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Strong feedback and current noise in nanoelectromechanical systems
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We demonstrate the feasibility of a strong feedback regime for a single-electron tunneling device weakly
coupled to an underdamped single-mode oscillator. In this regime, mechanical oscillations are generated and
the current is strongly modified, whereas the current noise is parametrically large with respect to the Poisson
value. This regime requires energy dependence of the tunnel amplitudes. For sufficiently fast tunnel rates, the
mechanical contribution to current noise can exceed the Poisson value even beyond the strong feedback

regime.
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I. INTRODUCTION

Recent intensive research on nanoelectromechanical sys-
tems (NEMSs) was motivated by a variety of physical effects
involved and the prospect of practical applications.! NEMSs
have been realized experimentally with molecules,” semicon-
ductor beams,? and suspended carbon nanotubes.* Phenom-
ena observed include negative differential resistance,
phonon-assisted transport, and tuning the eigenmodes by the
gate voltage. Most of these experiments were performed in
the single-electron tunneling (SET) regime.’

In this regime, a NEMS is essentially a SET device
coupled to a mechanical (harmonic) oscillator. The coupling
is provided by a force F (see, e.g., Ref. 6) acting on the
oscillator, the value of the force depending on the charge
state of the SET device. It determines the dimensionless
coupling parameter \=F?/AMw’, where M and o are the
mass and the frequency of the oscillator. It was already
recognized’ that for strong coupling A> 1, mechanical de-
grees of freedom strongly influence transport through a SET
device, leading, for instance, to polaron physics and Franck-
Condon effect. However, the weak-coupling regime A <1 is
characteristic for most of NEMSs and will be considered
below.

Naively, the effect of the oscillator on transport current in
this regime must be small and proportional to A. However, an
underdamped oscillator can be swung up to big amplitudes
even by a weak random force originated from stochastic
electron transfers through the device®; this amplitude may
provide a strong feedback on the current. A less obvious
effect is the extra dissipation due to electron tunneling,’
which has been erroneously disregarded in Ref. 8. We dem-
onstrate in this paper that such electron-induced dissipation
may become negative, resulting in the generation of me-
chanical oscillation and in strong mechanical feedback. This
takes place if the average charge accumulated in the SET
device is a nonmonotonous function of gate voltage.

The strong feedback is the most manifest in the current
noise. The natural measure of noise in nanostructures is the
Poisson value,!® Sp=2el. We demonstrate that in the strong
feedback regime, the noise is always parametrically bigger
than Sp due to long-time correlations of oscillator amplitude.
If the generation is bistable, we predict a telegraph noise that
can be exponentially big. Even if the strong feedback is ab-
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sent, the noise may still exceed Sp. The experimental obser-
vation of the enhanced noise would thus provide a strong
evidence for mechanical motion.

II. SETUP

SET systems are known to exhibit a (quasi) periodic
structure of Coulomb diamonds in the plane of bias V, and
gate V, voltages. Inside each diamond, the number of extra
electrons n is fixed to an integer.” We concentrate on the
region adjacent to the two neighboring diamonds with n=0
and n=1, where only these two charge states of the SET
device participate in transport. This can be accomplished by
tuning the gate voltage, if the charging energy is large
enough. The system we have in mind is depicted in Fig. 1. It
consists of an oscillating island situated between two leads
across which a bias voltage V,, is applied. It is also coupled
to a gate with gate voltage V. Its position and velocity are
denoted by x and v. The system can be described by the
following Hamiltonian:

I:I=1:11+I:Idol‘+lflt+ﬁch’ (1)
where
A oA PO
le 2 Skci,kCL,k+ 2 sk’cR,k’CR,k” (23)
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FIG. 1. A schematic view of the system.
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CLRk') and d, ' are annihilation (creation) operators of

electrons in the left lead, the right lead, and the dot, respec-
tively, and & correspond to their energies. The operators d
and 4" annihilate and create phonons of the oscillating island.
We also have N:Emajn;lm and £=\A/2mw(d*+4d). The ele-
ments T describe tunneling between the island and the leads,
and C is the sum of the capacitances of the left junction and
the right junction and the gate capacitance C,. The electrons
tunnel from the left lead to the island and then from the
island to the right lead. We assume that the energy scale of
the applied voltages is much larger than the tunneling energy
scale. In this case, tunneling is sequential and we can disre-
gard quantum effects such as cotunneling. The energy scale
set by the voltages is also assumed to be much larger than the
oscillating energy of the island, Zw. In this case, the motion
of the island is classical and can be described by its position
and velocity. A practical realization of the system can be a
molecule or a grain shuttling between electrodes. Another
example would consist of a beam (such as a carbon nano-
tube) singly or doubly clamped between electrodes.

III. PROBABILITY DISTRIBUTION

In the classical limit (i.e., the energy scale of the voltages
is much larger than the energy scales of the tunneling and
oscillating frequencies), the statistical description of the sys-
tem is provided by the joint distribution function P,(x,v,?).
This distribution function obeys the following master equa-
tion (see, e.g., Refs. 8 and 11):

aP, g 9 F

Py +{v;+gﬁ}Pn—St[l)]=0, (3)
fz—szx—va+F,,, (4)

St{P]=(2n— D[ (x)Py - T (x)P,]. (5)

Here, the total force JF acting on the oscillator is the sum of
the elastic force, friction force, and charge-dependent cou-
pling force, with respect to the order of terms in Eq. (4). O
>1 is the quality factor. We count the position of the oscil-
lator from its equilibrium position in the n=0 state. In this
case, F,=nF.

The “collision integral” St[P] represents SET. There are
four tunnel rates, Ff’R, where the subscripts L and R denote
tunneling through the left or right junction, and the super-
scripts + and — correspond to the tunneling to and from the
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island, respectively. In Eq. (5), I'*=I"+I'%. These rates con-
tain information about the electron levels of the island,
which can be continuous (for a metallic island), continuous
with an inhomogeneous density, or discrete (for a quantum
dot island). It is enough for our purposes to assume that each
rate is a function of the corresponding energy cost AEJZ"R
associated with the addition (removal) of an electron to
(from) the island in the state n=0 (1) via the left or right
junction (AEj p=—AE] z). Two independent energy differ-
ences are determined by electrostatics, and depend linearly
on the voltages. Additionally, they are contributed by the
shift of the oscillator,

AE=—W+ W, —Fx, AEg=—Wg+W+Fx,

where we introduce a convenient parameter W representing
both eV, and eV,, with W, , Wy, lying at the boundaries of the
diamonds and W; < W< Wy, in the transport region. The con-
dition of applicability of the classical approach is that the
energy differences are much bigger than energy quantum of
the oscillator, W>hw.

To simplify Eq. (3), we implement the separation of the
frequency scales: the inverse damping time « of the oscilla-
tor, the oscillator frequency w, and the total tunneling rate
I,=I""+I"", assuming k< w<T",. The first condition implies
that the mechanical energy hardly changes during an oscilla-
tion, while the second condition implies that the coordinate
varies so slowly that I'(x) hardly changes between two suc-
cessive tunneling events. In this case, we arrive at a Fokker-
Planck equation for the distribution function of the slowest
variable—mechanical energy E— P(E). It reads’

17) A 1%
=-ip, L==
ot oE

Ek(E) + D(E)é]. (6)

Here, D(E) is the diffusion coefficient in energy space and
the inverse damping time is given by «(E)=k(E)+w/Q, K
being the SET contribution. It is instructive to express those
parameters in terms of the average number of extra electrons
in the island, n(x)=I"*/T",,

D(E)/E _F_2 1) a(1-n) o
RE) |~ M\T,| anow | /-

Here, the angular brackets denote an average over the oscil-
lation period, (A(x))=[(d6/ w)cos*> OA(x(E)sin ), the oscil-
lation amplitude being given by x(E)=v2E/M/ w.

The SET contribution to the damping k has been errone-
ously disregarded in Ref. 8. In fact, as Eq. (7) suggests, the
diffusion and damping are closely related. In particular, in
the absence of bias (W;=W) the average number of elec-
trons is determined by the Boltzmann distribution and one
proves that din/dW=n(1-n)/kgT. In this case, the diffusion
coefficient obeys the Einstein relation D(E)=kzTEk(E).
This, in its own turn, guarantees that Eq. (6) is satisfied with
the Boltzmann distribution P(E)«exp(—E/kgT). At eV,
> kpT, the Einstein relation does not hold anymore. The ef-
fective temperature ED/k of the oscillator may become of
the order of eV,. Moreover, we will demonstrate that for
energy-dependent tunneling rates, the damping K can be-

195312-2



STRONG FEEDBACK AND CURRENT NOISE IN...

come negative. This signals instability with respect to inter-
action with the oscillator.

The stationary solution of Eq. (6) apart from a normaliza-
tion constant reads

E
P(E) Ocexp{—f dE’E’K(E’)/D(E’):|. (8)
0
We see that the contribution w/Q in « is only important
provided Q™' < (Aw\/W)(w/T,). To stress the importance of
the SET contribution, we will disregard other contributions
to the damping (Q — ), so that K=«.

The current is modified by mechanical motion. At a
given mechanical energy FE, the current averaged over
the oscillation period, Iy(E), is determined from the
dependence of the current on the energy parameter, I(W)
=T (W)I'x(W)/T (W), in the absence of oscillations: Iy/(E)
= [(d0/2m)[(W+Fx(E)sin ). In the limit of small ampli-
tudes, one has I'y(E)=I(W)+I"(W)\hwE/2. The actual cur-
rent Iy is obtained by averaging Iy(E) over E with the dis-
tribution function P(E). Zero-frequency current noise in the
Fokker-Planck framework is obtained as

S=—4 f ’ dESIy(E)L™' 81y (E)P(E), )
0

with 8Iy(E)=Iy(E)-1Iy. In our assumptions, the distribution
function is sharp at the energy scale of interest. Indeed, the
typical mechanical energy needed to modify the rates is de-
termined from the relation eV,=Fx(E), yielding E
=Mw*(eV,/F)>. If N<1, this always exceeds the typical
energy fluctuation eV, If the damping is positive at all E, P
has a sharp maximum at E=0 and the current is very close to
Iy(0). The average amplitude of the oscillations is too small
to induce a noticeable mechanical feedback.

The situation changes drastically if x(E) becomes nega-
tive, indicating instability and growing amplitude of the os-
cillations. Since k(E) is determined by the tunnel rates only,
the amplitude growth can only be stabilized by significant
modification of the rates by the amplitude growing: This is
the strong mechanical feedback. Positions of probability
maxima are determined by the roots of

Exk(E)=0. (10)

A nontrivial root E# 0 indicates a generation of mechanical
oscillation with almost constant amplitude. This may
strongly modify the current that is now given by I\y(E). Our
analysis shows that the negative damping can only arise from
the energy dependence of the tunnel amplitudes. This depen-
dence is intrinsic for both semiconductor quantum dots and
molecules.

IV. ILLUSTRATIVE EXAMPLE
A. Characteristics of the system

To illustrate, we have chosen exponential energy depen-
dence typical for wide tunnel barriers'>'* and one electron
level in the SET system,
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FIG. 2. (Color online) Four stability regions in the gate-bias
voltage plane. The bold solid lines indicate the edge of the Coulomb
diamonds. The insets show the sketch of P(E) in each region. The
horizontal lines indicate bias voltages used for current and noise
scans in Figs. 3 and 4.

T} =200 e Lk LR 1 - fr(= AE] )],

I =T xR ELRf(AET ), (11)

the factor 2 accounting for the spin degeneracy of the state
n=1. The energy dependence sets a new energy scale W,
smaller than the charging energy. For concrete illustration,
we choose a;=0.3, ag=0.75, kzT=02W,, and I''=T"%. To
give a value for the energy scale W,, we take a system with
I'°=125 GHz and w= 10 GHz, with barrier heights of 11 and
26 meV for the left and right barriers with respective widths
of 2.2 and 2.8 nm. In this case, we get W.~5 meV and T
~8 K. The quality factor Q=107 is sufficient to observe the
effects.

B. Probability distribution

Figure 2 presents the regions in gate-bias voltage plane
that differ by number and stability of the roots of Eq. (10).
Region (i) corresponds to positive damping at all E and the
absence of strong mechanical feedback. In region (ii), the
only stable solution corresponds to the generation of me-
chanical oscillations. There is bistability in regions (iii)
(stable roots at E=0 and a finite amplitude) and (iv) (two
stable roots at finite amplitudes). Strong mechanical feed-
back is present in regions (ii), (iii), and (iv). It is remarkable
that region (iii) eventually extends to the Coulomb diamond
where no current is possible at zero temperature without the
oscillator: Generation of mechanical oscillation makes it pos-
sible.

C. Current

We illustrate the modification of the current by mechani-
cal motion in Fig. 3. The modification is noticeable provided
the generation of oscillations takes place. It can be of the
same order of magnitude as the unmodified current and of
either sign. The current can even exhibit jumps if there are at
least two stable values, E| and E,, of the amplitude gener-
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FIG. 3. Current modification in strong feedback regime for different bias voltages. The dashed (solid) lines give the current modified
(unmodified) by mechanical motion. (a) and (b) demonstrate that the modification is restricted to region (ii) where the generation takes place.
(c) and (d) illustrate the bistable regions (iii) and (iv). In (c), the current in region (iv) gives a jump where the probabilities of two stable
amplitudes are the same. To the right of the jump, the lower amplitude value is more probable. This value decreases and becomes zero at the
border of region (iii). Therefore, the modification of the current ceases there (see inset). In (d), the probabilities become the same in region

(iii). Therefore, the modification ceases immediately after the jump.

ated. The position of the jump corresponds to the values of
W at which the probabilities P(E,) and P(E,) are equal.

D. Noise

Let us now turn to the current noise. First, we evaluate the
noise in the absence of feedback [region (i) in Fig. 2]. We
make use of Eq. (9) approximating D(E), «(E), and SIy(E)
by their values at E— 0. This yields

S=

2
F* (f/) DX(E) 12)

M*o*\ oW?) K(E)E?

E=0

The ratio of the electromechanical noise and the Poisson
value Sp is of the order of

S (F_O)Zhw)\

S_p ~ 7 (13)

w

The small value of the second factor can be compensated by

the large value of the first one. In this case, the electrome-
chanical noise, concentrated at frequencies of the order of «,
exceeds the Poisson value.

In region (ii), where the stable generation of the oscilla-
tion with the energy E|, takes place, the current noise is due
to small fluctuations of the oscillation amplitude. These fluc-
tuations occur at a frequency scale of the order of ' (E)E,.
The noise is given by

oo CEIDE)) S ()

E(z)Klz(Eo) SP w

That is, it exceeds the Poisson value by a large factor. Our
numerical results for regions (i) and (ii) [Figs. 4(a) and 4(b)]
show that Egs. (13) and (14) give a scale of the noise rather
than a good estimation. The actual values of noise change by
3—4 orders of magnitude. The reason for that is that the pa-
rameters I', I”, k, and k' may become close to zero.

In regions (iii) and (iv), the oscillation amplitude ran-
domly switches between two values E; and E,. Since they
correspond to two distinct values of the current /; and I,, a
telegraph noise is observed. The distribution function reaches
maxima at £ 5, while the switching corresponds to passing
the minimum of the distribution function P(E,,). The switch-
ing times are therefore exponentially long. This may lead to
exponentially large enhancement of noise. We compute the
switching rates by Kramers’ method,'?
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FIG. 4. Mechanical contribution to current noise for different bias voltages. (a) Noise in stable region (i) [Eq. (12)] becomes zero at I”=0.
(b) Noise in region (ii) changes by orders of magnitude approaching zero at I’=0 and diverging at the boundaries of the region where
Ey—0 [Eq. (14)]. [(c) and (d)] Telegraph noise is presented in the bistable regions only. The solid lines indicate the region where it is
exponentially large. The cusp at maximum corresponds to equal probabilities of two stable amplitude values (as discussed, the current gives
a jump at this point). The noise scales are So=AA(I'"0)3/wW., §;=(T%)3/w?, and S,=(0)3W./\Miw?® exp(W,/\ o).

EmK,(Em) ')/(EI,Z) P(Em)

1" 1—22—1 -
2 YE,) P(E,,)

Y(E) = Ex'(E)/ID(E), E#0,

Y(0) = 27E*k*(E)/D*(E)|p—o. (15)

These rates enter the following master equation for the
probabilities to be in states 1 and 2, P; and P;:
dP

_l =—F]_>2Pl +F2_)1P2.

ot (16)

It has to be combined with the condition that the sum of both
probabilities is 1. The stationary solutions are given by

1'*2%1 FIHZ
P1=F1ﬂ2+l«2ﬂ1’ P2:FH2+F2H1' (17)
The average stationary current yields
I l‘*2~>1 +1 F1~>2
(D=1P |+ Py =~ (18)

Another quantity of interest is the average of the square of
the current fluctuations,

(8D =((I=<1)))
=P Py(I, —12)2

F1~>2F2~>1

= - )

(F1—>2+F2—»I) (19)

In order to obtain the noise, one needs to look at the cor-
relator (8l(1)61(0))=%,,0I,6l,,P,,(t)P,,, which corresponds
to all possibilities of having state m at time zero and subse-
quently state [ at time . To obtain it, we need to compute the
probability P,,(7) to be in state [ at time 7, given that the
system was in state m at time 0. It is a (time-dependent)
solution of the master equation, with P,,=J, as an initial
condition. It is given by

1-2, m2—1
Pu(1) = (8, = P T4 Py, (20)
where P, is the stationary solution to be in state /, and where
the absolute value on the time comes for time-reversal sym-

metry reasons. Calculating the sums in the correlator and
using 2,8I,P,=(5)=0, we get

1—‘1~>2+F2~>1

(8I(1)81(0)) = e (802, (21)

Inserting this in the following definition for the current noise,
S(w)=2[7_e""{8I(t) 5I(0))dt (the factor 2 is there to sym-
metrize the noise), we obtain the telegraph noise

FIHZFZHI
(F1H2+F2~>l)[w2+(1“14»2_,’_1"24»1)2]'
(22)

S(w) =4(1; - 1)

Looking at the zero-frequency limit, we get
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1~>2F2~>1
(1“1~>2 + 1"2%1)3 ’

that is exponentially large provided P(E,)P(E,)= P*(E,)
[Figs. 4(c) and 4(d)]. While this condition is not satisfied at
the edges of bistability region, it certainly holds near the
current jump, P(E,) = P(E,), where the noise reaches maxi-
mum. The estimation reads

T s o
s, w\ro N’

V. CONCLUSIONS

S(0)=4(1, - I,)* (23)

To conclude, we analyzed the SET system weakly
coupled to a mechanical oscillator and proved the existence
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of significant modification of the current under condition of
strong feedback where generation of mechanical oscillation
takes place. The latter is feasible for energy-dependent tun-
neling amplitudes. The current noise generated by mechani-
cal motion in the strong feedback regime significantly ex-
ceeds the Poisson value and may be exponentially large if the
generation is bistable. Even if no generation takes place, this
extra noise may exceed Sp for sufficiently fast tunneling
rates.
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