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Abstract—Multiple input multiple output (MIMO) radar is
known for its superiority over conventional radar due to its
antenna and waveform diversity. However, the increased hard-
ware cost (due to multiple transmitters and receivers), power
consumption (due to multiple transmitters and pulses), and
computational complexity (due to numerous pulses) form the
drawbacks of MIMO radar. On one hand, a higher estimation
accuracy is required, but on the other hand, a lower number
of active antennas/pulses is desirable. Therefore, in this paper,
by proposing a convex optimization approach for the general
case of transmitter-receiver-pulse selection, we will minimize the
total number of active antennas/pulses in order to guarantee a
prescribed performance accuracy. The performance measure we
will optimize is the Cramér-Rao lower bound (CRLB) for the
angle and velocity estimation accuracy of two targets, which
provides a trade-off between the main beamwidth and the
sidelobe level (SLL) of the ambiguity function.

[. INTRODUCTION

Colocated multiple input multiple output (MIMO) radar
is a MIMO radar with closely spaced antennas which implies
that different transmitter-receiver pairs see a target from nearly
the same angular view. Multiple antennas besides waveform
diversity result in higher angular resolution, parameter identi-
fiability, and target detection in colocated MIMO radar. In [1],
the Cramér-Rao lower bound (CRLB) for a MIMO radar is
derived to prove the improved estimation of the targets’ angle
of arrival and velocity. On the other hand, hardware cost (due
to multiple antennas), energy consumption (due to multiple
transmitted pulses by multiple transmitters), and computational
complexity (due to the huge number of samples related to
multiple transmitters, pulses, and receivers) are the main
disadvantages of these radars. Applying compressive sensing
(CS) to radar aiming at reducing the number of measurements
and thus the computational complexity has been vastly studied
[2, 3]. Although CS reduces the number of measurements,
the number of samples (i.e., antennas and pulses) remains
unchanged. Sparse sensing is an approach to directly reduce
the number of samples. The samples are selected sparsely in
such a way that the required tasks could still be done properly.

Sparse sensing in the spatial domain is called sensor
selection (or antenna selection) where a subset of the set of
candidate sensors is selected. A convex optimization based sen-
sor selection algorithm is proposed in [4], where the problem
is relaxed to a convex program first, and then, sensors are
selected through a convex optimization. In [5], sensor selection
for general non-linear models through convex optimization
is presented. Similar to sensor selection, antenna and pulse
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selection is the problem of choosing a subset of reference
antennas and pulses. Antenna placement in widely separated
MIMO radar for joint target position and velocity estimation
is studied in [6-8], which are all based on the single-target
CRLB.

The aim of this paper is to select the optimal set of antennas
and pulses that guarantees a desired estimation accuracy for
the angle of arrival (AOA) and velocity. A reduction in the
number of antennas and pulses results in a reduction in
hardware complexity, energy consumption, and computational
complexity. In addition, we introduce a two-target CRLB as a
better performance measure for parameter estimation since it
considers both the mainlobe width and sidelobe level of the
ambiguity function.

The rest of the paper is organized as follows. The problem
statement is given in Section II. Two illustrative examples are
explained in Section III. In Section IV, the proposed algorithm
is presented. Section V is dedicated to the numerical results.
Finally, Section VI concludes the paper.

II. PROBLEM STATEMENT

We consider a colocated MIMO radar with I transmitters
and R receivers along a line at coordinates [-d, —2d, ..., —1d]
and [d,2d,...,Rd], respectively, where d is inter-element
spacing, which is assumed to be \/2 where A is the signal
wavelength. The waveform of the ith transmitter is s;(¢) which
is transmitted P times with a pulse repetition interval (PRI),
Tp. The baseband representation of the pth pulse received at
the rth receiver during the time interval [pTp, (p + 1)Tp] is
given by

Q I
zo(t) =), Y agsi(t—pTp - i) exp(=j2mfeti,) 0
q=14=1

exp(j2m fit) +er(t),

where () is the number of targets in the region of interest,
oy is the radar cross section (RCS) of the gth target, and f.
is the carrier frequency, i.e., f. = ¢/\ with ¢ the light speed.
Next, 7/ = ¢ *[2R, - (d; + d,)ug] is the propagation delay
of the signal transmitted from the ith transmitter, reflected by
the gth target and received at the rth receiver, where R, is
the gth target distance from the array center, d; and d,. are the
position of the ith transmitter and the rth receiver, respectively,
and u, = cosf, is the direction cosine of the gth target AOA.
Further, f¢ = = is the Doppler frequency of the gth target

)
with v, being its velocity. Finally, e, (t) is the received noise
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at the rth receiver. We assume that all transmit signals are
orthogonal to each other [9].

Henceforth, employing I matched filters matched to the
I transmit waveforms, the observed signal due to the (i,r)
transmitter-receiver pair is given by

(dz + dr)uq

Q
zi(t) = ) agexp(j2m
g=1 A

+ €T7i(t)7

where e, ;(t) is the noise term at the output of the ith matched
filter at the rth receiver. Since all I transmit waveforms are
orthogonal, the noise terms can be assumed to be independent.
Thus, e,;(t),r = 1,...,R,i = 1,...,1, are modeled as ii.d.
with distribution A'(0, 02). Sampling the observed signal with
sampling interval 7§, [N samples per pulse are obtained, where
the nth sample of the pth pulse related to the transmitter-
receiver pair (¢,7) is given by

)exp(j47r%t) )

Zripln] = 2rip (TP + nTy)

& di+d
=Y ag exp(j27r$uq) exp(jdm
g=1 A

nTs +pTp
W

+erip(nTs +pTp) = Ypip[n] +erip[n]. 3)
Collecting all the measurements, we have a non-linear model
of the form

z:y(¢9)+ee(CNRIP7 4)

where 0 = [07,...,0,]" € R?? is the vector of all unknown
parameters with 8, = [uy,v,]" € R? collecting the unknown
parameters of the gth target.

A. Performance measures

Since the CRLB is a lower bound for all unbiased es-
timators and always can be expressed in closed form, we
employ the CRLB as a benchmark for the selection problem.
The covariance of any unbiased estimate € of the unknown
parameter satisfies the following inequality [5, 10]

E{(6-6)(6-6)"}>C(8)=F (), ©)

where C' is the CRLB matrix and F' is the Fisher information
matrix (FIM), which can be calculated as [5]

_ ] 9In p(z6) dln p(z;0) 20x2Q
F(B)_]E{ 90 P eC (O]

where p(z;0) is the probability density function (pdf) of z
parameterized by the unknown vector 6. Since uncorrelated
errors are assumed, the log-likelihood In p(z; @) is additive.
The log-likelihood for (4) is hence given by

R I P N
In p(z;0) = 21 2 221 len p(2rip[n]; 0). (7
r=1i=1p=1n=

Therefore, (6) can be rewritten in the following form [5]

R I P

F(0)=3> > Friy(0), (8)

r=1i=1p=1
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where F',;,(0) is the FIM of the pth pulse due to the
transmitter-receiver pair (¢,7) for all the N samples, i.e.,

N 4 & 0yripln] Oyripln]
Fri 0)= Fr.i n 0)=— = — ’
()= 2, Frapn(®) = 25 2 = 50— =

2
n=1 Oc

€))

The CRLB derived for one target is usually employed as
the estimation accuracy criterion. In this paper, we choose the
two-target CRLB as a better measure in comparison with the
single-target CRLB. As will be shown later, in contrast to the
single-target CRLB which only considers estimation accuracy,
the two-target CRLB also includes the ambiguity due to the
existence of two targets. For the sake of brevity, we do not
present the CRLB derivation here. It can be shown that the
expression for the single-target CRLB is independent of 6.
Although unknown parameters appear in the two-target CRLB,
the expression only depends on the difference of parameters,
i.e., v1 — vy and u; — ug or more generally d0 = 660, — §0.

As the CRLB is a matrix, we cannot use it directly as
an objective function of an optimization problem. We employ
the following functions as scalar measures of the estimation
accuracy:

e A-optimality: minimize the sum of eigenvalues, i.e.,

F(C) = {C).

e  E-optimality: minimize the maximum eigenvalue, i.e.,

f(C) = /\max{C}-

Since the single-target CRLB is independent of the unknown
parameters, we only need to calculate it once. On the other
hand, for the two-target CRLB, we need to consider all param-
eter differences in a region of interest. Thus, we discretize the
unknown parameter difference region of interest into a set of
grid points, D = {061, ...,00p} and we consider these points
in our optimization problem.

B. Problem formulation

We model the sensing framework by introducing the
transmitter-pulse selection matrix A € {0,1}7*F, where the
(7,p)th entry of A denoted by A, is equal to 1(0) if the
ith transmitter transmits the pth pulse (or not). The receiver
selection vector b € {0,1}® is defined in a similar way.
Considering these selection parameters, the measurements in
(3) can be rewritten as follows

Zrip[n] = by x Aip % (Yrip[n] +eripln]), (10)

where depending on whether a transmitter-receiver-pulse is
selected, the measurement will be collected. It is easy to show
that the FIM will be modified based on (10) as

R I P
F(Ab,60)=>"b.> > A, Fr;,(50). (11

r=1 i=1p=1
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The most general form of the optimization problem can be
mathematically formulated as

Ab o 1 (4:0:06)

subject to Ae A, A={A|A4,,¢{0,1},i=1,...,1,
p=1,..,P Al =Kp}, 12)
beB, B={bb, €{0,1},r=1,..., R,
lIbllo = KR},

where f(A,b,d0) is a function of the FIM F(A,b,d0) at
grid points §0 € D and the sets .A and B represent the sensing
constraints.

III. ILLUSTRATIVE EXAMPLES

In this section, we present the concept of pulse and
antenna selection by showing two illustrative examples. In
addition, the superiority of the two-target CRLB over the
single-target CRLB is shown. Here, small-scale examples
are presented and the selection is done by an exhaustive
search. A-optimality is selected as performance measure, i.e.,
f(A,b,60) =tr {F'(A,b,60)}. We study two special cases:
pulse selection for a radar with a single transmitter-receiver
pair and antenna selection for a MIMO radar with a single
pulse. The convex optimization based algorithm is presented
in Section IV.

First, we consider the example of pulse selection for a
radar with a single transmitter-receiver pair, which is able to
transmit P identical pulses. We are aiming at comparing the
estimation accuracy for different numbers of selected pulses.
Since there is no angle estimation, we only consider velocity
as the unknown parameter. The selection is done through an
exhaustive search on all the possible combinations of pulses
considering both the single and two-target CRLB. In the
following figures, the effect of pulse selection on the estimation
error is presented, where we consider 12 pulses in total. The
result for the selection of 5 and 8 pulses for both the single- and
two-target CRLB is depicted in Figure 1(a). As expected, the
selected pulses for the single-target CRLB criterion are towards
the edges. However, for the two-target CRLB case, pulses
from both the edges and the middle of the pulse sequence
are selected. This difference in pulse selection policy results
in different velocity ambiguity function plots, see Figure 1(b).
As shown, the sidelobe level of the ambiguity function for the
two-target CRLB is lower especially for the ones close to the
main lobe. Of course, this sidelobe reduction is achieved at
the price of a wider beamwidth in comparison with the single-
target CRLB ambiguity function.

For the second example, we study the effect of antenna
selection on the target angle estimation accuracy. Here we
consider multiple transmitters and multiple receivers with a
single transmit pulse, P = 1. Therefore, the target direction
cosine is the unknown parameter and the target velocity is
ignored for this scenario. An exhaustive search is performed to
determine the optimum selection of transmitters and receivers.
A scenario with a total of 8 transmitters and 4 receivers
is considered. The results of the selection of 4 transmitters
combined with 3 receivers and 6 transmitters combined with
2 receivers for both the single- and two-target CRLB are
depicted in Figure 2. The selected antennas are depicted in
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Fig. 1: Single antenna pulse selection based on velocity estimation
error for a total of P = 12 pulses (a) selected pulses, (b) velocity
ambiguity function.

Figure 2(a). The selected antennas based on the single-target
CRLB appear towards the edges, however in the two-target
CRLB case, antennas are selected from both the edges and
middle of the antenna array. This result is well aligned with
the pulse selection for the single antenna example. Figures 2(b)
and 2(c) compare the beampatterns of the single- and two-
target CRLB. As shown, the ambiguity function beamwidth is
traded off with the sidelobe level (especially, for the sidelobes
close to the mainlobe) in the two-target CRLB in comparison
with the single-target CRLB.

IV. PROPOSED METHOD

In this section, we study the general case of transmitter-
receiver-pulse selection. We propose a convex optimization ap-
proach for the selection problem. We consider E-optimality as
the scalar measure, i.e., f(A,b,00) = Anax{F ' (A,b,00)}.
By relaxing the Boolean constraints in (12), the optimization
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©)

Fig. 2: MIMO radar antenna selection based on angle estimation error
for a total of 8 transmitters and 4 receivers (a) Selected antennas, (b)
beampatterns for 4 transmitters and 3 receivers, (c) beampatterns for
6 transmitters and 2 receivers.
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problem could be written in the epigraph form as
max vy
Aby
subject to F'(A,b,00) > v 44,60 € D
I P
Z Aip < KP7
-1

i=1p

13)

M=

IN

br KR,

I
—_

Ay
b, <

IA

1 <I,1<p<P,

T
0 <1,1<i
0 1,1<r<R.

IN

where F'(A,b,00) is the FIM, A and b are the selection
matrix and selection vector defined in (11), respectively, and
Kp and K are the number of selected pulses and receivers,
respectively. Multiplication of the unknown parameters (A and
b) in F', implies the non-convexity of (13). Thus, we present a
convexifying process by introducing new optimization param-
eters. First, we define a pulse selection vector by vectorizing
the selection matrix (i.e., a = vec(A)). Then, we introduce the
total selection vector w by concatenating both the pulse and
receiver selection vectors, w = [aT,bT]T. Finally, the total
selection matrix is defined as W = ww” which eliminates the
multiplication of the unknowns. In addition, by applying some
standard convex relaxations, we relax the only non-convex
term W = ww?. The relaxed convex optimization problem
can be stated as

max -y
W,'lll,'y
subject to F(W,00) = vI444,Y0 € D,
W w 0
=
w?l 1 ’
Wi,j ZWj’i,l <i,j<IP+R,
Wiyi:wi,lﬁiSIP+R, (14)
1P
Z’LU,‘ < Kp,
i=1
IP+R
Z wy < Kg,
r=IP+1

0O<w;<1,1<i<IxP+R.

The optimization problem in (14) is a standard semidefinite
programming problem in the inequality form which can be effi-
ciently solved in polynomial time using interior-point methods.
In this paper, we employed CVX to solve (14). To compute
the suboptimal Boolean solution from the relaxed optimization
problem, we employ randomized rounding which selects the
antennas and pulses with a probability equal to the output of
the convex problem [5].

V. SIMULATION RESULTS

In this section, the performance of the proposed algo-
rithm is evaluated through numerical simulations. In total, we
consider 4 receivers, 4 transmitters, and 4 pulses. Figure 3
presents the MSE of the optimization algorithm in comparison
with the optimum MSE plot. The results are plotted for two
different cases. In the first case, one out of four receivers is
selected and in the second case, three out of four receivers
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Fig. 3: MSE versus number of transmit pulses for different ap-
proaches.

are selected. It is shown that the achieved MSE is not much
far from the optimum value. As expected, by increasing the
number of receivers or transmit pulses, the MSE decreases.
However, it reduces slightly after some point. Moreover, Figure
4 presents the result of the proposed algorithm when 12 pulses
and 3 receivers are selected. The resulting ambiguity function
and selected transmitters, receivers, and pulses are depicted in
Figures 4(a) and 4(b), respectively.

VI. CONCLUSIONS

In this paper, we studied antenna and pulse selection for a
colocated MIMO radar with multiple transmit pulses aiming
at a reduction in hardware cost and energy consumption.
Scalar measures of the CRLB were employed as the objective
function. It was shown that the two-target CRLB is a better
metric in comparison with the single-target CRLB since it
considers both the estimation accuracy and ambiguity due to
two targets. Moreover, a convex optimization approach was
proposed to obtain a proper selection mechanism. Finally,
it was verified through simulations that, although the MSE
increases by decreasing the number of antennas and pulses, it
is possible to decrease the number of antennas and pulses with
only a slight reduction in performance.
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