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ABSTRACT

At first-order of approximation a sea-state consists of sinusoidal com-
ponents with periods ranging from a few seconds to about 20 seconds, but
a second-order analysis shows the co-existence of long-period components
(appearing at the difference frequencies), which may be associated with
such phenomena as surf-beats or harbor resonance.

Considering the simple bidimensional case of two regular waves super-
posed with close frequencies, it is questioned how the accompanying long
wave is modified when some irregularity of the bottom profile occurs. As-
suming the waterdepth to be constant upstream and downstream the bottom
irregularity, the first-order components to behave as deepwater waves, and |
the second-order long wave to obey shallow-water theory, the problem is
solved analytically or numerically in a number of cases. The decomposition
of the second-order wave into a locked wave (accompanying the first-order
waves and propagating at the group velocity) and free waves is clearly
made, and it is shown that transfers of energy may occur between the
first-order waves and the second-order free waves.

Last the case of shallower waterdepth (when first-order waves cannot
be considered deep-water waves any more) is considered, and some approxi-
mate solutions are given.

INTRODUCTION

Phenomena such as slow-drift motion, surf-beats, or harbor resonance,
indicate the presence of low-frequency components within a wave system.
Correlations between offshore sea-states and seiches in sheltered bays or
harbors [1] suggest that such low-frequency waves can escape the wave-
system and propagate independently.

It is conjectured here that this low-frequency phenomenon consists of
second-order waves (in the wave-amplitude) appearing at the difference-
frequencies of the individual components of the wave-spectrum. These
second-order waves consist of “locked-waves” (or “bound-waves”) accom-
panying the first-order waves and propagating at the group velocities, and
of “free-waves” traveling independently.

* Re;eived on Febl-'ua?y 26, 1982.
** Ocean Engineering Division, On Sabbatical Leave from Institut Francais du Pétrole.



It is with the emission of these second-order free-waves that we are
dealing here, when changes in the bottom profile occur. We neglect other
phenomena such as higher-order interaction or bottom friction. As a
further simplification we restrict ourselves to the case of two-dimensional
waves propagating over a cylindrical bottom. Also the derivations pres-
ented here are obtained for the case of two regular waves superposed.
However they may easily be extended to the case of irregular waves defined
by a given spectrum [3].

In a first paragraph we derive the expression of the second-order locked-
wave:. It appears that we can distinguish different wave-length/waterdepth
regimes for the first-order and second-order waves. In particular if the
difference-frequency is small enough, there exists a range of waterdepths
for which the first-order waves be considered deep-water waves and the
second-order ones shallow-water waves. As this assumption considerably
simplifies the problem, it will be used throughout most of this paper.
Eventhough the consequent results may be restricted in so far as the
values of wave-frequencies and waterdepths, they do apply to cases of
practical interest. Moreover we may expect some of the results to remain
qualitatively valid in other configurations.

The second paragraph is devoted to energy flux considerations. It
appears that transfers of energy between first-order waves (through a third-
order decrease or increase of their amplitudes) and second-order waves
are possible.

In the third paragraph governing equations for the second-order free-
waves are established when the bottom profile presents some irregularities.
Two cases are considered: undulating bottom for which a resonant effect
may occur, and sloping bottom. Some numerical results are presented.

I. SECOND-ORDER LOCKED-WAVES

We make the usual assumptions of perfect fluid and irrotational motion.
The flow is described by a velocity potential @(x, y, ?) expressed as a power
series of a perturbation parameter ¢ identified with the wave-steepness:

D(xyt) =@ (xyt) +QV (xyt)+ - - - (1)
The governing equations for @ are:
-in the fluid: A49=0 —hx)<y<n(x, t) (2)
-at the bottom: ¢,=0 y=—h(x) (3)
-at the free-surface 7(x, ?):
ro: (4)

0=—pgr—pP:—p—




Oz(p'y_ﬂt_@rvz (5)
Eliminating 7 one obtains
<l7u+g¢y+ (V@)Z+(D”¢7n+2@ 2,9,,+9,0,,= (6)

at y=ny(x, t)

Assuming @ equal to its Taylor development between y=0 and y=1(x, t)
the free-surface condition may be expressed at y=0 to yield:

first-order P +80P=0 (7

second-order @ +gdP +77‘” 2 (D g@“’)—f— (V PO = (8)
id

ete.

Obviously other boundary conditions are needed in order to fully determine
@. We shall consider those later.

Let us write now the first-order potential corresponding to the super-
position of two regular waves:

P — ©& coshk(y+h) sin (kyx—a,t+6,)

o, cosh kA
L @8 COshR(YER) op o g (%)
w, cosh kzh

i =gk, tanh kA =gk, tanh k,h

where the waterdepth 4 is assumed to be constant.
Then at first-order the free-surface elevation writes:

eV =a, cos (k,x— w,t+0,)+a, cos (k,x— w,t+6,) (10)

From (8) one may see that the second-order potential appears at angular
frequencies 20, 20,, »,+®, and w,—w,. In particular the free-surface equa-
tion for the second-order potential at angular frequency o, —w, writes:

o +g¢§,2) = (P & 4 Q(g)) sin [(k1 = kz)x+ (wl — wz)t+ 6,—6,1 (11)

where
EPO = — —a @, 8 [ _ B ] (12)
, cosh R, ho w, cosh *k,h
20)@ 2 klkz
Q¥ = — a,a,8 * (®,—,)(1+tanh k,h tanh k,h) (13)
[ORON

so that a solution to (2), (3), (8) is:



O® — 7Pf‘2j +7Q(2) N by E’i}} 7({917—7 kz)(yih) (14)
—(o,—@,)'+ g(k,—k.) tanh (k,—k)h  cosh (k,—k.)h

X sin [(k,—k.)x — (@, — 0,)t+6,—0,]
From now on we assume o, >, and we write:
do=w,— o, do>0
Adk=Fk,—k, 4k>0
From (14) it appears that if Jo< ®, the second-order potential decreases

much more slowly than the first-order one with the depth. Thus as the

wave-system moves from deep water toward shore we can distinguish
different configurations:

1. The waterdepth is deep both for the first-order and second-order
waves. Then @® simplifies into:

&P = —a,a,w,e"*" sin (dkx — dwt+ 46) (15)

2. The waterdepth is deep for the first-order waves but intermediate
for the second-order ones:

cpo—  —20000do  coshAR(Y+h) G qpx vt a6)  (16)
— dw*+ gk tanh 4kh cosh 4kh

3. If 4k/k,<0.1 the waterdepth will become shallow for @ while it
may still be considered deep for ®». This is the case for instance of two
waves with periods 7.7 and 8 seconds traveling in 50 meters waterdepth.
The period of the associated beat is 200 seconds.

Eventhough this case is limited to very small values of 4k/k, and to
a narrow range of waterdepth it provides an easily handalable frame when
one considers the modification of the wave-system over a bottom irregu-
larity: first-order waves remain unperturbed while second-order low-
frequency ones are governed by shallow-water equations. This is the case
that we consider in paragraph IIL

II. ENERGY FLUX CONSIDERATIONS

Be F(x) the time-average of energy-flux at abscissa x. It writes:

F(x) =r"") — p0,0.dy a7
~h

where the bar denotes the time-average.
F(x) may be developped as a power series in e:

F(x)=¢"F®(x)+&'F¥(x)+&F“(x)+ (18)

For two regular waves traveling together in deep water F'® writes:




Fo@=[  —popordy

FO)= 1 og' (4 + %) 19)

o8 @,

(we still assume o, >w,) F® is zero.

Our intention here is to establish a relationship between F' (x) and the
waterdepth. That means that we have to carry the derivation up to fourth-
order in ¢, and thus develop the velocity potential up to third-order. We
assume the waterdepth to be deep for the first-order waves and intermediate
for the second-order ones.

As a matter of fact F®(x) writes:

As a result of the time-averaging it is easy to show that if W, # 2w, ‘

Fo@=[ —p@r00 10702 +0200)dy

—e V(@ 0P + 0P DY), — % V(P D+ PP - (20)

B A T T 4
—or°@202),.o+ [ —p0r00a]
—h

where

row:
2

+ o) @1)

= L (g +

y=0

Considerations on the Third-Order Potential

Due to the time-averaging we need only take account of the com-
ponents appearing at pulsations o, and w,.

It is wellknown that the third-order approximation of the velocity
potential appears as a correction to the wave-number so that:

D= a8 ekt ek {®)y sin [(k] +62ki2))x—(l)1t+ﬁ1]

@,
a,
@,

+ e+t gin [(By+2kP)x— wt+6,] (22)

_ Zea00de cosh dk(y+h)
— dw*+ g4k tanh 4kh cosh 4kh

sin (dkx — dwt+ 46)+ O

where the other third-order terms appear at pulsations different from w,
or @, (Under our assumption of deepwater approximation for @, @®
appears only at the difference-frequency Jw.)

The complete derivation of & and k% is a tedious task the result of
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which may be found in [2]. However we need not explicit them as:

and

" pvgngy— L o] dle s

I e Tpgl’é,wkf” i 4?1&;2)] (24)
so that:

and expressions (23) and (25) cancel each other. Since @ equals zero it
appears that F“(x) does not depend on the third-order potential (under
our assumptions of constant waterdepth and deep-water approximation of
the first-order waves).

As we are interested in the relationship between F® and the water-
depth we carry out the computation of the energy flux only for those terms
where @ appears, which yields:

FO@=FP@+Fo@ 20 =0 (26)

1 . el I Akh
FOx)= L oBO(h)4 l*__f £ hAkh] 97
e Fio(x) 78 (h)dw ol AR +tan | (27)

+ pa,a, BY(h)do(w, + w,)

where
) 2a,a,0,0w.4dw

BAO(RA)= — Bt b At ot - 28
*) — Ao’ +gdk tanh 4kh 8

What is going to happen now if the waves encounter a bottom ir-
regularity through which the waterdepth changes from h, to h,? The
change in value of F;" is an indication that something has happened, that
is the second-order waves have diffracted.

Far away from the disturbance we may assume that the emitted waves
consist of free-waves traveling upstream and downstream with wave-num-
bers k,, and k,; given by:

do*=gk,, tanh k, h,
do* =gk, tanh k,zh,

(29)

The corresponding velocity potentials write:




o= Ag BRI Gin 2t dot+g,,)
cosh k_,Lh (30)

P&, =AL cosh kyn(y+ha) o (Rypx — dwt+¢,z)
cosh k,zh,

To carry out the expression of the fourth-order energy flux associated
to O4+0¢), or &+ @y, one realizes that, due to the occurrence in @3, @3,
and @® of same pulsations but different wave-numbers, one has to consider

the x-average of F as well, in which case it writes:

upstream:
4) 4) 4) 1 (2)2 / k h
FP=F®+F{)— — pA§dw ’h ; +tanhk,,,hL (31)
downstream:
kizh T
FR=F"+F%+ —pAf¢ [ B tanh k,h 32
B IR+ P cosh &, b, + tanh &, Ny (32)

so that we may expect the extra-terms to compensate for the difference
between F.\) and F%.

If h,<h, that seems a likely possibility since F* is a decreasing func-
tion of h. However an inconsistency appears if h,>h,.

This inconsistency stems from the fact that we have omitted the third-
order waves which occur from interaction between the first-order waves
and the second-order perturbations of the free-surface kinematics in the
vicinity of the bottom irregularity. Third-order free-waves at pulsations
o, and o, are emitted which result into an increase or a decrease of the
first-order wave amplitudes. Only through this process can we equal the
energy fluxes upstream and downstream the bottom irregularity. (This
should also remove the inconsistency of having expressed F* as an x-
average.

As a consequence we may conceive that eventhough h,=h,, variations
in the bottom profile may cause emission of second-order free-waves, the
energy which they carry away being compensated by a third-order decrease
of the wave-amplitudes.

III. APPLICATION OF SHALLOW-WATER THEORY

In this paragraph we make the assumption of deepwater waves for
the first-order and shallow-water waves for the second-order, that is:

both kA>1 and 4kh«1

Practically it is sufficient that kA>3 and 4kh<0.3.
It is easy to draw the consequence that the emitted free-waves are
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shallow-water waves as well:
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The waterdepth is assumed to be constant for x<x, or x>x, with
corresponding values h, and hj.

As a consequence of our assumptions the first-order waves are unaf-
fected by the change in waterdepth, so that we need only consider the
diffraction problem for the second-order waves.

Since locked-waves and free-waves appear at the same pulsation do
we make use of complex notation (from now on we drop the &)

@ =Re {g(x, )~} (34)
o=@+ ¢r (35)

The problem in ¢ writes:

e ~h(x)<y<0
— dato+ 8o, =12a,a,0,0,dwe'*** el

lq’:SDL(hﬂ)‘{"gDpk x>x,

p=eulhi)tor: x<x,

where

ou(h) = —iB(h) SR ARO+R) pie

cosh dkh
Opn= App cosh & (y+hz) eikane Agz€C (37
cosh k,,h,
COSh k_y[,(y +h1.) ikgpx A
Ry ] & L €C
o " cosh k s ¢ 4

As a matter of fact the decomposition (35) makes sense only for x>
xp or x<x,. In the interval [x, x,] we can arbitrarily decompose ¢ into
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two components so that they match ¢, and ¢, at x, and x,.
For instance we can take:

s cosh 2k(y+h(x)
pu= 1B = k) (38)

In this case ¢, satisfies the non-homogeneous free-surface condition
but not any more Laplace condition nor of course the bottom condition.
If h,=h,=h, we can take:

\— _iB(h,) COSh ARy +ho) jiane 39
Pz SRy cosh 4kh, p w

Here only the bottom condition remains to be fulfilled.
In the following we shall make use of either one of the potentials ¢,
or ¢,,. The problem in ¢, writes:

PraetPryy= —Prra— Py —hx)<y<0
(—szgafv—i—ggop,,:O y=0
“hapretor,=—hpr.—0, y=—h(x) (40)

Ore=1Rp0p E>%p

Pra= —1Ry0p <X,

Application of linear shallow-water theory yields the following equa-

tion in @,:
J;” 0r(x, 00+ 7 [h(o,.(x, 0)
— —hgu 5, —h)—pu(x, —h)— [ doudy (41)
with
Or:=1R15p5 x> Xp

O = —1R .05 x<<x,

III-1. Undulating Bottom
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In this section we assume the bottom profile given by:
Mx)=h,—asin ix  1>0 (42)
X, =—X, (43)

Furthermore we assume a«< h, and 1~ 4k so that |h,|<K 1.
Since h,=h, we take ¢,=¢,,

— _iB h( cosh Jk(y+h0) idkx 44
Pe B cosh 4kh, ¢ B

SDL.r(x, — h(x)) = B(h,)dke'**
o, (x, K(x)) = —iB(h,)4k*« sin Axe'*

(45)

Neglecting the term 4,¢,, in (41) we obtain the approximate equation:
Oper+ Ripr=(f cos Ax+ig sin Ax)e'** (46)

where

— % B(h,) 4k
f 3 (h).

0

(47)
g= " B(h)dk
hy
The general solution of which writes:
= Qo tpre q, ippx ik Joxr — ik gor
S e~ M
=2 (f+8) @=5(f~8) m=1+tk p=—i+dk
which upon identification with (37) in x, and x, yields:
App= _l[ % sin Xt —Ra) + gy -sin x}e(ll:_kdo)]
km(lll 3 k.m) kJn(#z i k.m) -
(48)
A, =—i[ K4 sin x;(p 4+ RByg) + q: sin x,(u.+k ]
FL k_m ([11 x k.m) .'e(,ux .m) For (/.lz I k.m) R(/‘tl 40)

For 2=4k+k, we obtain a large amplification due to a resonant effect.

If z=4k—Fk,, A,, remains bounded and |A,,| behaves as

% * B(h)dkx, (49)

>

so that the amplitude of the downstream free-wave increases linearly with
o
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On the other hand if 2=4k+k,, one obtains the same resonant effect

for the reflected free-wave.

Bottom of General Shape

Let the waterdepth be described as:

h(x) =hy— a(x) (50)
where we still assume
hMx)=h, for|x|>x, x,=—x%
'a'|<<hn |(¥‘,,l<<1

(50) may be re-written:

h—h,=— lf dz {cos Ax 'fm a(v) cos Avdy
T Jo

—TR

T new j sl ain zudy} (1)

If previously we had considered the bottom profile given by:

h(x)=h,—a sin (Ax+4d)

we would have obtain for the potential amplitude of the transmitted free-

wave:

A :—ia[ BlE o e p—R)+ % sinx ko] 62
o k_yo(/ll_k.m) a g k.m(,uz_‘k_m) ¢ & -

or

Apr=0aazz(2, 0) (53)

Taking advantage of linearity we may write the amplitude of the down-

stream potential as

o j dz{a,,v,e(l, ‘
T 0

i

>J 71, a(v) cos Avdy

|

+a3,0) [ at)sinpd| (64

When x , increases it is possible to derive the asymptotic behavior of

this expression. One finally obtains:

A _ 1 B(hl)

s 3 Dk [ e e dy (55)

as X, lncreases.




12

If we now assume the bottom profile a(x) to be described as a zero
mean, stationary signal with correlation length small as compared to x,,
we obtain, squaring the modulus of A,,:

iy g D0t [T [ aaes oy
0 —ap J —rR
so that:
A= T B tex,S (ak— k) (56)

where S, is the power spectrum of a(x) (Fourier transform of its covari-
ance).
Thus in this case A,, behaves as vx, for large values of x,.
Corresponding expressions for the reflected free-waves may be obtained
by replacing 4k—k, by 4k-+k, in (55) and (56).

III-2. Sloping Bottom

oA Ly TO Lo x
N >

B

We now assume h,+h,. In this case ¢, is added to the locked-wave
potential defined as:

o cosh dk(y+ (%)) s
Pes =~ el NG G

Still assuming that shallow-water theory applies, and given that:

on,=0  y=—hx)
¢1..=(4kB—ih B, )"
d¢,,=[24kh,B,—i(h..B,+ h:B,,)]e"*" (57

we obtain the following equation in ¢,:

hSDI"J'J' + hJSJF.z' + J;l)' sDI"

— { | = Akhl(B+ ZhBh) + i(hh.r.rBh + h’lek + hhith)}e’-‘-”‘I
Ore=iRyppr X=X+ dx (58)

Ope=—1R40p x=x,—dx
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where we have made no hypothesis as far as the smallness of A, (other
than those inherent to shallow-water theory). Note that the radiation
condition is set some distance from x, or x, due to the discontinuity of
Driz-

Equation (58) is solved by finite differences.

(Obviously, due to the numerical scheme employed, it would have been
just as simple to solve directly for ¢, +¢,. However we have prefered to
do so by similarity to paragraph III-1).

Numerical Results

Since numerous parameters are involved numerical results are given
only as an illustration.

Two wave periods are selected: 8/1.04 and 8 seconds so that the period
of the associated beat is 200 seconds. It follows that the first-order waves
are deep-water waves for values of the waterdepth larger than 40 meters,
whereas the locked second-order wave is shallow for A smaller than 60
meters.

Both wave-amplitudes are assumed to be unity (one meter).

Figure 1 shows the potential amplitude of the second-order locked wave
(eq. (14)) and its proposed approximation (16). Underneath the energy-flux

variation from A= — oo is represented.
-(2)
‘@ |y=0
50.1+
25.F
(]
-250.1
e
| T - i 1 | L | 1
o 200 100 50 40 30 20 5 Hm)
L) l;) é 5 é l.‘5 ll K H

Figure 1. Variations of the potential amplitude of the second-order
locked-wave, and of the energy flux, with the waterdepth



In order to check the numerical scheme it was first applied to the
case of the undulating bottom, and its results compared to the analytical
ones. Moreover the numerical scheme was run repeatedly for both second-
order locked potentials (¢,, and ¢,,). Corresponding results are shown on
figures 2 and 3.

Next the case of sloping bottom is considered. The waterdepth vari-
ation is supposed to be from 60 to 30 meters and different lengths of the
slope are considered.

Corresponding potential amplitudes of the transmitted and reflected
free-waves are shown on figure 4. It appears that the transmitted wave
always exceeds the reflected one. They turn out to be decreasing functions
of the slope, with some undulations superposed, the “wave-numbers” of the
oscillations being apparently equal to 4k—£k,, for the transmitted wave
and 4k+k,, for the reflected wave.

For large values of the slope one obtains solutions close to those calcu-
lated for the case of a step-like change in waterdepth (see Appendix), even-
though in the limiting case shallow-water theory cannot be applied any
more. This gives us some confort as far as the domain of validity of the
proposed model.

Figure 5 provides an illustration of the building-up of ¢, for a slope
length equal to 2000 meters.

The case of superposed bottom undulation is illustrated by figures 6
and 7. In this case the waterdepth is described as:

h=h,—6é(x+x;)+a sin 2z Xr (59)
%

where « takes the values 0, 2, and 4 meters.

III-3. Shallower Water

The hypothesis of deep-water waves for the first-order components of
the wave-system has allowed us to simply calculate the amplitudes of
emitted free-waves when some changes occur in the bottom profile. How-
ever these amplitudes are disappointedly small, some millimeters for wave-
heights of the order of one meter. Obviously in order that the phenomenon
become physically appreciable, one has to move to shallower water, so
that the amplitude of the second-order locked wave increases substantially.
The drawback is that we have to take account of the modification of the
first-order wave system: refraction, and possibly diffraction.

We shall assume here that it is sufficient to take account of refraction
only. In such case a wave traveling from deep water exhibits some changes
in amplitude and wave-length, so that its potential may be described by:

o _ a(h)g cosh k(h)(y+h) iz v
w3 g, B R0k (J  k(h)ds wt) (60)
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2)) ;
Re{ F} analytical (P‘z’= (};{2)
Xxxxxxxx numerical = 2
| (2) (2)
------- numerical = Py

Figure 2. Tllustration of the generation of the second-order free-waves
on an undulating bottom.

. ‘P(Z)
— analytical <'0(2) ‘P(z) 2 |
xxxxxxx numerical | 'L ~ 'L2 50+

. @ _(2) Imaginary
------- numerical R = R, conponent

(analytical)

Sl -5
X=AK = KAO
5
o 1780m
7777777777 ‘ii' 4 7777777777

)/

Figure 3. Illustration of the generation of the second-order free-waves
on an undulating bottom—Resonant case.
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' !
® AA-
® 60m =) S0m
21 TRANSMITTED
------ REFLECTED
® See Appendix
|1 &
g [ Ty rem—— SR T
0 1000 2000 3000 4000 Xtm)
| 1 | 1 1 1
o 10 8 3 2 | —AH /X(%)

Figure 4. Potential amplitudes of the transmitted and reflected
free-waves due to a sloping bottom.

real part
e imaginary part

2A _
60m - m;-F’O"‘
-1000m (6] 1000m
Figure 5. Illustration of the generation of the second-order

free-wave on a sloping bottom.
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](@{ ] 60m 2om ——Q=2m

1 1
0 1000 2000 3000 4000 b 2

Figure 6. Combination of undulating and sloping bottom.
Potential amplitude of the transmitted free-wave.

o e e 60m M/

L 1 e

= -
1000 2000 3000 4000 X

Figure 7. Combination of undulating and sloping bottom.
Potential amplitude of the reflected free-wave.

where

*=gk(h) tanh k(h)h (61)

) — aloo C(oo)_ - ~cosh*kh 69
o= of )\/ o \/kh+smhkhcoshkh (62)

C; being the group velocity.

Since this expression is only a zero-order approximation in A,, we shall
not consider the x-dependence of @ and % in the derivation of the free-
surface equation (8). Then the second-order locked potential is obtained
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L 1

1 1 —
0 1000 2000 3000 4000 5000 X(m)

Figure 8. Potential amplitude of the transmitted free-wave due to
a bump, with variable downstream waterdepth.

0] | 000 2000 3000 4000 5000 X (m)

Figure 9. Potential amplitude of the reflected free-wave due to
a bump, with variable downstream waterdepth.

from (14) where one takes account of the changes in amplitudes, wave-
numbers, and phase angles of the first-order waves.

As a numerical application we consider single bumps of sinusoidal
shapes with constant waterdepth upstream and downstream. First the
dependence upon the downstream waterdepth is illustrated (figures 8 and
9) with upstream waterdepth 60 meters and waterdepth at top of the bump
10 meters (still for the same 8/1.04 and 8 seconds waves with unit ampli-
tude). For a downstream waterdepth equal to 10 meters we obtain again
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that the transmitted free-wave decreases in amplitude with increasing
bump-length. For downstream waterdepths larger than 10 meters we obtain
the interesting result that the maximum amplitude occurs for a non-zero
bump-length, so that the corresponding slope is rather mild, which is con-
sistent with the hypotheses. As before we observe that the reflected free-
wave is much smaller than the transmitted free-wave (figure 9).

Ry
e
100 &
Ho=5m
S50}
Ho=20m
ya € '
1 L Il 1 S |
(0] 1000 2000 3000 4000 5000 Xtm)
Figure 10. Potential amplitudé of the transmii.ed free-wave due to
a bump, as a function of the bump height, for upstream
and downstream waterdepths equal to 60 meters.
%] g
200 & - .
100 -
— 1 1 A 1
0 1000 2000 3000 4000 5000 X (m)

Figure 11. Potential amplitude of the transmitted free-wave due to
a bump, as a function of the bump height, for upstream
and downstream waterdepths equal to 30 meters.
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Next the effect of clearance at the top of the bump is investigated.
Corresponding results are plotted on figures 10 and 11, for equal upstream
and downstream waterdepths.

As compared to those of the previous paragraph, the amplitudes of the
generated free-waves appear to be physically appreciable (10 to 20 cm for
1 m wave-amplitude).

A next step would be to treat the case of a beach. However in such
case more difficulties arise, as one has to set a waterdepth for breaking,
and a boundary condition for the second-order waves. Some computational
runs have shown that, depending upon the chosen answers, surf-beats quite
variable in amplitude could be generated.

CONCLUSION

When encountering changes in the bottom profile, a wave-system emits
second-order free-waves, appearing at the difference-frequencies of its indi-
vidual components. Refracting differently these long free-waves may enter
apparently sheltered bays or harbors.

In the simplistic approach proposed here we have been able to quantify
this phenomenon, by considering the two-dimensional problem, and assum-
ing the first-order waves to be unperturbed, or undergoing refraction only.
More work remains to be done, in order to solve the case of a beach and
to include three-dimensional effects, as edge-waves are likely to appear
along the shore.
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APPENDIX

Diffration of the Second-order Potential on a Step

In this section we assume the waterdepth to be deep for the first-order
waves and intermediate for the second-order ones.

13

la Wa 0 X
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We match at x=0 analytical expressions of the potential for x<0 and
x>0.
: N
x<0: 59—:¢L(h1.)+zaifi a,eC
i=1

f = EOSh koéyih,‘) e~ ikonr
’ cosh &, h,

fi=cos k,(y+h,)e* i1

where
Ado*=gk,, tanh k, h,
do*= —gk,, tan k; h, i=1
h)= —iB(h,) OSR AR(Y+hy) i
eulh) (o)== oeh Ak,
N
x>0 ¢4=¢L(h}f)+z bngr bJGC
g '= cosh k(y+hz) elkors
! cosh kg zh,
8i=c0s R (y+hy)e Fin i>1
where

dot = ghyy tanh kyh,
dor= —gh,, tan k,yh, i>1

h)—= —iB(h goshdk(yfhﬁ) idkx
¢u(he) iB(hs cosh 4kh,, ¢

At x=0 the matching conditions write:

p_=0, —h,<y<0
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(,‘j—:r:‘P+.r —h1£<y<0
p—rzo _thyghh‘

where we assume h, > h,.
Thus the set of unknown coefficients (a;- - -ay, b,- - - by) minimizes:

g j (0. —p Ne* —pt)dyst ﬁf oy et =gty

-hr
—hn
+r f, @_.p*.dy

where «, 8, y are ponderation coefficients.

Expressing that partial derivatives of F with respect to (a,---by) are
zero one obtains a set of 2N+2 linear equations which are solved by clas-
sical techniques. (In the numerical resolution some accuracy problems
occurred, apparently due to the small values of &, k,z, as compared to k.,
k., (i=1). This disagreeableness could be effectively overcome by imposing
a further constraint on the second derivative of ¢.)

Numerical Results

Again we consider two waves of periods 8/1.04 and 8 seconds, in water-
depths of 500, 200, 100, 60, 40, and 30 meters.

The different components of the second-order waves are illustrated on
figure 12.
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Figure 12. Illustration of the different wave components for
a step-like change in waterdepth.

The Table 1 shows the obtained numerical results concerning the am-
plitudes at the free-surface of the reflected and transmitted potentials, and
the amount of energy which is carried away by the free-waves, as compared
to the loss in energy-flux due to the change in waterdepth.




Table 1. Potential amplitudes of the different second-order component waves,
together with the amount of energy flux transferred to the free-waves

FrldF

A | ke Bh) | Blha) | e | ‘0% | e
| | | " |

500 200 0.83 1.06 0.13 | 0.20 2.2
" 100 1 1.77 0.30 0.80 4.1
” 60 " 2.87 0.42 1.79 6,3
1 40 " 4.38 |  0.48 3.25 9.2
" 30 " | 602 | 0.41 5.00 12.3

200 100 Lo6 | LT | 0.29 0.48 2.2
" 60 1 2.87 0.52 1.38 4.6
" 40 " 4.38 0.68 2.75 7.4
" 0 | . 6.02 | om | 439 | 102

100 60 1.7 | 2.87 0.43 | 0.7 2.8
" ; 40 ‘ ” | 4.38 1 0.77 | 1.92 4.9
" 30 " . 6.02 0.97 3.39 T
60 40 2,87 4.38 0.62 0.92 2.5
" 30 " 6.02 1.01 2.22 5.1
40 30 | 4.38 6.02 | 0.81 0.91 2.5

Nomenclature:

hz: waterdepth before the step
hg: waterdepth after the step
B(hz): potential amplitude of the locked-wave before the step
B(hr): potential amplitude of the locked-wave after the step
|er(hi)|y-0: potential amplitude of the reflected free-wave
|¢r(hr)ly=0: potential amplitude of the transmitted free-wave
Fp|dF: energy flux transferred to the free-waves, as a ratio of the total loss.

In all cases the transmitted free-wave appears to be larger than the
reflected free-wave, its amplitude being roughly equal to the difference in
amplitude of the locked-wave before and after the step.

It appears that only a small fraction of the loss in energy flux is
transferred to the free-waves.
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