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ARTICLE INFO ABSTRACT

MSC: To model the moisture transport in soil and to better understand physics underneath, we study
35Q86 a boundary value problem for a nonlinear hyperbolic PDE. Using a constructive method for
35G30 approximation of solutions of the problem, we derive sufficient conditions for existence and
35C15

uniqueness of its regular solutions and show that these solutions satisfy the sign-preserving
inequalities. Additionally, we prove a comparison theorem and a theorem about differential
Keywords: inequalities, and derive an posteriori error of the method. Theoretical results are validated on

Nonlinear hyperbolic PDE an illustrative numerical example.
Nonlocal boundary conditions

Sub- and supersolutions
Moisture transport in soils
Double porosity medium

35B05

1. Introduction

Water transport in soils plays an important role in agriculture and is highly impacted by the climate change. Due to high
temperatures, lack of rainfalls and high evaporation rates, an unsaturated ground layer increases and hinders the necessary in-
depth water penetration. This has drastic consequences for quality and quantity of the harvest, specially for countries which Gross
Domestic Product (GDP) strongly depends on exports of the agricultural products.

To model the undersurface water transport through a porous medium (such as soil) and to better understand the physics
underneath, mathematicians and hydrologists use evolution equations described in terms of time-space PDEs [1-5]. Literature
overview shows a broad range of models that are successfully applied to describe such processes. Among them one should name
fractional models for saturated and unsaturated soils (see [6]), models based on Richard’s equations (see discussions in [7-9]) and those
that are described by a scalar hyperbolic PDE of the form

m(t, x)DPut, x) + at, x)DIVut, x) + d(t, x)DOVu(t, x) + nt, x)DOu(t, x) + at, x) D Ou(t, x) + b(t, x)u(t, x) = g(1, x), 1)

where coefficients m(t, x), a(t,x), d(t,x), n(t,x), a(t,x) and b(t,x) are continuous functions in a given bounded domain D € R?.
The last equation is also applied to describe, among others, fluid infiltration in a double porosity medium and heat transport in a
heterogeneous frame, and was analyzed in [10-12].

Since most of the aforementioned models are nonlinear, and thus, in general cannot be solved exactly, it is wise to develop
iterative techniques that enable construction of sequences of approximate solutions to the problems (analytically or numerically).
Indeed, the most commonly used methods are the numerical techniques (see [13-16]), which under a chosen initial data set allow
visualization of approximate solutions and analysis of their qualitative behavior. However, the downside of these algorithms is in
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their computational cost (which increases with the higher degree of nonlinearity of the model) and availability of measurements
for validation. Also the initial guess for simulations might occur to be misleading.

An alternative to numerical methods are analytical methods that allow construction of approximate solutions symbolically (see
results in [17-20]). The main advantage of these techniques over numerical ones is their coupling with the solvability analysis of
the studied initial or boundary value problems (BVPs), improved computational cost and independence of the experimental data
for validation. Thus, knowing that the problem under investigation (even being highly nonlinear) has a unique solution, one can
construct a sequence of approximations that reflects behavior of the exact solution.

Here one should highlight one particular method belonging to the analytical family, the sub- and supersolutions method (sometimes
also referred to as upper and lower solutions), that has already proven its efficiency in analysis and approximation of solutions to the
BVPs for ordinary and partial differential equations (see results in [17,18,20-24]). For example, in [20] authors apply it to study
problems with local and non-local boundary constraints for the following nonlinear PDE:

DU Du(r, x) = £ (t,x,ut, x), DIOu(t, x), DOVu(t, x), DM Du(t, x), DO?u(, x)). (@)

Under certain assumptions, made about the right hand-side of Eq. (2) and about the domain of solutions D, the authors prove
sufficient conditions on existence and uniqueness of solutions and show that these solutions satisfy a sign-preserving property.
Moreover, authors obtain an a posteriori error of the method and present an approach to accelerate convergence of the constructed
iteration scheme.

All these results have motivated us to further investigate applicability of this approach and to present our findings. The layout
of the paper is the following. In Section 2 we introduce the problem setting and give some auxiliary statements and definitions.
Section 3 is devoted to construction of the alternating sequences of sub- and supersolutions of the studied problem. A combination
of these sequences determines approximate and exact solutions of the problem and is used to prove the main result of the paper;
see Section 4. Finally, using an illustrative example, we demonstrate a possible simplification and optimization of the algorithm,
where only one of the sequences (in our case, a sequence of subsolutions) completely determines the exact solution of the given
BVP. Results of our computations are presented in Section 5.

2. Problem setting and auxiliary statements

Consider a semilinear hyperbolic PDE:

Ly u(t,x) 1= D"Pu(t, x) = ay (1, ODODu(t, x) + ay(t, x)DMVu(t, x) = £ (¢, x, u(t, x), D Ou(t, x), DOVu(t, x)) = f [ut, x)], 3)
subject to boundary constraints of the form:
u(0,x) = T(x), x € [0,4d],
DODu(t,0) = w (@), ()
t€[0,b],
u(t, a) = (1),

where D®u : Dy — D, CR (k = (k;.k5), K, = 0,1,2;x; = 0, 1) stands for the mixed-order partial derivative of a function u(t, x) with
respect to its arguments, with

Dy ={@x)|1t€0,b),x€ 0,0},
and the right hand-side function f is such that f : B - R, with

B=Dyx [[ D, c R, x +x,<2.

K1,k

We aim for finding solutions of the BVP (3), (4) in the functional space C*(Dy) := C'2(D,) n C(Dy) using the sup- and supersolutions
method (see [20,21]).
Throughout the paper we assume that

T(x) € C?[0,a], $@), w() € C'[0,b], 0<a(t,x) e COD(Dy), ayt,x) € CTO(Dy),

T'(0) = y(0), T(a)=¢(0), (5)

and that the right hand-side of the PDE (3) is such that f [u(r,x)] € C (B).

Lemma 1. Let a,(t,x) € COD(Dy),a,(t, x) € C19(D) and

—D(O‘l)al(t, X) = D("O)az(t, x). 6)
Then BVP (3), (4) and the integro-differential equation

u(t,x) = @(t,x) + T Flu(n, {)] )
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are equivalent, where

x t x t 0
D(t, x) ::¢(t)+/ T (&)exp (/ a,(n,f)dn) d§—T’(O)/ exp </ a,(r,&)dr+ +/ a, (0, T)d’[’) dé+
a 0 a 0 &
x 0
+u/(t)/ </ ay(t, r)d‘r) dé,
a \Je

X t &
T Flu(n, )] Z=/ /0/0K(t,é;rl,C)F[M(W,C)]dé“dndé,

Flu(t,x)] := flu, x)] + [D(O‘”al(l, x) + ay(t, x)a, (2, x)] D(O'l)u(t, X),

! ¢
K(t,x;n,&) :=exp </ a|(r,x)dr +/ az(n,f)d‘r) .
n x

Proof. Consider BVP (3), (4): integrating differential Eq. (3) and incorporating boundary constraints (4) we obtain integral Eq. (7).
This means that if u(z, x) is a solution of the BVP (3), (4), then it is also a solution to the integral Eq. (7).

On the other hand, let u(7, x) solve integral Eq. (7). Differentiating it and taking into account assumption (6), we derive that this
function also solves BVP (3), (4).

Hence (3), (4) and (7) are equivalent. []

Note, that function @(t, x) is in C*(BO), which is easy to check using the definition of continuity of a multivariable function
(see [25]), and it also satisfies conditions (4). Thus, we introduce an ansatz

z(t,x) 1= u(t,x) — @(t, x)

and re-write the original BVP (3), (4) as a problem with homogeneous boundary restrictions. Without loss of generality we set
T(x)=0, y(®)=¢1) =0,

and write the integro—differential Eq. (7) as

u(t, x) = T Flu(n, O] ®

Definition 1. We say that Flu(t,x)] € Ci* (B), if it satisfies the following conditions (see [26]):
1. Flu(t.x)] € C(B); o o
2. in the functional space C(B,), B, € RS, Pr,,, B, = D, there exists a function
H (t,x,u(t, %), D"u(t, x), DODu(t, x); v(t, x), DMV u(t, x), DOV, x)) = Hlu(t, x); v(t, x)],
such that

(@) Hlu@t,x);ut,x)] = Flu@,x)]; _
(b) for an arbitrary pair of functions &(t, x), i(t, x) € B; from the space C*1*2)(Dy) that satisfy conditions:
DEL*D) [o(t, x) — B(t, x)| 2 ()0, 5, =0, I;5, = 1(x, = 0),
K| +Kky <2,(t,x) € BO,
an inequality holds:

H [0(1,x); 5(t, )| — H [8(1, x); 5(t, x)] <0; 9)

3. function H [u(t, x); v(t, x)] satisfies Lipschitz condition in the domain B, i.e., for all functions u,(t,x),v,(t,x) € B, C C*(Dy)
(r = 1,2) it holds that
‘H [“1 (. x); uy (2, X)] -H [U] (1, x); vy (t, x)] )
2
<L Y (W] + [P1OW 0| + DO x) ).
r=1

where W,(t,x) :=u,(t,x) — v,(t,x), and ::)L is the Lipschitz constant.

Clearly, if Flu(t,x)] € C(B), then it has bounded first-order partial derivatives with respect to all of its arguments, starting from the
third one, and thus, F[u(t,x)] € C;‘(B) (see discussion in [2]). The inverse statement is not true.

3
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3. Alternating sub- and supersolutions method

In this section we show how a suitable modification of the sub- and supersolutions method can contribute to construction of
approximate solutions to the studied BVP (3), (4), and how it can be improved to reduce the computational cost of the method
itself.

Let functions z,(t, %), U, (1, x) € C;‘(BO) (p € Ny) be defined in the domain El, and let us introduce the following notations:

W,(t,%) i=  z,(t,x) — v,(1, %), (10)
fPx) = H [z,(t,%);0,(t,%)]
L% = H [v,(t,x);2,(,%)]

@P(1,x) 1= fox SP(t, 9K, x;1,8)dE,
w,(t,x) 1= /Ox Fpt, OK (1, x;1,6)dE,
a,(t,x) 1= DUz (1, x) — a) (1, )DOV 2,1, x) — (1, %), an
11
By(t.x) 1= D'Vu,(1,x) = ay (1, YDV, (1, x) — @, (1. ),
for all (r,x) € 50.

Next, we construct sequences of sub- and supersolutions {z,(t, )}, {v,(1. %)} according to the corresponding recursive formulas:
Zpe(t,x) = TfP(@n,0),
Upr1(t.x) = Tf,(n.0).

Here functions of the zeroth approximation z,(z, x), vy(t, x) € C(“)(BO), which are defined in El, are chosen to satisfy the following
sign inequalities [15]:

(t.x) € Dy. 12)

ay(t,x) 20, fo(t,x) <0, DEFIW(t,x) > (<) 0, (13)
where (1,x) € Dy, k1 =0,1; iy = 1 (ky = 0) iy + K < 2.

Definition 2. We call functions z,(z, x), vy(t, x) € C-D(D,), defined in the domain B, and satisfying conditions (4), (5) and (13),
comparison functions of the BVP (3), (4).

The following lemma is true.
Lemma 2. Assume that Flu(t,x)] € CT(E). Moreover, let integro-differential Eq. (7) have a solution u(t,x) in the functional space
Cx1°(Dyy), such that for all (1,x) € Dy and k; = 0,1; ky = 1 (ky = 0), & + k, < 2, inequalities hold:
DXy (1, x) < (2)D*T*u(t, x) < (2)DX1* 241, x). (14

Then in the domain B, sign inequalities (13) are satisfied.

Proof. Indeed, setting p = 0 in (10) and (13) we obtain that WO(K"KZ)(I, x) > (<) 0 and
ap(t,x) = DD [z29(1, %) = u(t, x)| = a; (6, )DOD [zo(1, %) — u(t, )| = [w(t,x) — w(t, x)] .
In view of the boundary conditions (4) and inequalities (14), this yields to
I(t,x) := DOV [Zo(t, x) — u(t, x)] = /0’ [ao(n, x) + w(n, x) — w(y, x)] X exp </' a(t, x)dr) dn >0
n
for all (z,x) € 50.
It is easy to check that 7(0,x) = 0 and
DUz, x) = DD [24(t, x) — u(t, x)] >0,
which results in the sign inequalities of the form:

ay(n, x) + &®(n, x) — w(n,x) > 0,

ay(t, x) > (w(t, x) — @°(t, X)) > 0.

Using a similar approach we can prove that f,(t, x) <0, for all (z,x) € BO.
Next, from the recursive formulas (12) it follows that
DUz, (1, %) — a(t, )DOVz,, (1, x) = &(1, X),

DUDy 4 (1,%) = a,(6,)DODy, (1, %) = 0,1, ).
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Hence, notations (11) and expressions (12) yield to systems of relations:

@1 (1, %) = @P(t, %) — 0P (1, X),

(15)
Bpr1 (1. %) = 0,(1, %) — @, (1, %);
a,(t,x) = DUV [2,(8, %) = 2,4, (1, )] — a, (6, )DOD [2,(1, %) = 2,4, (1, ¥)] .
(16)
B,(t,x) = DUV [0,(t, %) = 0,4, (t, )] = a;(t, )DOD [0, (1, %) = 0,4, . %)] 5
W@, x)=T [£2@.0) —f,,(mC)] )
17
DUDW, (1, x) — a; (1, ODOVW, (1, %) = 0P (1, X) — w, (1, X);
Db [sz(t, x) — v,(t, x)] —a(, x)DO-D [sz(I, x) — v,(t, x)] = af(t,x) — 0, (1, x), (18)
DD [z2,(t,x) = vy, (1. 0] = a1, 0D [2,(1, %) = 0,41 (1. 0)] = @71 (1, %) = w, (8. %)
Taking into account the first condition in (4), from equality (16) we derive:
DOD [zp(t, X) = 2,411, x)] = /;)’ ay(n, X)exp (fn[ a(r, x)d'r) dn, 19
DOD [Up(h X) = U, (. x)] = /0’ B,(n, x)exp (/ﬂ' ay(z, x)dr) dn,
wherefrom for p = 0 and using relations (13) it follows that
DOD [Zo(f’ x) —z,(t, X)] >0,
DOD [py(t,x) — v, (1, %)] 0.
By integrating these inequalities with respect to the x variable over the interval from x to a, we obtain:
zo(t,x) — z;(1,x) < 0,
vo(t,x) — vy(t,x) > 0.
Thus,
pU-D [zo(t, x) — zy(t, x)] =ay(t, x) +a(, x)DOD [zo(t, x) —z(t, x)] >0,
what leads to the conclusion that
DO [z4(t, x) — 2, (1,x)] <0,
DO [UO(I, x) — v (t, x)] > 0.
Similarly from (17) for p = 0 we derive the sign inequalities
D& Wy (1,x) < (2)0,
where k; =0,1; K, =1 (k; =0) K + K, <2.
Assume now that conditions
DEIR2Dyy(t, x) < (2)DE1R2)z, (1, x), (20)

D12 z(8, x) > (L)DET*Dp, (1, x)
hold. Then from the previous estimates we get that

DEIR2py(t, x) < (2)DE142) 2, (1, %) < (2)DE1¥) (1, x) < (2)D*1*2) 24 (8, x).
But then the recursive relation (15) for p = 0 results in

a,(t,x) = 0'(t,x) — ©' (1, x) < 0,

B1(t,x) = wy(t, x) — 0 (t,x) 2 0,

which means that z,(z, x), v, (¢, x) € El, and that they are the comparison functions if inequalities (20) are satisfied.
By repeating the aforementioned analysis, from (17), (19) for p = 1 we derive the inequalities:
DE1KD) [7,(1,x) = 2,(t, x)] < (2) 0,
DE1R2) [uy (1, x) = 0y(t, X)] 2 (L) 0,
DERIWy (1, x) 2 () 0,

forx; =0,1; k=1 (k, =0) K + Kk, <2.
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Next, from (18) for p =1 it follows that
DOD [zz(t, x) — v (t, x)] = /(; [a)'(n, x) — w1, x)] exp (fnt a,(r, x)d'r) dn <0,
DD [2,(t,x) = 0503 = [ [°01. %) — 0, (1. )] exp (/n’ ay(z, x)dr) dn <0,
and thus,
DAy (t, x) < (2)DFI 2, (1, x) < ()DX* 0y (1, %) < (2) < (2)DFIzy(1, x) < (2)DEp, (1, x) < (2)D®12) 74 (2, %),

fork; =0,1; k=1 (k; =0) k] + k5 <2.
On the other hand, from formulas (15) for p = 1 we conclude that

a(t,x) 20, pr(t,x) <0.

Using method of mathematical induction we prove that for all (7, x) € Dy and k; = 0,1; x, = 1 (x; = 0) k; +x;, < 2 the inequalities
(1, %) 2 0, a1 (8, %) <0, fpy(t,x) <0, Py, %) 20,

DEDuy (1, x) < R)DE142) 2,1 (1, %) < (2)DETD 0y, 5 (1, X) C2Y)
S @)DEIRIzy 5 (1, x) < (2D g, (1 %) < (2)DE152) 25,8, X)
are satisfied. [

Results of Lemmas 1 and 2 yield the following theorem:

Theorem 1. Let Flu(t,x)] € C,(B), 0 < a,(t,x) € COD(Dy), a,(1,x) € C1O(D,) and assume that condition (6) holds.
Then functions z,(t, ), v,(t, x) € C*(Dy), constructed according to the scheme (12), (13) under constraints (20), satisfy inequalities (21)
in the domain By, for all (t,x) € D, and p € N.

4. Main results
4.1. Comparison functions for the nonlocal BVP (3), (4)

In this section we demonstrate, how one can find the comparison functions to the BVP (3), (4).
Assume that h(z, x) is an arbitrary function from the space C*(D,)), defined in the domain B, and denote by u*(z, x) a function of
the form:

u*(t,x) = TF[h(n, {)].
It is easy to see that u*(t,x) € C*(BO) and that it satisfies restrictions (4). Let us also introduce a function a*(z, x) such that

o (t, x) := DIV, x) — a(, )DOVy*(t, x) — 0™ (¢, x),
where

x ¢
w*(t,x) = / Flu*(t,&)]exp (/ a(t, r)d‘r) dé.
0 x

Then
w6 x) = TR 0,01 = [ fy a* (. Oexp [ ay(z.£)dt ) dnde.

We want to show that
20030 = w e, = [ fy 1Ol exp (/) ay(z.O)dr ) dnde,
vyt %) = u*(t,x) + [ /0’ la*(n, )| exp (/ﬂt a(z, §)dr) dndé

are comparison functions for the BVP (3), (4). For this purpose we are going to simply use Definition 2. Indeed, functions (22)
satisfy boundary conditions (4) and are defined in the functional space C*(D,). At the same time relations hold:

Wox)= =2/ [l (. Ol exp ([, a(r.&)de) dndg <0,

(22)

DOOWya 0 = 2 fy la* (0l exp () ay(r.0dr ) dn 20,
DUOWy(t,x) = =2 [ a6, O dE =2 [} [“a(t,8) (1, &) X exp (/ﬂ’ al(‘r,cf)d‘r) dédn <0,
DADW, (%) = 2 |a*(t,x)] +2a,(t,%) f; (2, )] exp (/ﬂ’ a,(z, x)d‘r) dn > 0.

6
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This leads to the following inequalities:
DXIW(1,x) 2 (<) 0,
fork; =0,1; k=1 (k, =0) k; + k, <2, and
ag(t, x) = DIV zo(t, %) — ay (8, )DOV 21, x) — (1, %) = | (1, %)| + @ (¢, %) + @* (1, x) — (8, %) 2 0.
Similarly, we derive that f,(r,x) < 0, for all (r,x) € 50, which means that functions (21) are indeed the comparison functions for

the problem (3), (4), if they are defined in El.
Hence, the following lemma is true:

Lemma 3. If Flu(t, x)] € C*(B) and 0 < a;(t,x) € COV(Dy), a,(t, x) € CIO(Dy), then a set of comparison functions of the BVP (3), (4)
in non-empty.

4.2. Convergence of the functional sequences (12)

Let us show that the functional sequences {D*12)z (7,x)} and {D*1*2)v (1,x)} converge uniformly to the same limit in the
domain D,. In virtue of inequalities (21) it is sufficient to show that

lim DE*D W, (1, x) = 0,

p—oo

forall k;, =0,1; k, =1 (ky =0) k| + K, < 2.
For simplicity, we first introduce the following notations:

d :=maxsup |D(’““’“2)Wo(t, x)|,
K1,k2 50
q =sup|a(t.x)|,
Dy
y :=max{l,a+b,a(a+b),(a+b)(l+qb)},
K = sup K(t,x:n,8).
DyxDy

Then from (17) by the method of mathematical induction it is easy to prove that the estimate

D(KIJQ)WP([, x)| < [KL}’(ll;f—X)de (23)

is satisfied, for all (z,x) € 30, peNand «;=0,1; i=1,2, k; +k, <2.
Based on inequalities (23), we can show that

lim DE*D W, (1, x) = 0,

p—oo
which yields to the following relations:

; (k1-2) N (k1.k2) —
[}Lngo D z,(t,x) = ,}Lrg D vyt x) = u,(ly,(z(t, X).

To prove that

Ui, key (t,x) = D ~K2)u(t, X),

where u(t,x) is a regular solution to the integro-differential Eq. (7), it is sufficient to pass to the limit in (11) as p —» oo, and
to differentiate the resulting relation «, times with respect to the ¢ variable and «, times with respect to the x variable, where
K| + kp < 2. According to Lemma 1, the obtained limit function is then a solution to the BVP (3), (4).

Theorem 2. Let conditions of Theorem 1 to be hold, and assume that the comparison functions of the BVP (3), (4) are chosen to satisfy
conditions (20) in the domain B,.
Then sequences of functions {z,(t,x)}, {v,(t,x)}, defined by (12),

1. converge absolutely and uniformly to the unique regular solution of the BVP (3), (4), for (t,x) € Dy;
2. satisfy a posteriory estimates (23), and
3. satisfy the inequalities:
D12 p, (1, x) < (2)DF1*D 0y, 15 (1, X) < (D12, x) < ()DX17 25,51, x) < (2)DF1+2) 2, (1, x),

(24)
DEIFD 2y (1, x) < ()DE1IR) 2y 51, x) < (2)DF1FDu(t, x) < (2)DE1F20y (1, x) < (2)DF1TFDy, 44 (8, ),

in the domain B,, where k; = 0,1; k, = 1 (ky = 0) Ky + & £ 2, (t,x) € Dy, p € N,
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Proof. Uniqueness of the regular solution of the BVP (3), (4) can be proved by contrary and applying estimates (23). To show that
inequalities (24) are true it is sufficient to use (21) and to repeat arguments from [11, p. 211]. We will leave it to the reader. []

Corollaly 1. Assume that conditions of Theorem 1 hold and let F[u(t,x)] = H[u(t,x);0]. If F[0] < (>) 0 in domain B, then for all
(t,x) € D a solution of the BVP (3), (4) with the homogeneous boundary constraints satisfies the differential inequalities

DERDy(1,x) < (2) 0, for k; =0,1; iy =1,
and in the case of k, = 0 it holds that
D*1Ou(t, x) > (<) 0.

Remark 1. If Flu(t,x)] = H[u(t, x); 0], then to construct the lower and upper approximations to the exact solution of the BVP (3),
(4) it is sufficient to find only one sequence {zp(t, x)}, which substantially reduces the number of computations.

4.3. Comparison theorem

Together with Eq. (3), let us now consider a differential equation
Ly,z(t,x) = fi(t,x, 2(t, %), DM 02(, x), DOV 2 (1, x)) = f;[2(t, %)), (25)

where f, : B> R, BCRS.

Assume that for th_e right hand-sides of (3) and (25) the following conditions hold:

(D) Flu(t,x)] € C{(B);

@) filz(t,x)] € C(B) and in the domain B it has bounded first-order derivatives with respect to all of its arguments, starting
from the third one. In addition, it satisfies the inequalities

df1z(t,x)]
aD*10z¢0x) =

0y [z(t.x)] 0.1
D050~ DODa(t, x) — a,(t, X)ay(t, x) > 0, (26)

(t,x) € Dy;
(iii) for any function v(t,x) € B from the space C*(BO) it holds that
filv@, )] = () flv@, x)]. 27)

Then one can prove the following Comparison Theorem.

Theorem 3. Let coefficients a;(t,x), i = 1,2, satisfy Theorem 1, and assume that the right hand-sides f[u(t, x)] and f/[z(t, x)] of differential
Egs. (3) and (25) satisfy the aforementioned conditions (i)—(iii). Additionally, suppose that there exist comparison functions of the problems
(3), (4) and (25), (4), (5) in the domain B,.
Then solutions of these problems satisfy the inequalities
DODIz(t,x) - u(t, )] 2 ()0, 28)
DA [z(1, x) — u(t, )] < (2)0,

for all (t,x) € 50 and k; =0, 1.

Proof. According to Theorem 2 and Corollary 1, regular solutions of the BVPs (3), (4) and (25), (4), (5) exist and are unique. Thus,
denoting by

DX DWW (1, x) 1= z(t, x) — u(t, x),
and applying the Mean Value Theorem [25] we obtain:

LipgW(tx)= Y b o6 )D T IW (t,x) + filu(t, x)] = flu(t, x)],

K1,k

fork; =0,1( =1,2), k;+k, <2, where by oy (%) 1= % are derivatives for the given values of D*1%2)z(¢, x) € B, (t,x) € BO.
It is easy to check that function W (t, x) satisfies homogeneous boundary conditions (4), and that the relation holds:

FIW (1, %)] := boo(t, )W (1, X)+by o1, YD OW (1, )+ [b 1 (1, )= (DO Ve (1, x)+a, (1, ¥)ay (1, DOV W (1, %)+ f[ut, )1 = £, ).

In virtue of (26), (27) we conclude that F[W(t,x)] € C;“(E) and F[W(t,x)] = H[F[W(t,x));0], F[0] > (<) 0. Hence, based on
Corollary 1, inequalities (28) are satisfied, for all (7, x) € BO. This finishes the proof. [

Remark 2. To further improve convergence rate of the iterative method (11) one can use ideas from [20] (see p. 228 therein).
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5. Illustrative numerical example

Based on the general problem setting (3), (4), let us demonstrate effectiveness and applicability of our method on a numerical
example of the illustrative nature. .
Example. In the space of functions C*(D,) with

Dy =(t,x)[t €(0,1),x €(0,1)

find a solution to the PDE
DI Dy(t, x) — (1 4+ x)"' DI Dur, x)

29
= 0.5(1 + x) [0.2xD"Ou(z, x) — 0.4(1 — HDODu(t, x) - 0.5¢ + x)] , 9
satisfying homogeneous boundary constraints of the form
0,x) =0, €[0,1],
u(0, x) x €[0,1] (30)

DODy(,00=0, u(t,1)=0, tel0,1].

In this case
Flu(t, x)] = H[u(t, x); 0]
and
F[0] = —0.25(t + x)(1 + x) < 0,
and thus, according to Corollary 1, solution of the problem (29), (30) complies with the following (differential) inequalities:
DEIR2)y(t, x) < (2) 0,

forallk; =0,1; Ky =1 (6, =0) k) + k5 < 2.
Let us now take the comparison function z,(z, x) being

zo(t,x) =0,
then ay(t, x) > 0. In virtue of (12), for p = 0 we have:

zy(t, x) = 0.125¢[0.5(1 — x?)(t + 0.5(1 + x2)) + 0.33(1 — x*)(1 + ] > 0.

On the next three iteration steps for p = 1,2,3 we obtain that
2y(t,x) = — 107 - 0.65105¢(x® — 1) + 0.071430 [-0.0027084 — 0.0016667¢*] (x” — 1)
+ 0.083335 [0.0014583¢% — 0.0016667¢ — 0.0041666] (x° — 1)
+ 0.1[-0.0041666¢* + 0.011458#* — 0.0041668¢*] (x* — 1)
+0.125[-0.010417¢* + 0.01875* + 0.0083332¢% — 0.24271¢] (x* - 1)
+ 0.16666 [-0.00625¢* + 0.0083332¢% — 0.23958¢% — 0.24271¢] (x* — 1) — 0.06252(x — 1);

z3(1,x) =107 - [<0.156251% + 0.38193r° — 4.0015¢* — 4.4273¢* + 110337 (x° - 1)
+ 107 - 0.125[-0.06944115 + 0.0194437° — 10.106¢* + 8.09731> + 17.984r> — 242.88¢] (x* - 1)
+ 1072 - 0.16666 [-0.59741* + 81.6661° — 24.0111> — 24.2881] (x* — 1) — 0.0625*(x* — 1) + O(107);

z,(t,x) =107 - [0, 152215 — 0,370561° + 4,0142¢* + 4,40941* — 11,04372| (1 - x°)
+ 1072 -0,125[0,006281° — 0,01811¢° + 1,0124¢* — 0,8117¢* — 1,801¢> + 24,288¢|(1 — x*)
+ 1072 -0, 16666 [0, 59868¢* — 0, 817861 + 24,0091 + 24, 288¢] (1 — x°) + 0.0625*(1 — x?) + O(107).

One can check that the constructed approximations {z;(t,x)}, i = 0,4 can be ordered as follows:

zo(t,x) < zy(1, x) < z4(t, x) S u(t,x) < z3(1,x) < zy(1,%).

Denoting the approximate solution of the BVP (29), (30) as
W, (t,x) 1= %[zn_l(t, X)+z,(t,x)], n=1,4,

we depict these functions at every iteration step (see Figs. 1-4).
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Fig. 1. Plots of the distance between two consecutive approximations z,(s,x) and z,,,(t,x), i = m, with the vertical axis denoting values of the distance function

|z;(t,x) =z, (8, %)
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Fig. 2. (a) - First approximation to the exact solution of the BVP (29), (30) and (b) — its 2D projection with the color bar corresponding to the value of the
function u, (1, x) at any point (7, %) within the domain D,.
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Fig. 3. (a) - Second approximation to the exact solution of the BVP (29), (30) and (b) — its 2D projection with the color bar corresponding to the value of

the function u,(z,x) at any point (7, %) within the domain D,.
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Fig. 4. (a) - Third approximation to the exact solution of the BVP (29), (30) and (b) - its 2D projection with the color bar corresponding to the value of the
function u;(z, x) at any point (7, %) within the domain D,.

By fixing x = % and then ¢t = % we also get profiles of all four approximations to the exact solution of the BVP (29), (30), see
Fig. 5.

Note, that the behavior of approximate solutions on Fig. 5 aligns with their plots from Figs. 1-4.

From the error analysis of the computational process we can conclude that already on the fourth iteration step the following
accuracy is reached:

|ut, x) = y(1, x)| < |23t %) — 24(t, x)| <6-1075.

Moreover, convergence behavior of the constructed approximations can also be traced using the plotting tool of Maple 2024,
where we have compared the neighboring functions of the sequence {z,(z,x)} for n = 0,4 (see Fig. 6).

11
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Fig. 5. (a) - Fourth approximation to the exact solution of the BVP (29), (30) and (b) - its 2D projection with the color bar corresponding to the value of
the function u,(z, x) at any point (7, %) within the domain D,.
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Fig. 6. (a) - Four approximations to the exact solution of the BVP (29), (30) for ¢t = %; (b) — Four approximations to the exact solution of the BVP (29), (30)
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Analogically to Fig. 5, we plot 2d profiles of the differences |z;(, x) — z;, (7, x)| when fixing ¢ = % and then x = % Comparison
of these graphs is given on Fig. 7.

0 0
02 04 . 06 08 02 04 ; 06 08 1

—=0.02

—0.01
—0.04

=0.02
—0.06

—0.03
—0.08

—0.04
—0.10
—0.05 —0.12
—0.06 —0.14+

(a) |zi(3, ) — zi41 (3, )] (b) |zi(t, 5) — zi1(t, 5)]

Fig. 7. Comparison analysis of the distance functions |z,(t,x) — z,,,(t,x)| for 1 = 0,3.

All these facts prove convenience of application of the studied method for approximation of solutions to nonlinear BVPs for
hyperbolic PDEs due to its simplicity and high speed of convergence.
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