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An Energy-efficient Ordered Transmission-based
Sequential Estimation

Chen Quan, Geethu Joseph, and Nitin Jonathan Myers
Delft University of Technology

Emails: {c.quan, g.joseph, n.j.myers}@tudelft.nl

Abstract—Estimation problems in wireless sensor networks
typically involve gathering and processing data from distributed
sensors to infer the state of an environment at the fusion center.
However, not all measurements contribute significantly to im-
proving estimation accuracy. The ordered transmission protocol,
a promising approach for enhancing energy efficiency in wireless
networks, allows for the selection of measurements from different
sensors to ensure the desired estimation quality. In this work,
we use the idea of ordered transmission to reduce the number
of transmissions required for sequential estimation within a
network, thereby achieving energy-efficient estimation. We derive
a new stopping rule that minimizes the number of transmis-
sions while maintaining estimation accuracy similar to general
sequential estimation with unordered transmissions. Moreover,
we derive the expected number of transmissions required for
both general sequential estimation with unordered transmissions
and proposed sequential estimation with ordered transmissions
and make a comparison between the two systems. Simulation
results indicate that our proposed scheme can efficiently reduce
transmissions while still ensuring the quality of estimation.

Index Terms—Ordering, Bayesian estimation, wireless sensor
networks.

I. INTRODUCTION

The ordered transmission protocol is a promising strategy
for enhancing energy efficiency in wireless sensor networks,
which is critical to extending the lifetime of sensor nodes [1].
The conventional ordered transmission protocol for distributed
networks was first introduced in [2]. Here, only informative
sensors transmitted their log-likelihood ratios (LLRs) to the
fusion center (FC). This was achieved by a protocol that
lets sensors transmit in decreasing order of the LLR mag-
nitudes, with transmission start times proportional to 1

|LLR| .
Once the FC receives enough measurements to achieve the
desired decision quality, it broadcasts a stop signal to halt
further transmissions. This protocol has been applied to var-
ious problems, including noncoherent signal detection [3],
sequential detection for cooperative spectrum sensing [4],
quickest change detection with independent [5] and dependent
measurements [6], as well as distributed training of machine
learning models [7].

In quickest change detection, ordered transmission protocols
can reduce the amount of information transferred without
increasing detection delays, such as the worst-case average
detection delay. In machine learning model training, these
protocols can save bandwidth while achieving similar con-
vergence rates as gradient descent for non-convex smooth
loss functions. Additionally, in [8], the ordered transmission

scheme was integrated with energy harvesting to enhance
the energy efficiency of wireless sensor networks. Spatial
correlation among sensors was leveraged in [9] to develop
an ordered transmission scheme. In [10], the authors devised
a communication-efficient ordered transmission scheme in
which informative sensors send binary decisions to the FC
instead of LLRs, further enhancing the communication effi-
ciency of the network. The aforementioned works demonstrate
that ordered transmission-based schemes can effectively re-
duce the number of transmissions required for detection while
maintaining the same inference performance. The authors
in [11], [12] examined the security aspects of the ordered
transmission protocol. They investigated the resilience of both
conventional ordered transmission-based and communication-
efficient ordered transmission-based systems under various
Byzantine attacks, including mean-shift, mean-variance-shift
[11], and data-flipping Byzantine attacks [12].

Ordered transmission protocols are not limited to detec-
tion problems but have also been extended to certain es-
timation problems. The authors in [13]–[15] designed or-
dered transmission-based estimation schemes under specific
assumptions. In their work, it was assumed that the unknown
parameters belong to a finite set of possible values. This allows
each sensor to compute the LLRs for all possible parameter
values and transmit them to the FC. By ordering these LLRs,
the number of transmissions needed for global parameter
estimation can be significantly reduced without any loss of
performance. This approach works well when the unknown
parameter lies within a discretized space, as calculating the
LLRs for all possible values is usually straightforward. How-
ever, when dealing with a parameter in a continuous space, the
methods in [13]–[15] becomes impractical due to the infinite
number of possible values.

In this paper, we focus on applying the ordered transmission
protocol to estimation problems where the unknown parameter
lies within a continuous space. We assume that the continuous
prior distribution for the unknown parameter is known, and
that the Bayesian estimator is employed at the FC to estimate
the parameter of interest. Since the overall uncertainty of
the current estimate is influenced by the posterior variance,
which, in turn, is influenced by the variance of the received
measurements, we propose a new ordering strategy: ordering
measurements based on their uncertainty. This approach allows
us to focus on measurements that significantly contribute to
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estimation quality by prioritizing the transmission of those
with lower uncertainty.

Our main contribution is the development of an ordered
transmission-based sequential estimation approach for estimat-
ing unknown parameters in a continuous space. To assess
the performance of our proposed scheme, we derive the
expected number of transmissions in the ordered transmission-
based framework for parameter estimation and compare it
with the non-ordered case. Finally, through simulations, we
demonstrate that our scheme significantly reduces the number
of transmissions required in the network to solve a sequential
estimation problem.

II. SYSTEM MODEL

Consider a wireless sensor network consisting of N sensor
nodes distributed randomly over a region of interest. Each
sensor node i is equipped with a sensor to measure an
unknown physical quantity θ (e.g., temperature, humidity) and
a wireless module to communicate with a central FC. Each
sensor node i takes a noisy measurement of the true underlying
parameter θ, which follows a prior distribution p(θ). Here,
we assume that the prior distribution for parameter θ follows
Gaussian distribution with mean µ0 and variance τ20 , i.e.,
θ ∼ N (µ0, τ

2
0 ). The measurement yi at node i is given by

yi = θ + wi, (1)

where wi is the measurement noise, modeled as zero-mean
Gaussian noise with variance σ2

i , i.e., wi ∼ N (0, σ2
i ). Ad-

ditionally, for the sake of analytical simplicity, we assume
that the precision associated with its noise variance, i.e., 1

σ2
i

,
follows a uniform distribution over [a, b].1

If the FC receives measurements from all the N sensors, it
could employ a Bayesian technique to estimate the unknown
θ. The optimal estimate of θ is its posterior mean, while its
uncertainty is the posterior variance, both given by

E[θ | y]=
µ0

τ2
0
+
∑N

i=1
yi

σ2
i

1
τ2
0
+
∑N

i=1
1
σ2
i

, Var(θ | y)= 1
1
τ2
0
+
∑N

i=1
1
σ2
i

. (2)

Although this scheme provides optimal estimation, transmit-
ting all measurements to the FC requires significant power and
bandwidth resources. To address this limitation, we propose
more efficient estimation schemes that reduce overhead.

We discuss two estimation schemes: the non-ordered se-
quential estimation scheme and the ordered sequential esti-
mation scheme. In both schemes, not all sensors are required
to send their measurements to the FC. The key difference is
that the non-ordered sequential estimation scheme processes
measurements in random order, whereas the ordered sequential
estimation scheme prioritizes measurements with lower uncer-
tainty. We next examine the average number of transmissions
required for both these schemes to achieve the same desired
accuracy.

1Although we focus on a specific case where wi ∼ N (0, σ2
i ) and 1

σ2
i

∼
U(a, b), the proposed scheme is applicable to other distributions as well. This
study, however, is beyond the scope of this paper.

A. Non-ordered Sequential Estimation Scheme

In this scheme, the sensor measurements are collected
sequentially and in a random order, which allows a sequential
update of the unknown parameter θ. When enough data has
been collected to make a reliable estimate, the transmission
stops. A common stopping rule in sequential estimation in-
volves setting a threshold on the width of the confidence
interval. The confidence intervals can be updated after each
measurement, and stopping rules can be established based on
the width of the desired confidence interval. The estimate of
θ and its variance after observing k ≤ N measurements are
given by

θ̂FC = E[θ | {yi}ki=1] =

µ0

τ2
0
+

∑k
i=1

yi

σ2
i

1
τ2
0
+

∑k
i=1

1
σ2
i

, (3)

and its variance is Var(θ | {yi}ki=1) =
(

1
τ2
0
+

∑k
i=1

1
σ2
i

)−1

.
The confidence interval for θ | {yi}ki=1 is defined as

CI=
(
θ̂FC−α

√
Var(θ |{yi}ki=1), θ̂FC+α

√
Var(θ |{yi}ki=1)

)
,

(4)

which is α standard deviations on either side of the mean.
Here, α is a constant that determines the width of the confi-
dence interval. Due to the Gaussian posterior in our problem,
it can be shown that α is approximately 1.96 to achieve a 95%
confidence interval. The confidence interval updates after each
measurement, and the updating stops when the width of the
confidence interval is below a specified threshold ϵ, i.e.,

2α
√

Var(θ | {yi}ki=1) ≤ 2ϵ (5)

This ensures that the estimate achieves a certain level of accu-
racy. By monitoring the width of the confidence interval, the
FC can determine when to stop collecting new measurements.
Thus, according to (5), we can derive the stopping rule for
sequential estimation as follows:

k∑
i=1

zi ≥
(α
ϵ

)2

− 1

τ20
= γ, (6)

where zi = 1
σ2
i

≥ 0. The remaining N − k sensors in the
network stop transmissions when the FC receives k measure-
ments that meet the stopping criterion in (6). To obtain the
average number of transmissions needed to achieve a desired
confidence interval, we need to compute the expected number
of transmissions E[k∗], where k∗ represents the minimum
number of measurements needed to satisfy (6).

Proposition 1. For non-ordered sequential estimation scheme
with stopping rule (6), the expected number of transmissions
E[k∗] is given as

E[k∗] =

N−1∑
k=0

Pr(

k∑
i=1

zi ≤ γ). (7)

Proof: See Appendix A.
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According to Proposition 1, to compute E[k∗], we need
to first compute Pr(

∑k
i=1 zi ≤ γ). Let Sk =

∑k
i=1 zi and

S
′

k =
∑k

i=1 z
′

i , where z
′

i = zi−a
b−a . Clearly, z

′

i ∼ U(0, 1)

for i ∈ {1, . . . , N}, meaning that the normalized variables z
′

i

are uniformly distributed on [0, 1]. By normalizing zi, we can
leverage properties of sums of uniformly distributed random
variables to compute Pr(

∑k
i=1 zi ≤ γ). We have

Pr(

k∑
i=1

zi ≤ γ) =Pr(S
′

k ≤ γ
′
), (8)

where γ
′
= γ−ka

b−a . Substituting (8) back into (7), the expected
number of transmissions required E[k∗] is given by

E[k∗] =

N−1∑
k=0

1

k!

γ∗∑
j=0

(−1)j
(
k

j

)
(min(γ

′
, k)−j)k, (9)

where γ∗ = min(max(⌊γ′⌋, 0), k) and ⌊γ′⌋ denotes the floor
of γ

′
to the next lowest integer. The expression in (9) is

derived using the fact that the sum of independent uniformly
distributed random variables on [0, 1] follows the Irwin-Hall
distribution.

B. Ordered Transmission Scheme Model

In the non-ordered sequential estimation scheme discussed
in Sec. II-A, the FC receives one measurement at a time in
a random order. In contrast, the ordered sequential estima-
tion scheme prioritizes measurements with lower statistical
uncertainty. Specifically, the uncertainty in the current estimate
of θ at the FC is characterized by the posterior variance
Var(θ | {yi}ki=1), which is a function of

∑k
i=1(1/σ

2
i ). Thus,

the uncertainty in the current estimate of θ is affected by
the uncertainty in the individual sensor measurements. To
optimize the estimation process, it is advantageous to let the
sensors send their measurements to the FC in the ascending
order of the individual sensor uncertainties, i.e., {σ2

i }Ni=1. To
achieve this goal, sensor i can be equipped with a synchronized
timer, with the start time set proportionally to the variance
σ2
i . As the timer counts down to zero, the sensor transmits

its measurement to the FC. This approach prioritizes sensors
with lower uncertainty, facilitating faster convergence to an
estimate with the desired accuracy.

To represent the ordered transmissions, we arrange
{1/σ2

i }Ni=1 in the descending order. This sequence is denoted
by z[1] > z[2] > . . . > z[N ], where z[i] indicates the ith largest
z, i.e., the ith largest value in the descending sequence of
inverted variances. With this sequence, the sensor with the
precision z[1] transmits its corresponding measurement y[1]
first, followed by the sensor with z[2], which transmits y[2],
and so on. Let k denote the number of measurements received
by the FC. Again, the FC can estimate θ using a Bayesian
approach. The estimate of the unknown parameter is given by

θ̂OT
FC = E[θ | {y[i]}ki=1] =

µ0

τ2
0
+
∑k

i=1
y[i]

σ2
[i]

1
τ2
0
+
∑k

i=1
1

σ2
[i]

(10)

Following a similar procedure from (4) to (6), we can derive
the stopping rule for ordered sequential estimation given a
desired confidence interval ϵ. The stopping rule is expressed
as

k∑
i=1

z[i] ≥
(α
ϵ

)2

− 1

τ20
= γ, (11)

where z[i] = 1
σ2
[i]

. The expected number of measurements
required under the proposed stopping rule is discussed in
Theorem 1.

Theorem 1. For ordered sequential estimation, the expected
number of measurements required E[k∗] can be bounded as
N̄L

t ≤ E[k∗] ≤ N̄U
t . Here, the upper bound N̄U

t and the
lower bound N̄L

t are given by

N̄U
t =

N−1∑
k=0

N !
(

1
b−a

)N

(k!)2(N − k − 1)!

k∑
j=0

(−1)j
(
k

j

)
S1, (12)

N̄L
t =

N−1∑
k=0

(
γ/k − a

b− a

)N

, (13)

where S1 is given in (14).

Proof: See Appendix B.
The reason we seek upper and lower bounds instead of the

exact expression for the expected number of measurements is
that computing the exact expression is extremely computation-
ally expensive (see [11, Theorem 3.2]).

III. NUMERICAL AND SIMULATION RESULTS

In this section, we present some numerical and simulation
results to support our theoretical analysis. We assume N = 50
sensors and a prior distribution with µ0 = 2. The noise
variance distribution parameters are set to a = 1/5 and b = 1,
while the confidence threshold is ϵ = 0.4. Fig. 1 shows
the mean square error (MSE) in parameter estimation as a
function of τ20 for systems that adopt the unordered sequential
estimation scheme, the ordered sequential estimation scheme,
and the system that utilizes all the sensor measurements. We
can observe that the systems adopting the unordered and
ordered sequential estimation schemes have nearly the same
MSE values for the same confidence interval. Additionally,
the system using measurements from all the sensors has the
lowest MSE, as generally, the more measurements we take,
the less uncertainty remains.

Fig. 2 shows the MSE as a function of the number of
measurements, k, for systems adopting the unordered sequen-
tial estimation scheme and the ordered sequential estimation
scheme. We observe that the system adopting the ordered se-
quential estimation scheme has a smaller MSE compared to the
unordered case. This is due to the fact that estimations based
on measurements with statistically lower uncertainty generally
result in more accurate estimates. In the system adopting the
ordered sequential estimation scheme, the measurements with
statistically lower uncertainty are prioritized and processed

Authorized licensed use limited to: TU Delft Library. Downloaded on August 05,2026 at 13:50:11 UTC from IEEE Xplore.  Restrictions apply. 



S1 =


∑k

i=0

(
N−k−1

i

)
(γ − bj)i(j − k)k−i

[∑N−k−1
m=0

(
N−k−1

m

)
(−a)N−k−1−m ck−i+m+1−ak−i+m+1

k−i+m+1

]
, if γ<kb,∑N−k−1

i=0

(
N−k−1

i

)
(k − j)k(−a)N−k−1−i

[∑k
m=0

(
k
m

)
bm(−1)k−m bk−m+i+1−ak−m+i+1

k−m+i+1

]
, if γ ≥ kb.

(14)

first. For the same number of measurements, the system that
randomly selects measurements, as in the unordered sequential
estimation scheme, does not outperform the ordered scheme.
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Fig. 1. Comparison of MSE as a function of τ20 for ordered and unordered
sequential estimation systems, as well as general estimation systems. For
the ordered and unordered sequential estimation systems, a specified desired
confidence interval is set with ϵ = 0.4.
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Fig. 2. Comparison of MSE as a function of k for ordered and unordered
sequential estimation systems.

Fig. 3 shows the MSE as a function of τ20 for systems
that adopt the unordered sequential estimation scheme and the
ordered sequential estimation scheme. We compare the results
obtained via Monte Carlo simulations with our analytical
results for both the unordered and ordered system. We can
observe a good match between the analytical results from (9)
and the simulated results from the Monte Carlo method. The
upper bound obtained from (12) and the lower bound from

(13) can accurately track the variation in the underlying av-
erage number of transmissions required. The upper bound we
obtained is relatively tight, effectively indicating the maximum
number of measurements required. It can also be observed that
the expected number of measurements required increases as τ20
increases. Since the thresholds in both (6) and (11) increase
as τ20 increases, the number of required measurements also
increases. However, due to the characteristics of the 1

τ2
0

term
in the expressions for the thresholds, as τ20 increases, the rate
of increase of −1/τ20 decreases. Consequently, the rate of
increase in the number of required measurements decreases.
Fig. 3 also demonstrates that the system adopting the ordered
sequential estimation scheme can efficiently reduce the number
of transmissions without any loss in estimation accuracy.

0.5 1 1.5 2 2.5 3

0

2

15

20

25

30

35

40

45

N
u

m
b

e
r 

o
f 

m
e

a
s
u

re
m

e
n

ts
 r

e
q

u
ir
e

d

Unordered (theoretical)

Unordered (simulated)

Ordered (upper bound)

Ordered (simulated)

Ordered (lower bound)

Fig. 3. Comparison of the average number of measurements required as a
function of τ20 for ordered and unordered sequential estimation systems for a
specified desired confidence interval with ϵ = 0.4.

IV. CONCLUSION

In this paper, we proposed an ordered sequential estimation
scheme that employs an ordered transmission protocol to mini-
mize the number of transmissions required while maintaining a
desired level of estimation accuracy. We derived the stopping
rule for this scheme and calculated the expected number of
measurements needed for both ordered and unordered sequen-
tial estimation methods. Our numerical and simulation results
demonstrated that the ordered sequential estimation scheme
can significantly reduce the number of transmissions without
sacrificing estimation accuracy. This approach highlights how
to design systems with lower communication overhead while
preserving nearly the same estimation quality. In the future, we
aim to investigate several extensions of our problem, including
scenarios in which the variances of the measurements are
unknown, cases where the FC only receives quantized versions
of the measurements, and situations in which some falsified
measurements are reported to the FC.
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APPENDIX A
PROOF OF PROPOSITION 1

The expected number of transmissions required in the
network is given as

E[k∗] =

N∑
k=1

kPr(k∗ = k) =

N∑
k=1

Pr(k∗ ≥ k) (15a)

= N −
N−1∑
k=0

Pr(k∗ ≤ k) (15b)

= N −
N−1∑
k=0

Pr(

k∑
i=1

zi ≥ γ) (15c)

=

N−1∑
k=0

Pr(

k∑
i=1

zi ≤ γ), (15d)

where k∗ is the minimum number of measurements required
to satisfy the equality in (6). Here, (15a) can be derived by
induction using the observation that

∑N
k=1 kPr(k

∗ = k) =
Pr(k∗ = 1)+ 2Pr(k∗ = 2)+ 3Pr(k∗ = 3)+ · · ·+NPr(k∗ =
N) = Pr(k∗ ≥ 1)+Pr(k∗ = 2)+ 2Pr(k∗ = 3)+ · · ·+ (N −
1)Pr(k∗ = N). Since {zi}Ni=1 are non-negative, (15c) follows
from the fact that if

∑k∗

i=1 zi ≥ γ, then
∑k

i=1 zi ≥ γ for any
k ≥ k∗.

APPENDIX B
PROOF OF THEOREM 1

The expected number of measurements required for ordered
sequential estimation is given by E[k∗] =

∑N−1
k=0 Pr(Mk ≤

γ), following a similar procedure as in (15), where Mk =∑k
i=1 z[i]. The difference here is that k∗ now is the minimum

number of measurements required to satisfy the equality in
(11). To compute E[k∗], we need to first compute Pr(Mk ≤ γ)
and it can be expressed as

Pr(Mk≤γ)=

∫ b

a

Pr(Mk≤γ|z[k+1]=x)f(z[k+1]=x)dx, (16)

where the probability density

f(z[k+1]=x) =
N !

(
1

b−a

)N

(N−k−1)!k!
(x−a)

N−k−1
(b−x)

k
. (17)

Next, we need to compute Pr(Mk ≤ γ|z[k+1] =x). However,
obtaining an exact expression for this probability is non-
trivial and computationally expensive (see [11, Theorem 3.2]).
Nevertheless, we can obtain an upper bound on the expected
number of measurements by performing a similar transfor-
mation as in (8). Let M

′

k =
∑k

i=1 z
′

[i], where z
′

[i] =
z[i]−x

b−x .

Due to the fact that z
′

[i] ∈ [0, 1] for i ∈ {1, . . . , k} and
z[1] ≥ · · · ≥ z[k+1], Pr(Mk ≤ γ|z[k+1] = x) is given by

Pr(Mk ≤ γ|z[k+1] = x)

= Pr(Mk ≤ γ, z[1] ≥ x, . . . , z[k] ≥ x|z[k+1] = x) (18a)

= Pr

(
M

′

k≤
γ−kx

b−x
, z[1]≥x, . . . , z[k]≥x|z[k+1]=x

)
(18b)

≤ Pr

(
M

′

k ≤ γ − kx

b− x
|z[k+1] = x

)
(18c)

=
1

k!

k∑
j=0

(−1)j
(
k

j

)
(f(x)− j)k+, (18d)

where we define

(f(x)− j)+ =

{
f(x)− j if f(x)− j ≥ 0

0 if f(x)− j < 0,
(19)

and f(x) = max(min(γ−kx
b−x , k), 0). Here, (18c) follows from

the fact that the probability of the intersection of events can
never exceed the probability of any one of the individual
events. Also, (18d) follows from the fact that if z

′

[1], . . . , z
′

[k] ∈
[0, 1], the sum of z

′

[1], . . . , z
′

[k] is independent of their order.
Thus, M

′

k can be treated as the sum of k independent uni-
formly distributed random variables on [0, 1], which follows
the Irwin-Hall distribution and is easy to compute. Now, by
substituting the expressions from (18d) and (17) into (16), we
can derive the upper bound of P (Mk ≤ γ) as

P (Mk ≤ γ) ≤ N !

(N−k−1)!(k!)2

(
1

b− a

)N k∑
j=0

(−1)j
(
k

j

)

×
∫ b

a

g(x)k(x− a)N−k−1(b− x)kdx, (20)

where g(x) = (f(x)− j)+ = max((f(x)− j), 0), and it can
be further deduced that

g(x) =


k − j if γ−kx

b−x ≥ k and k > j
γ−kx
b−x − j if 0 ≤ γ−kx

b−x < k and γ−kx
b−x > j

0 otherwise.
(21)

Since x ∈ [a, b] and j ≤ k, we can write (21) as

g(x) =


k − j if γ ≥ kb
γ−kx
b−x − j if γ < kb and a ≤ x ≤ c

0 otherwise,
(22)

where c = min
(

γ−jb
k−j ,

γ
k

)
. Thus, we need to consider two

cases when we compute the term
∫ b

a
g(x)k(x− a)N−k−1(b−

x)kdx.
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When γ < kb, the term
∫ b

a
g(x)k(x− a)N−k−1(b− x)kdx

in (20) is given by∫ b

a

g(x)k(x− a)N−k−1(b− x)kdx

=

∫ c

a

[(γ − bj) + (j − k)x]k(x− a)N−k−1dx (23a)

=

∫ c

a

[
k∑

i=0

(
k

i

)
(γ−bj)i(j−k)k−ixk−i

]
(x−a)N−k−1dx

(23b)

=

k∑
i=0

(
k

i

)
(γ−bj)i(j−k)k−i

∫ c

a

xk−i(x−a)N−k−1dx

(23c)

=

k∑
i=0

(
k

i

)
(γ − bj)i(j − k)k−i

×

[
N−k−1∑
m=0

(
N−k−1

m

)
(−a)N−k−1−m

∫ c

a

xk−i+mdx

]
(23d)

=

k∑
i=0

(
N − k − 1

i

)
(γ − bj)i(j − k)k−i

[
N−k−1∑
m=0

(
N−k−1

m

)
(−a)N−k−1−m ck−i+m+1−ak−i+m+1

k−i+m+1

]
,

(23e)

according to Binomial Theorem.
When γ ≥ kb,

∫ b

a
g(x)k(x− a)N−k−1(b− x)kdx in (20) is

given by∫ b

a

g(x)k(x− a)N−k−1(b− x)kdx (24a)

= (k − j)k
∫ b

a

(x− a)N−k−1(b− x)kdx (24b)

= (k−j)k
∫ b

a

[
N−k−1∑
i=0

(
N−k−1

i

)
xi(−a)N−k−1−i

]
(b−x)kdx

(24c)

=

N−k−1∑
i=0

(
N−k−1

i

)
(k−j)k(−a)N−k−1−i

∫ b

a

xi(b−x)kdx

(24d)

=

N−k−1∑
i=0

(
N − k − 1

i

)
(k − j)k(−a)N−k−1−i

×
∫ b

a

[
k∑

m=0

(
k

m

)
bm(−1)k−mxk−m+i

]
dx (24e)

=

N−k−1∑
i=0

(
N − k − 1

i

)
(k − j)k(−a)N−k−1−i

×

[
k∑

m=0

(
k

m

)
bm(−1)k−m bk−m+i+1−ak−m+i+1

k −m+ i+ 1

]
. (24f)

Substituting the expressions from (23e) and (24f) into (20),
we can obtain the final expression of upper bound as shown

in Theorem 1. Then, we compute one possible lower bound
for Pr(Mk ≤ γ) and it is given by

Pr(Mk ≤ γ) ≥ Pr(z[1] ≤
γ

k
, z[2] ≤

γ

k
, . . . , z[k] ≤

γ

k
) (25a)

= Pr(z1 ≤ γ

k
, z2 ≤ γ

k
, . . . , zN ≤ γ

k
) (25b)

=

(
γ/k − a

b− a

)N

. (25c)

Here, (25a) is due to the fact that z[1] ≤ γ/k, z[2] ≤
γ/k, . . . , z[k] ≤ γ/k is only a subset of the feasible com-
binations of z[1], z[2], · · · z[k] that sum to a value no larger
than γ. Further, (25a) follows from the observation that all
the zis need to be upper bounded by γ/k when it is known
that z[1] ≤ γ/k. Now, we obtain the final expression of the
lower bound shown in Theorem 1.
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