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In the proof of [Guay and Dochain (2017), Th.1], Equation 6 is incorrect.
© 2021 Elsevier Ltd. All rights reserved.
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In this note, we show by a counterexample that Equation 6
n (Guay & Dochain, 2017),
∂h
∂x

(
π (û)

)
g(π (û)) =

∂h
∂x

(π (û))
∂π (û)

∂ û
. (1)

which is used in the proof of Theorem 1 (page 65, left column, line
16) to obtain a negative Lyapunov derivative, is incorrect. This
error also appears in Guay (2016, Equ. 6), Guay and Atta (2018,
Equ. 16) and Guay, Vandermeulen, Dougherty, and McLellan
(2018, p. 505, left column, line 27).

As a class of counterexamples, we consider linear systems
with strongly convex quadratic cost, specifically, in the notation
of (Guay & Dochain, 2017),

f (x) = Ax, g(x) = B, h(x) =
1
2x

⊤Qx + x⊤p, (2)

where A ∈ Rn×n is Hurwitz, B ∈ Rn×m, Q ∈ Rn×n is positive
definite, p ∈ Rn. In Guay and Dochain (2017, Assum. 4), we take
kg = 0. Therefore, the steady-state mapping is given by

π (û) = −A−1Bû. (3)

Then, we have that ∂h
∂x (x) = Qx+p, hence ∂h

∂x (π (û)) = −QA−1Bû+

, and the left-hand side of (1) is
∂h
∂x (π (û))g(π (û)) = (p⊤

− û⊤B⊤A−⊤Q )B. (4)

Since ∂π
∂ û = −A−1B, the right-hand side of (1) is given by

∂h
∂x (π (û)) ∂π

∂ û = −(p⊤
− û⊤B⊤A−⊤Q )A⊤B. (5)

Considering that the vectors in (4) and (5) are not equal in general
(unless A = −I as in Krilašević & Grammatico, 2020), we conclude
that Guay and Dochain (2017, Equ. 6) is incorrect.

DOI of original article: https://doi.org/10.1016/j.automatica.2016.11.018.
✩ The material in this paper was not presented at any conference. This paper

was recommended for publication in revised form by Associate Editor Iman
Shames under the direction of Editor André L. Tits.

∗ Corresponding author.
E-mail addresses: s.krilasevic-1@tudelft.nl (S. Krilašević),

s.grammatico@tudelft.nl (S. Grammatico).
ttps://doi.org/10.1016/j.automatica.2021.109932
005-1098/© 2021 Elsevier Ltd. All rights reserved.
Equation 6 in Guay and Dochain (2017) is used in the proof
of Theorem 1 on page 65, while applying ∂h

∂x (π (û))g(π (u))ũ =
∂ℓ
∂ û (û)ũ ≤ −αu∥ũ∥2, for all û. Next, we show that this incor-
ectness of Guay and Dochain (2017, Equ. 6) compromises the
yapunov-based proof of Guay and Dochain (2017, Thm. 1) for
ur counterexample in (2). Let u∗ be the minimizer of l(û) and let

˜ := u∗
− û. From (4), it holds

∂h
∂x (π (û))g(π (û))ũ = (p − û⊤B⊤A−⊤Q )Bũ

+ (p − u∗⊤B⊤A−⊤Q )Bũ − (p − u∗⊤B⊤A−⊤Q )Bũ

= ũ⊤B⊤A−⊤QBũ + (p − u∗⊤B⊤A−⊤Q )Bũ

=
1
2 ũ

⊤B⊤(A−⊤Q + QA−1)Bũ

+ (p − u∗⊤B⊤A−⊤Q )Bũ. (6)

he Lyapunov analysis in Guay and Dochain (2017) relies on the
trict negative-definiteness of the quadratic term in ũ, as it is
sed to majorize other positive terms (see for example, the last
nequality of the left column on page 65). However, for our case
n (2), the matrix M := B⊤(A−⊤Q + QA−1)B in (6) is not always
egative definite.
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