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Abstract

Invariant manifolds provide a solid foundation for rigorous model reduction and analysis of complex dynamical behavior in
high-dimensional nonlinear systems. Their existence and smooth parameter dependence are well established theoretically;
yet the practical computation of parameter-dependent invariant manifolds remains challenging, particularly for systems with
nontrivial equilibria, large state dimension, or limited access to governing equations. In this work, we develop efficient
computational expressions for invariant manifolds and their reduced dynamics that depend smoothly on system parameters,
without shifting coordinates or introducing parameters as auxiliary variables. This approach enables formal Taylor and
Taylor—Fourier expansions of parameter-dependent equilibria, invariant manifolds, and reduced-order models directly from
the governing equations. We show how our expressions can be implemented nonintrusively for systems with affine parameter
dependence and up to cubic nonlinearities. We demonstrate the effectiveness of the method on a range of high-fidelity
numerical models, where the resulting parameter-dependent reduced-order models enable the analysis of local bifurcations,
including buckling, flutter, period-doubling, and internal and parametric resonances, at computational costs far below those
of the full system. The framework provides a practical bridge between rigorous invariant manifold theory and large-scale
engineering applications, with particular relevance to design and optimization.

Keywords Invariant Manifolds - Spectral Submanifolds - Nonlinear Model Reduction - Reduced-order modelling - Finite
element - Parametric Computations

1 Introduction

Invariant manifolds are hypersurfaces in the phase space
of a dynamical system that are composed of trajectories
of the full system. Their computation has attracted sus-
tained interest due to their central role in rigorous nonlinear
model reduction, stability analysis, and bifurcation theory.
In particular, modern developments in invariant manifold
theory and computation have enabled the systematic con-
struction of invariant manifolds and their reduced dynamics
directly from high-dimensional governing equations [1-
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4]. These advances have facilitated physically meaningful
reduced-order models (ROMs) that faithfully capture non-
linear behavior beyond the reach of linearization.
High-fidelity models of physical systems typically depend
on geometric, material, and operating parameters. Under-
standing how invariant manifolds and their associated reduced
dynamics vary with respect to such parameters is therefore
essential for design, optimization [5—7], and sensitivity anal-
ysis [8, 9]. Despite the strong theoretical foundations guar-
anteeing the existence and smooth parameter dependence of
invariant manifolds, practical computational procedures for
parameter-dependent manifold calculations remain challeng-
ing, especially for large-scale or black-box models. In this
work, we focus on alleviating these computational challenges
for high-dimensional systems with parametric dependence.
In engineering applications, local approximations of
invariant manifolds are often useful for assessing the influ-
ence of nonlinearities on a linearized operating point. An
advantage of employing such local computations is that they
simplify the nonlinear manifold computation into a recursive
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solution of linear equations of the same size and sparsity
pattern as the full system (see [2] for a discussion on global
vs. local techniques). Local computational procedures for
approximating invariant manifolds around a fixed point com-
monly assume that the equilibrium is located at the origin of
the phase space [2, 3, 10, 11]. This assumption is mathemati-
cally without loss of generality since coordinates may always
be shifted to place the equilibrium at the origin. Such a coor-
dinate shift, however, modifies the structure of the nonlinear
terms. Explicit knowledge of these transformed nonlinear-
ities is typically required for manifold computations; e.g.,
see Ref. [1], where the nonlinearity was explicitly trans-
formed before performing center manifold reduction around
a nontrivial bifurcating flow. In practice, performing such
transformations can be prohibitively difficult or impossible,
depending on the modeling framework used, particularly
when governing equations are not explicitly available.

A classical approach for computing invariant manifolds
that depend on parameters is based on center manifold the-
ory, wherein parameters g € R™ are treated as auxiliary
variables with trivial dynamics gt = 0 (see, e.g., [12]). This
reformulation embeds the original system into an extended
autonomous system, increasing the dimension of the cen-
ter subspace, and hence of the center manifold, by m. The
resulting center manifold can be interpreted as a parameter-
dependent extension of the original center manifold. This
dummy-variable approach has also been employed for other
types of invariant manifolds for which parameter regularity
can be rigorously established, including stable and unsta-
ble manifolds [13] or spectral submanifolds (SSMs) [14].
Recently, this approach was applied to compute parameter-
dependent unstable manifolds in a pipe conveying fluid by
constructing a center—unstable manifold of the extended sys-
tem [15]. While theoretically sound, this approach leads to an
increase in the system dimension of the reduced-order model.
Furthermore, since this approach mixes the state variables
with the parameters, computational implementation becomes
difficult even when using open-source modeling software,
and it does not allow for independent control of the expan-
sion orders with respect to the parameters and the manifold
coordinates.

In this work, we focus on the parameter-dependent com-
putation of invariant manifolds attached to perturbed fixed
points around a nominal parameter configuration, using
asymptotic Taylor or Taylor-Fourier expansions. Our goal is
to develop formal computational procedures for parameter-
dependent invariant manifolds and their reduced dynamics
around nontrivial steady states and parameter values with-
out shifting coordinates and without introducing parameters
as auxiliary variables. To this end, we take the existence
and regularity with respect to parameters of the underlying
invariant manifold as theoretically established. These theo-
retical guarantees may be provided by various classical and
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modern results, including center manifolds, stable (unstable)
manifolds, center-stable (unstable) manifolds, pseudo-stable
(unstable) manifolds [12, 13, 16-19], subcenter manifolds
[20], the parametrization method [21-25], and spectral sub-
manifolds [14, 26, 27].

Related works include equation-driven local approxima-
tion of parametric SSMs around trivial fixed points over
a finite parameter range [28]. There, the invariance equa-
tions are projected onto an orthogonal polynomial basis
over the parameter domain, resulting in a coupled nonlin-
ear system for the leading-order coefficients, followed by
recursive linear computations for higher-order terms. Para-
metric SSMs have also been obtained through interpolation
of SSM expansion coefficients computed at discrete param-
eter values in a data-driven setting [29]; such interpolation
is also justified among low-order SSM coefficients across
Hopf bifurcations [30]. In contrast, our data-free approach
constructs Taylor expansions with respect to the parameter
perturbation § = u — p. Hence, our representation remains
local in the parameter space, but enables the invariance equa-
tions to decouple into nested linear problems, while naturally
supporting local sensitivity and bifurcation analysis around
nontrivial parameter configurations.

The remainder of the paper is organized as follows. In
Sect.2, we describe the technical setup for autonomous sys-
tems with polynomial nonlinearities and develop expressions
for computing Taylor expansions of parameter-dependent
equilibria x*(@) about a nominal parameter value p,. We
then derive expressions for efficient computation of invariant
manifolds attached to these equilibria and their parameter-
dependent reduced dynamics. In Sect.3, we extend the
methodology to nonautonomous systems with periodic or
quasiperiodic time dependence, enabling a local approxi-
mation of nonautonomous invariant manifolds to arbitrary
polynomial orders in the amplitude and frequency of time-
dependent forcing. Section4 addresses nonintrusive com-
putations, which are particularly relevant when governing
equations are accessible only through black-box modeling
packages; here we focus on systems with affine parameter
dependence and nonlinearities up to cubic order. Numerical
and analytical examples are presented in Sect. 5, followed by
concluding remarks in Sect. 6.

2 Autonomous systems

We are generally interested in high-dimensional dynamical
systems described by ordinary differential equations (ODEs)
for the variable x(#) € R, dependent on some parameter
€ R™as

Bx = F(x; ), (D
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Table 1 Notation

Meaning

Symbol Space
N N

X RN
x* RN
£ RN
M N
m No
® R™
Ro R™
X0 RN
W(E) RN
8 RVH
P cM
24 C
(0

lo] No
f N
Q RS
€j

Dimension of the full system (1)
State vector of system (1)

Anchor trajectory for the invariant manifold: fixed point of
system (1), or periodic/quasiperiodic orbit of system (35)

Invariant subspace of the linear system (11); main subspace for
invariant manifold computation

dim(&)
Number of parameters
Vector of parameters
Nominal parameter configuration
Fixed point of system (1) or system (35) for u = p
Parameter-dependent invariant manifold of system (1) or
system (35), tangent to £ at the nominal equilibrium
configuration (Xo, ()
d = p — py: deviation from the nominal parameter configuration
Parametrization coordinates for W(E) along £

di _d
24 =z1'2y ..

. z% for anyz € C",d € Njj
Complex conjugation operation
|d| =di + -+ d, forany d € Njj

Number of rationally incommensurate frequencies in the
nonautonomous system (35): f = 1 for periodic and f > 1 for
quasiperiodic time dependence)

Quasiperiodic forcing frequencies

Jj—thposition
1

[0,...,0, 1 ,0,...,01": vector aligned along the j—th

coordinate axis in the corresponding Euclidean space

imaginary unit

where, F : RY x R™ — RY is an arbitrary polynomial
in terms of x and u. Such systems typically arise upon spa-
tial discretization of partial differential equations (PDEs) that
represent continuum models of physical phenomena. Various
numerical techniques, such as finite differences, the Galerkin
method, finite elements (FE), enable such spatial discretiza-
tions via open-source as well as commercial software that
produce ODEs with polynomial nonlinearities.
Autonomous systems of the form (1) are often analyzed
around an equilibrium configuration or fixed point. In the
presence of parameters, these fixed points may deviate from
their nominal configuration. For instance, in a buckling prob-
lem, the trivial equilibrium of the system may bifurcate into
a nontrivial equilibrium as the load parameter is varied. The
influence of nonlinearities on the dynamics around the bifur-
cating equilibrium can be captured by a low-dimensional
attracting invariant manifold attached to this equilibrium
[31]. In the vibrations community, such invariant manifolds
have been computed for decades, where they have been
referred to as nonlinear normal modes (NNMs) [32, 33]
and more recently, upon theoretical developments of their

existence and properties, defined as spectral submanifolds
(SSMs) [14, 27].

In fluid dynamics, the flow may bifurcate from a trivial
state to a nontrivial flow pattern as the Reynolds number
is varied. In such cases, the invariant manifold of interest
is attached to the bifurcating flow, which also depends on
parameters. For instance, the flow past a cylinder undergoes
a Hopf bifurcation at a critical Reynolds number, where the
trivial equilibrium bifurcates into a limit cycle that can be
accurately captured via a center manifold reduction [1]. Prac-
tical computation of such manifolds often requires an explicit
transformation of the governing equations to shift the origin
to the bifurcating flow.

We now present a computational procedure for parameter-
dependent invariant manifolds attached to nontrivial fixed
points without shifting coordinates. We first compute the
parameter-dependent fixed point x*(p) as a Taylor expan-
sion in terms of the deviation § = p — p( from the nominal
parameter configuration p. We then derive recursive expres-
sions for computing the coefficients of the Taylor expansion
of x* () and the associated invariant manifold and its reduced
dynamics. The resulting expressions can be implemented

@ Springer
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directly from the governing equations without any coordi-
nate transformations. We summarize the notation used in the
paper in Table 1.

For the ensuing computations, we require:

1. The autonomous system (1) has a fixed point xo for some
nominal parameter value p, i.e.,

F(xo; so) = 0. @)

We denote the Jacobian of the right-hand side evaluated
at (Xo; ftg) as A € RVXN i,

A = F(xo; Ro)- )

2. The fixed point xo smoothly persists upon perturbation
of the parameter p(. This is guaranteed, for instance,
by the implicit function theorem when A is invertible.
This allows us to locally approximate the fixed point as
a multivariate Taylor expansion in terms of the deviation
8 = p — pg from the nominal parameter configuration
as

() =) X8, )

LeNy

where the xj € RY is the expansion coefficient associ-

ated with the monomial §¢ = 8f' .. 85{”. Note that the
coefficients xj, are a priori unknown except for £ = 0,
i.e.,

XO == XO.
3. The right-hand side admits a finite Taylor expansion as

Foxip) = Y Fiax....xip,... 0, )

J.keNo k times

J times
where F; ;€ (RV)! x (R™F — RV are multilin-
ear functions describing the polynomial dependence of
the right-hand side on the state x and the parameters .
Specifically, F; ; has degree j in x and degree k in pu.
Such representations are readily available in open-source
finite-element model packages such as yaFEc [34]. For
commercial packages, we discuss a nonintrusive con-
struction of F; 4 by treating F as ablack box in Sect. 4. We
discuss in Appendix A.1 how this multilinear description
for a polynomial function is generally not unique, but we
always have a unique symmetric choice. This symmetric
choice also reduces computational effort, as we show in
Remark 2.
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Next, we compute the coefficients xj to determine how the
fixed point x( deviates when the parameter value p, is per-
turbed.

2.1 Parameter-dependent fixed point

To determine the dependence of the fixed point x* on param-
eters, we need to solve the nonlinear system

F(x*(n); p) = 0. 6

One advantage of Taylor series representation (4) in sys-
tems with polynomial nonlinearities (5) is that the unknown
coefficients x; can be computed recursively by solving a set
of linear equations. To this end, we first express the param-
eter w as an affine function of the deviation § as

R@) =po+8=> mest N
LeNy
where
o €£=0,
me=1¢; L=ej, j=1,....m, @

0 otherwise.

We then substitute the expansions (4) and (7) into the rela-
tion (6). Now, utilizing the expansion (5) and collecting
coefficients of the monomial §¢ for any |[£| > 0, we obtain
the linear system

Ax; = by, 9)

where

by := Z

JjkeNo, (j,k)#(0,0)
&+t jtny+ =L,
ALNIE(L, ., )}

—Fjx (le,...,xzi,unl,...,unk>. (10)

For deriving system (9), we have used the relation

Ax; = 0xF(x0; o)X

* *
= E Fj« Xppo oo Xg 0 Ros -5 Bo
——
J-k€No, (j,k)#(0,0) e
G+, ktimes
L=, ie{l,...j}

We note that right-hand side by in system (9) depends
only on the coefficients x5, with |[m| < [£|. Hence, Xj can
be determined by solving system (9) for arbitrary values of
£ € N™ in a recursive fashion with respect to increasing
polynomial orders [£| (see Algorithm 2 in Appendix B).
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Remark 1 (Computations without shifting the origin) The
nonlinearity is expressed in arbitrary coordinates, and this
recursive computation does not require a translation of the
origin to the fixed point (Xp, it(). Thanks to the expansion (8),
the coefficients with respect to the deviation § can be com-
puted directly from the multilinear expansion for F up to
arbitrary orders in any given coordinate system.

Remark 2 (Exploiting symmetries in F;;) The summa-
tion (10) involves multiple evaluations of the multilinear
functions F; x, which is a computational bottleneck. For a
symmetric construction of F;  (see Appendix A.1), we need
to evaluate these functions only for unique combinations of
the arguments, regardless of their permutations, thereby min-
imizing the number of function evaluations.

We will now discuss a similar recursive procedure to com-
pute an invariant manifold of system (1), anchored to x* ().

2.2 Parameter-dependent invariant manifold
anchored to a nontrivial fixed point

We seek to compute a parameter-dependent invariant mani-
fold W (€) of system (1), anchored at the fixed point x*(x)
and tangent to an invariant subspace £ of the linearized sys-
tem,

Bx = Ax, (11)

at the nominal configuration (Xg, (). By linearity, any
invariant subspace of system (11) is spanned by some gener-
alized eigenvectors defined by the eigenvalue problem

(A—1,B)v; =0, (12)
] (A-21B)=0, j=1.._.N, (13)

where A; € C is an eigenvalue with the generalized left
and right eigenvectors u;, v; € CN. We pick an eigenvalue
ordering such that £ = span{vy, ..., vy} forsome M < N,
ie.,dim(€) = M.

Let W : CM x R™ — R be a mapping that parametrizes
W (€) as a function of the coordinates p € C* and system
parameters m. Then, W(p, u) provides the coordinates of
the manifold in the phase space of system (1), as shown in
Fig. 1. For any trajectory x(¢; p) on W (€), we have a reduced
dynamics trajectory p(¢; p) in the parametrization space such
that

x(t; ) = W(p(; w); ). (14)

The evolution of this trajectory is governed by a low-
dimensional, parameter-dependent ODE,

p =R(p; ), (15)

where R : CM x R™ — CM is a parametrization for the
reduced dynamics on W (£). Differentiating eq. (14) with
respect to ¢, substituting the result into system (1) and utiliz-
ing eq. (15), we obtain the invariance equation

B[3,W(p: w)|R(p; p) = F(W(p; p); p), (16)

whose solution determines the parameterizations W and R
required for model reduction.

We choose a Taylor ansatz to locally approximate W
around x*(u) as
Wpiw) = > wmep™s (17)

meN(’y,teNg

where wi ¢ € CN are the coefficients associated with the
scalar monomial p™§¢. Similarly, we locally approximate R
via a Taylor series as

I'm p™8%, (18)

Rp:w = ).

meN%,leN@

where rm ¢ € CM are the reduced dynamics coefficients
associated with the monomial pm8e. Once again, thanks to
the choice of a polynomial ansatz for W and R, Eq. (16) sim-
plifies to a set of linear equations in terms of the unknowns
Wm. ¢, I'm,¢ that can be solved via a nested recursion with
respect to increasing polynomial orders |m| and | €|, as shown
in Algorithm 1.

Specifically, note that the leading order coefficients are a
priori known due to the anchor point x*(x) and the eigen-
vectors associated with £ as

Wo e = XZ vV £e N, (19)

Wej,O:Vj ijl,,M (20)
By construction, the parametrization W maps the origin p =
0 to the fixed point x*. Hence, the reduced dynamics (15)
must satisfy R(0, n) = 0, i.e.,

roe=0 V £eNj. 21

Furthermore, the eigenvalues associated with £ determine

the leading-order coefficients R at the nominal parameter

configuration (£ = 0) as

re; 0 = Ajej, Vji=1,...,M. (22)
Finally, the remaining unknown coefficients Wiy ¢, 'm.¢

are determined by collecting the coefficients of the monomial

pmsf in the invariance equation (16) for jm| > 0 as (see
Appendix C)

@ Springer
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Fig.1 W(€)isa
parameter-dependent invariant
manifold of system (1), tangent
to the eigenspace £ at the
nominal parameter configuration
(X0, Mg), and is anchored at the
parameter-dependent
equilibrium x*(u). The mapping
W:CM x R" - RN
parameterizes W (€) as a
function of the coordinates

p € CM and parameters

p € R™, and the function
R:CY x R™ — CM provides
its parameter-dependent reduced
dynamics. For a perturbed
parameter value p = o+ 6, W
maps the trajectories p(¢; u) of
the reduced system (15) onto

W (E), and the origin p = 0 to
the fixed point x*(u) in the
phase space of the full system

[AmB — AlWm ¢ = Sm.¢ — Drm.¢, (23)
—— ~—

Ly bm.e

where Am 1= miA, + - +mydy, and sSm e € CV,D e
CN*M gare defined in Appendix C. Most importantly, Sm, ¢
depends only on lower-order coefficients wy ¢, Iy with
lu| < |m| and [¢| < |£|. NOW, W ¢, I'm,¢ are a priori deter-
mined for |m| = 0 at all orders in £ from egs. (19),(21). And
for |m| = 1, the coefficients wy ¢, I'm ¢ are known for [£| = 0
from Eqgs. (20) and (22). Hence, the coefficients Wi ¢, I'm.¢
can be determined up to any desired order in m, £ by solving
the linear system (23) recursively (see Algorithm 1).

@ Springer
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A symmetric construction of F; j is again computation-
ally beneficial in evaluating by ¢, as mentioned in Remark 2.
In Appendix A.3, we discuss how conjugacies in the eigen-
values of £ can be exploited to further reduce computational
costs.

Remark 3 (Nested recursion and parallelization): The recur-
sion with respect to |£] is nested inside the recursion with
respect to |m|, i.e., keeping |m| fixed, we first recursively
solve system (23) up to desired order in |£|, and then we
increase |m|. At a given pair of orders, (Jm|,|£|), the lin-
ear system (23) remains decoupled for each multi-index pair
(m, £).
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Algorithm 1 Nested recursion for solving the invariance Eq. (16)

[W,R] = compute_parametrization(xo, pg, Ae, Ve, dp, d,)

Input Nominal equilibrium configuration: (Xo, ft();
Eigenvalues Ay, ..., Ay with eigenvectors vy, ..., vy associated with &;
Degrees of approximation d), in p and d,, in § for the parametrization (17) of W(&)
Setup empty arrays for coefficients wy, ¢ € CV and I'm¢ € CM forall (m, £) € N(’)V’ x N :m|=0,....d,, €] =0,...,d,
Assign W, := X, I, :=0;
We; 0 :=Vj,Te; 0 = Aj€; Vi=1,....M.
ny €=0,
Setup coefficients u, € R™ for the expansion (7) as p, := e; L=e;, j=1,...,m,
0 otherwise.
for k=0,...,dp
for 1=0,...,d,
if (k,1) = (0,0) or (k,1) = (1,0)
continue
endif
for (m, &) e N x NJ': [m| =k, [€| =1
Evaluate Sm,¢ using eq. (98), which requires wy ¢, Iy With |u| < k and [¢]| < [.
Solve linear system (23) to obtain Wy, ¢, I'm.¢ as discussed in Appendix D.
endfor
endfor
endfor
Output Coefficients wy ¢ € CV, I'm¢ € CM for the expansions (17),(18) upto degrees dpinpandd, ind.

2.3 Choice of reduced dynamics

The linear system (23) is underdetermined as it contains N
equations associated with the unknowns wp, ¢ € CN, Im¢ €
CM je., N + M unknowns. This underdeterminacy allows
for different styles of parameterization [25, 35], i.e., differ-
ent solutions of wy, ¢ for different choices of rpy ¢. A trivial
choice, i.e., rm¢ =0V |m| # 1, V|£| > 0, is often possible
and results in a linear expression for the reduced dynam-
ics (15), i.e., linearized reduced dynamics. However, in the
presence of (near-) resonances among the eigenvalues of
&, this trivial choice may no longer be (robustly) available,
thereby resulting in nonlinear reduced dynamics associated
with nonlinearizable phenomena [36]. Moreover, even when
a complete linearization is formally possible, retaining near-
resonant nonlinear terms is often desirable because these
terms capture dynamically important effects and can increase
the domain of convergence of the reduced dynamics expan-
sions. Specifically, for an eigenvalue A, a (near-) resonance
of the form

Aj A dm, je{l,...,N} (24)

results in the coefficient matrix Ly being (nearly) singular
and the left eigenvector u; € Ker(L,,); see [2] for a proof.

To ensure (robust) solvability of system (23), ry ¢ must be
chosen such that by, ¢ is in the range of L. This choice is
possible as long as A; € Spec(€), i.e., we have a (near) inner
resonance among the eigenvalues of £. Since Range(Lp,)

is orthogonal to Ker(ZZ:l), we require
(uj,bme) =0, (25)

which imposes a constraint on the values of ry ¢ in the pres-
ence of a (near) inner resonance (24). For A; ¢ Spec(€), we
have a (near) outer resonance, and system (23) is (ill-posed)
unsolvable. Such an outer resonance can be converted into
an inner resonance by augmenting the dimension of £ by
including any outer-resonant modes in it.

A normal-form style of parametrization is appealing in
the presence of (near) inner resonances as it provide s a
solution of system (23) that contains only the essential non-
linear monomials in the expression (18), producing a sparse
expression for the reduced dynamics on W(E). We detail
the implementation of the normal form and graph styles of
parametrization in Appendix D.

Remark 4 (Outer resonances and parameter dependence):
The existence of the manifold W(E) relies on the non-
resonance condition between the spectrum within and outside
£. While this condition holds generically for a single param-
eter value, we assume it holds at @ = p( and remains valid
for @ ~ pg to ensure Taylor expansion coefficients remain
bounded. Itis important to note that while an accumulation of
resonances can occur, particularly across local bifurcations
when overdamped modes are present, these effects typically
affect higher-order terms [30]. Lower-order expansion coef-
ficients typically persist through these transitions allowing
truncated models to remain effective for parametric reduc-
tion, as demonstrated in Example 5.1.2.
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2.4 A planar example

We consider the following planar system

X =—x4+pu, )'):—«/24y+x2+x3+x4+x5. (26)

This system was originally studied in [14] for u = 0 without
any parameter dependence, where the system was shown to
have a unique analytic SSM tangent to the slowest spectral
subspace (x-axis) at the origin. According to Theorem 3 in
[14], this analytic SSM will persist under small perturbations
in our parameter 1 and will depend on these perturbations
in an analytic fashion. Indeed, for ; # 0 in system (26), the
origin perturbs into a parameter-dependent equilibrium as

I R S

NGTi

Next, we compute the slowest analytic SSM attached to the
above equilibrium depending on p via an analytical deriva-
tion and also via the algorithms we established in the previous
sections. As we will see, these two methods yield the same
results.

x* :H/v )’* = (27)

Classic calculation. For our analytical derivation, we first
introduce a classical coordinate transformation (x,y) —
(u, v) as

X=Xy +u, y=yit+uv, (28)

which shifts the equilibrium of system (26) to the origin,
yielding

U= —u,
0= —24v + St + 43 +3u2 + 2w
+ (1043 + 6% 4 3 + Dt
+ (1012 + 4+ Dud + (14 S + i (29)

We observe that the two eigenvalues of the linearized system
at (u,v) = (0,0) are A = —1 and A, = —+/24 indicating
that the equilibrium is asymptotically stable for any value of
. The corresponding eigenvectors are vi = ej and vp =
ey. We construct the slowest SSM as a parameter-dependent
graph over v; as

v=h(u,p) = a2,0M2 +ayjup+ ao,zu2 + 613,0143

+ a2,1u2u + 01,2”,“2 + “0,3#3

+ a4,0'44 + a3,1u3u + az,zuzu2

+ al,suﬂ3 + ao,4M4

+ as,ous + a4,1u4u + a3,2u3u2

+a2,3u2u3 + a1,4uu4 +a0,5u5 +- (30)
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where g; j with2 <7 < 5and 0 < j < 5 are the unknown
coefficients in the Taylor expansion of 4 truncated at O(5).
We substitute the expansion (30) into the state equation (29)
and compare the coefficients of various monomials to obtain
the unknown coefficients a; ; as shown in Appendix E.1.

Computation via Algorithms 1 & 2. We now perform the
above computations, without shifting the origin, via the pro-
posed algorithms. Expressing system (26) according to the
notation of (1), we have

1
B= (1) Forn=(5).

Ly 0
Frox) = (_my) » Fio,....x)) = (x1x2 i, .xj)
(3D

for 2 < j < 5. We take the nominal equilibrium configura-
tion as (xg, no) = (0, 0). Thus,

—1 0
A:(O_m). (32)

Following Algorithm 2, we obtain the Taylor expansion for
the parameter-dependent equilibrium as

1)
(W) = 1 2 34 4, 5 ]
<ﬁ(3 +8+34 +6))

which agrees with our analytical calculation (27) since § =
w — o = p. Next, following Algorithm 1, we compute
the parameter-dependent SSM W(E) with £ = span{e;} to
obtain as SSM parametrization W(p; 1) : R x R — R? as

wi(p; u) = p+34,
wr(p; ) ~ 0.204124(8 + 8% + 8* + 87)
+ 0.344949 p% + 0.5129558 p + 0.526599 p>
+ 1.034858 p> 4 0.7694325° p
+1.11237p* + 2.106398 p* + 2.069698 p?
+1.025918° p
—9.89898p° + 5.561868 p* + 5.265998% p°
+ 3.449495° p? + 1.282398%p (33)

and the reduced dynamics on the SSM as
p=R(p; ) =—p, (34)

which shows that the equilibrium x*(x) remains asymptot-
ically stable for any parameter value, as expected. Since &
is aligned with the x-axis, our parametrization coordinate p
can be identified with the variable u in (28), and we observe
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that the analytical coefficients in Appendix E.1 agree with
the numerical results (33), which validates the effectiveness
of our algorithms.

3 Nonautonomous systems with
periodic/quasiperiodic time dependence

Weak periodic or quasiperiodic time dependence is com-
mon in many applications, such as mechanical systems under
moderate external forcing, fluid flows under periodic exci-
tation, and power grids under time-varying loads. In such
systems, the role of a fixed point in the autonomous limit
is replaced by a periodic or quasiperiodic steady state in the
nonautonomous setting. These steady states typically emerge
from the persistence of hyperbolic fixed points under weak
or slow time-dependent forcing and depend smoothly on the
parameters [37]. Invariant manifolds associated to the anchor
fixed point also smoothly persist as periodic or quasiperiodic
spectral submanifolds (SSMs) under appropriate nonreso-
nance conditions that are generically satisfied [14]. In these
systems, the nonautonomous invariant manifolds play a cru-
cial role in reducing the system’s response to time-dependent
perturbations.

Prior efforts to compute such nonautonomous pertur-
bations of autonomous invariant manifolds includes the
computation of O(e¢)-approximations of the nonautonomous
SSMs in the presence of O(e)-periodic/quasiperiodic forc-
ing [2, 10, 38]. Another strategy for systems with harmonic
forcing is to introduce the harmonic forcing function as an
auxiliary variable to obtain an autonomous system in the
extended phase space [33, 39]. This transformation enables
the computation of invariant manifolds attached to periodic
orbits by solving autonomous invariance equations. This
trick has also been utilized to obtain higher order terms
with respect to the harmonic forcing amplitude in manifold
expansions [3]. Indeed, these higher-order terms are crucial
for accurately capturing phenomena such as parametric and
superharmonic resonances [3, 11]. However, these works
do not take into account parameter dependence of nonau-
tonomous systems.

We now extend our parametric algorithms from the
autonomous setting to systems with periodic or quasiperiodic
time dependence by introducing the Fourier basis function
exp(i€2¢) associated with each independent frequency €2 as an
independent variable in an augmented system. Specifically,
we consider parametric systems with periodic/quasiperiodic
time dependence as

Bx = F(x, Q1; p), (35)

where € R/ contain f rationally incommensurate fre-
quencies Q1,..., R > 0. Similarly to the autonomous

setting, we have the following requirements for our com-
putations:

1. The nonautonomous system (35) has a fixed point x¢ for
some nominal parameter value w, i.e.,

F(xp, t; ug) =0, VteR. (36)

Furthermore, we assume that the Jacobian matrix
8XF|(X0; ﬂo)is time-invariant and we denote it as A, result-
ing in the linearization (11) around this configuration. In
many applications with time-dependent forcing, such a
fixed point x( can be obtained by introducing the forcing
amplitude as a parameter and selecting its nominal value
in pg to correspond to the unforced system, e.g., zero
forcing amplitude. The fixed point X then coincides with
the equilibrium of the unforced system. This construction
is adopted.in the numerical examples considered later.

2. This fixed point xo smoothly persists as a periodic/quasi-
periodic trajectory x*(¢; p) upon sufficiently small per-
turbation from . This allows us to express X*(7; )
as a Taylor-Fourier expansion in terms of the deviation
8 = . — pg and the frequency 2 as

X*(t: p) = Z

LeN] keZk

XK’eei(K,ﬂ)Isf’ (37)

where x, ¢ € R" denote the Taylor-Fourier expansion
coefficients associated with the monomial §° and har-
1.2 Once again, these coefficients are a priori
unknown except for £ = 0, i.e.,

monic e

X) K = 0,
Xk, 0 = .
0 otherwise.

3. The right-hand side admits a finite Taylor-Fourier expan-
sion in terms of its arguments as

, [L)ei(l(’ﬂ)t.

F(x; p, Q1) = Z FireX, ..., 1, ...

Jj.keNg,keZk

Jj times k times

(3%)

where Fj 1, € (RN )j x (R™K — RN are multilinear
functions as in the autonomous setting.

We illustrate the above notation in the following example.

Example 5 We consider the periodically forced mechanical
system

¥+ 2Cwoy + Wiy = a + bcos Qu, (39)

@ Springer
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with ¢, wg > 0, written in the first-order form (35) as

x2
F(x, Qt; ﬂ)=[_2§wox2 — x4+ (eiSZt+e—iQt)i| :

For my = (ap,0)7, we have the equilibrium xo =

T
(Z—%,O) for system (39). In this linear setting, for any

perturbation § = p — pg, ie., §§ = a —ap, 6 = b,
system (39) has a unique periodic steady state. Indeed, sub-
stituting the ansatz (37) into (39) and comparing coefficients
for = ey, eyandk = —1, 0, 1, we obtain (see Appendix E.2
for calculations)

1 ]1 1 )
x*(n, t) =X0 + — 81+ 8
(1) =0 e [0] T I0Q T 4L we + 202 [19] 2
— —
X0,e; X1.ey
1 .
+ . el 40
2207 — i4Lwo + 202 [—19] 2 (40)
X—l.ep
We now introduce new variables &, 8 € T/ as
Q- —iQit
aj:el jt’ﬂjzel'/tsjzlv”'vf’ (41)

which allow us to express the Taylor-Fourier expansion (38)
as a polynomial in the variables y = (¢, ) € T2/ as

fireX, ....xs .., WYS,
———— e —

Fxp. = )

j,keNo,ceN(Z)f j times k times

(42)

where f; 1 c € (RY)’ x (R™)* — R¥ are multilinear func-
tions associated with the monomial y¢ = a?B® e C with the
multi-indices ¢ = (a,b) € Ngf . Comparing the polyno-
mial expression (42) with the Taylor-Fourier expression (38),
we have f; rc = F;x q—p. However, for a given k € 7t
in expansion (38), there is generally no unique choice for
¢ € N’ in expansion (42). We discuss this redundancy
and a canonical choice for ¢ = (kT, k™) to resolve it in
Appendix A .4.

Using the polynomial expansion (42), we transform the
non-autonomous system (35) into an augmented autonomous
form as

Bx = G(z; n) (43)
& = iDa, 44)
B = —iDB, (45)

@ Springer

withz = (x, &, B), D = diag(Qy,...,RQy) € R/*/, and
the right-hand side G admits a Taylor expansion in terms of
its arguments as

Gz p) = Z Gz, ....z; 1, ..., 1), (46)

JkeNo k times

j times
where the multilinear functions G € (RN +2f)j X
(]Rm)k — RV are directly inferred from the polynomial
expansion (42).

Remark 6 The augmented form (43)-(45) allows us to
utilize the general expressions developed for computing
autonomous invariant manifolds in computing periodic/
quasiperiodic manifolds. As we will see in the numerical
examples, these expressions also allow us to determine the
dependence of these manifolds and their reduced dynamics
on the frequency £2, which appears as an independent linear
parameter in (43)-(45).

Next, we determine how the fixed point xo perturbs into
the trajectory x*(¢; p) under change of parameters, and at the
same time, formally compute W(E), which is a parameter-
dependent invariant manifold attached to x*(¢; ) and serves
as a nonlinear continuation of £ at each time slice along

X*(t; ).

3.1 Computing the parameter-dependent trajectory
X*(t; p)

We express the Taylor-Fourier expansion (37) using the vari-
ables y = (a, B) € T?/ as

= Y

LeNg ceNg/

x; r°st, (47)

where x;’ ¢ € CV is the coefficient vector associated with
the monomial y¢§¢ = a?B?8% ¢ C with the multi-indices
(c,?) € Néf x Nj'. Similarly to the polynomial expan-
sion (42), the elimination of redundancy in ansatz (47)
compared to ansatz (37) is discussed in Appendix A.4.

Now, as x*(¢; p) is a parameter-dependent solution tra-
jectory it satisfies (35) or, equivalently, the augmented
system (43), i.e,
Bx* = G(z*, ), (48)
where z* = (x*, , ). Collecting coefficients of the mono-
mial Seoc“ﬂb in Eq. (48), we obtain

[i(a—b,2)B—A] Xz’e = be.y, (49)
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where the right-hand-side is defined as

* Sk
Gk (ch’el, e g s - .,,/Lnk) .
J.keNo, (j,k)#(0.0)
&+ tny =L,
cl+-+cj=c,
#;,c)#c) Yiell,..., j}.

(50)

Once again, b, ¢ depends only on lower-degree coefficients
X;,m with |m| < |£] and |d| < |c|. Hence, X:,e can be deter-
mined up to any desired order in ¢, £ by solving the linear
system (49) in a recursive fashion with respect to increasing
polynomial orders |£| and |c|, as shown in Algorithm 3 in
Algorithm B.

Applying Algorithm 3 to the augmented form of Exam-
ple 5 with

Z:[y,_)'),ot,ﬂ]T’ G(Z,[L)=|:Oi|
[

———
Go,1(p)
22 0
+ + ,
[‘25@012 — a1 } |:M2Z3 + M2Z4]
G0 Gi,1(z:p)

we obtain the parameter-dependent periodic trajectory solu-
tion (47) by solving system (43) as

111 1 1

X*(p, 1) =X+ — 8 + .
(. 1) = o o2 [0}1 2207 + 4w + 207 [19]
——

. .
X0,e, Xep.ep

I |
Soo + . 8 p.
T 00 e + 202 [—19} 2

X6

3.2 Parameter-dependent invariant manifold
anchored to x*(t; 1)

We now compute a parameter-dependent periodic/
quasiperiodic invariant manifold W () of system (35),
anchored at the trajectory x*(¢; ) and tangent to & at
the nominal configuration (X, o). We parametrize W (€)
via the variables q = (p,y),where p € C¥ are the
coordinatesalong € and y € T2/ describe the periodic/quasi-

periodic time dependence of W (£). Accordingly, we pick a
Taylor ansatz for the parametrization W : CM+2/ x R" —
RN

Ww= Y  waq"sh, (51)

M+2
neN; + f,leNgl

where wy ¢ € CV are the coefficients associated with the
monomial q"8¢ = p™my¢s* € C with the multi-index
n,€) € Ng/l 20 Ng'. We also parametrize the nonau-
tonomous reduced dynamics on W (£) via the same Taylor
ansatz as

p=R@mw= Y  rq"s (52)

M+2
neNy'**/ teny

wherery ¢ € CM are the reduced dynamics coefficients asso-
ciated with the monomial q™8*.

Substituting the parametrization (51) into system (43) for
any trajectory x(¢; u) = W(q; p) on W(E) and utilizing its
reduced dynamics (52) along with eqs (44)-(45), we obtain
the invariance equation for W(E) as

B ([0pW]R +i[0 W] 2 — i [9gW] 2) = G(W, e, B); ).
(53)

We discuss the computational equivalence of the above
invariance equation to an autonomous invariance equation
in Appendix A.6. Similarly to the autonomous setting, the
leading order coefficients in W are determined via the anchor
trajectory x*(¢; u) and the eigenvectors associated with £ as

W0,0 = X0, (54)

Vi,
Wej,O == 0

The leading-order coefficients in R at the nominal parameter
configuration (§ = 0) are determined via the eigenvalues
associated with £ as

j=1,....M,

: (55)
j=M+1,... M+2f,

ro.0 =0, (56)

_ Ajej, j=1...,. M,
Fe,0 = (57)
! 0, j=M+1,....M+2f.

Upon collecting the coefficients of the monomial q"8¢ in the

invariance equation (53) for [n| > 0, we obtain the linear
system

[wnB — A] Wn,t = Sn,¢ — Dl‘n,e, (58)
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where n = (m, a, b) € N3/1+2f, wn = Am +i{a —b, R),

and sp¢ € CVN,D € CV*M are defined similarly to the
autonomous setting by substituting G for F in Appendix C.
Once again, s, ¢ depends only on lower-order coefficients,
which allows us to determine the coefficients wy ¢, I'n ¢ up
to any desired order in n, £ by solving the linear system (58)
recursively via Algorithm 1. Similarly to the autonomous
setting, we discuss how conjugacies in y = («, 8) can be
exploited to further reduce computational costs in Appendix
AS.

4 Nonintrusive computations

The need for nonintrusive computations arises when we do
not have comprehensive access to the governing equations,
e.g., using commercial modeling software. In such cases,
we can only evaluate the right-hand side F as a black-box
function for any specified input (x; #). Non-intrusive or indi-
rect methods interface with modeling packages with minimal
access to their internal core and hence have a compelling
use case. Projection-based model reduction literature has
a rich collection of non-intrusive techniques such as the
Stiffness Evaluation Procedure (STEP) [40], and its various
enhancements (see, e.g., [41, 42]) in the data-free setting. For
parameter-dependent systems, these techniques are enhanced
by an appropriate interpolation among the bases for the pro-
jection subspaces at different parameter values [43]. In the
data-driven setting as well, several nonintrusive techniques
enable projection-based ROMs for parametric systems via
proper orthogonal decomposition (POD) and its variants [44—
46].

As model reduction via invariant manifolds has gained
increasing attention due to their potential for rigourously
capturing nonlinearizable phenomena, there is a growing
interest in developing nonintrusive techniques for computing
invariant manifolds and their reduced dynamics [27]. Invari-
ant manifolds and their reduced dynamics have also been
computed nonintrusively from governing equations via data-
driven or data-assisted techniques [47—49]. The expressions
developed in Ref. [4] enable data-free nonintrusive computa-
tion of invariant manifolds up to arbitrary polynomial orders
in systems with up to cubic nonlinearities. We now show how
this procedure extends to computing parameter-dependent
invariant manifolds.

The expressions developed in the previous sections require
explicit access to the multilinear functions F; x in the expan-
sion (5). We discuss how these multilinear functions can be
computed via black-box evaluations of F. In particular, we
will demonstrate that the nonintrusive procedure established
in Ref. [4] can be extended to compute parameter-dependent
invariant manifolds when F has an affine dependence on u,
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i.e.,

3 3
F:ZF]‘,()-I-ZF],], (59)
j=0 j=0

where F; ¢ and F; ; are multilinear functions defined in the
expansion (5). For our nonintrusive setup, we only require

(a) explicit access to the matrix B and the Jacobian matrices
A, Ay := F(0,0), and A; := 9xF(0,¢;) — Ag,i =
1,...,m;

(b) ablack-box evaluation of the function F for any specified
input (x; p).

These requirements are typically satisfied even using com-
mercial packages. We first aim for a nonintrusive evaluation
of the multilinear components F; o(x), F2 0(x1, x2) and
F3 o(x1, X2, X3) in (59). As we will see, our nonintrusive
algorithm for the multilinear functions F; ¢ directly extends
to F; 1. To this end, we express the u—dependence in (59)
explicitly as

F(x: p) = Fox) + Y iF{ (%),
i=1

where Fo(x) denotes the component of F that is independent
of u and F?)(x) is associated with linear dependence of F
on p;. We note that these components can be computed via
nonintrusive calls to F as

Fo(x) = F(x; 0) (60)
FY)(X)ZF(X; e)—Fx;0), i=1,...,m. (61)

Furthermore, F( and ng) ’s can each have up to cubic depen-
dence on x. Specifically, for Fy(x) we have

Fo(x) = fy + f1(x) + f2(x) + f3(x), (62)

where fo, f1, f>, and f3 denote the constant, linear, quadratic,
and cubic components of Fy. The nonintrusive algorithm
involves two steps:

1. Nonintrusive evaluation of £;(x). By separating the con-
stant term fy = Fy(0) and the linear term £ (x) = Apx,
we evaluate the nonlinear part of Fo nonintrusively as

fu(x) :=H(x) +f3(x) = Fo(x) — Agx — Fo(0). (63)
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Using this nonintrusive evaluation of fy,;, and using the
fact that f> is an even function and f3 is an odd function,
we obtain a nonintrusive evaluation of f; and f3 as

fa(x) = f (x) + £ (—x) ’

£ (x) — £ (—x)
5 _—

f3(x) = 5

(64)
Hence, we can now evaluate fy, f;, f> and f3 via nonintru-
sive function calls to Fy, which can in turn be evaluated
via nonintrusive calls to F.

2. Evaluation of multi-linear function F; o(X1, - - - , X;) via
f;. Wenote that F o, F o can be nonintrusively evaluated
as Fo.o = fo, F1 o(x) = f1(x). For the bilinear function
F» 0(x1, X2), we utilize the nonintrusive evaluation of f,
in the previous step to obtain

fH(x1 +x2) — f2(x; — x2)
7 )

Fr0(x1,X2) = (65)
When x; = X, the above formula reduces to F» (X, X1)
= f5(x1), as expected from the definition (62) of f,. Sim-
ilarly, we obtain a nonintrusive evaluation of F3 ¢ via f3
as

f3(x1 +x2 +x3) + f3(x1) + f3(x2) + f3(x3)

F30(x1,X2,X3) = 3

B +x) + B0 +x3) + 1 +x3)
g .

(66)

Once again, in the special case that x| = x; = x3, the
formula above is reduced as F3 o(x1, X1, X1) = f3(x1).
Thus, we can now evaluate F; o(x1, - - - , X;) via nonin-
trusive calls to f;.

Replacing Fo by F\" in (62) and Ag by A; in (63) for each
i =1,...,m and following the above two steps enables us
to evaluate F; 1 (x1, - - - , X;, ) nonintrusively.

5 Numerical examples

We consider a suite of examples to demonstrate the effective-
ness of the proposed reduction approach. These examples are
divided into three groups

(i) reduction on autonomous invariant manifolds;

(i) reduction on nonautonomous invariant manifolds trun-
cated at leading-order nonautonomous terms. This
truncation saves computational cost and enables the
transformation of periodic/quasi-periodic orbits of the
full system into the fixed points/limit cycles of the asso-
ciated reduced-order models;

(iii) reduction on nonautonomous invariant manifolds that
take higher-order nonautonomous contributions into

n

_>uﬂ

Fig. 2 A simply supported and a cantilevered pipe conveying fluid.
Here u denotes flow velocity, & represents the dimensionless arc length,
and (&, t) is the pipe deflection. The dashed lines mark the deformed
configurations of the pipes

consideration. These higher-order contributions are
essential to capture superharmonic and parametric res-
onances.

When illustrating results for periodic solutions, we will
denote the maximal value of a periodic function over its
period by || e |-

5.1 Reduction on autonomous invariant manifolds
5.1.1 Slow manifold of a buckled pipe conveying fluid

We consider a simply-supported pipe conveying fluid shown
in Fig. 2. This pipe system contains flow-induced gyroscopic
forces and nonlinear damping. The straight pipe configura-
tion will be buckled when the flow exceeds a critical value.
Our goal is to perform model reduction via the SSM anchored
at its nontrivial buckled configuration that depends on the
flow velocity.

The dimensionless PDEs governing transverse oscilla-
tions of this simply-supported pipe, considering geometric
nonlinearities and fluid flow at a constant velocity u, were
discretized via the Galerkin method in [50]. We utilize the
expressions in [50] to obtain a two-mode Galerkin model
as

1+ oty — %6\/;%'2 + 7w — u?)y)
+%7T4y1 (y12 + 4)’%) +oapmtyr (131 +4y252) =0,
2 + 13—6\/Buy‘1 + 16"y + 47> (4 — u?)y)
+2umty, (yf + 4y§) +dopr® ya (y131 4 4y252) = 0.
(67)
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Here, y; is the modal amplitude associated with the eigen-
function ¢;(¢) = ﬁsin(jrré), o is a dimensionless
damping coefficient, 8 denotes a mass ratio, u is dimension-
less flow velocity, and pu represents the slenderness of the
pipe. This pipe is buckled in the first mode for u > 7, and
the associated nontrivial equilibria are given as

yi=4 /T — 2 =0 (68)

Following the parameter dependence of equilibria in (68),
we take @ = (u, n) and compute the slowest SSM of the
positive buckled configuration. We set uy = (3.6, 1000)
such that the anchor point of SSM reduction is a non-
trivial fixed point. This setup is different from the planar
example in Sect. 2.4, where the anchor point is the ori-
gin. Moreover, the dimension of the slowest SSM in this
example is two-dimensional, and hence, the dimension is
reduced from four to two. Here, we compute the O(3, 1)
approximation of the parameter-dependent equilibrium and
its associated SSM, where O(nj, n,) denotes the trunca-
tion of the Taylor series at orders n), and n,, for the reduced
coordinates p and the parameter deviation §, respectively.
The linear expansion in § allows us to extract the sensitiv-
ity of the equilibrium and of the SSM with respect to the
parameters.

In the rest of the computations, we set« = 0.001 and 8 =
0.5.Let (x1, x2, x3, x4) = (y1, Y2, Y1, ¥2), we can rewrite the
second-order ODEs (67) as the first-order form with B = I4
and accordingly

S. Jain, M. Li
as
<0.0250249> (0.0291515)
W 0= ’ WO,E[ = ’
0351 0351
—1.251244 x 1073
Wo.e, = ( 01 > (71)

which are consistent with the parameter-dependent equilib-
rium in (68), namely, y|' ~ 0.0250249, 9, y] ~ 0.0291515,
and 9, y] ~ —1.251244 x 1073 at the nominal value of
parameters.

We also present the sensitivity of the expansion coeffi-
cients at the cubic order in p in Appendix E.3. We also
consider an alternative approach to obtain results above and
validate the proposed algorithm’s effectiveness. In particular,
we solve the augmented invariance equation (see the compu-
tational note in Appendix A.6) to perform reduction on the
parameter-dependent invariant manifold [15]. This technique
involves the shift of equilibrium to the origin, the reformu-
lation of nonlinearity due to the shift, and the extension of
the phase space with the dummy variables. Thus, the dummy
variable approach is cumbersome; relative to the proposed
algorithm. More details about this approach can be found in
Appendix E.3.

Computational results show that the dummy variable
approach produces consistent results with the proposed
algorithm. Specifically, the maximum relative error for the
expansion coefficients shown in (70) is 1.6 x 1073, and the
relative errors for the sensitivity in (115) and (116) are given
as follows

0 0 1 0
0 0 0 1
A= 69
—n? (2 —u? + 1.5u7%(y)?) 0 —am*(1 4+ pn(H?) 1—36«/EM ()
0 4m? (472 — u? + 0.5um>(y}))?) — 18 /Bu —16am*

The multilinear functions F;; can be directly inferred
from (67) and are not listed here for brevity. The reduced
dynamics on the parameter-dependent SSM is given as below
(see (131) and (132))

6 = (—0.0726771 — 0.06783228,)p
+(0.0409707 — 7.9508815,, + 4.097073 x 10738,,)p°,

¥ = 7.235509 + 8.0902255,
—(6.187606—2.102311x 10°5,+0.61876065,,) 0>, (70)

where we have used the notation § = (8,,, §,,) in this example.
The expansion coefficients at the zeroth order in p are given
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RelTol(w3,0).¢,) & 2.2 x 10715 RelTol(w(a,1y.e,) & 1.5 x 10714,

RelTol(W(3,0).e,) & 9.8 x 10715, RelTol(W(,1y.e,) & 52 x 10714,
(72)

We note that the reduced phase space dimension in our
approach is two, while that of the dummy variable approach
is four because of the two dummy variables. Altogether, this
suggests the accuracy and efficiency of the proposed algo-
rithm.

5.1.2 Unstable manifold of a fluttered pipe conveying fluid

Now we consider a cantilevered pipe conveying fluid shown
in Fig. 2. As the flow velocity exceeds a critical value, this
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pipe undergoes flutter rather than the buckling observed in
the simply supported configuration. Flutter is an instability
associated with a Hopf bifurcation, where the asymptot-
ically stable equilibrium becomes an unstable focus post
flutter, and the trajectories approach a limit cycle along a
two-dimensional unstable manifold. Here, we perform a flow
velocity-dependent reduction along this unstable manifold.

Following [15], the equations of motion for such a
cantilevered pipe system after a four-mode Galerkin dis-
cretization can be written as

My + (CV +uC®)y + (KD + u’K?)y
+Hu,y. y) =0, (73)

where we have made the flow velocity explicit in the equa-
tions of motion to highlight the dependence on the flow
velocity. Detailed expressions of these matrices and nonlin-
ear functions can be found in [15]. Model reduction of this
system along stable and unstable SSMs at prescribed flow
velocities has been explored in [51]. Taking the flow velocity
as a parameter, reduction on parameter-dependent unstable
manifold has also been investigated via the dummy variable
approach in [15].

Here, we use the proposed algorithm to perform reduc-
tion on a parameter-dependent unstable manifold in the
post-flutter region. In contrast to [15], our algorithm does
not introduce dummy variables and enables us to control
the expansion orders in reduced coordinates and parameters
independently.

With the phase space variables x = (y, y), the equations
of motion (73) can be rewritten in the the first-order form (1)
with B = I4 and

y
F(x,u) = _M_l((C(l)+uC(2))y+(K(l)+u2K(2))y

H(w.y.§)
(74)

We choose the system parameters as « = 0.001, 8§ = 0.2.
The system undergoes a supercritical Hopf bifurcation atu ~
5.652. We compute invariant manifolds that depend on the
flow velocity u with the nominal value #¢p = 6.4 and perform
reduction on the parameter-dependent unstable manifold in
the post flutter regime. Therefore, the dimension of phase
space is reduced from 8§ to 2.

The pipe undergoes limit cycle oscillations in the post-
flutter region. Such a limit cycle corresponds to a non-
spurious fixed point p* of the reduced dynamics (131) in
polar coordinates. The period of this limit cycle can be
computedvia (132). We map this limit cycle in reduced coor-

dinates to the full system and then plot the amplitude and
period of the limit cycle as a function of the flow velocity
in Fig. 3. Here, w denotes the deflection at the free end of
the pipe. We have fixed the expansion order in the reduced
coordinate vector p to be 9 throughout this example in the
computations because it is sufficient to yield converged solu-
tions [51]. We gradually increase the truncation order in §
and find that a cubic expansion in § is sufficient to yield con-
verged solutions for u < 7 and the converged results match
well with the reference solution obtained via a collocation
method implemented in the continuation package COCO [52—
54]. Here, the limited interval of convergence is attributed to
the domain of analyticity of the Taylor expansion in 4.

‘We note that one can also select u below the critical value
where the Hopf bifurcation occurs and use the associated
parameter-dependent SSM to perform model reduction. As
shown in Fig. 13 and detailed in Appendix E.4, negative real
eigenvalues appear only after the Hopf bifurcation; hence,
the accumulation of outer resonances reported in [30] does
not exist in this example. For ug = 5.9, the associated para-
metric ROM can also predict the limit cycle in the post-flutter
regime, as illustrated in Fig. 14 and detailed in Appendix E.4.
This is expected because the non-resonance condition holds
through the Hopf bifurcation, which implies the persistence
of SSM coefficients through the transition. We observe that
this reduction predicts the limit cycle well for u < 5.85,
which is a smaller range than the case of ug = 6.4 (cf. Fig. 3).
Due to the limited domain of analyticity of the expansion in
38, a value of ug in the post-flutter regime is beneficial for
enhancing the range of flow velocities over which limit cycles
can be predicted.

We conclude this example by discussing the case of accu-
mulated resonances [30]. When the damping coefficient is
increased to @ = 0.01, two negative real eigenvalues appear
before the Hopf bifurcation at u = upgp ~ 5.978 (see
Fig. 15 and Appendix E.4). While this indicates the accu-
mulation of resonances near the bifurcation [30], analysis
in Appendix E.4 reveals that these resonances occur only
at order 100 or higher. Since lower-order expansion coeffi-
cients persist through the bifurcation, we can successfully
employ a lower-order truncated, parameter-dependent SSM
for model reduction [30]. To demonstrate this, we perform
the parametric SSM reduction by selecting up = 5.9 and
predict limit cycle oscillations in the post-flutter regime. As
shown Fig. 16 and Appendix E.4, converged solutions are
obtained for uyg < u < 6.3. Thus, the lower-order trun-
cated ROM effectively predicts limit cycles in the post-flutter
regime. Here, the limited domain of convergence arises not
from accumulated resonances, but from a limited domain of
analyticity of the expansion.
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Fig.3 Amplitude (left panel) 0.5 0.5
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5.2 Leading-order nonautonomous reduction

As shown in previous studies of SSM reduction for har-
monically forced mechanical systems, leading-order nonau-
tonomous reduction is often sufficient to yield accurate
predictions when the forcing frequency is near one of the
natural frequencies. More importantly, this leading-order
truncation enables simplification of the reduced dynamics.
Specifically, periodic and quasi-periodic orbits of full sys-
tems are transformed into fixed points and limit cycles of
the associated reduced-order models [55-57]. This simpli-
fication enables effective bifurcation analysis of the forced
response of the mechanical systems. In this case, the equation
of motion (35) is of the special form below

Bx = F(x; p) + eF*Y(Qr) (75)

We follow the same approach documented in [2, 55] to extract
the leading-order nonautonomous contribution. As detailed
in Appendix F, we can indeed extend the simplification
into reduction on parameter-dependent invariant manifolds
of mechanical systems.

5.2.1 A shallow shell with internal resonance

In this subsection, we consider a shallow shell structure with
1:2 internal resonance. This shell is simply supported at the
two opposite edges aligned along the y-axis in Fig. 4. We tune
the radius of curvature such that the natural frequencies of the
firsttwo modes admit a 1:2 internal resonance. Geometric and
material properties of this structure can be found in [55]. We
use flat facet shell finite elements to discretize the structure,
resulting in a finite element model with 400 elements and
1,320 DOFs. The governing equations of this finite element
model are listed below

My + («M + BEK,)Y + E(K,y + f.(y)) = ef**' cos Q.
(76)

Here, we have adopted Rayleigh damping and noted that the
stiffness matrix and nonlinear internal force vector depend
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Fig.4 The schematic of a shallow shell structure [2, 55]

linearly on the Young’s modulus E. In particular, K, and
f.(z) are the system’s stiffness matrix and nonlinear internal
force vector when E = 1.

In the next computations, we take the Young’s modulus E
as the parameter to perform model reduction on parameter-
dependent SSMs in this high-dimensional finite element
problem. The nominal value of the Young’s modulus is given
as Eg = 70 x 10° Pa. The constants « and 8 are chosen such
that the damping ratios of the first two modes are 0.2% at
E = Ey. Accordingly, the eigenvalues of the first two pairs
of modes of the FE model are listed below [55]

A1 = —0.30 =+ 149.22i, Az 4 = —0.60£298.78i. (77)

Let x = (y, y), the equations of motion (76) at € = 0 can
be rewritten in the form (75) with

oM M
5= (W0):



Computing parameter-dependent invariant manifolds for data-free nonlinear model reduction

Page170f33 1012

N
s}

-
- o N

||Z0111Hoo

o
3

E/E
B 170 oo /Eo

Fig. 5 A family of forced response curves with E/Ey € {1, 1.1, 1.2}
along with the four curves of saddle-node bifurcated periodic orbits (in
red lines) and two curves of Neimark-Sacker bifurcated periodic orbits
(in magenta lines) under the variations in E and Q2

F(x, E) = (‘E (PR + I;ey +1, (y))) |
FXU(Qr) = (fe“ c(())s Qt) . 8

We take the first two pairs of modes as the master sub-
space for model reduction. Thus, the phase space dimen-
sion is reduced from 2,640 to four. A concentrated load
€100 cos 2t in the z— direction is applied at mesh node with
(x,y) = (0.25L, 0.5H). We then use the four-dimensional
ROM (139) to study the forced response of the system in the
parameter space (E, €, 2). In particular, we obtain a family
of forced response curves with E/Ey € {1, 1.1, 1.2} shown
in Fig. 5. As expected, the peak amplitude of FRC decreases
with increasing E. We observe that there are four saddle-
node bifurcation points and two Neimark-Sacker bifurcation
points on each of these FRCs. Such bifurcations have been
observed and analyzed for systems with 1:2 internal reso-
nance in Ref. [57]. Since they correspond to the saddle-node
and Hopf bifurcated fixed points of the ROM (139), we use
parameter continuation in COCO to extract the solution man-
ifolds of these codimension-1 bifurcation points under the

Fig.6 (Left) Forced response x10°%
curves of the shell at
E = 1.2E, obtained via

E=12E,

variations in (E, 2) and obtain the bifurcation curves shown
in Fig. 5.

We have used O(5, 3) expansion in the above computa-
tions. Indeed, as illustrated in [55], the forced response curve
of this system converges well at O(5) approximation in the
reduced coordinate vector p. Next, we show that the cubic
expansion in § is sufficient to generate converged solutions
with increasing expansion orders in the parameter. Specif-
ically, we compute the FRC at E = 1.2E( using O(5, 1),
O(5,2),and O(5, 3) expansions, and the obtained results are
shown in the left panel of Fig. 6. We observe that the FRC at
O(5, 1) is very different from that at O(5, 2), while the FRC
at O(5, 2) is very close to that of O(5, 3). This suggests that
the forced response converges at O(5, 3) expansion.

We further compare the predicted parameter-dependent
FRC from with adirect SSM computation. Here, we construct
afull system model at a prescribed value of the parameter and
compute an SSM-based FRC for this model. We refer to this
approach as direct computation in this paper. Such a direct
reduction serves as a reference solution as it eliminates the
truncation error in §. We perform this direct comparison for
Young’s modulus E = 1.2E( as shown in the right panel of
Fig. 6, where the reference solution from direct SSM compu-
tation matches well with that from our parameter-dependent
SSM (PSSM) constructed around Ej.

5.2.2 An exhaust cover plate with geometric and damping
nonlinearities modelled via COMSOL

As our next example, we consider the FE model of a cover
plate shown in Fig. 7, which is a part of the exhaust system
of a large diesel engine [58]. The welded boundary of this
plate is modeled via a series of 80 linear springs in the radial
direction, each having a stiffness of 650 N/m. The diameter
and thickness of the plate are 317.5 mm and 1.5 mm. Other
geometric parameters of the plate can be found in [58]. For
material parameters, we consider the Young’s modulus of 96
GPa, the Poisson ratio of 0.3, and the density of 5120 kg/m?.
We use a Kelvin-Voigt model of damping with the viscosity

«1073 FE =1.2E,

) —PS%M—(’)(S,S)— table
- - =PS$M-O(5, 3)-ynstable
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Fig.7 A schematic plot of the mesh for the FE model of the cover plate
with an attached cubic spring

parameter as 0.6 MPa. We note that this model results in
damping nonlinearities in the equations of motion.

Model reduction of this finite element problem via SSMs
has been performed in [4]. It was found that this system dis-
plays a softening-type behavior. Here, we revisit this problem
but also attach a cubic spring at the center of the plate. With
the added spring, we expect that the backbone curve of the
system will display a more complex shape because the spring
introduces hardening features. We take the spring stiffness
k3 as the parameter and perform a reduction on the associ-
ated parameter-dependent SSM. This finite element model is
obtained via COMSOL Multiphysics, a commercial software
supporting nonlinear force evaluations for generalized posi-
tions and velocities [4]. We use the nonintrusive technique
detailed in Sect. 4 to compute a parameter-dependent SSM
in this problem.

The equations of motion are of the form below

M§ + Cy + Ky + £(y, y. k3) = ef* cos Qt. (79)

Fig.8 Backbone curves (left x103

For x = (y, y), the above equation can be rewritten in the
form (75) with

cCM -
B=(M 0),F(x,k3)=<

feXt cos Q1
ext _
F (Qt)_( o )

My ’

(80)

This FE model has 7405 DOFs after boundary conditions
are imposed. The first two natural frequencies of the system
are w| = 1272.0 rad/s and w> = 2065.8 rad/s. We perform
model reduction on the parameter-dependent SSM (PSSM)
corresponding to the first (slowest) mode. In the rest of the
computations, we set the nominal value for the cubic spring
constant as k3 = 0. We set the truncation order in the reduced
coordinate vector p as five because it is the smallest order to
capture the interplay between the softening and hardening
mechanisms. In addition, as illustrated in [4], the results at
O(5) truncation converge well. For the truncation order in §,
we found a quadratic expansion already showed convergence.
Thus, we use an O(5, 2) expansion in this example.

In the autonomous case, we obtain the PSSM-based
ROM (131) and (132), from which we can extract the back-
bone curve that depends on the parameter k3. As seen in the
left panel of Fig. 8, the softening backbone at k3 = 0 tends
to display hardening behavior at large response amplitudes
when k3 is increased to 6 x 10°. This is expected because
the hardening cubic spring will play a vital role when k3 is
large enough. Our PSSM-based ROM captures this transition
accurately.

We further add a harmonic excitation 1.6cos Q2 at the
center point along the z-axis and consider the primary reso-
nance of the first mode of the plate. Similar to the previous
examples, we can use the PSSM-based ROM (139) to predict
the forced response under the variations in k3. In particu-
lar, we extract the forced response curves (FRCs) associated
with the backbone curves and plot these FRCs in the right
panel of Fig. 8. As expected, the peak response amplitude on
FRC decreases with increasing k3 because the cubic spring
enhances the system’s stiffness. Moreover, we observe that

%107

k3 =0

panel) and forced response 15 / 16 Ny ¢ Fe=3x10
curves (right panel) of the cover 14 N - ¥
plate linked by a cubic spring | > VNN \ kg = 6 x 10
with various stiffness constants 12 . \\L \%
k3. The red arrow in the left 8 1 T g " 810 : AN
panel indicates the increasing ] S et = * \\\ \

. . N N 8 AN
direction of k3. These curves are = = Vv , \
obtained via reduction on the 05 6 v
parameter-dependent spectral \ 4 l//
manifold truncated at O(5, 2). / \
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Fig. 9 Forced response curve of the cover plate predicted by PSSM-
based ROM along with reference solutions obtained from direct
reduction on SSM at k3 = 6 x 10°

the FRCs are consistent with the backbone curves. In par-
ticular, at k3 = 6 x 10, the FRC softens at small response
amplitudes but hardens at large response amplitudes.

We conclude this example with a comparison of our
parameter-dependent ROM’s predictions against the SSM-
based ROM predictions on a system with a prescribed value
for k3. Specifically, we focus on the FRC at k3 = 6 x 10° that
corresponds to the largest deviation from the nominal value
of k3 = 0. We follow the same approach as the previous
example to validate the FRC predicted from O(5, 2) trunca-
tion. Specifically, we set k3 = 6 x 10° and compute the FRC
via reduction on the updated system. As seen in Fig. 9, the
reference solution via the direct computation matches well
with that of the prediction of PSSM-based ROM at O(5, 2)
truncation, which validates the effectiveness of the PSSM-
based prediction.

5.3 Higher-order nonautonomous reduction

The leading-order nonautonomous reduction in Sec. 5.2 is
unable to make prediction of superharmonic resonances or
parametric resonances. By contrast, the higher-order nonau-
tonomous reduction in Sec. 3.2 provides a unified framework
for effective prediction of these two types of resonance. A key
idea is to incorporate both the forcing frequency and ampli-
tude into the parameter vector p. Here, we use a few examples
to illustrate the effectiveness of the proposed framework.

5.3.1 Superharmonic resonance of a shallow shell

We revisit the shallow shell structure shown in Fig. 4, but
focus on the case of superharmonic resonance. In particu-
lar,the geometric and material parameters are listed in [2].

Here, the shell is not internally resonant, and hence we can
perform reduction on the slowest two-dimensional SSM.
Specifically, the first pair of eigenvalues with the largest real
part (slowest decay) is given below

A12 = —0.0029 £ 147.451. (81)

Next, we add a concentrated harmonic force €100 cos Q2 at
the midpoint location (x, y) = (L/4, H/2). We are inter-
ested in the superharmonic resonance at 2 ~ Im(Ai;)/2.
With forcing frequency €2 and forcing amplitude € treated
as parameters, namely u = (e, 2), we perform reduc-
tion on a parameter-dependent two-dimensional SSM, and
use this ROM to extract the forced response curve around
the superharmonic resonance. Accordingly, we take py =
(0, Im(21)/2).

We obtain the FRC shown in Fig. 10. Indeed, as seen in
the upper-left panel of Fig. 10, a leading-order truncation
in § cannot capture the resonance at 2 &~ Im(A1)/2. In con-
trast, when the expansion order in § is increased to quadratic,
the expected resonance is predicted, and the SSM-based pre-
diction converges at the quadratic expansion. As seen in the
upper-right and lower panels of Fig. 10, the SSM-based pre-
diction converges at an (O(5)-truncation in q, and a cubic
expansion already gives an almost converged prediction.

We compare the SSM-based predictions with those
obtained via the shooting method applied to the full sys-
tem. Specifically, we use the shooting toolbox implemented
in coCo [59] to obtain the FRC of the full system, where
the Newmark scheme [60] is employed for time integration,
and the pseudo-arclength method is adopted for parameter
continuation. In the first trial, we set 200 integration steps
per excitation period and obtained the results denoted by
red circles in Fig. 10. We observe that the SSM-based pre-
diction matches well with the Shooting-200 solution away
from resonance, while slight discrepancies are found near
the resonance peak. Given that the SSM-based prediction
has converged, we infer that the discrepancies result from
the error of the time integration. Indeed, upon increasing the
number of integration steps per excitation period to 500, the
obtained reference solution matches better with the SSM-
based predictions, as shown in the lower panel of Fig. 10.

In terms of computational time, the SSM-based reduc-
tion takes less than 15min for the O(7,4) computation.
In contrast, the shooting method with 200 steps per exci-
tation period (Shooting-200) took approximately 19h on
the same machine. The computational gains from the SSM-
based ROM is even more significant relative to Shooting-500,
which took 41 h to extract the FRC of the full system.

5.3.2 Systems with parametric excitations

Parametric excitation occurs when a mechanical system is
driven by temporal fluctuations of its internal parameters
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Fig. 10 Forced response curve %107
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rather than by an external force. A system exhibits para-
metric resonance when its eigenfrequency and the parameter
modulation frequency are rationally commensurate. A clas-
sic illustration is the periodic variation of the length of a
pendulum at twice its natural frequency, which can destabi-
lize an otherwise stable equilibrium.

Here, we consider two examples with parametric excita-
tions to show that the proposed parameter-dependent SSM
reduction can handle parametric resonance. In the first exam-
ple, we consider a model of two oscillators described by
two coupled Mathieu equations. We will use SSM reduction
to extract the stability boundary of trivial solutions and the
forced response curve of nontrivial periodic solutions. In the
second example, we consider a model of a self-excited oscil-
lator system with external and parametric excitation. We will
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use reduction on parameter-dependent SSM to extract the
forced response curve of the system.

Coupled Mathieu equations. Consider a system of two
oscillators described by coupled Mathieu equations [11]

my1 + 2cy1 — cy2 + 2kyy — ky2

ek cos Qt(y1 — y2) + k(=7 — (y1 — y2)°) =0, (82)
myy + 2cy2 — cy1 + 2kys — kyi

+ekcos Q1 (y2 — y1) + k(—y3 + (31 — y2)?) = 0. (83)

Here we setm = 1,k = 1, ¢ = 0.05, and «x = 0.1. The
eigenvalues of the unforced system at € = O are obtained as
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A2 = —0.025 £ 0.9997i and A34 = —0.075 £ 1.7304i.
We take the two-dimensional eigenspace associated with the
second pair of eigenvalues as the master subspace for SSM-
based model reduction. Similar to the previous example, we
have u = (€, 2). Here we set g = (0, 3.46) to study the
parametric resonance at 2 ~ 2Im(X3).

The system above admits trivial solutions which can
become unstable for certain choices of (¢, 2). Therefore,
it is crucial to determine the stability boundary of the trivial
solutions. We note that the trivial solution for ¢ € [0, 27/ 2]
is also a periodic orbit of the system. This trivial solution
will undergo a periodic-doubling bifurcation (PD) when it
crosses the stability boundary. Hence, we can track the bifur-
cation curve of PD points to extract the stability boundary.
We follow this methodology and extract the stability bound-
ary shown in the left panel of Fig. 11. Here, we fix O(5)
truncation for the reduced coordinates (as in Ref. [11]) and
vary the expansion order in §. As seen in the figure, linear
expansion in € does not converge for large €, necessitating
a higher-order expansion in parameters. Indeed, a quadratic
expansion converges and matches well with the reference
solutions obtained from the po-toolbox of coco. Therefore,
our algorithm improves on the predictions obtained via the
first-order formulas in € proposed by [11] at larger values of
the forcing amplitude €.

We further extract the forced response curve of the non-
trivial periodic solutions. Indeed, the system admits two PD
points for € > 0.26, as seen in the left panel of Fig. 11. We
fix € = 0.275 and then switch the continuation of periodic
orbit with doubled period at each of these two PD points,
yielding the two FRCs of nontrivial periodic solutions at the
right panel of Fig. 11. Here, the periodic orbits born out of the
left PD point are unstable, while those born out of the right
PD point are stable. We again use the po-toolbox of COCO to
extract the reference solutions of the full system. These full
solutions match well with the ROM predictions, demonstrat-
ing the accuracy of the reduction on parameter-dependent
invariant manifolds.

Self-excited oscillators with external and parametric forcing.
We now consider a model of a self-excited oscillator system
with simultaneous external and parametric excitation. The
equations of motion of the system is given as [11]

V1 + k(1 —ecos2Qt)(y; — y2) + y1 + /cyio’ =ecosQt, (84)
2 — (e — Y3392 — kM(1 — ecos2Qr)(y; — y2) =0.  (85)

Here, we setk =4, =0.1,¢c =0.01, y = 0.05,and M =
0.5. We again take the forcing frequency and amplitude as the
parameters, namely, u = (€, 2). At € = 0, the eigenvalues
associated with the linearized system are A1 = 0.0013 %+
2.5887i and A3 4 = 0.0037 + 0.5463i. We take the SSM
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Fig. 12 Forced response curve of the self-excited oscillator at e = 0.02

associated with the first pair of eigenmodes to perform model
reduction. In particular, we set gy = (0, 2.6) to study the
primary and parametric resonances of the first mode.

We observe that an O(5, 1) truncation is sufficient to yield
a converged solution. We extract the FRC at ¢ = 0.02 and
present it in Fig. 12. This FRC has a complex shape with
a Neimark-Sacker bifurcation point and four saddle-node
bifurcation points. We again use the po-toolbox of COCO
to extract the reference solutions of these periodic orbits.
The prediction via the reduction matches well with the full-
system’s result, illustrating the effectiveness of the proposed
algorithm for systems subject combined to parametric and
external excitations.

6 Conclusion

We have shown how invariant manifolds and their reduced
dynamics can be efficiently computed in a parameter-
dependent fashion from high-dimensional governing equa-
tions of physical systems. We have developed simplified
expressions for these computations via multilinear function
evaluations that can be readily interfaced with open-source
modeling packages without coefficient-level knowledge of
the governing equations (cf. [2]). When the modeling pack-
age is only available as a black box, we have shown how these
computations can be performed nonintrusively for systems
with up to cubic nonlinearities and affine parameter depen-
dence.

While the proposed approach is theoretically equivalent
to the classical shifting of the origin to a nominal config-
uration for manifold computations, rewriting the governing
equations in a shifted frame is generally impractical, as it
requires significant computational intrusion. The expressions
developed here enable manifold and reduced-order model
computations about nontrivial equilibria and parameter val-
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ues without reformulating the governing equations in shifted
coordinates.

We have demonstrated the effectiveness of these com-
putations by constructing rigorous parameter-dependent
reduced-order models across a range of numerical mod-
els based on open-source as well as commercial modeling
packages. In particular, the resulting ROMs enable the anal-
ysis of local bifurcations with respect to parameters in
diverse nonlinearizable phenomena, including buckling, flut-
ter, period-doubling, internal resonances, and superharmonic
and parametric resonances. Such analyses are typically infea-
sible at the full-system level due to prohibitive computational
cost.

We expect parameter-dependent ROMs of this type to be
especially valuable in design, optimization, and uncertainty-
aware analysis, where repeated evaluations across parameter
spaces are required. We believe this framework serves as a
practical bridge between high-fidelity numerical models and
advanced nonlinear dynamical analysis, enabling systematic
exploration of stability, bifurcations, and nonlinear response
in complex engineering systems.

A Computational notes
A.1 Unique symmetric choice of F;

For a homogeneous polynomial p(x; ) of degree j in x and
degree k in u, there is no unique choice for a multilinear
function F; x such that p(x; p) = F; i (X, ..., X; i, ..., p)
for jk > 2, but there is a unique symmetric candidate for F; x
associated with p [62]. This is because any j—linear form
M(ay, ..., a;) can be decomposed as M = S + T, where

e Sissymmetric: we have M(ay, ..
a;}) for any permutation P{ay, ..
ar, ..., aj,

e T is skew-symmetric: It vanishes on the diagonal, i.e.,
T(x,...,x) = 0 for any input x.

.,a;) =M(P{ay, ...,
., a;} of the arguments

For instance, the polynomial F : R?> x R — R defined
as F(x,u) =1+ (x1 +x)p + xlzu can be represented
as F(x,u) = Fo + Fi.1(x, u) + F2,1(X, X, u), where the
degree zero term Fp = 1,and the bilinear term F j (X, ) =
(x1 + x2)u are uniquely defined, but for F ;, we have
infinitely many candidates. Indeed, My (a, b; n) = (a1b; +
aarb; — aarby)p is a valid candidate for F, | because
My(x,X; 1) = xlzu VYa € R. Note that M, = S + T,
where S(a,b; u) = a1byp is the symmetric candidate for
F>1and Ty = a(axb) —aa1by) i is skew-symmetric. As we
will see, this symmetric choice for computationally benefi-
cial as it reduces the required number of function evaluations
significantly.
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A.2 The dummy-variable approach

We note that computing WW(&) by solving (16) is equivalent
to computing an (M + m)-dimensional invariant manifold
W(E) in the extended system

Bx = F(%), ﬁ:{BI } F&) = [F(x; p), 0] e RN+ (86)

where the parameters have been included as “dummy” vari-
ables in the phase space asx = (x, u). Here, W(E)is tangent
to the subspace E=¢® span{eyi, ..., €N4m,m} at the fixed
point Xo = (Xo, [g), and the additional m dimensions take
care of dependence on u. Solving the extended invariance
equation

B[DW|R@®) = FW(@)),

where W : CM+m _ CN+m R . cM+m _, CM+m gre the
unknown parametrizations with parametrization coordinates
p = (p, ), we obtain the solution W(f)) = [W(p; n), ul,
ﬁ(ﬁ) = [R(p; n), 0]. However, the corresponding linear
system has m additional equations and unknowns relative
to system (23) and does not enable an independent control
over the expansion orders in § and p. Furthermore, the com-
putational implementation of this approach is difficult even
via open-source modeling software since it mixes the state
variables with parameters.

A.3 Exploiting conjugacy in Spec(€)

When the spectrum of £ contains non-real eigenvalues, the
computational cost for determining the coefficients in the
expansions (17), (18), can be cut in half relative to the
general setting. Specifically, suppose we have 2¢ complex-
conjugate eigenvalues Ay; 1 = X ;j with eigenvectors vy =
‘72/'—1 (G = 1,...,0), and Apet1,..., Ay € R. Then,
the parametrization coordinates also exhibit this conjugacy

pattern, i.e., p2; = p2j—1 and pac41, ..., puy € R by con-
struction. Now for any m € Ng’[ , we have
wm o 1 =2 Mmac—1 =M mae+1 my
PT =Dy Py Pt Poc—1Poc+1 -+ Py

__ . mp -mj mae  =Mc—1 _ M2c] my __ _m

=Py Py ---Pr—1Pr—1 Pret1 ---Py =P
Where n~l = (m27m17~"am207m2£‘—15m2()+15'-'7mM)'

Hence, this conjugacy carries over to the monomials in the

expansions (17), (18) as p‘i‘S‘Z = pm8e. Since W(p; 1) maps
into the real space RY, we have Wi ¢ = Wm,y. Further-
more, since paj_| = ];72./ (j = 1,...,¢c), we have for any
me NY. & e NJ:if rme = (ri,,...rm), then 1 =
(F2, 71y oo s P2e—1, 1265 72641, - - -, Fm). Thus, Wi ¢, Iy ¢ can

be inferred directly from Wy ¢, I'm ¢.
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A.4 Redundancy in expansions (42) and (47)

Every vector k = (k1,...,kf) € 7/ can be expressed as
a difference k = a — b, with a, b € Ng. However, such a
decomposition is not unique. For example,

k=(3,-2,00=(3,0,00-(0,2,0) = (4,5,0)—(1,7,0).
— —

aj by az b

This decomposition can be made unique if we require the dis-
joint support condition: a;b; = 0 for each i. The canonical
choice for this unique decomposition is defined by vectors
containing the coordinatewise positive and negative parts as

kT := (max(ky, 0), ..., max(k r, 0)),

Kk~ = (max(—«1,0), ..., max(—«y, 0)).

The unique decomposition is k = «™

— k. Examples:

1. k. = (3,—2,0) Canonical decomposition: x* =
(3,0,0), k= =(0,2,0). Other decomposition include
(3,-2,00=(4,5,00 —(1,7,0).

2. k = (0, —4,2, —1); Canonical decomposition: k™ =
0,0,2,0), k= = (0,4,0,1). Other decomposition
include (0, —4,2,—-1) = (3,1,2,2) — (3,5,0,3).

A.5 Exploiting conjugacy iny = (a, B)

The coefficients x7 , in the expansion (47) have a conju-
gacy relationship due to their association with the complex
exponential y¢ = ¢!(@ R o=ib.R)1 o = oila.R) ,—i(b.R)t

el bRt p—ila.R)1 Since x*(t; u) represents a trajectory

in the real space RY, we must have X?a,b),f = i?b,a),!’
As a result, we need to solve (49) only for unordered pairs
(a,b) € Néf , which cuts the computational burden by half
relative to the general setting.

A.6 Computational equivalence of Eq. (53) to an
autonomous invariance equation

Computing W(E) by solving Eq. (53) is equivalent to
computing an autonomous invariant manifold of the aug-
mented system (43)—(45) attached to the fixed point zg =
(x0,0,0) at u = po and tangent to the subspace & =
& @ span{ey 1, ..., ey2r}. The corresponding invariance
equation is given as (cf. [3, 39])

B [9aW(a: ] Rea: ) = GW(a: w): ). (87)

where B = [‘3 ‘” € RNVFZDXN2) W . CMH2S
CN+2f R : CM+2/ — CM+2/ and G(z; w = [G(q: p),
iDa, —iDB], to obtain the solution W(q; p) = [W(q; p),
@, Bl, R(q; ) = [R(q; p), iDa, —iDP], but the corre-
sponding linear system has a higher dimension relative to
system (58).
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B Anchor computation algorithms

Algorithm 2 Recursive computation of the expansion (4) for x*(u)

X*(pn) = compute_anchor(xp, kg, dy)

Input Nominal equilibrium configuration: (Xo, f();
Degree of approximation d,, for the expansion (4)
Setup empty arrays for coefficients x; € RN forall £ € Ny : 1€/ =0,....d,.
Assign X i= X0
ro £=0,
Setup the coefficients wy € R™ for the expansion (7) as py := {e; L=e;, j=1,...,m,
0 otherwise.
for l=1,...,d,
for LeNy: =1
Evaluate b, using eq. (10), which requires x}, for |m| < [.
Solve linear system (10) to obtain xj.
endfor
endfor
Output Coefficients x; € RN for the expansion (4) upto degree dy.

Algorithm 3 Nested recursion for computing the anchor trajectory x*(¢; n) (47)

[W,R] = compute_anchor_trajectory(Xo, iy, dy, dp)

Input Nominal equilibrium configuration: (Xo, K();
Degrees of approximation dj, (harmonics) in y and d,, in § for the expansion (47) of x*(¢; n).
Setup empty/zero arrays for coefficients X;l e CN forall (¢, ?) € N(Z)f X Ng’ el =0,....dp, €] =0,...,d,
Assign X:,O =Xxo V4
ny €=0,
Setup coefficients w, € R™ for the expansion (7) as uy := ye; £€=e;, j=1,...,m,
0  otherwise.
for I=1,...,d,
for k=0,...,d;
for (e, &) eNg/ x NIz je| =k, |¢] =1
Evaluate b ¢ using eq. (50), which requires X:i,m with |m| < [ and |d| < k.
Solve linear system (49) to obtain X: ¢
endfor
endfor
endfor
Output Coefficients X}, , € CN for the expansion (47) upto degrees dj, in y and d, in 8.

[F o Wi e = [FW(: 0); )], (89)
. 3 - Z Fl]’k
C Derivation of system (23) JokeN.my+-+m;=m,
L+t jtny o tng=L
We collect coefficients of the monomial pmSe in the invari- (Wmy 0)s---» Wm0 Bpys oo Kny) 90)
ance equation (16) as =AwWm¢+hme | oD
- m, m,£»

B ([,W]R),, , = [FoWlm. (88)

These coefficients on the right-hand side of equation (88) can

be expressed in terms of wy, ¢ and lower-order coefficients
of W as

@ Springer

where we have separated the terms depending on wy, ¢ from
the summation (90) and collected the remaining terms into
hm ¢ ineq. (91). Similarly, the left-hand side of eq. (88) can be
expressed in terms of Wiy ¢, I'm,¢ and lower-order coefficients
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of W and R as
([(WIR), o= > [W], crou. 92)
a+b=m,
k+l=t,
= AmWm¢ + km,l + erm,l» (93)
where
Wi=[(Wer.0)s s Wep0) ] =[visooovme], 94

km,( = Z

[9pW], s j=1.....M, (95

a+b=m,
k+I1=¢,
(a,k)7#(0,0)
(b,1)#(e;,0)
and
[8p W] e = [(0n1 + DWme 0) s oo (mpr + DWmrey ) -

(96)

Finally, substituting egs. (91), (93) into eq. (88), we obtain

[AmB — A] Wm ¢ = Sm¢ — Drp e, 7)
where

Sm,¢ = hm,i - Bkm,b (98)
D = BW;. 99)

D Solving the linear system (23)

We normalize the eigenvectors with respect to the matrix B
such that

U/ By =68 Vj.k=1,....M, (100)

where § . is the Kronecker delta.
D.1 Normal-form style parametrization

Now, for any m € N¥ | we arrange the eigenvalues of £ such
that the first  eigenvalues are in resonance with Ay, without
loss of generality, i.e.,

AjRAm, j=1,...,r, (101)
where 0 < r < M; r = 0 corresponds to no resonance.
These (near) inner resonances, result in the constraints (25)
on the solution choices for Iy, ¢ as

(102)

<uj,sm,l_Drm,l)=0’ j:19'~"r

- <uj’ Drm,U: (ujvsm,[>v J = 11 e (103)

Thanks to the normalization (100), the left-hand side of
eq. (103) can be simplified as

=T =T
(uj,Drme) =u; Dry ¢ = u; BWiry ¢

_7 T
:ujB[vl, e VM | Tme =€ Im¢,

and we obtain an explicit value for the j‘helement of rm,¢
due to constraint (103) as
j

_T .
Fme=";Sm¢, J= L,...,r.

(104)
The remaining coefficients are free to take any value and we
make the trivial choice in accordance with the normal-form
style as

rme=| WrSme | (105)

Substituting the solution (102) into(23), we pick the
minimum-norm solution for wy, ¢ as

Wit = L] [Sm.e — Drm ¢].

The normalization (100) may not be possible when B
is singular. In that case, the coordinate-wise simplifica-
tion (104) is not feasible. We then construct a bordered
system along with the constraint to simultaneously solve for
Wm ¢, I'm ¢ aS

Lm _D Wm, ¢ _ _Sm.¢
0 U'D || rme Ul'sme |’

~————
Nm

where Ny € CWNIXWN+M) gy = [uy,...,u.]. The
minimum norm solution for Wy ¢, I'm ¢ is then determined
simultaneously as

+ S
N,L, _ Tm.l , m € N™ : resonance (101) occurs
[Wm,i] _ Ur Sm ¢
rme | |[AN]
m |: mosm’e i| , otherwise.
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D.2 Graph style parametrization

In a graph style of parametrization, for each m € N¥, we
impose the constraints

<uj,sm,£_Drm,€)=07 j:19"'1M7

on the solution choice for rp ¢, regardless of the presence of
(near) resonances in Spec(£). Similarly to the discussion in
section D.1, the above constraints provide an explicit solution
for ry ¢ via the normalization (100) as

rm¢="U"sme, YmeNY ¢eNP,
where
U= [ll], ey llM] € (CNXM.

Furthermore, in the absence of normalization (100), we con-
struct the bordered system

Lm _D Wme | | Smye
0 U'D || rme | | UTsme |’
—_———

to simultaneously compute Wy ¢, I'm ¢ as

Wme | -~ _Sm,l v M m
|:rm,€i|_gm|:UTSm,£i|’ m e N7, £ e Ny.

E Supplementary analysis of examples

E.1 Example 2.4

Here we present a detailed derivation yielding the expansion
coefficients in (30). We take the time derivative of (30) and
obtain

v = (Ouh)it + @uh)p = —udyh(u, ) (106)

where we have used it = —u shown in (29). We then sub-
stitute (106) and (30) into the second differential equation
in (29), yielding
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— (2612014 +arip + 3azou® + 2a1up + appp® + dasou’

+3aziu’p + 2anup® + ajzp’

+5asou + dagu’ p + 3azpu’ 1* + 2anup’ + ajapt + - ) u

=—v24 <a20u2 + ajpup + agpp® + azou’ + axup

+a12uM2 +a03M3

+ agou’ + azju’ o+ anu® p? + ajzup’ + apupt

+a50u5 + a41u4l«t + a32u3M2 + a23u2M3 + ‘114”M4 + 005M5>

+ Gt +4u’ +3u% 4+ 2u + (10p° + 6p% +
+ (0% + 4+ D + (A +5u® + .

3+ Du?
(107)

By matching the coefficients of monomials, we obtain

1
OW?) : —2ax0 = —vV24ary +1 = ayy = —,
20 20 20 m_z
2
Owp) : —ay = —V24a +2 = a1 = —,
11 11 11 m—l
O(u?) : 0= —v24ap, = ag =0,
1
O(u3) —3a30 = —vV24a3+1 = a3p = ——,
V24 -3
3
OW?n) : —2ar; = —24ar; +3 = a = —,
(™) 21 21 21 a2
3
Owp?) : —app = —v24a1p +3 = a = —,
(upn”) 12 12 12 o1
O?) : 0= —+24ap3 => ag3 =0,
1
Ow®) : —dasy = —2das +1 = a9 = ——,
( 40 40 40 T34
4
OW’n) : —3a3 = —V24a3; +4 = a3 = ——,
1% 31 31 31 «/ﬂ—?’
6
OW?n?) : =2a0 = —24a0m +6 = ay = —,
12 22 22 22 m_z
4
Oy : —a;3 = —vV24a13+4 = a3 = —,
1% 13 13 13 m—l
O : 0= —v24ay = aps =0,
1
OW’) : =Sasp = —v24aso + 1 = asp = ———,
50 50 50 \/ﬂ—S
5
O@w*n) : —dag = —V24ay +5 = ay = —,
2 41 41 41 N
OWpn?) : =3az = —24an + 10 = a _ 10
. 32 32 32 m_3
OW? 1) : —2ar3 = —/24a23+ 10 = a _ 10
. 23 23 23 m_z
5
Oup®) : —ajs = —V24a14+5 = au = —,
1 1 BT -
OW?) : 0 = —v24aps = agps = 0. (108)

9
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E.2 Example 5

Converting system (39) to first-order form with x = [y, y]”
and u = [a, b7, we get

. 0 1 0
te [_wg —24“0)0} Xt [a + L + e‘iQ’)] (109)

The Taylor-Fourier ansatz for the unique periodic response
is

X*(1, 1) = X0+ X0,e;01 + X0,e,82
X1 0y 826" Y 4 X_1 ,80¢ " (110)

Substituting the above ansatz into system (109) and compar-
ing coefficients for £ = e, e; and xk = —1, 0, 1, we get:

e { = ey, k = 0: Collecting coefficients of §; gives:

0 ! X0,e; + O1_19 — X
—w} —2Cwo| " T[] T |0 0el
“ ol
= o

e £ = ey, k = 0: Collecting coefficients of §, gives:

(111)

[_O ! :|X0’e2 - [8} — X0 =[00]" (112)

a)(z) —2¢wo

e { = e, k = 1: Collecting coefficients of Spefst gives:

iQ -1 0 0
[P N O

e { =ey, k = 1: Collecting coefficients of §2¢'*' gives:

iQ -1 R
Wi+ 20w | 2T (12

— X],e2 =

1 1
. 114
—2Q2 + i4¢woQ + 209 [1 Q} (14

Due to conjugacy relations (see Computational note
Appendix A.5), we have X_{ ¢, = Xj,¢; and X_1 e, = X[ ¢,

E.3 Example 5.1.1
The sensitivity with respect to u is given as

—0.456715 4 5.304571i
0.964878 + 0.0691713i
—91.803009 — 8.707063i |’
—1.336599 + 16.413566i

W(3,0),e;

0.694231 — 28.847972i
2.265520 — 0.009723691
—208.010438 — 3.731603i
—1.233254 4 34.546931i

W 1)e N (115)

and the sensitivity with respect to w is given as

8.933368 x 107> — 9.583334 x 1074
—1.861642 x 10~* — 1.389984 x 1071
2.078261 x 1072 +2.148071 x 10731 |’
3.423070 x 1074 — 4.037948 x 10731

—1.361583 x 10~* 4 5.708335 x 10731
—4.426809 x 10™* 4 8.677030 x 1076
4.092408 x 1072 4 8.174821 x 10~4i
3.082614 x 1074 — 1.043698 x 1072}

W(3,0).e; ~

W2, 1),e &

(116)

Dummy-variable approach We now present a detailed treat-
ment for the dummy variable approach for the reduction on
parameter-dependent invariant manifold of the buckled pipe
conveying fluid. The first step is to shift the origin of phase
space to the bucked configuration via a coordinate transfor-
mation. Specifically, let y; = y{ 4+ x1, y2 = y5 + x2 = x2,
we obtain the equations of motion in the new coordinates

. . 16 .
i1 +an? (l + M(yik)z) X — gx/ﬁuxz
3
+ 72 <712 —u®+ Eunz(yi")2> X1
+ %7‘[4 (3y]“x12 + x? +407 + xl)x%)
4 * 2\ * o) —
+amt (@yfan +xDs +40T + k) =0,
16

X2 + ?\/Buxl + 160{714)'62 + 47'[2(4712 —u’+ O.Sunz(yi")z)xz

+2um*x, <2yi"x1 + x12 + 4x§)

+ dar® pxy (v &1 4 x141 +4x2x2) = 0. (117)

We take 1 and i as parameters and compute the sensitivity
of the SSM reduction. Letu = ug+v, 4 = po+«, we denote
yi and its derivatives with respect to u and p evaluated at
(u, ) = (uo, no) as qo, g, , and qz. We substitute them
into (117) and truncate quadratic and higher order expansions
in v and k, yielding

. . 16 .
X1 +ant (1 + 1ogd + 2Moqoq,’fv> X1 — ?\/E(Mo + )iz

372
+ 72 (712 — (U + 2ugv) + - <uoq§ + 2uoqoq7£v)> X1

xl3 —|—4x1x§

> + ot(xlz)h + 4x1xz)'cg)>

+ (o + K)fr4 (

+ (1ogo + o(giv + qx) + kqo)m*
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3 2 4 2
<X1+X2 + a(2x1X] +4x2,\?2)) =0,

16
X+ ?\/E(uo + v)i1 + 16artis
+4x? (4712 - (u(z) + 2ugv) 4 0.572 (uoqg + 2,u0q0q;‘v)) X2
+ 2(uo + /()714 (xlzxz + 4x§’ + 20 (x1 X1x2 + 4x§)&2)>

+ (10go + 10(g;v + gK) + kqo)T* (4x1x2 + daki x2) = 0,
(118)

where we have used the fact that qg + 2uoqoqz = 0to
simplify the derivation. Letting
73 = X1, 24 = Xo,

1 = X1, 22 = X2,

5=V, Z6 =K, (119)
we can rewrite (118) as the first-order form. We note that the
linear part of this extended system has two trivial eigenvalues
because z5 = 0 and zg = 0 are added to the extended system.
Thus, we have a four-dimensional master subspace spanned
by the eigenvectors corresponding to the two trivial eigen-
values and the pair of slowest decay eigenvalues associated
with the buckled configuration. Then, we can use SSMTool
[61] to perform the four-dimensional reduction, just as one
did in [15]. In particular, we have v = p3 and k = p4, and
hence the expansion coefficients that are linear in p3 and p4
give the sensitivity we seek for.

E.4 Example 5.1.2

We present the spectrum of the linear part of (74) as a function
of u in Fig. 13. We note that Hopf bifurcation occurs at u =
up, ~ 5.562 and the pair of complex eigenvalues A5 and
Ag 1s transformed into two real distinct eigenvalues at u ~
6.175. Therefore, the system does not have real eigenvalues
in the pre-flutter regime and the two real eigenvalues in the
post-flutter regime are negative. Consequently, the resonance
between A1 2 and real eigenvalues reported in [30] does not
hold here.

Next, we take ug = 5.4 as the anchor point to perform
reduction on parameter-dependent invariant manifold. In par-
ticular, we take the pair of modes associated with A as
the master subspace of reduction. Thus, we perform reduc-
tion on parameter-dependent SSM. The obtained parametric
ROM enables the prediction of limit cycle in the post-flutter
regime, as seen in Fig. 14. Here, we gradually increase the
truncation order in § and find that a cubic expansion in § is
sufficient to yield converged solutions for up, < u < 5.85.1n
contrast, we can obtain converged solutions for up, < u < 7
when we choose up = 6.4, as seen in Fig. 3. Therefore, one
should take u in the post-flutter regime to perform reduction
if one aims at predicting limit cycle born out of Hopf bifur-
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cation. This is consistent with our expectation because the
Taylor expansion in § has a limited domain of convergence.

Now we increase the damping coefficienttoo = 0.01 such
that the system admits negative, real eigenvalues before Hopf
bifurcation. Indeed, as seen in Fig. 15, the Hopf bifurcation
occurs at u = ugp ~ 5.978 and the transition of a pair
of complex conjugate pair eigenvalues into real eigenvalues
occursatu = ucor ~ 5.821. Thus, we have two negative real
eigenvalues between the two critical flow velocities, which
suggests the accumulation of resonances when u approaches
the Hopf bifurcation [30]. We note that Re(x1) ~ O(0.1) and
A3.4 ~ O(10) generally hold for u € (ucor, ung). Thus, the
outer resonances accumulated at the Hopf bifurcation [30]
will be at or higher than O(100).

Since lower-order SSM expansion coefficients persists
through the Hopf bifurcation [30], we can use parameter-
dependent invariant manifold with lower-order truncation
to perform model reduction through the bifurcation. This
idea has been demonstrated in a data-driven setting via
interpolation of lower-order expansion coefficients [30]. As
mentioned in Sect. 5.1.2, we fix the expansion order in p to be
9 given it is sufficient. Thus, the corresponding lower-order
Taylor expansion coefficients persist because the resonances
are at the order of 100 or higher. We take uy € (ucor, 4uB),
perform parameter-dependent reduction and then predict the
limit cycle oscillation in post-flutter regime. With « = 0.01
and up = 5.9, we obtain the predicted results along with
reference solutions from the collocation method in Fig. 16.
We observe that the converged solutions of limit cycles are
obtained for u < 6.3, suggesting that the lower-order trun-
cated ROM can indeed predict limit cycle in the post-flutter
regime. We note that limited domain of convergence is not
resulted from the resonances but indicates the fact that these
lower-order expansion coefficients themselves have limited
domain of analyticity.

F Reduced dynamics for underdamped mas-
ter subspace

In this section, we present the explicit reduced dynamics
on underdamped SSMs. Such explicit reduced dynamics
enables us to extract backbone curves and limit cycles of
autonomous systems. As for full systems subject to harmonic
excitations, the explicit reduced dynamics transform forced
periodic (quasi-periodic) orbits of full systems as fixed points
(limit cycles) of the associated reduced-order models.

We consider the following M -dimensional master spectral
subspace

(120)

£ & & ¢
& = Span{v{,Vv{,--- Va2 Vs
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and its spectrum is given as follows with Im(Ajg. )y#O0forj=1,---, M/2. We expect the spec-
tral subspace £ to be composed of internally resonant modes
£ € s ¢ of the system. In particular, we allow for the following type
spect(E) = (A7, AT, - ,)»M/Z,)LM/Z} (121) ’
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of (near) inner resonances (Re(y (mp, my, e))) (129)
Im(y (my, my, £))
WExm A8 +my 28, A am - +m-iF (122
fori =1,---, M/2. Here,
. M)2
forsomei € {1, ---, M/2},wherem;, my € N, '~ |m; +
M/g /2 e 0 oy pimy,mp) = (m; —my —¢;, }),
my| =) i (my gk +moy) > 1, and :
Q(p. 6) = cos —sinf 130
(0, 0) = %sin@%cos@ ’ (130)

A =08 80. (123)

F.1 Autonomous dynamics

Now, let the autonomous part of the vector field of the reduced
dynamics be arranged in complex conjugate blocks as fol-
lows

R] (p’ 8)
R(p.n) = : ,
Ry /2(p, 8)

(124)

where R;(p, 8§) € C? contains the complex conjugate com-
ponents of the autonomous part of the vector field associated
to the i-th pair of master mode (vig , i)l-g ). Under the (near)
inner resonances given by (122), we define a set containing
the corresponding monomial multi-indices as
=&

Ri = {(my, my) : 2¥ ~my - AF +my 17}, (125)

We note that the parameterization coordinates p are M /2
pairs of complex conjugate coordinates, namely,
p = (51,51, ", SM/2, 5M/2), (126)
where s; and 5; denote the parameterization coordinates cor-
responding to Vig and ‘-,ig , respectively. As a generalization of

the results in [55], the normal-form-style parameterization
of the autonomous reduced dynamics is given by

mj cimy £
R(p.&= Y <7’(m1’m2”)s S 5). (127)

7 (my, my, £)sm2sm §t
(mp,mp)eR;,€ y(my, my, £)

We further follow the derivation in [55] to derive the above
reduced dynamics in the form of polar coordinates. In par-
ticular, let

si = pie? )5 = pre Vi (128)

the reduced dynamics in polar coordinates (p, #) € RM/2 x
TM/2 is given by

(6id) = Z

(m;,mp)eR,; L

P™MFM288Q(p;, o; (my, my))

@ Springer

where e; € RM/? is the unit vector aligned along the i-th axis

In the special case that M = 2, we have m; = my + 1
and hence ¢ (m1, mz) = 0. The reduced dynamics (129)
becomes

p=alp)= ) p"" 8 Re(y(my+1.m. 0). (131)

mo>0,4

d=b(p)= Y p"8Im(y(my+1.m2. 0)).

mzZO,l

(132)

It follows that we can extract parameter-dependent backbone
curves from (132). In addition, a nonspurious fixed point
p* in the dynamics of p corresponds to a limit cycle of the
full system. The period of the limit cycle is given as T =

27 /b(p*).
F.2 Leading-order non-autonomous dynamics

With the addition of harmonic forcing F*'(Q¢), the reduced
dynamics takes the form

p = R(p, p) + €So(21) + O(elpl, €3]). (133)

As in (124), we arrange the non-autonomous part of the vec-
tor field of reduced dynamics in complex conjugate blocks
as follows [55]

So,1(821)
So(2t) = : ,
So,m/2(821)

(134)

where S ; (¢) € C? contains the complex conjugate com-
ponents of the leading-order non-autonomous part of the
vector field associated with the i-th pair of master modes,
(vE,¥6). Let

)
1

FeXt(Qt) — FaeiQt 4 Faefiﬂt’ (135)
where the forcing amplitude vector F* € C?" with super-
script ‘a’ stands for ‘amplitude’. It follows that [55]

fi ein

SO,i(Qt) = (f‘@igt> , i=1,---, M/2, (136)
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with
Evkpa ; E ~
ﬁ={(ui)F if A '1§2 (137)
0 otherwise
In polar coordinates, we let ©; = 6; 4+ r; Qt, i.e.,
si = piei(9i+r,’91)’ Ei — pie_i(9i+r9[). (138)

We follow the derivation in [55] to derive the vector field for
(pi, 6;), yielding

()=(e)r ¥

(mp,mp)eR;, £

Re(y(mp, my, £)) -
(Im(y(ml,mz,e))> +€Q(p;, —6;) (

P FM258Q 07, o (my, my))

Re(fi )> . (139)

Im(f;)

Due to the transformation (138), a fixed point of (139) corre-
sponds to a forced periodic orbit of the full system. It follows
that we can infer bifurcation of periodic orbits of the full sys-
tem via that of the fixed points of (139) [55]. Moreover, the
limit cycle of (139) gives a two-dimensional torus on which
the quasi-periodic orbit of the full system stays [55]. We
use parameter continuation in the extended parameter space
(€, 2, 8) to investigate the forced response and its bifurca-
tions. In particular, we use a publicly available package, COCO
[52-54] to perform the parameter continuation.
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