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lattice model with geometric nonlinearity 

Ze Chang a, Hongzhi Zhang b, Minfei Liang a,*, Erik Schlangen a, Branko Šavija a 
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A B S T R A C T   

This paper explores buildability quantification of randomly meshed 3D printed concrete objects by considering 
structural failure by elastic buckling. The newly proposed model considers the most relevant printing parameters, 
including time-dependent material behaviors, printing velocity, localized damage and influence of sequential 
printing process. The computational uniaxial compression tests were first conducted to calibrate age-dependent 
elastic modulus and yield stress. Subsequently, analyses of the 3D printing process of a free wall structure and a 
square layout were performed. The model can reproduce the asymmetry of buckling failure accurately and the 
predicted critical printing height is in excellent agreement with experimental data from the literature. It can be 
concluded the combined effect of material variability and non-uniform gravitational loading due to sequential 
printing process resulted in structural failure during 3D concrete printing. Using this model, printing parameters 
can be optimized and a suitable printing scheme can be devised to improve structure buildability.   

1. Introduction 

For some decades now, additive manufacturing has been a revolu
tionary technology which generates enormous interest in both industrial 
and academic applications [1]. 3D concrete printing (3DCP), an auto
mated construction method, is able to achieve physical realization of a 
computer-designed model through material deposition [2–5]. This 
innovative technique can considerably accelerate the construction pro
cess, and make it economically and technically feasible to implement 
complex structural elements in practice [4–7]. 

In 3DCP, the extrusion-based printing process can generally be 
divided into two processing steps: material deposition and structural 
build-up [8–12]. This first stage concerns pumping of the printable 
material from the pump to the printhead, in which material elastic/ 
plastic viscosity is crucial. While pumping, cementitious materials 
should be continuously transported from the storage system to the 
nozzle without disruption and blockage, which imposes strict require
ment on their fluidity. Within the time frame of an extrusion process, 
two material properties, namely viscosity and dynamic yield stress, co- 
determine the material pumpability [13]. When submitted to stresses 
higher than a critical threshold value (i.e., dynamic yield stress), the 
printable material therefore flows and behaves approximately as a visco- 

plastic Bingham fluid [14]. In this context, Computation Fluid Dynamics 
(CFD) and rheology methods have been adopted for numerical analyses 
of material flowability [4,15–17]. The second stage describes the 
buildability (i.e., the maximum number of consecutive layers that can be 
printed). After material deposition, the printed layers should be stiff 
enough and strong enough to retain the self-weight and gravitational 
loading of subsequent layers without excessive deformation or collapse 
[5]. Below material yield stress, the printed material is therefore at rest 
after extrusion. Consequently, its elastoplastic properties are more 
important than viscous-plastic characteristics in this stage [18]. The 
printing process of cementitious materials is sensitive to printing pa
rameters and schemes, which requires not only understanding of 
pumpability through e.g., CFD or rheological models, but also for 
structural modeling or printing trials to quantify the buildability. 

In general, predictions of structural integrity are achieved through 
comprehensive printing trials as well as material property experiments, 
in which a series of various printing velocities, material mixes, and 
printed object sizes may be investigated. For a relatively small printing 
object, the practicality of this approach is debatable due to time and 
resource restrictions. But when it comes to large-scale objects or a huge 
number of competing printing parameters this approach is not practical 
or is even impossible. More currently, analytical and numerical 
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approaches have shown the feasibility of structural instability analysis, 
therefore, they might replace (or at least reduce) the need for tedious 
trials for printing scheme optimization. As illustrated from the printing 
trials, two competing failure modes are frequently reported: plastic 
collapse through material yielding and structural instability by local or 
global buckling [2,15,19]. Plastic collapse failure is characterized by 
maximum stress of the critical layer reaching the material yield stress, 
while elastic buckling is determined by a loss of geometrical stability. 

In relation to quantification of structure build-up, two types of ap
proaches, consisting of rheological theory and solid mechanics, are 
commonly adopted to assess, whether and how, printed objects may fail 
[4,20–26]. In essence, rheological models [13,19,23,27] account for the 
flocculation-induced thixotropy and chemical phenomena, predicting 
the critical printing height due to plastic collapse. Significant contri
butions are from the analytical model of Roussel [13], the experimen
tally validated lower bound analytical model of Kruger et al. [19,28], 
the exponential yield stress-curing time model of Wangler et al. [27], 
and a non-linear model by Perrot et al. [29,30]. Indeed, these models 
reveal the influence of pseudo-strain hardening and flocculation-driven 
structuration on the material yield stress, thereby quantifying build
ability of 3DCP through material yielding. 

However, the above-mentioned rheological methods concern purely 
strength-based material yielding, whereas structural failure of a printed 
object is sometimes a result of local or global buckling, as illustrated by 
printing trials in the literature [9,31,32]. Predicting the buckling 
response is therefore crucial for structure build-up. Based on solid me
chanics, a mechanistic model was proposed by Suiker [20] to quantify 
buildability of wall-type structures. This model incorporates five critical 
printing parameters, including printing velocity, geometrical features of 
the printed object, time-dependent mechanical properties, presence of 
imperfections, and non-uniform dead weight loading; and it can explore 
the three basic configurations on plastic collapse and elastic buckling of 
a wall structure. The model shows a good match with experimental data 
[20,21]. However, this parametric model is exclusively available for 
wall-type layouts. For more printing geometries to be broadly analyzed, 
a finite element model (FEM) accounting for material yielding and 
structural instability was first developed by Wolfs et al. [21,32] using a 
commercial software package ABAQUS. Further developments have 
been reported by other research groups [33–35]. In Wolfs' numerical 
analyses, an age-dependent Mohr-Coulomb failure criterion was intro
duced and a correct failure-deformation mode of plastic collapse was 
reproduced. Regarding elastic buckling, a bifurcation linear buckling 
analysis was first performed, and numerically derived geometrical im
perfections were introduced into the initial model for a non-linear 
buckling analysis. Consequently, an asymmetric mode of buckling fail
ure can be obtained through nonlinear analyses regarding structural 
stability of wall and rectangular structures. More recently, a parametric 
FEM model, allowing for contact-based interactions and a division of 
printing segments, was proposed by Ooms et al. [33,36], in which a 
correct buckling failure mode of a structure was reproduced, as well as 
the critical printing height. This model revealed the importance of non- 
uniform gravitational loading due to sequential printing process on the 
structural failure analysis. However, this research work aims at pro
posing a parametric tool to automatically create finite element models 
without limitation on geometric complexity and extensive manual 
modeling, no further explanation associated with failure mechinism and 
influence of printing parameters on buildability quantification have 
been put forward in the published literature. 

Although current numerical methods can reproduce the correct 
failure-deformation mode and are in quantitative agreement with ex
periments in terms of critical printing height, the failure mechanism 
behind structural instability for 3DCP is still unclear from the numerical 
point of view. A fundamental understanding associated with all kinds of 
heterogeneity is essential for structural stability analysis. The hetero
geneity indeed presents two aspects for buildability assessment. First, in 
most analytical frameworks and numerical models, layers of printing 

objects stacked on top. This disregards the fact that, in practice, each 
layer is sequentially extruded across the previous one, resulting in non- 
uniform gravitational loading. Subjected to such loading heterogeneity, 
element stress may not increase along with printing height. In this case, 
the critical layer may no longer be the initial one (i.e., the first layer), 
consequently, most analytical strength-based criteria and current nu
merical models are no longer applicable. Second, homogeneous 
isotropic materials are adopted in the previous FEM work of 3D concrete 
printing [21,33,35], this solution approach ignores the heterogeneity 
characteristic of printing objects. Due to the heterogeneity of materials, 
some localized damage might generate and proceed to structural 
collapse by material yielding in actual printing trials. However, such 
FEM models fail to account for this kind of failure process. 

In order to fill these gaps, a numerical method based on lattice 
discrete element model was presented to study their influence on 
printing characteristics [37]. Lattice modeling of two commonly used 
structures (i.e., hollow cylinder and square structure) was able to 
reproduce the correct failure-deformation mode, as well as the critical 
printing height. Nevertheless, the proposed method was only able to 
consider the failure mode of plastic collapse, while the elastic buckling 
could not be considered without accounting for geometric nonlinearity. 

Herein, based on our previous work [37], geometric nonlinearity is 
introduced into the lattice model for buildability quantification, espe
cially for buckling response. This modified lattice model incorporates 
time-dependent mechanical properties, different printing velocities, and 
printing directions, heterogeneity, localized damage, and non-uniform 
gravitational loading. Using this newly proposed model, the asym
metric failure of buckling response could be simulated without intro
ducing initial geometrical imperfections. As will be shown, this can be 
attributed to a combined effect of geometric nonlinearity and system 
heterogeneity, including mesh randomness of model discretization, 
localized damage, and printing segment division. 

This article is organized as follows. First, Section 2gives a brief model 
overview, including model discretization, layer division of printing 
segments, system and element failure criterion. Section 3 then elabo
rates on how to incorporate geometric nonlinearity into lattice model. 
Subsequently, the computational uniaxial compression tests are per
formed to calibrate time-dependent material behaviors in Section 4.1. 
Based on calibrated age-dependent material properties, stability ana
lyses of two types of structures that are sensitive to buckling response: 
free wall and rectangular layout, are carried out for model validation in 
the end. 

2. Model overview 

2.1. Model discretization 

In 3D printing trials, tools of digital design such as building infor
mation modeling or computer-aided design have already been devel
oped. Through a computer-controlled positioning procedure, a 
collective geometry can be created via a layer-by-layer deposition pro
cess. In the lattice model, a designed object is first discretized by a 
network of beam elements, as depicted in Fig. 1. Timoshenko beam el
ements [38] are adopted here as to account for shear deformation, given 
the low ratio between element length and cross-sectional dimensions. 

When it comes to detailed procedures of model discretization, a cubic 
domain is first divided into a series of cubic grids with a specific cell size, 
which is defined as the mesh resolution. Then a sub-cell is generated 
within each cell. The ratio between the size of sub-cell and cell, defined 
as randomness, allows for mesh disorder [38–42]. As the third step, a 
pseudorandom number generator is used to randomly place the lattice 
nodes within each sub-cell domain. This is then followed by Delaunay 
triangulation to define the element connectivity [43], as shown in 
Fig. 1b and Fig. 1c. In this step, the volumes of individual Voronoi cells, 
each of which corresponds to a single node in the mesh, are calculated. 
These volumes are used to determine the magnitude of gravitational 
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loading acting in each node, as described in detail in our previous work 
[37]. Since printable materials are not completely homogeneous, mesh 
disorder can mimic system heterogeneity from a model discretization 
point of view [41,44–47]. 

2.2. Layer division 

In printing trials, cementitious materials are extruded continuously 
from the nozzle and placed on top of the previous layers, which leads to 
non-uniform gravitational loading in the printing system. To accurately 
model the actual printing trials (see Fig. 2a), each layer of a designed 
object (see Fig. 2b) is composed of a series of printing segments in the 
present model (as indicated in Fig. 2c). These divided layers and seg
ments, labeled with different initial time, characterize the subsequent 
printing process, revealing the influence of non-uniform gravitational 
loading on structural instability analysis. Additionally, an element birth 
technique is utilized to evaluate, when and where, the relevant printing 
segments are activated in the structural analysis of the printing process. 
Considering material behavior, the lattice beam elements belonging to 
different segments are assigned with time-dependent material properties 
at each step, reflecting material stiffness and strength development 
during printing. 

2.3. Element failure criterion 

During the manufacturing process, there is a ‘competition’ between 
non-uniform gravitational loading and time-dependent material prop
erties [15,48]. To be specific, on the one hand, the gravity-induced stress 
of printing filament generally increases as subsequent layers are added 
to the printed structure; the material yield stress, on the other, also in
creases (linearly or exponentially) with the printing process, as does the 
elastic modulus [19,23,27]. If the yield stress is reached in any point in 
the printing object, localized damage occurs, similar to the crack initi
ation in hardened concrete. In most cases, the localized damage will 
result in weaker load-bearing capacity of the 3D printed system, thereby 

accelerating the structural failure, as it might coincide with extensive 
deformations, progressive collapse, and cracking [5,13]. 

In the lattice model, an element-removal mechanism is employed for 
simulation of localized damage in printing process. Subjected to gravity 
loading and boundary conditions, a set of linear analyses are carried out 
for stress calculation in the beam elements. In relation to element failure 
criterion, the normal force and the bending moment are considered, 
mathematically as follows: 

σ = αN
F
A
+ αM

(
|Mi|,

⃒
⃒Mj

⃒
⃒
)

max

W
σyield ≤ σ

(1)  

where F is the normal force subjected to lattice beam element; Mi and Mj 
are the nodal bending moments in local coordinate, respectively; A the 
element cross-section and W is the cross-sectional factor for bending 
resistance, referring to the circle cross-section, W = πD3/32 (D is the 
diameter of lattice element, which is assumed equal for all elements). 
The parameters αN (i.e., normal force factor) and αM (i.e., bending in
fluence factor) codetermine the proportion of these two forces, gov
erning element failure in which either normal force or bending moment 
plays a dominant role. Building upon the previous research, αN is 
adopted as 1.0 [49–51] and αM value is set to 0.05 [37,47,49]. After each 
analysis step, multiple critical elements, i.e., those in which the element 
stress exceeds the material yield stress, are removed from the mesh. 

2.4. Structural failure criterion 

In 3DCP experiments, when a relatively large offset occurs between 
the uppermost printing layer and the designed position, the new printing 
segment cannot be deposited into the designed position with sufficient 
accuracy. Consequently, the printed object might be unstable and 
eventually fail due to the material yielding or structure buckling. 

In this numerical campaign, the gravity-induced stress increases with 
deposition process, generating more broken elements. The printing 

Fig. 1. Schematic view of lattice model establishment (a) Analysis object (b) Lattice mesh in 3D (4 × 4 × 4) (c) Element connectivity in 2D (4 × 4).  

Fig. 2. Schematic view of printed object in design and lattice model generation (a) printed object in design (b) printed object in lattice (c) layer division.  
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process can then be regarded as failed, providing the offset between 
design and actual position is equal to or higher than the width of an 
individual layer, as described in Fig. 3. This failure criterion is in 
accordance with experimental findings and avoids an underestimation 
of critical printing height [37]. 

3. Geometric nonlinearity 

Our previous lattice model for 3DCP could reproduce the plastic 
collapse failure mode and is in quantitative agreement with experi
mental data [37]. However, it was not applicable to elastic buckling, 
considering the failure mechanism is generally induced by local or 
global geometrical stability. Therefore, assessing structure failure of 
elastic buckling might be possible if geometric nonlinearity is intro
duced into the lattice model [21]. 

3.1. Theoretical framework 

In this research, the implementation of geometric nonlinearity con
siders kinematic descriptions in principle while physical non-linearity 
due to material development is considered through updating the mate
rial stiffness matrix. By means of virtual displacement formula and 
second-order elastic analysis, the effect of finite deformations and dis
placements in structural analysis can be accounted for through the 
following equations [52,53], 
(
Kt + Kg

)
ΔD = ΔF

ΔF = Fex − Fin
(2) 

In which the ΔF and ΔD are incremental loading and displacement of 
printing system, respectively. For structural analysis of 3DCP, this in
cremental force can be computed based on external load Fex and internal 
element force Fin. 

In the model, Kt, is the material stiffness matrix, dependent on 
Young's modulus (E) (transient material properties during printing 
process) and BL (strain-displacement relation), which is computed based 
on strain condition and interpolation function (as described in eq. (3)). 
More specifically, G includes the differentials towards every strain 
measure and condition while H contains the interpolation function. The 
geometric stiffness matrix Kg is updated on the basis of kinematic de
scriptions and derived element force after each analysis step; the Ct 
represents 2nd Piola-kirchoff stress in matrix form, and BNL is the shape 
function in non-linear form considering incremental loading, mathe
matically described as follows [52]. 

BL = GH

Kt =

∫l

0

BT
L EBT

L dx

Kg =

∫l

0

BT
NLCtBT

NLdx

(3)  

3.2. Numerical implementation 

The pre-processing procedures of the numerical analysis have been 
described in Section 2 and the corresponding solution flowchart con
cerning geometric nonlinearity will be explained in this section. The 
extended lattice model with geometric nonlinearity for buildability 
quantification of 3DCP encompasses six branches: A, B, C, D, E and F, as 
indicated in Fig. 4. 

In this flowchart, the k and K stand for local and global stiffness 
matrix, respectively. To be specific, subscripts ‘t’ and ‘g’ refer to material 
stiffness and geometric stiffness matrix. The T is the transpose matrix 
transferring the local domain to the global domain. The L and D are the 
global load and displacement vectors, respectively. The subscript ith 

stands for the analysis step. Also, σ and Δσ are the cumulative element 
stress and incremental element stress within one step analysis, so does 
the cumulative node displacement δ and incremental node displacement 
Δδ. The F refers to load vector, and subscript ‘ext’ and ‘int’ stand for the 
external load due to gravitational loading and internal load stored in the 
printing system derived from the last known equilibrium stage. The ΔF is 
derived disequilibrium force between external load and internal load. 

Branch A: Modeling procedure. 
A brief introduction has been given in Section 2, and detailed in

formation can be found from previous research [37]. 
Branch B: Update printing time and activate new printing segments 

considering geometric nonlinearity. 
B1: In the lattice model, layers of a printed object can be subdivided 

into different segments, allowing for sequential printing process. These 
time-based segments will be activated immediately once the pre- 
determined time is reached. They are, subsequently, assigned with 
material behaviors, which grow in a linear or an exponentially decaying 
fashion. For instance, if the interval period between two segments takes 
1 min; after 5 segments, the initial one is characterized by 5-min ma
terial properties, the 3rd printing segment also is assigned with 3-min 
old stiffness and strength, and so on. 

B2: Once transient material properties are assigned to corresponding 
elements, the element stiffness matrix k in local domain can be assem
bled. Combined with transposed matrix T, the global tangent stiffness 

Fig. 3. Structure failure criterion in lattice model for 3DCP (a) Continuous printing process (b) Failure mode in 3D (c) Failure in 2D.  
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matrix Kt and geometry stiffness matrix Kg of each activated element can 
also be derived, as mathematically expressed in the Eq. (4). Typically, 
the Kt is a linear elastic component and determined by transient material 
properties while Kg, the geometry stiffness matrix, is relevant to the 2nd 
Piola-Kirchoff stress and calculated based on element force, as discussed 
above. 

Kg = TT kgT
Kt = TT ktT

(4) 

Branch C: Solve the nonlinear eq. 
C1: The numerical analysis of printing process is based on lattice 

model using an updated Lagrangian method and the numerical equation 
of equilibrium (i.e., eq. (2)) is solved using the midpoint Runge-Kutta 
method [53]. A parallel computation approach has been adopted for 
computing efficiency, clearly showing model feasibility for large scale 
structural analysis. 

Branch D: Renew printing system based on solved displacement. 
D1: The node coordinates are updated as well on the basis of ob

tained ΔD using updated Lagrangian method. Then, the element length 
is recalculated based on new node coordinate, and the cross-section is 
updated considering constant element volume. 

Branch E: Search for broken elements & Branch F: update printing 

Fig. 4. Implementation of geometric nonlinearity in the lattice model.  
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system considering localized damage. 
After the solution procedure, derived nodal displacement are utilized 

for determining the elemental stresses. Afterwards, critical elements are 
immediately removed from mesh system according to the element fail
ure criterion (Eq. (1)), and their internal forces are also released. 

Branch G: Output structure deformation and localized damage after 
one-step analysis. 

Branch H: Evaluate system failure. 
H1: In the numerical procedure, the numerical analysis of build

ability quantification will be performed until the structural failure cri
terion (as described in Section 2.4) is reached. For each step analysis, the 
next printing segments is placed on the designed/original position 
instead of being adjusted along with deformed geometry, and this so
lution method is in accordance with actual trails [31,35]. As soon as the 
next printing segment is successfully placed on the top of the current 
system, the printing process will proceed, in which the printing time 
updates and a new printing segment is activated. 

In the next analysis step, the deformed shape is utilized as the 
reference frame and the incremental equation will be built here with 
relation to Updated Lagrangian formulation [54]. It should be 
mentioned that a series of parameters, including stiffness matrix, 
external and internal loading, must be updated based on this reference 
geometry. 

The necessity of matrix modification, consisting of stiffness matrix Kt 
and geometry matrix Kg, is also required given deformed structure. On 
the one hand, presence of localized damage produced in the previous 
analysis step reduces the material properties of critical elements to zero, 
which is detrimental to the printing system; the sequential printing 
process, on the other hand, activates more printing segments and line
arly or exponentially enhances the material properties of existing ele
ments. The geometric stiffness matrix allowing for the effect of geometry 
loss on structure analysis, and material stiffness standing for localized 
damage and material development, are computed based on the element 
force, updated material properties and deformed structure. The con
tradictory effect of material development and occurrence of localized 
damage results in uncertain prediction of buildability and their influ
ence will take effect in next step analysis. 

The load vector of internal force also renews after each step, which 
can be attributed to two aspects. First, the incremental gravitational 
loading is applied on the system, which causes the element internal 
forces to evolve. Second, the updated transpose matrix T results in 
orientation variation of beam elements, leading to a different internal 
load force vector in the global domain. 

After renewing all above-mentioned parameters, the numerical 
analysis of buildability quantification will be continuously performed to 
assess when and how the printed object fails. 

4. Numerical model 

In this section, we perform numerical analyses of structural insta
bility through two layouts sensitive to buckling failure: a free wall and a 
large square structure [31,32], as indicated in Fig. 5. In relation to 
buildability quantification, computational uniaxial compression tests 
are first performed to calibrate essential material behaviors such as 
stiffness and strength [31,32]. The calibrated material properties are 
subsequently employed for structural build-up in which failure- 
deformation mode, as well as critical printing height, is predicted. 
Herein, this study adopted experimental campaigns, including material 
tests and 3D printing trials, from Wolfs et al. [31,32] for model cali
bration and validation. 

4.1. Model calibration: computational uniaxial compression test 

In this study, the uniaxial compression tests from the literature [35] 
is utilized to calibrate model parameters. The ‘green strength’, allowing 
fresh concrete to withstand self-weight or loading from subsequent 
layers, is usually measured using an unconfined uniaxial compression 
test. In this study, two types of materials are employed for 3DCP: ma
terial A for the free wall structure and the material B for the square 
layout. Considering that experimental campaigns of green strength use 
different materials, two common features are ‘experiment setting’ and 
‘boundary condition’, as both are key factors for material properties 
determination. In the green strength test, a double sheet of Teflon is 
placed on the two sides of specimen to reduce friction, and specimens 
with various curing times are then tested in uniaxial compression using a 
displacement-controlled loading, and the details can be found from 
[35]. However, another dominant characteristic of prepared samples is a 
compaction process, which plays a significant role on the measured 
material properties. On the one hand, the samples which use material A 
have been cast into steel cylindrical molds without compaction, prob
ably resulting in similar material properties as those in the actual 
printing process, in which the material is extruded; specimens of ma
terial B, on the other, underwent compaction process through by a 
vibrating table [35], which may be somewhat different compared to the 
actual printing process. The previous research indicates a significant 
difference of strength and stiffness due to the compaction process [32], 
as discussed later. 

Concerning the computational uniaxial compression test, cylindrical 
samples with 5 mm mesh resolution are built to characterize age- 
dependent mechanical properties using lattice model. To mimic the 
boundary conditions occurring in printing trials, two sides of the cyl
inder model are allowed to freely move in the radial direction; nodal 
displacements on top edge are then applied to system along with vertical 
direction while the bottom edge was fixed. With respect to material yield 
stress in the element failure criterion, compressive and tensile strength 
of lattice elements have been adopted as the yield stress of printing 

Fig. 5. Geometrical characteristics of the free wall and rectangular structure for 3DCP (a) free wall structure (b) rectangular layout, both viewed from the top.  
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material in accordance with the maximal stress theory [20,31]. 
Furthermore, the compressive strength is taken as 10 times as high as 
tensile strength, reflecting a stronger capacity for compression behavior. 
Note that the calibration process is based on previously published 
research generally associated with hardened cementitious materials and 
may need to be reassessed in the future [47]. 

The computational uniaxial compression tests were carried out for 
specimens under each age tested in the literature [31,32]. The calibrated 
elastic modulus and compressive strength were listed on Table 1, in 
contrast to experimental results. In 3DCP, plastic collapse is largely 
dependent on the material strength, while buckling failure mode is 
strongly dependent on the material stiffness. Thus, in contrast to the 
material strength, the material stiffness is more important in predicting 
structure instability due to buckling. Thus, the material plastic behavior 
is not taken into account during the calibration process. The calibrated 
numerical results are in excellent agreement with the experimental 
findings, which proves this numerical model has accurately derived 
material stiffness and strength of fresh concrete. These time-dependent 
material properties are therefore adopted and then can be utilized for 
formulation of curing function. Two time-dependent material proper
ties, i.e., a linear and an exponential relationship, are often adopted for 
time-dependent material properties. Considering the exponential yield 
stress evolution can describe a smooth transition from initial linear in
crease to exponential evolution [23,25], it is adopted herein to describe 
age-dependent material properties (i.e., elastic modulus and compres
sive strength). It should also be noted that some experimental results 
show considerable scatter, which is attributed to the compaction pro
cess. The material usually does not undergo a compaction procedure 
during the printing process. However, green strength tests on the ma
terial B are conducted after a compaction process. The published 
research indicates [32] that there is a difference between samples sub
jected to a compaction process and those ones that are not. The influence 
becomes more pronounced with concrete age. Thus, the aging time 
above than 30 min is not taken into account during calibration process. 
Here, the material A without compaction process enables to identify 
curing function according to all calibrated results, while regarding 
material B only transient material properties under 15 and 30 min are 
adopted for material development to eliminate experimental scatter 
induced by compaction process. This identified material development 
will be taken as time-dependent material properties for structure anal
ysis of bucking response in next section. This is no doubt that the fitting 
function of time-dependent material properties would be more reliable 
given more available data. A possible way to accomplish this is to 
perform green strength tests without compaction. However, this is 
beyond the scope of the current work. On the basis of calibrated material 
properties listed in Table 1, the time-dependent material behaviors of 
lattice elements can be described as Eq. (5) and (6). 

EA
c = 55.97e0.0142t

f A
c = 22.76e0.0127t (5)  

EB
t = 76.31e0.019t

f B
t = 11.10e0.0458t (6)  

where the E represents the elastic modulus, determining the elastic 
deformation; fc stands for the material compressive strength. 

4.2. Model validation 

4.2.1. Free wall structure 
Model validation of buckling response starts from a free wall struc

ture printed with material A, the dimensions of which are 1000 mm 
length and 60 mm width in print trials [32]. The printing velocity equal 
to 6250 mm/min was employed to exponentially develop material be
haviors. The detailed information about this free wall structure is given 
in Table 2. 

Prior to structural analysis of buckling failure, each printing layer, 
including 4000 lattice nodes connected by around 35,000 Timoshenko 
beams, is divided into three printing segments to study the impact of 
non-uniform gravitational loading based on previous research [37]. It 
means that sequential printing segments are continuously added 
alongside each other with a time frame of numerical analysis, as 
described in Section 2. Rather, mesh resolution of 5 mm, which is line 
with computational uniaxial compression test, has been characterized 
for the purpose of elimination of size effect on buildability quantifica
tion. The 10 mm of layer height is therefore adopted in this numerical 
analysis, a little bit different with experiment with 9.5 mm. fully fixed 
support was utilized on the bottom to capture high friction caused by 
printing bed in the trials. In terms of loading condition, nodal forces 
representing gravitational load are determined by the material density 
(2100 kg/m3) and the volume of each Voronoi cell, as described above. 
One point should be noted, unlike the FEM analyses of buckling failure 
in 3DCP discussed above, no geometric imperfection is introduced into 
the printed object in advance. The structure failure due to elastic 
buckling is therefore a combined effect of localized damage and non- 
uniform gravitational loading due to sequential printing process. 

The typical failure mode of free wall structure is depicted in Fig. 6, 
indicating this failure-deformation mode is dominated by elastic buck
ling. Fig. 7 provides the comparison of localized damage before and after 
structure failure. In relation to the critical printing height, failure 
occurred at 18th layers, while no excessive deformation could be 
observed before the final failure, as illustrated from Fig. 6a. While the 
material yielding, a few broken elements, standing for localized damage, 
can be observed from Fig. 7a. This is attributed to the combined effect of 
heterogeneity consisting of non-uniform loading and mesh randomness, 
in accordance with localized damage of a printed object during an actual 
process. Further exploration goes to failure process and mechinism 
observed from the numerical analysis: although homogeneous material 
properties are assigned to lattice elements, the printed object still shows 
strong heterogeneity caused by the random lattice mesh and non- 
uniform application of gravitational load (i.e., division of printing seg
ments). This expedites localized damage and loss of geometrical stabil
ity, in which the former governs the plastic collapse while the latter is 
crucial for elastic buckling. Under the effect of system buckling, a 
growing number of broken elements also can be observed from Fig. 7b. 

In comparison with experimental results in the literature [32], this 
model not only reproduces the experimentally derived failure- 

Table 1 
Calibrated mechanical properties with a range of time 0 to 90 min.  

Material 
type  

Input material properties 
in lattice model 

Computational uniaxial 
compression test 

A Concrete 
age (min) 

Young's 
modulus 
(kPa) 

Compressive 
strength 
(kPa) 

Young's 
modulus 
(kPa) 

Compressive 
strength 
(kPa) 

15 60.20 7.35 60.20 7.29 
30 104.08 10.00 104.08 9.97 
60 128.57 12.86 128.57 12.71 
90 197.96 20.92 197.96 20.87 

B 
15 101.41 8.05 101.41 7.89 
30 135.21 12.37 135.21 12.62  

Table 2 
Printing process parameters for wall structure.  

Parameter Value 

Wall thickness (mm) 60 mm 
Concrete density (kg/m3) 2100 
Printing velocity (mm/s) 6250 mm/min 
Initial material stiffness (kPa) 55.97 kPa 
Initial material strength (kPa) 22.7 kPa  
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deformation mode accurately without introducing initial geometric 
imperfections, but also predicts the experimental results well in quan
titative terms. Specifically, when placing 18th layer into origin position, 
the offset between the design position and deformed geometry is larger 
than the width of individual layer. It can be observed that the final 
failure occurred at 18th layer, and the critical printing height is 180 mm, 
around 12% lower than the test data (i.e., 204.25 mm). A deviation of up 
to 20% is not exceptional, considering that the input material properties 
are calibrated by uniaxial compression experiments, where significant 
scatter exists (i.e., the relative standard deviations up 21% for elastic 
modulus and around 17% for the yield stress). 

4.2.2. A large square structure 
In this section, the dimension of square structure, side = 500 mm and 

width = 55 mm, was modeled through material B under exponential 
material evolution [31], the relevant parameters are listed in Table 4. 
Each layer of square structure, consisting of 8000 lattice nodes con
nected by around 61,000 Timoshenko beams, includes four segments to 
coincide with the continuous printing process. Like the above modeled 
free wall structure, a fully fixed boundary condition and the same so
lution of nodal force have been employed, as well as the mesh fineness. 
Similar to wall structure, no initial geometric imperfection is introduced 
for numerical analysis of structure stability. 

The typical failure mode of a square structure is shown in Fig. 8, and 
comparison with experimental data associated with printing height is 
indicated in Table 3. Fig. 9 provides the comparison of localized damage 
before and after structure failure. 

Regarding failure process, dead weight of the stepwise increasing 
layers induced some damage near to the bottom (as indicated in Fig. 9a), 
thereby exacerbating structural instability. The rectangular structure 
fails after the 23rd printing layer due to out-of-plane displacement in A- 
A plane, predicting critical printing height equal to 230 mm. Meanwhile, 
significant localized damage can be observed near to the buckling zone, 
as depicted in Fig. 9b. In contrast to experimental result with 261.125 
mm, a deviation around 12% can be derived, which is less than 20%. It is 
therefore concluded that the model for the square structure not only can 
reproduce the correct buckling-dominant failure mode, but also that the 
critical printing height is quantitative agreement with the experiments. 

4.3. Discussion 

The above numerical analyses indicate that the extended lattice 
model enables correct simulations with respect to structural failure of 
buckling response, qualitatively similar to printing trials in the literature 
[31,32]. In relation to the critical printing height computed for these 
two structures, deviations of 11.87% and 11.97% were derived for 

Fig. 6. Failure by elastic buckling of a free wall structure (a) before failure (b) after failure.  

Fig. 7. Localized damage (shown in black) for wall structure (a) before failure (b) after failure.  
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respectively of free wall and square layout. 
When it comes to the failure process, some localized damage first 

occurs, detrimental to structural stability. Subjected to heterogeneity, 
including mesh randomness and non-uniform gravitational loading, 
numerical models are likely to fail because of combined failure mode, 
here the elastic buckling plays a dominant influence. Meanwhile, this 
kind of buckling response also causes more localized damage to printed 
systems in return, as observed from Fig. 7b and Fig. 9b. It can be 
concluded that structural failure of 3d printing is a complex combination 
of plastic collapse and elastic buckling. Assessing build-up performance 
of printed system merely considering one of them will likely result in 
errors since their interaction, which actually exists in print trials, is 
ignored. 

In this study, a comparison between the numerical analyses and 
experimental results strengthens the necessity to correctly characterize 
the behavior of printing materials. Specifically, time-dependent material 
behaviors of 3D printed concrete are characterized through uniaxial 
compression test, in which up to 20% material variation has been 

experimentally reported [31,32]. Considering that structural analyses of 
printed objects are performed based on the average material stiffness 
and strength of green strength tests, the deviation on buildability 
quantification around 12% can be considered an excellent quantitative 
agreement. 

Nonetheless, the critical printing heights computed from lattice 
model are lower than those in actual print trials in both validation cases. 
This suggests that there are some effects that are not incorporated into 
numerical analyses which may positively affect on build-up perfor
mance. Three possible reasons may be hypothesized. First, the material 
stiffness and strength experimentally established by green strength test 
in the literature might be lower than real values in 3D printing trials due 
to the compaction influence, especially for material B. Besides, the un
confined compression test is utilized to characterize material stiffness, 
while a fully fixed boundary condition is employed in printing trials. In 

Fig. 8. Failure by elastic buckling in the numerical analysis of rectangular layout structure (a) before failure (b) after failure.  

Table 3 
Experimental value and model prediction of the critical printing height for free 
wall and rectangular structure.  

Printed sample Experiment Lattice model Relative difference 

Free wall 204.25 mm 180 mm − 11.87% 
Square structure 261.14 mm 230 mm − 11.92%  

Fig. 9. Localized damage for square structure (a) before failure (b) after failure.  

Table 4 
Printing process parameters for square layout.  

Parameter Value 

Wall thickness (mm) 55 
Model length/B (mm) 500 
Model width/D (mm) 500 
Concrete density (kg/m3) 2100 
Printing velocity (mm/s) 83.3 
Initial material strength (kPa) 11.10 
Initial material stiffness (kPa) 76.31  
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reality, low friction in terms of boundary condition might cause a 
reduction in material stiffness [9]. 

The 3D printing process also causes the material to warm up, which 
is ascribed to the friction in the mixer-pump and the hose. Consequently, 
the heating history may influence the mechanical and rheological be
haviors [55] due to speeding up of the hydration process, especially for 
the larger objects with a longer printing process. More recently, an 
outcome of the ultrasound tests conducted by Wolfs et al. [32] also 
shows an influence of temperature on structural properties of 3D 
printing materials at the early age. 

The time-dependent deformation at early stage, consisting of 
shrinkage and creep, may also affect the structural stability by means of 
stress redistribution and local deformation. But to the best of our 
knowledge, the influence of early-stage shrinkage and creep on build
ability has yet to be explained. More experimental research work is 
essential to be first performed for behind mechanism or input parame
ters of numerical analyses. 

5. Model limitation and extension 

In this research, the geometric nonlinearity has been incorporated 
into lattice model Combined with different features of heterogeneity, the 
structural instability of buckling response can be reproduced and 
quantitative agreements with experimental data also can be computed 
by the extended lattice model. 

In contrast to FEM analysis of Wolfs et al. [21,32], this model can 
reproduce the buckling failure without a bifurcation analysis or intro
ducing initial geometrical imperfections. It reveals that the buckling 
response is a combined effect of system heterogeneity and geometry loss 
during printing process. Furthermore, for both geometries used for 
validation, the experimentally observed asymmetry of failure mode can 
be derived without introducing any initial geometric imperfection; the 
structural failure due to elastic buckling is attributed to the combination 
effect of localized damage, geometric nonlinearity, non-uniform gravi
tational loading and geometry disorder of material texture. 

Regarding the model limitation and extension, the updated 
Lagrangian method and linear elastic assumption have been adopted for 
solution procedure and material properties, and the structural instability 
can be simulated through this extended lattice model. But the rheolog
ical behaviors are difficult to consider. Meanwhile, the viscoelastic 
properties of fresh 3D printed concrete, including early-age creep and 
shrinkage, also cannot be simulated using this model. However, more 
recently, several numerical methods, including experimentally informed 
lattice model proposed by Gan et al. [56], and lattice modeling the 
drying shrinkage proposed by Gao et al. [57], showcase the possibility to 
incorporate the viscoelastic behavior into this 3D printing model. 

Although some protentional solutions for time-dependent deforma
tion at early ages have come out in terms of numerical analyses, non- 
existent literature experimentally reveals the behind mechanism and 
their impact on buildability quantification; a comprehensive study of 
these factors is a topic of ongoing research and the corresponding ana
lyses will also be incorporated into lattice model in the future. 

6. Conclusions 

This study incorporates geometric nonlinearity into the lattice model 
to quantify the buildability of printing objects by considering the elastic 
buckling failure mechanism. The computational uniaxial compression 
tests were first carried out to calibrate the time-dependent material 
properties. Subsequently, two buckling-sensitive geometries, a free wall 
structure and a rectangular layout, were adopted for model validation. 
Based on the results presented, a number of conclusions and novel points 
are summaries below:  

• In 3DCP, several heterogeneity characteristics of printing objects 
affect structural stability. When subjected to non-uniform 

gravitational loading, some localized damage due to material 
yielding might occur to the printing objects with geometry disorder, 
thereby expediting structural failure. To study their impact on 
buildability quantification, these heterogeneities should be incor
porated into numerical or analytical models.  

• This newly proposed model considers a series of printing parameters, 
including time-dependent material property, printing velocity, 
localized damage, geometry disorder of material texture, and non- 
uniform gravitational loading. Using this model, the asymmetric 
buckling failure mode can be reproduced without introducing any 
initial geometrical imperfection and bifurcation linear buckling 
analysis, which are of necessity for published FEM-based models for 
buildability quantification in 3DCP.  

• Lattice modeling of printing objects is not only able to reproduce 
experimentally derived failure modes qualitatively, but also to agree 
quantitatively with experimental results.  

• During model validation, some discrepancy between numerical 
predictions and experimental results is observed. This can be 
attributed to underestimated material properties, temperature in
fluence and early-age material behavior. This results in differences 
between the data used for the input (i.e., measured on cast speci
mens) and the real (i.e., extruded/printed) material properties. It 
may be useful to devise a better testing methodology that considers 
the intricacies of the 3D printing process and their influence on the 
mechanical properties. 

This research work demonstrates that structural failure through 
elastic buckling for 3DCP can be reproduced by considering geometry 
disorder and non-uniform gravitational loading using lattice model with 
geometric nonlinearity instead of introducing initial geometric imper
fections. Together with our previous research work, two failure modes, 
elastic buckling and plastic collapse, can be reproduced using the lattice 
model for buildability quantification. In further research, other factors 
such as early-stage shrinkage and creep will also be incorporated into 
the model to consider their effects on the early-age behavior of 3D 
printed concrete. 
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[41] H. Zhang, B. Šavija, Y. Xu, E. Schlangen, Size effect on splitting strength of 
hardened cement paste: experimental and numerical study, Cem. Concr. Compos. 
94 (2018) 264–276, https://doi.org/10.1016/j.cemconcomp.2018.09.018. 

[42] H. Zhang, Y. Xu, Y. Gan, Z. Chang, E. Schlangen, B. Šavija, Microstructure informed 
micromechanical modelling of hydrated cement paste: techniques and challenges, 
Constr. Build. Mater. 251 (2020), 118983, https://doi.org/10.1016/j. 
conbuildmat.2020.118983. 

[43] M. Yip, J. Mohle, J. Bolander, Automated modeling of three-dimensional structural 
components using irregular lattices, Comput. Aided Civil Infrastruct. Eng. 20 (6) 
(2005) 393–407, https://doi.org/10.1111/j.1467-8667.2005.00407.x. 

[44] Z. Qian, E. Schlangen, G. Ye, K. van Breugel, Modeling framework for fracture in 
multiscale cement-based material structures, Materials (Basel) 10 (6) (2017), 
https://doi.org/10.3390/ma10060587. 

[45] E. Schlangen, J.G.M. Van Mier, Simple lattice model for numerical simulation of 
fracture of concrete materials and structures, Mater. Struct. 25 (9) (1992) 534–542, 
https://doi.org/10.1007/BF02472449. 
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