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ABSTRACT

This paper describes current work on the implementation of non-trivial boundary conditions(BCs) for improvingthe general
applicability of the Material Point Method (MPM) to geotechnical boundary values problems. It summarises novel boundary
treatments (non-trivial BCs) in MPM for (i) flow conditions, as well as (ii) the application of a surface traction on a moving
boundary for solid materials. Both treatments are required, for example, to estimate the consequence of slope failure in
geotechnical engineering. The flow condition BCs have been used to simulate a subcritical flow and the surface traction BC
has been applied on top of aslope leading to failure. Both examples show that these new treatments are useful in solving
practical problems.

KEY WORDS:Boundary conditions; Geotechnical engineering practice; Material Point Method; Slope stability.
INTRODUCTION

In continuum mechanics, boundary value problems usually involve differential equations (e.g. mass and
momentum conservation) with a set of additional constraints, namely boundary conditions (BCs). The Material
Point Method (MPM), which decouples mass from the background grid, has proven to be useful in many
geotechnical large deformation problems(Sulsky et al., 1994).

Despite the abundance of small deformation models, both analytical as well as numerical, geotechnical design is
often limited to a strength analysis. Especially in slope stability theory, current practice is limited to the
computation of factors of safety. Applying MPM to slope stability theory enables a quantitative and qualitative
estimation of the consequence of failure, which, for example, is required for risk assessment, vulnerability
analyses and displacement design criteria.

Even though MPM has been already applied to many slope stability problems(Andersen et al.,2010;Soga et
al.,2016; Wang et al., 2016; Coelho et al.,2018), these analyses often directly applied the BCs from the Finite
Element Method (FEM) on an edge of the background grid. Nowadays, MPM applications are often limited by
(usuallyfixed) BCs located at the grid edges. However, BCs are more commonly associated with the mass in solid
mechanicsor often flux-based in fluids, i.e. they are decoupled from the grid in MPM. Therefore, for a general
application of MPM to slope stability problems, non-trivial BCs are required as well (Cortis et al.,2018).

This paper summarises novelboundary treatments in MPM for flow conditions (Zhao et al.,2018) and a novel
method for the application of a surface traction on a moving boundary (Remmerswaal,2017). Flow boundary
conditions maybe used to simulate, for example, flow within a slope or erosional and depositional processes
(Shields, 1936; Einstein, 1950;etc.). A surface traction can be used to apply a load, for example on top of a slope,
which remains present during failure. This traction could, for example, represent a building founded on top of an
embankment.
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IN/OUTFLOW BCS FOR UNIFORM AND NON-UNIFORM FLOWS

Recent advances in MPM theory have made this method a robust unified framework with efficient and versatile
coupling techniques for solid-fluid-structure-gas interaction and large deformations, especially when compared to
more established civil engineering methods such as Smoothed Particle Hydrodynamics (SPH) (Yan et al., 2018).
To reduce the computational cost of MPM, large domains are often truncated and confined between artificial
boundaries (ABCs)(Zhao & Liang, 2016; Bolognin et al., 2017; Martinelli et al., 2017). The locationof the
required ABCs can be fabricated by intuition, experience, asymptotic behaviour and numerical experimentation
(Papanastasiou et al., 1992). For truncation of the domain in fluid flows, ABCs are required which allow the fluid
to flow in and out of the area of interest. This paper describes the implementation of an MPM BC, which
improves the conditions under which material points are introduced or removed at the boundaries. The novel BC
treatment thereby allows the description of well-posedproblems that are able to simulate truncated fluid flow
mechanics.

To simulate a segment of a flow, the boundary must allow mass to enter andleave the domain ata predefined flow
rate, and (simultaneously) control the pressure imposed from the water outside the boundary. For a solvable
governing equation, all boundariesare required to only have one BC imposed. Moreover, as mass is entering and
leaving the domain (in MPM), material points(MPs) must be introduced or removed (to ensure mass continuity).
In flow conditions at least one BC should control the kinematics, i.e. fix the acceleration or velocity, otherwise the
problem is not well-posed. However, the inflow and outflow conditions cannot simultaneously control kinematics,
as physically impossible situations may then arise (e.g.not enough mass in the domain to satisfy the BCs).Many
flow segments finishin either subcritical hydraulic conditions or zero pressure conditions, so a pressure boundary
is more appropriate for the outflow boundary. Consequently, the inflow boundary has been selected to control the
kinematics.

The novel in/outflow BCs are respectively very similar to the classic flux (velocity) and traction controlled
(pressure) BCs of FEM. The difference is that due to the material discretisation into MPs, the MPs move in and
out of the domain. This means specific methods for the Eularian component must be developed.

In order to impose a velocity and fixed (zero) acceleration, a zero acceleration is applied on the nodes of the
boundary condition, see Figure la. In addition, additional material points must be added. To facilitate this an
additional row of ghost elements (inflow elements) are added immediately next to the domain. Material points are
added in these elements such that the water density is maintained. These points are given an initial velocity of the
required flux and a fixed acceleration. Neither the velocity nor the acceleration are changed until the points enter
the domain. Details of the implementation can be found in (Zhao et al., 2018).

Conversely, an outflow BC needs to impose a prescribed force (Neumann BCs), representing, for example,
hydrostatic pressure (Figure 1b), in the same manner as FEM. Also in this case an additional set of elements was
used in order to remove the points that leave the computational domain. As soon as material points enter these
elements they are removed from the calculation.
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Figure 1 Illustration of the (a) inflow BC with inflow elements (green), and (b) outflow BC with outflow elements (red)
(Zhao et al., 2018).
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In this paper a steady uniform inflow is considered for the inflow boundaries and a fixed pressure is consideredfor
the outflow boundaries. However, it would be straightforward to update the procedure for a temporally varying
inflow.

In order to validate the theoretical formulation and numerical implementation of in/out flow BCs, a
subcriticalrectangular open channel flow problem has been simulated. An initiallyempty domain is considered of
0:15 x 0:15 x 0:01 m, in the x-, y-, z-directions, with frictionlesswalls, a prescribed horizontal inflow velocity of
1.0 m/s and a zero acceleration along the inflowboundary as indicated in Fig. 2a. The domain is discretised by line
artetrahedral elements and it is modelled with only one element in thez-direction since it is an axisymmetric
problem with only the x- and y-directions shown in Fig.2. A band of outflow elements is attached on the right side
of the computational mesh with aprescribed hydrostatic pressure on its nodes. Outflow elements and their BCs are
only activated when MPsenter the adjacent elements. The water is modelled by a simple Newtonian compressible
constitutivemodel. It has an initial density p, = 1 Mg/m’, dynamic viscosity x = 1 GPa-s and bulkmodulus K = 20
MPa. The water bulk modulus was reduced by a factor of 100 from reality inorder to increase the time step size,
as an explicit time integration scheme has been adopted.

Fig. 2 shows the simulation results in terms of (b) pressure and (c) velocity at different time steps. During the
initial time interval of about 0.8s atransient flow is observed. The water front resembles a dam break simulation
with constant water level during this period, until it reaches the wall, where in this case the material points are
removed. After the initial interval, a steady uniform flow is achieved and maintained until the simulation time is
complete. Note that the prescribed traction BC at the outflow boundary nodes causes unreasonably high pressures
near the bottom when the flow is not yet fully developed, which is especially evident at 0.15 s and 0.20 s. This is
caused by the prescribed hydrostaticpressure which is currently initiated based on the final water depth. As the
calculation continues, and the outlet water level keeps rising, this inconsistency vanishes. This phenomenon can
be avoided if the hydrostatic pressure at the outflow elements would be updated during the calculation based on
the water depth. However, the purpose of the present simulation is to indicate the capabilities of the proposed
in/outflow BCs by developing and maintaining a steady uniform flow. The BCs are capable of fulfilling this
purpose as, after 0.8 s, a constant velocity, a hydrostatic pressure and a horizontal free surface are achieved.

0.40s
i [ |
0 300 600 900 1200 1500

0.21m

+— 0.15m —s

0.80s

0.15s
|

sy
v@s) o 1.0 0.98

(b)

Figure 2 (a) Computational mesh of a rectangular channel and application of in/outflow BCs for the simulation of a subcritical
flow. Representation of the fluid flow converging to a steady solution enforced by the downstream BC; (b) pressure field; (c)
velocity field at different time steps (Zhao et al., 2018).
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TRACTION BOUNDARY CONDITION FOR MOVING BOUNDARIES

In FEM, the nodes of the mesh coincide with the boundary, and the location of the edge of a continuum body is
always known(Cortis et al.,2018). Therefore, application of most BCs to the boundaries of a continuum body in
FEM is trivial. However, application of BCs to moving boundaries in MPM is a challenge, as the location of a
body boundary is generally unknown a priori in MPM. Indeed, in MPM the MPs are by definition not located at
the body boundaries as they represent centres of mass. Moreover, due to the fact that the MPs flow through the
background grid, free boundaries are not guaranteed to coincide with the background grid nodes. So, it is not
trivial to use the MPs or the background grid nodes for the application of BCs. Certain BCs, for example
completely fixed BCs at the edge of a structure, can be easy to align along a background grid edge. The
application of BCs at these location is generally similar to FEM. Therefore, the focus in this section is on
boundary conditions which are not aligned with the background grid edges. Indeed, moving boundaries by their
nature are unaligned boundaries (at least during many steps of a simulation). Fixed displacement(unaligned)
boundaries have been addressed by Cortis et al. (2018); here traction boundaries are addressed.

Even though the MPs are not located at the boundary, BCs have generally been applied to material points located
close to the boundary in the initial condition (e.g. Wang et al., 2018). For simplicity, the BCs are applied at these
MPs during the entire deformation process, regardless of the distance to the body boundary. In contrast, the
approach taken in this paper is to apply the BC exactly at the boundary, by distributing it to the background grid
nodes. This removes unnecessary inaccuracies and means that models will not have to be unnecessarily refined.

To apply the traction condition at the nodes, FEM shape functions are used to map the condition from the body
boundary onto the nodes. This mapping is the same integration along the boundary of the continuum body which
is used in FEM (and for aligned BCs in MPM). However, for aligned BCs this integration involves only the nodes
at the boundary, whereas for unaligned BCs all the nodes surrounding the boundary are required. For moving
boundaries the location of the boundary must be known in order to apply the BC. An edge detection method is
therefore used to locate the boundary based on the information stored at the MPs(Remmerswaal, 2017).

The edge detection method, called the Proximity Field Method (PFM), is an implementation of the Level Set
Method(Sethian, 1996). In PFM a proximity field is created by a summation of kernel functions around all MPs.
These kernel functions can deform according to the deformations computed at the MPs, which allows for an
accurate representation of the material domain. The edge of the domain is found by comparing the fiecld with a
threshold. This threshold is defined in the initial condition to achieve a good fit between the material boundary
and the edge detected by PFM, as shown in Figure 3a. Using this threshold the points at which the material
boundary crosses an edge of the background grid are found. Finally, the edge is constructed by connecting these
points on the background grid with composite Bézier curves (Figure 3b). The edge can thereby be constructed
from polynomial sections of each order.

Once the location of the edge has been found, FEM shape functions are used to integrate the surface traction from
the boundary to the nodes surrounding the edge (Figure 3c). Gaussian integration along the edge can be used to
compute the nodal forces, which are directly applied in the MPM governing equations. The traction can be
defined normal to the surface, tangential to the surface or along a predefined direction independent from the angle
of the surface. The traction in Figures3b and 3c has been defined to be in the vertical direction.
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Figure 31llustration of a surface traction BC on a free boundary: (a) contour of proximity field, (b) detected edge after
segmentation of the contour with the background grid, and (c) external loads applied to the nodes due to a vertical traction of
50 kPa alonga part of the free boundary.
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In order to demonstrate the capabilities of PFM, the effect of a surface traction on top of a soil slope has been
simulated. A 10 m high, 45° clay slope, founded on a 3 m thick clay layer, is loaded under gravity. The slope and
foundation layer are placed on top of a fixed boundary representing a stiff stratum. After the initial stresses have
been generated an additional surface tractiong is applied over a length of 5 m. This traction can represent, for
example, a small building founded on top of the slope. Two cases have been studied, in which ¢ is applied
between 5-10 m (called case 1) and 10-15 m (called case 2) from the crest. During deformation the horizontal
location of ¢ remains fixed, i.e. it is always applied between either 5-10 m or 10-15 m from the crest. However, ¢
follows the vertical deformation of the slopeas it is applied on top of the edge computed with PFM. The traction
has been fixed to be in the vertical direction. Furthermore, to investigate if PFM correctly computes the effect of
different surface tractions, multiple simulations have been performed in which g has been varied, i.e.qg = 0, 20, 30,
50 or 100 kPa. The soil has a Young’s modulus of 1000 kPa and a Poisson’s ratio of 0.45.An undrained cohesion
(c,) softening Von Mises constitutive model has been used. The strength of the soil has been varied, with an
initial cohesion ofcfl = 35, 40, 45 or 50 kPa, to study the effect of a surface traction on slopes which are either
stable or unstable under their own weight. The residual cohesion is fixed to ¢, = 0.5c},.

All models were setup to run a simulation of 60 s. However, in some analyses of case 1, a single material point
detached from the continuum body and the simulation ended prematurely. This was due to the geometry and
application of the surface traction, where a large stress concentration occurs due to the load being applied at the
location where the gravitational slip surface cuts through the top of the slope. This occurred in four simulations
(ck= 40 or 45 kPa and g = 50 or 100 kPa). However, most of the deformation occurred before the premature end
in all these simulations and the effect on the results shown in this paper is therefore small.

Figure 4 shows the MPs at the end of a simulation of case 1,with an initial cohesion c}of 50 kPa and an applied
traction ¢ = 100 kPa. Furthermore, the edge detected with PFM for this simulation is given in red. In general, the
detected edge well representsthe boundary of the domain. However, sharp corners are rounded and small gaps can
occur within the material. Smoothing techniques, such as Gaussian smoothing, can be used to reduce the
occurrence of these gaps. Unfortunately, sharp corners are rounded further by Gaussian smoothing.The
blacklineshows the edge detected for the same slope loaded only by gravity, i.e. ¢ = 0 kPa, which remains stable.
Finally, the green line represents the same slope loaded by the same load (¢ = 100 kPa), but atthe location of case
2.A slope failure is still observed for case 2, but the deformation is much smaller when compared to case 1.
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The maximum vertical displacement u,is presented in Figure 5. For ¢ = 0 kPa, large deformations, i.e. slope
failures, are observed for the two weakest materials. For increasing ¢ the maximum deformation tends to increase
as shown in Figure 5. Figure 5a show that for case 1, the maximum displacements increase with an increase ofg,
because the surface traction is applied on top of the gravitational slip surface. However, for case 2 the maximum
displacement for g = 20 kPaslightly decreases compared to a slope without a surface traction (see Figure 5b). The
surface traction causes heaving of the soil on either side of the traction. Due to the fact that g is applied to the side
of the location of the gravitational slip surface, the maximum deformation is reduced by the heaving caused by the
surface traction.An increase of g above 30 kPa causes deformations beneath the tractionwhich exceed the
maximum deformation caused by the gravitational failure for ¢ = 0 kPa. Therefore, for ¢ larger than 30 kPathe
maximum deformation once again increases compared to ¢ = 0 kPa as shown in Figure 5b.
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For the stronger soils (c,= 45 or 50 kPa) limited deformations are observed for low values of g. After ghas reach a
certain value, depending on the strength of the soil, a sharp increase in the deformation is observed, i.e. a slope
failure occurred. PFM can therefore be used to compute a safety limit for ¢,while also providing the behaviour
when this limit has been reached. Decreasing the step size ing will improve the accuracy of the limit load. Finally,
as expected the maximum deformations in case 1 are larger than in case 2, because the load is applied on top of
the gravitational slip surface in the former case whereas it is to the side of the slip surface in the latter. Due to the
adopted step size inga difference in the safety limit cannot clearly be observed.

(b)

0= : .

Maximum #, (m)
Maximum u, (m)

0 20 40 60 80 100 0 20 40 60 80 100
q (kPa) q (kPa)

Figure SMaximum vertical deformation for a slope loaded by a vertical surface traction for various c}(kPa) and g,

(a) case 1, (b) case 2.

CONCLUSIONS

Novel BCs have been outlined, which allow MPM to be more generally applied in hydro-geotechnical
applications. Two numerical applications have been presented, in which these BCs are shown to give reasonable
results. However, further evaluation is required to determine the accuracy of the BCs. Being able to prescribe
in/outflow BCs (i) allows true steady-state conditions,(ii) reduces computational cost, (iii) simplifies the geometry,
and (iv) improves the general applicability of the method.PFM has been shown to be capable of computing a limit
load in MPM, while also providing the behaviour of the structure once this limit load has been reached. Both the
in/outflow BCs and PFM can be further developed to increase the general applicability of MPM.
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