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Populations of cells regulate gene expression in response to external signals, but their ability to make reliable
collective decisions is limited by both intrinsic noise in molecular signaling and variability between individual
cells. In this work, we use optogenetic control of the canonical Wnt pathway as an example to study how reliably
information about an external signal is transmitted to a population of cells, and determine an optimal encoding
strategy to maximize information transmission from Wnt signals to gene expression. We find that it is possible
to reach an information capacity beyond 1 bit only through an appropriate, discrete encoding of signals: using
no Wnt, a short Wnt pulse, or a sustained Wnt signal. By averaging over an increasing number of outputs, we
systematically vary the effective noise in the pathway. As the effective noise decreases, the optimal encoding
comprises more discrete input signals. These signals do not need to be fine-tuned to achieve near-optimal
information transmission. The optimal code transitions into a continuous code in the small-noise limit, which
can be shown to be consistent with the Jeffreys prior. We visualize the performance of different signal encodings
using decoding maps. Our results suggest that optogenetic Wnt signaling allows for regulatory control beyond a
simple binary switch and provide a framework to apply ideas from information processing to single-cell in vitro
experiments.

DOI: 10.1103/f7qj-f7qy

I. INTRODUCTION

Cells respond to external signals by adapting their gene ex-
pression [1]. However, gene regulatory responses can fluctuate
[2–5]. Especially in the context of development, precise re-
sponses are important for coordinated cell-fate decisions that
lead to the healthy development of an organism [6–8]; there-
fore, the considerable cell-to-cell variability that has been
observed in the downstream targets of signaling pathways
crucial for development may seem surprising [9–11].

The mutual information between a signal and an output
quantifies the precision in information transfer [12,13]. Ex-
periments on mammalian signaling pathways often report
values barely exceeding one bit [14,15], which is the mini-
mum amount of information required for a reliable decision
between only two states, for example, a differentiated and
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an undifferentiated state. To understand whether cells actu-
ally have more information available, a variety of approaches
have been proposed in different biological contexts, including
specific computational strategies, signaling architectures, cell-
to-cell contact adjustments, or incorporating the information
contained in temporal dynamics [9,10,16–21]. Here, we turn
to an optimization over the space of possible input signals
to investigate how information transmission in an important
signaling pathway can be made more precise.

We focus on the canonical Wnt signaling pathway, a key
regulator of cell-fate decisions during development and main-
tenance of adult tissues. Wnt signaling is crucial for the
differentiation of stem cells into lineages such as skin, bone,
and other tissues [22,23]. We study cellular responses us-
ing an established reporter of Wnt transcriptional activity,
TopFlash, following optogenetic activation of the canonical
Wnt signaling pathway [24,25]. We vary the duration of the
optogenetic Wnt signals and observe long-tailed distributions
of gene expression; we describe them using gamma distri-
butions. Similar distributions have been widely observed for
protein expression among cells in a population using fluo-
rescent reporters [5], and are consistent with stochastic gene
expression models [26,27].

We optimize information transmission between optoge-
netic inputs and gene expression outputs by determining the
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optimal prior distribution over input signals. We find that
if signals are chosen uniformly from all possible signal du-
rations, the mutual information is approximately 0.7 bits,
whereas with a prior that involves only two discrete signals—
no Wnt, or a long sustained Wnt signal—we can reach almost
one bit. We can obtain more than one bit when we fully opti-
mize the distribution of input signals, and find that the optimal
prior consists of three different input signals: a Wnt off state,
a short Wnt pulse, and a long sustained Wnt signal. Since
different maps between input and output can have the same
mutual information, we visualize which input signals can be
distinguished based on the output using decoding maps, for
which we provide analytic expressions whenever possible.

It is possible that cells have more information available
than observed with our fluorescent reporter. This increased
precision could be a consequence of different biological sce-
narios: for example, if cells average expressed proteins among
neighbors [28–30], or if they derive differentiation outcomes
in response to not one but multiple relevant Wnt targets
[16,31–33]. Therefore, we explore how these optimal signals
change if gene expression responses are represented by those
we observe, but more precise; mathematically, we describe
this increased precision by a narrowing gamma distribution.
We use the Blahut-Arimoto algorithm to optimize the input
distribution. A central result is that the optimal input signals
are discrete for the noisy gene expression we observe and
smoothly transition to a continuous encoding as the noise
decreases. We show that the continuous distribution in the
small-noise limit is equivalent to the Jeffreys prior. Finally, we
present calculations to show that the discrete optimal priors
yield “sloppy” optima [34,35]: This means that they do not
need to be fine-tuned.

This signal-level optimization has potential application in
engineering contexts: Our optimized signals correspond to
those that external users should supply such that the output
can be decoded with high precision. It may also offer insight
into the signals that cells might encounter in natural contexts:
Ideas from efficient coding [36] suggest that signal transmis-
sion is optimized, and therefore would predict that the signals
we calculate should be those typically encountered by cells
(see Refs. [37–39] for work on neurons).

While it is unclear if cells need to decode Wnt signal
durations, how exactly Wnt provides information is also
not yet established: hypotheses in different contexts in-
clude Wnt timing or duration [40–43], fold-changes [44,45],
or absolute concentrations, either in gradients or dynamics
[42,46–49]. Timing and duration of signals can play a key role
in guiding differentiation [25,50,51], and we chose to inves-
tigate the duration of Wnt here because it is easily accessible
in the opto-Wnt experiments. Since our work depends only
on the parametrization of the conditional output distribution,
our results will also apply to other gene regulatory outputs
and input signals. We discuss how cells may be able to inter-
pret signals with discrete priors inspired by recent work that
optimizes an understanding or model of the world with finite
samples [52].

More broadly, we present a systematic framework for in-
vestigating how heterogeneity in gene expression across a
population impacts information transmission, including cases
where the realistic biological noise is difficult to characterize.

II. CELLULAR RESPONSES TO WNT SIGNALING

We explore the expression of genes that respond to the
canonical Wnt signaling pathway in a clonal established hu-
man embryonic kidney cell line (HEK293T) engineered to
respond to optogenetic Wnt signals [24,25]. The duration of
the Wnt signal can be varied experimentally, and we use this
duration t as an input signal. We measure cellular responses
to Wnt signaling using a synthetic fluorescent TCF/LEF
(TopFlash-type) iRFP reporter that reflects the activation of
Wnt/β-catenin target genes [24]. This reporter is established
for Wnt targets [24,53–55] and we refer to it as TopFlash
from now on. At the molecular level, TopFlash and many
canonical Wnt/β-catenin target genes are activated as a result
of β-catenin accumulation in the cytoplasm and nucleus, fol-
lowing the binding of extracellular Wnt ligands to membrane
receptors [56].

We collect the output expression levels (fluorescent in-
tensity per cell) of TopFlash, denoted by g, of ca. 1500 ±
800 cells to optogenetic Wnt input signals of varying dura-
tions t ranging from 0 to 20 h [Fig. 1(a)]. The experiment
is conducted using a high-throughput light stimulation de-
vice, the LITOS plate, which enables optogenetic activation
across multiple experimental conditions simultaneously (Ap-
pendix A) [57]. To ensure that the measured fluorescence
has stabilized and to remove effects from residual signaling
dynamics, we include a 4-h cool-down period after signal
termination before measuring g. This allows Wnt pathway
effectors, such as stabilized β-catenin, to return to baseline
levels [25]. Since g is not degraded and cell division in the
cool-down period is negligible, the value of g represents a
robust measure for gene expression as a consequence of the
Wnt pulse.

Histograms of g for a given signal duration t are left-
skewed, long-tailed, and unimodal [see Fig. 1(b) for signal
durations t = 5, 10, 15, and 20 h]. We observe that the his-
tograms are well described by gamma distributions, and that
the mean response μg(t ) is directly proportional to the stan-
dard deviation σg(t ) [Fig. 1(c)]. The latter implies that the
gamma distribution is parametrized by a constant shape pa-
rameter k and a time-dependent scale parameter θ (t ):

p(g|t ) = 1

�(k)θ (t )k
gk−1 e−g/θ (t ), (1)

where � is a gamma function. The mean and variance of g are
given by

μg(t ) = kθ (t ), (2)

σ 2
g (t ) = kθ (t )2, (3)

respectively. The distribution of Eq. (1) predicts that one can
collapse all histograms by normalizing each by their standard
deviation [Fig. 1(d)]: Indeed, after rescaling, all data collapse
onto a gamma distribution with shape parameter k̂ = 2.88 ±
0.01 and unit variance.

To identify how the scale parameter θ (t ) depends on the
Wnt signal duration t , we plot the mean μg(t ) for all ex-
perimental conditions [Fig. 1(e)]. For Wnt signals longer
than ∼1h, we find that the mean gene expression grows lin-
early with the signal duration. Therefore, the scale parameter
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FIG. 1. (a) Optogenetic control of Wnt signaling. In the absence of light, there is no Wnt signal and no expression of TopFlash g. When the
light is activated, Wnt target genes are expressed. We vary the duration t of the Wnt signal and measure the resulting gene expression g. (b) The
histograms over g are long-tailed, left-skewed, and unimodal; shown here for Wnt signal durations t = 5, 10, 15, and 20 h. Black lines show
the gamma distribution from Eq. (1), evaluated at the appropriate t . (c) The mean μg(t ) of each histogram scales linearly with the standard
deviation σg(t ). The black line shows the linear dependence predicted by Eq. (1). (d) Rescaling the histograms (dividing by the standard
deviation) shows a collapse of gene expression data. The collapsed data are described well by a gamma distribution with shape parameter
k̂ ≈ 2.88 ± 0.01 and unit variance (black line). (e) The mean gene expression μg(t ) grows linearly with time, as captured by Eq. (1) (black
line). Error bars show the standard deviation. (f) We can view our system analogously to a communication channel where input t is mapped to
output g via the noisy transmission probability p(g|t ).

θ (t ) ≈ at must also grow linearly with time, where we esti-
mate â = 23.0 ± 0.1 a.u. h−1. We add a small correction term
εe−t/τ to the scale parameter θ (t ) to fit the data in the regime
t � τ ≈ 1h (Appendix B).

We note that the gamma distribution was fit empirically and
is thus a phenomenological description of the data. We choose
it here due to its convenient parametrization. Other long-tailed
distributions, such as log-normal, may also fit the data well.
These long-tailed distributions, as well as the linear relation-
ship between the standard deviation and the mean, have been
suggested to hold universally for protein fluctuations among
cells in a population [5] and emerge in bottom-up stochastic
models of gene expression [26,27,58].

Next, we quantify how precisely we can reconstruct the
Wnt signal from the gene expression. Given the broad,
long-tailed distributions with substantial overlap between ex-
perimental conditions, we anticipate that the information
transmission in the pathway will appear limited.

III. INFERRING THE WNT SIGNAL FROM GENE
EXPRESSION IN SINGLE CELLS

We can view our system analogously to a communi-
cation channel t → g with transmission probability p(g|t )
[Fig. 1(f)]. As such, we quantify how much information about
the input t is captured by the output g using the mutual

information [12,59]:

I (g; t ) =
∫ ∞

0
dt

∫ ∞

0
dg p(g|t ) p(t ) log2

(
p(g|t )

p(g)

)
. (4)

This mutual information I (g; t ) captures (in bits) how much
we expect to learn about the Wnt signal by observing the
gene expression. For the rest of this manuscript, we use the
phrase “input signal” or “Wnt signal” to refer to the Wnt
signal duration t .

The mutual information requires knowledge of the dis-
tribution of input signals p(t ), also referred to as the prior
distribution [12,13,59]. A sensible prior distribution that fa-
vors no particular signal condition, like the experiment, is one
that is uniform over all available signals t ∈ [0,∞). For this
uniform prior, we obtain I (g; t ) ≈ 0.67 bits. Since 1 bit is the
minimum required to reliably distinguish two states (e.g., an
“on-off” switch), this result suggests that the gene expression
carries less than the information required to support even a
binary regulatory decision.

The numerical value of the mutual information can be
difficult to assess abstractly. It is bounded from above by the
entropy of the input distribution, which in turn depends on
the size of the state space of possible input signals. For exam-
ple, if the input distribution includes several discrete states,
a mutual information of 1 bit does not necessarily imply that
any two particular states are neatly distinguishable. Therefore,
it can be useful to employ quantities other than the mutual
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FIG. 2. (a) The input signal t∗ leads to a gene output g drawn
from the transmission probability p(g|t∗). Based on a measurement
of g, one can use the posterior distribution p(t |g) to infer the input
signal. (b) Decoding map p(1)(t |t∗) from Eq. (7), showing the average
probability assigned to t by the posterior p(t |g) given that the true
signal is t∗. Here, the input distribution p(t ) is uniform over all
possible signals t ∈ [0,∞)h.

information that allow us to more clearly identify which sig-
nals become confused in the information transmission from
input to output.

To do so, we ask how well one can infer the optogenetic
Wnt signal t from a measurement of the gene expression g.
This is captured by the posterior distribution p(t |g), which
one obtains from Bayes’ theorem, p(t |g) = p(g|t ) p(t )/p(g),
where p(g) = ∫ ∞

0 dt p(g|t )p(t ). With a uniform distribution
p(t ) over the interval t ∈ [0,∞), we find

p(t |g) = p(g|t )∫ ∞
0 dt ′ p(g|t ′)

≈ a(k − 1) p(g|t ), (5)

where the final expression is valid in the regime t � 1h. In
principle, features of the posterior p(t |g) can be used to quan-
tify the precision in this inference problem. Decoding errors,
such as the variance of inferred t around its true value, are
often used to quantify inference precision [60]. However, such
metrics rely on selecting a decoding rule, such as the posterior
mean or MAP estimate, which may be misleading when the
posterior p(t |g) is skewed, heavy-tailed, or multimodal [61].
Here, we use a decoding map to quantify our ability to decode
without subscribing to an estimator. Decoding maps have been
used to quantify positional precision from gap gene expres-
sion patterns in the early fly embryo [61,62].

The decoding map quantifies the average posterior p(t |g)
generated from a true input t∗. To construct the decoding map,
we consider a Markov chain in Fig. 2(a) and integrate out the
regulatory output through which we intend to infer

p(1)(t |t∗) =
∫ ∞

0
dg p(t |g) p(g|t∗). (6)

The superscript “(1)” refers to the fact that we are considering
gene expression from a single (N = 1) cell. While the benefit
of decoding maps is most obvious for multidimensional g,
where they provide a means to visualize the precision in the
inference in a two-dimensional object, they can also be useful

for scalar g: We will use them later to visualize the perfor-
mance of different signal encodings. If the gene expression
provides enough information to reconstruct the Wnt signal
accurately, the density p(1)(t |t∗) will be sharply peaked around
the diagonal t = t∗.

We can compute the distribution p(1)(t |t∗) analytically in
the regime t, t∗ � 1h, by inserting the posterior from Eq. (5)
into Eq. (6) and performing the change of variables g′ =
g(1/θ (t ) + 1/θ (t∗)), to obtain

p(1)(t |t∗) ≈ �(2k − 1)

�(k) �(k − 1)

(tt∗)k−1

(t + t∗)2k−1
. (7)

The distribution in Eq. (7) is a beta-prime distribution, and
the normalizing constant can be identified as a beta-function
B(k, k − 1) = �(k) �(k − 1)/�(2k − 1) [63]. We plot the de-
coding map in Fig. 2(b) and observe that the width of the
decoding map broadens linearly with the Wnt signal duration
t∗. This suggests that absolute decoding errors also grow pro-
portional to t∗, while relative errors remain constant.

Next, we ask how reliable information transfer from Wnt
to a single target gene could be possible. To do so, we
note that the mutual information between the Wnt signal and
gene expression depends not only on the channel p(g|t ),
which we take as given from the experimental data, but also
on how one chooses the input signals p(t ).

IV. OPTIMAL ENCODING OF WNT SIGNALS USES
A DISCRETE DISTRIBUTION

As a first step toward optimizing the signal distribution, we
focus on a binary input distribution consisting of a Wnt “off”
state (t = 0h) and a single Wnt “on” state of duration t = �th
[Fig. 3(a)]. We explore this setup, since for noisy channels
with limited capacity (on the order of 1 bit or less), an effi-
cient coding strategy is to use two maximally distinguishable
signal states [12,64–67]. We find that an optogenetic Wnt
signal of approximately �t ≈ 10h is necessary to reliably
distinguish the “on” state from the “off” state, approaching
the information-theoretic upper bound I (g; t ) � 1 bit.

This finding is of biological interest: cells may use Wnt
signaling to make binary cell-fate decisions, for example, be-
tween remaining undifferentiated or committing to mesoderm
[33]. In this context, our results suggest that such a binary
decision is only reliable if the Wnt “on” signal persists for
durations longer than ∼10h. This timescale is biologically
realistic and lies well within the doubling time of the cells (ca.
20–30 h [68–70]). In addition, recent work in the intestinal
crypt has shown that stem cells commit to differentiation after
Wnt signaling is lost for ca. 10 h [50]. This observation sug-
gests that a binary encoding scheme, based on the sustained
presence or absence of Wnt signaling, could have biological
relevance.

Next, we optimize the signal distribution p(t ) to obtain
the maximally achievable mutual information or channel
capacity:

I� = max
p(t )

I (g; t ). (8)

The capacity-achieving distribution p�(t ) tells us how to en-
code Wnt signals to create maximally distinguishable gene
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(a)

(b)

FIG. 3. (a) Binary input distribution of optogenetic Wnt signals,
containing (i) an “off” state of t = 0h and (ii) an “on” state of
t = �th. (b) Mutual information I (g; t ) as a function of the duration
�t of the on state. Results from the data (blue) and predictions
from the gamma distribution in Eq. (1) (black) are shown. Error
bars obtained via subsampling. The upper bound I � 1 (gray line)
corresponds to perfect distinguishability of the on and off states.

expression outcomes within the noisy constraints. In most
cases, this optimization is analytically intractable. Instead, we
optimize numerically using the Blahut-Arimoto (BA) algo-
rithm [71,72]. The algorithm converges to a discrete solution
[Fig. 4(a)]: The optimal encoding of optogenetic Wnt signals
selects a set of three discrete signals (or “symbols”) at t1, t2,
and t3. We obtain a capacity of

I (1)
� ≈ 1.12 bits, (9)

FIG. 4. (a) Optimal encoding of optogenetic Wnt signals for
single cells: the Blahut-Arimoto algorithm converges to a discrete
solution p(1)

� (t ), consisting of three optimally distinguishable Wnt
signal durations or “symbols.” (b) Decoding map p(1)

� (t |t∗) obtained
using the optimal prior: at the cost of discretizing the space of input
signals, we gain distinguishability [cf. Fig. 2(b)].

which is a significant improvement over the naive uniform
encoding.

Convergence of the BA algorithm to the discrete solution
p�(t ) is slow compared to the convergence to the information
capacity I�, especially if the density of symbols is high. We
can exploit the knowledge that p�(t ) is discrete to significantly
accelerate convergence to the optimal solution [52,73,74]. To
initialize the distribution, we use a weighted sum of K delta
functions, representing K discrete symbols:

p�(t ) =
K∑

i=1

wiδ(t − ti ). (10)

We iteratively optimize their locations ti using gradient de-
scent, while updating the weights wi using a BA-type update
rule. To find the optimal K , we use lower and upper bounds
to the information capacity to either add or remove a delta
function after convergence (Appendix C).

It is interesting to note that under noisy conditions, nontriv-
ial inputs beyond binary “on/off” encoding may be optimal
for cells using Wnt signaling. The decoding map in Fig. 4(b)
visualizes the way the optimal encoding improves information
transmission: Even though the input signals are not perfectly
distinguishable based on their outputs, information transmis-
sion is improved compared to a binary input distribution
containing two (almost) completely distinguishable states.

V. DECODING FROM N OUTPUTS

We pursued the above analysis under the assumption that
the probability with which a particular cell expresses a tar-
get gene g is set by the observed experimental response of
TopFlash. However, the distribution of TopFlash observed in
our cell culture may be noisier than a biologically relevant
output of cells in realistic tissue settings [75–77]. Therefore,
we ask in this section how our analysis changes if the biolog-
ically relevant output is systematically more precise than the
TopFlash distributions we observe. For example, cells might
communicate output with neighbors via surface signaling or
molecular exchange, or have access to multiple regulatory
targets. If the observed TopFlash distribution is representative
also of other such outputs, we can think of these extra outputs
as additional samples from the same distribution.

We consider N gene expression outputs g =
(g1, g2, . . . , gN ), where each output gi is sampled from a
gamma distribution, and use g to decode the Wnt signal
t . This can correspond to, for example, cells producing N
regulatory outputs; alternatively, cells may have access to the
mean output of N neighbors, ḡ = ∑N

i=1 gi/N , through cell-cell
communication. Mathematically, it turns out that both options
are equivalent. If the responses gi are independent, one can
show that the sample mean ḡ is a sufficient statistic, implying
that all information contained in g about the input signal t is
preserved in ḡ (Appendix D). Indeed, for the HEK293T cells
in our experiment, we find negligible correlation between
TopFlash expression of neighboring cells (Appendix E).
Hence, the mutual information satisfies I (ḡ; t ) = I (g; t ) and
decoding is identical p(t |ḡ) = p(t |g). Therefore, we can
consider the sample mean ḡ of N cells in what follows.

013296-5



WITTEVEEN, ROSEN, LACH, WILSON, AND BAUER PHYSICAL REVIEW RESEARCH 8, 013296 (2026)

(a) (b) (c)

FIG. 5. (a) We show the information capacity achieved by the optimal encoding of Wnt signals (red line), and show convergence to
analytical results in the small- and large-noise regimes. (b) The optimal code for Wnt signaling consists of a discrete number of symbols (blue
dots). As the effective noise decreases, the optimal number of symbols increases, and approaches a continuous optimal code p(∞)

� (t ) with
a heavy tail that decays as ∼1/t . The color of the markers (blue shade) indicates the relative probability mass of the symbols: darker blue
indicates a higher probability mass. (c) Decoding maps visualize how encoding strategies affect signal inference. Shown are decoding maps
p(N )(t |t∗) for ensembles of N = 2 (top row) and N = 10 (bottom row) cells. A uniform prior over opto-Wnt signals (left column) leads to
broad posterior distributions, while the optimized discrete choice of signals (right column) yields more distinguishable responses and higher
mutual information I (N )

� (ḡ; t ), at the cost of discretizing the space of input signals.

Since ḡ is the mean of N identically gamma-distributed
random variables with shape parameter k and scale parameter
θ (t ), its distribution is also gamma, with shape parameter Nk
and scale parameter θ (t )/N . The distribution of ḡ given a Wnt
signal t is thus

p(ḡ|t ) = 1

�(Nk)(θ (t )/N )Nk
ḡNk−1e−Nḡ/θ (t ). (11)

The mean and variance are given by μḡ(t ) = kθ (t ) and
σ 2

ḡ (t ) = kθ (t )2/N , respectively; as such, N in Eq. (11) not
only represents an integer number of samples, but can also
be seen as a continuous parameter that changes the effective
noise by a factor of 1/

√
N .

We now ask how the mutual information and decoding
change as we increase N . We can expect the mutual informa-
tion to scale asymptotically as I ∼ (1/2) log2N (Appendix F).
We confirm this scaling for both a prior distribution p(t ) that is
uniform and one that is optimized [Fig. 5(a)]. The mutual in-
formation using the binary prior, where our input is restricted
to two signal durations, is limited by definition to 1 bit and
is not a good choice for maximizing the mutual information
when the effective map from input to output becomes more
precise. However, in regimes where the noise is large (N � 1),
a binary encoding comes close to achieving the information
capacity.

In the limit of large N , or small effective noise, one
can derive an analytic expression for the optimal p(t )
[6,13,62,78–82]. In this small-noise approximation, we as-
sume that p(ḡ|t ) is a narrow Gaussian distribution, and that
we can calculate p(t |ḡ) by performing an expansion (Ap-
pendix F); then, taking a variational derivative of I (ḡ; t ) with
respect to p(t ), one finds

p(∞)
� (t ) ∝ 1

σḡ(t )

∣∣∣∣dμḡ(t )

dt

∣∣∣∣. (12)

Since both μḡ(t ) and σḡ(t ) grow linearly with t for longer Wnt
signals, it follows from Eq. (12) that the tail of p(∞)

� (t ) decays
as ∼1/t .

As expected, the small-noise approximation approaches
the information capacity from below [Fig. 5(a)] and is a good
approximation for N � 20. Notably, we can show that this
optimal continuous encoding from the small-noise limit in
Eq. (12) is equivalent to the Jeffreys prior (Appendix F).
The Jeffreys prior is a noninformative prior that is invariant
to changes in parametrization, defined as pJ(t ) ∝ |I (t )|1/2,
where I (t ) is the Fisher information [83]:

I (t ) =
∫ ∞

0
dḡ p(ḡ|t )

(
∂ ln p(ḡ|t )

∂t

)2

. (13)

Indeed, it is known that in the limit of an infinite number
of identical, independent trials of the same experiment (i.e.,
N → ∞), the prior that maximizes the mutual information
between input and output converges weakly to the Jeffreys
prior [84].

Next, we investigate how the numerically optimized prior
p(N )

� (t ) changes as N increases. Since we know that the op-
timal prior consists of three discrete symbols for N = 1 and
should approach the continuous distribution in Eq. (12) for
large N , we expect that it will admit an increasing number of
symbols as N increases. We find that this is indeed the case:
Figure 5(b) shows a bifurcationlike diagram of the positions
and weights of the optimal prior distribution, where symbols
split into two and additional symbols are added as N increases.
For high N , the density of the symbols starts approach-
ing the optimal distribution p(∞)

� (t ) from the small-noise
approximation.

As before, we visualize how the optimization improves
decoding performance and the mutual information with de-
coding maps [Fig. 5(c)]. Unlike the uniform prior, which leads
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FIG. 6. The exact duration of individual symbols does not need
to be fine-tuned. (a) For N = 2, the optimal prior consists of K = 4
symbols [cf. Fig. 5(b)]. We vary the positions of two symbols t2 and
t3, while keeping their weights fixed. (b) Information I (ḡ; t ) (color-
shade) shows a broad optimum (red star) as a function of the position
of peaks t2 and t3. (c) The Hessian matrix [Eq. (14)] has a sloppy
spectrum that widens as N increases: Symbols at longer durations
become more sloppy and symbols at shorter durations become more
stiff.

to smoothly narrowing posteriors as N increases (approach-
ing a Gaussian for large N), the optimized prior increases
the mutual information by admitting more discrete symbols.
The optimal number of symbols K in the optimal prior
p(N )

� (t ) follows an asymptotic scaling law I� ∼ (3/4) log2K ,
consistent with recent literature (Appendix G) [52,74]. The
discretization enables better distinguishability between in-
puts, as illustrated by increased activity along the diagonal
of the decoding map. At the same time, the optimal prior
does not achieve perfect distinguishability of symbols, re-
flected by the remaining off-diagonal activity. The optimal
input distribution, like in the N = 1 case, finds a balance
between distinguishability and adding additional symbols. An
alternative strategy is to encode fewer symbols K ′ < K than
optimal, and approach the bound log2K ′ bits: This leads to
better distinguishability but does not achieve the maximum
mutual information.

The fact that the optimal input distribution is discrete is
interesting: there may be biological situations in which cells
want to distinguish between a discrete number of cell fates,
such as the different germ layers. In practice, cell fates are
regulated by complex networks of multiple input signals and
genetic targets, a more intricate setting than the one we study
here. It is therefore not clear if our optimal input distribution
carries direct biological meaning. Yet, it is conceivable that
also for these more complex input spaces, discrete inputs are
optimal and it is therefore interesting to investigate if cells
attempt to map signals they receive to discrete input states.
We also note that the optimal input distribution is one that
permits slight errors, which suggests that some uncertainty in
inference of signals is inherently part of optimal information
processing; as such, some observed cellular noise in differen-
tiation could be part of an information-maximization strategy.

We observe that the numerical optimization for the optimal
prior distribution converges more quickly to the correct value
of the mutual information than to the correct number of delta

functions K and their positions ti, especially as N becomes
larger [52]. This implies that the information landscape at the
optimum is smooth, and has some directions where parame-
ters for the prior distribution still change while the optimum
is almost attained. These directions are typically referred to as
“sloppy” directions [34,35] and their presence has important
implications for the ability of biological systems to show vari-
ability in parameter space, even at the optimum [85]. Indeed,
in Fig. 6(a) we show the mutual information for N = 2 as a
function of the positions of two out of four delta functions
and observe a broad optimum with different sensitivities de-
pending on the direction one moves away from the optimum.

The sloppiness can be quantified using the Hessian matrix
of the cost-function, in this case the mutual information I (ḡ; t )
for a given N [62,85]. Calculating this Hessian can be numer-
ically difficult. Here, we have access to the functional form of
the probability distribution p(g|t ), and can therefore calculate
the Hessian with respect to the positions ti of the discrete sym-
bols in the optimal encoding p(N )

� (t ) (Appendix H). Writing
p(N )

� (t ) as in Eq. (10), the Hessian matrix becomes

χi j = ∂2I (ḡ; t )

∂ti∂t j
= wi

ln 2

∫ ∞

0
dḡ

{
δi j

[
∂2 p(ḡ|ti )

∂t2
i

ln

(
p(ḡ|ti )
p(ḡ)

)

+ 1

p(ḡ|ti )
(

∂ p(ḡ|ti )
∂ti

)2]
− w j

p(ḡ)

∂ p(ḡ|ti )
∂ti

∂ p(ḡ|t j )

∂t j

}
.

(14)

The eigenvectors of χ determine directions in parameter space
ti that have independent effects on the mutual information,
and the eigenvalues λi tell us the sensitivity along these di-
rections. We evaluate the Hessian at the stationary point that
maximizes I (ḡ; t ). After diagonalization, we indeed observe
a sloppy spectrum [Fig. 6(b)], with eigenvalues spanning ca.
two decades. The most stiff eigendirections correspond to the
shorter durations, where the density of symbols is highest.
As N increases, the spectrum broadens: symbols at longer
durations becoming more sloppy, and those at shorter dura-
tions become more stiff. Practically, the fact that the optimal
prior is sloppy implies that the optimal signal encoding does
not need to be fine-tuned [62,85]; this could indeed be one
advantage of information transmission using channels with
similarly long-tailed distributions of gene expression outputs.

In deriving Eq. (14), we assumed weights wi are fixed; al-
ternatively, one can keep the weights optimized while varying
the position of the symbols. In that case, we also obtain a
sloppy spectrum (Appendix H). We emphasize that Eq. (14)
(and the extension for variable weights in Appendix H) are
general and can be used to obtain the sensitivity spectrum of
a discrete prior for any choice of transmission probability.

VI. DISCUSSION

In this work, we optimized information transmission from
optogenetic Wnt signals to (representative) Wnt target gene
expression. We measured expression of a fluorescent reporter
in a HEK cell line for different optogenetic signal durations,
and found that gamma distributions with a constant shape
parameter describe the output distributions well across differ-
ent input conditions. We calculated the distribution of input
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signals that maximizes information transfer and found that it
consists of a discrete set of signals that allows for optimal
decoding from the output. We also explored how this optimal
set of signals would change if cells had access to multiple
instances of the output we measure: for example, because
they average multiple genetic outputs or exchange outputs
with neighboring cells. As the effective noise decreases, the
optimal input distribution evolves from three discrete symbols
to a continuous distribution: We showed that the latter can be
obtained from the small-noise approximation or, equivalently,
the Jeffreys prior. Using decoding maps, we visualized how
the optimal choice of optogenetic inputs improves signal in-
ference, and finally, we showed that the optimal signals do
not need to be fine-tuned. In the following, we discuss the
biological and theoretical impact of our findings.

a. Discrete Wnt input signals. The canonical Wnt signaling
pathway is active in different types of cells, often with the
goal to direct mammalian cells toward differentiation. The
effective features of Wnt signals that cells respond to depend
on context and may include absolute or relative concentra-
tions, thresholds, timers, and combinatorial interactions with
other signaling pathways. Here, we focus on the Wnt signal
duration as a potential input, since it can be precisely con-
trolled in our optogenetic setup. Durations of Wnt signals
may have developmental relevance, particularly in the con-
text of organoid development [41–43,50]. We found that two
Wnt input signals (a binary prior) provide more information
than a uniform distribution when cells have to decide based
on a single output: When the Wnt input is either no signal
or a signal lasting at least ca. 10 h, the output expression
is precise enough to reliably distinguish between the two.
Such a binary response between two states, e.g., cell differ-
entiation or remaining in the undifferentiated state, could be
relevant for Wnt biologically [86,87]. This timescale of ca.
10 h could also be biologically reasonable: it fits well within
a cell’s division cycle, and connects to recent findings in
gut cells, where differentiation is triggered only after Wnt
signal loss lasting about 10 h, while shorter transient losses
leave cells undifferentiated [50].

Our work to infer optimal priors would imply, in analogy
with ideas with efficient coding, that cells either experience
strongly different Wnt signals, or map the Wnt signals they
experience onto signals that are strongly differentiable. This
idea is similar to ideas from optimal parameter inference with
limited data [52]. While it is unclear whether this happens
biologically, it is interesting to observe that both recent work
on differentiation timers [50], as well as clustering of cells
with similar inputs [88], could suggest that cells indeed try to
map the input they receive onto clear binary states (here, the
presence or absence of Wnt). In our analysis, we find that cells
could, in principle, resolve a third, intermediate state as well.
We do not know whether this additional state is used as such
in vivo, but it seems possible that multiple Wnt input states can
be decoded in some contexts [89,90] and it is interesting that
this possibility emerges purely from the distributions observed
in the experiment and a model-free optimization framework.

In addition to suggestions for what signals cells may
receive naturally, our work also has meaning from an en-
gineering perspective: the optimal optogenetic signals we
infer could be used with the goal to engineer signals that

populations of cells will be able to respond to precisely.
This could be interesting also in the context of synthetic
development.

b. Optimal priors for systematically lower noise, connec-
tions to population coding, and decoding maps. Our work
connects to previous work on optimizing information trans-
mission in gene regulation. That a binary prior (or switch)
can optimize transmission for noisy systems has also pre-
viously been discussed in the context of genetic networks
[62,66,67,80]. An interesting and perhaps more surprising
finding of our work is the increasing number of discrete sig-
nals as the effective noise in the signaling pathway decreases:
While the precise phase diagram of symbols depends on the
underlying distribution, in general, additional symbols emerge
as the noise decreases since the Shannon-optimal prior bal-
ances complexity with the ability to resolve different input
signals. Reference [52] showed this effect in the context of
Bayesian inference, to predict what models should be in-
ferred for noisy data; in our work, it is either the cell or the
engineer that would employ the optimal priors for reliable
signal processing. The fact that there is sloppiness of the exact
positions of these signals can make near-optimal information
transmission easier than expected.

We investigated signaling via multiple cells or outputs as
a way to improve information transmission; this is equivalent
to using multiple communication channels and is related to
population coding in neural systems [91–93]. An alternative
approach to consider if information transmission from signals
to outputs is higher than observed is to consider repeated
stimuli on single cells: indeed, recent work shows that single
cells responding to repeated optogenetic stimuli show a more
reproducible output—higher mutual information—compared
to population-level measurements [94].

To visualize how the encoding of input signals influences
inference, we use decoding maps alongside the mutual infor-
mation. They are reminiscent of recurrence plots for nonlinear
dynamical systems, showing at what times a dynamical sys-
tem reverts to a state it has visited before. Recurrence plots can
be viewed as a measure of the “predictability” of the system
[95], similar to how decoding maps can visualize ambiguity in
inference from multimodal posterior distributions [61,62]. In
our case, the decoding maps visualize how the optimal encod-
ing discretizes the input space to improve distinguishability
between signals, and how signal inference becomes more
precise as the effective noise decreases.

c. Outlook and future work. Our work is directly applicable
to gene expression responses that follow gamma distribu-
tions, and we expect qualitatively similar results for other
long-tailed distributions that are commonly observed for gene
expression [5,26,27,58]. This suggests that the implications
of our work may go beyond Wnt signaling. Our systematic
reduction of noise would also predict for those signaling
pathways that discrete input distributions maximize infor-
mation flow. While we do not know whether these discrete
intermediate durations are a relevant input in vivo, Wnt/β-
catenin systems exhibit multistate dynamic decoding in other
contexts, and developing embryoid systems pass through in-
termediate Wnt activity states during patterning [89,90]. In
the context of general gene regulatory responses, it seems
possible that smooth inputs are mapped onto a discrete but
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not infinite number of outputs, such as a finite number of
segments in the fly embryo body plan: In this context, it
may be beneficial to map signal inputs onto different discrete
states. A more detailed investigation of evidence of the use
of discrete signal priors in gene regulatory or other biological
contexts is an interesting direction for future work.

Our work relates closely to the problem of selecting ef-
fective models that maximize the information extracted from
finite data, as discussed in Ref. [52]. In their framework, this
corresponds to choosing a Bayesian prior that maximizes the
mutual information between parameters and predictions. In
our system, there are two concrete applications: First, the
optimal prior can predict signal durations that should be used
in synthetic, engineered experiments if cells are to respond
distinguishably. Second, if cells operate consistent with the
model selection work of Ref. [52], the cell itself should map
the signal onto a discrete state space to optimally extract
information. It will be interesting to explore the optimal input
distributions in multi-input settings [33,96,97] in the future.
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APPENDIX A: EXPERIMENTAL METHODS

Human 293T cells were cultured at 37 ◦C and 5%
CO2 in Dulbecco’s Modified Eagle Medium, high glu-
cose GlutaMAX (Thermo Fisher Scientific, 10566016)
medium supplemented with 10% fetal bovine serum (At-
las Biologicals, F-0500-D) and 1% penicillin-streptomycin
(Thermo Fisher Cat. No. 15140-122). Clonal 293Ts con-
taining CRISPR tdmRuby3-β-cat, oLRP6-Puro (AddGene
ID: 249712), and pPig-8X-TOPFlash-tdIRFP-Puro (AddGene
ID: 249713) were obtained from Dr. Ryan Lach’s previous
experiments [24,25].

We seeded these cells onto a 96-well glass-bottom plate
(Cellvis Cat. No.: P96-1.5H-N) coated with fibronectin
(Thermo Fisher Cat. No.: 33010018) in Dulbecco’s Modi-
fied Eagle Medium, high glucose GlutaMAX (Thermo Fisher
Scientific, 10566016) medium supplemented with 10% fe-
tal bovine serum (Atlas Biologicals, F-0500-D) and 1%
penicillin-streptomycin. Cells were allowed to adhere to the
plate for 24 h. Afterward, cells were stimulated via a benchtop
LED array purpose-built for light delivery to cells in stan-
dard tissue culture plates (LITOS) [57]. Light was patterned
to cover the entire surface of intended wells of plates used,
rather than a single microscope imaging field. Post-LITOS

stimulation, cells were moved into dark conditions for 4 h
to ensure the Wnt pathway was properly deactivated prior
to imaging. After 4 h, cells were then imaged using a Nikon
W2 SoRa spinning-disk confocal microscope equipped with
an incubation chamber maintaining cells at 37 ◦C and 5%
CO2. We then used our previously published image analysis
pipeline (methods, image analysis from Ref. [25]). We quan-
tified the TopFlash-tdiRFP fluorescent intensity (measured in
arbitrary units, a.u.) by taking the median pixel value for each
individual segmented cell; we refer to this quantity as g. The
data from the experiment are openly available in Ref. [98],
along with the code used for its analysis [99].

We analyzed g for populations of ca. 1500 ± 800 cells that
were optically stimulated for up to 24 h, which is of order
of the doubling time of 293T cells (20–30 h [68–70]). We
included data of up to until 20 h in this experiment, since 20 h
is on the lower end of possible cell cycle estimates, and we ob-
serve a clear linear increase of mean TopFlash expression with
time in this time frame. After 1–3 division cycles, cells grow
beyond the volume of the plate, and tracking becomes more
difficult as this time frame is approached. Therefore, a time
frame of ca. 20 h marks both a natural end to our experiment
and lies well within the regime of reliable experimental data
acquisition. Finally, we note that cell division is negligible
during ca. 4-h cooldown window after the Wnt signal, since
only ca. 15% of cells are expected to divide in this time
frame. We therefore expect no decay of TopFlash intensity in
this regime, and TopFlash accumulation has been found to be
stable in similar experiments even for over 10 h after the end
of the Wnt “on” condition; for details on TopFlash dynamics,
we refer to Ref. [25]. Analysis from the smaller dataset of
Ref. [25] (not shown) suggests that TopFlash distributions at
longer cool-down windows are also gamma-distributed with
the same shape parameter k but different scale parameters;
since most analytic results in our manuscript depend explicitly
on k, our results do not sensitively depend on the cool-down
window and could easily be extended to others.

APPENDIX B: FITTING THE GENE EXPRESSION DATA

Gene expression distributions observed in cell cultures are
frequently long-tailed, and have been successfully modeled
using, e.g., gamma, negative binomial, or log-normal dis-
tributions [5]. These choices are not only empirically well
matched to the data, but also mechanistically plausible in sys-
tems where gene expression is shaped by multiple interacting
timescales [26,27,58]. In our case, we find that our distribu-
tions are particularly well described by a gamma distribution:

p(g|k, θ (t )) = 1

�(k)θ (t )k
gk−1e−g/θ (t ), (B1)

parametrized by a constant shape parameter k and a time-
dependent scale parameter θ (t ). In fact, one can show that
this parametrization is our only choice given that the mean
μg(t ) and standard deviation σg(t ) are directly proportional
[Fig. 1(c)]. Our aim here is to estimate k and θ (t ) from the
data using a maximum-likelihood estimate.

We denote the data for TopFlash as gi j and the signal
durations as ti, where i = 1, . . . , n and j = 1, . . . , mi. The ith
experimental condition is populated by mi different cells at
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the end of the experiment. We first consider the regime where
θ (t ) ≈ at . Thus, our task is to estimate k and a. The likelihood
function is given by

L(k, a) =
n∏

i=1

mi∏
j=1

p(gi j |k, a, ti ), (B2)

and hence our log-likelihood is

ln(L(k, a)) =
n∑

i=1

mi∑
j=1

ln(p(gi j |k, a, ti ))

=
n∑

i=1

mi∑
j=1

[
− ln(�(k)) − k ln(a) − k ln(ti )

+ (k − 1) ln(gi j ) − gi j

ati

]
. (B3)

Setting

∂ ln(L)

∂a

∣∣∣∣
k̂, â

= 0, (B4)

we obtain

â = 1

k̂

(
1∑n

l=1 ml

n∑
i=1

mi∑
j=1

gi j

ti

)
. (B5)

Further, setting

∂ ln(L)

∂k

∣∣∣∣
k̂, â

= 0, (B6)

we get

ψ (0)(k̂) = ln(k̂) + 1∑n
l=1 ml

n∑
i=1

mi∑
j=1

[
− ln(gi j )

+ ln

(
1∑n

r=1 mr

n∑
p=1

mp∑
q=1

gpq

tp

)
+ ln(ti)

]
, (B7)

where ψ (0)(k) = d ln(�(k))/dk is the polygamma function of
order 0. We can solve this numerically for k̂ without too much
trouble, though we can continue analytically to very good
approximation using the asymptotic expansion:

ψ (0)(k) ∼ ln(k) −
∞∑

l=1

Bl

lkl
. (B8)

Here, Bl are Bernoulli numbers with the convention B1 = + 1
2 .

Keeping the first two terms in the sum, we obtain the follow-
ing estimator for k:

k̂ =
1 +

√
1 + 4

3C

4C
, (B9)

where

C = 1∑n
l=1 ml

n∑
i=1

mi∑
j=1

[
− ln(gi j )

+ ln

(
1∑n

r=1 mr

n∑
p=1

mp∑
q=1

gpq

tp

)
+ ln(ti )

]
. (B10)

We obtain, using Eqs. (B5) and (B9),

k̂ = 2.88 ± 0.01, (B11)

â = 23.0 ± 0.1 h−1, (B12)

where the error is obtained using the asymptotic normality of
maximum-likelihood estimators.

If we take the scale parameter to be θ (t ) = at , the gamma
distribution in Eq. (B1) has a singularity at t = 0. The sin-
gularity is not physical, as it implies that any signal t > 0
is perfectly distinguishable from t = 0, and more importantly
does not match the experimental data in this regime. To reg-
ularize the behavior of p(g|t ) near t = 0, we add a small
exponential term to the scale parameter:

θ (t ) = a(t + εe−t/τ ), (B13)

where ε̂ = 0.86h and τ̂ = 0.87h are positive constants that we
estimate from the data. The mean and variance are therefore
given by

μg(t ) = ka(t + εe−t/τ ), (B14)

σ 2
g (t ) = ka2(t + εe−t/τ )2, (B15)

respectively. At times t � τ , the exponential term becomes
irrelevant and we recover θ (t ) ≈ at .

APPENDIX C: ALGORITHM FOR COMPUTING THE
CHANNEL CAPACITY

We want to maximize the mutual information I (g; t ) with
respect to the input distribution p(t ):

I� = max
p(t )

I (g; t ), (C1)

where I� is the channel capacity and p(g|t ) is fixed. In most
cases, this optimization is analytically intractable and we must
proceed numerically. The BA algorithm is the standard al-
gorithm for solving this problem [71,72]. One starts with an
initial guess p(0)(t ) for the input distribution, and with each
iteration it is updated as follows:

p(τ )(t ) = 1

Z (τ−1)
p(τ−1)(t ) e f (τ−1)

KL (t ), (C2)

where

f (τ )
KL (t ) =

∫ ∞

0
dg p(g|t ) ln

(
p(g|t )

p(τ )(g)

)
(C3)

and

p(τ )(g) =
∫ T

0
dt p(g|t ) p(τ )(t ). (C4)

Practically, we restrict ourselves to a finite domain t ∈ [0, T ],
where T is the maximum signal duration.

After τ iterations, the lower bound to the channel capacity
is given by

I (τ )
L = 1

ln 2

∫ T

0
dt p(τ )(t ) f (τ )

KL (t ), (C5)
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and an upper bound is given by

I (τ )
U = max

t

f (τ )
KL (t )

ln 2
. (C6)

As such, we iterate until convergence

I (τ )
U − I (τ )

L < ε (C7)

and use I� ≈ I (τ )
L and p�(t ) ≈ p(τ )(t ) as our estimates for the

channel capacity and the optimal input distribution, respec-
tively. The optimization problem in Eq. (C1) is convex and
guaranteed to converge to the global maximum [12].

As shown in Fig. 4 and as noted by Mattingly et al.
[52], convergence to a discrete solution in the interior
of the domain t ∈ [0, T ] is rather slow compared to the
boundaries, especially when there is high density of delta
functions. To overcome this, we can exploit the knowledge
that p�(t ) is discrete by starting with a sum of K delta
functions:

p(t ) =
K∑

i=1

wiδ(t − ti ) (C8)

and adjusting the weights wi and positions ti iteratively. Start-
ing with K equally spaced delta functions, we use the BA
algorithm to adjust the weights wi until convergence. After
this, we use the gradient

∂I

∂ti
= wi

ln 2

∫ ∞

0
dg

∂ p(g|ti )
∂ti

ln

(
p(g|ti )
p(g)

)
(C9)

to adjust the positions ti. Iterating the adjustment of the
weights via the BA algorithm and the positions by gra-
dient ascent, we can converge to the optimal discrete
solution.

In contrast to the BA algorithm, the optimization over wi

and ti is not convex: in particular, it depends on the number
of peaks K we define beforehand. After convergence, we can
compute fKL(t ) everywhere in the domain. If maxt fKL(t )
is greater than fKL(t ) evaluated at any of the peaks ti, we
have to add another delta function [52]. This way, we en-
sure that (1) we have converged to the global maximum
and (2) that we have used the optimal number of delta
functions.

The accompanying code [99] includes a self-contained ex-
ample for computing the channel capacity using the procedure
above.

APPENDIX D: SUFFICIENT STATISTICS
FOR INDEPENDENT, IDENTICAL,

GAMMA-DISTRIBUTED VARIABLES

We find that there is negligible spatial correlation in the
gene expression g (Appendix E). Hence, we can treat the cells
as responding independently conditional on the Wnt signal t .
Below, we show that when one considers a group of N cells,
the arithmetic mean ḡ is a sufficient statistic for the signal
duration t . That is, ḡ contains as much information about t
as the whole dataset g, as claimed in the main text.

A single cell i in a group of N cells exposed to a Wnt signal
of duration t responds independently by expressing output
gi ∼ Gamma(k, θ (t )). Hence, the likelihood function for the

group of N cells is given by

p(g|t ) =
N∏

i=1

p(gi|t ) (D1)

=
∏N

i=1 gk−1
i

�(k)Nθ (t )Nk
e− ∑N

i=1 gi/θ (t ). (D2)

In Sec. V, we claim that the arithmetic mean ḡ ≡ 1
N

∑N
i=1 gi is

a sufficient statistic for t . A quick way to see this is by observ-
ing that Eq. (D2) satisfies Fisher-Neyman factorization [100].
That is, it can be written in the form p(g|t ) = h(g) f (ḡ, t )
for nonnegative functions h and f , from which the defining
property p(g|ḡ, t ) = p(g|ḡ) follows. Below, however, we de-
rive this property explicitly.

The likelihood of ḡ conditioned on t can be written as

p(ḡ|t ) = 1

�(Nk)(θ (t )/N )Nk
ḡNk−1e−Nḡ/θ (t ), (D3)

which follows from the addition of N independent and
gamma-distributed random variables. Using Bayes’ theorem,
we obtain

p(g|ḡ, t ) = p(g|t )

p(ḡ|t )
. (D4)

Substituting Eqs. (D2) and (D3) into the above equation, we
get

p(g|ḡ, t ) =
∏N

i=1 gk−1
i

ḡNk−1

�(Nk)

(Nk�(k))N
= p(g|ḡ) (D5)

as required. The last equality follows as all t dependence has
been canceled out.

Sufficiency of ḡ also implies the posterior distributions
p(t |g) and p(t |ḡ) are identical. This can be seen by apply-
ing Bayes’ theorem p(t |g) = p(g|t ) p(t )/p(g). Substituting
p(g|t ) = p(g|ḡ) p(ḡ|t ) and p(g) = p(g|ḡ) p(ḡ), we obtain

p(t |g) = p(ḡ|t )p(t )

p(ḡ)
= p(t |ḡ) (D6)

as required.
We can also show that the mutual information satisfies

I (t ; g) = I (t ; ḡ). This makes precise the statement that the
statistic ḡ contains as much information about the signal t as
the whole dataset g. To show this, we use the data-processing
inequality for the mutual information in two ways. First, as ḡ
is a function of the dataset g, we must have

I (t ; g) � I (t ; ḡ). (D7)

Second, we have just shown that p(g|ḡ, t ) = p(g|ḡ). This im-
plies that we have a Markov chain t → ḡ → g, to which we
can also apply the data-processing inequality:

I (t ; g) � I (t ; ḡ). (D8)

Together, these inequalities imply that I (t ; g) = I (t ; ḡ), as
required.

Finally, we can show that the decoding maps pg(t |t∗) and
pḡ(t |t∗) are identical. Starting with pg(t |t∗), we can introduce
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FIG. 7. There are negligible spatial correlations between re-
sponses g to the optogenetic Wnt signal. Here, we show data from
a repeat experiment for t = 12.5 h. (a) Scatterplot showing TopFlash
expression g vs the expression of the nearest neighboring cell,
gnn. (b) Mutual information I (g; gnn) and I (g; gscr ), where gscr is a
scrambled permutation of g, as a function of inverse sample size.
Extrapolating to infinite sample size we obtain I (g; gnn) ≈ 0.2 bits
and I (g; gscr ) ≈ 0.1 bits, which are negligible compared to the joint
entropies H (g, gnn) ≈ 21.0 bits and H (g, gscr ) ≈ 21.1 bits.

an integral over ḡ using the law of total probability:

pg(t |t∗) =
∫ ∞

0
dg p(t |g) p(g|t∗) (D9)

=
∫ ∞

0
dg

∫ ∞

0
dḡ p(t |g) p(g|ḡ) p(ḡ|t∗). (D10)

By changing the order of integration and using the fact that
p(t |g) = p(t |ḡ), we obtain

pg(t |t∗) =
∫ ∞

0
dḡ p(t |ḡ) p(ḡ|t∗)

∫ ∞

0
dg p(g|ḡ) (D11)

= pḡ(t |t∗). (D12)

As such, the decoding maps are identical whether we consider
the gene expression in the whole group g or just the mean
expression ḡ.

APPENDIX E: NEGLIGIBLE SPATIAL CORRELATIONS
IN TOPFLASH EXPRESSION

In the main text, we consider the vector response g of a
group of N cells to an optogenetic Wnt signal of duration
t . We treated each response as independent. To justify this
assumption, we investigate here whether there are spatial cor-
relations; specifically, whether the TopFlash response g of
a particular cell is correlated to that of its nearest neighbor
gnn. Indeed, we find no significant correlation between g and
gnn: The results from a repeat experiment for t = 12.5h are
shown in Fig. 7. The scatterplot between g and gnn reveals
an uncorrelated cloud [Fig. 7(a)], and the mutual information
I (g; gnn) is negligible [Fig. 7(b)].

APPENDIX F: SMALL-NOISE REGIME AND
EQUIVALENCE TO THE JEFFREYS PRIOR

As before, we seek to find the distribution p�(t ) that
maximizes the mutual information I (ḡ; t ). In this Appendix,
we consider regimes where the optimization is analytically
tractable. In Fig. 5, we show that we can analytically compute

the channel capacity I� in regimes where the effective noise is
really small (N 
 1). We derive these results here.

As the effective noise approaches zero, it is known that
the optimal code for a communication channel becomes con-
tinuous [52,74]. In this regime, we can use the fact that the
noise is small to derive p�(t ) analytically. In literature, this
is often referred to as the small-noise approximation and is
widely used for studying information transmission in biologi-
cal systems [6,62,78–82]. We will also illustrate that the prior
obtained in this limit is formally the same as the Jeffreys prior,
a noninformative prior that is often used in Bayesian statistics
[83].

We explore the gene regulatory response for a particular
signal duration, t → ḡ, which occurs with probability

p(ḡ|t ) = 1

�(Nk)(θ (t )/N )Nk
ḡNk−1e−Nḡ/θ (t ). (F1)

In the limit of small noise (N 
 1), we can approximate the
gamma distribution as a narrow Gaussian distribution with
a mean and variance given by μḡ(t ) = kθ (t ) and σ 2

ḡ (t ) =
kθ (t )2/N , respectively.

We write the mutual information as a difference of en-
tropies:

I (ḡ; t ) = H (ḡ) − H (ḡ|t ), (F2)

where

H (ḡ) = −
∫ ∞

0
dḡ p(ḡ) log2 p(ḡ) (F3)

and

H (ḡ|t ) = −
∫ T

0
dt p(t )

∫ ∞

0
dḡ p(ḡ|t ) log2 p(ḡ|t ). (F4)

When the noise σg(t ) is small, the mapping p(ḡ|t ) is almost
deterministic. As such, we can write

p(t ) ≈ p(ḡ)

∣∣∣∣dμḡ

dt

∣∣∣∣. (F5)

This allows us to write entropy in Eq. (F3) as

H (ḡ) ≈ H (t ) +
∫ T

0
dt p(t ) log2

∣∣∣∣dμḡ

dt

∣∣∣∣. (F6)

Further, using the Gaussian approximation for p(ḡ|t ), the con-
ditional entropy in Eq. (F4) becomes

H (ḡ|t ) ≈ 1

2

∫ T

0
dt p(t ) log2

(
2πeσ 2

ḡ (t )
)
. (F7)

Having written both H (ḡ) and H (ḡ|t ) in a way where p(t ) is
the only “free” distribution that we can vary, we can now pro-
ceed with the optimization. We add a Lagrangian multiplier to
ensure normalization of p(t ), and optimize

L[p(t )] = I (ḡ; t ) − β

∫ T

0
dt p(t ). (F8)

Taking the variational derivative with respect to p(t ), we get

δL
δp(t )

= log2

∣∣∣∣dμḡ

dt

∣∣∣∣ − log2 p(t ) − 1

ln 2

− 1

2
log2

(
2πeσ 2

ḡ (t )
) − β. (F9)
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Setting δL/δp(t ) = 0, we obtain

p�(t ) = 1

Z

1

σḡ(t )

∣∣∣∣dμḡ

dt

∣∣∣∣, (F10)

where

Z =
∫ T

0

dt

σḡ(t )

∣∣∣∣dμḡ

dt

∣∣∣∣ (F11)

is a normalizing constant. Using the optimal input distribution
in Eq. (F10) to evaluate I (ḡ; t ), we obtain the channel capacity
given by [13]

I� = log2

[
Z√
2πe

]
. (F12)

Since θ (t ) ∝ t for times t � 1h, both μḡ(t ) and σḡ(t ) grow
linearly with t in this regime. It follows from Eq. (F10) that
the tail of the optimal prior decays functionally as ∼1/t [cf.
Fig. 5(b)].

In Fig. 5, we show the mutual information obtained using
the prior in Eq. (F10) derived from the small-noise approxima-
tion. Indeed, asymptotically with increasing N , we converge
to the channel capacity I�. To derive the functional behavior
of the channel capacity I� with large N we can proceed by
inspection. By construction, the mean μḡ(t ) does not depend
on N . The variance obeys σ 2

ḡ (t ) ∝ 1/N , and therefore the
normalizing constant Z in Eq. (F11) satisfies Z ∝ N1/2. As
such, the channel capacity in Eq. (F12) asymptotically scales
as

I� ∼ 1
2 log2N + o(1). (F13)

We also note that the prior obtained in the small-noise limit
is formally identical to the Jeffreys prior [83]. It is known that
in the limit of an infinite number of identically, independent
trials of the same experiment (i.e., N → ∞), the prior that is
Shannon-optimal converges weakly to the Jeffreys prior [84].
Indeed, the same is true for a single precise experiment in the
limit of small noise. We derive the Jeffreys prior below and
verify that it is indeed identical to Eq. (F10).

The Jeffreys prior is designed to be invariant under
reparametrization of the probability distribution, and is de-
fined as

pJ(t ) ∝ |I (t )|1/2, (F14)

where I (t ) is the Fisher information,

I (t ) =
∫ ∞

0
dḡ p(ḡ|t )

(
∂ ln p(ḡ|t )

∂t

)2

. (F15)

In our case, p(ḡ|t ) is gamma distributed with shape parameter
Nk and a time-dependent scale parameter θ (t )/N :

ln p(ḡ|t ) = − ln �(Nk) − Nk ln(θ (t )/N )

+ (Nk − 1) ln ḡ − Nḡ

θ (t )
. (F16)

Taking the first derivative and substituting μḡ(t ) = kθ (t ) and
σ 2

ḡ (t ) = kθ (t )2/N , we obtain
(

∂ ln p(ḡ|t )

∂t

)2

= 1

σḡ(t )4

(
dμḡ(t )

dt

)2

(ḡ − μḡ(t ))2. (F17)

FIG. 8. Asymptotic scaling law between the number of symbols
K in the optimized prior p�(t ) and the mutual information I (g; t ),
in agreement with literature [52,74]. The bound I (ḡ; t ) � log2K is
shown using a dotted line.

The expectation over (ḡ − μḡ(t ))2 is just the variance σ 2
ḡ (t );

hence, the Fisher information in Eq. (F15) becomes

I (t ) = 1

σḡ(t )2

(
dμḡ(t )

dt

)2

. (F18)

The Jeffreys prior can now be written as

pJ(t ) ∝ 1

σḡ(t )

∣∣∣∣dμḡ

dt

∣∣∣∣, (F19)

which is identical to the Shannon-optimal prior in the limit
of small noise in Eq. (F10). We have thus verified that the Jef-
freys prior and the prior that optimizes the mutual information
are equivalent in the limit of small noise.

APPENDIX G: ASYMPTOTIC SCALING LAW FOR THE
CHANNEL CAPACITY

In the main text, we explored what happens to our optimal
prior p(N )

� (t ) as we considered multiple cells N . As N becomes
larger, the effective noise level decreases—analogous to send-
ing the same message multiple times in a communication
channel. As the noise level approaches zero, it is known that
the number of symbols K in the optimal code follows an
asymptotic scaling law. In this limit, the channel capacity I�
scales with the logarithm of the number of symbols K as I� ∼
(3/4) log2K [74]. Indeed, we confirm the scaling law for our
system in Fig. 8 as a nontrivial check of our optimization and
to verify consistency with existing literature. The dotted line
shows the fundamental limit I� � log2K , which would reach
equality if the K symbols were perfectly distinguishable.
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(a)

(b) (c)

FIG. 9. Fine-tuning of symbols in the optimal code; here,
weights {wi} are kept optimized as positions {ti} are varied. (a) For
N = 2, the optimal prior consists of K = 4 symbols [cf. Fig. 5(b)].
We vary the positions of two symbols t2 and t3, while keeping the
weights wi optimized. (b) Information I (ḡ; t ) (colorshade) shows a
broad optimum (red star) as a function of the position of peaks t2 and
t3. (c) The Hessian matrix [cf. Eq. (H8)] has a sloppy spectrum that
widens as N increases.

APPENDIX H: FINE-TUNING OF THE OPTIMAL CODE

Here, we consider a prior distribution p(t ) composed of a
set of K discrete symbols {ti} with respective weights {wi}:

p(t ) =
K∑

i=1

wi δ(t − ti ), (H1)

and ask to what extent the capacity-achieving distribution
p�(t ) needs to be fine-tuned. Since the BA algorithm con-
verges much more quickly to the channel capacity I� than to
the optimal prior p�(t ), we anticipate a sloppy information-
landscape around the optimum.

To investigate fine-tuning of the prior, we write the mutual
information I (ḡ; t ) as a function of the positions {ti} while
keeping the weights {wi} fixed:

I (ḡ; t |{ti}) =
K∑

i=1

wi

∫ ∞

0
dḡ p(ḡ|ti ) log2

(
p(ḡ|ti )
p(ḡ)

)
. (H2)

Denoting the optimized positions as {t�
i }, we can expand the

mutual information around its maximum, the capacity

I (ḡ; t |{ti}) = I� + 1

2

K∑
i, j=1

(ti − t�
i )χi j (t j − t�

j ) + · · · , (H3)

where χi j is the Hessian matrix:

χi j = ∂2I

∂ti∂t j

∣∣∣∣
{t�

i }
. (H4)

The eigenvectors of χ determine directions in parameter space
{ti} that have independent effects on the mutual information,
whereas the eigenvalues {λi} tell us the sensitivity along these
directions [62]. Since we have have fit the data with a func-
tional form for p(ḡ|ti ), we can proceed analytically to compute
the Hessian.

To proceed, we express the partial derivatives of the
marginal distribution p(g) with respect to symbol ti,

∂ p(ḡ)

∂ti
= wi

∂ p(ḡ|ti )
∂ti

. (H5)

We can then compute the first derivative of the mutual infor-
mation with respect to ti:

∂I

∂ti
= wi

ln 2

∫ ∞

0
dḡ

∂ p(ḡ|ti )
∂ti

ln

(
p(ḡ|ti )
p(ḡ)

)
. (H6)

Note that this is the same gradient as the one used to iteratively
adjust the positions in Eq. (C9). Taking a second derivative
with respect to t j , we obtain

χi j = ∂2I

∂ti∂t j

= wi

ln 2

∫ ∞

0
dḡ

{
δi j

[
∂2 p(ḡ|ti )

∂t2
i

ln

(
p(ḡ|ti )
p(ḡ)

)

+ 1

p(ḡ|ti )
(

∂ p(ḡ|ti )
∂ti

)2]
− w j

p(ḡ)

∂ p(ḡ|ti )
∂ti

∂ p(ḡ|t j )

∂t j

}
.

(H7)

To compute the integral, we insert the functional form
p(ḡ|t ) and integrate numerically, after which we can find
the spectrum {λi} by diagonalizing χ [Fig. 5(d)]. We
note that in deriving Eq. (H7), we have not assumed a
functional form for p(ḡ|t ), and thus the equation holds
for any choice of transmission probability and discrete
prior.

In the above and the main text, we kept the weights
{wi} fixed while adjusting the positions {ti} of the sym-
bols. Alternatively, one can keep the weights optimized
while varying the position of the symbols. In that case,
the Hessian becomes a total derivative χi j = d2I/dtidt j and
receives a contribution from adjusting the weights as one
departs from the optimum. Denoting the partial derivatives
of the mutual information by (Itt )i j = ∂2I/∂ti∂t j , (Iwt )i j =
∂2I/∂wi∂t j , and (Iww )i j = ∂2I/∂wi∂w j , we can write the
Hessian as

χ = Itt − IT
wt MIwt , (H8)

where M is a matrix given by

M = I−1
ww − I−1

ww11TI−1
ww

1TI−1
ww1

, (H9)

and 1 = (1, . . . , 1). Again, these expressions are general and
hold for any choice of transmission probability and discrete
prior. In Fig. 9(a), we plot the mutual information for N = 2
as a function of the positions of two out of four delta functions
while keeping the weights optimized. We observe a broad
optimum similar to Fig. 6(a). In Fig. 9(b), we use Eq. (H8) to
plot the spectrum as a function of N ; spanning four decades,
it is more sloppy than the case for fixed weights in the main
text.
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