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Abstract

Probability calculations are used to determine the possible failure of civil structures which
includes bridges. The Eurocode uses a conservative form of these probability calculations and
this could have a negative economic impact. Having said this, more advanced probability
calculation methods are developed to decrease the negative economic impact this could have.

Nowadays structural analysis in daily practise is mostly done through the finite element
method. The finite element method uses either linear or non-linear structural analysis. The
latter mentioned analysis is used for the analysis of materials in which the nonlinear effects
have significant impact. However not only finite element analyses are used to determine
structural behaviour. Analytical models remain an important tool to examine civil structures.
Since the analytical models cannot address all the influences of the nonlinear parameters,
conservative assumptions were made.

On the one hand the modern design code uses semi-probabilistic in combination with the
analytical model. Finite element analysis together with semi-probabilistic assessment is a
possible use for design purposes as well. On the other hand full-probabilistic assessments,
are not possible to execute in combination with nonlinear, finite element analyses. The reason
for that the computation time becomes too large.

The research question that is tried to answer in this thesis: “How does a semi-probabilistic
compare to a full-probabilistic safety assessment for a statically indeterminate beam
structure?”

The 2-span statically indeterminate reinforced concrete beams that are studied in this thesis
find their origin from the research done by Monnier between 1965 and 1970. This research
had as goal to see what the influence of shear force would be on the bending capacity. This
specific research is chosen because here statically indeterminate beams are dealt with. The
experiments’ data generated during the execution of the four-point bending test is the starting
point of this thesis.

To answer the research question, the components of a reliability model have been
investigated. The levels of model approximation (LoA) as stated in the model code 2010
together with the level of reliability calculations (Steenbergen 2011) were used. Two
combinations between LoA and reliability methods have been analysed to assess their
strengths and weaknesses. These two reliability analyses were both were based on an
analytical model (LoA 1). The reliability level | and 1lI, the so called semi-probabilistic and full-
probabilistic, calculations were used.

In conclusion, the full-probabilistic reliability calculation is all cases applicable to determine the
probability of failure of a statically indeterminate structure. However, semi-probability reliability
are useful as well but it does allow only partly redistribution of forces. In case of statically
indeterminate structures this can have significant impact on the failure load. The best reliability
method for a statically indeterminate structure is dependent on the amount of redistribution of
forces.

The semi-probabilistic calculations treat structures, where a lot of redistribution can occur,
conservatively. For instance, the semi-probabilistic calculation procedure that is used in this



thesis allows for only partly redistribution of forces. The full-probabilistic calculation procedure
is therefore beneficial to use for structures where a lot of redistribution can occur in the ultimate
limit state.

It turned out that the full-probabilistic calculation determines a higher reliability of the structure.
In the full-probabilistic analysis, the limit state function is used in its analytical form. Whereas
in the semi-probabilistic analysis is made with the use of approximations of the limit state
function. However, when the cross-section of a statically indeterminate structure is designed
in such a way that little redistribution will take place, the difference between the full- and semi-
probabilistic is insignificant.
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Nomenclature

Notation

Difference

Increment

Greek symbols

Uz

P

()

ratio between the length of field and the offset of the force
weight or sensitivity factor of random variable i

reliability index

arm length of the force in the concrete compressive zone
partial factor of the solicitation on the structure

partial factor of the resistance of the structure

moment reduction coefficient

ultimate strain in the compressive zone of the concrete
strain of the reinforcement in the compressive zone of the concrete
angle of displaced structure

ratio between the hogging and sagging moment capacity
mean value of the limit state function Z

longitudinal reinforcement ratio

standard deviation of the limit state function Z

angle of displace structure/rotation capacity

cumulative density function of the standard normal distribution

Latin symbols

A

Xil

cross-sectional area of the top reinforcement in the compressive zone of the
concrete



cross-sectional area of the bottom reinforcement in the compressive zone of
the concrete

width of the beam

uncertainty factor in the shear capacity

concrete cover of the reinforcement in the concrete compressive zone
effective depth of the concrete cross-section

Young’s modulus of concrete

Young’s modulus of reinforcement steel

average concrete compressive strength in the concrete compressive zone
concrete’s compressive strength

yield stress of the reinforcement steel

internal force of the concrete compressive zone

external force acting on the structure

internal force of the reinforcement in the concrete compressive zone
internal tensile force of the reinforcement

moment of inertia

span length

design moment caused by the external forces

segging moment capacity at the span of the structure

design moment capacity of the cross-section

hogging moment capacity at the mid-support of the structure
probability of F

probability of failure

variable F with the probability density function of X

variance of F

coefficient of variation of probability of F

characteristic value of the resistance part of the limit state function
characteristic value of the solicitation part of the limit state function

the design force capacity of shear force resistance without shear force
reinforcement

the maximum design resistance for shear failure

height of the concrete compressive zone
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Abbreviations

cdf cumulative density function

cov coefficient of variation

DIANA Displacement Analyzer, finite element programme
FE finite element

FEA finite element analysis

FEM finite element method

FORM first order reliability method
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PDE partial differential equation

PDF probability density function
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1 Introduction

1.1 Background

Probability calculations are used to determine the possible failure of civil structures which
includes bridges. The Eurocode uses a conservative form of probability calculations and this
could have a negative economic impact. Having said this, more advanced probability
calculation methods are developed to likely decrease this economic impact.

Concrete bridges, build in The Netherlands after the Second World War, were made with a life
expectancy of approximately 100 years. In general, large civil structures are designed to have
this lifespan. It is hard to predict on forehand what the condition will be of the structure after
such a long time. At the time the concrete bridges were designed, people knew that cars would
become the main form of transportation . Additionally, the weight of the vehicles would increase
during the lifetime of these bridges.

The last statement is support by the website:
https://www.autosnelwegen.nl/index.php/geschiedenis/7-1959-1973-massamotorisatie. In
Figure 1.1 the expected development of transportation by people in 1950 is from this website.
It displays the forecast of the development of transportation made in 1950. More specifically
Figure 1.1 focusses on the transportation by car, bike, motorbike, public transport and walking.

Figure 1.2 shows the travelled kilometres in the year 2002 and the forecast of the travelled
kilometres in 2040 based upon certain economical scenarios. Figure 1.2 shows that the
prognosis of the traffic intensity in 2002 was already higher than expected. Note: in Figure 1.1
and Figure 1.2 use different categories to divided the groups of travellers.
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Figure 1.1 expected development of transportation of people in 1950
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Figure 1.2 prognosis of the mobility, based on different scenarios (billion travel kilometres) (Janssen, Okker et al.
2006)

“‘Rijkswaterstaat” published a survey in 2007, which stated the results of a four-year
investigation into the Dutch bridges’ conditions. Out of 654 bridges that were investigated in
the period of 2002-2005, 21% of the bridges were not sufficiently safe according to the
specified safety rules. (“Inventarisatie kunstwerken”, RWS, 2007). As of today, a large number
of Dutch bridges have reached the point where the safety is not sufficient any longer according
to the specified safety rules. Hasten to add that in the near future the expected traffic load on
bridges is to increase even further. In April 2017 “Kennisinstituut voor mobiliteitsbeleid” (transl.
English: “the knowledge centre for mobility policy”) has published a report with the expectations
for the coming 5 years. Based on the increasing economically position of the Netherlands, an
rise of traffic intensity of 6.3% on average is expected and even 8.2% on the motorways in
2022 (“Trendprognose wegverkeer’ 2017-2022 voor RWS, KIM, 2017). In Figure 1.2 is a
prognosis presented, which is based on various scenarios. (Janssen, Okker et al.) expect an
increase of 100% in 2040 in the most extreme case.

The lack of knowledge about the urge of maintaining or replacing the bridges in a critical state
has been the motivation to start researches in this specific field. At the same time, this lack of
knowledge causes a lot of uncertainties in the asset management of “Rijkswaterstaat” (RWS).
RWS does not know whether to reserve funds towards the replacement of the bridges or not
to. To start the research in the latter mentions field of interest, researchers have touched upon
several topics with respect to the reliability calculations. The model approximation and the
reliability calculation method have tried to obtain optimal results. The focus of the investigations
was mainly on statically determinate structures.

Chapter 1 Introduction



1.2 Motivation

As introduced in paragraph 1.1 , the former investigations in regards to reliability calculation
were mainly focussed on statically determinate structures. Not only are there statically
determinate structures but statically indeterminate structures as well. Therefore, statically
indeterminate structures will be looked at. The goal is to provide more information about the
reliability calculations for statically indeterminate structures.

More specifically, this will be concentrated on two span beams. The force flow in such a
structure is still simple to check with hand calculations. As a matter of fact, the spans of a
bridge are modelled in a similar way. This means, the design of a bridge deck is more
sophisticated, although the approximation of a multiple span beam is getting the model closer
to reality.

Hand-calculations are extremely important in the engineering field, it gives the engineer a quick
check of the calculation that has been done. The most part of the design calculation of complex
structures are done by computer. These computer calculations are done with finite element
software. Both analytical and finite element analyses are investigated and in this thesis the
following research question will be answered:

“How does a semi-probabilistic compare to a full-probabilistic safety assessment for a
statically indeterminate beam structure ?”

To state how the two safety assessments differ, “Python” is used to simulate an experiment.
“Python” is a numerical software package capable of executing given algorithms. The
simulated experiment is based upon another experiment which was done in a laboratory. The
laboratory experiment was done by Monnier between 1965 and 1970 and this experiment is
chosen as a stepping stone, since the tested structure was a statically indeterminate beam.
These experiments are rarely performed and that is why this experiment will be investigated in
this thesis. In chapter 3 of this thesis, Monnier's experiment is summarised since it has
significant importance for this thesis.

1.3 Scope of the thesis

This thesis’ objective is to compare a full-probabilistic safety assessment with a semi-
probabilistic one. There will be looked computation time and accuracy of the safety
assessment.
The experiment in this master thesis has the following boundaries:
e Only statically indeterminate beams in reinforced concrete, with the same dimensions
as the beams in the experiment done by Monnier will be looked at;
e Bending failure and shear failure will be investigated independent from each other;
e The material parameters will not differ along the beam;
e The material properties are the same as specified in Monnier’s experiment;
e Only sensitivity calculations will be used in combination with the NLFEA,
e The analytical model will be evaluated with reliability calculation procedures;
e The load acting on the structure is not simulated as a random variable but as a
deterministic value.




1.4 Approach & outline of thesis

To answer the research question, two different approaches will be followed in this project: an
analytical one and a numerical one. The analytical approach is based on a study of reliability
methods explained by (Jonkman, Steenbergen et al. 2015) and structural approximations
given in (MC2010). The reliability methods are used for the general evaluation of structures
and are adopted in the European construction code as well. The structural approximations are
used in this thesis as guideline for the mechanical simplification in the structural model. In
particular, the constitutive relations of the material parameters are simplified in the model
approximations. The analytical model is built in “Anacoda’s Python”. “Python” is specifically
used for modelling the statically indeterminate reinforced concrete beam and evaluating its
failure modes.

The numerical approach consists of building a model like the one in “Python”. With “FEA
DIANA” (afinite element programme) it is possible to analyse several non-linear effects. These
non-linear effects are complicated to implement in the “Python” code. “FEA DIANA” has
convenient tools for taking into account nonlinear effects. Furthermore, a sensitivity analysis is
carried out to state the influences of the nonlinear effect on the beam. At the end of the
investigation, the results obtained with the analytical model and the numerical model are
compared. These results are compared with the Eurocode.

The comparison between the analytical and the numerical model in combination with reliability
methods are fundamental to give a well-thought out answer to the research question.
The report of the project is structured in the following chapters:

Chapter 2 presents a detailed description of the reliability methods described by (Jonkman,
Steenbergen et al. 2015) on which both the numerical and the analytical reliability models are
based. The fundamental differences between the statically determinate structure types and the
statically indeterminate beams types are studied.

Chapter 3 consists of a summary of the fundamental experimental done by Monnier in 1970
which is used as a stepping stone for the set-up of the analytical and numerical model. The
results of the Monnier’s experiments are explained.

Chapter 4 presents the analytical model build in “Python” this includes: assumptions, model
boundaries, and results generated by the model. The results are given by a parameter study
and calculating the maximum deterministic force. After this the results are compared with the
governing Eurocode.

Chapter 5 presents assumptions and the model boundaries that are used in “FEA DIANA”. The
results of the numerical model are reported in this chapter. The results of the sensitivity study
are presented in this chapter.

Chapter 6 reports the interpretation of the results and it provides answers to the research
guestion.

Chapter 7 contains several concluding comments and suggestions for future work.

Chapter 1 Introduction



2 Methods

Chapter 2 is build up out of four main topics: statically indeterminate structures, level of
approximation, reliability calculations and uncertainties. First statically indeterminate structures
are defined as well as the differences between statically indeterminate and determinate
structures in plasticity calculations. Thereafter levels of approximation of structural models and
reliability calculations are discussed. The combination between model approximation and
reliability calculation gives the calculation methods. At the end of this chapter uncertainties in
the calculations that will be done are discussed.

2.1 Statically determinate and statically indeterminate
structures

Statically determined structures are characterised by their force distribution which follows
directly from the equilibrium equations. Meaning that there is an equal amount of equilibrium
equations and unknown reaction forces. The reaction forces are calculated by solving the
system of equations. In the case a structure with less unknown forces than equilibrium
equations, this is called kinematical indeterminate and is by definition not stable. In the last
possible case the number of known reaction forces is bigger than the number of equilibrium
equations. This type of structure is called statically indeterminate which entails that having only
the equilibrium equations are not enough to determine the force flow in the structure.
(Hartsuijker and Welleman 2003)

An example of a statically indeterminate structure is a continuous beam over multiple (more
than two) supports. To calculate the reaction forces for a statically indeterminate structure, the
stiffness relations have to be taken into account.

To clarify the behaviour of structures before collapsing, the theory of plasticity is necessary. In
plasticity, the assumption is that all rotations are captured in so-called plastic hinges and the
rest of the structure remains rigid. A plastic hinge develops at a point in a beam structure where
the yield strength is reached. After the yield strength has been reached, the stress does not
increases further, however the strain keeps increasing. When this kind of hinge occurs, this
hinge is called a plastic hinge. When the structure has developed more plastic hinges then the
degree of internal indeterminacy, it will fail. Since statically determined structures have a
degree of internal indeterminacy of zero, it means that the first plastic hinge causes failure. For
statically indeterminate structures this is much more complex.

Firstly, if there is a statically indeterminate structure with a degree of internal indeterminacy
equal to one and there are two plastic hinges developed, the structure fails. Moreover, when
the first plastic hinge occurs, the maximum moment capacity of the structure in that specific
point is reached. In order to carry more load, the structure has to redistribute the internal forces.
Since the structure cannot allow more stress when the steel in the reinforced beam starts to
yield. This means that the deformation/rotation increases, but the resistance capacity stays the
same. The steel needs to have yield capacity, only then the forces can be redistributed. The
load can be increased until the second plastic hinge has fully developed and at this time the
structure fails. When this process happens, assumption is that the rotation capacity of the
plastic hinge is ensured. Rotation capacity will be further explained in chapter 2.3.




Secondly, there is a possibility that a local failure mechanism can occur as well. However in
this thesis the attention is focussed only on two span continuous beams. Local failure is highly
unlikely to happen in this type of structures.

This characteristic behaviour of redistribution of forces when a plastic hinge develops is very
useful in ultimate limit state (ULS). Nonetheless this phenomenon does not only help to
increase the magnitude of the collapse load but, it also makes the non-linear computer
calculations rather complex. Yet, it is vital that the model has a very accurate representation
of the real situation because the redistribution of forces can be totally different if one part of
the structure is made too strong or weak. This will be one of the main challenges in the master
thesis.

2.2 Levels of approximation for structural analyses

An engineering model is always intended to simulate the physical reality. The more physical
effects and aspects are considered, the more sophisticated the model will be. Levels-of-
approximation are developed for engineers by (MC2010) to consistently use different model
accuracies. There are four Levels-of-Approximation (LoA) for structural analyses according to
the (MC2010). The higher the LoA is, the better it simulates reality.

LoA | is an approximation which is mostly simple and conservative therefore it is often used
for preliminary designs. The hypotheses of the physical parameters are safe although realistic
as well. Besides the approximation being simple and conservative it is low time consuming,
which is an advantage. The disadvantage is that the structure is often over-designed and
therefore not economic.

LoA Il and LoA 11l are not used in this thesis, but they will be touched upon briefly. These LoAs
are still low time-consuming and have simplified formulas for physical parameters. Additionally,
these LOA have simplified analytical formulas for internal forces, geometrical- and other
mechanical parameters. This makes these LoAs slightly more accurate than LoA I.

LoA IV is mainly based on numerical procedures. It is the best estimation of reality and is
therefore advised for the final design of very complex structures. Although LoA IV is the most
accurate, it is at the same time the most time consuming. This latter addressed drawback
should be considered before performing such an analysis. In Figure 2.1 we see the relationship
between the devoted time versus accuracy. This figure is taken from the Model Code 2010.

Chapter 2 Methods
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Figure 2.1:Accuracy on the estimate of the actual behaviour as a function of time devoted to the analysis for
various Levels-of-Approximation (Model Code 2010)

The chosen LoA together with the reliability methods, that will be discussed in the next
paragraph, form the analysis procedure followed in this thesis. In regards to the LoA, only Level
I and IV will be used in the thesis.

2.2.1 Hand calculation’s analysis

LoA | is used to perform a hand calculation. This hand calculation is extremely useful to keep
track of the force flow within the structure. Having a comparison makes the verification of a
numerical model much easier. In addition this hand calculation will use the stress-strain
assumptions applied in the Eurocode. Not only is the assumption very accessible, because the
relation is simple to derive, but it is consistent with the governing rules in structural design as
well.

2.2.2 Finite element analysis

Even though a (nonlinear) finite element analysis (Level IV of approximation) is rather time
consuming, it provides a more accurate result. This way it is easy to incorporate nonlinear
behaviour in the calculation. To perform a finite element analysis, “DIANA” is used. “DIANA “
is a software programme able to evaluate given models by using the finite element method.

The finite element method (FEM) is a numerical method for solving partial differential
equations. It is particularly suited for solving partial differential equations on complex
geometries, as are commonly encountered in solid and structural mechanics. The procedure
can be largely automated making it well suited to efficient computer implementation. The
application of the finite element method leads to systems of linear equations which can be
solved using a computer. (Wells 2006)

The partial differential equation (PDE) that describes the behaviour of the structure is solved
in the following way:

First, the strong form of the PDE must be known. The strong form describes the behaviour of

the solid body precisely.
Second, by reducing the number of derivatives, the weak form can be derived. The weak form
of the PDE is convenient to solve numerically.




Third, the domain of the PDE is divided into small parts, finite elements. This finite element
mesh is the discretised form of the PDE. The PDE can now be solved for the nodes of the finite
elements. By using shape functions, the solution is extended over the entire model.

Fourth, the displacement field is the fundamental unknown in the PDE and therefore the
minimising of errors in the displacement field is crucial. This method is called the Galerkin
approximation.

Fifth, when the displacements are known, all other internal forces can be derived from there.

Ku—f=0 (2.1)

For nonlinear analyses incremental displacements and -forces are used. The constitutive
relation in every increment can be updated because of this. Through this the nonlinear effects
are evaluated in a consistent way.

Kdu= fod — o, (2.2)

Published literature indicates that nonlinear effects have to be taken into account. There is
stated that:

The linear elastic material behaviour of the structural analysis is a gross simplification,
especially for concrete structures. This can lead to a modelled structural response and internal
force distribution that deviates significantly from reality. (Schlune, Plos et al. 2012)

Non-linear analysis are widely used, mostly this refers to the non-linear stress-strain relation.
The yielding of the steel and cracking of the concrete is considered during this type of analysis.
To better take into account, the real physical behaviour of reinforced concrete, non-linear finite
element analyses (NLFEA) could be carried out. The results of such analyses are global in
nature due to all sections contributing to the load carrying capacity. (Engen, Hendriks et al.
2017)
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2.3 Reliability methods

This paragraph talks about the 5 different levels of reliability methods. However, just three out
of five methods are used in this this thesis. In this paragraph the mathematical procedure
behind the different reliability calculations is derived.

Reliability methods are procedures used to determine the probability of failure of structures.
To use reliability methods input parameters are necessary. The parameters which are
expected to vary are:

o Geometry;
e Material parameters;
e Loading.

In this theses x is denoted a set of all random variables and R would be the structural response
to these input.

R =R(x) (2.3)

The structural response is used to determine the probability of failure. A limit state function
(LSF) is introduced as g. The following condition of the LSF will indicated the safety of the
structure.

e Z=g(R) >0, no failure
e 7Z=g(R) <0, failure

The probability of failure (Pf) is then found by using:

=|  fuR «ar
g(R)<0 (2.4)

In which, £, (R) is the joint probability density function (PDF).

The levels for reliability methods are divided in five levels and they will be addressed briefly:

o Level IV: risk based method, here the economic impact is also considered;

e Level Ill: the most accurate method, in this level one of the following analysis
procedures is used: analytical integration (if possible), numerical integration or Monte
Carlo simulation;

e Level II: calculations for this level are characterised by the approximation of the limit
state function, probability function or other component of the calculation. The
approximation of the limit state function is mainly done by Taylor series;

o Level I: semi-probabilistic methods, using characteristic values, level | calculations are
used in the Eurocode. The most well-known aspect of these calculations are the partial
factors;

e Level 0: deterministic calculation, this is not really a reliability calculation since
probabilistic methods are not considered.
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The levels I, 1l and Il will be used in the thesis and therefore these levels will be explained in
more detail. The Levels will be explained in descending order because in this way the
approximation by decreasing one level is better understandable.

2.3.1 Level III reliability calculations

Level lll reliability calculations are the most accurate reliability calculations used in this thesis.
Monte Carlo simulation is an example of a level Il reliability calculation. The Monte Carlo
simulation is used to generate random draws from each parameter’s distribution. If the
analytical expressions contain independent normally distributed variables for resistance and
acting force, then the explicit method can be used:

Hz = Wy — Us (2.5)

0, = ’arz + a2 26)
_Hz

b= o, 2.7)

0—u,
Oz

Pr=Plz<0] = d)[ ] = P|—

y = Plz <0] [~#] 8
The explicit method evaluated the safety of the structure much faster. The Monte Carlo
simulation makes use more sophisticated method of random draws from the distributions of

each parameter.

Fx(X) =X,

X = E1(%,) 29

Where: Fy! is the inverse of the cumulative density function of random variable X. X,, is a
uniformly distribute random variable between (0-1).

If the limit state function has n random variables, then:
X; =Vector(Xy, ..., X)

And we assume N simulations:
j =set(1,..,N)

This gives the limit state function of z;(x):

Z](&) = Z(xlj;xzj'; ---:xnj)

In case (Z; < 0) then, N is increased by one. And therefore:

N
Pr = Wf = % * E?’zll[zj(g) < 0] (2.10)

Theoretically, an infinite amount of simulations is necessary to create an exact solution. Infinite
simulations are not possible to perform. The accuracy of the probability of failure can be
calculated by approximating the coefficient of variation. To do this, the variation of the
probability of failure needs to be known.
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Var[P;| = Nt P (1=Fp) (2.11)

When the variation of the probability of failure are known, the variation coefficient can then be

determined.

~ fVar[Pf] ~ 1-P, 2.12)
Ve, = ~ NP

f P,

If the probability of failure is small, expression (2.12) can be approximated by:

1
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2.3.2 Level II reliability calculations

In level Il methods only the mean values of the basic variables and the moments of first and
second order (covariance matrix) are used in most cases. The joint probability density function
is simplified, and the limit state function is linearized in the design point, i.e. the point on the
hyperplane (Z = g(R) = 0) in normal space where with the highest probability density (FORM
or SORM). The FORM elaboration will be explained in more detail. If the limit state function is
a linear function of random variables, then the level Il calculation can represent the limit
function exact, namely:

Z=a1*Xj+a,*X, ++a,*X,+b (2.14)

With the following mean value and standard deviation:

Pz =0ay g +ay*lp+ -+ ap*u, +b (2.15)
n n

o7 = Z o; * a; x g; * a; x COV (X, X;) (2.16)
i=1j=1

However, when the limit state function is not linear, the Taylor series is used. It is very common
to use the mean values of the random variable as initial guess of the design point. The design
point is the point on the limit state function with the highest probability of failure. This point is
not as easy to find as it is for linear limit state functions. When the mean values are used as
guess this will result in the following equation:

"\ 0z (/,t
0X

z(X) = Z = z(uy, ptz, -ov  n) +Z —* (X; — ) (2.17)
i=1 L

With:

Uz = Z(‘Lll, H2y ,‘Lln) (2.18)

IR

Oz
o 0X; 0X;

oz (u) | 0z(u)
ZZ * gy * * 0; x COV (X;, X)) (2.19)
1

With the mean value and the standard deviation of the random variables, the probability of
failure can be calculated. In (2.17) the Taylor series has only 2 terms which implies that the
approximation is linear. If the limit state function turns out to be linear, the probability of failure
can be determined exactly. However, a hon-linear limit state equation should be approximated
by the Taylor series and an initial guess of the location of the design point must be done. The
first elaboration of FORM will probably is not be sufficient. But after updating the guess of the
design point, the later elaborations will give better results.

_H
o (2:20)

B
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0z (E) i

6Xl- (4 (2.21)
With this alpha value, the new guess of the design point can be done. This new guess will be
indicated with y;.

a; =

W =W —a;xf*o; (2.22)

After this the procedure continues with the following loop (all updated values will be indicated
with a star):

Start;
* * * * c 62 (‘Ll,_*) *
Uz = Z(.u'll Hoy oee i.u'n) + Z 6X * (Xl — H’L) (223)
i=1 t

n
oz u* oz u*
oy = Z (M_) * 0 * (M_) *g; x COV (X3, X;) (2.24)
Y. 0X; ¢ 0x; J v
i=1j=1
Uz
0z
af = 0z (E ) L0 (2.26)
t 6XL O'Z*
pi = —ai * B x o (2.27)

stop criterium satisfied? Yes => Stop; No => Go To Start;

After having determine the new design point, the whole procedure must be done over again
with the new guess. The procedure keeps repeating until the difference between the guess of
the design point and the updated point is sufficient small. Sufficient small should be defined by

the user of the method. Furthermore, the probability of failure can be calculated from the last
obtained beta value by using equation:

Py = ®[—p7] (2.28)
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2.3.3 Level I reliability calculations

/YR

_

Figure 2.2 Probability density functions showing the variations in load (red, left) and resistance (green, right)

Sk S¢ Ry R

The last level of reliability method explained in detail in this thesis is level | also known as
semi-probabilistic reliability method. This level | method aims to evaluated the reliability of a
structure with limited analyses. These reliability calculations make use of characteristic values
and partial factors based on level Il calculations. There is a mutation of the limit state function
used in this semi-probabilistic approach, namely:

R
HLEN Ys * Sk (2.29)
Yr

In this inequality the subscript 'k’ indicates that the parameter contains the characteristic value.
The characteristic values of the resistance are defined as the value with a non-exceeding
probability of 5%. The characteristic value of the solicitation is defined as the value with a non-
exceeding probability of 95%. The gamma values are the earlier introduced as partial factors.
These partial factors are depending on the target reliability and the coefficient of variation. The
effect of the characteristic and partial factors is graphically showed in Figure 2.2. The
characteristic values are determinate according to the following formulas:

Ry = g — kg * o (2.30)
Sk = s — ks * 05 (2.31)

With:
ki=oa;+p (2.32)
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Formulae (2.30) and (2.31) are similar to formula (2.22) in the level Il calculation. However, the
alpha values and the reliability index needs to be known beforehand. The current Eurocode
recommend the following alpha values for the dominant variables:

ar = 0.8
ag = —-0.7

The beta value (reliability index) has the same definition as in the level 1l and level I
calculations, in fact the reliability index is a target value from the Eurocode. In the Eurocode,
there are several consequent classes which give the corresponding beta values. The partial
factors account for the reliability index in the different consequent classes. Furthermore, there
are gamma values for both the resistance and solicitation part of inequality (2.29). The
resistance gamma factor is based on the material(s) used in the structure. Examples are:

y:. = 1.5 (concrete)
ys = 1.15 (steel)

These numerical values for the resistance partial factors come from several tests done with
multiple specimens with different properties. The model uncertainty is considered and it is
accounted for in the resistance partial factor. The values are conservative because the values
need to hold in several situations. The gamma values at the solicitation side are based on the
level Il method. For instance, the partial factor for a permanent load: (assumed CC2 designed
for 50 years, coefficient of variation of 8% according Eurocode)

_g_*_lla—as*ﬁ*aa

G He

Yy =14+07%38*xV;=1+266*V;=1+2.66+0.08=1.2

In a similar way the partial factor for the variable loads can be derived. Moreover, it is important
to be aware of which partial factors should be used in which situation. When all the partial
factors are known, inequality (2.29) must be satisfied. The probability of failure is based on the
beta value which already given in the Eurocode. Therefore, the probability of failure is known
before hand and the check is whether the inequality holds.

2.4 System analysis of a two-span beam

Besides the possible reliability methods, one must look at the system failure. Considering that
this thesis will be deal with a statically indeterminate structure, the failure modes will include
multiple events. The event tree and the corresponding limit state function are introduced at the
end of this paragraph.

The focus of this thesis is on the reliability calculations of a statically indeterminate structure.
Reliability calculations are based upon the failure probability of a system. The components of
such a system can be displayed in a fault tree. But before a fault tree analysis can be
performed, the possible ways in which the system can fail has to be clarified. In order to do
that, it is useful to start off with a system analysis. Thereafter the failure modes and effects are
analysed. When all of the previous parts are completed, the final fault tree with the probability
of failure can be determined. (Jonkman, Steenbergen et al. 2015)
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The failure system of a statically indeterminate beam is quite complex. In principle, the beam
fails when the solicitation force is bigger than the resisting force. From this observation the limit
state function, Z = R — S where the structure fails if Z is smaller than zero, is used to determine
whether this happens or not, see also Figure 2.3 the compound event. There are 2 main
categories that must be investigated: the solicitation and the resistance denoted respectively
as, S and R.

Failure
R<S
|

Figure 2.3 the compound event of failure

The resistance and the solicitation are depending on input parameters. The probability of
failure of the beam in Figure 2.4 is depending on certain events that must happen. Assumed
is that the beam can develop plastic hinges at only three locations along the beam (as indicated
in Figure 2.4). On top of that, the beam can fail when the shear force exceeds the shear
capacity.

Fp Fp

e v
A 2 b ¢

Figure 2.4 possible locations of plastic hinges

The beam will fail when either the shear force is exceeded, or more than one plastic hinge will
develop. Therefore, the following system can be made.
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Failing of the beam

Failing in
shear

Plastic
hinges at
b&c

Plastic
hinges at
a&c

Plastic
hinges at
a&b

Figure 2.5 fault tree

Plastic
hinges at
a&b

First
plastic
hinge

Insufficient Second
rotation plastic
capacity hinge

Figure 2.6 fault tree

Throughout the system presented in Figure 2.5 and Figure 2.6, the probability of system failure
can be determined. The assumption that there is no correlation between shear and bending
failure is made. This simplification avoids interaction between the failure modes. When there
is a correlation coefficient unequal to zero, the reliability index is harder to determine. The
Gaussian copula is used to describe the behaviour of the interaction between the failure
modes. Often the Ditlevsen method is used to determine the upper and lower bound of the
reliability index.
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It will turn out that the location where the bending moment exceeds its capacity is different from
the location of shear force capacity exceedance. Therefore the parameters in the locations is
different from each other and thus there is no correlation.

Note that the three reference symbols in Figure 2.5 all have the same continuation as
presented in Figure 2.6. In expression (2.33) the letter P is used to indicate the probability of
developing a plastic hinge and the letter in brackets after the P indicates the location along the
beam according Figure 2.4. Moreover, there is one exception because with P(s) the probability
of failure in shear is meant. Furthermore, Pf stands for probability of system failure.

Pf=P(s)U(P(@nP(c)u(Pb)NP())
U (P(a) N P(D))

(2.33)

2.4.1 Parallel system failure

There are three events with respect to bending in the system, these events have a certain
probability. In this paragraph the possible relationship between the occurrence of the events is
pointed out.

The three possible parallel systems are:
e Plastic hinges at a and c (Figure 2.7)
e Plastic hinges at b and c (Figure 2.8)
e Plastic hinges at a and b (Figure 2.9)

The probability of failure in case of one of these events occurs, is determinate in the following
way:
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Case 1 plastic hinge ataand ¢

In this calculation M is the moment capacity in the positive or field moment and M; is the
moment capacity of the negative or support moment.

0 xal=38p*1*(1—a)
o

op = 60 2.34
@ * 1—a (2.34)
M
A=-L
M (2.35)
Mf = ﬂ. * MS
Fp Fp
aL L(1-2a) al
Fp Fp
56 {s0)] ?
Figure 2.7 Plastic hinge at a and c
Virtual work:
FE, %80 xal + E, x 8¢ * al = A x Mg x (660 + 8¢) + Mg * S¢
56 * al T )M x80 % [—— 42 ¢
Fes0 el (1) =Med0 s (7ot 2e (145 )
1 @+ (2.36)
Fp*al*(l—a>=Ms*<1—a)
a+ A
Fp = Ms * ( al )
The limit state function is stated as follows:
Z=M *( ¢ ) + M *(1+ ¢ )—F *al*( 1 )
S"\1—q f 1—a/ P 1—a (2.37)
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Case 2 plastic hinge at b and ¢

0*xlx(1—a)=058¢p=*al

Sp = 60 *

1=t

M;
Mf:A*MS

‘7
‘7
BN

al L(1-2a) aL

Figure 2.8 Plastic hinge at b and ¢

Virtual work:

E,* 8@ xal + E, x 60 x al = A * Mg x (660 + 5¢) + M * 5¢

1-a) 1-a 1-a
E, « 660 «al « {1+ = M x 50 * +/1*(1+ )
04 04 a

1 l1—a+1
s ()b (22

l1—a+1
FP:MS*( al )

The limit state function is stated as follows:

1—a

(1- a))

1
M+ (D)= a1
+ r * . D * al * + .

a
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Case 3 plastic hinge ataand b

0*xal=8p+*1lx(1—-2+*a)
a

Sp = 60 x — 2.42
¢ *1—2*(1 ( )
M
A=
s 2.43

BANNNN

alL L(1-2a) alL

Fp Fp

50 o¢

Figure 2.9 Plastic hinge ata and b

Virtual work:

E, %86 xal = A% M * (66 + 8¢) + My * 5¢

Fy 80« al x= Mg % 80 + (———+ 1% (1 4+ —=
p e 80 wal o= My 80 (Tt 20 (14 7

a—a*/1+/1) (2.44)

Fp*al=Ms*< T 2+a

M (a—a*/1+/1)
= *
p S \al*(1—-2x*a)

The limit state function is stated as follows:

Z=Mx (r=g) t M (L pgg) el (2.45)
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The limit state functions of the failure modes are summarised in Table 1. With the limit state
functions and the properties of the random variables, the mean and the standard deviation of
the limit state function can be determined.

Table 1 limit state functions of the failure mechanisms

Case: Limit state functions
1 a a 1
Z—Ms*(l_a) +Mf*(1+—1—a)_Fp*al*<1—a)
2 1—a 1 1-a
Z = M; * +Mf*(—>—Fp*al*<1+ )
a a a

Z=Mys (7=5) + My« (14 7—5—) —F, al

When the explicit method is used, the probability of failure can be determined in the following
way:

_u(@)
ﬁ = m (2.46)

Whether or not the relation between the failure of the different parts is correlated will be
discussed in the fourth chapter. In that chapter the first calculations are done with numerical
values. For the system there are two failure modes which are investigated as introduced
earlier; shear failure and bending failure. Since the structure in this case is statically
indeterminate, the bending failure can be extended into two subcomponents:

1) insufficient rotation capacity of a plastic hinge;

2) plastic failure due to the forming of a mechanism.

If the shear capacity is insufficient the system will fail before a mechanism of plastic hinges
occurs. However, if the shear capacity has extremely small probability of failure during the
experiment then, the focus is on bending failure.

2.4.2 Rotation capacity

Rotation capacity is an important aspect in statically indeterminate structures that are
developing a plastic mechanism. Dealing with a statically indeterminate structure brings about
several difficulties. It is showed before that rotation capacity is a very important aspect with
respect to the failure mode. In most plasticity calculations, it is assumed that the rotation
capacity is sufficient. Moreover, since rotation capacity is an important part of the system in
failure, this topic will be explored in more depth. The basic principle of capacity is that the
resistance must be larger than the acting solicitation. In this case, the required rotation capacity
to form a mechanism should be smaller than the present rotation capacity in the beam. Keeping
in mind that rotation capacity of reinforced concrete is very complex, and this topic is not the
main focus of the thesis, this topic will be discussed briefly.
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To start off, the required rotation capacity is calculated by making use of the “forget-me-nots”
(in Dutch: “vergeet-me-nietjes”) given in Figure 2.10. By using a superposition of three known
basic situations the quite complex structure in Figure 2.4 can be calculated.

1T¢ 1 7¢ 1 sz
9] =_ 02 Ea— 3=
6 EI 3El 16 EI
F
} a i b— _Fab(t+b) FE( a0 & &
2 VT T GEI 6EIl ¢ "2 P
) 9, _Fab(t+a) _F*(a _a_
{ 1 27 T6EIC GEl ¢
! ¢ 1

Figure 2.10 forget me nots; simply supported beam with a moment acting at one side and simply supported beam
with one vertical point at distance ‘a’from the left-hand side.

As stated in paragraph 2.4.1 parallel system failure, the first possible mechanism that can
occur is a plastic hinge at the middle support or at the clamped end when a symmetric beam
is used and a plastic hinge at the point where the point load nearest to the free end of beam
acts. This mechanism is chosen as an example. When the moment distribution before failure
is drawn, Figure 2.11 will be obtained.

Fp Fp
B
A /
L(1-2a
oL (029 oL Magnitude of the moment:
p2 _
P1 = M;
'~ P2 = M,
1—«a
X M P3=(Mf* —Fp*(1—2*a)*L)
p1

Figure 2.11 moment distribution just before collapsing

From the moment distribution before failure, to rotation capacity is a small step. According to
the linear-elastic theory the first plastic hinge will develop at the clamp end as located in Figure
2.11. The following question arises, does this plastic hinge have enough rotation capacity?

This problem will be broken down into two phases: the first phase before the plastic hinge at
the clamped end is developed and the phase from the plastic hinge development till failure. In
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the first phase there is per definition no rotation at the clamped end. The second phase is more
interesting since there is already force on the structure and any increase of this force will cause
plastic rotation. To determine whether the structure provide enough rotation capacity, two
things must be known. The plastic rotation required to let the mechanism develop and the
available rotation capacity.

It turns out that the plastic hinge has occurred at the clamped end when:

2 x M,
prirst plastic hinge = 3x(l—a)*axL (2.48)
And the collapse load:
Mg * (a + 1)
FPcotiapse = T o+l (2.49)

Thus, the load increase between the first plastic hinge and collapse is:

AFp = Fpcouapse — FPrirst plastic hinge (2.50)

During the second state in which the rotation capacity is necessary, the moment at the clamped
end stays constant (Mg).

Fp Fp

A

al L{1-2a} al

Figure 2.12 mechanic schema of the symmetric part of the continues beam

Figure 2.12 is equal to the superposition of the following three statically determinate structures
as presented in Figure 2.13:

“Forget-me-nots” for rotation at RHS of the structure:
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Ms ML

A Q b= T3V E

F,  L? 5
po=g @ (1-0)-3:(1-a)
Fp
+(1-0a)d)
Fp*L2 3
vo=gogr (-0 —1-a))

A— — A

Figure 2.13 Superposition of the statically indeterminate structure

With these expressions it is possible to set-up an equation for the required rotation capacity:
At the moment that the first plastic hinge develops, the rotation at point c is zero.

Ms * L prirst plastic hinge * L2 2
e = "3, gt 2+ El (-0 -0-a0f)=0

(2.51)

At the moment that the second plastic hinge develops and the structure fails, the magnitude
of the rotation at point ¢ is the following:

Mg+L F * L2
_ s + Pcollapse *((1—&)—(1—&)2)

Yo = T 3NE 2+ El (2.52)
The plastic rotation therefore is:
Ape = @, — @, (2.53)
thus
Ap, = AZFP*EZ «(1-a)-(1-a)?) (2.54)
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Someone could argue about the possible failure mechanisms. However, it can be proven that
the mechanism in Figure 2.7 Plastic hinge at a and c is the governing failure mechanism. This
prove makes use of Prager’s theorem which is used in plasticity to show the uniqueness of a
failure mechanism. This theorem shortly sees: “if the moment distribution line nowhere
exceeds the maximum moment capacity, this mechanism is an upper bound for the failure
load”. For simple beam structure can be shown that the lower bound is equal to the upper
bound.(Hartsuijker and Welleman 2003)

The last part of the rotation capacity is to find an expression for the available rotation capacity.
As said earlier, the rotation capacity of a reinforce concrete beam is rather complex. In the
year 1999 A. Bigaj did a very extended investigation of the structural dependence of rotation
capacity in reinforce concrete beams and slabs. His formulas will be discussed in the
remainder of this paragraph.

The formulas found in the thesis done by A. Bigaj maps all the formulas back to a simply
supported beam with a slenderness of (span length / height of the beam) 12 [-]. First the “c”
value (aka material reinforcement ratio) must be determinate and from that number the rotation
capacity can be looked up in an empirical graph (Figure 2.14).

cTer (2.55)

In which:

e o is the geometrical reinforcement ratio;
e f, is the reinforcement yield stress;

e f.is the value of the average concrete compressive stress in the compressive zone.

0.025
g 0.020 /_\
“h —
> 0.015 N
£ 0.010 \H% A=
z o
= 0.005 |< a \{
0.000
0 0.1 02 03 04 05

material remforcement ratio ¢

Figure 2.14 empirical relation between the material reinforcement ratio and the plastic rotation capacity of a beam
with a slenderness (a/h) of 12
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The rotation capacity (red in Figure 2.14) is the equivalent rotation capacity of a simply
supported beam with a slenderness of 12. However, in the investigation done in the year 1999
also a formula to map back to the initial situation was derived empirically.

a 1085
_|h
Apg/n = lﬁ‘ * Ay, (2.56)

With expression (2.56) the rotation capacity can be determined as well as the required rotation
capacity. If the required rotation capacity is smaller than the available rotation capacity, the
rotation capacity is ensured. This check will be done numerically in chapter 4.
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2.5 Uncertainties

In this paragraph the three most common uncertainties in modelling civil structures are
discussed:

e Material uncertainty
e Geometrical uncertainty
e Model uncertainty

2.5.1 Material uncertainty

The material uncertainty is depending on the stochastic variables that describe the material
behaviour/properties. If the limit state function is a linear function of the stochastic variables,
the calculation is rather simple. However, complexity starts when non-linear effects are
considered.

Not all the non-linear probabilistic functions have a closed form with an analytical solution. For
the full probabilistic analysis this is not a problem. Level Il calculations like MCS is making use
of multiple calculations which is expensive in terms of computation time. To reduce the
computation time, semi-probabilistic calculations or level Il calculations can be performed.
FORM or SORM are two of the widely used level Il methods. These methods try to obtain the
design point through an optimization algorithm. The optimization algorithm usually calculates
the gradient of the LSF. If the LSF is available in analytical form, application of FORM or SORM
is simpler. But when the LSF is not available in its explicit form, FORM or SORM can be difficult
to implement.

Ideally, the physical uncertainty on structural level should be assessed by performing a large
number of experiments on nominally equivalent components. (Engen, Hendriks et al. 2017)
Unfortunately, for this master thesis there are only 4 types of experiments which are performed
just once. It is very hard to conclude things with such little experimental background.

In level | reliability methods, by applying the partial factors to the material strengths instead of
the sectional resistance, the partial factors can still be used for this kind of analysis.
Furthermore, it must be noted that that the design material parameters are only used to
calculate the capacity of sections with respect to bending moments and normal forces.

It is a drawback to this approach that in accounting for all types of uncertainties by reducing
the material parameters, very low material parameters must be used. In non-linear analysis of
statically indeterminate structures, the use of reduced material parameters can lead to an
unrealistic load distribution. Which means that, due to reduction of for example the stiffness
of the statically indeterminate structure an unexpected failure mode with initially a very low
probability of failure can become dominant. Furthermore, for structures in which the structural
behaviour is influenced by second-order effects, the very low material parameters can result
in an over-conservative and uneconomical design (Schlune, Plos et al. 2012)

For reinforced concrete, the material model for concrete is considered the largest source of
modelling uncertainties! (Engen, Hendriks et al. 2017) Because, concrete is reacting more
heterogeneous than for instance steel. On top of that, the geometrical uncertainty is less of an
issue because of the boarding in which the concrete is casted.
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2.5.2 Geometrical uncertainty

All literature agrees upon the fact that the geometrical uncertainty of reinforced concrete is
usually rather small. On top of that, the type of structure that will be investigated in this thesis
is not sensitive to small imperfections. According to the safety formats for non-linear analysis
of concrete structures a geometrical uncertainty of approximately 5% is reasonable. Stability
will not be investigated an is out of the scope.

However, it will be looked at small geometrical deviations with respect to the effective depth of
the concrete cross-section. When the effective depth of a cross-section changes, this has a
mayor influence of the internal liver arm.

2.5.3 Model uncertainty

The model used to obtain the LSF be it analytical form or FE model, introduces an additional
component of uncertainty to the reliability calculation. A very accurate model has low model
uncertainty associated with it. Furthermore, based on available date, coefficients of variation
in the range of 5-30% seem appropriate for beams in bending. For shear type of failure the
modelling uncertainty can be expected to lie in the range of 10-40% (Schlune, Plos et al. 2012)
Not only the way the model is build up, but even the software that is used can have mayor
influence on the uncertainty of the calculation.

Based on the different uncertainties on material level it is expected that the physical
uncertainties on structural level depend on whether the failure mode is governed by the
concrete or the reinforcement, and expected to be particularly high if the failure mode is
governed by the tensile strength of the concrete. This statement is supported in the work of
(Ellingwood and Galambos) where the resistance of reinforced concrete beams failing in
bending is found to have a lower coefficient of variation than beams failing in shear. (Engen,
Hendriks et al. 2017)

The modelling uncertainty can be quantified by verification and validation (Roache 1998).
Verification is related to how the equations of the mechanical model are solved, i.e. a
guantification of the accuracy without questioning the relation between the equations and the
physical problem at hand.

Validation, on the other hand, relates to how well the equations capture the true physical
behaviour. “In the NLFEA context, validation thus relates to idealization of the geometry and
the material behaviour. In other words, verification answers the question ‘are we solving the
equations right?’, and validation answers the question ‘are we solving the right equations?’ *
(Engen, Hendriks et al. 2017)
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2.6 Overview of methods used in this thesis

Level O, I, II, lll and IV are the possible reliability calculations. However, in this thesis only the
reliability methods of level I, Il and Ill are used as shown in Table 2. Furthermore, in this figure
the combinations between the reliability levels and the structural level of approximation are
shown. The crosses in the figure are representing the combinations which will be addressed
in the thesis and the bold crosses are combinations which will be used in a calculation.

Table 2 combination of reliability method and approximation level for the reliability calculations

Reliability method I Il I

Model approximation
| (Analytical) X X X
Il
11
IV (Numerical) X

In order to find an answer to the research question, basically the most optimal combination
between the reliability method and the LoA has to be found. On one hand the accuracy is
looked at. On the other hand the computation time is considered.
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3 Experiment set-up

In this thesis an investigation of the reliability of ‘simple’ statically indeterminate structures is
carried out. Monnier’s experiment is used as fundamental stepping stone. Moreover, for the
experimental data about statically indeterminate reinforced concrete beams, this experiment
is significant to this thesis. The fundamentals of the experiments are summaries in this chapter.
Furthermore, the boundary conditions by Monnier are the same as for the experiment done in
this thesis.

The laboratories of the Institute for Building Materials and Building Structures TNO-IBBC in
Delft is been used for experiments to investigate the behaviour of continuous reinforced
concrete beams. Between December 1967 and in January 1969 several tests concerning this
behaviour have been carried out and these experiments are documented in TNO-reports [BI-
65-1 (November 1965), BI-66-49 (July 1966), BI-67-106 (October 1967), BI-67-110 (December
1967)]. The reports of TNO together with other papers regarding M-kappa diagrams of
reinforced concrete and computer-analyses were the building blocks for Monnier’s
investigation of continuous beams in reinforced concrete. (Monnier 1970)

3.1 Monnier’s purpose of the experiment

The purpose of the experiment is to investigate the reinforcement requirements in the
serviceability limit state (SLS), since there is a lot of freedom with respect to the reinforcement
design in the ultimate limit state (ULS). The SLS is defined as the limit state is which function,
comfort and aesthetical aspects are preserved. Therefore, in the SLS the design of the
reinforcement must fulfil certain requirements with respect to crack width (aesthetical/function
requirements) and maximum deflection (comfort/function requirements). In the paper both
experimental and theoretical research is performed on continuous reinforced concrete beams.

3.2 Execution of Monnier’s experiment

The experimental tests are done on two-span beams with two-point loads per span. The loads
and the spans are symmetrical with respect to the mid-support. An analysis-procedure is taken
into consideration next, in this procedure the influence of the shear force can be considered.
In the end, the calculated and measured results of the experiment are compared.

3.2.1 Properties of the tested beams

Firstly, the general information on the test beams is introduced. The beams which were
investigated had an overall length of 4200mm and were tested as continuous beams on three
supports, the two spans being each 2000mm in length. The cross-section has the following
dimensions: width (denoted as ‘b’) of 150mm and total height (denoted as ‘ht') of 260mm. The
effective depth both for the top and for the bottom reinforcement was 236mm. In all the test
beams the longitudinal reinforcement consisted of 12mm diameter bars with steel grade QR
40 (Figure 3.1: Stress-strain diagram of the reinforcement bar). The beams were provided with
stirrups of 8mm diameter, consisting of the same steel grade as the longitudinal reinforcement
(Figure 3.2: The stirrup reinforcement).
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Figure 3.1: Stress-strain diagram of the reinforcement bar
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Figure 3.2: The stirrup reinforcement

Four different tests were done, on four different beams. These beams were denoted in
Monnier’s paper as respectively B1, B2, B3 and B4. The beam B1 had three re-bars in the top
parts of the cross-section and two re-bars in the bottom part of the cross-section whereas the
others (B2, B3 and B4) had two in the top part and three in the bottom. (see Figure 3.3: Typical
detail of the test beams).
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Figure 3.3: Typical detail of the test beams
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3.2.2 Experiment set-up

As said before, the beams were tested as two-span continuous beams on three supports with
2000mm spans. The loading consisted of two-point loads applied to each span. In all
experiments the load positions were the same, 500mm centre-to-centre and were symmetrical.
(see Figure 3.4: Loading system and the actual areas of moment diagrams).
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Figure 3.4: Loading system and the actual areas of moment diagrams

The third beam, B3, is characterised by its loading since the all the point loads, P, on the beams
B1, B2 and B4 have the same magnitude. For B3 the load closest to the mid support is about
2.9 times higher than the other force but the collapse load is equal to the total magnitude of
force acting on the beam (see Figure 3.5:Loading system and the actual areas of moment
diagrams). The last beam B4 was solicited by a cyclic loading. The load was applied as a
shake down analysis. This will not be explained further since it is not used in this report.
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Figure 3.5:Loading system and the actual areas of moment diagrams
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4  Analytical model for structural
analyses

The fourth chapter of this thesis consists of two main parts; the analytical model of the structure
and the probability calculations.

Starting with the analytical model of the structure. First, formulas for the analytical model are
derived and assumptions with respect to the constitutive relations are made. Second, the
numerical values of the geometrical and material parameters are introduced. Hence, these
values will be used throughout the thesis and stem from Monnier's experiment discussed in
the previous chapter. Third, the stochastic parameters are used to analyse the possible failure
modes of the structure. Thereafter, a sensitivity study is performed on the resistance
parameters. This sensitivity study will later be used for comparison with the sensitivity study of
the numerical model (chapter 5).

The probabilistic part of this chapter includes three components. Firstly, a semi-probabilistic
procedure is followed. The governing Eurocode provides this procedure. Secondly, a full-
probabilistic calculation is done. Finally, the results of the semi- and full-probabilistic procedure
are compared.

4.1 Structural formulas

This first paragraph of the fourth chapter describes the origin of the structural formulas of the
analytical model. The assumptions made in the model are discussed first. A structural model
is always an approximation of the reality; thus, assumptions have to be made. Thereafter, the
analytical formulation of the bending resistance is derived. With the analytical formulation of
the bending resistance, the failure load can be calculated. The same procedure holds for the
shear force resistance capacity.

4.1.1 Assumptions

As said before, structural models are an approximation of reality. Simplifications are applied
in order to make calculation time manageable. The first mayor simplification is the utilization
of symmetry. The two-span beam (with symmetric loads in Figure 4.1) is reduced to a one
span beam with one free and one clamped end (Figure 4.2). This simplification safes
computation time.
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Figure 4.1: mechanical scheme of the structure that will be analysed.
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Figure 4.2: simplified mechanical scheme of the structure where symmetry is utilized.

In the analytical model it is assumed that the structure behaves as a beam, considering the
height of the beam is not significant compared to its length. To determine the force flow in a
membrane structure some constitutive conventions are important (NEN-EN 1992-2+C1:2011
nl):

=

Plane sections remain plane during bending;

2. Strain in bonded reinforcement, whether in tension or compression, is the same as

the strain in concrete at the same level;

Tensile strength of concrete is ignored,;

4. The stresses in the concrete in compression are given by the design stress-strain
relationships;

5. The stresses in the reinforcement steel are given by the design stress-strain

relationships.

w

Having said this, the beam properties are introduced as values which do not change along the
beam. There can be a weak point in a material and this can influence the behaviour of the
structure. There are more effects which can be of influence. The effects that can be considered
for a more realistic simulation are for instance:

Damage and/or weak points in the structure;
Loading history and cyclic loading;
Parameter variation along the beam;
Corrosion of reinforcement steel;

Aging of concrete.

arwbdE

Even though these factors make the calculation more complicated, it gives the model a more
realistic view. In this thesis these factors are not included. Instead, to account these
simplifications a model uncertainty factor of 10% is considered.
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4.1.2 Bending resistance formulas

In this subparagraph the bending resistance is derived by assuming a stress-strain relation
when the structure is loaded. The cross-section of the beam consists of top and bottom
reinforcement. The assumed stress and strain distribution in the cross-section is displayed in
Figure 4.3.

b fod €cuz

oy
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Figure 4.3 stresses and strain in the cross-section

Applying the five assumptions made in the Eurocode (as discussed in the previous section),
the cross-sectional resistance can now be derived. In Appendix B.1, the full derivation of the
cross-sectional resistance of a reinforced concrete beam with top and bottom reinforcement
can be found. It turns out that whether or not the top reinforcement yields is decisive for the
expression of the cross-sectional bending resistance. Because of this, a conditional expression
is derived (equation (4.1)).

v
SRl

dl
[ ferber U forn) A fy =) o (1)
u

S: d dl
ifav*b*xu*(d_ﬂu*xu)""q;*Es*gcuz*(l_x_)*(d_d') gcuz*(l_x_>< (41)
u u

S

With equation (4.1) the bending capacity of the cross-section can be determined. Now, it is
possible to determine the theoretical maximum (deterministic) force on the beam. This method
is used to determine which of the failure modes, introduced in paragraph 2.4.1 is the most
probable to occur.

4.1.3 Shear resistance formulas

This section describes the formulation which is used to determine the shear resistance in the
analytical model. Shear failure in concrete beams is a complex phenomenon. It is not possible
to derive an analytical formula that will describe its behaviour perfectly. In the Model Code
1990 there are formulas presented which can be used to determine the design shear force
resistance (eq. (4.2) and (4.3)). However, it cannot be used to determine probability of failure
because it is a design formula. Therefore, the research that is done to derive this empirical
design formula is studied. With these results, an expression is derived to determine the
maximum force on the structure before shear failure occurs.

The design shear resistance of the cross-section with shear reinforcement is:

=1.0*b*(d—d’)*0.6*(1—f6k>*ﬂ—k

Vr 250) * 15 4.2)

dmax
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The design shear resistance of the structure without shear reinforcement is given as:

1
Vra, =012 % k = (100 % p; * fy )3 * b+ d
200
k = min(1 + /T’ 2) “.3)

Vequivalent = min(Vrdmax' Vrdc) *1073 (4.4)

This design formula (4.3) for concrete beams without shear reinforcement is empirical derived
from experiments which were done in 1995 by Konig and Fischer. From the data gathered in
the experiment the 0.12 value in formula (4.3) was found. They started off with equation (4.5).
This expression consists of four variables from which one is prescribed as an uncertainty
parameter. This stochastic parameter has a probability density function with corresponding
mean value and standard deviation. The formula for the shear resistance for concrete cross-
sections without shear reinforcement stems from the following configuration:

1 1
I/;4=c*€*(100*p1)§*fc3 (4.5)
In this formula:
'3 the same as the variable k introduced in the design formulas
01 the longitudinal reinforcement density
fe the concrete compressive strength

c an uncertainty factor

Appendix B.2 discusses the experiment in more detail and focuses on the derivation of the
uncertainty factor c. In this thesis, equation (4.5) will be used instead of equation (4.3) to
determine “V equivalent”, therefore equation (4.6) is obtained.

Vequivatent = min(Vrdmax' Vu) *1073 (4.6)

In the end, it is the goal to establish what the governing failure mode is. Fact is that, it is not
feasible to compare bending capacity with shear force capacity. Thus, the shear capacity of
the cross-section is translated to an equivalent maximum load. If the shear capacity would be
known, one can determine what the force could be to cause this shear force. This is performed
by first constructing the shear force distribution to create an overview of the structure’s
behaviour. From this visual representation of the force flow, the position of maximum shear
force can be obtained. The shear force at the critical point can then be written as an expression
of the external force. Finally, the information of the shear force capacity is used to calculate
the maximum force on the structure before shear force occurs.

2
Fy = Voqui
p = Vequivalent * o (3% a? —3xa + 2|, [(6 — 3 * a2 — 3 * a}]) (4.7)

In Appendix B.2 the derivation of the formula for this equivalent force is given. For the bending
formula, the same procedure is followed. This is done in paragraph 2.4.1. where the expression
for the failure load of several mechanisms was derived.
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4.2 Parameter study

The second paragraph of this fourth chapter gives more information about the numerical values
of the geometrical and material parameters. Firstly, values are assigned to the parameters.
Some parameters are stochastic, in this case probability density functions are attached.
Secondly, with these properties the probabilities of failure in shear and bending are obtained.
Thirdly, the most probable failure mode of the beam is computed. Finally, a sensitivity study
gives insight in the dependency of the (geometrical and material) parameters on the cross-
sectional capacity of the governing failure mode.

4.2.1 Properties of the parameters

11 parameters are introduced in Table 3. These parameters are fundamental for the calculation
later in this chapter. Four of these 11 variables are stochastic and all of them are assumed to
have a log-normal distribution. (Wisniewski, Cruz et al. 2012) has concluded in his paper that
a log-normal distribution is the best way to describe the behaviour of the concrete compressive
strength. Furthermore, for the properties with respect to the reinforcement, log-normal or
normal distributed variables work sufficiently. In this thesis is chosen for log-normal. For the
geometrical parameter, a log-normal distribution is assumed as well.

The mean values of all the parameters stem from the experiment done by Monnier. This is
done so the results of the experiment can be compared with the results of the analytical and
numerical model. The numerical value for the coefficient of variation, V, is chosen after
studying the papers of (Wisniewski, Cruz et al. 2012) and (Schlune, Plos et al. 2012). Both use
similar numbers for the coefficients of variation, therefore these numbers are used in this
thesis.

Table 3 parameters used in the parameter study

Section | Definition Parameter | Mean value |V Distribution | Unit
Compressive o 2
strength fe 30.9 15% | Lognormal N/mm
Concrete Maximum
strain in Ecuz 0.0035 - m/m
compression
Yield strength | £, 426.7 5% | Lognormal | N/mm?
Young’s 0 5
modulus E; 199143 8% Lognormal N/mm
Cross-
sectional A 297 i mm?
Steel area of top
reinforcement
Cross-
sectional
area of Ag 340 - mm?
bottom
reinforcement
Effective
depth d 236 - mm
Geometry Width b 150 - mm
Span length | | 2000 - mm
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Cover top d 24 20% | Lognormal | mm

Length
parameter | ¢ 75/200 ] ]

The reinforcement of a concrete beam often consists of stirrups. These stirrups are shear force
reinforcement and at the same time they ensure the longitudinal reinforcement is connected
to each other. As a result, the numerical value of d (effective depth of the bottom reinforcement)
and d’ (concrete cover of the top reinforcement) given in Table 3 are correlated. The distance
between the top and bottom reinforcement is always the same. The two parameters are
negative correlated with p = —1.

4.2.2 Bending capacity resistance versus shear capacity resistance

What is the most probable failure mode of the structure in Figure 4.1? This question will be
answered in the section below. In order to do this, the two formulas for the cross-sectional
capacity (for bending and shear resistance) and the values of the different parameters in Table
3, are necessary. Before the probability calculation can be performed, both the shear capacity
and cross-sectional bending capacity need to be translated into a common variable. Here is
chosen to use an equivalent force, Fp. In paragraph 2.4.1. this equivalent force has already
been put in place. Namely, the failure load is written as a function of the moment resistance.
Therefore, the only derivation that must be done is the equivalent force for the shear force
resistance. This derivation was done in appendix B.2. The equivalent force for the shear force
resistance is presented in equation (4.7) in paragraph 4.1.

In paragraph 2.4.1. the three possible failure mechanisms in bending were introduced. In
Figure 4.4 the three-possible locations where a plastic hinge can develop is displayed. For a

statically indeterminate structure as analysed in this thesis, two plastic hinges are necessary
for the development of a failure mechanism. The three possible parallel systems are:

e Plastic hinges at a and ¢ (Figure 2.7)

e Plastic hinges at b and ¢ (Figure 2.8)
e Plastic hinges at a and b (Figure 2.9)

Fp Fp

= v
A 2 b ¢

Figure 4.4 image of the structure with the possible locations for plastic hinges
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Now that the numerical values are known, the most probable failure mode can be calculated.
The following outcome can be obtained when the numerical values of Table 3 are filled in:

Starting with the ratio between the top and bottom reinforcement given as 1 = % and its

S

numerical value is therefore:

/I_AS_340_15
AL 227 (4.8)

Bending mechanism 1 occurs when plastic hinges at point a and at point ¢ are formed:

a+ A
Fp=M5*< >=MS*2.5

al (4.9)
Bending mechanism 2 consists of plastic hinges at b and c:
l—a+1
P 5*( al ):Ms*2'83 (4.10)
Bending mechanism 3 is caused by plastic hinges at a and b:
M (a—a*/1+/1) M. 7
= * = *
p S \alx(1-2%*a) s (4.11)

Equation (4.9) clearly shows the lowest failure load of the possible failure mechanisms in
bending. Therefore, the failure load obtained from bending mechanism 1 is compared with the
shear capacity. Thus, the most probable failure mode in bending is compared with the most
probable failure mode in shear. The spread of the resistance parameters’ failure modes are
considered. “Python” simulates the bending- and shear force resistance during several random
draws. The number of times that the shear force capacity is lower than the bending capacity is
counted. The shear force capacity expression in equation (4.7) is used. This equation will be
compared with the governing bending capacity formula. Continuing with the bending capacity,
equation (4.9) consists of M; which has been introduced in the previous paragraph in equation
(4.1). By substituting eqg.(4.1) in eq.(4.9), the following expression can be obtained:

FI’
( ’ ’ d' fy
) fuv*b Xy * (d = By xx,) + A+ fy+ (d — d) fat(1-1) 28 (4.12)
= *
al ) @ , a\ _f,
fav*b*xu*(d_ﬁu*xu)+As*Es*€cu2*(1__)*(d_d) gcuz*(l__)<_
Xy Xy E;

The next step in determining the probability of failure in shear of the structure is to derive the
limit state function of shear failure and exceeding the bending capacity. Using equation (4.7)
and equation (4.12) the following limit state functions can be presented.

Z M a+ 1 K
— s ( al ) P (4.13)
Z=V : h
= . * -
equivalent * ({3 +a2 —3+a+2},[{6—3*a2—3x*a}]) P (4.14)
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Both limit state functions (4.13) and equation (4.14) consist of conditional statements. Applying
random draws, the probability of failure of a certain cross-sectional resistance can be
determined. The Monte Carlo procedure is a common used-tool for simulation random draws.
“Python” determines in every random draw of parameters which failure mode is dominant.
Bending failure is dominant because in 10"7 draws none of them was failing in shear. The
“Python” script is presented in Appendix A1 and the latter described procedure can be found
in line 156 and 157.

The probability of shear failure is significantly small, therefore only bending failure will be
considered in this thesis. During the discussion of the thesis it will be discussed whether it was
a correct decision.

Monnier found a failure load of 60kN which is higher than the expected failure load (Figure
4.5). Monnier has observed that: The beam shows a considerable redistribution of the
moments after the cracks has formed. Accordingly, in consequence of this redistribution, the
yielding of the tensile reinforcement over the support occurred at a substantially higher load
than that calculated according to the elastic theory. The bending moment at which yielding of
the reinforcement began was in this case also higher than the calculated yield moment of the
section concerned. The calculated collapse load was likewise exceeded. (Monnier 1970)
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Figure 4.5 probability density function of the resistance of the structure.
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4.2.3 Sensitivity study of the parameters

This subparagraph presents a sensitivity study of parameters. The sensitivity study will be
performed as follows:

The resistance’s distribution of the structure is constructed and there is looked at the spread
or standard deviation. Every resistance distribution is constructed by varying one stochastic
variable (using the numbers in Table 3). There is looked at the spread of the structure’s
resistance and large spread is interpreted as large sensitivity.

In the previous subparagraph it is concluded that shear failure is an unlikely event to occur,
and the focus for the remainder of the thesis will be on bending failure. Diverse stochastic
parameters have been varied during the Monte Carlo procedure. What is the influence of any
parameters on the cross-sectional resistance? Later in this thesis finite element analyses will
be done. This sensitivity study is used to compare the numerical model.

The sensitivity of the parameters is found by varying every stochastic parameter one at a time.
More specifically, every single stochastic parameter is analysed while the other stochastic
parameters are assumed to be deterministic. The deterministic values are equal to the mean
value of the variable as presented in Table 3. To be noted that some parameters are appearing
nonlinearly in the analytical expressions, therefore it is not possible to conclude on forehand
what the sensitivity will be. This is also the reason why there has been chosen to use an
equivalent load, rather than showing the probability density function of the given parameters
and make decisions based upon these images.
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strength reinforcement

Presented in Figure 4.6 - Figure 4.9 is the cross-sectional bending resistance of the structure.
It is clearly shown that the yield strength of the reinforcement steel is the most important factor
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for the bending capacity. This is obvious because the reinforcement steel is the only part of
the cross-section that can transfer tensile stress. A slight differentiation in this parameter can
have a large influence on the cross-sectional resistance.

The variation of the effective depth has quite however not as large of an impact. This parameter
regulates the arm between the internal cross-sectional forces. Consequently, this has a large
influence on the resistance. Furthermore, the variation of the Young’'s modulus of the
reinforcement steel has hardly any effect on the bending capacity. As a matter of fact, the
Young’s modulus is only influencing the compression reinforcement. However, the concrete
only works in the compressive region for the compressive resistance in the cross-section. The
concrete compressive strength has a small impact on the cross-sectional resistance. The
concrete compressive region is changing when the concrete compressive strength changes.

Although the concrete compressive strength has a large coefficient of variation, its influence
on the cross-sectional resistance is not significant. It can be conclude that a parameter with a
small coefficient of variation (COV) can have a bigger influence on the spread of the failure
load than one with a larger COV.
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4.3 Semi-probabilistic calculation of the structure’s analytical
model

The third paragraph of the fourth chapter is the first paragraph that consists of reliability
calculations. More specifically, semi-probabilistic calculations are done. This semi-probabilistic
procedure is done by following the Eurocode design procedure. Furthermore, the structural
scheme is statically indeterminate and therefore moment reduction is allowed in certain cases.
This is explained in the last part of this paragraph. Finally, the design load per the semi-
probabilistic calculation procedure is determined.

4.3.1 Calculation of design moment resistance
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Figure 4.10 stress and strain distribution in the concrete cross-section

Keeping the assumptions discussed paragraph 4.1.1 in mind, with the Eurocode the cross-
sectional resistance can be calculated. The constitutive relations in Figure 4.10 are valid for
the derivation of the cross-sectional resistance. Using Appendix B.1 once again, the described
procedure can be followed:

First the height of the concrete compressive zone is calculated. Within this calculation there is
assumed that the reinforcement steel in the compressive zone is yielding.

As — A
xu=fy"*¥ (4.15)
YS fav * b
This assumption is checked in eq. (4.16).
d’ fyk
IS )y > X 4.16
& =2 Ssyield « Ecuz * (1 xu) = Ve * ES ( )

When inequality (4.16) holds the design moment capacity can be calculated in the following
way:

Mpg =Fo+(d =By *xy) + F *(d—d")

Fczfav*b*xu (4.17)

F !
* Vs

* Al
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However, when the inequality does not hold, the design moment capacity has to be determined
by making use of the strain compatibility method. The method is consisting of the following
equations to determine the internal forces:

F, = fap *b*xy (4.18)

F{ = E; g5 * Ag
, ( d’) (4.29)
& =€z *|1——

Xu

Using horizontal equilibrium of force gives expression (4.20). Thereafter equation(4.18) and
(4.19) can be substituted.
F.+F =F

f Yk
— %

fav*b*xu'i'Es*g;*A,s:
Vs

As

fyi

fav*b*xzzt'l'(Es*gcuz*A;_ v
S

*AS)*xu—d’*Es*ecuz*A’S=0 (4.20)

Solving the quadratic equation for x by using the ABC-formula. It turns out that there is only
one physically possible answer:

. _ [ :
Eg g0 ¥ Ag — ¥s * As 4xd * Egx g, *x A
, fyk fuv*b (fav*b)z (421)
(Es * Ecup * As - T* As)

2% fo,*¥b + 2

X, ==

With this value for height of the concrete compressive zone the last step can be made. The
cross-sectional moment capacity is calculated by using eq. (4.22).

Myg=F «(d—py*x,)+F *(d-d) (4.22)

To see what the recommendations of the Eurocode are, the numerical values are filled in. The
Eurocode makes use of the characteristic values of the stochastic variables. For the resistance
part of the limit state function this characteristic value is the 5-quantile of the probability density
function. The characteristic value of the solicitation part of the limit state function is the 95-
guantile of the probability density function of its variable.

Using the information state above, the height of the concrete compressive zone is calculated.
First with the assumption that the reinforcement steel in the compressive zone is yielding.

391.6 3L emw12?
*u= 7715 “0.6+0.69 * 23.28 * 150

= 26.6[mm]
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With this height of the concrete compressive zone, the assumption of the yielding
reinforcement in the compressive zone can be checked.

3510~ n (1 -2ty 5 3917
5% * —
26.6° ~ 1.15 %199 * 103

34%107*>1.7%1073

The assumption was not correct, and the strain compatibility method must be used. Thus:

(1.73*3.5*103*%*n*lzz—%*%*n*uz)

2%0.69 * 0.6 * 23.28 * 150

Xy =—

= 28.95 [mm]

1.15
0.69 * 0.6 * 23.28 * 150

2
1.73*3.5*103*%*n*122—391'6*%*n*122 24*1.73*3.5*103*%*11*122
+ 4 %0.69 0.6 x 23.28 * 150

Now the height of the compressive zone is known, the magnitude of the internal forces can be
calculated. Thereafter the design bending moment resistance can be determined.

F, = 0.6 % 0.69 * 23.28 * 150 = 28.95 = 41.8 * 10 [N]

4) 3 122 = 35.1 %103 [N
2895) T T * 127 =351 +10°[N]

M,y = 41.8 % 10° = (236 — 0.39 * 28.95) + 35.1 * 103 % (236 — 24) = 16.8 * 10° [Nmm]

Fs’=173*3.5*(1—

For statically determinate structures this would be the end of the design resistance calculation
with respect to bending failure. However, thesis deals with statically indeterminate structures.
As explained earlier, plastic hinges can develop in the structure and by allowing more
deformation. The force on the structure can be increased further. In the Eurocode this is partly
allowed, in paragraph 4.3.3 the moment reduction will be calculated. Before this calculation
will be executed, rotation capacity should be checked.

4.3.2 Rotation capacity calculation

In paragraph 2.4.2, rotation capacity is introduced quite extensively. In this part of the thesis
the verification whether the rotation capacity is sufficient will be done. Bending mechanism 1
is used because this mechanism is most likely to occur. In the latter mentioned paragraph the
following expression for the required rotation capacity was derived. As a reminder, the «
symbol is a length parameter and A is the ratio between the bending and hogging moment
resistance.

Mgl AF, %12
T3wEl T 2+El

App = +(1-a)-(1-a)?)
AFp = chollapse - prirst plastic hinge

Ms * (a+ 1) (423)

F =
pcollapse a x|

2xMs
FDfirst plastic hinge = 3x(1—a)*ax*l
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By filling in the numerical value, the following can be obtained:

21.2%(0.375+ 1.5)
chollapse = 0.375 % 2 = 53 [kN]

2x212
prirstplastic hinge = 3% (1 — 0.375) * 0.375 * 2

= 30.15 [KN]
AFp =53 —30.15 = 22.85 [kN]
The required rotation capacity is:

21.2%2 N 22.85 x 22
37070 2 %7070

Ap, = abs <— * ((1 —-0375) - (1 - 0.375)2)> = 0.00048 [rad]

To determine the available rotation capacity the method developed by, A. Bigaj and explained
in paragraph 2.4.2 is used. Therefore, first the material reinforcement ratio must be determined:

fy -2
C—(U*E—O.96*10 *m—

0.25
By making use of Figure 2.14 empirical relation between the material reinforcement ratio and
the plastic rotation capacity of a beam with a slenderness (a/h) of 12 on page 28, the Ag;,
value can be determined. It turns out that in this case: Ag,, = 0.009.

The last value that needs to be clarified is the value ‘@’ which is used in the final empirical
equation. The definition for this parameter is: the distance between the points of the structure
where the bending moment is equal to zero. This is shown on the right-hand side of Figure
2.14. The numerical value in this case is: a = 0.667 [m]. Now all the numerical values are
known, the available rotation capacity can be calculated.

a 1085
Apa/n = llh_J * D@y, (4.24)

0.6671%8°

APo.67/0.260 = % £ 0.009 = 0.0024 [rad]

(=)
)

The required rotation capacity is smaller than the available capacity, redistribution of the
external forces is possible. The redistribution is done by reduction of the peak moment located
at the middle support.

4.3.3 Moment reduction

There is enough rotation capacity available in the structure, therefore moment reduction is
applied. Since hyper static beams are considered, linear elastic analysis with limited
redistribution can be used. Because the Eurocode states; for the structural safety of hyper
static beams it is always possible, in structural design, to refer to forces deduced from a linear
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analysis that use the elastic characteristics of the section. It is also possible to refer the
structural design to different stress diagrams, obtained with a redistribution of internal forces
that keep equilibrium with the external forces. This can only be done as moments close enough

are to the elastic one.

The characteristic concrete compressive strength is lower than 50 MPa, therefore the following

redistribution can be used according to the Eurocode:
§=>ky+ky,xE>0.7
Where:

ky = 0.44

The numerical values for k1 and k2 are given in the fib MC2010. ((fib) 2012)
Therefore:
6 >044+1.25%0.124 = 0.59 > 0.7

Thus:
6=0.7

(4.25)
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4.3.4 Calculations of the design forces

The calculation of the design is performed in this subparagraph. The previous section has
shown that the structure has enough rotation capacity and thus moment reduction is allowed.
The maximum hogging bending moment at the mid-support can be reduced to 70% of its
magnitude. Therefore, a larger design force will be calculated for the structure. This is
beneficial from an economical prospective. The design force can have a maximum magnitude
of:

Mrd > 8 * MED (4.26)
M., <Mra _168 _  omkN
ED =7~ T g7 T o [kNm]

With linear elastic theory, the maximum hogging moment can be translated to a deterministic
load. Figure 2.10 forget me nots; simply supported beam with a moment acting at one side and
simply supported beam with one vertical point at distance ‘a’ from the left-hand side.

Figure 2.10, in which some forget-me-nots were introduced, gives the tools to do this. Together
with Figure 2.12 and Figure 2.13 in which the support position of 3 forget-me-nots is shown
graphically, the following derivation can be done:

Mgp *1 _ E, = [? a_, a’> a® a a®
3+E1 6+E \“TT ETEYTITE
a=Il+x1-a)
(4.27)
2x Mgp

E =
Po3xls(1—-a)*a

E, = 34.4[kN]

The force F, = 34.4[kN] is derived from the Eurocode procedure. The target reliability of the

Eurocode is = 3.8. This value is rather low compared to the experiment outcome of 60 [kN].
As explained earlier: Monnier found a failure load of 60 [kN] which is higher than the expected
failure load. Monnier has observed that: The beam shows a considerable redistribution of the
moments after the cracks has formed. Accordingly, in consequence of this redistribution, the
yielding of the tensile reinforcement over the support occurred at a substantially higher load
than that calculated according to the elastic theory. The bending moment at which yielding of
the reinforcement began was in this case also higher than the calculated yield moment of the
section concerned. The calculated collapse load was likewise exceeded. (Monnier 1970)
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4.4 Full-probabilistic calculation of the structure’s analytical
model

The fourth paragraph of this chapter represents a full-probabilistic calculation procedure. Full-
probabilistic calculations differ from semi-probabilistic calculations in the use of the limit state
function, whereas semi-probabilistic calculations make use of characteristic values and partial
factors. In this paragraph, first a procedure for the full-probabilistic calculation is chosen.
Together with this choice certain assumption are made to reduce the calculation time. In the
last section of this chapter, the properties of the limit state function are used to determine the
design load.

4.4.1 Calculation method and assumptions

The full-probabilistic calculation methods (level 11l) were introduced in paragraph 2.3.1 and the
limit state functions used were derived in paragraph 2.4.1. The full-probabilistic calculation
procedure that will be used is called “explicit calculation”. This method is the least time-
consuming method and therefore preferred. It consists of one single expression to calculate
the reliability index, equation(4.9). Within this procedure the assumption is that the stochastic
variables of the limit state function are independent and normally distributed. Under these
assumptions the reliability index can be calculated in the following way:

g = w(Z)
-~ 0(2) (4.28)
And thus, the probability of failure:
P(F) = ®(=p) (4.29)

Remark: In the second paragraph, Monte Carlo simulation is used to determine the probability
of failure in shear. Even though the Monte Carlo simulation is a full-probabilistic method, there
was deliberately chosen to use another procedure for the determination of the design load. It
would have been better to use the Monte Carlo procedure again in this section for the
determination of the failure probability. This was not done, due to limited time for the process,
the alternative procedure which is explained below, was continued.

In state, the cross-sectional resistance is approximated by a normal distributed variable,
consequently a small error should be accepted and the computation time is significantly
smaller. Additionally, Monte Carlo simulation will not give an exact reliability index
representation. Monte Carlo simulation counts the number of successes (or failures) to
determine a probability of failure. One could not translate this directly to a reliability index.

The limit state function and the properties of the random variables are known. The force
parameter F, is assumed to be deterministic, as the correlation between the bending moment
resistance is assumed to be independent of each other. The reason is: one bending moment
is resistance of a negative (field) moment and the other bending moment is the resistance of
a positive (support) moment. Thus, these moment resistances are completely different from
each other.
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Let us recall the necessary information before proceeding the calculations. As mentioned in
the paragraph 2.4.1. there are three possible failure mechanisms within the assumptions in
this thesis. “Table 1 limit state functions of the failure mechanisms” on page 17 has given all
the information about the three limit state functions. In paragraph 4.2.2 a Monte Carlo
simulation was done to establish the distribution of the moment resistance. In the remark this
was explained by choosing time reduction for an approximation of the moment resistance of
the cross-section. The mean value and standard deviation of the resistance of the plastic
hinges is approached by:

pn, = 21.23
oy, = 1.07

g,
Vi = —= = 0.05
U

And

ty, = 31.85
ou, = 1.61

_ oMy _
Vy = —2 = 0.05
nu'Mf

These values are extracted from “Python” by analysing the outcome of the Monte Carlo
simulation. The mean values and the standard deviations of the moment capacity can be
obtained. This is the approximation of the probability density function of the cross-sectional
capacity. See also appendix A1 where the “Pyhton” script is displayed. Another point of
attention, the value of the external force on the structure is assumed to be deterministic. This
means that the standard deviation of the force is equal to zero.

VF=0

4.4.2 Derivation of the design load

Table 4 and Table 5 represent the mean values and standard deviations of the three limit state
functions. With this information the reliability index can be calculated according to equation
(4.9). The result is presented, together with the numerical evaluation in Table 6 deterministic
value of failure load of all possible failure mechanisms.

Table 4 mean values of the limit state functions

Case: Mean value:
1 @ (a + /1) E ’ ( 1 )
= * —_ * *
K Hus *\T "¢ pra 1—«a
2 l—-a+1 1
T LA
3 7 (a —a*xA+ /1) . l
= [ —m8M— ) — *
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Table 5 standard deviations of the limit state functions

Case: Standard deviation:
2 2
1 U(Z)ZZ(MMS*(lfa) *VM) +(#Mf*(1 +%) *VM)
2 ) l1-a 2 1 2
0@ = ) o ) o)
i 0@ = (i, (=) Vi) + (o (147 =55) * W)

Table 6 deterministic value of failure load of all possible failure mechanisms

Case Deterministic Fp
1 1
Fp*al*<1—a)= )
a+ A a 2 2\1/2
:Ms*(l_a)_ﬂ*((Ms*(l_ )*VM) +(Mf*(1+—1_ )*VM )
E,*1.2=63.69 — f *2.63
1
T )
(1—a+/1) (M 1—-«a V)2+<M (1) v 2\ 1/
= * — 3 % * * * | —) %
s a .B N a M f a M
F, x2.00 = 120.30 — f = 4.60
3 E, xal =
M (a—a*)l+)l)
= | ——m@m | — *
$ 1-2*a -
a 2 a 2
*((MS*(l—Z*a)*VM) +(Mf*(1+1—2*af)*VM)>
F, x0.75 = 111.46 — 8 = 4.29

Finally, with the information obtained from Table 6, the reliability index of the three bending
mechanisms is calculated. As solicitation the same force as found in the semi-probabilistic

calculation is used.

Table 7: reliability index of the bending mechanisms.

Case Force Reliability index
1 F, = 34.4[kN] B =85
2 F, = 34.4 [kN] B =112
3 F, = 34.4 [kN] B = 20.0
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Bending mechanism 1 is most likely to occur, however the reliability index is still rather high.
Thus is this case the semi-probabilistic calculation is very conservative. To give clear idea
about the difference, the equivalent force to a reliability index of g = 3.8 would be:

F, = 44.75[kN]

And the failure load according the full-probabilistic calculation would have been:
F, = 53.08[kN]

This value is still conservative since it is known that the actual failure load is:
E, = 60.00[kN]

Once again: Monnier found a failure load of 60 [kKN] which is higher than the expected failure
load. Monnier has observed that: The beam shows a considerable redistribution of the
moments after the cracks has formed. Accordingly, in consequence of this redistribution, the
yielding of the tensile reinforcement over the support occurred at a substantially higher load
than that calculated according to the elastic theory. The bending moment at which yielding of
the reinforcement began was in this case also higher than the calculated yield moment of the
section concerned. The calculated collapse load was likewise exceeded. (Monnier 1970)

However, it can be concluded that the semi-probabilistic calculation compared to the full-
probabilistic calculation is conservative. The reason for this is probably the type of cross-
section which is used during the experiment by Monnier. This cross-section had a rather
unusual distribution of reinforcement. Due to this extraordinary choice the standard code have
difficulty in determination of design forces.
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4.5 Comparison between the results of full-probabilistic and
semi-probabilistic calculations

The previous paragraph has shown that a full-probabilistic calculation presents much higher
design values then the semi-probabilistic calculation according to the Eurocode. In this
paragraph the reason for this rather extensive difference will be discussed.

4.5.1 Comparison in case of much redistribution of forces

First, the location of the reinforcement is discussed. The cross-section of the beam as used in
this thesis does not change along its length. This is rather strange for a statically indeterminate
structure. The way in which engineers design such beams is done by reinforcing the peak
moments. The cross-section of this beam has the least reinforcement at the side of the peak
moment (at the mid-support) (Figure 4.11). However, the total amount of reinforcement is
enough to let the beam develop all its plastic hinges without local failure. For ULS calculations
this is not an issue. Moreover, engineers should design their structures in SLS. The restrictions
with respect to the SLS are much stricter, because comfort is considered. Therefore, large
displacements are not allowed according these requirements.

Second, the results of the semi and full-probabilistic calculation summarised in Table 8. As
discussed before, engineers can design with the theory of plasticity in the ULS. However, the
semi-probabilistic calculation procedure using the Eurocode does not allow full redistribution
of forces. Instead, only the peak moment (at mid-support) might be reduced to 70% of its value.
This is the main reason that the differences between the semi-probabilistic and full-probabilistic
calculations have such a disagreement.

Table 8 results of the semi-probabilistic and full-probabilistic calculations in one table

Method Force Reliability index
Semi-probabilistic E, = 34.4[kN] p =38
Full-probabilistic F, = 44.8[kN] p =38
Full-probabilistic F, = 53.1[kN] B =0.0
experiment F, = 60.0[kN] -

In this thesis SLS is touched upon, however this would be a great extension for this thesis. As
to show that the redistribution of force is indeed the cause of this difference, a different cross-
section will be used in in the next paragraph. The goal is to see if the differences between the
semi-probabilistic and full-probabilistic calculation with respect to statically indeterminate
structures will decrease.

4.5.2 Comparison in case of no redistribution of forces

It has been noticed that when large displacements are necessary to activate the entire capacity
of a structure, it will cause large difference between the semi-probabilistic and the full-
probabilistic calculations. Therefore, a case study has been done with the same structure, but
a different cross-section. The only two things that have changed are the reinforcement ratios
(top and bottom). They are swapped; meaning, three longitudinal reinforcement bars as top
reinforcement and two longitudinal reinforcement bars are bottom reinforcement. The cross-
section is displayed in Figure 4.12. The full calculation is done in Appendix C.

55



. L stir rups

p8

=Zécm
=Z4cm ]

ht
ht

o~ cross section o cross section

Figure 4.11 cross-section 1 Figure 4.12 cross-section 2

Table 9 results of the case study with no redistribution of forces in a statically indeterminate structure, of the
Eurocode and the level Ill reliability calculations in one table.

Method Force Reliability index
Semi-probabilistic F, = 34.8[kN] B =38
Full-probabilistic F, = 38.0 [kN] p =38
Full-probabilistic F, = 42.3 [kN] B =0.0
experiment F, = 46.6[kN] -

The results are shown in Table 9. It is striking that the results are much more in agreement.
Due to the new design of the cross-section, less redistribution of force is necessary. The semi-
probabilistic calculation in the Eurocode is limited with regards to redistribution. This is not a
bad thing, however it can cause an overcapacity in a structure that is not taken into account.

The expected failure load determined through the full-probabilistic method is still lower than
the actual failure load. However the difference between the two outcomes is smaller than the

previous case.
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5 Numerical model for structural
analyses

In this chapter a finite element model is build up to evaluate the experiment by Monnier,
introduced in chapter 3. This finite element model will be used to utilise a sensitivity study. The
sensitivity study will show the influences of nonlinear effects on the maximum bending capacity
of the structure. It is very inconvenient to take nonlinear effects into account with hand
calculations. However, finite element programme “DIANA” gave the possibility to deal with
physical and geometric nonlinear properties in a convenient way.

In paragraph 5.1, the verification of the finite element model is executed. Before the finite
element model can be used to perform the sensitivity study, the finite element model need to
be calibrated. This is done by making use of the, in chapter 4 introduced, analytical model of
the structure. Firstly, a one-dimensional finite element model is made, and the force-
displacement relation of the analytical model and the finite element model are compared. By
doing this check, the finite element model is verified. However, this is an in-between step to
keep track of the discretisation of the model. Secondly, the same procedure must be done for
a two-dimensional approximation of the structure. A two-dimensional model is necessary to
use because “DIANA” does not provide all the nonlinear properties in one-dimensional models.

Paragraph 5.2 presents the results of the sensitivity analyses of the nonlinear effects. The
following nonlinear effects are investigated in the sensitivity study:

e Tensile strength of the concrete;
¢ Ultimate tensile strength of the reinforcement steel;
¢ Bond slip relation between the reinforcement steel and the concrete.

The aim of this chapter is to give a brief overview of the influences of these nonlinear effects,
when considered. There are no reliability calculations performed in combination with the finite
element model.

5.1 Verification of finite element models

In this paragraph the numerical models used for the sensitivity discussed in paragraph 5.2 is
studied. The numerical schemes for the finite element models are introduced and discussed.
Furthermore, the mesh, load scheme and convergence norm will be examined.

The evaluation of the models will be done by making use of the mean values given in “Table 3
parameters used in the parameter study”. Firstly, a one dimensional model is evaluated
because the hand-calculation uses theory of plasticity and is based on one dimensional
approximations. Secondly, after the verification of the one-dimensional model a two-
dimensional model is set up. As a matter of fact, not all of the nonlinear properties that are
studied in the sensitivity study are supported in one dimensional finite element models.
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In Table 10 the numerical schemes for the finite element analyses are presented. The mesh
density is courser in the two-dimensional model than the one-dimensional. The number of
elements in a two-dimensional model is considerably higher and on top of that they have more
degrees of freedom. Consequently, the tangential stiffness matrix of a two-dimensional
structure is much larger. In every load step a larger system of equations must be solved.
However, the accuracy of a finer mesh is in most cases larger than the accuracy of a courser
mesh. The balance between the computation time and accuracy is a point of attention. In this
specific model there is chosen for a courser mesh to safe computation time.

Important to note, for the one-dimensional model (Figure 5.1), beam elements are applied.
This choice tries to make the best approximation of the analytical model as introduced in
chapter 4. In the two-dimensional model is made use of plane stress elements. This type of
elements provides the possibility to include the nonlinear effects mentioned earlier.

Table 10 Numerical analyses schemes for finite element models

Dimensions | Element Load Convergence Iteration
size
Norm Tol # Method | Converge
scheme
1D 5mm Force Displa le-2 25 Newton- Line
Force le-2 Raphson | search
2D 25 mm Force Displa le-2 25 Newton- Line
Force le-2 Raphson | search

Path following techniques
In finite element model there are two ways to apply loads one the model:

e Prescribed forces (force control)
e Prescribed displacements (displacement control)

Path following method is another (according to some better) name for arc-length control. The
path following method is a modification of the force and displacement control methods. The
force control method increases the magnitude of load with a prescribed value and by solving
a system of equation the corresponding displacement are found. Moreover, the displacement
control method does the same however the displacements are increased by a fixed value and
the corresponding forces are determined. In addition to these two methods, the path following
method does not increases or decreases the magnitude of just one unit. Both force and
displacement units are modified in every load step, and the length of the force displacement
step is prescribed. Therefore, the magnitude of the force increment, and the displacement
increment can very every load step, although the total arc-length of the load increment in the
force displacement space stays the same. (prof.dr.ir. R. de Borst 2015)
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To analyse the numerical models, arc length control is used. The advantage of arc length
control is that the load step does not have to have a fixed value beforehand. In state, the arc
length algorithm determines during the load step what the load and displacement will become.
The disadvantage is however that it costs more time to execute an analysis. In general, is
displacement control preferred, because it costs less computation time, it is a pretty stable
method, and most experiments are displacement controlled performed.

Having said that, in case of the experiment used in this thesis, one of the boundary conditions
is that the two forces acting on the structure have the same magnitude. This means that the
experiment was performed as a force control loading procedure. This is very hard to model
with displacement control, on top of that force control can become numerically unstable very
quick. Therefore, the path following method is used.

Figure 5.1 geometry of the one-dimensional model

5.1.1 Load step

The nonlinear analyses are executed by making use of load steps. There is chosen for arc-
length load steps of 0.8. It turns out that this choice of load step is very efficient, because the
nonlinear effects are visible and there are no problems with convergence. There is only looked
at bending failure of the beam, there were no large errors obtained during calculation.
Furthermore, there were numerous step sizes tried, but 0.8 seems the most efficient.

5.1.2 Convergence norm
The convergence norm is the following:

e Force <1%
e Displacement <1%

Both criteria must hold at the same time. In most load steps the critical factor was the force
convergence. The force convergence is in this case the most important since the loading is
force based.
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5.1.3 Comparison of the one-dimensional numerical model with experiment
and the hand calculations

Force displacement relation comparison of 1D models
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Figure 5.2 Force displacement diagram of two different one-dimensional models, one hand calculation and the
experimental results presented in one graph

Figure 5.2 shows four different force displacement relations in one graph. There is chosen to
present the force-displacement relation because it gives a good global impression of the
behaviour of the structure. It is striking that the one-dimensional model which include the
tensile strength looks very much like the hand calculation. Different is the peak value of the
one-dimensional model, however this difference is explained by the fact that tensile strength
is not considered in the hand calculation. Hence, the one-dimensional model without concrete
tensile strength does not quite look like the hand calculation’s output. Another assumption
done in the hand calculation can clarify this variance. Namely, the cross-section that is used
for the hand calculation remains the same throughout the whole calculation procedure. The
one-dimensional model is done with a nonlinear loading procedure and the constitutive is
therefore also update every load step. Because of this the cross-sectional area changes during
the load execution and explains the difference in output.

Moreover, without concrete tensile strength, the concrete beam starts to crack from the very
first load step. Therefore, the elastic responds of the beam is less stiff. Vis-a-vis the result that
came from the laboratory experiment by Monnier is slightly different. Keeping in mind that a
one-dimensional model of the beam is not a flatness approximation. In the next section, the
two-dimensional models are compared with experiment results. These models are more
sophisticated and ergo the expectation is that the force displacement relations are more
similar.

5.1.4 Comparison of the two-dimensional numerical model with experiment
and the hand calculations

Figure 5.3 geometry and mesh of the two-dimensional model
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Force displacement relation comparison of 2D models
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Figure 5.4 Force displacement diagram of two different two-dimensional models, one hand calculation and the
experimental results presented in one graph

The force displacement relation of the two-dimensional models together with the experimental
results and the hand calculation out is presented in Figure 5.4. Notably is the line which
represents the force displacement relation of the two-dimensional model without concrete
tensile strength. This line shows a very ductile behaviour. Due to the very low tensile strength
of the concrete, cracks develop rapidly. Consequently, the cross-sectional area decreases and
so does the stiffness of the structure. The other line that represent the two-dimensional model
with concrete tensile strength shows behaviour that is like the one of the experiment.
Noticeable is the peak value of the experiment compared to the simulation done with the finite
element model. The peak in the experiment is higher, this difference is extensive discussed in
the previous chapter. The two-dimensional model with concrete tensile strength will be used
as cornerstone of the sensitivity study.

To note, the boundary conditions at the right hand side of the 2D-model (Figure 5.3) is
incorrect. The vertical constrain should only be applied at the bottom, however it is applied
over the entire height. This mistake is not expected to have a mayor effect on the results found
in this thesis.

5.1.5 Sensitivity of the yield stress of the reinforcement

Now the calibration of the two-dimensional model is complete, the sensitivity is compared. As
said in the previous chapter, the sensitivity of the parameters will be checked as well. In order
to do this another approach is used than in case of the analytical model. 15 random draws out
of the yield stress’ distribution are taken. Numbers are generated from the probability density
function. As introduced in the previous chapter, the mean value of the yield stress is 426.7
N /mm? with a coefficient of variation of 5%. The distribution of all the random variables is log-
normal. The random draws are done from this distribution and the 15 draws are found in
ascending order in Table 11.

Keeping all the material and geometrical properties the same and varying the yield stress of
the reinforcement steel, Figure 5.5 can be obtained. Thereafter the comparison of the yield
stress sensitivity of the reinforcement’s yield stress is displayed. Figure 5.6 shows that the
numerical sensitivity is equal to the sensitivity shown by the analytical model.
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Table 11 random draws from the log-normal distribution of the yield strength of the reinforcement steel
Number of sensitivity | Reinforcement
simulation yield stress

[N/mm?]
388.85
399.73
406.06
410.95
415.15
418.97
422.61
426.17
429.76
433.48
437.48
441.95
447.28
454.35
467.07
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Figure 5.5 force displacement relation of the sensitivity analysis with the given parameters in Table 11.

Sensitivity tensile stress reinforcement steel

magnitude of Fpin N

displacementin mm

Figure 5.6 comparison of the sensitivity of the reinforcement's yield stress
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In order to keep track of the correctness of the execution of the calculation procedure, the
stress in the reinforcement is monitored. In Figure 5.7 the force displacement diagram is
shown. The Roman numbers in Figure 5.7 are corresponding with the screenshots in Figure
5.8. The 5 screenshots displayed below (Figure 5.8) are taken from the 8" simulation with a
yield stress of the reinforcement of 426.17 N/mm?. It is clearly visible the first plastic hinge
develops on the right hand side of the beam in the top region. This is the place where this was
expected. From the 2" screenshot, the development of the 2" plastic hinge is started. This
confirms the expectations with respect to this analysis and therefore is accepted as a good
simulation.

Sensitivity tensile stress reinforcement steel

}
g
2
2

b

magnitude of Fp in N

SSESSARSNE!

[

!

15

displacement in mm

Figure 5.7 the five stages which are investigated for one simulation

(N/rim#)

426,00
I 319.50
213.00
106.50
0.00
-106.50
-213.00
-319.50
-426,00
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Figure 5.8 The stress diagrams in the 5 stage as displayed in Figure 5.7

Figure 5.8 displays the stresses in the reinforcement of the beam during the loading process.
In the very first stage already the development of the first plastic hinge is visible. The location
of the peak stress in the reinforcement is exactly where it was expected. The second, third
and fourth stage show the stress increase of the second plastic hinge. This second plastic
hinge is formed at the same position as found in the analytical calculation. The fifth and last
stage shows some large compressive stress in the reinforcement. At the location on the
force-displacement graph, where this stage was taken, the displacement is already
considerably large. Thus the compressive strain at the top of the cross-section just under the
left load is large. All in all, the results in Figure 5.8 show results that were expected.
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5.2 Sensitivity of nonlinear constitutive parameters

The sensitivity study is documented in this paragraph. This documentation starts off with the
initial model properties. These initial properties come from the previous paragraph in which the
one- and two-dimensional models were compared. As concluded earlier there is made use of
two-dimensional numerical models.

One of the nonlinear constitutive parameters is the concrete tensile strength with tensile
softening. Also, the ultimate tensile strength of the reinforcement steel will be varied. The
influences of this variation will be discussed as second nonlinear effect. The last nonlinear
effect that is looked at is bond-slip relation between the reinforcement steel and the concrete.
In general, the bond between the reinforcement and the concrete is taken as fully embedded.
Moreover, in the second chapter is showed that in this specific case the bond is not a critical
factor.

5.2.1 Initial situation

The zero or initial situation is the start point of the sensitivity study. The initial parameters are
presented below in Table 12 and Figure 5.9 shows the force displacement relation of this initial
model.

Table 12 Initial model properties for nonlinear sensitivity study

Properties Symbol | Magnitude Unit

Concrete tensile strength fetm 2 N/mm?
Fracture energy Gy 1.135 N/mm
Concrete compressive strength fc 30.9 N/mm?
Yield strength reinforcement steel fy 426.7 N /mm?
Young’s modulus (steel) E, 199143 | N/mm?
Young’s modulus (concrete) E,. 32176 N/mm?

Force displacement relation comparison of 2D models

——Initial model for sensitivity study

magnitude of acting force in N

displacement of the node directly under the left applied force in mm

Figure 5.9 initial force displacement relation based upon the properties given in Table 12
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5.2.2 Sensitivity of concrete tensile strength

The sensitivity of the concrete tensile strength starts with a simulation in which the concrete
tensile strength is close to zero. Exactly zero is not possible in the finite element programme
and therefore is chosen for a very small number. In the hand-calculation that is discussed in
the previous chapter, does not account for concrete tensile strength and that is the reason to
investigate this value. The process continues by a concrete tensile strength that is risen
gradually (shown in Table 13), first to 2 N/mm? which is the actual value obtained during the
tests before the laboratory experiment. Note, there is not made use of any probabilistic
approach for generating these numbers.

On top of that the behaviour of the structure is simulated with even a higher concrete tensile
strength. As one can conclude from Figure 5.10 a simulation with a concrete tensile strength
higher than 0.3 N/mm? does not increase the failure load significantly. The response of the
structure is stiffer when the concrete tensile strength increases. Despite that the maximum
force during the plastic deformation of the structure is more or less the same as that of the
latter mentioned value.

Table 13 the magnitude of the different concrete tensile strength in the sensitivity study
Number of sensitivity | Concrete tensile
simulation strength [N /mm?]
1*e-7
0.2857
0.5714
0.8571
1.1429
1.4286
1.7143
2
2.2857
2.5714
2.8571
3.1429
3.4286
3.7143
4
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acting force in N

displacementin mm

Figure 5.10 force displacement relation of the different sensitivity simulations based on the values in Table 13
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To show what is happening in the material during the loading procedure, the stresses and
strains in the concrete are monitored. In Figure 5.11 the force displacement relation of the
sensitivity study in concrete tensile strength is shown. The Roman numbers in Figure 5.11 are
corresponding with the screenshots in Figure 5.12. Four screenshots are displayed in Figure
5.12 are taken from the 8" simulation with a concrete compressive strength of 2 N/mm?. It is
clearly visible the first plastic hinge develops on the right hand side of the beam in the top
region. Cracks develop in that region to activate the reinforcement steel. This is the place
where cracks were expected. From the 5" screenshot, the development of the 2" plastic hinge
is started. This confirms the expectations with respect to this analysis and therefore is accepted
as a good simulation.

1l

acting force in N

SRSRREREE

displacement in mm

Figure 5.11 The force displacement relation of the concrete tensile strength sensitivity with indicated locations to
check the stresses and strain during the simulation.

EXX
500e-03
I 4.388-03
3.75e03
31303
2.508-03
l 1.87e-03
125603
I 625204
0.00e+00

EXX
500e-03
I 4,38e-03
37503
3.13e-03
2,50e-03
l 18703
12503
I 625204
0.00e+00
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EXX
500e-03
I 438203
375603
3.13e03
2.50e-03
1.87e-03
125603
625204
0.00e+00

EXX
500e-03
I 438203
375603
313208
2.50e-03
1.87e-03
125603
625204
0.00e+00

-

Figure 5.12 The four check stress and strain distributions

Figure 5.12 displays four stages during the loading process. More precisely the stress and
strain distribution of the concrete is shown. The stain distribution shows only the positive
strains. The locations at which cracks develop are then easy to spot.

The first stage that is displayed shows crack development at the upper right hand side. The
same behaviour was found when the reinforcement was evaluated. At the same time is it
clearly visible that the strains start to develop at the bottom region of the beam. The Second,
third and fourth stage show further development of the strain and thus cracks in the beam.
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EXX

0.00e+C0
-4.37e-04
-5.75e-04
-1.31e-03
-1.75e-03
-2.19e-03
-2.63e-03
-306e-03
-3.50e-03

Figure 5.13 concrete compressive strains in the IV stage as given in Figure 5.11

The thing that is not shown here is the concrete compressive strain. It could be that the
concrete compressive strength is decisive as well. A quick hand calculation shows:

o 30.9

E 32176

=9,6%107*[-]

A compressive strain of 9.6%. would be a possible problem for concrete crushing. Figure
5.13 shows that the concrete compressive strength does not have significant influence.
There are some peak strains visible underneath the applied forces. This could be a
numerical singularity. Although, the concrete crushing could happen very locally, it would not
be a significant effect to consider.
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5.2.3 Ultimate tensile strength of reinforcement

The next non-linear properties that is considered in the sensitivity study is the ultimate tensile
strength of the reinforcement. The numbers used for this sensitivity study are chosen without
probabilistic background. To allow the structure to develop plastic hinges a yield plateau is
required. In every simulation initial stiffness similar and the length of the yield plateau as well.
Difference is in the actual ultimate stress when hardening starts. One example is shown in
Figure 5.14. All the points in this figure are changed in ratio with each other so that the shape

keeps the same.

Strain-Stress diagram

800.0

=]
S
=

Yield stress [N/mm?]
g
=

500.0

400.0
0,000 0.020 0.040 0,080

0.080 0.100 0.120 0.140 0,180 0.180

Equivalent plastic strain

Figure 5.14 example of stress-plastic strain relationship

Table 14 the magnitude of the different ultimate tensile stren

Number of sensitivity
simulation

Ultimate tensile
strength of
reinforcement [N /mm?]
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th of the reinforcement steel in the sensitivity study
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Sensitivity Ultimate tensile strength reinforcement steel

acting force in N

displacementin mm

Figure 5.15 force displacement relation of the different sensitivity simulations based on the values in Table 14

The influence of the ultimate tensile strength of reinforcement steel is not very large. The
variation of maximum value is quite large as shown in Table 14, however, Figure 5.15
displays very small difference in maximum force. The effect of the ultimate tensile strength of
the reinforcement is only visible far beyond the point where the failure mechanism has
developed. The ultimate tensile strength starts to work when plastic strain develops. It turns
out that the plastic strain in the first plastic hinge starts to develop when full failure
mechanism has formed.
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5.2.4 Bond-slip relation

As mentioned in the second chapter, bond-slip is not an issue which would cause problems in
the specific structure that is investigated in this thesis. Nonetheless, its effect is investigated
to get an idea what the possible effects are when it becomes critical. Table 15 gives an
overview of the values that are tried as normal and shear stiffness modulus of the bond
between the concrete and the reinforcement steel.

Table 15 the magnitude of the different normal stiffness modulus in the sensitivity study

Number of sensitivity | Normal stiffness shear stiffness
simulation modulus [N /mm?3] | modulus [N /mm?3]
1 20 20
2 40 40
3 60 60
4 80 80
5 100 100
6 200 200
7 300 300
8 400 400
9 500 500
10 600 600
11 700 700
12 800 800
13 900 900
14 1000 1000
15 1100 1100

acting force in N

displacementin mm

Figure 5.16 force displacement relation of the different sensitivity simulations based on the values in Table 15

It turns out that the very low values (under 100 [N/mm?3]) have a large scatter. In contrast the
normal stiffness modulus larger than 100 [N/mm?3] do not have a large bias.

When the shear stiffness modulus is very low, the bond between the reinforcement steel and
the concrete is weak. The concrete has difficulty in transferring the tensile strength to the
reinforcement. Usually a cracking pattern with a lot of small crack will occur. However, when
the bonding is weak the cracking pattern will not occur instead a few crack will develop due to
exceeding the concrete tensile strength. These cracks will have a large crack width. The grey
line in Figure 5.16 shows the force displacement relationship of a model with a low shear
stiffness modulus.
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TGy e
Load-step 5. Load-factor 0.44516, Load_set_)
Total Strains EXX

min: 001 max: 0.15

Figure 5.17 strain distribution in a concrete beam with a low bond between the concrete and the reinforcement
steel.

The reason that force-displacement relation of structure with a low bond between the concrete
and the reinforcement steel differs is explained by using Figure 5.17. This figure was taken
from the “DIANA” analysis with the lowest bond-slip relation in the fifth load step.

The concrete has to deform first to activate the reinforcement. The tensile strength of concrete
is low compared to its compressive strength and this is the reason that reinforcement steel is
used. When the structure is loaded, the tensile stressed regions of the concrete starts to crack.
Now the reinforcement is activated and the reinforcement bar is elongated. Due to the
elongation the reinforcement bar it could transfer tensile stresses to other parts of the concrete
to create a crack pattern. When the bond between the concrete and the reinforcement steel is
low problems occur. The steel cannot transfer the force easily. Consequently, large cracks
occur. When the load is increased the little number of cracks have to increase to handle more
load that is applied on the structure. Therefore the crack width is large compared to a structure
with perfect bond between concrete and reinforcement steel. In Figure 5.17 it is clearly visible
this is happening.
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5.3 Conclusion

In the previous paragraph, the results of the sensitivity analysis of the nonlinear constitutive
parameters was presented. As mentioned earlier, the goal of the sensitivity study to see the
influence of the nonlinear parameters on the failure load. Neither of the three-investigated
nonlinear parameter has mayor influence on the failure load. Though it is striking that the
concrete tensile strength has most influence on the elastic stage of the failure process.
Whereas the bond-slip and ultimate yield strength have more influences later in the failure
process. The bond-slip causes a variation in the stage just after the formation of the first plastic
hinge. The final stage of the failure process scatters largely if the ultimate tensile strength of
the reinforcement is varied.

In case of a statically indeterminate reinforced concrete beam with a symmetric two span
geometry, neither bond-slip nor ultimate tensile strength variation of the reinforcement steel is
significate to the bending capacity. However, concrete tensile strength can be considered
when finite element is evaluated. Without this tensile strength a slightly lower maximal bending
capacity will be found.

In this thesis there is no probability analysis done in combination with finite element models. A
logic continuation would be to perform such an analysis. The nonlinear effects investigated in
this chapter will not have a large influence on this probability analysis. Having said that, the
values used in the analytical hand calculation will be quite interesting to test in combination
with finite elements. Full probabilistic analyses require a lot (and in most cases too much)
computation time. However, the partial factors according to the EN 1992-1-1 were established
for the component check, according to the classic design approach. Nevertheless, they can
also be used in combination with non-linear analysis. (Schlune, Plos et al. 2012)

Chapter 5 Numerical model for structural analyses



6 Conclusion

The research question that this thesis has tried to answer is as follows: “How does a semi-
probabilistic compare to a full-probabilistic safety assessment for a statically indeterminate
beam structure?”

To answer this question, the components of a reliability model have been investigated. The
levels of model approximation (LoA) as stated in the model code 2010 together with the level
of reliability calculations (Steenbergen 2011) were used. Two combinations between LoA and
reliability methods have been analysed to assess their strengths and weaknesses. These two
reliability analyses were both were based on an analytical model (LoA 1). The reliability level |
and lll, the so called semi-probabilistic and full-probabilistic, calculations were used.

In conclusion, the full-probabilistic reliability calculation is all cases applicable to determine the
probability of failure of a statically indeterminate structure. However, semi-probability reliability
are useful as well but it does allow only partly redistribution of forces. In case of statically
indeterminate structures this can have significant impact on the failure load. The best reliability
method for a statically indeterminate structure is dependent on the amount of redistribution of
forces.

The semi-probabilistic calculations treat structures, where a lot of redistribution can occur,
conservatively. For instance, the semi-probabilistic calculation procedure that is used in this
thesis allows for only partly redistribution of forces. The full-probabilistic calculation procedure
is therefore beneficial to use for structures where a lot of redistribution can occur in the ultimate
limit state.

It turned out that the full-probabilistic calculation determines a higher reliability of the structure.
In the full-probabilistic analysis, the limit state function is used in its analytical form. Whereas
in the semi-probabilistic analysis is made with the use of approximations of the limit state
function. However, when the cross-section of a statically indeterminate structure is designed
in such a way that little redistribution will take place, the difference between the full- and semi-
probabilistic is insignificant.

Numerical analyses in the form of nonlinear finite element analysis have been investigated.
With a sensitivity study is looked at the influence of certain parameters on nonlinear analyses.
These parameters were; concrete tensile strength, yield stress of the reinforcement steel and
the bond-slip relation between the concrete and the reinforcement steel.

The sensitivity study showed that, the influence of the reinforcement’s yield stress has the
same sensitivity as in the analytical model. The other parameters are only used in the nonlinear
analyses, since it is very hard to implement in an analytical model. Besides, the numerical
calculation showed that, the influence of the non-linear parameters is not significant on the
failure load. It is expected that non-linear effects will not generate significant different results
from the analytical simulations without these effects.

The stochastic parameters used in the reliability analysis were investigated in the fourth
chapter. In regards to the analytical model, it turns out that a stochastic parameter with a small
coefficient of variation (COV) can have a bigger influence on the spread of the resistance than
one with a larger COV. Not all parameters occur linearly in the analytical expression and
therefore it is not obvious what the effect on the cross-sectional capacity is. After preforming a
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Monte Carlo simulation, it turned out that parameters with a small COV can have a large
influence on the cross-sectional resistance.
Examples are:

e Concrete compressive strength (COV = 15%)

¢ Reinforcement’s yield stress (COV = 5%)

Figure 6.1 displays the spread of the cross-sectional resistance when the concrete
compressive strength is varied. Figure 6.2 does the same for the variation of the
reinforcement’s yield stress. It is seen that the difference is significant.
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7 Recommendation for future
work

This paragraph lists recommendations for future work:

All the analyses done in this thesis are based on the ultimate limit state, a useful part to add
would be the service ability limit state. The redistribution of forces would become less of
importance and therefore the outcome of the full-probabilistic and semi-probabilistic
calculations would become closer.

There is looked at only one specific statically indeterminate beam with equal spans. Due to
this symmetry the calculation is simplified. When one looks at a statically indeterminate beam
structure without a symmetry axis, the interaction between the span could causes interesting
effects.

Another possible statically indeterminate structure that would be interesting to analyse is a
frame structure. A frame structure is mostly statically indeterminate with a degree of 3 or even
more, depending on the supports and existence of cross bars.

In this thesis, the loading scheme and the reinforcement in the structure clearly states that the
structure fails in bending. With respect to reliability calculations and failure modes, it would be
interesting to look at a different loading scheme. More specifically, look at a structure where
the failure mode is not obvious. This could be achieved by a small modification in the location
of the force.

This thesis provides only two reliability calculations. There are 12 combinations between a
reliability method and a model approximation. One of these 12 combinations is not feasible
due to computation time. That leaves 9 other reliability calculations possible to investigate.
With respect to the stochastic variables, not all the parameters used in the analyses are
stochastic. A possibility is to evaluate the reliability calculation with all the parameters
stochastic.
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A. Python scripts

A.1. Reliability calculation analytical model

1 # Importing the Python packages

2 import numpy as np

3 import matplotlib.pyplot as plt

4 import time

5 import statistics

6 import math

7 from scipy.optimize import fsolwve
8 from scipy.integrate import quad

9

from sympy import *
from mpl toolkits.mplot3d import Axes3D
time start calculation = time.clock()

# Introducing the variables

n=10**8 # number of samples in the parameter study
fick:315.*9.81/100. # concrete compressive strength

16 cov_f ck = 0.15 # coefficient of variation of the concrete
compressive strength

17 sigma_bu=0.6*f ck # reduced concrete compressive strength

18 £ yk=4350.%9.81/100. # yield strength of the bottom reinforcement steel

19 cov f yk = 0.05 # coefficient of variation of theyield strength of
the reinforcement steel

20 Es=2.03*%10.%*6.%9.81/100. # young's modulus of the reinforcement steel

21 cov Es= 0.08 # coefficient of variation of the young's modulus of
the reinforcement steel

2 d=236. # effective depth of the cross-section

2 cov d = 0.2 # coefficient of wvariation of the cover of the
cross—section
d =24. # effective depth of the top reinforcement
b=150. # width of the cross-section
w0 =0.64 # top reinforcement ratio
w0=0.96 # bottom reinforcement ratio
epsilon cu2=3.5*%10.**-3, # maximum strain at the top of the concrete
cross-section

2 £ vk =f vk # yield strength of the top reinforcement steel

30 1=2000. # length of the field

31 alpha=75./200. # factor for the distance between the forces acting

on the beam
32 beta = 0.39 # parameter for the arm of the force in the concrete
compressive zone

f av=sigma_ bu*0.69 # average stress in the concrete compressive zone

6 As =w0 /100.*b*d # the area of top reinforcement in the cross-section
7 As=w0/100.*b*d # the area of bottom reinforcement in the
cross—section
38 rho I=np.sqrt (w0 **2+w0**2) # the total percentage of reinforcement steel in the
cross—section
39 al=(3.*alpha**2.-3.*alpha+2.)/2. # parameter to help with shear force calculation
40
41 # Definition of the structural calculations
42 # shear capacity according to the Eurocode

43 def Shearcapacity(b,d,d ,f ck,rho 1,z):
V rd max=1.0*%b*(d-d )*0.6*(1-f ck/250.)*f ck/1.5
k=min (l.+np.sqrt(200./d),2.)

46 V rd ¢=0.15/z*k* (100*rho 1*f ck)**(1l./3.)*b*d

47 V=min (V_rd max,V_rd c)*10**-3

48 return V

49

50 # bending capacity according to the Eurocode

51 def bendingcapacity(d ,d,As_,b,As,sigma bu,epsilon_cu2,Es,f vk, f yk ,f av,beta):
52

53 f av=sigma bu*0.69

54 B=(As *Es*epsilon cu2-f yk*As)/(f av*b)

55 C:—(d:*Asi*Es*epsIlonicEZ)/(fiav*g)

56 x==B/2.+np.sqrt (B**2_.-4_.*C) /2.

57 sigma s=epsilon cu2*Es* (1-d /x)

58

59 if sigma s<f vk :

60 Mu= (f_av*b*x* (d-beta*x)+As *Es*epsilon cu2* (1-d_/x)*(d-d_)) *10** (-6)
61

62 else:

63 sigma s=f yk

64 x=(As-As_)/(f_av*b)*f yk_



v O
wul

Mu=(f_av*b*x* (d-beta*x)+As_*f yk*(d-d_))*10** (-6)

# Definition of the probabilistic calculation

def mean and standard(cov,mean) :
m, 5= math.log(mean)-0.5*math.log (l+cov**2) ,np.sqgrt (math.log (l+cov**2))
ret=([m,s])
return ret

66
67 return Mu
68
69 # translate the maximum shear capacity into an equivalent pointload
70 def Shearcapacity to pointload(b,d,d ,f ck,rho 1,z,alpha):
71 V capacity=Shearcapacity(b,d,d ,f ck,rho 1,z)
72 V max=max (al, (2-al))
73 V=V_capacity*1./V_max
74 return V
15
76 # translate the maximum moment capacity into an equivalent pointload
77 def
Bendingmoment to pointload(d ,d,As ,b,As,sigma bu,epsilon cu2,Es,f yk,f yk ,f av,beta,
alpha) :
78
Mu_ support=bendingcapacity(d_,d,As,b,As ,sigma_bu,epsilon cu2,Es,f yk,f vk ,f av,b
eta)
79 lambda =As/As
80 Fp=Mu_support* (alpha+lambda )/ (alpha*1*10%**-3)
81 return Fp
82
83

0 0

def rand var(f ck,f vyk,Es):

0

0
91 ml, sl= mean and standard(cov f ck,f ck)
92 m2,32= mean and standard(cov f yk,f vyk)
93 m3, 53= mean and standard(cov Es,Es)
94
95 vl = np.random.lognormal (ml, s1,1)
96 v2 = np.random.lognormal (m2, s2,1)
97 v3 = np.random.lognormal (m3, s3,1)
98
99 R=([v1l[0],v2[0],v3[0]])
100
101 return R
102
103 def rand var2(d_ ):
104
105 m4, 54= mean and standard(cov d ,d )
106
107 v4d = np.random.lognormal (m4, s4,1)
108
109 R=(v4[0])
110
111 return R
112
113 def rand var3(z):
114 mS, 35= mean_and_standard(cov_z, z)
115 v5 = np.random.lognormal (m5, s5,1)
116
117 R=(v5[071)
118
119 return R
120
121 ## Calculation with varying the parameters
122 time start = time.clock()
123 listl=np.zeros (n)
124 list2=np.zeros (n)
125 list3=np.zeros (n)
126 listd=np.zeros (n)
127 count=0
128
129 for i in range (n):
130 f ck=315.%9.81/100.
131 f yk=4350.%9.81/100.
132 Es=2.03*10.%*6.*9.81/100.

133 d =24.
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d=236.
var=rand var (f ck,f_vk,Es)
f ck=var[0]
£ yk=var[l]
Es=var[2]
varZ=rand var2(d )
d =var2
d=236-(24-d )
sigma_bu=0.6*f ck
f vk =f vk

z=0.91

cov z=0.11
z=rand_var3(z)

V _shear=Shearcapacity to pointload(b,d,d ,f ck,rho 1,z,alpha)

V_bending=Bendingmoment to pointload(d ,d,As ,b,As,sigma bu,epsilon cu2,Es,f vk, f
vk ,f_av,beta,alpha)

listl[i-1]=V_shear

list2[1i-1]=V_bending

list3[i-1]=Shearcapacity(b,d,d ,f ck,rho 1,z)

list4[i-1]=bendingcapacity(d ,d,As,b,As ,sigma bu,epsilon cu2,Es,f vk, f vk ,f av,b
eta)

if V_shear<V bending:
count=count+1l

shear failure = count/n
print (listl)
print (list2)

print ('ratio of shear failure =',shear failure)

time elapsed = (time.clock() - time start)

print ('computation time lists =',time_elapsed, 'sec')

time start = time.clock()

count, bins, ignored = plt.hist(list3, 1000, normed=True, align="mid', color='blue')

plt.xlabel ('shear capacity[kN]"')

plt.ylabel ('probability"')

plt.show()

print ('maximum shear capacity before failure')

count, bins, ignored = plt.hist(list4, 1000, normed=True,align="'mid', color='orange')
plt.xlabel ('bending capacity [kNm]"')

plt.ylabel ('probability"')

plt.show()

print ('maximum bending capacity before failure')

count, bins, ignored = plt.hist(listl, 1000, normed=True, align="mid', color='blue')
plt.xlabel ('equivalent failure magnitude of the point load, Fp [kN]')

plt.ylabel ('probability"')

plt.show()

print ('maximum shear capacity before failure')

count, bins, ignored = plt.hist(list2, 1000, normed=True,align='mid', range=[40,70],
color="orange')

plt.xlabel ('equivalent failure magnitude of the point load, Fp [kN]')

plt.ylabel ('probability"')

plt.show()

print ('maximum bending capacity before failure')

count, bins, ignored = plt.hist(listl, 1000, normed=True, align="mid', color='blue')
count, bins, ignored = plt.hist(list2, 1000, normed=True, align="mid', color='ocrange')
plt.xlabel ('equivalent failure magnitude of the point load, Fp [kN]')

plt.ylabel ('probability"')

plt.show()

print ('maximum capacity in bending and shear together')

time elapsed = (time.clock() - time start)
print ('computation time images =',time elapsed, 'sec')
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A.2. Run multiple projects in DIANA

1 P R R AR S S R R R R S S R R R R S AR R R R T S b e

2 # DianaIE 10.Z2 update 2017-05-22 08:09:41

3 # Python 3.6.1

4 % Session recorded at 2017-11-04 00:22:3¢

5 R T i i et rar i i T T T 22

[ A=["Rnalysisl™,"Analysis2","Analysis3","knalysis4","knalysisS","Analysise","AnalysisT"
,"BnalysisB8","Analysis9","Analysisl0","Analysisll™,"AnalysislZ2", "Analysisl3"™, "Analysis
14", "Analy=is15"]

7 B=[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

8 B[0]="C:/Users/Gebruiker/Documents/TU

Delft/Master/Thesis/DIANA/model dat files/tensile stress rebar/l.dat™
g B[l]l="C:/Users/Gebruiker/Documents/TU
D=lft/Master/Thesis/DIANA/model dat files/tensile stress rebar/2.dat™
10 B[2]="C:/Users/Gebruiker/Documents/TU
D=lft/Master/Thesis/DIANA/model dat files/tensile stress rebar/3.dat™
11 B[2]="C:/Users/Gebruiker/Documents/TU
Delft/Master/Thesis/DIANA/model dat files/tensile stress rebar/4.dat™
1z B[4]="C:/Users/Gebruiker/Documents/TU
Delft/Master/Thesis/DIANA/model _dat_files/tensile_stress_rebar/5.dat™
13 B[5]="C:/Usesrs/Gebruiker/Documents/TU
Delft/Master/Thesis/DIANA/model dat files/tensile stress rebar/6.dat™
14 B[E]l="C:/Users/Gebruiker/Documents/TU
Delft/Master/Thesis/DIANA/model dat files/tensile stress rebar/7.dat™
15 B[7]1="C:/Users/Gebruiker/Documents/TU
D=lft/Master/Thesis/DIANA/model dat files/tensile stress rebar/8.dat™
1& B[8]="C:/Users/Gebruiker/Documents/TU
Delft/Master/Thesis/DIZNA/model dat files/tensile stress_rebar/9.dat"
17 B[9]="C:/Users/Gebruiker/Documents/TU
DelftfMaster/ThesisHDIANAfmmdel_dat_files/tensile_stress_rebar/lD.dat"
18 B[l0]="C:/Users/Gebruiker/Documents/TU
Delft/Master/Thesis/DIRNA/model dat files/tensile stress rehar/ll.dat"
19 B[11]="C:/Users/Gebruiker/Documents/TU o o
Delft/Master/Thesis/DIANA/model dat files/tensile stress rebar/l12.dat"
20 B[l2]="C:/Users/Gebruiker/Documents/TU
Delft/Master/Thesis/DIANA/mode]l dat files/tensile stress rebar/13.dat"
21 B[13]="C:/Users/Gebruiker/Documents/TU
Delft/Master/Thesis/DIZNA/model dat files/tensile stress_rebar/14.dat"
22 B[14]="C:/Users/Gebruiker/Documents/TU
Delft/Master/Thesis/DIANLA/model dat files/tensile stress rebar/15.dat"
23 for i in rangs(len(R)): - - - -

24 newProject( "./Untitled/Untitled”™, 10 )

25 s=tMadelinalysisispscts( [ "2TRUCT" ] )

26 setModelDimension( "2ZD" )

27 setDefaultMeshOrder { "QUADRATIC"™ )

28 setDefaultMesherType ( "HEXQURD"™ )

29 setDefaultMidSideNodelocation( "LINEZR" )

30 importModel ( B[1], "", True )

31 saveProjectlhs( "C:/Users/Gebruiker/Documents/TU

Delft/Master/Thesis/DIANA/model dat files/tensile stress rebar/experiment with ten
sile stress_ rebar.dpf" )

32 addinalysis( R[1] )
33 addinalysisCommand( 2A[i], "NONLIN", "Structural nonlinsar™ )
34 addhnalysisCommandDetail( A[i], "Structural nonlinear", "TYPE,/GECMET" )
35 sethnalysisCommandDetail( &[i], "Structural nonlinear", "TYPE/GEOMET", True )
36 addinalysisCommandDetail ( A[i], "Structural nonlinear"™, "EXECUT (1) /LOAD/LOZDNR" )
37 sethnalysisCommandDetail( &[i], "Structural nonlinear",
"EXECUT (1) /LOAD/LOBDNE", 1 )
38 sethnalysisCommandDetail( &[i], "Structural nonlinear",
"EXECUT (1) /LOAD/STEPS/EXPLIC/SIZES"™, "0.8(24)" )
39 addinalysisCommandDetail ( &[i1], "Structural nonlinesar",
"EXECUT (1) /LOAD/STERPS/EXPLIC/LARCLEN" )
40 setAnalysisCommandDetail( A[i], "Structural nonlinsar”,
"EXECUT (1) /LOAD/STEP3/EXPLIC/LARCLEN", True )
41 sethnalysisCommandDetail( &[1], "Structural nonlinear",
"EXECUT (1) /ITERAT/MBXITE", 10 )
42 sethnalysisCommandDetail( &[1], "Structural nonlinear",
"EXECUT (1) / ITERAT/CONVER/SIMULT", True )
43 addinalysisCommandDetail( A&[i], "Structural nonlinear",
"EXECUT (1) /ITERAT/LINESE" )
44 sethnalysisCommandDetail( &[i], "Structural nonlinsazr",

"EYECUT (1) /ITERAT/LINESE", True )
45 sethAnalysisCommandDetail( A[i], "Structural nonlinsar",



46
47
48
49
50
51

32
33

"EXECUT (1) / ITERAT/CONTIN", True )
sethnalysisCommandDetail ( A[i], "Structural nonlinesar",
"EXECUT (1) /ITERAT/MAXITE", 25 )
sethnalysisCommandDetail( &[1i], "Structural nonlinsazr",
"EXECUT (1) / ITERAT/CONVER,/DISPLA/NOCONV", "CONTIN™ }
sethnalysisCommandDetail( &[1i], "Structural nonlinsazr",
"EXECUT (1) /ITERAT/CONVER/FORCE/NOCONV"™, "CONTIN" )
runSclver( &[1] )

showView( "RESULT" )

setResultPlot( "contours", "Displacements/nods", "TDtY"

saveProjsct( )

)

89



90

B. Derivation structural formulas

B.1. Bending capacity formulas

In this appendix, the Monnier approach and the current Eurocode are derived. To clearly
distinguish between Monnier’s approach and the current Eurocode, the assumptions in the
Eurocode need to be introduced as well. The stress-strain relation that is showed in Figure
B.0.1 was used by Monnier together with the parameters Table 16.

Stress-strain relation used by Monnier:

b
E' : 1 (P '

d’:Rdhi W, } h b. ; 7Y Na=zAC %—8 bhoa

A28 bh BN TES o] | Np=23kxbh Gy

h || h-3Bx h(1-38ky)
Wo =
A—'IOO bh - 7 ¥
€a >Eae AGgae :%—% bh Cae
cross -section strain stress

Figure B.0.1 stress-strain relation used in the analytical derivation in Monnier's report about his experiment

The following parameters are used:

Table 16 parameters with units as they were used in the derivation in Monnier's report about his experiment

variable unit definition

b cm width of the cross-section

h cm effective depth of the bottom reinforcement

d' cm effective depth of the top reinforcement

w'0 % reinforcement ration (top)

wo0 % reinforcement ration (bottom)

€a - strain in bottom reinforcement

€'a - strain in top reinforcement

€'bu - strain at the top of the cross-section

c'bu kg/cm”2 stress at the top of the cross-section

cae kg/cm”2 yield stress of the bottom reinforcement

c'ae kg/cm”2 yield stress of the top reinforcement

c'a kg/cm”2 stress in the top reinforcement

€ae - yield strain

k'd } ratio between the effective depth of the top reinforcement and
the effective depth of the bottom reinforcement (k'd=d'/h)

kx - ratio between the concrete compressive zone and
the effective depth of the bottom reinforcement (kx=x/h)




With this information given one could derive the formula for the bending moment capacity in
the ULS. To start off the strain distribution.

From the strain distribution:

x—d . a
= * = * E——
€a Epu x €bu ( kx (B.1)
And thus
k; ,
04 = &py * Eq * <1 — k_x> < 0l ©2)
From horizontal equilibrium follows:
N,+Ny,—N,=0 (B.3)

The known formulas depending on the variables introduced earlier are replaced. The
assumption here is that the bottom reinforcement is yielding.
W o

2 tovol wbeht P e wp 1K) p bsh=0
— % * * b x — % * * ——|xbsxh———=x xbhxh=
3 " o ¥ Obu 100 " Fa ky 100 7% (B.4)

Now the width and the depth of the cross-section can be cancelled out and the formula can
be rearranged into a quadratic equation.

K24k 3 * W, wy £ 3 * wq
k————————— % | — % £, * -0 A S
¥ 200%0p, \wy T %) 200%0y,

* w—é*gl'm*Ea*k& =0
Wo (B.5)

This quadratic formula can be solve using the ABC-formula which gives two possible
answers. Please note that the value of kx has to be in the range of (0-0.6] otherwise the
bottom reinforcement is not yielding. Therefore there is only one solution to this formula.

A=1
B 3 *w, wy E
—m* w_o*gbu* a ~ Oage
3 * wq wy , (B.6)
C=_—Zoo*o-l;u*<w_0*gbu*Ea*kd>
f —B+VB?2—4xC
x:

2

When kx is known the bending moment capacity of the cross-section can be calculated.

3
Mu=<Nl;*h*(l——*kx)+Né*h*(1—k&)>
8 (B.7)

Now all the known expressions of the internal forces can be substituted in.
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After finding the expression for the moment capacity, one should check whether or not the

’

2 , 3 [ ,
M, = g*kx*O'bu*(l_g*kx)'i'm*gbu*Ea*

k’
(1——d>*(1—kl’1)>*b*h2
ke

top reinforcement yields. So the following check has to be done.
, ka
€pu * <1 - k_x>

If this inequality holds the expression for Mu has to be replaced by:

Since

Thus

And

!

*Ea 2 0{’16

2 , 3 w o , , 2
M, = §*kx*0bu*<1—§*kx)+—*aae*(1—kd) *b*h

100
O-clz :0-(,16

200

= Oge

Zx (wo — wp) = 0

3 * (wo — w{)) Oge
ky=——"+——""

!
Opu

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)



In the Eurocode the assumptions are little bit different but not entirely. Stress-strain relation
according to the Eurocode are showed in Figure B.0.2.

le

)
o
(o]
o
o

Ny

(a) Section

(b) Forces/stress blocks (c) Strains

Figure B.0.2 Stress-strain relation as used in the Eurocode

The following parameters are used:

Table 17 variables and corresponding units used in the Eurocode to determine the bending moment resistance of

a reinforced concrete beam.

variable unit definition

b mm width of the cross-section

d mm effective depth of the cross-section

d' mm effective depth of the top reinforcement

As' mmA”2 cross-sectional area of the top reinforcement

As mm~2 cross-sectional area of the bottom reinforcement
B - ratio= 0,39

Es N/mmA2 | youngs'modulus of the reinforcement steel

€S - strain in the bottom reinforcement

X mm depth of the concrete compressive zone

fav N/mmA2 | averaged stress in the concrete compressive zone above the neutral axis
fyk N/mm?2 | characteristic yield strength

Vs - partial factor yield strength

€'s - strain in the top reinforcement

ecu2 - maximum strain at the top of the cross-section

With this information given in Table 17 one could derive the formula for the bending moment
capacity in the ULS. To start off the strain distribution.

From the strain distribution:

= (15)
E; =& * -
S cu2 x (B.14)

The next step in finding out what the maximum moment capacity is of the cross-section, the
internal forces need to be calculated.
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F,=fay*bx*x

dl
F;_’ =A;*ES*£;. =A;*Es*€cu2*<1_;> (B.15)
Fszfy—k*As
Vs

With horizontal equilibrium an equation can be derived to find an expression for the height of
the concrete compressive zone.

FE+F—-F=0 (B.16)

Now substitute the known expressions.

d/
b + AL+ E 1——)|——%xA4.=0
fav * b xx s ¥ Lbg* Ecyz *< x) Ve * Ag (B.17)

The formula can be rewritten in the form of a quadratic equation.

I fyk
xz+<A5*Es*fwz‘Ts*As)*x_d'*A;*Es*em o
Jav * b fav * b (B.18)

This quadratic formula can be solve using the ABC-formula which gives two possible
answers. Please note that the value of x has to be in the range of (0-0.6] times h, otherwise
the bottom reinforcement is not yielding. Therefore there is only one solution to this formula.

A=1
(A;*Es*gcuz_&*/ls)
B = Vs
fav * b
C = _d,*A’s*Es * Ecu2 (8.19)
fav * b

_ —B+VB?—4xAxC

X 2+ A

With this information the maximum moment capacity of the cross-section can almost be
calculated. But first, one check has to be done. The check whether or not the top

reinforcement is yielding or not.
dl
Ecuz * (1__> Zi
X s * Es (B.20)

If this is true then:
FE+F —FK=0 (B.21)

Gives:



Ty _

fav*b*x_(As_A;)* 0
, s B.22
_ U= 4D fk (®:22
fav *b )/S
And finally:
Myp = fan b s (d— B o) + AL« 2w (d — "
Vs (B.23)
And if:
a fyk
£ *|1—— <
e < x> Vs * Eg (8.24)
Then:
dl
Mgp :fav*b*x*(d_ﬂ*x)‘l'A;*Es*gcu2*<1__>*(d_d,)
X (B.25)

The different parameters which are used in the two calculations make it confusing to
understand both. The parameter h, in Monnier his assumption, is call d in the Eurocode
calculation. Also, the units as mentioned before are different. The resemblance between both
calculations is that both procedures have a conditional statement, whether or not the top
reinforcement is yielding. It is also striking that both expression look very similar in their final
form.

The Eurocode expression for the maximum moment capacity has two partial factors in it.
These factors will be set equal to one when the reliability calculation will be done. The
expression with respect to the allowable stress level in the concrete and the steel are
therefore set equal to the characteristic values. The partial factors are a result of a Level |
reliability calculation, in this thesis the goal is to perform a Level Il or Level Il reliability
calculation. During the reliability calculations the reliability will be expressed into a beta
value, the normal inverse of the probability of failure. When this assumption is done, one
could prove that the two expressions (Monnier’s expression and the Eurocode expression for
the bending moment capacity) give the same result when:

2 !
Jav = 3 * Obu (B.26)

And
=3 (B.27)

In the Eurocode is a parameter beta (this is not the reliability value of beta) given as
approximately f = 0.39 and f,, = 0.69 * g4 which stated that Monnier’s and the Eurocode




96

expressions are very close to each other. For the convenience of the rest of the thesis, from
this point on the Eurocode expression will be used.

The evaluation of the analytical model is done in the following way: Firstly, the expression
introduced at the top of this page is used to determine the maximum moment capacity of the
cross-section. Moreover, not only the bending, also shear is briefly touched upon. It is done
to show that in this specific case shear is not the most probable failure mechanism.
Secondly, the geometry of the beam is evaluated. With the given load case one could
determine where the maximum bending moment will occur, when the load is increased.
Thereafter, the maximum bending moment in the structure can be expressed in terms of the
load on the structure. This relation is calculated by making use of the theory of plasticity.
Thirdly, the same procedure is done for the maximum shear load. The highest shear force
value in the structure can be expressed in terms of the load solicited on the structure. Finally,
When there are expressions for both the maximum bending moment and the maximum shear
force in terms of the same variable (the force acting on the structure), they can be compared.
This comparison will be done in the next paragraph.

In order to prove that shear has very little influence on the failure mode of this specific beam,
the conservative Eurocode expression for shear is used. The goal is not to use a very
realistic formulation for the shear behaviour, but the target is to show that bending is the
main failure mode. Shear failure in concrete is a very complex process. This is not the main
focus of the thesis and therefore this approach is taken. For bending the expression of the
Eurocode without partial factors is used and for shear the Eurocode expression with partial
factors is used.



B.2. Shear force capacity formulas
The shear formulation of the Eurocode NEN-EN 1990 is as follows.

The maximum allowable shear force in a structure with shear reinforcement is:

fck>*fc_k

Ved, o, = 1.0*b*(d—d)*0.6*(1—250 15 (8.28)

The maximum allowable shear force in a structure without shear reinforcement is:

1
Vea, =012 % k = (100 % p; * fy )3 * b+ d

200 (8.29)
k= m1n(1 + T,Z)

— -3
Vequivatent = maX(Vrdmax' Vrdc) *10 (B.30)

And

This design formula (B.29) for concrete beams without shear reinforcement is empirical
derived from experiments which are done in 1995 by Kénig and Fischer. From the data
gathered in the experiment the 0.12 value in formula (4.3) was found. They started off with
equation (B.31). This expression consists of four variables from which one is prescribed as
an uncertainty parameter. This stochastic parameter has a probability density function with
corresponding mean value and standard deviation. The formula for the shear resistance for

concrete cross-sections without shear reinforcement stems from the following configuration:
1

11
Vi, =cx&x (100 p)3 = f3 (B.31)

In this formula:

¢ is the same as the variable k introduced in the design formulas
p; is the longitudinal reinforcement density

fcis the concrete compressive strength

¢ is an uncertainty factor

As introduced earlier (Koénig and Fischer 1995) has done an investigation to the behaviour of
concrete beams without shear reinforcement together with Fischer. They tested 176 beams
with different concrete compressive strengths (varying from 20 Mpa to 110 Mpa). As a matter
of fact, this investigation has covered a lot of information in different situations. Therefore, the
results of this investigations are used in this thesis. (Konig and Fischer) aspire to find the
behaviour of the uncertainty factor c. In the Eurocode and Model Code, the numerical value
for the uncertainty factor is 0.12. Moreover, this is result of the work done by Kénig and Fischer.

They have found a distribution which approximately matches the behaviour of the uncertainty
factor. They transformed the formula into the following form which consists of random

variables.
1

c 1 3
Vu = E‘f * (100 * pl)3 * fc?;n (B.32)

In which:
c IS a scalar
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z is a lognormal random variable
fem IS @ lognormal random variable

They found a value for c equal to 0.15 and for normal strength concrete (<60MPa according to
Konig and Fischer) the z values are as follows:

p, = 0.92
o, =0.12

These values in combination with eq. (B.32) will be used in chapter 4 to determine the shear
capacity of the beam.

All the expressions necessary to determine the maximum resistances in the different failure
modes are known. The next step is to set up an expression for failure in bending in terms of
the maximum bending moment. Note that the bending moment capacity for the field moment
and the support moment have different values but, there is taken care of later on. In the
previous chapter is shown that when the maximum shear force is exceeded anywhere in the
structure, failure occurs immediately. However, for bending failure this is slightly more
complicated.

To start off, the expression for the maximum shear force occurring in the structure is derived.

Starting with an elastic situation in which symmetry is assumed, the shear force distribution
can be derived quite easily.

Fp Fp Fp Fp

A A A

gl . L(1-2a) = g al . L{1-2q) al

3

Figure B.0.3 geometry of the structure

In Figure B.0.3 geometry of the structure, one could see that the structure has a clear
symmetry. In order to make use of this simplification, half of the structure is removed and the
one of the supports should be replaced by a clamped end. In Figure B.0.4 the structure after
making use of symmetry, it is visible that there is chosen to just look at the left hand side of
the structure.
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al . L(1-20) al

Figure B.0.4 the structure after making use of symmetry

Now the simplification is done, the shear force distribution can be drawn. In Figure B.0.5
shear force distribution of the structure, the values of the shear force in the specific parts of
the structure. Please note that in theory it is not known on beforehand whether the line
between two external forces is above or under the zero line. However, it will be proven later
on that the line between the external forces is drawn on the correct side. Furthermore, since
both of the external forces have the same value, the maximum shear force is equal to the
reaction force in point B.

Fp Fp

B
E

ab . L{2a) . o

A
A

Bv

Bv-Fp I

Av

Figure B.0.5 shear force distribution of the structure

Since there still has to be dealt with a statically indeterminate structure, therefore is made
use of the “forget me nots”. By using these formulas, the force flow can be determined
entirely. The requirement chosen to use is the deflection in point A has to be zero. This
means that the support in point A will be replaced by a force which is denoted as Av (Figure
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B.0.6 support of A replaced by a force). The magnitude of Av needs to have a value which
satisfice the requirement of zero displacement in A.

Fp Fp

A
T alL L(1-20) aL
Av

Figure B.0.6 support of A replaced by a force

B
E

The formulation for the deflection in point A is as follows:

5. = A, * L3 (Ey+L3{a® + (1 - a)?)}
AT 3%El 3+El
Fp*L3{a2*(1—a)+(1—a)2*a}> B
+ =0
2+ FEI (B.33)
This expression can be rewritten as an equation for Av, namely.
Fp 3 3 2 2
sz?*{Z*(cx +(1-a))+3*x(@*A—-a)+(1—-a)**a)}
A =i*{3*a2—3*a+2}
vo2 (B.34)
This automatically means that:
B,=2xFE,—A =i*{6—3*a2—3*a}
v D v 2 (B.35)
Thus the maximum shear force that occurs in the structure is:
Vinax = max(|4,|, |Byl) (B.36)

Now the maximum value of the force that occurs in the structure is known and the Eurocode
expression is introduced, the next step can be taken. One could now derive an expression
for the maximum force allowed on the structure before failure occurs. The V equivalent is
now replaced by the Vu from the experiment introduced earlier.
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A quick summary of the two formulas that are derived:

Vequivalent =W (B.37)

And

Vinax = max(lAvl' |Bv|) (B.38)

For the maximum load the following condition holds:

Vequivalent = Vinax (B.39)

Note that both Av and Bv are functions of the Fp in which the final function has to be
expressed. When a closer look is taken on the expressions for Av and Bv is taken one could
Vmax write in a different form.

E 2
Av=?*{3*a —3xa+ 2}

F
B,,=7p*{6—3*a2—3*a}

Vinax = max(|4,], |By]) (B.40)

Thus:

E
Vinax = ?p *+max(|{3*a*—3*a+2},[{6 -3 +a*—-3x*a}|) (B.41)

Therefore it could be said that:

2
quivalent * max(|{3*a? —3*xa+2}|,|{6 —3*a?—3*a} (B.42)

E, =V,
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C. Case study reliability
calculation without redistribution
of forces

C.1. Semi-probabilistic calculation of the structure’s analytical
model

Keeping the assumptions discussed paragraph 4.1.1 in mind, with the Eurocode the cross-
sectional resistance can be calculated. Using Appendix B.1 once again, the described
procedure can be followed:

First the height of the concrete compressive zone is calculated. Within this calculation there is
assumed that the reinforcement steel in the compressive zone is yielding.

As — A
Xy = IV s (C.43)
Ys faw*Db
This assumption is checked in eq. (C.44).
’ a fyk
€5 2 €5y © Ecuz * (11— Z) > - (C.44)

When inequality (C.44) holds the design moment capacity can be calculated in the following
way:

Mrd=Fc*(d_ﬂu*xu)+F:9,*(d_d,)

F, = fap *b*xy (C.45)
i

FI
* Vs

* A'S
However, when the inequality does not hold, the design moment capacity has to be determined

by making use of the strain compatibility method. The method is consisting of the following
equations to determine the internal forces:

F. = f,,*b=*x, (C.46)

F{ = Es * & * Ag
d’ C.47
g.;:gcuz*(l__) ( )

Xy

Using horizontal equilibrium of force gives expression (4.20). Thereafter equation(4.18) and
(4.19) can be substituted.
Fe+ K =k
(C.48)



f Yk
— %

fav*b*xu+Es*gé*A{5= A
Vs
fav*b*xa"*_(Es*gcuZ*A;_f;/k*As)*xu_d,*Es*gcuZ*A’s=0
S

Solving the quadratic equation for x by using the ABC-formula. It turns out that there is only
one physically possible answer:

fav * b (fav * b)? (C.49)

2
ok
(ES*EC”Z*AS_W*AS +4—*d’*ES*sm2*A;

(Es*scuZ*A;_f}Zk*As>
2% fau b * 2

Xy = —

With this value for height of the concrete compressive zone the last step can be made. The
cross-sectional moment capacity is calculated by using eq. (4.22).

Mrd :Fc*(d_ﬁu*xu)+1:'s,*(d_d’) (C-50)

To see what the recommendations of the Eurocode are, the numerical values are filled in. The
Eurocode makes use of the characteristic values of the stochastic variables. For the resistance
part of the limit state function this characteristic value is the 5-quantile of the probability density
function. The characteristic value of the solicitation part of the limit state function is the 95-
guantile of the probability density function of its variable.

Using the information state above, the height of the concrete compressive zone is calculated.
First with the assumption that the reinforcement steel in the compressive zone is yielding.

391.6 3122
*u= 715 "06+0.69 2328 » 150

= 26.6[mm]

With this height of the concrete compressive zone, the assumption of the yielding
reinforcement in the compressive zone can be checked.

3510~ x (1 -2ty 5 3917
5x * —
(1~266) * 15+ 199+ 107

34x107%>17%1073

The assumption was not correct, and the strain compatibility method needs to be used. Thus:

(1.73 * 3.5 % 103 *%*TL’* 122 — 319_:1156*§*TL’* 122)

2% 0.69 % 0.6 x 23.28 * 150

X, =—

= 38.64 [mm)]

2
1.73*3.5*103*%*11*122—%*%*nuzz 24-*1.73*3.5*103*%*11*122
+ 4% 0.69 % 0.6 * 23.28 * 150 + 0.69 * 0.6 * 23.28 * 150

Now the height of the compressive zone is known, the magnitude of the internal forces can be
calculated. Thereafter the design bending moment resistance can be determined.

F, = 0.6 * 0.69 * 23.28 * 150 * 38.64 = 55.8 * 103 [N]
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F/ =173 3.5 (1 24) 2 122 =599« 103 [N
= * 3.0 % — * — % * = O x
s 3664) 4 V]

M,4; = 55.8 x 103 % (236 — 0.39 * 28.95) + 59.9 * 103 * (236 — 24) = 25.0 * 10° [Nmm]

For statically determinate structures this would be the end of the design resistance calculation
with respect to bending failure. However, in this thesis must be dealt with statically
indeterminate structures. As explained earlier, plastic hinges can develop in the structure and
by allowing more deformation. The force on the structure can be increased further. In the
Eurocode this is partly allowed, in paragraph 4.3.3 the moment reduction will be calculated.
Before this calculation will be executed, rotation capacity must be checked. It turns out that
there is no moment reduction possible.

M,q = Mg, (C.51)

With linear elastic theory, the maximum hogging moment can be translated to a deterministic
load. Figure 2.10 forget me nots; simply supported beam with a moment acting at one side
and simply supported beam with one vertical point at distance ‘a’ from the left-hand side.),
gives the tools to do this. Together with Figure 2.12 and Figure 2.13 in which the use of the
forget-me-nots is shown graphically, the following derivation can be done:

Mgp x1 _ E, = [? a_, a?> a* a a®
3+E1 6+E \"TT ETEIITE
a=1l+x1-a)
(C.52)
2x Mgp

E =
Po3xls(1—-a)*a

E, = 34.8[kN]



C.2. Full-probabilistic calculation of the structure’s analytical
model

The full-probabilistic calculation methods (level Ill) in this appendix is basically the same as
done in paragraph 4.4. The limit state functions used are slightly. The full-probabilistic
calculation procedure “explicit calculation” is still used. This method is the least time-
consuming method and therefor preferred. It consists of one single expression to calculate the
reliability index, equation (C.53). Within this procedure there is assumed that the stochastic
variables of the limit state function are independent and normal distributed. Under these
assumptions the reliability index can be calculated in the following way:

g = w(Z)
T o(2) (C.53)
And thus, the probability of failure:
P(F) = ®(=p) (C.54)

The limit state functions and the properties of the random variables are known. Moreover, the
force parameter F, is still assumed to be deterministic. Also, the correlation between the
bending moment resistance is assumed to be independent of each other. The reason for this
is: one bending moment is resistance of a negative (field) moment and the other bending
moment is the resistance of a positive (support) moment. Thus, these moment resistances are
completely different from each other.

Let us now recall the necessary information before moving on to the calculations. As mentioned
in the paragraph 2.4.1. there are three possible failure mechanisms within the assumptions in
this thesis. Table 1 limit state functions of the failure mechanisms) on page 17 has given all
the information about the three limit state functions. In paragraph 4.2.2 a Monte Carlo
simulation is done to find out what the distribution is of the moment resistance. In the remark
is explained that because of time reduction is chosen for an approximation of the moment
resistance of the cross-section. The mean value and standard deviation of the resistance of
the plastic hinges is approached by:

Um, = 31.85
Oy, = 1.61
Oym
Vy = —==0.05
M g

And

H, = 21.23
om, = 1.07

_ oy _
Vy = —L = 0.05
.qu

Another point of attention, the value of the external force on the structure is assumed to be
deterministic. This means that the standard deviation of the force is equal to zero. The
difference however is that the value for lambda has changed.
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Derivation of the design load:

Table 18 and Table 19 present the mean values and standard deviations of the three limit
state functions. With this information the reliability index can be calculated according
equation (C.51). The result is presented, together with the numerical evaluation in Table 20
deterministic value of failure load of all possible failure mechanisms

Table 18 mean values of the limit state functions

Case: Mean value:
1 @ (a+/1> £ ] ( 1 )
= | —m— | — * *
K Hus *\T "4 R e
2 1—a+ 1 1
W(Z) = pp, * (—a )—Fp * al * (E)
3 7 (a—a*/1+/1) E ]
= | —mmm—mov—) — *
|J-( ) .uMS 1—2+xq 14 a
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Table 19 standard deviations of the limit state functions

Case: Standard deviation:
2 2
1 U(Z)ZZ(MMS*(lfa) *VM) +(#Mf*(1 +%) *VM)
2 —a 2 1 2
0@ = ) o ) o)
3 o(Z)? = (.UMs * (ﬁ) * VM)Z + (#Mf * (1 + ﬁ) * VM)Z

Table 20 deterministic value of failure load of all possible failure mechanisms

Case Deterministic Fp

1 1
Fp*al*<1—a)=

:MS*(‘lxji)—ﬁ*((Ms*(lfa) “ Vi)

E,*1.2=53.08 - § * 1.96

2 1
F, + al (-):
» *al* p

F, » 2.00 = 109.69 — g * 3.91

3 Fp*ozl=

a—a*xA+ A1
=MS*<—)— *

1-2x*x«

E, *0.75 = 100.84 — f * 3.60

(0o g =) + (e (147=50) =)

1/2

Finally, with the information obtained from Table 21, the deterministic failure load in the three
different cases can be determined. There is chosen to show the deterministic failure load in

case of a consequence class 2 and a service period of 50 years (8 = 3.8). The following

design load can be calculated:

Table 21: deterministic numerical value of the full-probabilistic calculation procedure for a consequence class 2

and a service period of 50 years.

Case Deterministic F,
1 F, =38.01 kN
2 F, =47.41kN
3 F, = 116.22 kN
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