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Summary

In order to solve a partial differential equation numerically it has to be replaced with a
system of equations. The methods which can preserve these essential mathematical and
physical structures are called mimetic methods.

The equation that we focus in this thesis is Laplace operator. Differential forms are used
to describe the Laplace operator over spectral elements. In order to create a compatible
discretization, we have to introduce a basis function that reconstructs a continuous field
from integrated values. These functions are called edge functions.

In this thesis the main goal is to solve for the eigenvalues of Laplace operator in 1D, 2D
domains of single element and multi element cases. Two types of formulations of Laplace
operator are solved based on the type of differential form used, which are mixed and direct
formulations. Mixed formulation is obtained when p-form is applied to Laplace operator.
Direct formulation is obtained when O-form is applied to Laplace operator.

The rate of convergence of eigenvalues for two different formulations of Laplace operator
in single element case is exponential. In multi element case the rate of convergence based
on h-refinement is around -6.84. There is alternative plus minus pattern is noticed in
error values of eigenvalues.
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Chapter 1

Introduction

Nowadays science and engineering rely highly on numerical solutions because they do not
have exact analytical solutions. For a numerical solution, partial differential equation must
be replaced with a system of algebraic equations. It is really important that this system
of equations give a physically and mathematically compatible system.[5].The methods
which can preserve essential physical and mathematical structures in a discrete setting
are called mimetic methods. Mimetic means retains analytical relations such as vector
identities and integral theorems. The system of equations are discretized on spectral
elements.

Spectral elements are used because these methods have exponential convergence which is
the highest form of convergence available. Spectral element methods have been developed
since 1971 and significant development has happened during 1980’s. Spectral element
methods has been a standard tool for linear variable seperable differential equation. Now
spectral element methods are developed to the point where most of the problems in fluid
dynamics are solved using this technique mostly.

In this thesis Laplace equation eigenvalues are analyzed because it is easier system to
test. It is elliptic and it is used in many places like inverse square law theories of electro-
magnetism and gravitation , steady heat conduction, shape recognition e.t.c. Laplacian
eigenfunctions appear as vibration modes in acoustics,as electron wave functions in quan-
tum wave guides e.t.c. Differntial geometry is used to describe the Laplace operator and
we discretize equations on spectral elements.

1.1 Research question

In this thesis the main goal is to do error analysis of Laplace operator eigenvalues us-
ing spectral element methods. Spectral element methods denotes fourier series methods,
polynomial basis functions. In this thesis polynomial basis functions (Lagrangian polyno-
mials) are used. There are two different methods to solve Laplace operator based on the
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p-form(differntial form). In this thesis mixed and direct formulations of Laplace equa-
tion are solved in 1D and 2D domains. The error analysis of eigenvalues is also done for
multielement 1D mixed formulation. The goal is to see

1. How eigenvalues converge as compared to traditional methods like finite element
methods.

2. Is there any pattern noticed in the results.
3. Are there any spurious modes in the results.
4. How does multielement case reduces error compared to single element case.

5. Spectral element methods are knonwn for exponential convergence. Is this conver-
gence seen in the results obtained in this project.

1.2 Outline of thesis

In Literature chapter we discuss the necessary basics of differential geometry and algebraic
topology, k-forms are explained by their analogues in vector calculus. We also discuss
about Laplace equation and eigenvalues. In methodology chapter we discussed first how
to use codifferential operator and how to create a mass matrix. Then detailed discussion
of mixed and direct forms of laplace equation in 1D, 2D and multielement. The results
obtained for mixed and direct forms of laplace equation in 1D, 2D and multielement cases
are discussed in detail and compared with Boffis paper. In the last chapter the conclusions
are made by analysisng the results and recommendations are made.



Chapter 2

Literature

2.1 State of the art

2.1.1 Algebraic topology

Differential geometry related topics are explained in detail by Flanders(1962)[20] and
Bochev(2003)[24]. For Algebraic topology a detailed description is given by Tonti(1972)[15]
and Mattiussi(2000)[19]. Brief description of Algebraic topology topics are discussed in
further sections. Two types of basis functions are used in this thesis which are nodal basis
functions and edge basis functions. Nodal basis functions are well known and explained
extensively by Sherwin and Karniadakis(1999)[26]. The second type Edge basis functions
are recently introduced by Gerritsma(2009)[2].

2.1.2 The approximation of Eigenvalues

A lot of research has been done on the approximation of eigenvalues in mixed form. For
example Canuto(1978) to Mercier, Osborn, Rappaz and Raviart(1981)[27]. Eigenvalue
Problems solved using Finite element methods by Babuska and Osborn(1991)[17].

Daniel Boffi in [23] discusses in detail about Mixed and direct formulations of Laplace
eigenvalue problems in 1D and 2D. For mixed Laplace eigenvalue problem in 1D he uses
P1-P0, P1-P1 and P2-P1 finite element methods. P1-P1 element approximation is used
by Babuska and Narasimhan(1997)[16] and shown that it is not stable for the approxi-
mation of the one dimensionsal Laplace problem. Boffi has got better results by using
P2-P0O element method. In 2D mixed Laplace eigen value problem well known mixed
finite elements are Brezzi and fortin(1991)[25], Brezzi-Douglas-Marini(1985), Raviart and
Thomas(1977)[27]. In Boffi paper, he uses Raviart and Thomas elements.

Partial Differential Equations (PDE’s) solutions obtained by numerical methods have
to be accurate and mathematically,physically consistent. Methods which can preserve
these kind of qualities are called mimetic methods. Mimetic means retaining analytical
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relations such as vector identities and integral theorems. Mimetic discritizations give the
relation between differential geometry and algebraic topology. Most of the structures
are topological i.e independent of metric and involve integral relations. Integration is
done using differential forms . Differential forms provide a framework from which to
analye PDE’s.[8] Differential forms can work at high dimensions and independent from
the coordinate system. But scientists doesnot want higher order dimensions, since navier
stokes equations and other kind of equations mostly require 3 dimensions which is not
very high dimensionality. But the reason to use differential forms(differential geometry) is
the clarity that they give in discritization process while describing the numerical solution
of PDE’s. Exterior calculus and differential geometry describes the relationship between
different operators and operands. Numerical methods developed using exterior calculus
are more mathematically and physically consistent.[8][9]

2.2 Differential geometry

2.2.1 Differential forms

Compatible spatial discritizations are those that inherit or mimic fundamental properties
of the PDE such as topology, conservation, symmetries and positivity structures and
maximum principles[1].

For example temperature and density are both scalars. But T'(x,y, z) is defined at each
point and p(z,y, z) is assosiated with the volume. Both variables are represented by a
scalar field but one refers to point values(temperature) and the other to mass per vol-
ume(density). The same holds for vectors where it is not always clear to which geometric
objects the quantities are assosciated. Hence traditional vector calculus is inadequate to
give a full representation of the physical variable and its relation to the geometry. Differ-
ential geometry is used to rephrase differential equations in such a way that its geometric
content is preserved.

Differential forms are the main building blocks for differential geometry. The generaliza-
tion from differentials to differential forms and the assosciated vector calculus makes use
of three operations the wedge product,the exterior derivative and the hodge dual.

Differential forms come in several types. Functions are called 0-forms,line elements 1-
forms,surface elements 2-forms and volume forms are called 3-forms. These are all the
types that exist in three dimensions. There are p-forms with p ranging from zero to the
dimension d of the space.

In R? a O-form is given by

¢O = f(x7y> Z)' (21)
In R3 a one form is given by
M = A(z,y, 2)dx + B(x,y, 2)dy + C(z,y, 2)dz. (2.2)

Typical of the 1-form is associated with line segements more precisely with line integrals.
The coefficients A,B,C form the vector proxy of one form. Classical vector calculus only
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works with these vector proxies and ignores the basis vectors dx, dy and dz ,which tells
us that this vector is assosciated with one dimensional objects.

A 2-form is given by

n? = P(z,y, 2)dydz + Q(z,y, z)dzdx + R(z,y, z)dzdy. (2.3)

dxdy is a formal antisymmetric product called the wedge product,symbolized by 'A’. Thus
surface integrals will be written as integrals over the products dx A dy, dy A dz, dz A dzx.
'A is antisymmetric.

de Ndy = —dy N dzx. (2.4)

under the interchange of any two basis forms. This automatically gives the right orienta-
tion of the surface. 2-forms can be integrated over the surfaces.

The 3-form is given by

w3 = g(z,y, 2)dzdyd:z. (2.5)

which changes sign if any pair of the basis elements are switched.
The 3-forms are assosciated with integration over volumes.

Both zero and three forms are described by scalar fields f and g respectively. But there
is a different association with respect to geometry.

2.2.2 Exterior calculus
Wedge product

The product between two differential k-forms « and 5 of degrees p and ¢ in an exterior
algebra is called wedge product.

anpB=(-1)PBAa. (2.6)

The above equation (2.6) shows that wedge product is not commutative, which means it
is an antisymmetric product.

Wedge products are used to calculate the determinants. It is shown in the following
example of wedge product between two one forms in R3

aD ABY = (apde + aydy + a.dz) A (bpdx + bydy + b.dz) (2.7)

aM A b = agby,(da A dx) + agby(dx A dy) + azb,(de AN dz) + ... (2.8)

= aybdy A dz + aybydy N dy + ayb.dy N dz + ... (2.9)
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= a;bydz N dx + abydz Ndy + azb.dz Ndz+ ... (2.10)
From above equations (2.8),(2.9) and(2.10) it is noticed that

de Ndex =dyNdy=dzNdz=0 (2.11)

dr Ndz = —dz ANdx,dy Ndx = —dx Ndy,dz Ndy = —dy N dz (2.12)

by applying the changes as mentioned in (2.11) and (2.12) to (2.8),(2.9) and(2.10), the
following equation is obtained

aW A1) = (agby — ayby)dz A dy + (a by — agb,)dz A dx + (ayb, — azby)dy Adz (2.13)

The wedge product acts just like the exterior product of the proxies of the 1-forms.

Exterior derivative

The operator exterior derivative transforms p-form to p+1 form. It is denoted as 'd’.
The way exterior derivative acts on different p-forms can be related to the vector calculus
operations.

When exterior derivative operating on the O-form is similar as gradient of scalar field in

R3.
0_ 90,4, 0%, 0
do” = 8J:d x + By dy + 82d (2.14)
whose vector proxy is,
0. 0¢ . ¢>
Vo = 7 1+ 8 J+ 82 (2.15)

Similarly when exterior derivative is applied to one form for which vector proxy is curl.
From vector calculus it is known that div x curl = 0 and curl X grad = 0.

ddw®) = (k+2) (2.16)

Hence in differential geometry also if exterior derivative is applied twice results in zero.

Hodge operator

The exterior derivative sequence like

R — A%Q) &4 AYQ) &4 A2(Q) & A3Q)

The De-rham complex represents the fact that the exterior derivative maps k-forms into
k+1-forms. We cannot apply div directly to a grad, because the divergence operates on
surfaces,yet the grad maps onto lines.
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By combining De-rham complex sequences in both ways(i.e normal and reverse) and define
a map that connects them.

R— A%Q) % AY@) % A20) % A3 % o
* T x| *x ] * |
d d d d

0 R = AN) < A «— AYO) «— W

From above sequence we can see that O-forms map on to 3-forms, 1-forms map onto 2-
forms and in reverse. That map is called the hodge operator(x). In terms of differential
geometry the Laplace operator operating on a 0-form is then written as d x d¢?.

When we apply the hodge to a k-form we essentially map information from one geometrical
object to another.

The mappings of hodge operator are

*1 = dadydz. x dedydz = 1. x doe = dydz. x dy = dzdx. x dz = dzdy. (2.17)

For example when hodge operator is applied to one form

u! = uyde + uydy + udz. x u! = uydydz + uydzdr + u dydz (2.18)

Codifferential operator

The operator codifferential maps k-forms into (k-1) forms. It is denoted as d*. The
operation of codifferential operator is d* = (—1)*+1+k(=k) 4 ds where d is the exterior
derivative. The codifferential operator is the adjoint of the exterior derivative (d*(,n) =
(¢,dn). Codifferential operator is associated to the vector operators grad,curl and div.
The major differences between exterior derivative and codifferential operator are,

1. The exterior derivative is purely topological, but codifferential operator depends on
hodge operator which is metric dependent.

2. Codifferential operator does not satisfy generalized Stokes theorem where as exterior
derivative satisfies it.

3. Codifferential operator does not commute with reduction, reconstruction and the
projection, where as exterior derivative commutes with reduction, reconstruction
and the projection.

Hence the above differences between codifferential operator and exterior derivative shows
that, codifferential operator is not friendly as compared to exterior derivative. Whenever
we come across a gradient in physical model ,it is required to determine whether the
problem is the representation of exterior derivative or codifferential operator. If the
gradient is representation of codifferential operator ,then it can be changed as exterior
derivative with boundary integral by using integration by parts. This operation is done
in the example problem .
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2.2.3 Basis functions

The word spectral element method denotes Fourier series methods, but now a days spec-
tral element method also includes polynomial basis functions. Spectral methods converge
faster because these methods converge exponentially[2]. There are two types of basis
functions used in this thesis

1. Nodal basis functions

2. Edge basis functions

Nodal basis functions

Nodal basis functions are a set of normalized unique Lagrangian polynomials. A function
is expanded using nodal basis functions. For the basis of Lagrangian polynomials some
form of the Legendre polynomial is used. One such basis function is Legendre-Gauss-
Lobatto basis function. These basis functions (h;(£)) are associated to the GL nodes (&;)
for which hold that

(1—&)°Lv(&) =0, for —1 <& <1, (2.19)

where L is the derivative of the Nth order Legendre polynomial. The basis functions
which are constructed using

(1 - &)L
N(N +1)Ln&i(& =€)

i =0, ..., N The nodal basis functions orthogonal property is expressed by

hi(&k) = {17 o=k

hi(§) = (2.20)

0, ifi#k
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Figure 2.1: Nodal basis functions.

The above figure 2.1 shows nodal basis functions for polynomial degree N=>5. Nodal basis
functions are used to approximate a function f(&) on the interval —1 < ¢ < 1 by using

N+1

F&) = () = Z F(&)hi(€). (2.21)

Edge functions

Lagrange polynomials are O-form themselves. Lagrange polynomials are used to recon-
struct a O-form from a 0-cochain. Gerritsma(2009) and Robidoux(2009)[2] derived a
similar projection of 1-form consisting of 1-cochain polynomials that is called edge poly-
nomials. Hence edge polynomials are used to reconstruct a 1-form from a 1-cochain.

Consider the one dimensional equation

u(§) = 2?5 € [a,b]. (2.22)
where a =& <& < ... <&v=b
N
B(&) =Y dihi(£). (2.23)
=0

where h;(€) are the lagrange basis functions.
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where ‘v’ is a one form function and ¢ is a zero form function.

where ; = (¢ — )

k N N
u (&) = —Z(Z dhi(€))ij + Y (D dhj(€))ij.

hence

N

uN (€)= (¢ — dn)eil©),

1=0

j—1

7j=1 =0 j=k+1 1=j

j—1
ej(§) == dhi(§).
=0

(2.24)

(2.25)

(2.26)

where €;() are edge basis functions. The edge basis functions are constructed such that

£
L

dh./d

ifi=k
ifi £k

/:1 ei(§) = {(1)

N
uMN(€) =Y wiei(§).
=1

-8
-

Edge functions for polynomial degree N=5 are shown in the figure 2.2.

06 04 02 0 02 0.4 0.6

£
L

Figure 2.2: Edge functions.

0.8

(2.27)
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2.2.4 Algebraic topology
A discrete system of differential forms is required in order to find good approximate

solution for PDE. A good discrete system setup involves right use of shape of grid on
which the differential forms are discretized.

Chains and cells
The grid consists of different kind of cells in R3 each kind represents a node, an edge, a
surface or a volume which are denoted as 0-cell, 1-cell, 2-cell or a 3-cell. k-cell is denoted

with the symbol o%. A linear combination of oriented k-cells is called a k-chain which is
expressed as

Tk
Cr=>_ mjo}. (2.28)
=1

where 1, denotes the number of k-cells that make up the k-chain and the multiplicity m;
takes values -1,1 and 0 where 0 means that the cell is not part of the chain.

Internally oriented cells Externally oriented cells

. Source/sink

Source /sink

Figure 2.3: orientations of the Node,Edge and surface in R?

The orientation of a k-cell can be internal or external, the orientations important through-
out this thesis are given in the figure 2.3. For example the surface can act like a source or
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a sink likewise the node. The internally oriented edge can be associated with gradients.
The externally oriented edge with fluxes.

Now for 1 < k < n the boundary of a k-cell, o consists of (k-1) chain.

Tk
0Cy =Y _mido}. (2.29)

i=1

The boundary of a k-cell is denoted by aaf, where the symbol 0 represents the boundary
operator. As an example, the boundary of an oriented volume (3-cell) is a collection of
oriented surfaces (2-cells). The boundary of an oriented 2-cell is given by a collection of
oriented lines (1-cells) and the boundary of an oriented edge is given by points (0-cells)
as shown in the figure 2.4. The boundary of the boundary of any cell complex is empty

880k =0. (230)

empty,

Figure 2.4: Example of the boundary operator operating on 1-cell

One can think of the k-cells as the nodes, edges, surfaces and volumes (the geometrical
objects) that make up a grid that is used in a numerical computation. Important is
that in algebraic topology it is only the connectivity that matters. There is no notion
of distance or angle. A grid can be coarse or dense, in algebraic topology this has no
meaning. In the introduction of this section we talked about the shape of the grid, it is
better to talk of connectivity. Since shape also has the notion of curves, distances and
angles. But changing distances and angles in a grid does not influence the connectivity.



2.2 Differential geometry 13

Cochains

Now that we have defined the k-chain we can associate values to these chains. Lets
associate to a each k-cell in a chain (¢*) the integral of k-form(w®)). The assosciation

G |, o 231

between a k-form and its representation on a k-chain is called cochain and is denoted
by C}. Next we define an operator J, called the coboundary operator. Let Cjy; be a
(k+1)-chain then its boundary 0Cj41 is a k-chain (C) and we can formally write,

(0Ck+1, Cg) = (Cr41,0C%), (2.32)
where the coboundary operator § is the formal adjoint of the boundary operator 9, we

can also interpret this as the discrete version of the Stokes theorem where § assumes the
role of the exterior derivative d. Note that,

§:Cp — Cipy. (2.33)

Similarly like exterior derivative,

§6C; = 0. (2.34)

Remember that cell complex is a topological grid on which the cochains are defined that
contain the information from k-forms.

2.2.5 Incidence Matrices

The action of coboundary operator on cochains can be seen as a matrix operator with
the vector containing the cochains (reduced k-forms). These matrices are called incidence
matrices, they are purely topological and remain unchanged under deformation of the
cell-complex. As long as the topology (connection of points,lines and surfaces) remains
the same.
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Py L3 P3
o
Ly Lo
A 51 A
T
P L P

empty,

Figure 2.5: Example of 2-cell

The incidence matrix E0 relates 0 cochains to 1 cochains, i.e. this matrix is the discrete
gradient operator. In this matrix, each row represents a 1-cochain. And such a 1-cochain
consists of two 0-cochains, leaving a node results in -1 and arriving at a node in a+1. The
value 0 indicates that the 0-cochain is not part of the boundary of the 1-cell. The matrix
E?! relates 1-cochains and 2-cochains, it can be seen as the discrete curl operator. Here
a-1 corresponds to a line with an orientation in the opposite direction as the positive
rotation, and a+1 to a line with an orientation in the same direction as the positive
rotation as shown in the figure above.

-1 1 0 O
0O -1 1 0

1,0_
B 0 0o -1 1
-1 0 0 1

E?1=[11-1-1]

Differential geometry and algebraic topology connected

When differential forms are expressed as k-cells representation then we are reducing con-
tionous k-forms to discrete values using integration. The integration or reduction of a
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k-form w onto a k-chain ¢ as

(R,c) = /Cw (2.35)

In this case ¢ is a metric chain, not solely a topological chain. The mapping w — R,
establishes discrete representation of k-forms in terms of global quantities assosciated
with a chain complex. Thus, we encode discrete k-forms as k-cell quanties, k-cochains.
this mapping has a property, which is known as the commuting diagram property, that is
given by

Rd =0R

While solving a PDE, the continous k-forms are reduced to a discrete representation on a
cell complex. The reconstruction process which is used to reconstruct continous k-forms
from this discrete representation is denoted by symbol I. Reconstruction or interpolation
is an approximate left inverse of reduction. Reduction is a straight forward process just
integrating k-forms where as interpolation can be done in mulple ways and depends highly
on the shape of the cell complex on which differential forms are discretized. This thesis
however discusses the use of spectral elements for solving the poisson equation, this means
that our interpolators are combinations of lagrangian interpolators based on the legendre
polynomials. For mimetic reconstruction operators I we impose a condition that serves
to coordinate the action of the exterior derivative and the coboundary operator, this
condition is known as the second commuting diagram property,

dl =16

such a map is called a conforming reconstruction operator.

2.3 Laplace operator and eigenvalues

2.3.1 Laplace operator

Scalar Laplacian is one of the important differential operators in vector calculus. Scalar
Laplacian is denoted by /2. Scalar Laplacian is divergence of gradient. Laplacian is
used in many fundamental concepts like any diffusion process and all forms of wave
propagation including the Schrodinger equation. The spectrum of Laplacian gives all
the details that is to be known about a given piece of geometry. Since Laplacian is a self
adjoint operator it has a real spectrum. Hence understanding the spectrum of Laplacian is
important. Laplacian eigen functions appear as vibration modes in acoustics, as electron
wave functions in quantum wave guides, as natural basis for constructing heat kernels in
the theory of diffusion e.t.c[5].

Inorder to analyze the various PDEs(Partial differential equation) that involve A (laplace)
operator we need to understand the spectrum of laplacian. The spectrum of Laplacian
operator changes as there is a change in region(2) and boundary conditions. For any
function "u’ satisfying boundary conditions that make ‘A’ self adjoint integration by parts
gives

(u*, Au) = /Qu*(v2u)dQ =— /g)(ﬁu*)(%u)d&) <0 (2.36)
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Since scalar Laplacian is a self adjoint operator, surface integral term vanishes.

If the region 2 is bounded then A has a discrete spectrum. If € is unbounded then A has
a continous spectrum and the infinite series is replaced by an integral over the continous
spectrum.

The laplace beltrami operator is self adjoint and semi positive definite. It admits an ortho
normal eigen system that is a basis of the space of square integrable function[18].

In general two types of boundary conditions are applied to laplace equation

1. Neumann boundary conditions

2. Dirchlet boundary conditions

General properties of eigen values of Laplace equation under neumann and dirchlet bound-
ary conditions::

1. The boundary integral vanishes for both dirchlet and neumann boundary conditions.

2. For dirchlet boundary condition the minmax principle implies the property of do-
main monotonocity i.e eigenvalues monotonously decrease when the domain en-
larges. This property doesnot hold for neumann boundary conditions.

3. The eigenvalues are invariant under translations and rotations of the domain. This
is the key property for an efficient image recognition and analysis. When the domain
is expanded by factor a, all the eigen values are rescaled by 1/a?.

4. The first eigen value A; is simple and strictly positive for dirchlet boundary condi-
tions. For neumann boundary conditions A; = 0.

5. For dirchlet boundary condition, the eigen values vary continously under a continous
perturbation of the domain.

The general way to solve for eigenvalues of Laplace equation is method of seperation of
variables.

2.3.2 Generalized Eigenvalue Problem

Consider a matrix A’ which is of size n x n.
A.CC,‘ = )\zmz (237)

The above equation (2.37) is used to determine scalars(eigenvalues) and vectors z;(eigenvectors).
Eigenvalues should be computed in such a way that it satisfies the condition det(A—\;I) =

0. det(A — M\I) =0 is a polynomial in A of degree n, thus there are n eigenvalues of A.

No need for all eigenvalues to be distinct.

If A consists of only real numbers, then the eigenvalues are real or complex conjugates.
For each distinct eigenvalue there must exist atleast one eigenvector.
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If eigenvalues are complex conjugate then eigenvectors are complex conjugates.

If "A" is real and symmetric all n of the eigenvalues are real numbers(i.e no complex
conjugates). For ¢ # j aziij = ( then all eigenvectors are orthogonal.

Consider two matrices ‘A’ and 'B’ of size n x n.

The above equation (2.38) is called generalized eigenvalue problem. The above equation
(2.38) is used to determine scalars(eigenvalues) and vectors x;(eigenvectors). Eigenvalues
obtained in such a way that it should satisfy the condition det(A — \;B) = 0.

If B is non singular then the problem is equivalent to B(~Y Az; = A\;z; and all theory and
properties of standard eigenvalue problem are applied to B(~Y A.

If A is nonsingular then problem is equivalent to A~V Bz; = /\%xz and all theory and

properties of standard eigenvalue problem apply to AC-YB.

If B is singular, zero eigenvalues of A(-1) B correspond to infinite eigenvalues of the gen-
eralized eigenvalue problem.

If A and B are both singular, then there are two cases

1. det(A — X\;B) is a polynomial and there are n eigenvalues (some maybe zero or
infinite).

2. det(A — \;B) identically equals zero and every scalar in an eigenvalue e.g if z is in
the nullspace of both A and B, then Az = ABz for all scalar eigenvalues.
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Chapter 3

Methodology

The following problem is solved first to understand codifferential operator indetail.

3.1 Usage of codifferential operator

du) = O, (3.1)

Codifferential operator is applied to function in 1-form which maps the function in 0O-
form. Dirichlet boundary conditions are applied to the equation. The domain range is
[~1,1J(AD(Q) = [-1,1)).

(3.1) equation is multiplied with the trial function v(® it can be written as

(d*u, v @) = (FO 1) v e AO) () (3.2)

As discussed previously in section 2.1.2 codifferential operator can be changed into exterior
derivative which has much nicer properties by using integration by parts. After applying
integration by parts to the equation ((3.2)) it can be written as

1
/ uM @ — (4D do©@y = (O 40 vy e AO) () (3.3)

-1

For Dirichlet boundary conditions the boundary integral f_ll uMv© vanishes and the
above equation(3.3) can be written as

—(u®, do @) = (fO ) (3.4)
1-form can be written as follows using basis functions Zf\i L Uie;(z). Since it is 1-form

,edge basis functions are used. O-form can be written as follows using basis functions
Zf\i 1 Uihi(x). Since it is 0-form ,nodal basis functions are used. When the exterior
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derivative is applied to nodal basis functions, it changes to edge basis functions and
incidence matrix.

— ™, dv®) = —T ECOT ()T (e,)uvn® € AO)(Q) (3.5)

—oTEVOT ()T (ej)u = oT (1) T (hy) f7o® € AO(Q) (3.6)

(€i), (ej) are edge basis functions. (h;),(h;) are nodal basis functions. The product of
any two basis functions integrated over the domain produces an entry in the mass matrix.
J.(e)T (e;) gives mass matrix in one form and [, (h;)* (h;) gives mass matrix in zero form.

—TEAOT N Dy, = T MO pyp©) e AO(Q). (3.7)

After removing trial functions on both sides

— BT My = ppO (3.8)

Inorder to make the equation symmetric on both sides
MO Ao 07 pALOT 3 1), — MWD ELO) ¢, (3.9)

3.1.1 Exact solution

Exact solution for codifferential problem is solved to compare it with the calculated so-
lutions which are obtained from previous section. The function used for exact solution is
given by uV) = sin(2nz)dz.

codifferential operator is given by
d* = (=1)PEFDFD gy (D) (3.10)

where n = 1 and k = 1 (Hodge operations map from k-form to (n — k)form. To calculate

f(O)

uV) = sin(27a)da, (3.11)

*uV) = sin(27z), (3.12)

dxut) = 27 cos(2mx)de, (3.13)

*d +ut) = 27 cos(2m), (3.14)
(=)D o g w M) = —27 cos(2mz), (3.15)

Hence
d uD = (=)D g (D) = —27 cos(2mz) = £, (3.16)
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3.2 Introduction to Mixed and Direct formulations

A = d*d + dd* (3.17)

In the above equation (3.17) A represents a Laplace operator. It is known that Laplace
maps k-forms into k-forms. We know that da”™ = 0 and d*3° = 0.

When a Laplacian is applied to a 0-form
AP’ = dd*¢° + d*de’ = d*d¢® = 0. (3.18)

The above equation (3.18) is multiplied with a test function . Then do the integration
by parts

(d*dg°, %) q = —(d¢°, dy)")q = 0. (3.19)

For Dirchlet boundary conditions the boundary integral [ LR #%¢"vanishes. This is called
direct formulation.

When n-form is applied to laplacian
AP™ = dd* " + d*dg" = dd*¢™ = 0. (3.20)

Multiply (3.20) with a test equation ¢™ and do integration by parts. It would give two
codifferentials. It is already known section 2.1.2 that codifferential operator does not
have nicer properties compared to exterior derivative. Hence the equation (3.20) has to
be solved by two different equations. Those two equations are given below,

p" Y = @*gm, (3.21)
p ) — @ g =0, (3.22)
dp™=1) = 0. (3.23)

Hence when n-form is applied to Laplacian,( two different equations need to be solved) the
procedure is called mixed method.When 0-form is applied to Laplacian ,the procedure is
called direct method. One has to be careful when applying n-form or 0-form to Laplacian
and make sure which method to use.

3.3 Mixed Method

Poisson equation in 1-form is solved in this section. From the previous section it is known
that n-form results in two codifferentials if it is tried to solve directly. Hence mixed
method approach is used. The domain is Q = [—1,1]. A detailed discussion of poisson
equation in a mixed method approach is presented below

RIS
7= Fo. (3.24)
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dd* ¢t = . (3.25)
The above problem has two functions ‘¢’ is known data and ’f’ is unknown data.

The above equation (3.24) can be written as two different equations to reduce two codif-
ferentials to one codifferential.

uw® — gx¢M) =0, (3.26)

du® = \f), (3.27)

¥ = HA(Q) and U = L?AY(Q) Mutiplying equations (3.26) and (3.27) with trial func-
tions and integrating over the domain.

(u(O) _ d*¢(1))a(0) — O’Vfb(o) ey, (3.28)

(dua™ = A fOgM g e U. (3.29)

After integration by parts for (3.28) and (3.29) the remaining codifferential has changed
into exterior derivative

W@, 7O + (6M, da®) = 0,va® e x. (3.30)
((du®),aMy = A(f®, aW).va® e U. (3.31)
After writing in terms of basis functions to the above equations (3.30) and (3.31)
(@ hIhju) + (@"EGOT el e;0) = 0,val € 3, (3.32)
(T B0l eju) = xalele;fva) e U. (3.33)
MO EQCOT Mg = o, (3.34)
MOEODG = xpO f. (3.35)

The equations (3.34) and (3.35) are in the form of mixed Laplace eigenvalue problem as
mentioned in Boffi paper. The equations (3.34) and (3.35) are in the following format as
mentioned in Boffi’s PAPER

A BT X0 0] [ X
B 0 Y | 0 M Y
where A’ is a mass matrix in zero form is M° and 'B’ is M1E®0) and M is M! mass

matrix in one form. The homogeneous Dirichlet boundary conditions are enforced,so that
the matrices A,B and M do not include boundary conditions.
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1.
2.

3.

7.

The domain taken is [-1,1] in my program, in Boffi’s paper the domain is [0, 7]
The number of subdivisions is equal to the polynomialdegree(N) + 1.

It gives N eigenvalues.

N272

. The exact eigenvalues are given by =~ for the domain [—1,1]. The corresponding

eigen spaces are spanned by the eigen functions sin(N;””). In Boffi’s paper, the

domain is [0, 7]. Hence The exact eigenvalues are given by N2 because the domain
is [0, ]. The corresponding eigen spaces are spanned by the eigen functions sin(Nx).

. We used ’eigs’ MATLAB function.

. The analysis has started from polynomial degree N=8 because we require minimum

six eigen values for single element.

The polynomial degree is varied from N = 8 to N = 13.

3.3.1 Exact solution

Exact solution for Poisson problem is solved to compare it with the calculated solutions
which are obtained from previous section. The function used for exact solution is given
by ¢(1) = sin(2rx)dz. Exact solution of Poisson equation in 1D.

2 (1
290 _ )

~ 3 (3.36)

dd* ¢ = ), (3.37)

o) = sin(27x)dz, (3.38)

xp(V) = sin(27x), (3.39)

d % o) = 2 cos(2mz)d, (3.40)

«d % o) = 2 cos(2mz), (3.41)

dxdx ¢V = —4x? sin(2nz)de = V. (3.42)

3.4 Direct method

Solve the Poisson equation problem in 0-form in this section. This problem has only one
codifferential which is easy to change to exterior derivative by doing integration by parts.
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This can be done directly with the same original equation unlike mixed method where
the equation has to be broken down to two different parts. The domain is = [—1,1].

d*dp® = Af©). (3.43)

Multiplying the equation (3.43) with the trail function (¢(®)). ¥ = HA?(Q2)

(@, 6 g = A(FO, (), V(¢©) € 5. (3.44)

by doing integration by parts the codifferential is changed into exterior derivative

(Ao, d(9))e = A(f, (#))a, ¥(¢®) € =. (3.45)

The above equation (3.45) is written in form of basis functions

O ECOTT o, E0GO) = A\gORTh; fO W(¢0) € 5. (3.46)

The incidence matrix E(M9T connects the test function qb(b) to eiT and the incidence

matrix E(10 connects ej and ).

After removing test functions

BT pr() g(10) 4(0) — 3 p7(0) £(0) (3.47)

The above equation 3.47 is in similar format as generalized eigenvalue problem Av =
ABv. 'A’ matrix is —ELOT M1 EWL0) and /B’ matrix is M°.A and B are both symmetric
matrices.(The dimensions of A and B matrices is equal to polynomial degree).

1. The domain consisdered in this program is [—1, 1].

2. It gives N eigenvalues.The exact eigenvalues are given by # because the domain
is [—1,1].

NT(J?)'

3. The corresponding eigen spaces are spanned by the eigen functions sin(~3

4. We used ’eigs’ MATLAB function.

5. The first six eigen values are tabulated in the table starting from the polynomial
degree N = 8. The polynomial degree is varied from N =8 to N = 13.

6. The homogeneous dirchlet boundary conditions are enforced, so that the matrices
A,B and M do not include boundary conditions.
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3.4.1 Exact solution

Exact solution for Poisson problem is solved to compare it with the calculated solutions
which are obtained from previous section. The function used for exact solution is given
by ¢(©) = sin(2rz). Exact solution of Poisson equation in 0-form.

M _ f(O)_

7 (3.48)

d*dp® = \f©). (3.49)

sd % dpl®) = A0, (3.50)

0 = sin(27z), (3.51)

d¢\©) = 27 cos(2nx)de, (3.52)
xd¢©) = 2 cos(2mx), (3.53)

d x dp®) = —4x? sin(2nz)dz, (3.54)
sd x dp®) = —47? sin(27z) = fO). (3.55)

3.5 Mixed method in 2D

2-form is applied to Poisson equation. It is n-form hence mixed method approach is used
to solve the poisson equation in 2-form. The domain is Q@ = [—1,1] x [—1,1]

M _ f(2).

e (3.56)

dd* ¢ = ). (3.57)

It is mixed method approach hence the above equation (3.56) is rewritten in to two
different equations.

u) — d*¢p? =0, (3.58)
duV = @), (3.59)

mutiplying equations (3.58) and (3.59) with trial functions and integrating over the do-
main.
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Y= HAYQ), U= L?A%(Q)

(M — @*¢@)a® =o0,va e ¥, (3.60)

(duM)a® = @« 1@ va® e U. (3.61)
After integration by parts for the equations (3.60) and (3.61)

(M, @My + (@*¢@, qa™) = 0,va) € 5, (3.62)

(du™,a®) = (@, a@wa e U. (3.63)
The boundary integral vanishes because of Dirichlet boundary conditions.

The above equations (3.62) and (3.63) are written in terms of basis functions as
uﬁ’e?eiu + uNTE(Q’l)Te;eiefej(ﬁ =0,val e 3, (3.64)

u?e?eie;fpejE(Q’l)u = u?eTeie?eij&(Q) el,. (3.65)

i
The product of edge functions integrated over the domain produces an entry in mass

matrix. The above equations (3.64) and (3.65) are written in the form of mass matrices
as follows,

MOy 4 ECHT @43 — (3.66)

—

M@ L0 = M@ @) (3.67)

The equations (3.66) and (3.67) are in the form of mixed laplace eigen value problem
which is similar to the algebraic structure as mentioned in 1D case. The equations (3.66)
and (3.67) are in the following format as mentioned in Boffi’s paper

A BT X0 o] [X
B 0 Y | [0 M Y
where ’A’ is a mass matrix in zero form is M! and ‘B’ is M2E®@1D and M is M? mass

matrix in one form.The homogeneous dirchlet boundary conditions are enforced.So that
the matrices A,B and M do not include boundary conditions.

1. The domain taken is [—1,1] x [—1,1] in the program, in Boffi’s paper the domain is
[0, 7] x [0, 7]
2. The number of points is equal to the polynomialdegree(N) + 1.

3. It gives N eigenvalues.
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4. The exact eigenvalues are given by

((N? + M?)7?)
4

(3.68)

because the domain is [—1,1] x [-1, 1]. The corresponding eigen spaces are spanned
by the eigen functions sin(Ng‘”) X sm(@) In Boffi’s paper the domain is [0, 7] X
[0, 7]. Hence The exact eigenvalues are given by N2 + M?2. The corresponding eigen

spaces are spanned by the eigen functions sin(Nz) x sin(Mzx).

5. We used ’eigs’ MATLAB function.

6. The analysis has started from polynomial degree N=8 because i require minimum
six eigen values.

7. The polynomial degree is varied from N =8 to N = 13.

3.6 Multi element analysis 1D

Until now the analysis is using by considering the entire domain as single element. Now
in this section entire domain is divided into 'k’ number of elements

It is already known from the previous Mixed 1d section the format of final equation to
solve which is given by

A BT X0 o] [X
B 0 Y | |0 M Y
where "A’ is a mass matrix in zero form is M and ‘B’ is M1E®LO) and M is M! mass

matrix in one form.The homogeneous dirchlet boundary conditions are enforced.So that
the matrices A,B and M do not include boundary conditions.

Instead of one single element as the entire domain , the domain is divided into more than
one element i.e [0, a] is entire domain in multielement analysis it becomes [0, a/2], [a/2, a].
In single element case Legendre polynomials N=8 is used for the entire domain [0, a]. In
multi element case Legendre polynomial N=8 is used for [0,a/2], [a/2, a].

Now the domain is changed in multielement case. Hence
Ce[-1,1] — z € [xg, x1]

'2’ is related to ¢’

1 1
T = 5(1—()1‘04-5(14-()3?1 (3.69)
To+T1 X1 — X
= 3.70
5 5 (3.70)
2 Ty + T1
= — 3.71
¢= 2 -2t (3.71)

u(¢) = u(((x)) (3.72)
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'A’ matrix is mutiplied with #5%¢ and "M’ matrix is multiplied with

B = 9((x)) o (373)

$(Q)d¢ = o(¢(x)) dx (3.74)

1 — Zo

@. where

T1—%o
2

denotes the size of element divided by 2. This term is multiplied to mass matrices because
domain is changed.

The

mass matrices are same for all elements because element size is same.

At first the gathering matrix is created which is in the format of

w

Table 3.1: Gathering matrix for multielements 1D case

k=1 k=2 k=3 k=4 k=5 k=6
1 3 ) 7 9 11
2 4 6 8 10 12
3 ) 7 9 11 13
14 16 18 20 22 24
15 17 19 21 23 25

. The value k is number of element.
. Total number of elements is 6.
. Velocity points are from 1 to 13.

. Pressure points are from 14 to 25.

At boundaries of the elements the velocity points overlap. The pressure elements wont
overlap at the boundaries of the elements.

. The single element domain consisdered in this program is [—1, 1]. For multielements
the domain is [z, x1].

. It gives N eigen values.The exact eigen values are given by # because the domain
is [—1,1].

The corresponding eigen spaces are spanned by the eigen functions sin(%.

We used ’eigs” MATLAB function.

. The first five eigenvalues are tabulated in the table with polynomial degree N = 8.
Number of elements is varied from N =1 to N = 8.

The homogeneous dirchlet boundary conditions are enforced.So that the matrices
A,B and M do not include boundary conditions.



Chapter 4

Results

The code setup is discussed in the previous section. The code for mixed method (i.e
Poisson equation in k-forms) and direct method (i.e Poisson equation in 0-form) in both
single element and multielement cases has been exectued for eigenvalues. Eigenvalues
are obtained at different polynomial degrees for mixed and direct methods. The results
obtained are compared with [13] paper. The rate of convergence analysis is discussed and
compared with [13] paper.

4.1 Edge and nodal basis functions

Programming of this project has been done in MATLAB language.

The programs already developed used in this project are

1. GLL nodes are obtained from the program GLL NODES already written. The
input to give for this program is polynomial degree.This program uses the principle
of Gauss-Legendre-Lobatto.

2. The program MIMETIC POLY VAL already written has been used to obtain nodal
basis functions and edge functions. This program uses lagrangian polynomials as
interpolation functions. The input to give for this program are polynomial degree
and GLL nodes and which method has to be used.GLL nodes are obtained from
the program mentioned above. This program has three different basis functions
procedures.Which are,

(a) Gauss-Lobbato-Legendre
(b) Gauss
(c) Extended gauss

The first method Gauss-Lobatto-Legendre is used in this project which uses legendre
polynomials and GLL nodes.

29
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Results

4.2 Rate of convergence for codifferential problem

Results presented in this section are for the codifferential problem
d*u) = 0
£©) is the known data and uV) is the unknown data.
MO EA0) O pAOT (1), — MO ELO) ¢,

u( is obtained by solving (4.2)

(4.1)

(4.2)

At first the discrete solution is obtained. Then it is changed to approximate continous
solution by using mass matrices.The basis functions play keyrole in this operation. Results

obtained from these calculations are compared with exact solutions.

polynomial degree 7 exact and calculated solutions

ucal and uex

cal sal
exact s0/

Figure 4.1: exact and calculated solutions for polynomial degree 7.
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palynomial degree 3 for exact and calculated solution of poisson equation

cal sel

exact sal |

ucal and uex

wsol

Figure 4.2: exact and calculated solutions for polynomial degree 8.

palynomial I:Iegree 10 exact and calculated solution for poisson equation

cal sel

exact sal |

ucal and uex

wsol

Figure 4.3: exact and calculated solutions for polynomial degree 10.
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polynorial degree 11 exact and calculated solution for poisson equation

cal sol |
exact sol |7

.......................................................................................

) R e N L e e - I T N T, T e L - e ol

ucal and uex

Yol

Figure 4.4: exact and calculated solutions for polynomial degree 11 .
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. L2 norm Error between exact and calculated solutions
10% T T T T T T T T T

log of error
-
-
[
T
/!
1

7 75 8 85 9 95 10 105 11 115 12
polynomial degree

Figure 4.5: loglog error plot.

From above plots it is seen that as polynomial degree is increased, the error between exact
solution and calculated solution is reduced.

The rate of convergence is exponential.

In spectral methods convergence is achieved by raising the polynomial degree order k of
the approximation rather than by reducing the mesh width h, as is done in finite difference
or classical finite element methods. In finite difference/finite volume (FD/FV) methods
on the contrary convergence is achieved by refining mesh or by reducing the order of the
scheme near discontinuities using limiters. Unlike FD/FV methods the convergence order
of spectral methods is limited only by the regularity of the solution.

4.3 Results of mixed method for 1d case

Eigen values for mixed form poisson equation in 1D are obtained by solving the equation
A BT X0 o] [X
B 0 Y| |0 M Y

which is a generalized eigenvalue problem

Calculated and exact eigenvalues for one form of poisson equation are given in the follow-
ing table.
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Table 4.1: Exact and Calculated eigenvalues mix form

Exact N=8 N=9 N=10 N=11 N=12 N=13
2.4674 24674 24674  2.4674 24674 24674  2.4674
9.8696  9.8696 9.8696  9.8696  9.8696  9.8696  9.8696
22.2066 22.2159 22.2057 22.2067 22.2066 22.2066 22.2066
39.4784 38.8190 39.5638 39.4654 39.4795 39.4783 39.4784
61.6850 68.7424 59.4639 62.1116 61.5910 61.6957 61.6836
88.8264 78.5633 105.705 83.6866 90.2946 88.3966 88.8894

1. The value N is polynomial degree.

2. The eigenvalues are real and positive since Laplace operator is a self adjoint operator.

3. The eigenvalues are integer multiples of 72 i.e N 2%2.

4. The first two eigenvalues are similar to exact values for all polynomial degrees
ranging from N=8 to 13. We had started with N=8 because minimum six eigenvalues

are required for analysis.

5. As the eigenvalue rank increases the error between exact and calculated value de-

creases as the polynomial degree is increased.

6. No spurious modes are seen in the eigenvalue solutions.

Boffi’s paper[13] has eigenvalues in the domain of [0, 7]. Hence inorder to compare eigen-
values for convergence analysis. We changed the domain from [-1,1] to [0,7]. (How to

change the domain is mentioned in section 3.6)

Calculated and exact eigenvalues for one form of poisson equation in the domain [0, 7]

are given in the following table.

Table 4.2: Exact and Calculated eigenvalues mix form of my method

Exact N=8 N=9 N=10 N=11 N=12 N=13
1 1.0000  1.0000  1.0000  1.0000  1.0000 1.0000
4 4.0000  4.0000  4.0000  4.0000  4.0000 4.0000
9 9.0038  8.9996  9.0000  9.0000  9.0000 9.0000
16 15.7327 16.0346 15.9947 16.0004 16.0000 16.0000
25 27.9413 24.0998 25.1729 24.9619 25.0043 24.99994
36 31.8405 42.8407 33.9169 36.5950 35.8258  36.0255

1. The value N is polynomial degree. The domain is [0, 7].

2. The eigenvalues are real and positive.

3. The eigenvalues are multiples i.e of N2 because the domain is [0, 7].
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The first two eigenvalues are similar to exact values for all polynomial degrees

ranging from N=8 to 13.

As the eigenvalue rank increases the error between exact and calculated value de-
creases as the polynomial degree is increased.

. No spurious modes are seen in the eigenvalue solutions.

Calculated and exact eigenvalues for one form of poisson equation of Boffi’s[13] paper are

given in the following table.

6.

Table 4.3: Exact and Calculated eigenvalues mix form of daniel boffi

Exact N=8 N=9 N=10 N=11 N=12 N=13
1 1.0129 1.0102 1.0083  1.0068  1.0057  1.0049
4 4.2095 41650 4.1333  4.1099  4.0922  4.0785
9 10.0803 9.8484  9.6838  9.5629  9.4715  9.4007
16 19.4537 18.7203 18.1925 17.8030 17.5083 17.2803
25 33.2628 31.6439 30.3964 29.4497 28.7248 28.1609
36 51.3724 49.2421 47.0606 45.2325 43.7708 42.6099

The value N is number of subdivisions.
The eigenvalues are real and positive.

The eigenvalues are multiples of i.e N2.

No eigenvalues are similar to exact values for all polynomial degrees ranging from

N=8 to 13.

As the eigenvalue rank increases the error between exact and calculated value de-
creases as the polynomial degree is increased.

No spurious modes are seen in the eigenvalue solutions.

7. In Boffi case the eigenvalues are approximated only from above and the convergence

is quadratic.

Error between exact and calculated eigen values for mixed form one dimensional Poisson
equation are given in the following table.(The values considered for this table are the

values we obtained for the domain [—1, 1])

The relative error increases with the rank of the eigenvalues in the spectrum. For instance
the error for sixth eigenvalue is more than 16 times the error for the first one for polynomial
degree N=9. For each eigenvalue at different polynomial degree a pattern can be noticed,
the error values has alternative plus and minus signs. At same polynomial degree for
different eigenvalues the error values has alternative plus and minus signs.
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Table 4.4: error between exact and calculated eigenvalues for mixed method

pOly degree )\1 )\2 )\3 )\4 )\5 >\6
8 8.3710e 11 —1.6169¢ P 0.0093 -0.6594 7.2574 -10.2631
9 —7.2520e7 13  4.5589¢707  —8.9140e 4 0.0854 -2.2211 16.8787
10 —4.4409¢7 15 —1.3278¢79®  4.7914e¢7% -0.0131 0.4266  -5.1398
11 3.9968¢7 15  2.5388¢10  —2.7399-06 0.0011 -0.0941  1.4681
12 5.3291e" 1 —4.9560e"'2  1.02637°7  —9.8578¢~% 0.0107 -0.4298
13 4.8850e~ 15 7.2831e714 —3.9671e7%  5.8108¢%  -0.0014  0.0630
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Figure 4.6: Error between exact and calculated solutions.

13

igen values for first six eigen values

From above plot 4.6 alternative plus minus pattern can be seen for error values of eigen-
values of Poisson equation in O-form. The alternative plus minus error pattern is not
clearly seen until A3. It is little bit clearly seen for Ay . The pattern is clear for A5 and Ag.
All eigenvalues for different polynomial degree are approximated from above and below
alternatively. Whereas in Boffi case the eigenvalues are approximated only from above
and the convergence is quadratic.

The convergence analysis for eigenvalue problems usually consists of two parts.

1. In the first step one shows that there are no spurious modes in eigenvalues.
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2. In the second step error estimates are looked for which provide the order of conver-
gence for eigenvalues.

error between exact and calculated eigen values for fifth eigen value
T T T

xact and calculated eigen values

error between e

105
degrees of freedom

Figure 4.7: Error between exact and calculated solutions fifth eigen value mixed method 1d.

1. Bofhi at first uses pl-pl element method but it gives spurious modes. Next he uses
pl-p0 element method which is nicely convergent but lateron for more convergence
he uses p2-p0 element method. For p2-p0 method he uses continous piecewise linear
elements and discontinous piecewise constants.

2. The results from Boffi case converges slower than my calculated results.

3. The convergence of Boffi’s case is almost quadratic and the convergence of my results
is exponential.

4. In my case the convergence is exponential because spectral methods have expo-
nential convergence. The amount of reduction in error by changing the order of
polynomial is way higher than the the amount of error by changing the order of
polynomial in Daniel boffi’s case.

5. At all points of degrees of freedom Boffi has more error compared to my results.

6. In both cases of my method and Boffi’s case we considered first six eigenvalues. In
my case we used spectral element method whereas Daniel boffi uses finite element
method. As from the plot it is seen that the convergence rate is really less when the
number of subdivisions is increased at the same rate as by increasing the number
of order in my method. For example when the order of polynomial is increased by
1 from 9 to 10 the amount of error is still less than the amount of error at N=13
for Boffis method.
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4.4 Direct method

Eigenvalues for direct form Poisson equation are obtained by solving the equation

_EOOT 1 p00) 40 — \pg0 40 (4.3)
which is a generalized eigenvalue problem.

Exact and calculated eigenvalues for 0-form Poisson equation are given in the following
table

Table 4.5: Exact and Calculated eigenvalues for direct form

Exact N=8 N=9 N=10 N=11 N=12 N=13

2.4674 24674 24674  2.4674 24674 24674  2.4674
9.8696  9.8696  9.8696  9.8696  9.8696  9.8696  9.8696
22.2066 22.2159 22.2057 22.2067 22.2066 22.2066 22.2066
39.4784 38.8190 39.5638 39.4654 39.4795 39.4783 39.4784
61.6850 68.7424 59.4639 62.1116 61.5910 61.6957 61.6836
88.8264 78.5633 105.705 83.6866 90.2946 88.3966 88.8894

1. The value N is polynomial degree.

2. The domain is [-1,1].

3. The eigenvalues are real and positive.

4. The eigenvalues are integer multiples of 72 i.e N 2%2.

5. The first two eigenvalues are similar to exact values for all polynomial degrees
ranging from N=8 to 13.

6. As the eigenvalue rank increases the error between exact and calculated value de-
creases as the polynomial degree is increased.

7. No spurious modes are seen in the eigenvalue solutions.

For mixed and direct methods the eigenvalues are almost similar for polynomial degrees
N=8 to 13.

Error between exact and calculated eigenvalues for direct method are given below.

For each eigenvalue at different polynomial degree a pattern can be noticed, The error
values has alternative plus and minus signs. At same polynomial degree for different
eigenvalues the error values has alternative plus and minus signs. The error increases as
the rank of eigenvalue increases. The error values look almost similar for both mixed and
direct methods.
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Table 4.6: error between exact and calculated eigenvalues for direct method
pOly degree )\1 )\2 )\3 )\4 )\5 )\6
8 —8.3786e 11 1.6169¢= -0.0093 0.6594 -16.8783  19.8840
9 7.2609¢ 13 —4.5589¢07  8.9140e¢ %4 -0.0854 2.2211 -16.8787
10 —1.0214e 1% 1.3278¢ 98  —4.7914¢7 9 0.0131 -0.4266  5.1398
11 4.8850e 1%  —2.5386e10  2.7399-06 -0.0011 0.0941  -1.4681
12 2.3093¢~ 14 4.8992¢7 12 —1.0263797  9.8578¢7 %  -0.0107  0.4298
13 2.0428¢~ 1 —4.9738¢~ 1 3.9671le % —58108¢ %  0.0014  -0.0630
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Figure 4.8: Error between exact and calculated solutions.

From above plot 4.8 alternative plus minus pattern can be seen for error values of eigen-
values of Poisson equation in O-form. The alternative plus minus error pattern is not
clearly seen until 3. It is little bit clearly seen for Ay . The pattern is clear for A5 and

6.
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|12-norm error analysis
30 T T T T T

20~ =
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Figure 4.9: Error analysis for direct method.

The above plot 4.9 shows the L2 norm error analysis. L2 error analysis is done for all 6
eigenvalues together for polynomial degree 8 to 13. The convergence is exponential since
we used spectral element method.
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error between exact and calculated eigen values for fifth eigen value
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Figure 4.10: log-lin Error between exact and calculated solutions for fifth eigenvalue direct
method.

The above plot 4.10 shows the L1 norm error analysis for As. L1 error analysis is done for
5th eigenvalue because variation of error is seen clearly for this eigenvalue for polynomial
degree 8 to 13. The convergence is exponential since we used spectral element method.

1. The convergence is exponential for both overall L2 error analysis and individual
eigenvalue error analysis. Individual eigenvalue error analysis is done for 5th eigen-
value.

2. The convergence is exponential because we used spectral method.

4.5 2d case

Eigenvalues for mixed form poisson equation in 2D are obtained by solving the equation
A BT X0 o] [X
B 0 Y | |0 M Y

which is a generalized eigenvalue problem

Calculated and exact eigenvalues for 2-form of poisson equation are given in the following
table.
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Table 4.7: Exact and Calculated eigenvalues for 2-dimensional mixed case
Lambda  Exact N=8 N=9 N=10 N=11 N=12 N=13
A1 49348  4.9348  4.9348 49348  4.9348  4.9348  4.9348
A2 12.3370 12.3370 12.3370 12.3370 12.3370 12.3370 12.3370
A3 12.3370 12.3370 12.3370 12.3370 12.3370 12.3370 12.3370
A4 19.7392 19.7392 19.7392 19.7392 19.7392 19.7392 19.7392
As 24.6740 24.6834 24.6731 24.6741 24.6740 24.6740 24.6740
A6 24.6740 24.6834 24.6731 24.6741 24.6740 24.6740 24.6740
A7 32.0762 32.0855 32.0753 32.0763 32.0762 32.0762 32.0762
As 32.0762 32.0855 32.0753 32.0763 32.0762 32.0762 32.0762
Ag 41.9458 41.2864 42.0312 41.9328 41.9469 41.9457 41.9458
A10 41.9458 41.2864 42.0312 41.9328 41.9469 41.9457 41.9458
A11 44.4132 44.4319 44.4114 44.4133 44.4132 44.4132 44.4132
A12 49.3480 48.6886 49.4334 49.3350 49.3491 49.3479 49.3480
A13 49.3480 48.6886 49.4334 49.3350 49.3491 49.3479 49.3480
A4 61.6850 61.0350 61.7695 61.6720 61.6861 61.6849 61.6850

1. N represents polynomial degree.

2. The eigenvalues are real and positive.

3. The eigenvalues are integer multiples of 72 i.e N 2%2.

4. The first four eigenvalues are similar to exact values for all polynomial degrees
ranging from N=8 to 13.

5. We had considered 14 eigenvalues because there are some repeated eigenvalues.

6. As the eigenvalue rank increases the error between exact and calculated value de-
creases as the polynomial degree is increased.

7. No spurious modes are seen in the eigen value solutions.

8. All eigenvalues for different polynomial degree are approximated from above and

below alternatively.

Error between exact and calculated eigenvalues for mixed form poisson equation 2D are

given below.

The relative error increases with the rank of the eigenvalues in the spectrum. For instance
the error for fourteen eigenvalue is more than 0.65 times the error for the first one for
polynomial degree N=8. For each eigenvalue at different polynomial degree a pattern can
be noticed, The error values has alternative plus and minus signs. At same polynomial
degree for different eigenvalues the error values has alternative plus and minus signs.
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Table 4.8:

error between exact and calculated eigenvalues for mixed method 2 dimensional
case from 1 to 8 eigenvalues

poly degree )\1 )\2 )\3 )\4 )\5 /\6 )\7 )\8
8 0.0000 -0.0000 -0.0000 -0.0000 -0.0094 -0.0094 -0.0093 -0.0093
9 -0.0000  0.0000  0.0000 0.0000  9e~* 9e7*  9e7t 9t
10 0.0000 -0.0000 -0.0000 -0.0000 —le™* —le™* —le™* —le™*
11 -0.0000  0.0000  0.0000 0.0000 0.000 0.0000  0.0000 0.0000
12 0.0000 -0.0000 -0.0000 -0.0000 -0.000 -0.0000 -0.0000 -0.0000
13 -0.0000  0.0000  0.0000 0.0000 0.000 0.0000  0.0000  0.0000
Table 4.9: error between exact and calculated eigenvalues for mixed method 2 dimensional

case from 9 to 14 eigenvalues

poly degree )\9 /\10 )\11 )\12 )\13 /\14
8 0.6594 0.6594 -0.0187 0.6594 0.6594  0.6500
9 -0.0854 -0.0854 0.0018 -0.0854 -0.0854 -0.0845
10 0.0130 0.0130 —le~* 0.0130 0.0130 0.0130
11 -0.0011 -0.0011 0.0000 -0.0011 -0.0011 -0.0011
12 le=*  lem*  -0.0000 le=*  le7t  le7t
13 -0.0000 -0.0000 0.0000 -0.0000 -0.0000 -0.0000

error between exact and calculated eigen values for first fourteen eigen value
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Figure 4.11: error vs polynomial degree for 2d case.
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The above plot 4.11 shows the error values for all eigenvalues. The alternative plus minus
error pattern is not clearly seen until Ag. It is clearly seen after Ag eigenvalue. The
alternative plus minus pattern is noticed clearly from Ajq.

|12-norm error analysis
A T T T T T

05— .

error between exact and calculated eigen values
P
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Figure 4.12: Error between exact and calculated solutions for 2d case for different eigenval-
ues.

The above plot 4.12 shows the L2 error norm analysis.

L2 norm error analysis is done for 14 eigenvalues from polynomial degree 8 to 13. The
convergence is exponential because we used spectral method.
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error between exact and calculated eigen values for ninth eigen value
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Figure 4.13: log error vs polynomial degree for 2d case.

The above plot 4.13 shows the L1 norm error for Ag. It is a linear-logarithm plot. L1
norm error analysis is done for individual ninth eigenvalue from polynomial degree 8 to
13. The convergence is exponential because we used spectral method. The error reduces
as polynomial degree is increased.

4.6 Multi element analysis in 1-D

Until now the results are obtained for single element case i.e domain [—1, 1] is considered
as one single element. 1-form of mixed Poisson equation in multi elements is solved in
this section.

Calculated and exact eigen values for 1-form of Poisson equation are given in the following
table.

1. We had taken 6 eigenvalues.
2. The eigenvalues are real and positive.
3. The eigenvalues are integer multiples of 72 i.e N 2%.

4. K denotes number of elements.
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Table 4.10: Exact and Calculated eigenvalues multielement analysis for polynomial degree

8

Exact k=1 k=2 k=3 k=4 k=5 k=6

2.4674 24674 24674  2.4674 24674 24674  2.4674
9.8696  9.8696  9.8696  9.8696  9.8696  9.8696  9.8696
22.2066 22.2159 22.2066 22.2066 22.2066 22.2066 22.2066
39.4784 38.8190 39.4784 39.4784 39.4784 39.4784 39.4784
61.6850 68.7424 61.6848 61.6850 61.6850 61.6850
88.8264 78.5633 88.8638 88.8263 88.8264 88.8264 88.8264

5. The first two eigenvalues are similar to exact values for all number of elements
ranging from k=1 to 6 for polynomial degree N=8. K=1 means single element case.

6. As the eigenvalue rank increases the error between exact and calculated value de-
creases as thenumber of elements is increased.

7. No spurious modes are seen in the eigenvalue solutions.

Table 4.11: Error between Exact and Calculated eigen values for mixed form multi elements

1D
number of elements A1 A9 A3 A A5 6
1 0.0000 -0.0003 0.0093 -0.6594 7.2574 -10.2631
2 0.0000 0.0000 -0.0000 -0.0000 -0.0000 0.0374
3 0.0000 -0.0000 0.0000 -0.0000 -0.0000 -0.0000
4 0.0000 - 0.0000 -0.0000 0.0000 -0.0000 -0.0000
5 0.0000 -0.0000 -0.0000 -0.0000 -0.0000 0.0000

In single case, for each eigen value at different polynomial degree a pattern can be no-
ticed, The error values has alternative plus and minus signs. At same polynomial degree
for different eigen values the error values has alternative plus and minus signs. But in
multielement case the alternative plus minus pattern is not seen.

1. L1 norm error is calculated for different number of elements and polynomial de-
gree=8. k denotes the number of elements.

2. For one particular number of elements, the error reduces exponentially as number of
elements is increased. The error approximation is exponential because it is spectral
element method.

3. As number of elements is increased the amount of error decreases. The size of
element reduces as the number of elements is increased since the interval is same.

(~1,1].

As it can be seen from the above table that all error values are close to zero. Inorder
to notice error values clearly and to see how rate of convergence is with respect to p
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refinement. Hence the error values are plotted for N=2 and number of elements is changed
from 1 to 70.

error between exact and calculated eigen values for first six eigen values polynomial degree=2

n exact and calculated eigen values
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Figure 4.14: Error between exact and calculated solutions for 1d case for two eigenvalues.
The above plot 4.14 shows the error between calculated and exact eigen values. The above
Rate of convergence is given by the equation

_ k
Yy =azx (4.4)
taking the logarithm of the equation gives
logy = klogx + loga (4.5)

The above equation (4.5) is in the form of y = mx+b where m=k,b = log a is the intercept
on the (logy axis). where m is given by

_ logys —log

= 4.6
log 9 — log 1 (4.6)

From above graph the rate of convergence is -6.8433. The number of elements is changed
from k=1 to k=70 for polynomial degree of N=2. The obtained two eigen values are
plotted.
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Chapter 5

Conclusion and Recommendations

5.1 Conclusion

In chapter 2 of this report we focussed on exterior derivative, codifferential operator,
wedge product and hodge operator which constitute the building blocks that enable the
representation of most of the physical field laws. We also focussed on Laplace operator and
how different boundary conditions gives different set of eigenvalues. By using differential
geometry and the link to its discrete counterpart algebraic topology we derived a mimtic
discretization of Laplace operator. Hence two different formulations of Laplace operator
depending on the use of differential forms are obtained, which are mixed and direct.
mixed and direct formulations are solved in 1D and 2D domains in single element. Later
on we will extend to solve mixed formulation in 1D domain for multi element case. The
methodology for single element and multi element cases are solved in chapter 3. The
eigenvalues error analysis of Laplace operator for these cases are discussed in chapter 4.
The following conclusions are made based on the results discussed in chapter 4.

1. For 1D mixed formulation single element case in section 4.3 it is shown that eigen-
values obtained through spectral element method has faster convergence rate than
Boffi’s finite element method.

2. There is an alternative plus minus pattern for error values of eigenvalues. This
pattern is profoundly noticed when error is of substantial value. This pattern holds
for mixed and direct formulations in 1D and 2D cases of single element case. This
pattern is not noticed anymore in multielement 1D mixed formulation case.

3. There are no spurious modes in results of all single element 1D, 2D and multielement
1D cases.

4. For multielement lesser polynomial degree can be used to obtain same accurate
results compared to single element case.

5. The convergence rate for multi element case is 6.8433.

49



50 Conclusion and Recommendations

In this thesis we set out to obtain rate of convergence of eigenvalues of Laplace operator
to be exponential which has been obtained by using spectral element methods. There are
no spurious modes in eigenvalues.

5.2 Recommendations

1. To calculate CPU time for spectral methods and compare them with traditional
finite element methods. Analyze between the CPU time and accuracy in detail.

2. To analyze why there is alternative plus minus sign pattern occurs in error values
of eigenvalues.

3. To analyze why alternative plus minus sign pattern won’t hold for multielement
case.

4. To analyze if this alterntive plus minus sign pattern holds for dual grid method.
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Appendix A

Appendix

The programs of the mixed method developed in this thesis and Boffi mixed method in
1D single element case are compared for the time taken by the CPU to compute. The
programs are iterated for 1000 times then the amount of time is in seconds.

Function Mame Calls | Total Time Self Time* | Total Time Plot
(dark band = self time)

thesis4 3 1 7434 s 3907 s .
Eigs 1000 2263 s 0.243 s =
gigs=checklnputs 1000 | 1.669 s 1659 5 .
MimeticpolyY/al 1000 | 1.054 s 0579 s [ B
roundn 36000  0.360 s 0.360 s |
eigs=>fullEig 1000 0350s 0319 s |
Gllnodes 3000 0270 s 0277 s 1

i Legendre'al 2000 0085 s 0.055 5 |

| cell.ismember 1000 00583 s 0.053 s |

Figure A.1: mixed method N=8
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The above figure A.1 shows the amount of time taken by mixed method which uses
spectral element method for polynomial degree 8.

Function Mame

thesisd 9 1

eigs 1000

gigs=checkinputs 1000

Mimeticpoly/al 1000

roundn 40000
eigs=fullEig 1000

GlLLnodes 3000

Legendre/al 2000

cell.ismember 1000

mimee bl b LA frmbn oD 1hnn

10,6580 =
2715 s
1.889 5
1726
0571 s
0511 s
0.385 =
0.080 5
0.067 s

[ et i T

5956 s
03145
1.756 s
0983 =
0571 s
0.465 5
0326 s
0.080 5
0.067 s

[ s R

Figure A.2: mixed method N=9

Calls | Total Time Self Time* Total Time Plot

(dark band = self time)

The above figure A.2 shows the amount of time taken by mixed method which uses
spectral element method for polynomial degree 9.

Profile Summary

Generated 12-Jun-2017 15:46:57 using performance time.

Function Mame

Untitled?

gig
gigs=checkinputs
eigs=fullEig

gigs=checkinputs/L UfactorAminusSigmab

Calls | Total Time | Self Time*

1

7840 s

1000 | 6.953 =

1000 | 4764 s

1000 | 1.883 s

spdiags

eigs=checklnputs/CHO| factorB

1000 | 0.296 =

2000 | 0277 =

cellismember

eigs=Bmtimes

rlnsa

1000 | 0172 s

1000 | 0.077 s

1000  0.038 s

1

030 s

0553 s
0.306 s
4212 s
1845 5
0.296 s
0277 s
0172 s
0077 s
0038 s

nnn3 s

Figure A.3: Boffi mixed method N=8

Total Time Plot
(dark band = self time)
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The above figure A.3 shows the amount of time taken by Boffi mixed method which uses

finite element method for number of subdivisions 8.

e

Function Mame Calls Total Time Self Time*
Untitled? 1 32562 s 0263 s
eigs 1000 32015 s 14145 s
eigs>checklpntr 244944 | 6488 s 5.488 s
eigs=@W)Bmtimes(v) 242944 6196 s 2529 s
eigs=Bmtimes 323944 | 4823 s 4823 s
eigs=@)AminusSigmaBsolve(Bmtimes{v) | 61000 | 3.307 s 0797 s
eigs=AminusSigmabsalve B1000 1671 s 1671 s
eigs=checklnputs 1000 0927 s 0353 s
_..(arraytoconvert)intG4 (arraytoconvert) 252944 0596 s 0536 =

Total Time Plot
(dark band = self time)

Figure A.4: Boffi mixed method N=200

The above figure A.4 shows the amount of time taken by Boffi mixed method which uses
finite element method for number of subdivisions 200.

Table A.1: Exact and Calculated eigenvalues mix form of my method and Boffi method

Exact Bofli no. of subdivisions=200

N=9

1 1.0000
4 4.0003
9 9.0017
16 16.0053
25 25.0129

1.0000
4.0000
8.9996

16.0346
24.0998

The above table A.1 shows the eigenvalues obtained for Boffi mixed method 200 subdivi-
sions and my mixed method for polynomial degree 9. The eigenvalues are almost similar
for both methods. But the amount of time taken for Boffi finite element method is 32.562s
where as for my method it is 10.690s. The amount of time for Boffi method is almost
thrice than my method. But still detail discussion of these results and different scenarios

have to be analyzed to have proper conclusions.
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