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ABSTRACT

The converging factor for a specific mathematical function, such as the
modified Bessel function of the second kind considered in this report, is that
factor by which the last temn of a truncated series (usually asymptotic) approxi-
.mating the function must be multiplied to compensate for the omitted terms.
This converging factor for the aforementioned Bessel function is discussed
herein in detail and is shown to be related to the corresponding factor for the
probability integral. Tables of this factor and its reduced derivatives, correct
to 30 decimal places, are included to expedite the application of this procedure
to the evaluation of this Bessel function to high precision for arguments be-

tween 5 and 20, and specific examples of such applications are presented.

ADMINISTRATIVE INFORMATION

Work on this research was authorized by the Naval Ship Systems Command under the
Mathematical Sciences Program. Necessary funds were allocated under Subproject
SR 003 03 01, Task 10919.

INTRODUCTION

A variety of methods have been proposed in recent years for the calculation of Bessel
functions as alternatives to the well-known use of power series for small arguments and
asymptotic series for large arguments. These alternative procedures include recurrence
relations, described by Abramowitz and Stegun?® and by Goldstein and Thaler;? phase ampli-
tude methods, also discussed by Goldstein and Thaler;3 quadrature methods, treated by
Fettis,* Luke,® and Hunter;% and continued fractions, discussed by Gargantini and Henrici.’

In addition to these methods, the use of converging factors to extend the precision
attainable by asymptotic series for Bessel functions, in particular, has been advocated by
several investigators including Airey® and Dingle.® Murnaghan!® and the writer!! have in-
vestigated in detail the use of converging factors in the numerical evaluation to high preci-
sion of the probability integral and the exponential integral.

This report will show that the converging factor for the probability integral can be
directly applied to the evaluation of the converging factor for the modified Bessel function
of the second kind, K (x).

As explicitly noted by Hunter,® the evaluation of K (x) by power series for even moder-
ately large positive values of x presents special difficulty because of the loss of significant

figures arising from the subtraction of nearly equal numbers. This computational difficulty

1
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can be avoided if an asymptotic series is used and the remainder resulting from truncating

the series is closely estimated by use of a converging factor. Thus, for arguments x exceed-
ing 5, such a procedure more than doubles the number of significant figures of K (x) that can
be attairied by the.conventional use of asymptotic series (that is, terminating the series at
the least numerical term).

As emphasized by Gargantini and Henrici,” the function K, occupies a central pesi-
tion in the theory of Bessel functions, inasmuch as in the complex plane all other Bessel
functions are expressible in terms of it. Accordingly, our attention in this study will he
principally focussed upon the determination of the converging factor for this particular
Bessel function.

A tgble of the basic converging factor Cp(n) (or An _ }_v(n) in the notation of Dingle)

2

and its reduced derivatives rounded to 30 decimal places for n = 10(1)40 is included; thés
permits the calculation of Kp(x) to a precision ranging from 15 decimal places when x =
5 to 42 decimal places when x = 20 and p is either 0 or 1.




THE ASYMPTOTIC SERIES FOR THE BESSEL
FUNCTION Kp(z) AND ITS CONVERGING FACTOR

The modified Bessel functions Ip(z) and Kp(z) satisfy the

second-order linear differential equation

2
z2 d—‘zﬂ+zd—w——(z +p)w 0 (1)

dz d

These functions may be distinguished according to their
behavior when the argument z is large in absolute value; thus, the
modified Bessel function of the first kind, Ip(z) , behaves asymptotically

like z_l/2 e? , whereas that of the second kind, Kp(z), behaves

-1/2 -z

asymptotically like =z e

If in Eq. (1) we make the change of variable

“X/2 g , x=2z (2)

w(z) = %P e
we obtain after some simplification the differential equation
9 _
x-‘—j—f+(2p+1-x) -(p+%)f=0 (3)

dx

Since the confluent hypergeometric functions f(a,c,x)

satisfy Kummer's equation

2
xg—%+(c )—-af—O (4)
dx
we infer that
w(z) = xpe_x/2 f(p+ % , 2p+1, x)

g (5)
= (Zz)p e f(p+ l, 2p+1, 2z)




Now, if ¥(a,c,Xx) represents the solution of Egy. (4)
which behaves like x ® when x tends to infinity, we have the

relation

K (2) = Y 222)P e W(p+3, 2p+1, 22) (6)

expreéssing the modified Bessel function of the second kind of order
p in terms of the confluent hypergeometric function ¥ .
To find the asymptotic series expansion of ¥(a,c,x) we

set
¥(a,c,x) =x p(a,c,x) (7)

Differentiating this twice with respect to x and substituting the
results in Eq.(4), we obtain
2

a’y _ 2a-c , dyp , a(a-c+1) _
T B By - 0 (8)
X
Next, we assume a solution to Eq. (8) of the form
) s 3
BT i = ol (9)
X X

If we differentiate this series twice with respect to x and
substitute the results in Eq.(8), we find the coefficient of ,x—r to

be (r-1) a_ + (r+a—2)(r+a-c-1)ar_1 , which must vanish; hence, we

infer that

a

r _ (r+a-2)(r+a-c-1)
a4 - r-1 (10)

Thus, the function y(a,c,x) may be defined by the asymptotic

series _
-c+1 1)(a-c+1)(a-c+2)
Bite)s) A - a(ai,lc;: Y a(a+1)(a c42~ )(a-c+2)
21x
(11)
1 (r+a-2)!(r+a-c-1)!

~ (a-1)!{a-c)! o1 (r-1) l(—x)r'l




We observe that if either a or a-c+1 is zero or a negative

integer, this series terminates; indeed, we have

\I'(-k,C,X) = x_a lb (a,c,x)

is the generalized Laguerre polynomial.

- 0F x0T (12) {
where ‘
Lp (9 = ()7 x PN (H T e™) (13) i

In order to derive an expression for the converging factor
associated with the asymptotic series (11), we proceed as follows.

From the definition of the Beta function we have

1 z-1 w-1
B(z,w) = J‘ t™ T (1-t) dt
0‘

= F,(u.nz'1 u?™V dqu (14)
1

where u = (1-t)_1 . Furthermore, the Beta function can be expressed

in terms of the Gamma or the factorial function, as follows:

_ I(z) °(w)
B(z, w) = T (z+w
_ Az-1)l(w-1)!
T (z+w-I)! (15)
Consequently, we have the relation
(w-1)! 1 - z-1 -z-w
Erw-I)1 - @D lf U
or
-2 1 9 -a -
(lgil)g' = a1 § @D 24T qu (16)
1

if we set w =r+a-1 and z = -a+l.




Therefore, the series in (11) can be written

3 1 -1 «© (r+a-c-1)!
y(a,c,x) (a-1)I{a-c)1(-a)! J‘(u T u drz.l_(u—X)-_I by

N (r+a-2)!(r+a-c-1)!

1
~ a-Dia-o)! {rzl (r-1)1(-x)" "

I (n+a-c)! 1

(-x)" (-a)! J‘(u-l)“au“n-l/ln+a-c (ux)du} (18)
-X -

where
A = 1= G o, ((ea=c HIREEnEOn,

n+a-c ux (u X) ‘0t (19)

We observe that

(n+a c+1)! (n+a-c+2)!

An+a_c(UX) = m {(n+a C)l -

Bl
(ux)?
_ 1 }."e-ttma-c(l L | 2 $ .. S
(n+a-c)! : ux (ux)z
-t n+a-c
_ 1 S e t
= GaoT Io T dt (20)
ux

which is identifiable with the first basic converging factor of Dingle,
independently derived by Murnaghan and the present writer in a joint

study of the exponential integral, wherein the notation T _c(ux) was
used for this converging factor.




If we write

1 D (r+a-2)l(r+a-c-1)!

¥@,¢,%) = ETEmol r721 (r-1)1(-x)" "1

N (n+a-1)!(n+a-c)!

n!(-x)n

z (x) } (21)

n+a-cCc

we infer from (18) that the converging factor for this series is given by

n+a-c¢

En+a-c(x) = f(u-l)_au_n_lA
1

(ux)du/ F(u-l)_au—n_ldu (22)
1

Since the factor w1 4 the integrand in (18) forms a
rapidly decreasing sequence for increasing values of u, we expand

the factor An+a-c(ux) in ascending powers of u-1 and then integrate

term by term. Thus, we write

N (1)
A (ux) =A (x) + x'/1n+a-c(x) (u-1) +

n+a-c n+a-c
t A(t) t, ...
rx A @) (1) + (24)

where

A t

(k) _1 d

n+a'-c(X) 3 cl(lIX)k An+a-c e qul (25)
which is the kth reduced derivative of’ An . a-c(u x), evaluated at u = 1.

Since

5 -a_-n-1 A(t t i i -a -n-

J'(u-l) a,! AIE+)a—c(x) (u-1)"du = A;i_a_c(x) J'(u—l)t a, 1du

1 1

=/1(t) (x) (t-a) l{n-t+a-1)1 (26)

n+a-c n!




we can write

1 T (r+a-2)(r+a-c-1)!
(a,c,x) =
¥ )= @a-DIa-o)! r=1 (r-1)1(-x)""

+(n+a-1)!(n+a-c)! ; (t-a)l(n+a-1-t)! E/‘(t)

)n t=0 ( a)!(n+a 1 na- C(x)} (27)

nl(-x

which exhibits the converging factor T (x) in Eq. (21) as an

n+a-c
infinite series involving the basic converging factorAn+a_c(x) and
its reduced derivatives.

Let us now consider again the modified Bessel function of the

second kind. From Egs. (6) and (7) we obtain

1/2 -1/2 -

: Kp(z) =k (22) o(p + % , 2p +1, 2z) (28)

where the principal square root is selected, in accordance with the

stipulations arg Wl/2 %—arg w and -7r <argws7w .

Thus, setting a = p+% , c=2p+1, and x =2z in (11), we

deduce the well-known asymptotic expansion

1/2

(22)71/2e Z{1+4P -1, (p” 1)(4p -9)

K X))~
P 118z 2!(82)

2 2
(4p -1)(4p°-9) r_[49 - @2r-3)73 (29)
(r-1)! (82)

This can be written in the form of the following terminating

series:




[+ ]
K (2) =112y 262 5 i =
r=1 (p+:2—-r)l(r-1)!(2z)

(r+p - %)!

3 3
SR n (r+1-§)l(r-p-§)l

(n+p-3)1(n-p-1)!

+ .11 (30)
n! (-2z)" E:

where [p+% J and [p+ % 4, respectively, represent the greatest

integers not exceeding p +% and p+ % , and zn designates the

converging factor for this truncated series.

The coefficient £o5a R arises from the relation

(-p-PHp-P! = Tl-p+3) r(p+ )

T w

sin (p+§ m cCos Tp
From Eq.(27) we infer that the converging Z  canbe
evaluated by means of the series
1 1
» (t-p-3)Hn+tp-z-t)!
I=z : 2— @' AV (2 (32)
n 1 1 1
=0 (-p-3)! (a p- )1 n-p-7




(t-p- %) " ; 1
m =(t-p-3)t-p-3) - (-p+3)
5 )
= (-l)t(pr - %)'(p - % oo (p-t+ g‘-)(p—t+ %)
(p-1y
ot TR r
(P"f-t)!

we can write alternatively

1 1
= (p-3)!(n+p-3 -t}! \
L -3 —4———7 (-22)8 AW (22) (3)
t=0 (p-3-t) I(n+p-3)1 n-p-3

If in Eq.(20) we make the substitutions a = p+%

¢ = 2p+1, and ux = 2z, we obtain for the basic converging factor

o | y the expression

n-p-i
1 @ ‘e-t tn-p-T : A
A gl = et (35)
n-p-g (H'P'f)'! 0 1 +55

where Cn(y) designates the converging factor for the probability

integral, as developed by Murnaghan.,

To derive Eq.(35) we proceed as follows: If erfc(x) denotes

the complementary error function, we have by definition
2

[ et ot
X

i

erfc(x)

= % i eV u'l/z‘ du , (36)
y

where u = t2 and y = x2 .

10




Furthermore, if we set u=v + y,we obtain

ey 5 v v,-1/2
erfc(x) = ZTZ— f e (1 + —3;) dv
y 0

e Y

;175 C(y) , say.

Then repeated integration by parts yields

_ 1 .1-3 ...
C(y)—l-ﬁ+—2— +(-1)

(2y)

n-1 1:3---(2n-3)
2y

(pt L3l oo

(2y)"
where the converging factor Cn(y) is given by
1
oo -n - 5
C (y = _['e dv
X

Moreover, from the definition of the exponential integral

we have

-Ei(-x)

T -t
Je
X

where X =t-u.

Thus, if we set -Ei(-x) = , then repeated

integration by parts yields

11

(37)

(38)

(39)

(40)




n-1 (n_1)1
Xn-

A —1-% +ﬂ_...+(_1)

X

()" A @

X

where the converging factor An(x) is given by

-n-1

A (x) = J' e (1+ —) du
Comparison of Eqs. (39) and (42) reveals that

A 1 (X) = Cn(x)

N3

On the other hand, if we write

3 -1 - un—1 "
(1+§) =1--=+ +(-1) —n—_—1+(-1) —
X 1+—=

introduce this finite series in the integrand of Eq.(40), and
integrate term by term, we obtain the series in Eq. (41), where 41 (%)
now assumes the equivalent form

du

1 x
An(x) ol O-JI

;:
><|c-' -

and thus the validity of Eq. (35) is finally established.

12

(41)

42)

(43)

(44)

{45)
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THE‘ DIFFERENCE AND DIFFERENTIAL EQUATIONS
SATISFIED BY THE CONVERGING FACTOR Cn(y)

From Eq.(38) we infer that Cn(y) satisfies the difference.
equation
2n+1

c,m=1- 22 ¢ i (6)

as noted by Mur.naghan10
To derive the differential equation satisfied by Cn(y)‘ we

differentiate both sides of Eq. (39) with respect to y. This yields

_n_ i

d _ m N v \
&y Cn(y) == J‘ e  v(l+ y) dv
0

<

=5 (CW-C )

(1+3)C () - 1 (47)

by virtue of Eq.(46). Here we have replaced (2n+1)/2 by m, for
typographical simplicity.
Then from Eq. (47) we obtain by differentiation the relation

a2 d
Yy —5 Cpl¥) = (+m) 55,00 - 5 = C.(9)
dy
= (yrm-1) = C(9) +C () - 1 . (48)

13




Continuing this process, we find

d> o d |
y —5 C(¥) = (y+m-2) ZC(Y)+2—C(Y) (49)
dy dy

: and in general

1

dk dk-1 dk -2
y —x Cp,v) = (y+m-k+1) == C_(y) + (k-1)——5C () (50)

dy dy* dy*”

if k=23 .
These derivatives are required in the Taylor series
expansion
2

Cn(y0+h) = Cn(yo) + dlh + d2 h™ + --- (51)

where

d, =[—1,—

; C (v) ] (52)

d__
Y] " Y'YO

is the j‘th reduced derivative of Cn(y), evaluated at y = Yo -

From Eqs. (47)-(50) we then obtain the following equivalent

recurrence relations among the reduced derivatives:

yO dl = (YO+m)d0 T YO (53)
2y0 d‘2 = (y0+m-1)d1 + dO‘ - (54)
3y0 d3 = (yo+m-2)d2 + d1 (55)
kyOdk = (yo+m-k+1)dk_1 +d (k 23) (56)

14




A

Thus we have derived a systematic procedure for finding

the successive reduced derivatives of the converging factor Cn(y)
(or A 1 (y) in the notation of Dingle) in terms of that factor.
-3
In using Eq. (30) to calculate Kp(z),it is generally most
convenient to select n so that the asymptotic series is truncated
at its least term numerically. Hence, if we are given the order p
of the Bessel function and the argument z, we determine n such
that
(n+p - %)(n-p— —21—’) S 2nz (57)
which implies
1/2

2) (58)

< 1 2
n= z+-2—+(z +Z+p

When p== % »this reduces to the simpler inequality

n < 2z + 1; consequently, when p = 0 or 1,we can select n to be
the greatest integer not exceeding 2z+1 if we assume z to be
real and positive.

In that case,the appropriate converging factor is Cn(n),
which has been tabulated by Mui*nagham10 to 63 decimal places for
integer values of n from 2 to 64, inclusive.

These fundamental data have been used to calculate correct

to 30 decimal places the reduced derivatives dj for Jyg=n= 10(1)40;

that is, for successive integer values of the argument from 10 to 40,

inclusive. These values are tabulated in the Appendix.

15




THE ASYMPTOTIC SERIES FOR THE CONVERGING
FACTOR Cn(n)

In his study of the probability integra.l)Murnagha.n10

derived the Airey asymptotic series for the converging factor

Cn(n + %—+ h), and then by setting h = - % >he deduced therefrom

the corresponding asymptotic series for the converging factor -Cn(n).
This result can be written

€.
5 i
2,Cn(n) ~1+ Z :

, ——— (59)
i=1 (4n+2)

where for convenient reference we list here in Table 1 the exact
values of the first 30 coefficients s which have been taken from
the more extended Table 2 on page 38 of Murnaghan's reportllo‘

It should be pointed out here that the first 25 terms
suffice to yield an approximation to Cn(n) that is correct to more
than 30 decimal places when n = 40. Thus by means of series
(59) and the relations (53)-(56),one can readily extend the range
of the tables in the Appendix, in order to accommodate values of n

exceeding 40, if such are required.

16




TABLE 1

4 2 3
Coefficients in the Asymptotic Series 2C (n) ~1+ — + +
m am)? (4

+ o0 e

(2 ci
1 0
2 -1
3 -1
4 4
5 =21
6 -23
7 916 :
8 -6619
9 -3099
10 6 40760
1 -72 98875
12 71 97679
13 10988 76024
14 -1 83598 69769
15 5 79797 07895
16 370 89637 19852
17 -8723 83718 95349
18 j 52107 67357 60217
19 21 412717 71661 78716
2 =696 02236 33844 34419
21 6549 63005 10513 05805
22 1 91213 38271 60645 86192
3 -85 96151 42501 57889 82715
24 1159 74216 37624 11668 68319
25 24305 68772 33650 41843 64656
2% 15 47926 19401 73625 04069 29169
27 282 97994 75909 84357 78487 50447
.. 4037 22733 27480 09248 96541 72372

2 -3 88039 1248 77823 20544 49772 83413
0 92 71310 71991 43807 59763  3825% 22719

17




APPLICATIONS

As the first illustration of the use of the converging factor .
in evaluating Kn(x) we take n = 0 and X = 27, which is a relatively
small argument for the effective utilization of the conventionally
truncated asymptotic series. The value of KO(ZH)‘ to ilizne decimal :
places has been included in a table published by Olver = for use in 1
aerodynamic calculations of interference on lifting surfaces in

rectangular wind tunnels.

We evaluate K_O_(Zn) by means of the series

2n 2 9
1 (311) (511)
Ky(21) = S5— {1 - ¥ - -
0 2 6" 511em)2  31(160)°
2 9
..., (2311) _(2511)

121016m)12  131016m)7° 13

where the symbol (2k-1)!! represents the product 1~ 3 -~.(2k-1), and

the converging factor 2:13 can be calculated from the series

1-3

35. 95 (411')2 C§-23) (41T) oD

(47) + X C(113)(41r) L

213=Cy3 75

We find the value of C13(41r) from the series

] : . - 2 e oo
C13(41r) = C13‘(13) + dlh ¥ d2h Py

where
= -13 + 47 = -0.43362 93856 40827 046 ...

and C‘13(13)_, 'dl’ d2,4 ... (for n = 13) are tabulated in the Appendix.

18




We thus find the approximation

C13(41r) = 0.49150 20002 93166 9... ,

and then by means of formulas (47)-(50) we deduce the values

(1)(417) = 0.01952 05672 75096
(2)(417) = -.0,76 34752 45781
(3)(4,r) = .0,3 04115 66724
(4)(4,7) = -.0,12332 67319
] (5)(4,,) - 4,.67508 95093
(6)(4,,) - . 0321 36555
(7)(4,,,) = .0, 91198 |

To seven decimal places we infer that }:13 = 0.50074 87

and consequently

(2511)2

.. =0.0.3843 518. ...
13116 13 6

Combining this with the earlier terms in the asymptotic

series, we obtain the result

2 27 K (2n) = 0.98164 65536 9176. . .

whence
K0(21T) = 0.00091 65843 60904 39...

19




Use of the power series for Ko(x) leads to the series

K (2n) = (i eI + g+ (1D Ty s (e b T
where y = 0.57721 56649 01532 86060... is Euler's constant and
2 4 6
10(21r)=1+7r + X by

an? @n? @n?

If we evaluate 22 terms of each series to 21 decimal places,

we obtain

10(217) = 87.10851 06533 90810 99853 --- <and

K,(2r) = 0.00091 65843 60904 37031 - - -

correct to 20 decimal places.

Consequently, the value of KO(Zn) found ti}',? means of the
converging factor is too large by less than 2 x 10 ~'. This accuracy
represents a gain of seven decimal places beyond that obtainable by
the standard use of the asymptotic series in this case.

As a second example of the effectiveness of the converging-
factor method ip the calculati‘on of Kn(x) to high' precision, we evaluate
K1(10) to more than 25 decimal places by that procedure.

If we truncate the appropriate asymptotic series at the

least numerical term and introduce the corresponding converging factor,

we obtain 1/2

T Sk Sl

-10 N a
80 21 802

(1

S 1 511911 1

+ - +.uo
31 ;3 41 g0%
39114311 1

}
211 5021 Z90
20




where the converging factor 220 is computed from the series

2
Ty = Cy0(20) - 43 (1)(20) 4%9 43 (2)(20)
3
3. 20 (3) 3-5-201  (4)
~39- 41- 23 2020 - 37-39. 4143 C2020 - -

Using the values of 020(20) and the reduced derivatives

(k)(ZO (= dk) tabulated in the Appendix, we calculate from the
last series the approximation

220 = 0.49424 91283 39

Then we find '

39114311 1 3
211 5T 220 = 0.09189149 702220 ...
80
and combining this with the sum of the first 21 terms of the series

within the braces, we obtain

20 .12 19 |
(22) e K,(10) = 1.03641 84932 28924 58809 ...

whence

K1(10) = 0.00001 86487 73453 82558 45968 10...

This approximation to the value of K1(10) was checked by

means of power series, which entailed the calculation of 11(10) also.

Thus, evaluating 35 terms of the series

53 5° 51

1,(10) =5+ y57 + 3737 * 3747

+ oo

we find

1,(10) = 2670.98830 37012 54654 34103 19667 72152 5..

21

r




and then substituting this value in the series

K.(10) = (In 5+ I, (10)+ L - 2 (24 5 (2elED
1(10) = (In 5+ )1, 10 -2 lorir * 1127 M1+ 9

55

1 10WS I
+’2—!':ﬂ(1+§+1+'2_+§)+ }

we obtain
Kl'(10)=o.oo‘001 86487 73453 82558 45968 168581 - - -

provided we evaluate 36 terms of the series within the braces, and
approximate each term to at least 32 decimal places.

Comparison of this latter value with the earlier one reveals
that the use of the converging factor here suffices to yield the value

of K1(10) to within 7 x w27,

places over that obtainable by use of the asymptotic series without

the converging factor.

22

This is a gain in accuracy of 12 decimal



APPENDIX

TABLE OF THE CONVERGING FACTOR Cn‘(n) (=c_10)
AND ITS REDUCED DERIVATIVES, di .

TO 30 DECIMAL PLACES FOR n = 10(1)40

23.
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d'4 —,07 123 50284 11059 98185 07930
d‘s .O9 t 57182 80627 01495 53995,
dj ~0,2012 42598 83480 29922
4, 0,325 91810 76365 04731
dy -0, 33576 58658 27913
dy 0,437 5287 88836
dyy ~0,g5 73425 18565,
dy; 0,,7558 66432
dy, ~.0,,100 2042
dys 0,1 33592
dy, ~0,61791
dl 5 0 9524
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