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Executive Summary

We introduce the ôForest BORGô framework, built on the BORG multi-objective evolutionary algorithm
(MOEA), as a policy tree optimization method for socio-economical systems. Forest BORG mimics the
BORG algorithm while accommodating tree-structured decision variables via specialized evolutionary
operators, to allow for multi-objective and explainable decision support.

This novel framework is tested on two case studies representing socio-economic systems, the Fol-
som lake model and the Regional Integrated model of Climate and the Economy (RICE) Integrated
Assessment Model (IAM). These case studies demonstrate the need for an algorithm that can opti-
mize multi-objective problems under deep uncertainty. Climate change is the main driver behind the
uncertainty in these models. Both case studies have multiple stakeholders, lending themselves as
multi-objective decision-making problems. This research has developed the Forest BORG framework
and aims to apply it to these case studies in order to find optimal policy sets, that are inherently more ex-
plainable than the ones based on real-valued decision variables used in themajority of current research.

The Folsom lake model and RICE IAM are good candidates as case studies for this research as they
reflect real live problems facing uncertainty due to climate change and affect multiple stakeholders,
making the case studies multi-objective problems. The conceptual models of both case studies are
made operable by presenting them through the XLRM framework. RICE and the Folsom lake model
are adapted to the XLRM framework of exogenous uncertainties (X), levers (L), relations (R) and met-
rics (M) (Lempert 2003).

This research positions itself in the gap between current MOEA capability for decision-making under
deep uncertainty and the desired features that are necessary for creating explainable policies for real
world multi-objective problems. Run-time dynamics, Forest BORG specific evolutionary operator dy-
namics and controllability are tested for each case study. The ability of Forest BORG to be a valuable
asset in a decision makers toolkit is tested by analyzing the trade-offs found for each case study, and
the individual policy trees that are part of the discovered pareto front. A logical extension of the cur-
rent research is to design an optimized look-ahead tree (OLT) algorithm that can be coupled to Forest
BORG and reapplied to both case studies. The resulting tandem framework is expected to enhance
explainability and alleviate computational resources even further.

Like any other MOEA, Forest BORG employs evolutionary operators. There are seven different mu-
tation operators, one recombination operator in the form of crossover with prune and bloat control
operations and one selection operator: an adaptive tournament size function.

Each case study as well as the performance of Forest BORG is studied through five analyses. These
analyses are:

1. run-time dynamics
2. search operator dynamics
3. controllability
4. exposed trade-offs
5. highlighted policy trees

The run time dynamics show convergence of the algorithm based on hypervolume. The search op-
erator dynamics investigate the novel mutation operators of Forest BORG. The controllability analysis
explores the influence of the hyperparameter settings on algorithm performance. The fourth analysis
displays the trade-offs made visible by pareto-optimal policy alternatives through a parallel axis plot. A
best performing policy is highlighted for each objective as well as a compromise policy, a policy that
is closest to the average of each objective. Finally, the fifth analysis creates visuals of these selected
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policies, displaying the actual policy trees. Similarities and differences between the different policies
are sought after that perhaps reflect the trade-offs discovered in the fourth analysis.

The run-time dynamics show that Forest BORG performs effectively, efficiently and reliably across
the case studies. The effectiveness of Forest BORG is underlined by comparing it to the original policy
optimization tree (POT) algorithm for the Folsom case study. The operator dynamics were expected
to shift from triple action subtree mutations to single action point mutations during the search. This
shift from subtree to point mutations was not observed in the Folsom case study and not for all random
trials in the RICE case study. The search operators do outperform the control of random mutation, as
employed in the original POT algorithm which make them a valuable contribution to the Forest BORG
algorithm. The search operators might not perform as they are expected to, but they do enhance the
search. The hyperparameters of Forest BORG are case study dependent but become, unsurprisingly,
more important for case studies with a limited number of discrete actions. Across both case studies,
policy trees with modest maximum depths, 3 or 4, are preferred which eliminates the risk of overfitting
policy trees to a certain scenario.

Forest BORG has proved itself capable of producing policies for multiple actors as it has found pareto
fronts for each case study that clearly display the trade-offs that are inherent to the case study. More-
over, the structures of the selected policy trees are in accordance to their performance. Analyzing these
policy trees shows what actions need to be taken and under what conditions when certain objectives
are valued more than others, making the results of this analysis explainable, interpretable and valuable
to decision-makers.

There are two notable observations of the results that appear to display erroneous behaviour of Forest
BORG . Firstly, the trade-offs found for the RICE model are counter-intuitive. Secondly, there are small
peaks and dips in the run-time analysis for both case studies. The discovered trade-offs within the
RICE model are counter-intuitive as it is not welfare, but damages that poses a trade-off with the other
objectives. The dips in hypervolume, observed in both case studies appear odd as an evolving pareto
front should not decrease in hypervolume. The small peaks are however due to the settings of the
epsilon values.

Other IAMs are also interesting to explore as they are a better representation of reality. The RICE
model has been used because it is a relatively straightforward and well-established model that was
suitable to test new algorithms with. The proof-of-concept, for Forest BORG, is showcased in this
research. The parallel axis plots and the visualizations of the policy trees are interesting because it
shows how policy trees improve explainability for climate change policies. The absolute values of the
policies are however questionable given the limitations of RICE. It would therefore be interesting to
employ a better RICE model or another IAM. ForestBORG was developed in an effort to accommodate
many-objective problems. The policy problems of this research only employed three or four objectives
which is a relatively small amount. It would therefore be interesting to perform a similar policy analysis
but with more objectives.

The societal contribution of this research is the development of Forest BORG and applying it to real
world case studies. Forest BORG is a new tool in a decision-makers toolkit that allows for multi-objective
decision making for socio-environmental systems. To the authors knowledge there are few other algo-
rithms that are able to handle such optimization problems. Forest BORG has improved on a competing
algorithm by expanding the number of objectives that can be used as well as allowing for continuous
action ranges for multiple actions. The societal implication is that the range of real world applications
that can be analyzed from a decision making under deep uncertainty perspective is expanded through
these improvements. Furthermore, Forest BORG is not tested on theoretical problem formulations but
on real world case studies. The results from these real world case studies show confidence that the
suit of case studies can be extended to other problems while maintaining algorithm performance. A
logical continuation of this research is applying Forest BORG to a more detailed IAM than RICE from
which policy implications are gathered that will help decision-makers develop policies against climate
change.
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1
Introduction

Climate change causes an increase in uncertainty in socio-economic systems. Human-induced climate
change has caused a rise in global temperature, offsetting many processes and cycles in the natural
world. These rapid changes in the atmosphere, ocean, cryosphere and biosphere indirectly affect the
world economy and the well-being of people around the world. Some regions however are affected
more than others by the change of balance in the local socio-economic and climate systems. Global
surface temperatures have risen 1.1 oC above 1850-1900 levels in 2011-2020 mainly due to the emis-
sions of greenhouse gasses which continue to rise (Lee et al. 2023).

In 2015, at the Conference Of the Parties 21 in Paris, the scientific and policy communities around
the world established a target limit of 1.5 oC and a boundary limit of 2 oC increase in global surface
temperatures above pre-industrial levels after which further warming could dangerously and inadvert-
ibly change the natural systems on which the socio-economic systems around the world rely (Livingston
and Rummukainen 2020), (Allen et al. 2018). Global cooperation to transition to a green or net-zero
economic system has been challenging due to historical, economical and political tensions but countries
attending the conferences of the parties have individually set goals to curb greenhouse gas emissions
in the form of nationally determined contributions (NDCs). However, these NDCs as of October 2021,
are insufficient to limit climate change to such an extent that warming will exceed 1.5 oC during the 21st
century. Limiting warming below 2 oC becomes progressively more difficult and expensive with NDCs
that do not suffice in timely eliminating greenhouse gas emissions (Lee et al. 2023). Thus, there is an
urgent need for new policies that limit global warming and that the countries of the world can agree on.

A specific, localised example of systems that are changing due to climate change are water reser-
voirs. Local people depend on water reservoirs for their water demand. The inflow of water to these
reservoirs is subject to climate conditions and therefore to deep uncertainty, due to the impact of climate
change (Asadieh and Krakauer 2017). Water management problems are characterised by relating wa-
ter inflow to water demand while preventing floods or periods of inadequate supply, by storing water in
a reservoir. Policies are required that can incorporate the uncertainty in the system due to changes in
demand and inflow, resulting from climate change. The role of operating policies in the adaptation of
reservoirs to climate change is increasingly recognized, as the performance of a system is often driven
by the accumulation of short-term decisions (Herman and Giuliani 2018).

Decision-makers need new and improved tools to help them navigate through this uncertain future.
These tools have to formulate policies for socio-economic systems that can be presented to decision-
makers. Multiple stakeholders are often involved in these socio-economic systems, be it on a global
scale or on a more local scale for e.g. water management problems. This tool, or algorithm, must
therefore be able to optimize multi-objective problems. A class of algorithms called multi-objective
evolutionary algorithms (MOEA) have been developed for these kinds of problems. Some notable ex-
amples of such algorithms, ranging from classical ones to the state-of-the-art are NSGAII (Deb, Pratap,
et al. 2002), �-MOEA (Deb, Mohan, and Mishra 2005), MOEA/D (Zhang and H. Li 2007) and BORG
(Hadka and Reed 2013). These MOEAs and search strategies have different design choices and de-
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pending on the problem, one MOEA is preferred over another.

Despite a suit of MOEAs, the resulting policies that are presented to decision-makers often lack in
explainability. If a decision-maker were to ask why a given set of policies is ôoptimalô, the answer must
be that the algorithm found these to be optimal. These algorithms are well-developed and trusted but
especially in socio-economic systems, a lot of value is placed on why certain decisions are made, that
must go beyond the optimality argument. For most algorithms, it is difficult to explain why one policy is
preferred over another, besides it performing better.

To overcome this problem, policy trees have been used as input for these MOEAs (Herman and Giuliani
2018). A policy tree relates an action to a system state. A policy based on policy trees is therefore
inherently more explainable than real-valued decision variables. When asked why a certain decision
is made, one can say that the system conditions were such that a specific action had to be taken, as
well as the optimality argument. There are not many algorithms combining MOEAs and policy trees as
decision variables which are then applied to socio-economic systems to advance the explainability of
the optimal policy set.

We introduce the ôForest BORGô framework, built on the BORG MOEA, as a policy tree optimization
method for socio-economical systems. Unlike the original BORG MOEA which does not support tree-
structured decision variables, Forest BORG mimics the BORG algorithm as closely as possible while
accommodating tree-structured decision variables via specialized evolutionary operators.

This novel framework is tested on two case studies representing socio-economic systems, the Fol-
som lake model and the Regional Integrated model of Climate and the Economy (RICE) Integrated
Assessment Model (IAM). These case studies demonstrate the need for an algorithm that can opti-
mize multi-objective problems under deep uncertainty. Climate change is the main driver behind the
uncertainty in these models. Both case studies have many stakeholders, lending themselves as multi-
objective decision-making problems. This research has developed the Forest BORG framework and
aims to apply it to these case studies in order to find optimal policy sets, that are inherently more explain-
able than the ones based on real-valued decision variables used in the majority of current research.
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�V�W�D�W�L�F �S�R�S�X�O�D�W�L�R�Q �V�L�]�H��� �L�V �P�H�W�� �7�K�H �S�R�S�X�O�D�W�L�R�Q �H�Y�R�O�Y�H�V �X�Q�W�L�O �D �P�D�[�L�P�X�P �Q�X�P�E�H�U �R�I �I�X�Q�F�W�L�R�Q �H�Y�D�O�X�D�W�L�R�Q�V
���1�)�(�� �L�V �U�H�D�F�K�H�G�� �2�Q�H �1�)�( �L�V �W�K�H �H�Y�D�O�X�D�W�L�R�Q �R�I �R�Q�H �S�R�O�L�F�\ �W�U�H�H�� �7�K�H �H�Y�R�O�X�W�L�R�Q �R�I �R�Q�H �J�H�Q�H�U�D�W�L�R�Q �W�R �W�K�H
�Q�H�[�W �L�V �K�D�Q�G�O�H�G �E�\ �W�K�H �L�W�H�U�D�W�H �S�U�R�F�H�G�X�U�H��

�$�O�J�R�U�L�W�K�P ���7�K�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H �� �2�U�L�J�L�Q�D�O �3�2�7

���� �,�Q�L�W�L�D�O�L�]�HP �>�3�R�S�X�O�D�W�L�R�Q �V�H�W�@ �Z�L�W�K �U�D�Q�G�R�P �W�U�H�H�V �X�Q�W�L�OjP j = �
���� �6�H�WNeval  0 �N̂eval �� �1�X�P�E�H�U �R�I �I�X�Q�F�W�L�R�Q �H�Y�D�O�X�D�W�L�R�Q�V�`
���� �Z�K�L�O�HNeval < N max �G�R
���� �(�Y�D�O�X�D�W�H �W�K�H �R�E�M�H�F�W�L�Y�H�V �I�R�U �H�D�F�K �P�H�P�E�H�U �L�QP
���� Neval  Neval + jP j
���� �3�H�U�I�R�U�P �L�W�H�U�D�W�L�R�Q �V�W�H�S
���� �H�Q�G �Z�K�L�O�H

�7�K�H �L�W�H�U�D�W�H �S�U�R�F�H�G�X�U�H�� �G�H�V�F�U�L�E�H�G �L�Q �$�O�J�R�U�L�W�K�P���� �F�U�H�D�W�H�V �Q�H�Z �J�H�Q�H�U�D�W�L�R�Q�V �D�Q�G �X�S�G�D�W�H�V �W�K�H �S�D�U�H�W�R
�I�U�R�Q�W�� �$ �Q�H�Z �J�H�Q�H�U�D�W�L�R�Q�� �R�I �V�W�D�W�L�F �V�L�]�H�� �L�V �F�U�H�D�W�H�G �E�\ �V�H�O�H�F�W�L�Q�J �D �V�W�D�W�L�F �Q�X�P�E�H�U �R�I �S�D�U�H�Q�W�V��� �� �W�K�U�R�X�J�K �D
�E�L�Q�D�U�\ �W�R�X�U�Q�D�P�H�Q�W�� �7�K�H �E�H�V�W �S�D�U�H�Q�W �U�H�P�D�L�Q�V �X�Q�F�K�D�Q�J�H�G �Z�K�L�O�H �W�K�H �R�W�K�H�U �S�D�U�H�Q�W�V �D�U�H �P�X�W�D�W�H�G�� �F�R�Q�W�U�R�O�O�H�G
�E�\ �D �S�U�H���V�S�H�F�L�I�L�H�G �F�K�D�Q�F�H �R�I �P�X�W�D�W�L�R�Q�� �L�Q �W�K�L�V �U�H�V�H�D�U�F�K �V�H�W �W�R �������� �7�K�L�V �V�L�Q�J�O�H �P�X�W�D�W�L�R�Q �R�S�H�U�D�W�R�U �L�V
�U�H�S�H�D�W�H�G �L�Q �)�R�U�H�V�W �%�2�5�* �D�Q�G �V�H�U�Y�H�V �D�V �D �F�R�Q�W�U�R�O �W�R �Z�K�L�F�K �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �� �Q�R�Y�H�O �R�S�H�U�D�W�R�U�V �F�D�Q
�E�H �W�H�V�W�H�G �D�J�D�L�Q�V�W�� �7�K�H �F�K�L�O�G�U�H�Q �R�I �W�K�H �Q�H�Z �J�H�Q�H�U�D�W�L�R�Q �D�U�H �F�U�H�D�W�H�G �X�Q�W�L�O �W�K�H �V�L�]�H �R�I �W�K�H �Q�H�Z �S�R�S�X�O�D�W�L�R�Q
�H�T�X�D�O�V �W�K�H �S�U�H���V�S�H�F�L�I�L�H�G �S�R�S�X�O�D�W�L�R�Q �V�L�]�H �D�J�D�L�Q ��� ���� �$ �F�K�L�O�G �L�V �J�H�Q�H�U�D�W�H�G �H�L�W�K�H�U �E�\ �F�U�R�V�V�R�Y�H�U �R�I �W�Z�R
�U�D�Q�G�R�P�O�\ �V�H�O�H�F�W�H�G �S�D�U�H�Q�W�V�� �R�U �E�\ �W�K�H �F�U�H�D�W�L�R�Q �R�I �D �U�D�Q�G�R�P �W�U�H�H�� �7�K�H �F�K�L�O�G �J�H�Q�H�U�D�W�L�R�Q �P�H�F�K�D�Q�L�V�P �L�V
�F�R�Q�W�U�R�O�O�H�G �W�K�U�R�X�J�K �D �S�U�H���V�S�H�F�L�I�L�H�G �F�U�R�V�V�R�Y�H�U �S�U�R�E�D�E�L�O�L�W�\�� �L�Q �W�K�L�V �U�H�V�H�D�U�F�K �V�H�W �W�R ��������

�*�S�V�I�W�X �&�S�V�K
�)�L�U�V�W�� �)�R�U�H�V�W �%�2�5�* �L�V �F�R�Q�W�U�D�V�W�H�G �W�R �W�K�H �%�2�5�* �D�O�J�R�U�L�W�K�P�� �W�K�H�Q �W�K�H �G�H�V�L�J�Q �R�I �)�R�U�H�V�W �%�2�5�* �L�V �H�[�S�O�D�L�Q�H�G��
�7�K�H �%�2�5�* �D�O�J�R�U�L�W�K�P �H�P�S�O�R�\�V �G�L�I�I�H�U�H�Q�W �W�H�F�K�Q�L�T�X�H�V �I�R�U �S�R�S�X�O�D�W�L�R�Q �D�Q�G �D�U�F�K�L�Y�H �P�D�L�Q�W�H�Q�D�Q�F�H �D�V �Z�H�O�O �D�V
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���� Pparent  �%�L�Q�D�U�\�7�R�X�U�Q�D�P�H�Q�W�6�H�O�H�F�W�L�R�Q(P; � ) �^�6�H�O�H�F�W� �S�D�U�H�Q�W�V�`
���� �L�I�S�D�U�H�W�R �I�U�R�Q�WPF �L�V �X�Q�G�H�I�L�Q�H�G�W�K�H�Q
���� PF  Pparents �^�,�Q�L�W�L�D�O�L�]�H �S�D�U�H�W�R �I�U�R�Q�W �Z�L�W�K �S�D�U�H�Q�W�V�`
���� �H�O�V�H
���� P  P [ PF �^�&�R�P�E�L�Q�H �S�R�S�X�O�D�W�L�R�Q �Z�L�W�K �S�D�U�H�W�R �I�U�R�Q�W�`
���� �8�S�G�D�W�HPF �Z�L�W�K �W�K�H �Q�R�Q���G�R�P�L�Q�D�W�H�G �V�R�O�X�W�L�R�Q�V �L�QP
���� �H�Q�G �L�I
���� �(�[�F�H�S�W �I�R�U �I�L�U�V�W �S�D�U�H�Q�W�� �0�X�W�D�W�H���3�D�U�H�Q�W��Pmutation �� �^�0�X�W�D�W�H �Z�L�W�K �S�U�R�E�D�E�L�O�L�W�\Pmutation �`
���� �Z�K�L�O�HjPchildren j < � �G�R

������ Pparents + Pchildren  �*�H�Q�H�U�D�W�H�2�I�I�V�S�U�L�Q�J(Pparents ; Pcrossover ) �^�L�I �Q�R�W �F�U�R�V�V�R�Y�H�U�� �J�H�Q�H�U�D�W�H �Q�H�Z
�U�D�Q�G�R�P �W�U�H�H �D�V �F�K�L�O�G �V�R�O�X�W�L�R�Q�`

������ �H�Q�G �Z�K�L�O�H

�G�L�I�I�H�U�H�Q�W �J�H�Q�H�W�L�F �R�S�H�U�D�W�R�U�V�� �7�K�H �D�X�W�K�R�U�V �V�W�D�W�H �W�K�D�W �W�K�H �F�U�L�W�L�F�D�O �F�R�P�S�R�Q�H�Q�W�V �R�I �W�K�H �%�2�5�* �D�O�J�R�U�L�W�K�P �D�U�H
������ �S�R�S�X�O�D�W�L�R�Q���W�R���D�U�F�K�L�Y�H �U�D�W�L�R �W�U�L�J�J�H�U�H�G �U�H�V�W�D�U�W�V �Z�L�W�K �D�G�D�S�W�L�Y�H �S�R�S�X�O�D�W�L�R�Q �V�L�]�L�Q�J�� ������� ���S�U�R�J�U�H�V�V �W�U�L�J�J�H�U�H�G
�U�H�V�W�D�U�W�V�� �D�Q�G ������ �W�K�H �D�X�W�R���D�G�D�S�W�L�Y�H �P�X�O�W�L�R�S�H�U�D�W�R�U �U�H�F�R�P�E�L�Q�D�W�L�R�Q �R�S�H�U�D�W�R�U ���+�D�G�N�D �D�Q�G �5�H�H�G�������� ���� �7�K�H
�F�X�U�U�H�Q�W �F�R�Q�I�L�J�X�U�D�W�L�R�Q �R�I �W�K�H �%�2�5�* �0�2�(�$ �G�R�H�V �Q�R�W �V�X�S�S�R�U�W �W�K�H �D�S�S�O�L�F�D�W�L�R�Q �R�I �W�U�H�H���V�W�U�X�F�W�X�U�H�G �G�H�F�L�V�L�R�Q
�Y�D�U�L�D�E�O�H�V�� �7�K�H �F�X�U�U�H�Q�W �F�R�Q�I�L�J�X�U�D�W�L�R�Q �R�I �W�K�H �%�2�5�* �0�2�(�$ �D�O�O�R�Z�V �I�R�U �Q�X�P�H�U�L�F �R�U �W�H�[�W�X�D�O �L�Q�S�X�W �L�Q �W�K�H �I�R�U�P
�R�I �V�F�D�O�D�U�V �R�U �D�U�U�D�\�V�� �,�W�¶�V �S�H�U�I�R�U�P�D�Q�F�H �G�R�H�V �H�O�L�F�L�W �W�H�P�S�W�L�Q�J �U�H�V�X�O�W�V �L�I �F�R�X�S�O�H�G �W�R �S�R�O�L�F�\ �W�U�H�H�V�� �7�K�H �I�R�O�O�R�Z�L�Q�J
�S�R�L�Q�W�V �V�W�D�W�H �W�K�H �P�R�V�W �Q�R�W�D�E�O�H �F�R�P�S�D�U�L�V�R�Q�V �E�H�W�Z�H�H�Q �%�2�5�* �D�Q�G �)�R�U�H�V�W �%�2�5�*��

�‡�%�2�5�* �X�V�H�V �D�Q� ���E�R�[ �G�R�P�L�Q�D�Q�F�H �D�U�F�K�L�Y�H �D�Q�G �)�R�U�H�V�W �%�2�5�* �K�D�V �D �V�L�P�L�O�D�U �D�S�S�U�R�D�F�K �I�R�U �G�L�Y�H�U�V�L�W�\
�D�Q�G �F�R�Q�Y�H�U�J�H�Q�F�H �P�D�Q�D�J�H�P�H�Q�W

�‡�%�2�5�* �I�H�D�W�X�U�H�V �D�Q �D�G�D�S�W�L�Y�H �S�R�S�X�O�D�W�L�R�Q �V�L�]�L�Q�J �R�S�H�U�D�W�R�U �Z�K�L�F�K �L�V �U�H�L�W�H�U�D�W�H�G �L�Q �)�R�U�H�V�W �%�2�5�*��
�‡�7�K�H �D�X�W�R���D�G�D�S�W�L�Y�H �P�X�O�W�L���R�S�H�U�D�W�R�U �U�H�F�R�P�E�L�Q�D�W�L�R�Q �V�F�K�H�P�H �R�I �%�2�5�* �L�V �U�H�F�U�H�D�W�H�G �L�Q �)�R�U�H�V�W �%�2�5�*

�D�O�W�K�R�X�J�K �W�K�H �U�H�F�R�P�E�L�Q�D�W�L�R�Q �R�S�H�U�D�W�R�U�V �L�Q �%�2�5�* ���6�%�;�� �'�(�� �3�&�;�� �8�1�'�;�� �6�3�;�� �8�0�� �V�H�H ���+�D�G�N�D
�D�Q�G �5�H�H�G�������� ���� �D�U�H �H�Q�W�L�U�H�O�\ �U�H�S�O�D�F�H�G �E�\ �W�U�H�H���E�D�V�H�G �U�H�F�R�P�E�L�Q�D�W�L�R�Q �R�S�H�U�D�W�R�U�V �L�Q �)�R�U�H�V�W �%�2�5�*��
�G�H�V�F�U�L�E�H�G �L�Q �V�H�F�W�L�R�Q��������

�7�K�H �G�H�V�L�J�Q �R�I �W�K�H �)�R�U�H�V�W �%�2�5�* �D�O�J�R�U�L�W�K�P �L�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H������ �D�Q�G �H�[�S�O�D�L�Q�H�G �W�K�U�R�X�J�K �$�O�J�R�U�L�W�K�P�V
�� �W�R�� �D�V �Z�H�O�O �D�V �W�K�H �H�Y�R�O�X�W�L�R�Q�D�U�\ �R�S�H�U�D�W�R�U�V�� �7�K�H �V�D�P�H �$�O�J�R�U�L�W�K�P�V �F�D�Q �E�H �I�R�X�Q�G �L�Q �$�S�S�H�Q�G�L�[�$ �E�X�W
�U�H�I�R�U�P�X�O�D�W�H�G �L�Q �D �O�H�V�V �P�D�W�K�H�P�D�W�L�F�D�O �I�R�U�P�� �(�Y�H�U�\ �L�W�H�U�D�W�L�R�Q �R�I �W�K�H �D�O�J�R�U�L�W�K�P �S�U�R�G�X�F�H�V �R�Q�H �R�I�I�V�S�U�L�Q�J �D�Q�G
�W�K�H�U�H�I�R�U�H �F�R�Q�V�W�L�W�X�W�H�V �R�Q�H �L�Q�F�U�H�P�H�Q�W �L�Q �W�K�H �Q�X�P�E�H�U �R�I �I�X�Q�F�W�L�R�Q �H�Y�D�O�X�D�W�L�R�Q�V �D�V �V�K�R�Z�Q �L�Q �$�O�J�R�U�L�W�K�P����



�������� �*�S�V�I�W�X �&�3�6�+ �(�I�W�M�K�R ����

�)�L�J�X�U�H ���������$ �Y�L�V�X�D�O�L�]�D�W�L�R�Q �R�I �W�K�H �F�R�U�H �O�R�J�L�F �R�I �)�R�U�H�V�W �%�2�5�*��

�$�O�J�R�U�L�W�K�P ���7�K�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H �� �)�R�U�H�V�W �%�2�5�*

�,�Q�L�W�L�D�O�L�]�HP �>�3�R�S�X�O�D�W�L�R�Q �V�H�W�@ �Z�L�W�K �U�D�Q�G�R�P �W�U�H�H�V
�I�R�U �D�O�Ox 2 P �G�R

�8�S�G�D�W�H�$�U�F�K�L�Y�H��x��A�� �^�D�G�G �W�U�H�Hx �W�R �D�U�F�K�L�Y�HA �L�I �H�O�L�J�L�E�O�H�`
�H�Q�G �I�R�U
�Z�K�L�O�HNeval < N max �G�R

�3�H�U�I�R�U�P �L�W�H�U�D�W�L�R�Q �V�W�H�S
�,�Q�F�U�H�P�H�Q�WNeval �E�\ ��

�H�Q�G �Z�K�L�O�H

�7�K�H �L�W�H�U�D�W�H �S�U�R�F�H�G�X�U�H�� �G�H�V�F�U�L�E�H�G �L�Q �$�O�J�R�U�L�W�K�P���� �F�R�Q�V�W�L�W�X�W�H�V �W�K�H �P�D�L�Q �S�D�U�W �R�I �)�R�U�H�V�W �%�2�5�* �L�Q �Z�K�L�F�K
�P�R�V�W �R�I �W�K�H �O�R�J�L�F �E�H�K�L�Q�G �)�R�U�H�V�W �%�2�5�* �L�V �E�U�R�X�J�K�W �W�R�J�H�W�K�H�U�� �)�L�U�V�W �W�K�H �S�R�S�X�O�D�W�L�R�Q���W�R���D�U�F�K�L�Y�H �U�D�W�L�R �D�Q�G �W�K�H
� ���S�U�R�J�U�H�V�V �D�U�H �F�K�H�F�N�H�G �W�R �V�H�H �L�I �D �U�H�V�W�D�U�W ���V�H�H �$�O�J�R�U�L�W�K�P���� �L�V �U�H�T�X�L�U�H�G�� �:�K�H�Q �W�K�H �U�H�V�W�D�U�W �P�H�F�K�D�Q�L�V�P �L�V
�Q�R�W �W�U�L�J�J�H�U�H�G�� �W�Z�R �S�D�U�H�Q�W�V �D�U�H �V�H�O�H�F�W�H�G�� �R�Q�H �I�U�R�P �W�K�H �S�R�S�X�O�D�W�L�R�Q �W�K�U�R�X�J�K �W�R�X�U�Q�D�P�H�Q�W �V�H�O�H�F�W�L�R�Q�� �D�Q�G �R�Q�H
�U�D�Q�G�R�P�O�\ �I�U�R�P �W�K�H �D�U�F�K�L�Y�H�� �7�K�H �W�R�X�U�Q�D�P�H�Q�W �V�L�]�H �L�V �G�H�W�H�U�P�L�Q�H�G �E�\ �W�D�N�L�Q�J �D �V�H�W �S�H�U�F�H�Q�W�D�J�H �R�I �W�K�H �F�X�U�U�H�Q�W
�S�R�S�X�O�D�W�L�R�Q ��� ���� �O�R�Z�H�U �E�R�X�Q�G�H�G �E�\ �D �E�L�Q�D�U�\ �W�R�X�U�Q�D�P�H�Q�W�� �2�Q�H �R�I�I�V�S�U�L�Q�J �L�V �S�U�R�G�X�F�H�G �W�K�U�R�X�J�K �F�U�R�V�V�R�Y�H�U
�D�Q�G �L�V �W�K�H�Q �D�O�O�R�Z�H�G �W�R �P�X�W�D�W�H�� �I�R�U �Z�K�L�F�K �V�H�Y�H�U�D�O �R�S�H�U�D�W�R�U�V �K�D�Y�H �E�H�H�Q �G�H�V�L�J�Q�H�G�� �7�K�H �R�I�I�V�S�U�L�Q�J �L�V �W�K�H�Q
�D�G�G�H�G �W�R �W�K�H �S�R�S�X�O�D�W�L�R�Q�� �V�H�H �$�O�J�R�U�L�W�K�P���� �D�Q�G �W�R �W�K�H �D�U�F�K�L�Y�H�� �V�H�H �$�O�J�R�U�L�W�K�P����

�,�I �D �U�H�V�W�D�U�W �R�I �W�K�H �V�H�D�U�F�K �L�V �U�H�T�X�L�U�H�G�� �$�O�J�R�U�L�W�K�P�� �L�V �L�Q�Y�R�N�H�G�� �)�L�U�V�W�� �W�K�H �S�R�S�X�O�D�W�L�R�Q �L�V �H�P�S�W�L�H�G �D�Q�G



�������� �*�S�V�I�W�X �&�3�6�+ �(�I�W�M�K�R ����

�$�O�J�R�U�L�W�K�P ���7�K�H �,�W�H�U�D�W�H �3�U�R�F�H�G�X�U�H �� �)�R�U�H�V�W �%�2�5�*

���� �&�K�H�F�N �W�K�H �S�R�S�X�O�D�W�L�R�Q���W�R���D�U�F�K�L�Y�H �U�D�W�L�R

���� �L�I
 �G�H�Y�L�D�W�H�V �E�\ �P�R�U�H �W�K�D�Q ������ �I�U�R�P �W�D�U�J�H�W�W�K�H�Q
���� �5�H�Y�L�Y�H �V�H�D�U�F�K�� �V�H�H �$�O�J�R�U�L�W�K�P��
���� �H�O�V�H �L�I�(�S�V�L�O�R�Q �S�U�R�J�U�H�V�V� �L�V �X�Q�F�K�D�Q�J�H�G �I�R�U ���� �L�W�H�U�D�W�L�R�Q�V�W�K�H�Q
���� �5�H�Y�L�Y�H �V�H�D�U�F�K�� �V�H�H �$�O�J�R�U�L�W�K�P��
���� �H�Q�G �L�I
���� parent1  �&�K�R�R�V�H �I�U�R�P �$�U�F�K�L�Y�H
���� �'�H�W�H�U�P�L�Q�H �W�R�X�U�Q�D�P�H�Q�W �V�L�]�Hk
���� parent2  �7�R�X�U�Q�D�P�H�Q�W�6�H�O�H�F�W�L�R�Q(P; k)

������ �R�I�I�V�S�U�L�Q�J �&�U�R�V�V�R�Y�H�U(parent1; parent2)
������ �0�X�W�D�W�H(�R�I�I�V�S�U�L�Q�J) �Z�L�W�K �S�U�R�E�D�E�L�O�L�W�\ �R�S�H�U�D�W�R�U�V
������ P  P [ f �R�I�I�V�S�U�L�Q�Jg
������ �8�S�G�D�W�H�$�U�F�K�L�Y�H���R�I�I�V�S�U�L�Q�J��A�� �^�D�G�G �W�U�H�H �R�I�I�V�S�U�L�Q�J �W�R �D�U�F�K�L�Y�HA �L�I �H�O�L�J�L�E�O�H�`

�U�H�S�O�D�F�H�G �E�\ �W�K�H �D�U�F�K�L�Y�H �V�R�O�X�W�L�R�Q�V�� �7�K�H�Q�� �W�K�H �Q�H�Z �S�R�S�X�O�D�W�L�R�Q �V�L�]�H �L�V �F�D�O�F�X�O�D�W�H�G �E�\ �P�X�O�W�L�S�O�\�L�Q�J �W�K�H �F�D�O�F�X��
�O�D�W�H�G
 �� �G�L�I�I�H�U�H�Q�W �I�U�R�P �W�K�H �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q���W�R���D�U�F�K�L�Y�H �U�D�W�L�R�� �Z�L�W�K �W�K�H �S�R�S�X�O�D�W�L�R�Q �V�L�]�H�� �D�W �W�K�L�V �S�R�L�Q�W �H�T�X�D�O
�W�R �W�K�H �D�U�F�K�L�Y�H �V�L�]�H�� �9�D�F�D�Q�W �V�S�R�W�V �D�U�H �I�L�O�O�H�G �E�\ �P�X�W�D�W�H�G �P�H�P�E�H�U�V �R�I �W�K�H �D�U�F�K�L�Y�H �X�Q�W�L�O �W�K�H �S�R�S�X�O�D�W�L�R�Q
�U�H�D�F�K�H�V �W�K�H �Q�H�Z�O�\ �F�D�O�F�X�O�D�W�H�G �S�R�S�X�O�D�W�L�R�Q �V�L�]�H�� �7�K�H �P�X�W�D�W�L�R�Q �R�I �D�U�F�K�L�Y�H �P�H�P�E�H�U�V �L�V �F�R�Q�W�U�R�O�O�H�G �W�K�U�R�X�J�K
�W�K�H �R�S�H�U�D�W�R�U �I�H�H�G�E�D�F�N �O�R�R�S�� �7�K�H�V�H �Q�H�Z �V�R�O�X�W�L�R�Q �D�U�H �D�G�G�H�G �W�R �W�K�H �D�U�F�K�L�Y�H �L�I �D�S�S�O�L�F�D�E�O�H�� �V�H�H �$�O�J�R�U�L�W�K�P
����

�$�O�J�R�U�L�W�K�P ���7�K�H �5�H�V�W�D�U�W �3�U�R�F�H�G�X�U�H �� �)�R�U�H�V�W �%�2�5�*

���� P  ; �^�(�P�S�W�\ �W�K�H �F�X�U�U�H�Q�W �S�R�S�X�O�D�W�L�R�QP�`
���� P  A �^�5�H�I�L�O�OP �Z�L�W�K �V�R�O�X�W�L�R�Q�V �I�U�R�P �D�U�F�K�L�Y�HA�`
���� Pnew  �&�R�P�S�X�W�H�1�H�Z�3�R�S�X�O�D�W�L�R�Q�6�L�]�H��a�� �P̂new = 
 � size(A)�`
���� �Z�K�L�O�HjP j < P new �G�R
���� member  �0�X�W�D�W�H���$�U�F�K�L�Y�H�0�H�P�E�H�U��
���� P  P [ f memberg �^�,�Q�M�H�F�W �P�X�W�D�W�H�G �P�H�P�E�H�U �L�Q�W�RP�`
���� �8�S�G�D�W�H�$�U�F�K�L�Y�H��member��A�� �^�8�S�G�D�W�HA �L�Imember �L�V �H�O�L�J�L�E�O�H�`
���� �H�Q�G �Z�K�L�O�H
���� �'�H�W�H�U�P�L�Q�H �Q�H�Z �W�R�X�U�Q�D�P�H�Q�W �V�L�]�H �E�D�V�H�G �R�QPnew

�7�K�H �S�R�S�X�O�D�W�L�R�Q �D�Q�G �D�U�F�K�L�Y�H �K�D�Y�H �G�L�I�I�H�U�H�Q�W �S�U�R�F�H�G�X�U�H�V �I�R�U �D�G�P�L�W�W�L�Q�J �D �Q�H�Z �P�H�P�E�H�U�� �7�K�H�V�H �G�L�I�I�H�U��
�H�Q�W �S�U�R�F�H�G�X�U�H�V �D�U�H �G�H�V�F�U�L�E�H�G �L�Q �$�O�J�R�U�L�W�K�P�� �D�Q�G �$�O�J�R�U�L�W�K�P���� �7�K�H �G�H�I�L�Q�L�Q�J �G�L�I�I�H�U�H�Q�F�H �L�V �W�K�H �H�S�V�L�O�R�Q
�G�R�P�L�Q�D�Q�F�H �U�H�T�X�L�U�H�P�H�Q�W �I�R�U �D�G�P�L�W�W�D�Q�F�H �L�Q�W�R �W�K�H �D�U�F�K�L�Y�H��

�$�O�J�R�U�L�W�K�P ���7�K�H �8�S�G�D�W�H �$�U�F�K�L�Y�H �3�U�R�F�H�G�X�U�H �� �)�R�U�H�V�W �%�2�5�*

���� �I�R�U �D�O�O�P�H�P�E�H�U�Va 2 A �G�R
���� �L�I�&�D�Q�G�L�G�D�W�H� � a �W�K�H�Q
���� �5�H�P�R�Y�Ha �I�U�R�PA
���� �H�O�V�H �L�Ia � �&�D�Q�G�L�G�D�W�H�W�K�H�Q
���� �'�L�V�F�D�U�G �&�D�Q�G�L�G�D�W�H �D�Q�G �H�[�L�W
���� �H�Q�G �L�I
���� �H�Q�G �I�R�U
���� �$�G�G �&�D�Q�G�L�G�D�W�H �W�RA �L�I �Q�R�Q���G�R�P�L�Q�D�W�H�G �E�\ �D�Q�\a 2 A

�1�Y�X�E�X�M�S�R �3�T�I�V�E�X�S�V�W
�)�R�U�H�V�W �%�2�5�* �H�P�S�O�R�\�V �V�H�Y�H�Q �G�L�I�I�H�U�H�Q�W �P�X�W�D�W�L�R�Q �R�S�H�U�D�W�R�U�V�� �)�R�U �W�K�H �E�L�Q�D�U�\ �W�U�H�H�V �W�K�D�W �D�U�H �H�P�S�O�R�\�H�G �L�Q
�W�K�L�V �U�H�V�H�D�U�F�K�� �W�Z�R �G�L�I�I�H�U�H�Q�W �W�\�S�H�V �R�I �P�X�W�D�W�L�R�Q�V �D�U�H �S�R�V�V�L�E�O�H�� �V�X�E�W�U�H�H �P�X�W�D�W�L�R�Q�V �D�Q�G �S�R�L�Q�W �P�X�W�D�W�L�R�Q�V�� �)�R�U
�D �V�X�E�W�U�H�H �P�X�W�D�W�L�R�Q�� �D�Q �L�Q�W�H�U�Q�D�O �Q�R�G�H �L�V �F�K�R�V�H�Q �D�W �U�D�Q�G�R�P �D�Q�G �G�H�H�P�H�G �W�K�H �U�R�R�W �Q�R�G�H �R�I �W�K�H �V�X�E�W�U�H�H��
�7�K�H �Y�D�O�X�H �R�I �H�Y�H�U�\ �Q�R�G�H �L�Q �W�K�H �V�X�E�W�U�H�H �L�V �F�K�D�Q�J�H�G �D�W �U�D�Q�G�R�P �E�X�W �W�K�H �W�\�S�H �R�I �Q�R�G�H �L�V �U�H�W�D�L�Q�H�G ���L�Q�G�L�F�D�W�R�U
�R�U �D�F�W�L�R�Q �Q�R�G�H�� �Z�K�L�F�K �H�Q�V�X�U�H�V �V�W�U�X�F�W�X�U�D�O �L�Q�W�H�J�U�L�W�\ �R�I �P�X�W�D�W�H�G �W�U�H�H�V�� �$ �S�R�L�Q�W �P�X�W�D�W�L�R�Q �R�Q �W�K�H �R�W�K�H�U �K�D�Q�G
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�$�O�J�R�U�L�W�K�P ���7�K�H �$�G�G �W�R �3�R�S�X�O�D�W�L�R�Q �3�U�R�F�H�G�X�U�H �� �)�R�U�H�V�W �%�2�5�*

���� �L�I�2�I�I�V�S�U�L�Q�J� �V�R�P�Hp 2 P �W�K�H�Q
���� �5�H�S�O�D�F�H �D �U�D�Q�G�R�P�O�\ �F�K�R�V�H�Q �G�R�P�L�Q�D�W�H�Gp 2 P �Z�L�W�K �2�I�I�V�S�U�L�Q�J
���� �H�O�V�H �L�I�(�[�L�V�W�Vp 2 P �V�X�F�K �W�K�D�Wp � �2�I�I�V�S�U�L�Q�J�W�K�H�Q
���� �'�R �Q�R�W �D�G�G �2�I�I�V�S�U�L�Q�J �W�RP
���� �H�O�V�H
���� �5�H�S�O�D�F�H �D �U�D�Q�G�R�P�O�\ �F�K�R�V�H�Qp 2 P �Z�L�W�K �2�I�I�V�S�U�L�Q�J �^�2�I�I�V�S�U�L�Q�J �D�Q�G �H�Y�H�U�\p 2 P �D�U�H �P�X�W�X�D�O�O�\ �Q�R�Q��

�G�R�P�L�Q�D�W�H�G�`
���� �H�Q�G �L�I

�F�R�Q�V�W�L�W�X�W�H�V �D �Y�D�O�X�H �F�K�D�Q�J�H�� �Q�R�W �D �W�\�S�H �F�K�D�Q�J�H�� �R�Q �R�Q�O�\ �R�Q�H �U�D�Q�G�R�P�O�\ �S�L�F�N�H�G �Q�R�G�H�� �7�K�H �G�L�I�I�H�U�H�Q�F�H
�E�H�W�Z�H�H�Q �W�K�H�V�H �P�X�W�D�W�L�R�Q�V �L�V �Y�L�V�X�D�O�L�]�H�G �L�Q �)�L�J�X�U�H��������

�*�L�Y�H�Q �W�K�D�W �W�K�H�U�H �D�U�H �P�X�O�W�L�S�O�H �S�R�V�V�L�E�O�H �D�F�W�L�R�Q�V�� �I�R�U �W�K�H �5�,�&�( �P�R�G�H�O �D �F�K�D�Q�J�H �L�Q �H�P�L�V�V�L�R�Q �F�R�Q�W�U�R�O �U�D�W�H
�D�Q�G���R�U �V�D�Y�L�Q�J�V �U�D�W�H �D�Q�G���R�U �L�Q�L�W�L�D�O �U�D�W�H �R�I �V�R�F�L�D�O �W�L�P�H �S�U�H�I�H�U�H�Q�F�H �I�R�U �F�R�Q�V�X�P�S�W�L�R�Q�� �D �I�X�U�W�K�H�U �G�L�Y�L�V�L�R�Q �F�D�Q �E�H
�P�D�G�H �E�H�W�Z�H�H�Q �W�K�H �P�X�W�D�W�L�R�Q �R�S�H�U�D�W�R�U�V�� �Q�D�P�H�O�\ �K�R�Z �P�D�Q�\ �D�F�W�L�R�Q�V �D�U�H �F�K�D�Q�J�H�G�� �7�K�U�H�H �D�F�W�L�R�Q �Y�D�U�L�D�E�O�H�V
�W�K�X�V �U�H�V�X�O�W �L�Q �V�L�[ �G�L�I�I�H�U�H�Q�W �P�X�W�D�W�L�R�Q �R�S�H�U�D�W�R�U�V�� �7�K�H�V�H �V�L�[ �G�L�I�I�H�U�H�Q�W �R�S�H�U�D�W�R�U�V �R�I�I�H�U �D �U�D�Q�J�H �R�I �F�K�D�Q�J�H
�I�R�U �D �S�R�O�L�F�\ �W�U�H�H�� �$ �S�R�L�Q�W �P�X�W�D�W�L�R�Q �L�Q �Z�K�L�F�K �R�Q�O�\ �R�Q�H �D�F�W�L�R�Q �L�V �F�K�D�Q�J�H�G�� �L�I �D�Q �D�F�W�L�R�Q �Q�R�G�H �L�V �V�H�O�H�F�W�H�G��
�U�H�V�X�O�W�V �L�Q �D �P�X�W�D�W�H�G �W�U�H�H �W�K�D�W �V�K�R�X�O�G �S�H�U�I�R�U�P �Y�H�U�\ �V�L�P�L�O�D�U�O�\ �W�R �W�K�H �R�U�L�J�L�Q�D�O �W�U�H�H�� �2�Q �W�K�H �R�W�K�H�U �V�L�G�H �R�I �W�K�H
�V�S�H�F�W�U�X�P�� �D �V�X�E�W�U�H�H �P�X�W�D�W�L�R�Q �L�Q �Z�K�L�F�K �D�O�O �W�K�U�H�H �D�F�W�L�R�Q�V �F�K�D�Q�J�H �L�V �W�K�H �P�R�V�W �G�L�I�I�H�U�H�Q�W �D �P�X�W�D�W�L�R�Q �F�D�Q �J�H�W
�I�U�R�P �W�K�H �R�U�L�J�L�Q�D�O �D�Q�G �V�K�R�X�O�G �S�H�U�I�R�U�P �G�L�I�I�H�U�H�Q�W�O�\�� �7�K�H�V�H �R�S�H�U�D�W�R�U�V �D�U�H �V�H�O�H�F�W�H�G �E�D�V�H�G �R�Q �D �I�H�H�G�E�D�F�N
�O�R�R�S �L�Q �Z�K�L�F�K �W�K�H �E�H�W�W�H�U �S�H�U�I�R�U�P�L�Q�J �R�S�H�U�D�W�R�U�V �K�D�Y�H �D �K�L�J�K�H�U �S�U�R�E�D�E�L�O�L�W�\ �R�I �E�H�L�Q�J �X�V�H�G �D�J�D�L�Q�� �7�K�H �S�U�R�E��
�D�E�L�O�L�W�L�H�V �D�U�H �X�S�G�D�W�H�G �E�\ �F�R�X�Q�W�L�Q�J �W�K�H �Q�X�P�E�H�U �R�I �V�R�O�X�W�L�R�Q�V �L�Q �W�K�H �D�U�F�K�L�Y�H �W�K�D�W �Z�H�U�H �S�U�R�G�X�F�H�G �W�K�U�R�X�J�K
�H�D�F�K �R�S�H�U�D�W�R�U��C1; C2; :::; Ck �� �7�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �S�U�R�E�D�E�L�O�L�W�\Qi �L�V �W�K�H�Q �X�S�G�D�W�H�G �E�\��

Qi =
Ci + 1

P K
j =1 (Cj + 1)

����������

�7�K�L�V �R�S�H�U�D�W�R�U �S�H�U�I�R�U�P�D�Q�F�H �E�D�V�H�G �I�H�H�G�E�D�F�N �O�R�R�S �L�V �L�Q�V�S�L�U�H�G �I�U�R�P �%�2�5�*�� �7�K�H �L�G�H�D �E�H�K�L�Q�G �W�K�H�V�H �V�L�[
�G�L�I�I�H�U�H�Q�W �R�S�H�U�D�W�R�U�V �L�V �W�K�D�W �D�W �W�K�H �V�W�D�U�W �R�I �W�K�H �V�H�D�U�F�K �L�Q �R�E�M�H�F�W�L�Y�H �V�S�D�F�H�� �P�X�W�D�W�L�R�Q�V �V�K�R�X�O�G �D�O�O�R�Z �I�R�U �O�D�U�J�H
�F�K�D�Q�J�H�V �Z�K�L�F�K �R�I�I�H�U�V �D �O�D�U�J�H�U �R�S�S�R�U�W�X�Q�L�W�\ �W�R �V�H�D�U�F�K �L�Q �R�E�M�H�F�W�L�Y�H �V�S�D�F�H�� �$�V �W�K�H �S�D�U�H�W�R �I�U�R�Q�W �K�R�Z�H�Y�H�U
�D�S�S�U�R�D�F�K�H�V �W�K�H �W�U�X�H �3�D�U�H�W�R �)�U�R�Q�W�� �W�K�H �P�X�W�D�W�L�R�Q�V �V�K�R�X�O�G �J�H�W �P�R�U�H �G�L�V�W�L�Q�F�W �D�Q�G �V�K�U�L�Q�N �W�K�H �V�H�D�U�F�K �L�Q �R�E��
�M�H�F�W�L�Y�H �V�S�D�F�H �W�R �P�R�U�H �S�U�H�F�L�V�H �V�R�O�X�W�L�R�Q�V��

�$�Q�R�W�K�H�U �S�R�V�V�L�E�L�O�L�W�\ �L�V �D �F�R�P�S�O�H�W�H�O�\ �U�D�Q�G�R�P �P�X�W�D�W�L�R�Q �L�Q �Z�K�L�F�K �H�Y�H�U�\ �Q�R�G�H �L�V �V�X�V�F�H�S�W�L�E�O�H �W�R �P�X�W�D�W�L�R�Q��
�J�L�Y�H�Q �D �F�H�U�W�D�L�Q �F�K�D�Q�F�H �R�I �P�X�W�D�W�L�R�Q�� �7�K�L�V �L�V �W�K�H �P�X�W�D�W�L�R�Q �R�S�H�U�D�W�R�U �H�P�S�O�R�\�H�G �E�\ �W�K�H �R�U�L�J�L�Q�D�O �3�2�7 �D�O�J�R��
�U�L�W�K�P�� �$�O�R�Q�J �Z�L�W�K �W�K�H �R�W�K�H�U �V�L�[ �R�S�H�U�D�W�R�U�V�� �W�K�L�V �R�S�H�U�D�W�R�U �L�V �L�Q�F�R�U�S�R�U�D�W�H�G �Z�L�W�K �W�K�H �H�[�F�H�S�W�L�R�Q �W�K�D�W�� �L�I �D �O�H�D�Y�H
�Q�R�G�H �L�V �V�H�O�H�F�W�H�G�� �H�Y�H�U�\ �D�F�W�L�R�Q �L�V �D�O�O�R�Z�H�G �W�R �F�K�D�Q�J�H�� �L�Q�V�W�H�D�G �R�I �M�X�V�W �R�Q�H�� �7�K�L�V �V�H�Y�H�Q�W�K �R�S�H�U�D�W�R�U �V�H�U�Y�H�V
�D�V �F�R�Q�W�U�R�O �I�R�U �W�K�H �R�W�K�H�U �V�L�[ �R�S�H�U�D�W�R�U�V �V�R �W�K�H�L�U �S�H�U�I�R�U�P�D�Q�F�H �F�D�Q �E�H �E�H�Q�F�K�P�D�U�N�H�G��

�)�L�J�X�U�H ���������7�K�H �G�L�I�I�H�U�H�Q�F�H �R�I �D �S�R�L�Q�W �P�X�W�D�W�L�R�Q �D�Q�G �D �V�X�E�W�U�H�H �P�X�W�D�W�L�R�Q �I�R�U �D�U�E�L�W�U�D�U�\ �S�R�O�L�F�\ �W�U�H�H�V�� �1�R�W�H �W�K�D�W �L�I �D�Q �D�F�W�L�R�Q �L�V
�P�X�W�D�W�H�G�� �R�Q�H�� �W�Z�R �R�U �D�O�O �D�F�W�L�R�Q�V �F�D�Q �E�H �F�K�D�Q�J�H�G �L�Q �Y�D�O�X�H��

�6�I�G�S�Q�F�M�R�E�X�M�S�R �3�T�I�V�E�X�S�V
�)�R�U�H�V�W �%�2�5�* �H�P�S�O�R�\�V �R�Q�H �U�H�F�R�P�E�L�Q�D�W�L�R�Q �R�S�H�U�D�W�R�U�� �D �F�U�R�V�V�R�Y�H�U �P�H�F�K�D�Q�L�V�P �Z�L�W�K �W�Z�R �D�I�W�H�U �F�D�U�H �I�X�Q�F��
�W�L�R�Q�V�� �S�U�X�Q�L�Q�J �D�Q�G �E�O�R�D�W �F�R�Q�W�U�R�O�� �7�K�H �F�U�R�V�V�R�Y�H�U �R�S�H�U�D�W�R�U �W�D�N�H�V �W�Z�R �S�D�U�H�Q�W �V�R�O�X�W�L�R�Q�V �D�Q�G �U�D�Q�G�R�P�O�\



�������� �*�S�V�I�W�X �&�3�6�+ �(�I�W�M�K�R ����

�V�H�O�H�F�W�V �D �Q�R�G�H �L�Q �H�D�F�K�� �$�O�O �F�K�L�O�G �Q�R�G�H�V �W�R �W�K�L�V �V�X�E�W�U�H�H �U�R�R�W �Q�R�G�H �D�U�H �S�D�U�W �R�I �W�K�H �V�X�E�W�U�H�H �L�Q �H�D�F�K �S�D�U�H�Q�W
�V�R�O�X�W�L�R�Q�� �7�K�H�V�H �W�Z�R �V�X�E�W�U�H�H�V �D�U�H �W�K�H�Q �V�Z�D�S�S�H�G�� �2�Q�H �R�I �W�K�H�V�H �S�D�U�H�Q�W�V�� �Z�L�W�K �D �V�Z�D�S�S�H�G �V�X�E�W�U�H�H �L�V
�Q�R�Z �W�K�H �R�I�I�V�S�U�L�Q�J�� �7�K�H �R�I�I�V�S�U�L�Q�J �F�D�Q �F�R�Q�W�D�L�Q �L�O�O�R�J�L�F�D�O �V�W�U�X�F�W�X�U�H�V���H���J���F�R�Q�W�U�D�G�L�F�W�L�Q�J �W�K�U�H�V�K�R�O�G�V �L�Q �F�K�L�O�G
�Q�R�G�H�V �R�U �G�X�S�O�L�F�D�W�H �D�F�W�L�R�Q�V�� �Z�K�L�F�K �D�U�H �U�H�P�R�Y�H�G �E�\ �D �S�U�X�Q�L�Q�J �I�X�Q�F�W�L�R�Q�� �7�K�H �R�I�I�V�S�U�L�Q�J �F�R�X�O�G �D�O�V�R �K�D�Y�H
�J�U�R�Z�Q �E�H�\�R�Q�G �L�W�V �S�H�U�P�L�V�V�L�E�O�H �P�D�[�L�P�X�P �G�H�S�W�K �D�V �D �U�H�V�X�O�W �R�I �W�K�H �F�U�R�V�V�R�Y�H�U�� �$ �E�O�R�D�W �F�R�Q�W�U�R�O �I�X�Q�F�W�L�R�Q
�H�Q�V�X�U�H�V �W�K�H �P�D�[�L�P�X�P �W�U�H�H �G�H�S�W�K �L�V �Q�R�W �V�X�S�H�U�V�H�G�H�G�� �7�K�H �P�D�[�L�P�X�P �W�U�H�H �G�H�S�W�K �L�V �G�H�W�H�U�P�L�Q�H�G�D�S�U�L�R�U�L�W�R
�W�K�H �V�H�D�U�F�K �D�V �D �K�\�S�H�U�S�D�U�D�P�H�W�H�U �W�R �W�K�H �D�O�J�R�U�L�W�K�P�� �7�K�H �R�S�W�L�P�D�O �W�U�H�H �G�H�S�W�K �V�K�R�X�O�G �E�H �W�H�V�W�H�G �I�R�U �I�R�U �H�Y�H�U�\
�Q�H�Z �S�U�R�E�O�H�P�� �7�K�H �F�U�R�V�V�R�Y�H�U �D�Q�G �S�U�X�Q�L�Q�J �R�S�H�U�D�W�L�R�Q�V �D�U�H �Y�L�V�X�D�O�L�]�H�G �L�Q �)�L�J�X�U�H������ �D�Q�G �)�L�J�X�U�H��������

�)�L�J�X�U�H ���������7�K�H �F�U�R�V�V�R�Y�H�U �I�X�Q�F�W�L�R�Q �Y�L�V�X�D�O�L�]�H�G �I�R�U �W�Z�R �D�U�E�L�W�U�D�U�\ �S�D�U�H�Q�W �W�U�H�H�V��

�)�L�J�X�U�H ���������7�K�H �S�U�X�Q�L�Q�J �R�S�H�U�D�W�L�R�Q �Y�L�V�X�D�O�L�]�H�G �R�Q �L�O�O�R�J�L�F�D�O �V�W�U�X�F�W�X�U�H�V �L�Q �D�Q �D�U�E�L�W�U�D�U�\ �W�U�H�H�� �7�K�H �W�U�X�H ���7�� �D�Q�G �I�D�O�V�H ���)�� �F�R�Q�G�L�W�L�R�Q�V �D�U�H
�D�G�G�H�G �W�R �X�Q�G�H�U�O�L�Q�H �W�K�H �L�O�O�R�J�L�F�D�O �V�W�U�X�F�W�X�U�H��

�7�I�P�I�G�X�M�S�R �3�T�I�V�E�X�S�V
�7�K�H �V�H�O�H�F�W�L�R�Q �R�S�H�U�D�W�R�U �L�Q �)�R�U�H�V�W �%�2�5�* �L�V �D�Q �D�G�D�S�W�L�Y�H �W�R�X�U�Q�D�P�H�Q�W �I�X�Q�F�W�L�R�Q �W�K�D�W �V�H�O�H�F�W�V �L�Q�G�L�Y�L�G�X�D�O�V �R�X�W
�R�I �D �S�R�S�X�O�D�W�L�R�Q �W�K�D�W �Z�L�O�O �V�H�U�Y�H �D�V �S�D�U�H�Q�W�V �L�Q �W�K�H �Q�H�[�W �J�H�Q�H�U�D�W�L�R�Q �R�I �W�K�H �S�R�S�X�O�D�W�L�R�Q�� �7�K�H �O�R�J�L�F �E�H�K�L�Q�G
�W�K�L�V �V�H�O�H�F�W�L�R�Q �R�S�H�U�D�W�R�U �L�V �H�Q�W�L�U�H�O�\ �W�D�N�H�Q �I�U�R�P �W�K�H �%�2�5�* �D�O�J�R�U�L�W�K�P ���+�D�G�N�D �D�Q�G �5�H�H�G�������� �����7�Z�R �G�L�V��
�W�L�Q�F�W �J�U�R�X�S�V �H�Y�R�O�Y�H �L�Q �)�R�U�H�V�W �%�2�5�*�� �W�K�H �S�R�S�X�O�D�W�L�R�Q �D�Q�G �W�K�H �D�U�F�K�L�Y�H�� �7�K�H �D�U�F�K�L�Y�H �V�L�]�H �L�V �H�V�V�H�Q�W�L�D�O�O�\
�E�R�X�Q�G�H�G �E�\ �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �H�S�V�L�O�R�Q�V�� �W�K�H �S�R�S�X�O�D�W�L�R�Q �V�L�]�H �L�V �G�\�Q�D�P�L�F �D�Q�G �X�Q�E�R�X�Q�G�H�G�� �(�P�S�O�R�\�L�Q�J
�D�Q �X�Q�E�R�X�Q�G�H�G �S�R�S�X�O�D�W�L�R�Q �V�L�]�H �P�D�N�H�V �W�K�H �D�O�J�R�U�L�W�K�P �D�S�S�O�L�F�D�E�O�H �W�R �D �Z�L�G�H�U �V�H�O�H�F�W�L�R�Q �R�I �F�D�V�H �V�W�X�G�L�H�V �D�V
�P�R�U�H �R�E�M�H�F�W�L�Y�H�V �F�D�Q �E�H �L�Q�F�R�U�S�R�U�D�W�H�G �L�Q�W�R �W�K�H �S�U�R�E�O�H�P ���+�D�G�N�D �D�Q�G �5�H�H�G�������� ���� �6�R�P�H �F�D�V�H �V�W�X�G�L�H�V
�K�D�Y�H �P�R�U�H �R�E�M�H�F�W�L�Y�H�V �W�K�D�Q �R�W�K�H�U�V�� �$�V �W�K�H �Q�X�P�E�H�U �R�I �R�E�M�H�F�W�L�Y�H�V �L�Q �D�Q �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �L�Q�F�U�H�D�V�H�V��
�W�K�H �Q�X�P�E�H�U �R�I �Q�R�Q���G�R�P�L�Q�D�W�H�G �V�R�O�X�W�L�R�Q�V �L�Q �D �I�L�[�H�G �S�R�S�X�O�D�W�L�R�Q �V�L�]�H �Z�L�O�O �L�Q�F�U�H�D�V�H�� �Z�K�L�F�K �G�H�J�U�D�G�H�V �W�K�H
�V�H�O�H�F�W�L�R�Q �S�U�H�V�V�X�U�H �R�I �W�K�H �V�H�D�U�F�K�� �7�R �N�H�H�S �W�K�H �V�H�O�H�F�W�L�R�Q �S�U�H�V�V�X�U�H �D�W �D�Q �D�S�S�U�R�[�L�P�D�W�H�O�\ �I�L�[�H�G �O�H�Y�H�O�� �W�K�H
�S�R�S�X�O�D�W�L�R�Q �V�L�]�H �K�D�V �W�R �L�Q�F�U�H�D�V�H�� �:�K�H�Q �W�K�H �U�H�V�W�D�U�W �P�H�F�K�D�Q�L�V�P �L�V �W�U�L�J�J�H�U�H�G�� �V�H�H �$�O�J�R�U�L�W�K�P���� �D �Q�H�Z �S�R�S��
�X�O�D�W�L�R�Q �V�L�]�H �L�V �F�D�O�F�X�O�D�W�H�G �E�D�V�H�G �R�Q �W�K�H �F�X�U�U�H�Q�W �V�L�]�H �R�I �W�K�H �D�U�F�K�L�Y�H�� �7�K�H �Q�H�Z �S�R�S�X�O�D�W�L�R�Q �V�L�]�H �L�V �F�D�O�F�X�O�D�W�H�G
�E�\��

Pnew = 
 � A ����������

�L�Q �Z�K�L�F�K
 �L�V �W�K�H �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q���W�R���D�U�F�K�L�Y�H �U�D�W�L�R �D�Q�GA �L�V �W�K�H �Q�X�P�E�H�U �R�I �F�X�U�U�H�Q�W �D�U�F�K�L�Y�H �V�R�O�X�W�L�R�Q�V�� �$
�Q�H�Z �W�R�X�U�Q�D�P�H�Q�W �V�L�]�H �L�V �G�H�W�H�U�P�L�Q�H�G �Z�K�H�Q �W�K�H �S�R�S�X�O�D�W�L�R�Q �V�L�]�H �K�D�V �F�K�D�Q�J�H�G�� �7�K�H �Q�H�Z �W�R�X�U�Q�D�P�H�Q�W �V�L�]�H
�L�V �G�H�W�H�U�P�L�Q�H�V �W�K�U�R�X�J�K��

tournament size = max(2; b� (
 � A)c) ����������

�L�Q �Z�K�L�F�K� �L�V �D �V�H�O�H�F�W�L�R�Q �U�D�W�L�R �W�K�D�W �P�D�L�Q�W�D�L�Q�V �W�R�X�U�Q�D�P�H�Q�W �V�L�]�H�V �W�R �E�H �D �I�L�[�H�G �S�H�U�F�H�Q�W�D�J�H �R�I �S�R�S�X�O�D�W�L�R�Q
�V�L�]�H�� �7�K�H �O�R�Z�H�U �E�R�X�Q�G �R�I �W�K�L�V �D�G�D�S�W�L�Y�H �W�R�X�U�Q�D�P�H�Q�W �V�L�]�H �L�V ���� �U�H�V�X�O�W�L�Q�J �L�Q �D �E�L�Q�D�U�\ �W�R�X�U�Q�D�P�H�Q�W �Z�K�L�F�K �F�D�Q



�������� �&�I�R�G�L�Q�E�V�O�M�R�K �1�I�X�V�M�G�W ����
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�Q�R �F�R�P�S�O�H�[ �R�U �L�O�O�R�J�L�F�D�O �V�W�U�X�F�W�X�U�H�V�� �3�R�O�L�F�\ �W�U�H�H�V �Z�L�W�K �V�P�D�O�O�H�U �P�D�[�L�P�X�P �G�H�S�W�K�V �U�H�G�X�F�H �W�K�H �U�L�V�N �R�I �R�Y�H�U��
�I�L�W�W�L�Q�J �L�I �W�K�H �V�D�P�H �S�R�O�L�F�\ �V�K�R�X�O�G �E�H �D�S�S�O�L�H�G �W�R �D �G�L�I�I�H�U�H�Q�W �V�F�H�Q�D�U�L�R �D�Q�G �W�K�H�\ �P�D�N�H �D �S�R�O�L�F�\ �W�U�H�H �H�D�V�L�H�U
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�G�L�F�D�W�R�U �Y�D�U�L�D�E�O�H�V �W�K�D�W �F�R�Q�W�U�D�G�L�F�W �D �W�K�U�H�V�K�R�O�G �R�I �D �S�D�U�H�Q�W �L�Q�G�L�F�D�W�R�U �Q�R�G�H�� �7�K�H �S�U�X�Q�L�Q�J �D�Q�G �E�O�R�D�W �F�R�Q�W�U�R�O
�R�S�H�U�D�W�L�R�Q�V �V�K�R�X�O�G �S�U�H�Y�H�Q�W �W�K�H�V�H �L�O�O�R�J�L�F�D�O �V�W�U�X�F�W�X�U�H�V �E�X�W �D�U�H �F�K�H�F�N�H�G �L�Q �W�K�H�V�H �Y�L�V�X�D�O�L�]�D�W�L�R�Q�V �R�I �W�K�H �S�R�O�L�F�\
�W�U�H�H�V�� �0�R�U�H�R�Y�H�U�� �V�L�P�L�O�D�U�L�W�L�H�V �D�Q�G �G�L�I�I�H�U�H�Q�F�H�V �L�Q �V�W�U�X�F�W�X�U�H�� �L�Q�G�L�F�D�W�R�U�V �D�Q�G �D�F�W�L�R�Q�V �E�H�W�Z�H�H�Q �S�R�O�L�F�L�H�V �D�U�H
�V�W�X�G�L�H�G �W�K�D�W �S�H�U�K�D�S�V �U�H�I�O�H�F�W �W�K�H �W�U�D�G�H���R�I�I�V �V�K�R�Z�Q �L�Q �W�K�H �S�D�U�D�O�O�H�O �D�[�L�V �S�O�R�W�V�� ��
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�D�U�H �I�D�F�W�R�U�V �R�I �W�K�H �P�R�G�H�O �R�Y�H�U �Z�K�L�F�K �W�K�H �G�H�F�L�V�L�R�Q �P�D�N�H�U �K�D�V �Q�R �F�R�Q�W�U�R�O�� �'�L�I�I�H�U�H�Q�W �V�F�H�Q�D�U�L�R�V �V�W�H�P �I�U�R�P
�G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �W�K�H�V�H �Y�D�U�L�D�E�O�H�V �P�L�J�K�W �K�R�O�G�� �7�K�H �O�H�Y�H�U�V �D�U�H �W�K�H �Y�D�U�L�D�E�O�H�V �R�Y�H�U �Z�K�L�F�K �W�K�H �G�H�F�L�V�L�R�Q �P�D�N�H�U
�K�D�V �I�X�O�O �F�R�Q�W�U�R�O�� �R�I�W�H�Q �X�S�S�H�U �D�Q�G �O�R�Z�H�U �E�R�X�Q�G�H�G�� �W�K�H�\ �F�D�Q �E�H �V�H�W �W�R �D�Q�\ �Y�D�O�X�H �E�H�I�R�U�H �D�Q�G �G�X�U�L�Q�J �W�K�H
�V�L�P�X�O�D�W�L�R�Q�� �7�K�H �V�H�W �R�I �D�O�O �O�H�Y�H�U�V �W�X�Q�H�G �W�R �D �V�S�H�F�L�I�L�F �Y�D�O�X�H �L�V �F�D�O�O�H�G �D �S�R�O�L�F�\�� �,�Q �W�K�H �W�H�U�P�L�Q�R�O�R�J�\ �R�I �3�2�7
�W�K�H �O�H�Y�H�U �Y�D�U�L�D�E�O�H�V �D�U�H �F�D�O�O�H�G �D�F�W�L�R�Q �Y�D�U�L�D�E�O�H�V�� �7�K�H �U�H�O�D�W�L�R�Q�V �D�U�H �W�K�H �L�Q�W�H�U�Q�D�O �O�R�J�L�F �R�I �W�K�H �P�R�G�H�O �D�Q�G
�F�D�Q �E�H �F�K�R�V�H�Q �D�V �L�Q�G�L�F�D�W�R�U �Y�D�U�L�D�E�O�H�V �L�Q �D �S�R�O�L�F�\ �W�U�H�H�� �7�K�H �P�H�W�U�L�F�V �D�U�H �W�K�H �P�R�G�H�O �Y�D�U�L�D�E�O�H�V �W�K�H �G�H�F�L�V�L�R�Q
�P�D�N�H�U �I�L�Q�G�V �P�R�V�W �L�P�S�R�U�W�D�Q�W �D�Q�G �S�U�R�Y�L�G�H�V �D �Y�D�O�X�H �M�X�G�J�P�H�Q�W �R�I �W�K�H �V�\�V�W�H�P �J�L�Y�H�Q �D �V�F�H�Q�D�U�L�R �R�U �D �S�R�O�L�F�\��
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�,�Q�I�O�R�Z �'�D�L�O�\ �L�Q�I�O�R�Z �R�W �W�K�H �U�H�V�H�U�Y�R�L�U �>�7�$�)���G�@

�7�D�E�O�H ���������8�Q�F�H�U�W�D�L�Q�W�L�H�V �L�Q �W�K�H �)�R�O�V�R�P �P�R�G�H�O�� �W�D�N�H�Q �I�U�R�P ���+�H�U�P�D�Q �D�Q�G �*�L�X�O�L�D�Q�L�������� ���� �7�K�H �X�Q�L�W�V �7�$�)���\ �D�Q�G �7�$�)���G �V�W�D�Q�G �I�R�U
�W�K�R�X�V�D�Q�G �D�F�U�H���I�H�H�W �S�H�U �\�H�D�U �D�Q�G �W�K�R�X�V�D�Q�G �D�F�U�H���I�H�H�W �S�H�U �G�D�\�� �2�Q�H �7�$�) �L�V ������������km 3 ��

�0�I�Z�I�V�W
�7�K�H �)�R�O�V�R�P �P�R�G�H�O �K�D�V �R�Q�H �D�F�W�L�R�Q�� �Z�K�L�F�K �F�D�Q �E�H �V�H�W �W�R �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V�� �$ �G�L�V�W�L�Q�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H
�)�R�O�V�R�P �P�R�G�H�O �D�Q�G �W�K�H �5�,�&�( �P�R�G�H�O �L�V �W�K�D�W �W�K�H �)�R�O�V�R�P �P�R�G�H�O �K�D�V �R�Q�H �D�F�W�L�R�Q �W�K�D�W �F�D�Q �E�H �V�H�W �W�R �G�L�I�I�H�U�H�Q�W
�Y�D�O�X�H�V �D�Q�G �W�K�H �5�,�&�( �P�R�G�H�O �K�D�V �W�K�U�H�H �D�F�W�L�R�Q�V �W�K�D�W �F�D�Q �E�H �V�H�W �W�R �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �I�R�U �H�D�F�K �D�F�W�L�R�Q�� �7�K�L�V
�G�L�V�W�L�Q�F�W�L�R�Q �E�H�F�R�P�H�V �L�P�S�R�U�W�D�Q�W �Z�K�H�Q �W�K�H �R�U�L�J�L�Q�D�O �3�2�7 �D�O�J�R�U�L�W�K�P �L�V �F�R�P�S�D�U�H�G �W�R �)�R�U�H�V�W �%�2�5�* �L�Q �W�K�H
�G�L�I�I�H�U�H�Q�W �F�D�V�H �V�W�X�G�L�H�V�� �7�K�H �D�F�W�L�R�Q�� �R�U �O�H�Y�H�U�� �L�Q �W�K�H �)�R�O�V�R�P �P�R�G�H�O �L�V �W�K�H �D�P�R�X�Q�W �R�I �Z�D�W�H�U �W�R �E�H �U�H�O�H�D�V�H�G��
�7�K�H �F�X�U�U�H�Q�W �G�H�P�D�Q�G �I�R�U �Z�D�W�H�U �F�D�Q �E�H �U�H�O�H�D�V�H�G �R�U �D �S�H�U�F�H�Q�W�D�J�H �R�I �L�W�� �K�H�G�J�L�Q�J �S�D�U�W �R�I �W�K�H �Z�D�W�H�U �I�R�U �I�X�W�X�U�H
�X�V�H�� �,�Q �F�D�V�H �R�I �O�D�U�J�H �L�Q�I�O�R�Z�V �R�I �Z�D�W�H�U�� �O�D�U�J�H �D�P�R�X�Q�W�V �R�I �Z�D�W�H�U �F�D�Q �E�H �U�H�O�H�D�V�H�G �W�K�U�R�X�J�K �I�O�R�R�G �F�R�Q�W�U�R�O��
�7�K�H �G�L�I�I�H�U�H�Q�W�� �G�L�V�F�U�H�W�H�� �Y�D�O�X�H�V �W�K�D�W �W�K�L�V �O�H�Y�H�U �F�D�Q �E�H �V�H�W �W�R �D�U�H �V�W�D�W�H�G �L�Q �7�D�E�O�H������ �D�Q�G �D�U�H �V�S�H�O�O�H�G �R�X�W �L�Q
�G�H�W�D�L�O �L�Q �$�S�S�H�Q�G�L�[�* ��

�/�H�Y�H�U �7�D�U�J�H�W �U�H�O�H�D�V�H �U�X�O�H �'�H�V�F�U�L�S�W�L�R�Q
�5�H�O�H�D�V�H �'�H�P�D�Q�Gut = D t �5�H�O�H�D�V�H �F�X�U�U�H�Q�W �G�H�P�D�Q�G

�+�H�G�J�H �S ut = p � D t �5�H�O�H�D�V�H �S�� �R�I �F�X�U�U�H�Q�W �G�H�P�D�Q�G
�)�O�R�R�G �&�R�Q�W�U�R�Out = ( Qt + St +1 ) �5�H�O�H�D�V�H ������ �R�I �F�X�U�U�H�Q�W �L�Q�I�O�R�Z �D�Q�G �Q�H�[�W �V�\�V�W�H�P �V�W�D�W�H

�7�D�E�O�H ���������/�H�Y�H�U�V �L�Q �W�K�H �)�R�O�V�R�P �P�R�G�H�O�� �W�D�N�H�Q �I�U�R�P ���+�H�U�P�D�Q �D�Q�G �*�L�X�O�L�D�Q�L�������� ����ut �L�V �W�K�H �D�P�R�X�Q�W �R�I �Z�D�W�H�U �U�H�O�H�D�V�H�G �D�W �W�L�P�Ht
�D�Q�GD t �L�V �W�K�H �F�X�U�U�H�Q�W �G�H�P�D�Q�G �I�R�U �Z�D�W�H�U�� �6�H�H �(�T�X�D�W�L�R�Q������ �W�R �E�H�W�W�H�U �X�Q�G�H�U�V�W�D�Q�G �W�K�H �U�H�O�H�D�V�H �U�X�O�H �I�R�U �)�O�R�R�G �&�R�Q�W�U�R�O



�������� �<�0�6�1 �*�V�E�Q�I�[�S�V�O ����

�6�I�P�E�X�M�S�R�W
�7�K�H �P�R�G�H�O �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �L�V �E�D�V�H�G �R�Q �D �W�U�D�Q�V�L�W�L�R�Q �H�T�X�D�W�L�R�Q��

st +1 = f (st ; ut ; qt +1 ) ����������

�Z�K�H�U�H �V�� �X�� �D�Q�G �T �D�U�H �Y�H�F�W�R�U�V �R�I �V�W�D�W�H�� �G�H�F�L�V�L�R�Q�� �D�Q�G �G�L�V�W�X�U�E�D�Q�F�H �Y�D�U�L�D�E�O�H�V ���+�H�U�P�D�Q �D�Q�G �*�L�X�O�L�D�Q�L�������� ����
�$ �F�R�V�W �I�X�Q�F�W�L�R�Q �L�V �E�D�V�H�G �R�Q �V�\�V�W�H�P �V�W�D�W�H �D�Q�G �L�V �W�R �E�H �P�L�Q�L�P�L�]�H�G �E�\ �F�K�R�R�V�L�Q�J �W�K�H �G�H�F�L�V�L�R�Q �Y�H�F�W�R�U�V
�D�F�F�R�U�G�L�Q�J�O�\�� �7�K�H �G�L�V�W�X�U�E�D�Q�F�H �Y�D�U�L�D�E�O�H�V �D�U�H �W�K�H �L�Q�I�O�R�Z �R�I �Z�D�W�H�U �L�Q�W�R �W�K�H �U�H�V�H�U�Y�R�L�U�� �V�X�E�M�H�F�W �W�R �X�Q�F�H�U�W�D�L�Q�W�\��
�7�K�H �H�[�D�F�W �P�R�G�H�O �U�H�O�D�W�L�R�Q�V �F�D�Q �E�H �I�R�X�Q�G �L�Q �W�K�H �D�V�V�R�F�L�D�W�H�G �F�R�G�H��

�1�I�X�V�M�G�W
�7�K�H �)�R�O�V�R�P �O�D�N�H �P�R�G�H�O �F�D�Q �E�H �U�X�Q �D�V �D �V�L�Q�J�O�H �R�E�M�H�F�W�L�Y�H �S�U�R�E�O�H�P�� �Q�R�W �F�R�Y�H�U�H�G �L�Q �W�K�L�V �U�H�V�H�D�U�F�K�� �R�U �D�V �D
�P�X�O�W�L���R�E�M�H�F�W�L�Y�H �S�U�R�E�O�H�P�� �7�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �I�R�U �W�K�H �P�X�O�W�L���R�E�M�H�F�W�L�Y�H �S�U�R�E�O�H�P �L�V �G�L�Y�L�G�H�G �L�Q�W�R �I�R�X�U �R�E�M�H�F�W�L�Y�H�V��
�7�K�H�V�H �R�E�M�H�F�W�L�Y�H�V�� �R�U �P�H�W�U�L�F�V�� �D�U�H �V�W�D�W�H�G �L�Q �7�D�E�O�H��������

�0�H�W�U�L�F �'�H�V�F�U�L�S�W�L�R�Q
�&�R�V�W �'�L�V�F�R�X�Q�W�H�G �F�R�V�W �R�I �W�K�H �V�X�P�P�H�G �D�Q�Q�X�D�O �R�Y�H�U�D�O�O �F�R�V�W �R�I �D�O�O �D�F�W�L�R�Q�V �L�P�S�O�H�P�H�Q�W�H�G

�5�H�O�L�D�E�L�O�L�W�\ �:�H�L�J�K�W�H�G �U�H�O�L�D�E�L�O�L�W�\ �W�R �W�K�H �&�H�Q�W�U�D�O �9�D�O�O�H�\ �3�U�R�M�H�F�W
�&�D�U�U�\�R�Y�H�U �6�W�R�U�D�J�H�&�R�X�Q�W �R�I �� �\�H�D�U�V �L�Q �Z�K�L�F�K �F�D�U�U�\�R�Y�H�U �V�W�R�U�D�J�H �I�D�O�O�V �E�H�O�R�Z �P�L�Q�L�P�X�P �7�$�)

�)�O�R�R�G�L�Q�J �5�H�S�U�H�V�H�Q�W�V �W�K�H �W�R�W�D�O �Y�R�O�X�P�H �R�I �Z�D�W�H�U �H�[�F�H�H�G�L�Q�J �G�R�Z�Q�V�W�U�H�D�P �F�D�S�D�F�L�W�\��

�7�D�E�O�H ���������/�H�Y�H�U�V �L�Q �W�K�H �)�R�O�V�R�P �P�R�G�H�O�� �W�D�N�H�Q �I�U�R�P ���&�R�K�H�Q �D�Q�G �+�H�U�P�D�Q�������� ��

�������������6�-�'�)
�)�L�J�X�U�H������ �G�H�S�L�F�W�V �W�K�H �5�,�&�( �P�R�G�H�O �H�P�E�H�G�G�H�G �L�Q �W�K�H �;�/�5�0 �I�U�D�P�H�Z�R�U�N��

�)�L�J�X�U�H ���������7�K�H �5�,�&�( �P�R�G�H�O �F�D�V�W�H�G �L�Q �W�K�H �;�/�5�0 �I�U�D�P�H�Z�R�U�N�� �7�K�H �E�O�X�H �E�R�[ �U�H�S�U�H�V�H�Q�W�V �W�K�H �5�,�&�( �P�R�G�H�O�� �R�X�W �R�I �Z�K�L�F�K �W�K�U�H�H
�Y�D�U�L�D�E�O�H�V �D�U�H �W�D�N�H�Q �W�K�D�W �D�U�H �X�V�H�G �D�V �S�R�V�V�L�E�O�H �L�Q�G�L�F�D�W�R�U �Y�D�U�L�D�E�O�H�V �L�Q �W�K�L�V �U�H�V�H�D�U�F�K��

�9�R�G�I�V�X�E�M�R�X�]
�8�Q�F�H�U�W�D�L�Q�W�\ �L�Q �W�K�H �5�,�&�( �P�R�G�H�O �L�V �L�Q�F�R�U�S�R�U�D�W�H�G �W�K�U�R�X�J�K �Q�L�Q�H �Y�D�U�L�D�E�O�H�V �J�U�R�X�S�H�G �L�Q �W�K�U�H�H �G�L�V�W�L�Q�F�W �F�K�D�Q�Q�H�O�V��
�7�K�H �S�R�S�X�O�D�W�L�R�Q �D�Q�G �W�R�W�D�O �I�D�F�W�R�U �S�U�R�G�X�F�W�L�Y�L�W�\ �D�U�H �J�U�R�X�S�H�G �W�R�J�H�W�K�H�U �L�Q �D�Q �6�6�3 �V�F�H�Q�D�U�L�R �D�Q�G �F�D�Q�Q�R�W �E�H
�F�K�D�Q�J�H�G �L�Q�G�L�Y�L�G�X�D�O�O�\�� �7�K�H �F�O�L�P�D�W�H �V�H�Q�V�L�W�L�Y�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q �D�Q�G �S�D�U�D�P�H�W�H�U �D�O�V�R �D�F�W �F�R�K�H�U�H�Q�W�O�\ �W�R �G�H�I�L�Q�H
�W�K�H �V�H�Q�V�L�W�L�Y�L�W�\ �R�I �W�K�H �F�O�L�P�D�W�H �W�R �H�P�L�V�V�L�R�Q�V�� �6�H�Y�H�Q �G�L�V�W�L�Q�F�W �Y�D�U�L�D�E�O�H�V �U�H�P�D�L�Q �Z�K�L�F�K �D�U�H �W�K�H �X�Q�F�H�U�W�D�L�Q�W�L�H�V
�D�V �G�H�I�L�Q�H�G �L�Q �W�K�H �;�/�5�0 �I�U�D�P�H�Z�R�U�N�� �7�K�H �W�K�U�H�H �G�L�I�I�H�U�H�Q�W �F�K�D�Q�Q�H�O�V �R�I �X�Q�F�H�U�W�D�L�Q�W�\ �D�U�H �V�R�F�L�R���H�F�R�Q�R�P�L�F��
�F�O�L�P�D�W�H �D�Q�G �W�H�F�K�Q�R�O�R�J�L�F�D�O �E�D�F�N�V�W�R�S �X�Q�F�H�U�W�D�L�Q�W�L�H�V�� �7�K�H �X�Q�F�H�U�W�D�L�Q�W�L�H�V�� �W�K�H�L�U �F�O�D�V�V�L�I�L�F�D�W�L�R�Q �D�Q�G �W�K�H �U�D�Q�J�H
�Z�L�W�K�L�Q �W�K�H�\ �R�S�H�U�D�W�H �D�U�H �J�L�Y�H �L�Q �7�D�E�O�H������ �D�Q�G �L�V �W�D�N�H�Q �I�U�R�P �D �S�U�H�Y�L�R�X�V �Y�H�U�V�L�R�Q �R�I �W�K�H �5�,�&�( �P�R�G�H�O ���5�H�G�G�H�O
�������� ����
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�8�Q�F�H�U�W�D�L�Q�W�\ �7�\�S�H �5�D�Q�J�H
�S�R�S�X�O�D�W�L�R�Q �V�R�F�L�R���H�F�R�Q�R�P�L�F ���[ �6�6�3

�W�R�W�D�O �I�D�F�W�R�U �S�U�R�G�X�F�W�L�Y�L�W�\�V�R�F�L�R���H�F�R�Q�R�P�L�F ���[ �6�6�3
�H�P�L�V�V�L�R�Q �W�R �R�X�W�S�X�W �J�U�R�Z�W�K �U�D�W�H�V�R�F�L�R���H�F�R�Q�R�P�L�F ���[ �6�6�3

�D�Y�D�L�O�D�E�L�O�L�W�\ �R�I �I�R�V�V�L�O �I�X�H�O�V�R�F�L�R���H�F�R�Q�R�P�L�F�>���������� �����������@
�F�O�L�P�D�W�H �V�H�Q�V�L�W�L�Y�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q�F�O�L�P�D�W�H�^�Q�R�U�P�D�O�� �O�R�J�Q�R�U�P�D�O�� �&�D�X�F�K�\�`
�F�O�L�P�D�W�H �V�H�Q�V�L�W�L�Y�L�W�\ �S�D�U�D�P�H�W�H�U�F�O�L�P�D�W�H �>���� �������@
�H�O�D�V�W�L�F�L�W�\ �R�I �F�O�L�P�D�W�H �L�P�S�D�F�W�F�O�L�P�D�W�H �^������ ���� ���`

�S�U�L�F�H �R�I �E�D�F�N�V�W�R�S �W�H�F�K�Q�R�O�R�J�\�E�D�F�N�V�W�R�S �>���������� ���������@
�D�Y�D�L�O�D�E�L�O�L�W�\ �R�I �Q�H�J�D�W�L�Y�H �H�P�L�V�V�L�R�Q�V �W�H�F�K�Q�R�O�R�J�\�E�D�F�N�V�W�R�S �\�H�V ������������ �Q�R

�7�D�E�O�H ���������8�Q�F�H�U�W�D�L�Q�W�L�H�V �L�Q �W�K�H �5�,�&�( �P�R�G�H�O�� �D�G�D�S�W�H�G �I�U�R�P ���5�H�G�G�H�O�������� ��

�0�I�Z�I�V�W
�7�K�H�U�H �D�U�H �W�K�U�H�H �G�L�I�I�H�U�H�Q�W �O�H�Y�H�U�V �L�Q �W�K�H �5�,�&�( �P�R�G�H�O �Z�K�L�F�K �D�U�H �J�L�Y�H�Q �L�Q �7�D�E�O�H������ �D�Q�G �D�U�H �D�G�D�S�W�H�G �I�U�R�P
���5�H�G�G�H�O�������� ���� �7�K�H �V�D�Y�L�Q�J�V �U�D�W�H �D�Q�G �H�P�L�V�V�L�R�Q �F�R�Q�W�U�R�O �U�D�W�H �D�U�H �V�H�W �D�V �L�Q�L�W�L�D�O �Y�D�O�X�H�V �Z�K�L�F�K �W�K�H�Q �O�H�D�G �W�R
�V�W�H�D�G�\���V�W�D�W�H �E�H�K�D�Y�L�R�X�U�� �+�R�Z�H�Y�H�U�� �E�H�F�D�X�V�H �W�K�H �3�2�7 �D�O�J�R�U�L�W�K�P �D�O�O�R�Z�V �I�R�U �W�K�H �F�K�D�Q�J�L�Q�J �R�I �O�H�Y�H�U�V �G�X�U�L�Q�J
�W�K�H �V�L�P�X�O�D�W�L�R�Q �S�H�U�L�R�G �W�K�H�V�H �Y�D�U�L�D�E�O�H�V�� �Z�K�L�F�K �L�Q �S�U�H�Y�L�R�X�V �5�,�&�( �P�R�G�H�O�V ���5�H�G�G�H�O�������� �� ���7�M�D�O�O�L�Q�J�L�L�������� ��
�Z�H�U�H �V�W�D�W�L�F �W�K�U�R�X�J�K�R�X�W �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �F�D�Q �Q�R�Z �E�H �G�\�Q�D�P�L�F��

�/�H�Y�H�U �5�D�Q�J�H
�V�D�Y�L�Q�J�V �U�D�W�H �>�������� �������@

�H�P�L�V�V�L�R�Q �F�R�Q�W�U�R�O �U�D�W�H �W�D�U�J�H�W�>���������� ���������@
�L�Q�L�W�L�D�O �U�D�W�H �R�I �V�R�F�L�D�O �W�L�P�H �S�U�H�I�H�U�H�Q�F�H �F�R�Q�V�X�P�S�W�L�R�Q�>������������ �������@

�7�D�E�O�H ���������/�H�Y�H�U�V �L�Q �W�K�H �5�,�&�( �P�R�G�H�O�� �D�G�D�S�W�H�G �I�U�R�P ���5�H�G�G�H�O�������� ��

�6�I�P�E�X�M�S�R�W
�7�K�H �U�H�O�D�W�L�R�Q�V �R�I �W�K�H �5�,�&�( �P�R�G�H�O �V�W�D�W�H �K�R�Z �L�Q�I�R�U�P�D�W�L�R�Q �I�O�R�Z�V �Z�L�W�K�L�Q �D�Q�G �E�H�W�Z�H�H�Q �V�X�E���P�R�G�H�O�V �D�Q�G �U�H�O�D�W�H�V
�X�Q�F�H�U�W�D�L�Q�W�L�H�V �D�Q�G �O�H�Y�H�U�V �W�R �R�X�W�S�X�W�� �W�K�H �P�H�W�U�L�F�V�� �7�K�H �F�R�U�H �V�W�U�X�F�W�X�U�H �R�I �W�K�H �5�,�&�( �P�R�G�H�O �L�V �V�K�R�Z�Q �L�Q
�$�S�S�H�Q�G�L�[�' �L�Q �I�L�J�X�U�H�'���� �L�Q �Z�K�L�F�K �R�Q�O�\ �W�K�H �F�R�U�H �Y�D�U�L�D�E�O�H�V �D�Q�G �U�H�O�D�W�L�R�Q�V �D�U�H �G�H�S�L�F�W�H�G �I�R�U �F�O�D�U�L�W�\�� �1�R�W�H
�W�K�D�W �D�O�W�K�R�X�J�K �W�K�H �Y�D�U�L�D�E�O�H�V �X�Q�G�H�U �X�Q�F�H�U�W�D�L�Q�W�\ �D�Q�G �O�H�Y�H�U�V �D�U�H �G�H�S�L�F�W�H�G �L�Q �W�K�H �I�L�J�X�U�H�� �W�K�H �P�H�W�U�L�F�V �D�U�H �Q�R�W��
�$�O�W�K�R�X�J�K �W�K�H �P�H�W�U�L�F�V �D�U�H �S�D�U�W �R�I �W�K�H �5�,�&�( �P�R�G�H�O�� �W�K�H�\ �D�U�H �G�L�I�I�H�U�H�Q�W �I�R�U �G�L�I�I�H�U�H�Q�W �S�U�R�E�O�H�P �I�R�U�P�X�O�D�W�L�R�Q�V
�D�Q�G �R�I�W�H�Q �U�H�T�X�L�U�H �I�X�U�W�K�H�U �F�D�O�F�X�O�D�W�L�R�Q�V �I�U�R�P �W�K�H �5�,�&�( �F�R�U�H �P�R�G�H�O�� �0�R�V�W �V�W�H�P �I�U�R�P �F�R�Q�V�X�P�S�W�L�R�Q �D�Q�G �D
�X�W�L�O�L�W�\ �Y�D�U�L�D�E�O�H �K�D�V �E�H�H�Q �D�G�G�H�G �W�R �G�H�S�L�F�W �D�Q �H�[�D�P�S�O�H �R�I �D �S�R�V�V�L�E�O�H �P�H�W�U�L�F��

�1�I�X�V�M�G�W
�1�X�P�H�U�R�X�V �P�H�W�U�L�F�V �F�D�Q �E�H �G�H�I�L�Q�H�G �E�D�V�H�G �R�Q �W�K�H �F�R�U�H �Z�R�U�N�L�Q�J �R�I �5�,�&�(�� �7�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �P�H�W�U�L�F�V �G�H��
�S�H�Q�G�V �R�Q �W�K�H �M�X�V�W�L�F�H �S�U�L�Q�F�L�S�O�H �R�Q�H �D�G�K�H�U�H�V �W�R�� �3�U�H�Y�L�R�X�V�O�\�� �P�H�W�U�L�F�V �E�D�V�H�G �R�Q �W�K�H �5�,�&�( �V�L�P�X�O�D�W�L�R�Q �P�R�G�H�O
�K�D�Y�H �E�H�H�Q �E�D�V�H�G �R�Q �8�W�L�O�L�W�D�U�L�D�Q�� �(�J�D�O�L�W�D�U�L�D�Q�� �3�U�L�R�U�L�W�D�U�L�D�Q �D�Q�G �6�X�I�I�L�F�L�W�D�U�L�D�Q �M�X�V�W�L�F�H �S�U�L�Q�F�L�S�O�H�V ���7�M�D�O�O�L�Q�J�L�L
�������� ���� ���5�H�G�G�H�O�������� ���� �7�K�L�V �U�H�V�H�D�U�F�K �Z�L�O�O �I�R�F�X�V �R�Q �W�K�H �8�W�L�O�L�W�D�U�L�D�Q �S�H�U�V�S�H�F�W�L�Y�H �D�V �L�W �L�V �F�R�P�P�R�Q�O�\ �X�V�H�G �D�V
�D�Q �H�W�K�L�F�D�O �S�H�U�V�S�H�F�W�L�Y�H �D�Q�G �L�W�V �R�E�M�H�F�W�L�Y�H�V �D�U�H �U�H�O�D�W�L�Y�H�O�\ �V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G�� �$�I�W�H�U �W�K�H �S�U�R�R�I���R�I���F�R�Q�F�H�S�W �R�I �W�K�H
�3�2�7 �D�Q�G �2�/�7 �D�O�J�R�U�L�W�K�P�V �F�R�X�S�O�H�G �W�R �5�,�&�(�� �W�K�H �R�E�M�H�F�W�L�Y�H�V�� �R�U �P�H�W�U�L�F�V�� �F�D�Q �E�H �H�[�W�H�Q�G�H�G �W�R �R�W�K�H�U �M�X�V�W�L�F�H
�S�U�L�Q�F�L�S�O�H�V�� �7�K�H �P�H�W�U�L�F�V �H�P�S�O�R�\�H�G �I�R�U �W�K�H �8�W�L�O�L�W�D�U�L�D�Q �S�H�U�V�S�H�F�W�L�Y�H �D�U�H �J�L�Y�H�Q �L�Q �W�D�E�O�H�������� �7�K�H �F�K�R�L�F�H �R�I
�P�H�W�U�L�F�V �L�V �U�H�O�D�W�L�Y�H�O�\ �V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G �L�Q �D�Q �H�I�I�R�U�W �W�R �N�H�H�S �W�K�H �U�H�V�X�O�W�V �F�R�P�S�U�H�K�H�Q�V�L�E�O�H �D�Q�G �F�R�P�S�D�U�D�E�O�H �W�R
�R�W�K�H�U �U�H�V�H�D�U�F�K ���0�D�U�D�Q�J�R�Q�L �H�W �D�O���������� ����

�0�H�W�U�L�F �'�H�V�F�U�L�S�W�L�R�Q
�Z�H�O�I�D�U�H �:�H�O�I�D�U�H �R�I �G�L�V�F�R�X�Q�W�H�G �X�W�L�O�L�W�\ �E�D�V�H�G �R�Q �F�R�Q�V�X�P�S�W�L�R�Q

�G�D�P�D�J�H�V �J�O�R�E�D�O �G�D�P�D�J�H�V
�W�H�P�S�H�U�D�W�X�U�H �R�Y�H�U�V�K�R�R�W�V�$�P�R�X�Q�W �R�IoC �D�E�R�Y�H �W�K�H �W�K�U�H�V�K�R�O�G �R�I ������oC

�7�D�E�O�H ���������/�H�Y�H�U�V �L�Q �W�K�H �5�,�&�( �P�R�G�H�O�� �D�G�D�S�W�H�G �I�U�R�P ���5�H�G�G�H�O�������� ��



�������� �)�\�T�I�V�M�Q�I�R�X�E�P �7�I�X�Y�T ����

���������)�\�T�I�V�M�Q�I�R�X�E�P �7�I�X�Y�T
�7�K�H �H�[�S�H�U�L�P�H�Q�W�V �D�U�H �V�H�W �X�S �S�H�U �F�D�V�H �V�W�X�G�\�� �(�D�F�K �F�D�V�H �V�W�X�G�\ �D�V �Z�H�O�O �D�V �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �)�R�U�H�V�W
�%�2�5�* �L�V �V�W�X�G�L�H�G �W�K�U�R�X�J�K �I�L�Y�H �D�Q�D�O�\�V�H�V�� �7�K�H�V�H �D�Q�D�O�\�V�H�V �D�U�H��

���� �U�X�Q���W�L�P�H �G�\�Q�D�P�L�F�V
���� �V�H�D�U�F�K �R�S�H�U�D�W�R�U �G�\�Q�D�P�L�F�V
���� �F�R�Q�W�U�R�O�O�D�E�L�O�L�W�\
���� �H�[�S�R�V�H�G �W�U�D�G�H���R�I�I�V
���� �K�L�J�K�O�L�J�K�W�H�G �S�R�O�L�F�\ �W�U�H�H�V

�7�K�H �U�X�Q �W�L�P�H �G�\�Q�D�P�L�F�V �V�K�R�Z �F�R�Q�Y�H�U�J�H�Q�F�H �R�I �W�K�H �D�O�J�R�U�L�W�K�P �E�D�V�H�G �R�Q �K�\�S�H�U�Y�R�O�X�P�H�� �7�K�H �V�H�D�U�F�K �R�S��
�H�U�D�W�R�U �G�\�Q�D�P�L�F�V �L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �Q�R�Y�H�O �P�X�W�D�W�L�R�Q �R�S�H�U�D�W�R�U�V �R�I �)�R�U�H�V�W �%�2�5�*�� �7�K�H �F�R�Q�W�U�R�O�O�D�E�L�O�L�W�\ �D�Q�D�O�\�V�L�V
�H�[�S�O�R�U�H�V �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �W�K�H �K�\�S�H�U�S�D�U�D�P�H�W�H�U �V�H�W�W�L�Q�J�V �R�Q �D�O�J�R�U�L�W�K�P �S�H�U�I�R�U�P�D�Q�F�H�� �7�K�H �I�R�X�U�W�K �D�Q�D�O�\�V�L�V
�G�L�V�S�O�D�\�V �W�K�H �W�U�D�G�H���R�I�I�V �P�D�G�H �Y�L�V�L�E�O�H �E�\ �S�D�U�H�W�R���R�S�W�L�P�D�O �S�R�O�L�F�\ �D�O�W�H�U�Q�D�W�L�Y�H�V �W�K�U�R�X�J�K �D �S�D�U�D�O�O�H�O �D�[�L�V �S�O�R�W�� �$
�E�H�V�W �S�H�U�I�R�U�P�L�Q�J �S�R�O�L�F�\ �L�V �K�L�J�K�O�L�J�K�W�H�G �I�R�U �H�D�F�K �R�E�M�H�F�W�L�Y�H �D�V �Z�H�O�O �D�V �D �F�R�P�S�U�R�P�L�V�H �S�R�O�L�F�\�� �D �S�R�O�L�F�\ �W�K�D�W
�L�V �F�O�R�V�H�V�W �W�R �W�K�H �D�Y�H�U�D�J�H �R�I �H�D�F�K �R�E�M�H�F�W�L�Y�H�� �)�L�Q�D�O�O�\�� �W�K�H �I�L�I�W�K �D�Q�D�O�\�V�L�V �F�U�H�D�W�H�V �Y�L�V�X�D�O�V �R�I �W�K�H�V�H �V�H�O�H�F�W�H�G
�S�R�O�L�F�L�H�V�� �G�L�V�S�O�D�\�L�Q�J �W�K�H �D�F�W�X�D�O �S�R�O�L�F�\ �W�U�H�H�V�� �6�L�P�L�O�D�U�L�W�L�H�V �D�Q�G �G�L�I�I�H�U�H�Q�F�H�V �E�H�W�Z�H�H�Q �W�K�H �G�L�I�I�H�U�H�Q�W �S�R�O�L�F�L�H�V
�D�U�H �V�R�X�J�K�W �D�I�W�H�U �W�K�D�W �S�H�U�K�D�S�V �U�H�I�O�H�F�W �W�K�H �W�U�D�G�H���R�I�I�V �G�L�V�F�R�Y�H�U�H�G �L�Q �W�K�H �I�R�X�U�W�K �D�Q�D�O�\�V�L�V��

�7�K�H �H�[�D�F�W �K�\�S�H�U�S�D�U�D�P�H�W�H�U �V�H�W�W�L�Q�J �S�H�U �D�Q�D�O�\�V�L�V �L�V �G�L�V�S�O�D�\�H�G �L�Q �7�D�E�O�H�������� �(�Y�H�U�\ �D�Q�D�O�\�V�L�V �L�V �S�H�U�I�R�U�P�H�G
�Z�L�W�K �W�K�H �)�R�U�H�V�W �%�2�5�* �D�O�J�R�U�L�W�K�P�� �,�Q �D�G�G�L�W�L�R�Q �W�R �W�K�H �D�Q�D�O�\�V�H�V �G�H�V�F�U�L�E�H�G �D�E�R�Y�H�� �W�K�H �)�R�U�H�V�W �%�2�5�* �D�O�J�R��
�U�L�W�K�P �L�V �D�O�V�R �F�R�P�S�D�U�H�G �W�R �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �R�U�L�J�L�Q�D�O �3�2�7 �D�O�J�R�U�L�W�K�P �D�V �L�W �Z�D�V �R�U�L�J�L�Q�D�O�O�\ �D�S�S�O�L�H�G �W�R
�W�K�H �)�R�O�V�R�P �O�D�N�H �P�R�G�H�O ���&�R�K�H�Q �D�Q�G �+�H�U�P�D�Q�������� ���� �7�K�H �D�O�J�R�U�L�W�K�P�V �D�U�H �F�R�P�S�D�U�H�G �W�K�U�R�X�J�K �W�K�H�L�U �U�X�Q���W�L�P�H
�G�\�Q�D�P�L�F�V �R�Q �W�K�H �)�R�O�V�R�P �O�D�N�H �P�R�G�H�O �Z�L�W�K �G�L�V�F�U�H�W�H �D�F�W�L�R�Q�V�� �$�O�O �D�Q�D�O�\�V�H�V �I�R�U �W�K�H �5�,�&�( �P�R�G�H�O �D�U�H �S�H�U��
�I�R�U�P�H�G �Z�L�W�K �F�R�Q�W�L�Q�X�R�X�V �D�F�W�L�R�Q�V��
 �U�H�I�H�U�V �W�R �W�K�H �S�R�S�X�O�D�W�L�R�Q���W�R���D�U�F�K�L�Y�H �U�D�W�L�R�� �Z�K�L�F�K �L�V �D �W�D�U�J�H�W �Y�D�O�X�H�� �7�K�H
�U�H�V�W�D�U�W �P�H�F�K�D�Q�L�V�P �L�V �H�Y�R�N�H�G�� �L�I �W�K�H �U�H�V�W�D�U�W �L�Q�W�H�U�Y�D�O �D�O�O�R�Z�V �I�R�U �L�W�� �Z�K�H�Q �W�K�H �D�F�W�X�D�O �S�R�S�X�O�D�W�L�R�Q���W�R���D�U�F�K�L�Y�H
�U�D�W�L�R �G�L�I�I�H�U�V �E�\ �P�R�U�H �W�K�D�Q ������ �I�U�R�P �W�K�L�V �W�D�U�J�H�W �Y�D�O�X�H��� �L�V �W�K�H �I�L�[�H�G �S�H�U�F�H�Q�W�D�J�H �R�I �W�K�H �S�R�S�X�O�D�W�L�R�Q �V�L�]�H
�W�K�D�W �G�H�W�H�U�P�L�Q�H�V �W�K�H �W�R�X�U�Q�D�P�H�Q�W �V�L�]�H��� �L�V �N�H�S�W �F�R�Q�V�W�D�Q�W �D�F�U�R�V�V �D�O�O �D�Q�D�O�\�V�H�V �D�Q�G �L�W�V �Y�D�O�X�H �L�V �W�D�N�H�Q �I�U�R�P
�W�K�H �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q�V �R�I �W�K�H �%�2�5�* �D�O�J�R�U�L�W�K�P ���+�D�G�N�D �D�Q�G �5�H�H�G�������� ���� �7�K�H �S�R�S�X�O�D�W�L�R�Q �V�L�]�H �L�V �D�O�O�R�Z�H�G
�W�R �F�K�D�Q�J�H �L�Q �)�R�U�H�V�W �%�2�5�* �D�Q�G �W�K�H�U�H�I�R�U�H �D�O�V�R �W�K�H �W�R�X�U�Q�D�P�H�Q�W �V�L�]�H��

�7�K�H �W�Z�R �D�O�J�R�U�L�W�K�P�V �D�U�H �Q�R�W �F�R�P�S�D�U�H�G �R�Q �W�K�H �5�,�&�( �P�R�G�H�O �E�H�F�D�X�V�H �R�I �3�2�7�¶�V �O�L�P�L�W�D�W�L�R�Q �R�I �R�Q�O�\ �E�H�L�Q�J
�D�E�O�H �W�R �K�D�Q�G�O�H �R�Q�H �O�H�Y�H�U�� �Z�K�L�O�H �W�K�H �5�,�&�( �P�R�G�H�O �K�D�V �W�K�U�H�H�� �7�K�H �D�F�W�L�R�Q�V �L�Q �W�K�H �5�,�&�( �P�R�G�H�O �F�D�Q �H�L�W�K�H�U
�E�H �G�L�V�F�U�H�W�H �R�U �F�R�Q�W�L�Q�X�R�X�V�� �&�R�Q�W�L�Q�X�R�X�V �D�F�W�L�R�Q�V �F�D�Q �W�D�N�H �D�Q�\ �Y�D�O�X�H �Z�L�W�K�L�Q �W�K�H �V�X�S�S�O�L�H�G �U�D�Q�J�H�� �'�L�V�F�U�H�W�H
�D�F�W�L�R�Q�V �D�U�H �S�U�H���S�U�R�J�U�D�P�P�H�G �L�Q�W�R �W�K�H �P�R�G�H�O �D�Q�G �U�H�O�D�W�H �D �K�D�Q�G�I�X�O �R�I �D�F�W�L�R�Q�V �W�R �D �F�H�U�W�D�L�Q �Y�D�O�X�H�� �$ �W�D�E�O�H �R�I
�D�O�O �G�L�V�F�U�H�W�H �Y�D�O�X�H�V �X�V�H�G �L�Q �W�K�L�V �U�H�V�H�D�U�F�K �F�D�Q �E�H �I�R�X�Q�G �L�Q �$�S�S�H�Q�G�L�[�* �I�R�U �E�R�W�K �F�D�V�H �V�W�X�G�L�H�V�� �7�K�H �R�U�L�J�L�Q�D�O
�3�2�7 �D�O�J�R�U�L�W�K�P �L�V �R�Q�O�\ �H�T�X�L�S�S�H�G �W�R �G�H�D�O �Z�L�W�K �H�L�W�K�H�U �P�X�O�W�L�S�O�H �G�L�V�F�U�H�W�H �D�F�W�L�R�Q�V���L���H���P�X�O�W�L�S�O�H �G�L�I�I�H�U�H�Q�W �Y�D�O��
�X�H�V �I�R�U �W�K�H �V�D�P�H �D�F�W�L�R�Q�� �R�U �R�Q�H �F�R�Q�W�L�Q�X�R�X�V �D�F�W�L�R�Q�� �7�K�H �P�X�O�W�L�S�O�H �G�L�V�F�U�H�W�H �D�F�W�L�R�Q�V �P�X�V�W �U�H�I�H�U �W�R �W�K�H �V�D�P�H
�D�F�W�L�R�Q�� �E�X�W �V�H�W �W�R �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V�� �7�K�H �5�,�&�( �P�R�G�H�O �K�D�V �� �V�H�S�D�U�D�W�H �D�F�W�L�R�Q�V �D�Q�G �L�V �W�K�X�V �Q�R�W �V�X�L�W�D�E�O�H
�W�R �E�H �F�R�X�S�O�H�G �W�R �W�K�H �R�U�L�J�L�Q�D�O �3�2�7 �D�O�J�R�U�L�W�K�P�� �H�Y�H�Q �L�I �L�W �Z�H�U�H �W�R �E�H �U�X�Q �Z�L�W�K �G�L�V�F�U�H�W�H �D�F�W�L�R�Q�V�� �(�L�W�K�H�U �W�K�H
�R�U�L�J�L�Q�D�O �3�2�7 �D�O�J�R�U�L�W�K�P �F�D�Q �E�H �D�G�D�S�W�H�G �R�U �W�Z�R �R�I �W�K�H �W�K�U�H�H �D�F�W�L�R�Q�V �L�Q �5�,�&�( �D�U�H �U�D�Q�G�R�P�O�\ �F�K�R�V�H�Q�� �1�R�Q�H
�R�I �W�K�H�V�H �R�S�W�L�R�Q�V �D�U�H �H�[�S�O�R�U�H�G �L�Q �W�K�L�V �U�H�V�H�D�U�F�K �D�V �D�G�D�S�W�L�Q�J �W�K�H �5�,�&�( �P�R�G�H�O �R�U �W�K�H �R�U�L�J�L�Q�D�O �3�2�7 �D�O�J�R�U�L�W�K�P
�G�L�V�W�U�D�F�W�V �I�U�R�P �W�K�H �R�W�K�H�U �D�Q�D�O�\�V�H�V��
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�D�F�W�L�R�Q�V �G�L�V�F�U�H�W�H�G�L�V�F�U�H�W�H�G�L�V�F�U�H�W�H�G�L�V�F�U�H�W�H �G�L�V�F�U�H�W�H
�5�,�&�( �$�Q�D�O�\�V�L�V ���$�Q�D�O�\�V�L�V �� �$�Q�D�O�\�V�L�V �� �$�Q�D�O�\�V�L�V �� �$�Q�D�O�\�V�L�V ��
�Q�I�H ���������� ���������� ���������� ���������� ����������
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�� �V�H�H�G�V �� �� �� ������ �U�X�Q�V�� �� ��
�D�O�J�R�U�L�W�K�P �)�% �)�% �)�% �)�% �)�%
�D�F�W�L�R�Q�V �F�R�Q�W�L�Q�X�R�X�V �F�R�Q�W�L�Q�X�R�X�V �F�R�Q�W�L�Q�X�R�X�V �F�R�Q�W�L�Q�X�R�X�V �F�R�Q�W�L�Q�X�R�X�V
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�7�K�H �U�H�V�X�O�W�V �R�I �W�K�L�V �U�H�V�H�D�U�F�K �D�U�H �S�U�H�V�H�Q�W�H�G �W�K�U�R�X�J�K �I�L�Y�H �D�Q�D�O�\�V�H�V �I�R�U �H�D�F�K �F�D�V�H �V�W�X�G�\�� �)�L�U�V�W �W�K�H �U�H�V�X�O�W�V
�I�R�U �W�K�H �)�R�O�V�R�P �O�D�N�H �F�D�V�H �V�W�X�G�\ �D�U�H �V�K�R�Z�Q �D�Q�G �W�K�H�Q �L�Q �D �V�L�P�L�O�D�U �I�D�V�K�L�R�Q �W�K�H �I�L�Y�H �D�Q�D�O�\�V�H�V �I�R�U �W�K�H �5�,�&�(
�F�D�V�H �V�W�X�G�\ �D�U�H �S�U�H�V�H�Q�W�H�G�� �7�K�H �F�K�D�S�W�H�U �L�V �F�R�Q�F�O�X�G�H�G �E�\ �U�H�I�O�H�F�W�L�Q�J �R�Q �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �)�R�U�H�V�W �%�2�5�*
�D�F�U�R�V�V �W�K�H �W�Z�R �F�D�V�H �V�W�X�G�L�H�V�� �7�K�H �G�D�W�D �J�H�Q�H�U�D�W�H�G �W�R �S�U�R�G�X�F�H �W�K�H �I�L�J�X�U�H�V �L�Q �W�K�L�V �F�K�D�S�W�H�U �D�U�H �W�K�H �U�H�V�X�O�W
�R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q�V �U�X�Q �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �V�H�W�X�S�� �S�U�H�V�H�Q�W�H�G �L�Q �7�D�E�O�H�������� �7�K�H �G�D�W�D �I�U�R�P
�D�Q�D�O�\�V�L�V �� �L�V �X�V�H�G �I�R�U �W�K�H �K�\�S�H�U�Y�R�O�X�P�H �U�X�Q���W�L�P�H �G�\�Q�D�P�L�F�V �I�L�J�X�U�H�V�� �$�Q�D�O�\�V�L�V �� �U�H�O�D�W�H�V �W�R �W�K�H �V�H�D�U�F�K
�R�S�H�U�D�W�R�U �G�\�Q�D�P�L�F�V �I�L�J�X�U�H�V�� �D�Q�D�O�\�V�L�V �� �W�R �W�K�H �F�R�Q�W�U�R�O�O�D�E�L�O�L�W�\ �P�D�S�V�� �D�Q�D�O�\�V�L�V �� �W�R �W�K�H �S�D�U�D�O�O�H�O �D�[�L�V �S�O�R�W�V
�D�Q�G �D�Q�D�O�\�V�L�V �� �W�R �W�K�H �L�Q�G�L�Y�L�G�X�D�O �S�R�O�L�F�\ �W�U�H�H�V �Y�L�V�X�D�O�L�]�D�W�L�R�Q�V��
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�7�K�H �U�X�Q���W�L�P�H �G�\�Q�D�P�L�F�V �R�I �)�R�U�H�V�W �%�2�5�* �D�U�H �V�K�R�Z�Q �L�Q �)�L�J�X�U�H������ �D�V �Z�H�O�O �D�V �W�K�H �U�X�Q���W�L�P�H �G�\�Q�D�P�L�F�V �R�I
�W�K�H �R�U�L�J�L�Q�D�O �3�2�7 �D�O�J�R�U�L�W�K�P�� �(�D�F�K �D�O�J�R�U�L�W�K�P �L�V �U�X�Q �I�R�U �I�L�Y�H �U�D�Q�G�R�P �W�U�L�D�O�V�� �)�R�U�H�V�W �%�2�5�* �L�V �E�R�W�K �H�I�I�L�F�L�H�Q�W
�D�Q�G �U�H�O�L�D�E�O�H �D�V �L�W �F�R�Q�Y�H�U�J�H�V �T�X�L�F�N�O�\�� �D�U�R�X�Q�G ������������ �1�)�( �D�Q�G �U�H�O�L�D�E�O�\ �D�F�U�R�V�V �W�K�H �I�L�Y�H �V�H�H�G�V�� �7�K�H�U�H �L�V �Q�R
�W�K�H�R�U�H�W�L�F�D�O �R�S�W�L�P�D�O �3�D�U�H�W�R �)�U�R�Q�W �N�Q�R�Z�Q �I�R�U �W�K�H �)�R�O�V�R�P �O�D�N�H �P�R�G�H�O �V�R �W�K�H �H�I�I�H�F�W�L�Y�H�Q�H�V�V �R�I �)�R�U�H�V�W �%�2�5�*
�L�V �M�X�G�J�H�G �L�Q �U�H�O�D�W�L�R�Q �W�R �W�K�H �F�R�P�S�H�W�L�Q�J �R�U�L�J�L�Q�D�O �3�2�7 �D�O�J�R�U�L�W�K�P�� �)�R�U�H�V�W �%�2�5�* �L�V �M�X�G�J�H�G �D�V �H�I�I�H�F�W�L�Y�H �D�V �L�W
�R�X�W�S�H�U�I�R�U�P�V �W�K�H �R�U�L�J�L�Q�D�O �3�2�7 �D�O�J�R�U�L�W�K�P �D�F�U�R�V�V �D�O�O �U�D�Q�G�R�P �W�U�L�D�O�V��
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�P�X�W�D�W�L�R�Q �R�S�H�U�D�W�R�U�V �D�U�H �G�R�P�L�Q�D�Q�W �R�Y�H�U �W�K�H �V�X�E�W�U�H�H �P�X�W�D�W�L�R�Q�V�� �6�H�F�R�Q�G�O�\�� �W�K�H �W�\�S�H �R�I �S�R�L�Q�W �P�X�W�D�W�L�R�Q �L�V
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�E�H�W�Z�H�H�Q �W�K�H �Q�X�P�E�H�U �R�I �D�F�W�L�R�Q�V �L�V �L�U�U�H�O�H�Y�D�Q�W �L�I �W�K�H�U�H �L�V �R�Q�O�\ �R�Q�H �S�R�V�V�L�E�O�H �D�F�W�L�R�Q �W�R �P�X�W�D�W�H�� �7�K�L�U�G�O�\�� �W�K�H
�S�R�L�Q�W �R�S�H�U�D�W�R�U�V �R�X�W�S�H�U�I�R�U�P �W�K�H �F�R�Q�W�U�R�O �R�S�H�U�D�W�R�U�� �W�K�H �U�D�Q�G�R�P �P�X�W�D�W�L�R�Q�� �7�K�L�V �U�H�V�X�O�W �V�K�R�Z�V �W�K�D�W �D�O�O�R�Z�L�Q�J
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�)�L�J�X�U�H ���������6�H�D�U�F�K �R�S�H�U�D�W�R�U �G�\�Q�D�P�L�F�V �I�R�U �)�R�U�H�V�W �%�2�5�* �R�Q �W�K�H �)�R�O�V�R�P �O�D�N�H �P�R�G�H�O�� �)�R�U�H�V�W �%�2�5�* �L�V �U�X�Q �I�R�U �I�L�Y�H �G�L�I�I�H�U�H�Q�W �V�H�H�G�V��

�������������'�S�R�X�V�S�P�P�E�F�M�P�M�X�] �Q�E�T
�7�K�H �F�R�Q�W�U�R�O�O�D�E�L�O�L�W�\ �P�D�S �R�I �)�R�U�H�V�W �%�2�5�* �I�R�U �W�K�H �)�R�O�V�R�P �O�D�N�H �P�R�G�H�O �L�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H�������� �7�K�H �P�D�S
�L�Q�G�L�F�D�W�H�V �W�K�D�W �Q�R�W �W�R�R �O�D�U�J�H �P�D�[�L�P�X�P �W�U�H�H �G�H�S�W�K�V �D�U�H �S�U�H�I�H�U�U�H�G�� �Z�K�L�F�K �D�O�V�R �K�H�O�S�V �W�R �U�H�G�X�F�H �R�Y�H�U�I�L�W�W�L�Q�J
�D�Q�G �W�K�H �S�R�S�X�O�D�W�L�R�Q���W�R���D�U�F�K�L�Y�H �U�D�W�L�R �V�K�R�X�O�G �Q�R�W �E�H�F�R�P�H �W�R�R �O�D�U�J�H�� �/�D�U�J�H�U �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q���W�R���D�U�F�K�L�Y�H
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