 5; 𝜅 is the shear 

correction factor, herein calculated according to Vlachoutsis [46]. Despite shear correction factors are still applied, the conclusion 

of Lyly et al. [34] is that 𝜅 is no longer a very relevant parameter when the stabilization scheme of Eq. (26) is used, since other 

parameters based on the geometry of the integrated domain and even the parameter 𝛼 will have a greater influence than 𝜅. The 

quantities Q̅13𝛺𝑠
 and Q̅23𝛺𝑠

 are averaged laminate transverse shear stiffnesses. At each 𝑖𝑡ℎ node quantities Q̅13i and Q̅23𝑖 are 

computed using Eq. (27), subsequently averaged using Eq. (35) to obtain Q̅13𝛺𝑠
 and Q̅23𝛺𝑠

. The transverse shear stiffnesses 𝐺13𝑘 

and 𝐺23𝑘 are material properties of the 𝑘𝑡ℎ lamina. The plate thickness ℎ𝛺𝑠 is also averaged using Eq. (35), after having the plate 

thickness computed at each 𝑖𝑡ℎ node. 

 

 

𝑄̅13𝑖 =∑ (𝑧𝑠𝑢𝑝𝑘 − 𝑧𝑖𝑛𝑓𝑘
) 𝐺13𝑘

𝑘
 

𝑄̅23𝑖 =∑ (𝑧𝑠𝑢𝑝𝑘 − 𝑧𝑖𝑛𝑓𝑘
) 𝐺23𝑘

𝑘
 

(27) 

 

Despite the superior properties of the DSG method, Nguyen-Thoi et al. [8] have shown through numerical analyses that the DSG 

method possesses over-stiffened properties. For overcoming this over-stiffened behaviour, a cell-based smoothing approach 

proposed by Phung-Van et al. [33] is herein adopted. Fig. 4 illustrates how this  approach is carried out. Nodes 1, 2 and 3 delimit a 

mesh triangle that is subdivided in three sub-triangles Δ1, Δ2 and Δ3, which are then used in the DSG. Parameters 𝑎Δ, 𝑏Δ, 𝑐Δ, 𝑑Δ 

can be defined for each sub-triangle using Eq. (28).  

 

  

Fig. 4: Cell-based smoothing for transverse shear strains 

 

 

𝑎𝛥1 = 𝑥1 − 𝑥𝑚𝑖𝑑  

𝑏𝛥1 = 𝑦1 − 𝑦𝑚𝑖𝑑  

𝑐𝛥1 = 𝑥2 − 𝑥𝑚𝑖𝑑  

𝑑𝛥1 = 𝑦2 − 𝑦𝑚𝑖𝑑  

𝑎𝛥2 = 𝑥2 − 𝑥𝑚𝑖𝑑  

𝑏𝛥2 = 𝑦2 − 𝑦𝑚𝑖𝑑  

𝑐𝛥2 = 𝑥3 − 𝑥𝑚𝑖𝑑  

𝑑𝛥2 = 𝑦3 − 𝑦𝑚𝑖𝑑  

𝑎𝛥3 = 𝑥3 − 𝑥𝑚𝑖𝑑  

𝑏𝛥3 = 𝑦3 − 𝑦𝑚𝑖𝑑  

𝑐𝛥3 = 𝑥1 − 𝑥𝑚𝑖𝑑  

𝑑𝛥3 = 𝑦1 − 𝑦𝑚𝑖𝑑  

(28) 

with 



 
𝑥𝑚𝑖𝑑 = (𝑥1 + 𝑥2 + 𝑥3) 3⁄  

𝑦𝑚𝑖𝑑 = (𝑦1 + 𝑦2 + 𝑦3) 3⁄  
(29) 

 

The corner sequence for each sub-triangle is important for the DSG, with the following sequence being herein adopted: 

Δ1: Δ𝑚𝑖𝑑 → 1 → 2; Δ2: Δ𝑚𝑖𝑑 → 2 → 3; Δ3: Δ𝑚𝑖𝑑 → 3 → 1. The following auxiliary matrices are computed for the first sub-triangle 

Δ1: Δ𝑚𝑖𝑑 → 1 → 2. 

 

𝛥1𝑚𝑖𝑑 = [

𝑏𝛥1 − 𝑑𝛥1 𝐴𝛥1 0

𝑐𝛥1 − 𝑎𝛥1 0 𝐴𝛥1

] 

𝛥1𝑁1 = [

𝑑𝛥1 𝑎𝛥1𝑑𝛥1 2⁄ 𝑏𝛥1𝑑𝛥1 2⁄

−𝑐𝛥1 −𝑎𝛥1𝑐𝛥1 2⁄ −𝑏𝛥1𝑐𝛥1 2⁄
] 

𝛥1𝑁2 = [

−𝑏𝛥1 −𝑏𝛥1𝑐𝛥1 2⁄ −𝑏𝛥1𝑑𝛥1 2⁄

𝑎𝛥1 𝑎𝛥1𝑐𝛥1 2⁄ 𝑎𝛥1𝑑𝛥1 2⁄
] 

(30) 

 

Similarly, for the second sub-triangle Δ2: Δ𝑚𝑖𝑑 → 2 → 3: 

 

𝛥2𝑚𝑖𝑑 = [

𝑏𝛥2 − 𝑑𝛥2 𝐴𝛥2 0

𝑐𝛥2 − 𝑎𝛥2 0 𝐴𝛥2

] 

𝛥2𝑁2 = [

𝑑𝛥2 𝑎𝛥2𝑑𝛥2 2⁄ 𝑏𝛥2𝑑𝛥2 2⁄

−𝑐𝛥2 −𝑎𝛥2𝑐𝛥2 2⁄ −𝑏𝛥2𝑐𝛥2 2⁄
] 

𝛥2𝑁3 = [

−𝑏𝛥2 −𝑏𝛥2𝑐𝛥2 2⁄ −𝑏𝛥2𝑑𝛥2 2⁄

𝑎𝛥2 𝑎𝛥2𝑐𝛥2 2⁄ 𝑎𝛥2𝑑𝛥2 2⁄
] 

(31) 

 

For the third sub-triangle Δ3: Δ𝑚𝑖𝑑 → 3 → 1: 

 

𝛥3𝑚𝑖𝑑 = [

𝑏𝛥3 − 𝑑𝛥3 𝐴𝛥3 0

𝑐𝛥3 − 𝑎𝛥3 0 𝐴𝛥3

] 

𝛥3𝑁3 = [

𝑑𝛥3 𝑎𝛥3𝑑𝛥3 2⁄ 𝑏𝛥3𝑑𝛥3 2⁄

−𝑐𝛥3 −𝑎𝛥3𝑐𝛥3 2⁄ −𝑏𝛥3𝑐𝛥3 2⁄
] 

𝛥3𝑁1 = [

−𝑏𝛥3 −𝑏𝛥3𝑐𝛥3 2⁄ −𝑏𝛥3𝑑𝛥3 2⁄

𝑎𝛥3 𝑎𝛥3𝑐𝛥3 2⁄ 𝑎𝛥3𝑑𝛥3 2⁄
] 

(32) 

 

Using the auxiliary matrices of Eqs. (30) – (32), the transverse shear matrices for each sub-triangle can be built as: 

 

𝑩𝛥
𝒔
1
=

1

2𝐴𝛥1
[
1
3
𝛥1𝑚𝑖𝑑 + 𝛥1𝑁1  |  

1
3
𝛥1𝑚𝑖𝑑 + 𝛥1𝑁2  |   

1
3
𝛥1𝑚𝑖𝑑] 

𝑩𝛥
𝒔
2
=

1

2𝐴𝛥2
[
1
3
𝛥2𝑚𝑖𝑑   |  

1
3
𝛥2𝑚𝑖𝑑 + 𝛥2𝑁2  |  

1
3
𝛥2𝑚𝑖𝑑 + 𝛥2𝑁3] 

𝑩𝛥
𝒔
3
=

1

2𝐴𝛥3
[
1
3
𝛥3𝑚𝑖𝑑 + 𝛥3𝑁1  |  

1
3
𝛥3𝑚𝑖𝑑   |  

1
3
𝛥3𝑚𝑖𝑑 + 𝛥3𝑁3] 

(33) 

 

Finally, matrix 𝑩𝛀𝒔
𝒔  for the smoothed integration cell is calculated using the weighted average of Eq. (34). 

 𝑩𝜴𝒔
𝒔 =

1

𝐴𝛥
(𝐴𝛥1𝑩𝜟𝟏

𝒔 + 𝐴𝛥2𝑩𝜟𝟐
𝒔 + 𝐴𝛥3𝑩𝜟𝟑

𝒔 ) (34) 

 

  



3. Heterogeneity of Constitutive Properties 

Modern manufacturing techniques of variable stiffness laminated composite materials, such as automatic fiber placement or 

continuous tow shearing [47], allow the use of variable fiber directions along the laminated shell structure, significantly increasing 

the tailoring potential of novel designs.  

In the present study constitutive properties 𝐴𝑖𝑗, 𝐵𝑖𝑗, 𝐷𝑖𝑗 , 𝐸𝑖𝑗  that should be integrated over Ω𝐶  as per Eq. (7) must assume a 

constant smoothed value within Ω𝐶  due to the strain smoothing, where the integration is performed using Eq. (16). The proposed 

smoothing approach starts with the constitutive properties calculated at each node, followed by a linear interpolation of the 

constitutive properties in Ω𝐶  assuming that the properties of each subdomain should be those at the centroid of Ω𝐶 , as illustrated in 

Fig. 5. For each integration cell belonging to an interior edge there are four nodes involved, whereas for boundary edges only 

three nodes are involved, such that Eq. (35) may be used to compute the smoothed properties at the centroid of Ω𝐶 , where 𝐴𝑖𝑗𝑘 are 

the properties at the 𝑘𝑡ℎ node. For 𝐵𝑖𝑗𝐶 , 𝐷𝑖𝑗𝐶 and 𝐸𝑖𝑗𝐶  the approach is analogous. The interpolation weights 𝑓𝑘 of Eq. (35) are 

given in Table 2. 

 

 

Fig. 5: Interpolation scheme for constitutive properties 

 

 

 𝐴𝑖𝑗𝐶 = 𝑓1𝐴𝑖𝑗1 + 𝑓2𝐴𝑖𝑗2 + 𝑓3𝐴𝑖𝑗3 + 𝑓4𝐴𝑖𝑗4 (35) 

 

Table 2: Interpolation weights 𝑓𝑘 for constitutive matrices 

 𝑓1 𝑓2 𝑓3 𝑓4 

Edge-based Interior 
5

12
 

1

12
 

5

12
 

1

12
 

Edge-based Boundary 
4

9
 

1

9
 

4

9
 0 

Cell-based 
1

3
 

1

3
 

1

3
 0 

 

 

 

  



4. Variable Ply Thickness 

The proposed laminate is composed of layers formed by the successive deposition of tows with varying angle 𝜑, as illustrated in 

Fig. 6. The shifting direction is followed by the tape laying machine head after finishing the deposition one tow [48]. 

 

 

Fig. 6: Ply with variable thickness formed after the deposition of successive tows 

 

The dashed lines in Fig. 6 are each tow’s edging lines, whereas the darker regions represent ply overlaps, characteristic of tow-

steered layers laid up by automated fiber placement (AFP). The minimum amount of tow overlap within a deposited ply is 

achieved when the deposition shift is the same as the minimum effective tow width min(𝑤𝑒(𝑥, 𝑦)), as demonstrated by Blom et 

al. [48]. Shift values smaller than the minimum 𝑤𝑒 would produce additional and unnecessary overlapping, whereas higher values 

would render ply gaps. Fig. 7 illustrates the dependency between the effective tow width 𝑤𝑒 and the tow width 𝑤𝑡𝑜𝑤 . Eq. (36) is 

an approximated formula for 𝑤𝑒 proposed by Blom et al. [48]. 

 

 

Fig. 7: Variable angle tow 

 

 𝑤𝑒(𝑥, 𝑦) ≈
𝑤𝑡𝑜𝑤

𝑠𝑖𝑛(𝜑(𝑥, 𝑦))
 (36) 

 

In the present study 𝜑(𝑥, 𝑦) = 𝜑(𝑥), ∀𝑦; being 𝜑(𝑥) calculated using 3 control points in the Lagrange interpolation scheme 

proposed by Wu et al. [49]. According to Eq. (36), the values of  𝜑 of [45º, 30º, 20º] result in 𝑤𝑒 of approximately [1.4, 2.0, 

2.9]× 𝑤𝑡𝑜𝑤 , producing the layers illustrated in Fig. 8. 

 

  



 

 

 

Fig. 8: Tow steered layers for different 𝜑 values 

 

 

In order to simplify the structural modelling of complex thickness distributions such as the ones shown in Fig. 8, a smeared 

thickness approach is proposed. Fig. 9 illustrates two cross sections of the first tow steered layer with 𝜑(𝑎 2⁄ ) = 45𝑜 of Fig. 8. 

 

 

Fig. 9: Cross section view of tows 

 

For any arbitrarily fixed width along 𝑦 the same amount of tows will be placed due to the fixed shift of the tow steering machine. 

Considering that along the width 𝑏 there are 𝑛𝑡𝑜𝑤𝑠 tows results in 𝑏 = 𝑛𝑡𝑜𝑤𝑠 × 𝑤𝑡𝑜𝑤. The cross-section area at any 𝑥 position is 

𝐴 = 𝑛𝑡𝑜𝑤𝑠 × ℎ𝑡𝑜𝑤 × 𝑤𝑒. Defining a smeared thickness ℎ𝑒 the smeared cross section area becomes 𝐴𝑒 = ℎ𝑒 × 𝑏 = ℎ𝑒 × 𝑛𝑡𝑜𝑤𝑠 ×
𝑤𝑡𝑜𝑤 . Making 𝐴 = 𝐴𝑒 guarantees that ℎ𝑒 results in the same material volume as the real thickness distribution, resulting in Eq. 

(37). 

 

 ℎ𝑒(𝑥) = ℎ𝑡𝑜𝑤
𝑤𝑒(𝑥)

𝑤𝑡𝑜𝑤
≈

ℎ𝑡𝑜𝑤

𝑠𝑖𝑛(𝜑(𝑥))
 (37) 

 



 

 

 

Fig. 10: Smeared thickness distribution for different 𝜑 values 

 

Newer manufacturing techniques such as the continuous tow shearing (CTS) [47] would not produce the overlaps observed in Fig. 

8. Applying the CTS, Groh and Weaver [50] arrived at a similar equation than Eq. (37), but in their study the numerical thickness 

averaging of Eq. (37) (cf. Fig. 10) is no longer an approximation since the CTS already produces tows with varying thickness in 

order to keep a constant volume. 

  



5. Verifications against conventional FEM 

Convergence studies evaluating the first linear buckling eigenvalue are performed in three types of laminates: quasi-isotropic 
[0, 90, +45,−45]𝑠𝑦𝑚, anisotropic asymmetric [−30,−30, 0. , 0, −45, −45] and variable stiffness. The variable stiffness laminate 

consists of two plies, with each ply having its tows steered using 𝑤𝑡𝑜𝑤 = 0.1𝑚, varying the angle using a second order Lagrange 

polynomial with 3 control points at 𝑥 = [0, 𝑎 2⁄ , 𝑎], with respective control angles of [0, +45, 0] for the first ply and [0, −45, 0] 
for the second ply, producing the pattern shown in Fig. 11. A uniformly distributed unitary compressive load 𝑁̂𝑥𝑥 = 1 𝑁/𝑚 is 

applied in order to compute the static distribution of membrane stresses 𝑁𝑖𝑗𝐶  used to compute 𝑲𝑮𝑪
 in Eq. (16). The following 

orthotropic material properties and fixed geometric parameters were adopted along all studies: 𝐸11 = 129 𝐺𝑃𝑎, 𝐸22 = 9.37 𝐺𝑃𝑎, 

𝜈12 = 0.38, 𝐺12 = 𝐺13 = 𝐺23 = 5.24 𝐺𝑃𝑎, ℎ𝑝𝑙𝑦 = 1.9 10−4𝑚, 𝑏 = 1𝑚. 

 

Note that some laminate configurations are asymmetric, with 𝐵𝑖𝑗 ≠ 0, meaning that they will bend under any in-plane loads. This 

bending already causes normal displacements following a single load-displacement path, therefore not undergoing bifurcation at 

the critical compressive load [51]. The apparent inconsistency in presenting linear buckling results for asymmetric laminates has 

the purpose of evaluating the ES-PIM for more general laminates. 

 

 

Fig. 11: Variable stiffness laminate with 2 plies 

 

The number of elements along 𝑥 was varied from 2 to 40, with two refinement levels illustrated in Fig. 12 for 𝑎 𝑏⁄ = 0.5. Results 

for 𝑎 𝑏⁄ = 0.5 and 𝑎 𝑏⁄ = 3.0 are herein presented, and the authors verified that 𝑎 𝑏⁄  ratios of 1.0 and 2.0 showed the same 

convergence behavior. FEM analysis were performed using NX Nastran Version 10.2, in a Windows 10 64-bit operational system, 

adopting always the same triangular mesh used for ES-PIM. Parameters such as K6ROT and transverse shear stiffness in Nastran 

were changed by the authors during this convergence study, showing very little effect for all linear buckling analyses. When 

heterogeneous properties exist over the domain, in the FEM analyses one laminate property is assigned for each element, whereas 

in the ES-PIM the methodology explained in Section 3 is used. The geometric boundary conditions consist on 𝑢 = 𝑣 = 𝑤 = 0 at 

𝑥 = 0; 𝑣 = 𝑤 = 0 at 𝑦 = 0 and 𝑦 = 𝑏; and 𝑤 = 0 at 𝑥 = 𝑎. 

 

  

Fig. 12: Mesh with 2 and 20 elements along 𝑥, for 𝑎 𝑏⁄ = 0.5 

 



An investigation on the effect of parameter 𝛼 used in the corrected transverse shear stiffness of the DSG is carried out by varying 

𝛼 from 0.05 to 0.15. It is important to mention that the value of 𝛼 = 0.10 was adopted by Bischoff and Bletzinger [45] and Lyly 

et al. [34]. In the present study the authors decided to carry out this investigation on 𝛼 because 𝛼 = 0.10 was resulting in a too 

flexible linear buckling behavior for some cases, as discussed next. 

 

The convergence results for 𝑎 𝑏⁄ = 0.5 are shown in Table 3 – Table 5, while the results for 𝑎 𝑏⁄ = 3.0 are shown in Table 6 – 

Table 8. It can be seen that for all cases Nastran and the ES-PIM converged to the same result. Fig. 13 illustrates a normalized 1𝑠𝑡 
eigenvalue defined as 𝜆∗ = 𝜆 𝜆𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑑⁄ − 1 for the values of Table 3 – Table 8. The blue horizontal line at 𝜆∗ = 0 represents the 

converged value. It becomes convenient to visualize how 𝛼 affects the ES-PIM convergence behavior. For 𝛼 = 0.1 the curves are 

highlighted, where the overly flexible linear buckling behavior can be easily noticed for the quasi-isotropic and anisotropic 

laminates when 𝑎 𝑏⁄ = 0.5, converging from a softer solution. Using 𝛼 = 0.15 led to a convergence from below also for 𝑎 𝑏⁄ =
3.0 for these two laminates. For the variable stiffness laminate the observed convergence was always from a stiffer solution. 

Regarding convergence rates, the ES-PIM demonstrated to be superior than Nastran`s CTRIA3, specially for 𝛼 between 0.07 and 

0.09. For 𝛼 < 0.07 the convergence rate is comparable to CTRIA3, whereas for 𝛼 > 0.09 convergence from below was observed. 

 

From the design point of view the use of higher 𝛼 values (𝛼 > 0.09) will result in conservative estimates of the critical buckling 

load, which can be advantageous when one is uncertain about the convergence characteristic of a given mesh. However, if a 

precise estimate of the buckling load is preferred, based on the current numerical studies the authors suggest keeping 𝛼 within 

0.07 and 0.09. It is known in the literature that a method similar to the ES-PIM called node-based smoothed point interpolation 

method (NS-PIM) shows convergence from below for vibration problems [2], but the fact that the ES-PIM also showed a 

convergence from a softer solution has proved to be a remarkable characteristic of the method that should be further explored in 

future studies. 

Table 3 – Critical buckling load [N], quasi-isotropic, 𝑎 𝑏⁄ = 0.5 

Elements 

along 𝑥 

ES-PIM 

𝛼 = 0.05 

ES-PIM 

𝛼 = 0.06 

ES-PIM 

𝛼 = 0.07 

ES-PIM 

𝛼 = 0.08 

ES-PIM 

𝛼 = 0.09 

ES-PIM 

𝛼 = 0.10 

ES-PIM 

𝛼 = 0.15 

FEM 

2 1298.45 1211.90 1136.82 1070.97 1012.67 960.64 766.12 1315.09 

3 1149.67 1112.07 1077.13 1044.51 1013.94 985.21 863.78 1179.12 

4 1155.28 1120.62 1088.25 1057.87 1029.28 1002.28 886.87 1172.52 

5 1080.70 1066.58 1052.92 1039.67 1026.80 1014.28 956.33 1102.86 

6 1073.91 1063.83 1054.00 1044.40 1035.01 1025.82 982.48 1089.54 

7 1068.77 1061.16 1053.72 1046.42 1039.25 1032.20 998.59 1081.03 

8 1065.31 1059.39 1053.57 1047.85 1042.21 1036.66 1009.93 1076.19 

9 1066.18 1060.53 1054.97 1049.50 1044.12 1038.81 1013.23 1076.09 

10 1063.74 1059.17 1054.68 1050.24 1045.87 1041.55 1020.64 1072.17 

15 1059.97 1058.09 1056.24 1054.40 1052.57 1050.77 1041.91 1063.86 

20 1059.33 1058.21 1057.09 1055.99 1054.90 1053.82 1048.50 1061.79 

30 1059.03 1058.47 1057.93 1057.38 1056.84 1056.31 1053.69 1060.32 

40 1059.00 1058.65 1058.30 1057.96 1057.62 1057.28 1055.62 1059.81 

 

Table 4 – Critical buckling load [N], anisotropic, 𝑎 𝑏⁄ = 0.5 

Elements 

along 𝑥 

ES-PIM 

𝛼 = 0.05 

ES-PIM 

𝛼 = 0.06 

ES-PIM 

𝛼 = 0.07 

ES-PIM 

𝛼 = 0.08 

ES-PIM 

𝛼 = 0.09 

ES-PIM 

𝛼 = 0.10 

ES-PIM 

𝛼 = 0.15 

FEM 

2 471.50 440.29 413.28 389.63 368.73 351.10 280.60 590.28 

3 411.77 397.21 383.97 371.81 360.55 350.09 306.67 468.39 

4 414.14 401.31 389.50 378.55 368.31 358.70 317.96 459.02 

5 382.79 377.30 372.08 367.08 362.29 357.66 336.64 407.33 

6 376.85 372.97 369.26 365.67 362.20 358.83 343.18 391.83 

7 374.36 371.35 368.46 365.66 362.95 360.31 347.96 385.71 

8 372.47 370.07 367.76 365.53 363.36 361.25 351.32 383.78 

9 373.07 370.78 368.57 366.44 364.36 362.34 352.80 382.57 

10 371.52 369.65 367.86 366.11 364.41 362.75 354.88 380.22 

15 369.25 368.34 367.48 366.64 365.83 365.03 361.31 374.41 

20 368.08 367.52 366.98 366.45 365.95 365.45 363.10 370.68 

30 367.99 367.64 367.31 367.00 366.70 366.41 365.06 370.26 

40 367.61 367.39 367.17 366.96 366.76 366.57 365.65 368.87 

 

  



Table 5 – Critical buckling load [N], variable stiffness, 𝑎 𝑏⁄ = 0.5 

Elements 

along 𝑥 

ES-PIM 

𝛼 = 0.05 

ES-PIM 

𝛼 = 0.06 

ES-PIM 

𝛼 = 0.07 

ES-PIM 

𝛼 = 0.08 

ES-PIM 

𝛼 = 0.09 

ES-PIM 

𝛼 = 0.10 

ES-PIM 

𝛼 = 0.15 

FEM 

2 28.35 26.74 25.31 24.05 22.91 21.88 17.91 21.96 

3 18.70 18.22 17.78 17.36 16.96 16.59 14.98 18.10 

4 18.61 18.18 17.77 17.39 17.03 16.69 15.20 17.88 

5 15.71 15.55 15.39 15.24 15.10 14.96 14.30 15.60 

6 15.30 15.19 15.08 14.97 14.87 14.77 14.29 15.22 

7 15.03 14.95 14.86 14.78 14.70 14.63 14.26 14.96 

8 14.84 14.78 14.71 14.65 14.59 14.53 14.24 14.85 

9 14.85 14.79 14.73 14.67 14.61 14.55 14.27 14.85 

10 14.72 14.67 14.62 14.57 14.52 14.48 14.25 14.73 

15 14.43 14.41 14.39 14.37 14.35 14.33 14.24 14.46 

20 14.37 14.35 14.34 14.33 14.32 14.30 14.25 14.39 

30 14.32 14.31 14.31 14.30 14.29 14.29 14.26 14.34 

40 14.30 14.30 14.30 14.29 14.29 14.28 14.26 14.32 

 

Table 6 – Critical buckling load [N], quasi-isotropic, 𝑎 𝑏⁄ = 3.0 

Elements 

along 𝑥 

ES-PIM 

𝛼 = 0.05 

ES-PIM 

𝛼 = 0.06 

ES-PIM 

𝛼 = 0.07 

ES-PIM 

𝛼 = 0.08 

ES-PIM 

𝛼 = 0.09 

ES-PIM 

𝛼 = 0.10 

ES-PIM 

𝛼 = 0.15 

FEM 

2 436.84 413.84 393.45 375.15 358.58 343.49 284.04 402.10 

3 378.23 369.01 360.39 352.28 344.59 337.28 305.32 367.66 

4 375.48 367.14 359.33 351.95 344.94 338.26 308.79 362.97 

5 347.44 344.00 340.69 337.49 334.38 331.35 317.23 345.82 

6 341.72 339.25 336.86 334.54 332.28 330.07 319.64 342.34 

7 339.13 337.25 335.42 333.65 331.90 330.20 322.07 339.76 

8 337.71 336.22 334.76 333.34 331.95 330.58 324.04 338.03 

9 337.63 336.20 334.82 333.47 332.15 330.86 324.65 337.67 

10 336.36 335.21 334.08 332.98 331.90 330.83 325.71 336.81 

15 333.84 333.32 332.81 332.31 331.82 331.34 329.00 334.33 

20 333.29 332.96 332.64 332.32 332.01 331.71 330.23 333.67 

30 332.96 332.78 332.61 332.44 332.27 332.11 331.32 333.23 

40 332.89 332.77 332.65 332.54 332.43 332.32 331.79 333.09 

 

Table 7 – Critical buckling load [N], anisotropic, 𝑎 𝑏⁄ = 3.0 

Elements 

along 𝑥 

ES-PIM 

𝛼 = 0.05 

ES-PIM 

𝛼 = 0.06 

ES-PIM 

𝛼 = 0.07 

ES-PIM 

𝛼 = 0.08 

ES-PIM 

𝛼 = 0.09 

ES-PIM 

𝛼 = 0.10 

ES-PIM 

𝛼 = 0.15 

FEM 

2 211.27 199.06 188.40 178.72 169.66 161.19 128.52 186.99 

3 171.61 166.26 161.47 157.10 153.05 149.26 132.99 173.94 

4 174.02 169.04 164.50 160.29 156.34 152.60 136.27 171.39 

5 161.03 158.61 156.38 154.28 152.29 150.38 141.70 165.25 

6 157.50 155.76 154.15 152.62 151.15 149.74 143.27 158.31 

7 154.48 153.15 151.89 150.70 149.55 148.44 143.32 156.33 

8 153.72 152.59 151.54 150.53 149.57 148.65 144.40 156.80 

9 153.49 152.43 151.43 150.49 149.58 148.71 144.67 155.09 

10 152.70 151.80 150.96 150.16 149.40 148.66 145.24 154.26 

15 151.44 150.93 150.46 150.01 149.59 149.18 147.32 153.54 

20 150.95 150.59 150.26 149.94 149.65 149.36 148.06 152.51 

30 150.77 150.56 150.35 150.16 149.97 149.80 148.99 151.98 

40 150.71 150.55 150.40 150.26 150.12 149.99 149.40 151.57 

 

Table 8 – Critical buckling load [N], variable stiffness, 𝑎 𝑏⁄ = 3.0 

Elements 

along 𝑥 

ES-PIM 

𝛼 = 0.05 

ES-PIM 

𝛼 = 0.06 

ES-PIM 

𝛼 = 0.07 

ES-PIM 

𝛼 = 0.08 

ES-PIM 

𝛼 = 0.09 

ES-PIM 

𝛼 = 0.10 

ES-PIM 

𝛼 = 0.15 

FEM 

2 5.825 5.657 5.502 5.358 5.223 5.095 4.552 4.960 

3 4.341 4.294 4.249 4.206 4.163 4.122 3.930 4.097 

4 4.285 4.241 4.200 4.159 4.120 4.082 3.904 4.091 

5 3.729 3.714 3.701 3.687 3.673 3.660 3.595 3.713 

6 3.637 3.627 3.618 3.608 3.599 3.590 3.544 3.653 

7 3.587 3.580 3.573 3.566 3.559 3.553 3.519 3.614 

8 3.555 3.549 3.544 3.539 3.534 3.529 3.503 3.575 

9 3.550 3.545 3.540 3.535 3.531 3.526 3.502 3.568 

10 3.529 3.525 3.521 3.518 3.514 3.510 3.491 3.547 

15 3.476 3.475 3.474 3.472 3.471 3.470 3.463 3.489 

20 3.463 3.462 3.461 3.461 3.460 3.459 3.456 3.471 

30 3.453 3.453 3.453 3.452 3.452 3.452 3.450 3.457 

40 3.450 3.450 3.450 3.449 3.449 3.449 3.449 3.452 

 

 

  



 

 

Fig. 13: Normalized 1𝑠𝑡 eigenvalue, 𝜆∗ 
  



6. Distorted Meshes 

The mesh distortion will follow the procedure suggested by Liu [2] by altering the coordinates of the regular nodes using a 

prescribed irregularity factor 𝛼𝑖𝑟  ranging from 0.0 to 0.5: 

 
𝑥𝑖𝑟 = 𝑥 + 𝛥𝑥 ⋅ 𝑟𝑐 ⋅ 𝛼𝑖𝑟 

𝑦𝑖𝑟 = 𝑦 + 𝛥𝑦 ⋅ 𝑟𝑐 ⋅ 𝛼𝑖𝑟  
(38) 

where Δ𝑥 and Δ𝑦 are respectively the initial regular nodal spacing in 𝑥- and 𝑦- directions; 𝑟𝑐  a random number between −1.0 

and+1.0. Fig. 14 shows two levels of mesh distortion using the same seed for the random numbers. In Table 9 it is shown the ES-

PIM and FEM results, both quite insensitive to different mesh distortion levels. 

 

  
𝛼𝑖𝑟 = 0.2 𝛼𝑖𝑟 = 0.5 

Fig. 14: Distorted meshes with 10 elements along 𝑥 

 

Table 9 – Results for distorted mesh, ES-PIM with 𝛼 = 0.08, 𝑎 𝑏⁄ = 3.0, 40 elements along 𝑥 

𝛼𝑖𝑟 

Quasi 

Isotropic 
Anisotropic 

Variable 

stiffness 

ES FEM ES FEM ES FEM 

0.1 332.57 333.09 152.35 150.11 3.45 3.45 

0.2 332.60 333.09 152.24 150.16 3.45 3.45 

0.3 332.62 333.09 152.21 150.21 3.45 3.45 

0.4 332.63 333.10 152.27 150.27 3.45 3.45 

0.5 332.64 333.12 152.43 150.30 3.45 3.45 

 

 

 

 

  



7. Conclusions 

A formulation for linear buckling based on Mindlin–Reissner plate theory was develop in the context of the ES-PIM. It was 

shown how the geometric stiffness matrix can be calculated based on smoothed strains, where the pre-buckling membrane stresses 

successfully computed using constant smoothed strains within each integration cell, obtained from a previous static analysis result. 

The ES-PIM meshless method was successfully applied to predict linear buckling of variable tow (VAT) laminates. The proposed 

weighted average based on a nodal distribution of the constitutive properties led to slightly superior convergence rates than those 

achieved using NX Nastran`s CTRIA3. For the anisotropic and quasi-isotropic plates herein investigated, the observed 

convergence rates of the ES-PIM were even more pronounced. 

The shear correction strategy proposed by Lyly et al. [34] was adopted, making it possible to investigate the influence of the 𝛼 

parameter on the convergence behavior of the ES-PIM for linear buckling. As previously observed by Bischoff and Bletzinger 

[45], high values of 𝛼 (𝛼 > 0.09 in the present study) can lead to overly soft behavior, whereas small values of 𝛼 (𝛼 < 0.07 in the 

present study) can lead to a delayed convergence. Interestingly, for 𝛼 > 0.09 a convergence from below was observed for linear 

buckling, which can be used within a preliminary design framework for conservative estimates of linear buckling load for VAT 

laminates. 

Future research should focus on formulating the ES-PIM for geometrically nonlinear postbuckling analysis; application of the ES-

PIM for shells, preferentially using higher order interpolation functions for the strain smoothing, especially aiming a better 

discretization of curved shell domains; enhanced shear correction factors to reduce the dependency of the parameter 𝛼; 

investigation of the node-based smoothed point interpolation method (NS-PIM) for linear buckling analysis; and application cases 

using global meshes with a relatively coarse mesh size with the ES-PIM estimating conservative critical buckling loads. 

Moreover, the authors believe that the strain smoothing techniques herein investigated provide a powerful method that should be 

further considered in other areas of continuum mechanics. 

The code develop for the present investigation has been made available to the public domain [52]. 
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