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Abstract: We consider strictly positive solutions to a class of fourth-order conservative
quasilinear SPDEs on the d-dimensional torus modeled after the stochastic thin-film
equation. We prove local Lipschitz estimates in Bessel potential spaces under minimal
assumptions on the parameters and corresponding stochastic maximal L?”-regularity es-
timates for thin-film type operators with measurable in time coefficients. As a result,
we deduce local well-posedness of the stochastic thin-film equation as well as blow-up
criteria and instantaneous regularization for the solution. In dimension one, we addition-
ally close «-entropy estimates and subsequently an energy estimate for the stochastic
thin-film equation with an interface potential so that global well-posedness follows. We
allow for a wide range of mobility functions, including the power laws u” for n € [0, 6)
as long as the interface potential is sufficiently repulsive.
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1. Introduction and Statement of the Main Results

We consider fourth-order quasilinear stochastic PDEs of the form

du + divim)VAu)dt = div(®u)Vu)dr + Zdiv(g(u)wk)dﬂ(k), u(0) = uo,
keN

(1.1)

on the d-dimensional torus T¢. Throughout this article, we assume that
m: (0,00) - (0,00) and g, d: (0,00) — R are smooth functions, (1.2)

and we only specify them for positive values of u, as we are interested in the situation
where (1.1) preserves positivity, and the initial value ug is a strictly positive function.
Moreover,

(Yrken are sufficiently regular vector fields Yy : T¢ - R4
with sufficient decay as k — o0, (1.3)

and (8®)en a corresponding family of independent standard Brownian motions. The
precise formulation of the assumptions on the noise coefficients (¥ )ken is given below.
We remark that the stochastic PDE (1.1) is understood in the It0 sense.

The class of equations of the form (1.1) contains, in particular, the stochastic thin-film
equation

du = —divim)V(Au — ¢’ (u))) dt + div(m'/>(u) dB), (1.4)

which results from setting g(u) = m'/?(u), ®(u) = m@u)¢”(u) in (1.1) and B =
> ren Yk BW is a function-valued Brownian motion, whenever

m: (0,00) — (0,00) and ¢: (0,00) - R are smooth and
By is regular enough for each ¢ > 0. (1.5)

Then (1.1) becomes indeed the /t6 equation (1.4), but we stress that under reasonable
symmetry conditions on the driving process B also the Stratonovich version of (1.4) can
be cast into the form (1.1) by adjusting the coefficient ®, see [41, Remark 2.1], [29,
Appendix A] and the comments below (1.33).

The solution « to (1.4) models the height of a thin liquid film driven by surface tension,
interaction forces between the liquid and the substrate, and thermal fluctuations of the
fluid molecules. The coefficient m («) is then called the mobility function and reflects
the boundary condition of the fluid velocity at the substrate. The choice m(u) = ul
corresponds to the no-slip condition and m(u) = u" for n € [1,3) to various slip
conditions, with n = 2 corresponding to the Navier-slip condition. The resulting thin-
film operator —div(m (1) V Au) captures the effects of surface tension on the film height.
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As derived independently in [18,31], the effects of thermal noise on the fluid velocity
are modeled by the conservative noise term in (1.4) for an LZ(Td)-cylindrical Brownian
motion B. We remark that the smoothness conditions, which we impose later on in the
manuscript on the sequence (V¥ )reN, restrict our results to the case of spatially colored
B. The second-order operator div(m(u)V[¢'(u)]) in (1.4) accounts for the effect of
interaction forces between molecules of the fluid and the substrate, where ¢ is the
effective interface potential. A typical example is

pw) =u —u?+1, (1.6)

corresponding to conjoining and disjoining van der Waals forces modeled by the 6-12
Lennard—Jones potential, see [48, Eq. (2.48¢)].
Our main results can be summarized as follows:

e Local well-posedness and blow-up criteria for (1.1) in any space dimensions —
Theorem 1.6 and Proposition 1.8.

e Global well-posedness for (1.4) with a repulsive potential in one dimension — The-
orems 1.12 and 1.13 (It6 & Stratonovich noise).

Let us stress that, since the derivations of the stochastic thin-film equation in [18]
and [31], our results are the first ones on the well-posedness of (1.4). Indeed, only
existence and no uniqueness results for solutions to (1.4) are available at the moment.
In particular, at least if the interface potential is sufficiently singular near O as in [23],
we can prove the uniqueness of global solutions, as conjectured in [23, Section 6] for
(1.4) with m(u) = u?. Interestingly, our results cover the potential (1.6) even in the
presence of a non-quadratic mobility, cf. Assumption 1.9. Of course, the main obstacle
in obtaining well-posedness for the stochastic thin-film equation is the degeneracy of the
leading order operator. However, in the presence of a repulsive potential, the solutions
are strictly positive at all times, and therefore the thin-film operator remains parabolic a
posteriori. As a consequence, pathwise uniqueness is amenable to be proven.

Further novelties of our approach are:

e Global well-posedness for various mobility functions — see Assumption 1.9.
e Reduced regularity of the initial data — Theorem 1.6 and Remark 1.2.
e Instantaneous high-order regularization — Proposition 1.7.

The global well-posedness results of Theorems 1.12 and 1.13 hold for a wide range
of mobility functions, including power laws of the form m (u) = u" with n € [0, 6), but
also m(u) = u’ + A37"u" for some A > 0. While the former is often assumed in the
mathematical literature on (1.4), it usually serves as a simplification of the latter mobility
function obtained from the lubrication approximation, see [48, Section II B]. Moreover,
the literature on martingale solutions to (1.4), which we review in Subsection 1.3, im-
poses more restrictive assumptions on the exponent . Since our global well-posedness
result relies on the positivity-preserving mechanism of the effective interface potential
¢, it comes at the expense of excluding the interesting case in which a contact line, i.e., a
triple junction of liquid, solid and gas, is present. Nevertheless, if one is interested in the
situation of a non-fully supported fluid film, Theorems 1.12 and 1.13 can be useful to
construct solutions by taking ¢ \, 0, as performed successfully in [29] for m (1) = u>.
This limit is of particular interest for future research since positive approximations of the
thin-film equation are often compatible with formal a-priori estimates of the equation.
Additionally, the uniqueness part of Theorems 1.12 and 1.13 has also numerical implica-
tions — for example in the case m (1) = u? in which a subsequence of a finite difference
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discretization of (1.4) was shown to converge in law to a solution in [23, Theorem 3.2].
Indeed, the pathwise uniqueness implied by the Gyongy-Krylov lemma [12, Theorem
2.10.3] ensures that the finite difference scheme converges in probability to the unique
solution to (1.4) on the original probability space, at least for a subsequence. Since this
solution is unique, the convergence also holds for the full sequence of approximations.

Concerning the regularity of the initial data ug, in all dimensions, we can allow
ug € HY**4(T?) with ¢ > 0 arbitrary and ¢ > 2 large, and thus below the energy
level H1(T9). Moreover, in the case d = 1, we can choose ug € HY**#(T) for ¢ > 0.
Proposition 1.7 shows that the regularity of the initial data only affects the regularity
of u at times r ~ 0, while for > 0 the solutions become smooth. More precisely, if
(¥ )ken are regular enough, then u becomes smooth in space regardless the regularity of
uo:

ue cﬁ;f((o, o) X Td) a.s. forall 6 € [0, %), where o is the explosion time of u.
(1.7)

Let us remark that 0 = oo a.s. if d = 1 and ¢ is sufficiently singular, cf., Theorems 1.12
and 1.13.

The proof of these results relies on the following three advances. Firstly, we show
stochastic maximal regularity estimates for thin-film type operators with strictly positive
coefficients which depend only measurably on time. The latter is central in the derivation
of suitable blow-up criteria for the quasilinear stochastic PDE (1.1). Secondly, we adapt
the theory [4,5] on quasilinear stochastic evolution equations to stochastic PDEs, which
are a-priori only degenerate parabolic. Thirdly, we estimate the energy production of
(1.4) by the «-entropy dissipation for different o leading to new a-priori estimates for the
stochastic thin-film equation with an interface potential. In particular, this allows us to
deduce that the equation remains a.s. parabolic, a-posteriori. To keep this work as self-
contained as possible, we rely only on local well-posedness results from [4,5], along
with a relatively simple consequence in terms of blow-up criteria. For completeness,
relevant background material is included in Appendix A, whereas Appendix B provides
a new and self-contained proof of maximal regularity estimates for parabolic fourth-
order operators, which play a key role in establishing stochastic maximal regularity of
thin-film type operators.

The rest of this section is organized as follows. In Subsection 1.1 we discuss the local
well-posedness of (1.1) in all dimensions d > 1, while in Subsection 1.2 we state the
global well-posedness result for (1.4) in d = 1. In Subsection 1.3, we provide further
comments on the literature, and in Subsection 1.4 we collect notation used throughout
the manuscript.

1.1. Local well-posedness, regularity and blow-up criteria in any dimension. For the
local well-posedness of (1.1), we use the well-posedness theory for quasilinear stochastic
evolution equations developed by Veraar and the first author in [4,5]. To consider (1.1)
as a quasilinear stochastic evolution equation, we introduce the operators

Alul(f) = divim@)VAS),  F) = div(®w)Vu),

1.8
i) = divig()y). (18)
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where the latter gives rise to the operator on £2(N) defined by G[u](ex) = Gy (u) for
the k-th unit vector e € EZ(N). If we introduce the cylindrical Brownian motion

W =Y e

keN

on ¢2(N), (1.1) takes the form of a quasilinear stochastic evolution equation [4, Eq.

(1.D]:
du + Alul(u)dt = F(u)dt + Glu]dW, u(0) = ugp. (1.9)

We let the solution u lie for almost all times in the Bessel potential space H**>4(T%)
while the deterministic and stochastic nonlinearities take values in the spaces H* =24 (T%)
and H*9(T¢; £*>(N)), respectively. The trajectory of the solution u is continuous in the
trace space depending on the temporal integrability of u, which is described by the

1+k
parameters p and « and turns out to be the Besov space B;Ti ” (T?). More precisely,
we require u itself and the nonlinearities in (1.9) to be p-integrable in time with respect
to the power weight w, () = |¢|“. By the trace theory of anisotropic spaces, which we
recall in Appendix A.1, this determines the above trace space as the optimal space for
the initial value ug. We remark that the use of temporal weights plays a central role in
the proof of high-order regularity and of blow-up criteria, see Propositions 1.7 and 1.8
below.
In what follows, we employ the following condition on the parameters (p, k, S, q).

Assumption 1.1. (Admissible parameters) The parameters s € (_71, 0), p,q € [2, 00)
and k € [0, co) satisfy the following conditions:

peER,00),kel0,5-1) or g=p=2,«=0, (1.10)
14k d

s+2 -4 450, (1.11)

s+2—41%>1—s. (1.12)

We also say that (p, «, s, q) are admissible parameters if they satisfy Assumption 1.1.

The restriction of the smoothness parameter s > %1 is made explicit in Assumption
1.1 because it is, anyway, implied by (1.12). We impose the condition ¢ € [2, c0) to
make sure that the spaces H**29(T¢) are UMD-Banach spaces of type 2, see [33, Ex.
3.6.13, Prop. 4.2.15, Prop. 4.2.17 (1)]. Together with p € [2, co) and (1.10) this ensures
that [4, Assumption 3.1] is satisfied. Condition (1.11), on the other hand, implies that

1+k
the trace space Bj:,f o (T?) embeds into a space of Holder continuous functions by
Sobolev embeddings. Therefore, we can control the oscillations of the coefficient m (1),
and the operator A[u] behaves locally like the Bi-Laplacian, which is a key ingredient
in proving stochastic maximal regularity of A[u] required to apply [4,5]. On the other
hand, condition (1.12) is imposed to give sense to the product

mu)VAf (1.13)

in the definition of A[u] using Sobolev pointwise multipliers. Indeed, for u in the trace

_al4x

space BJP a2 (Td ) we expect smoothness s + 2 — 4 1% from m(u) and s — 1 from
VAf where f € H**>4(T%). If s — 1 > 0, there is no problem in giving sense to the
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pointwise multiplication (1.13) and the condition (1.12) is implied by (1.11). However
if s —1 < 0, the function VA f becomes a distribution and 72 (1) must admit smoothness
1 — s to define the product (1.13), which is expressed in (1.12).

Remark 1.2. We investigate which choices of parameters are compatible with Assump-
tion 1.1. Firstly, we observe that for any s € (%1, o0) choosing p, g € [2, 0o) large
and x = 0 guarantees that (1.10), (1.11) and (1.12) are satisfied. Therefore, for each
s € (_71, o0) there is a feasible choice of parameters (p, k, g) subject to Assumption

1.1. Secondly, we analyze how low we can choose the smoothness s + 2 — 4 e of the

trace space, determining the roughness of initial values we can allow for (1.9). Condition
(1.10) implies that

s+2—41%2s,

which together with (1.12) yields

14k 1
s+2—4 T > 3-
We convince ourselves that it is possible to choose admissible parameters (p, , s, q)
such thats + 2 — 4 ]% becomes arbitrarily close to % If d = 1, we can choose simply

p=q =2k =0forany s > %, resulting in the trace space B§)2(T) = H*(T). If
however d > 2, we choose g > ‘;l fors > %, p € (2, 00) and k close to % — 1. Then the
smoothness of the trace space is close to s, which can be chosen arbitrarily close to %

‘We can now define local solutions to (1.1). Recall that we are interested in the situation
where the solution remains positive for all times due to the possible loss of parabolicity
of A[u] for non-positive u.

Definition 1.3. (Local solution) Let (p, «, s, ¢) be admissible parameters as in Assump-
tion 1.1. Let 0: Q — [0, oo] be a stopping time and u: [0,0) — H**>9(T?) be
a progressively measurable process. Then the tuple (u, o) is called a positive local
(p, k, s, q)-solution to (1.1), if there exists a sequence of stopping times (07);en such
that 0 < o7 /' o and a.s. for all [ € N we have
5+2,q (md s+2-45E
u € LP(0, 01, we; H9(T)) N C([0, 01]; By, (T)), (1.14)
F(u) € LP(0, 01, we; H724(TY),  Glul € LP(0, 07, we; H(TY; (),
(1.15)

inf  u > 0 (local positivity), (1.16)
[0,07]1x T4

and a.s. for all € [0, o7]:

t

t t
u(t) — u(0) + / Alu(M)(u(r))dr = / F(u(r))dr + / Glu(r)]dw,. (1.17)
0 0 0

Due to the conditions (1.14)—(1.16) and L? (w,) <> L2 for k < % — 1, the deter-

ministic and stochastic integrals in (1.17) are well-defined as H 5=2.4_ and H*%9-valued
Bochner and It6 integral, respectively (see, e.g., [46, Theorem 4.7 and Proposition 5.3]
for It6 integration in type 2 spaces). We remark that the term local comes from the fact
that the latter requirements (1.14)—(1.16) are demanded only away from the stopping
time o and we sometimes refer to a sequence (07);en as in Definition 1.3 as localizing
sequence for (u, o). Finally, we define positive maximal unique (p, k, s, g)-solutions.
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Definition 1.4 (Maximal unique positive solution). A positive local (p, «, s, g)-solution
(u, o) to(1.1)is called positive maximal unique (p, «, s, q)-solution, if for every positive
local (p, k, s, g)-solution (v, 7) to (1.1), one has T < ¢ a.s. and u = v a.s. on [0, 7).

It remains to specify the regularity of the noise coefficients needed for the local well-
posedness of (1.1). In what follows, we use the parameters sy > —1/2 and gy € [2, 00)
to capture the smoothness of the noise.

Assumption 1.5 (sy, gy )(Noise regularity — Local well-posedness). There are param-
eters sy € R and gy € [2, 00), such that

(1+sy)/2 2 12
D A= A2y

keN

The left-hand side of the above is the norm of (V¥ )xen in H v -4v (T¢; £2(N; RY))
and (1.18) holds in particular if (Y )keN € 02(N; H*v-qv (T9; R?)), see [34, Theorem
9.2.10] and (2.5) below. For the local well-posedness of (1.1) formulated below, we
only need Assumption 1.5 for some sy, > —1/2 and gy large depending on d, see the
discussion in Remark 1.2. In particular, this includes less regular noise than assumed in
the literature on (global in time) martingale solutions to (1.4). Indeed, the most general
condition treated so far, see [17, Assumption 1.2], implies that Assumption 1.5 holds
for sy, = 0 and any gy < 00. A more restrictive condition on (¥y)ren for the global
well-posedness of (1.4) with d = 1 is given below in Assumption 1.11.

We are ready to state our first result on local well-posedness of (1.1) in all dimensions
d>1.

< 00. (1.18)
LT (T4)

Theorem 1.6 (Local well-posedness). Let Assumptions 1.1 and 1.5 with (sy, qy) =
(s, q) be satisfied, and

s42—4 1K
up: 2 — By p r (Td) is strongly Fo-measurable and satisfies indf ug > 0a.s.
T

Then there exists a positive maximal unique (p, k, s, q)-solution (u, o) to (1.1) such
that a.s. 0 > 0 and

s+2—4
u € Hp(10,0), we: H2744(T1) 0 C((0,0): By, " (T%)

forall €10, %), if p > 2.

Next, we discuss how the regularity of the noise coefficients affects the regularity of
solutions. Let us stress that the following result is independent of the regularity of the
initial data ug.

Proposition 1.7 (Instantaneous regularization). Let the assumptions of Theorem 1.6 be
satisfied, and (u, o) be the corresponding positive maximal unique (p, k, s, q)-solution
to (1.1). Assume that Assumption 1.5 holds for some sy > s and all gy € [2, 00). Then

u € HYI(0, 05 H?*v =405 (Td)) a5 forall 0 € [0, 1), r,¢ € (2, 00).

loc

In particular u € Cﬁ)lc‘ez((O, o) X ']Td) a.s. for all 91 € [0, %) and 62 € (0,2 +sy).
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The above shows that, if Assumption 1.5 is satisfied for all sy, > 0 and gy € [2, 00),
then the solution (u, o) provided by Theorem 1.6 is smooth in space as claimed in (1.7).
Moreover, the above regularization result for sy, = 1 will play an important role in the
study of global well-posedness as it allows us to justify the integrations by parts when
working on intervals (f9, T) with o > 0 even if ug ¢ H'(T¢). The above result also
implies that solutions to (1.1) are compatible in the sense that if Theorem 1.6 can be
applied to different sets of parameters (p;, ki, i, gi) for i € {1, 2}, the corresponding
maximal unique (p;, &, $i, g;)-solution (u;, 0;) coincides, i.e.,01 = oz a.s.and u| = uy
a.e.on [0, 071) x Q.

Now, we turn to the question of how to determine whether o = oo a.s. or not. Usually,
one needs to obtain a-priori estimates for solutions to the corresponding stochastic PDE
in a sufficiently regular norm. In practice, the smoothness needed in the blow-up criteria
reflects the one used for the initial data in local well-posedness results. In particular, the
lower the regularity allowed from the initial data, the better the corresponding blow-up
criteria. Since we allow for a leading order operator which degenerates near 0, we also
need to assume a positivity condition in the following blow-up criterion.

Proposition 1.8 (Blow-up criteria). Letthe assumptions of Theorem 1.6 be satisfied, and
let (u, o) be the corresponding positive maximal unique (p, k, s, q)-solution to (1.1).
Assume that Assumption 1.5 holds for some sy > s and all gy € [2, 00). Moreover,
let (po, k0, S0, q0) be admissible exponents (cf., the comments below Assumption 1.1)

satisfying so < sy and set yy := 5o +2 — 41;’50. Then, forall0 < ¢ < T < o0,

]P’(s <o <T, sup u(®) o <oco, inf u> 0) —0.
tele,0) BqO’PO(Td) [e,0)xTd

The norm in the above blow-up criterion is well-defined even if 5o >> s by Proposition
1.7. Moreover, due to (1.11) in the admissibility condition, BZI/& o = C% for some
ag > 0. Finally, if d = 1 and Assumption 1.5 holds with sy, = 1 and for all gy < oo,
then one can choose py = go = 2, ko = 0 and 59 = 1 corresponding to the usual energy
space for the thin-film equation.

The key point in the above result is the independence of the blow-up criteria of the
original set (p, k, s, g) of admissible parameters. Such independence is essentially a
consequence of the instantaneous regularization of solutions as given in Proposition
1.7. Indeed, at any time ¢ > &, the regularity of u|[¢ ») does not depend on the original
admissible parameters, and thus one can restart (1.1) with any new set of admissible
parameters (po, Ko, S0, go) as long they are compatible with the noise, i.e., so < sy (see
the proof of [6, Theorem 2.10]).

1.2. Global well-posedness in one dimension. We turn our attention to the global in
time well-posedness of the stochastic thin-film equation (1.4), which is of the form (1.1)
with g(u) = m'/2(u). This stochastic PDE admits several dissipated quantities which,
in one dimension, allow us to extend the local well-posedness and regularization results
globally in time using the blow-up criteria of Proposition 1.8. In particular, as in many
works on the stochastic thin-film equation, our analysis is centred around the energy
functional

Ew) = | |3ul d 1.19
(w) /T[2'“' + ¢ | dx (1.19)
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of the solution u to (1.4). The key point is that the functional & estimates at the same time
the norm |ju ”?—11 T by mass conservation and the smallness of « due to the singularity
of ¢ which we demand in Assumption 1.10 to obtain global well-posedness, see (1.25).

In general, it is challenging to close an a-priori estimate on (1.19), especially in the
nonlinear noise case, where m(u) is not proportional to u? and therefore gu)=m 1724
is nonlinear. In [16,53] this was achieved for the Stratonovich interpretation of (1.4)
with ¢ = 0 by controlling the smallness of the solution leading to a film height which
is positive a.e. for all times. In [23], however, a repulsive interface potential ¢ was used
instead of the Stratonovich correction to close an a-priori estimate on (1.19) together
with the entropy functional

Ho(u) = /ho(u) dx, ho(r) = / / ! dr” dr’
T 1 J1 m(@”)

in the linear noise case m(u) = u>. We extrapolate this approach using so-called a-
entropy functionals

Ay () /M)d hp(r) /r/rl(r”)ﬂd”d/ (1.20)
u) = u) dx, r) = r’dr .

b T’ g 1 J1o m@")

for B € (—1/2,1) originally defined in [9] for 8 = « + n — 1. Notably, while a key
ingredient in [23] is the spatial discretization of (1.4) developed in [30,58], which is
compatible with the entropy estimate, an o-entropy consistent discretization of (1.4) is
to the authors’ knowledge not available and may depend on the specific choice of . Thus,
working directly with the maximal local solutions provided by Theorem 1.6 enables us to
use a wider class of a-priori estimates and to cover many different cases of m. Specifically,
we impose the following assumptions on the smooth function m: (0, oo) — (0, 00).

Assumption 1.9 (Mobility coefficient). There exist n € R and v € [0, 6) such that, for
all r € (0, 00),

limsupm(r)/r" < oo,  liminf m(r)/r"*? > 0, (1.21)
N0 N0

limsupm(r)/r’ < oo, liminf m(r) > 0, (1.22)
r—00 r—o0

' ()| < m@)/r, m"()] < m@)/r. (1.23)

In this case, we call n and v exponent of degeneracy and growth exponent of m, respec-
tively.

Due to the flexibility of our conditions (1.21)—(1.22), the exponent of degeneracy
n and growth exponent v are not uniquely determined by m. To keep the resulting
Assumption 1.10 on ¢ below as weak as possible, one should, however, take the largest
value of n that the function m allows for.

While (1.21) expresses that m(r) degenerates at least as much as the power r” near
0, the condition (1.22) bounds the growth of m near co. The technical condition (1.23)
assumes that m behaves under differentiation like a power-law. One can readily check
that the following examples of mobilities satisfy Assumption 1.9:

(i) (Power laws) m(r) = r" forn € [0, 6).
(ii) (Mixedpowers)m(r) = cir"' +...+cyr'"/,c; € (0, 00),n; € (—00, 6) provided

) {rllaxj} n;j > 0, which guarantees the second condition of (1.22).
Jell, o,
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(iii) (Nonlinear Interpolation) Let m and m be two mobility functions satisfying As-
sumption 1.9 with respective exponents of degeneracy n, i and growth exponents
v, . Then, forall § > 0

m(rym(r)

"0 = Sy )

suffices Assumption 1.9 with exponent of degeneracy max{n, n} and growth ex-
ponent min{v, v}.

As mentioned before, when deriving the stochastic thin-film equation using a lubrication
approximation, one obtains the mobility function m(u) = w3+ A3y withn € [1, 3]
and A > 0 depending on the boundary condition of the fluid velocity near the sub-
strate. Since the physically relevant regime is u < 1, this is usually approximated by
u" in the mathematical literature, which is covered by (i), but we can also cover the
former mobility function with (ii). The class (iii) is of mathematical interest since these
nonlinear interpolations of two mobility functions can be used to construct solutions to
the (stochastic) thin-film equation as a limit of strictly positive solutions to regularized
equations, see [11, Section 6]. We impose a corresponding assumption on the effective
interface potential given by a smooth function ¢ : (0, co) — (0, 00).

Assumption 1.10 (Interface potential). Let n be the exponent of degeneracy of the mo-
bility function m as in Assumption 1.9. There exists ¢ > max{2, 6—2n}andcq € (0, 00)
such that, for all » € (0, c0),

r? <o) and 72— g < 9'(r) S P2 (1.24)

The above assumption includes effective interface potentials of the form ¢ (1) =
u™? —u? + ¢y with 9 > max{2,6 — 2n} as long as ¢y is large enough to ensure
that ¢(r) > O for all » > 0. For % = 8, this becomes (1.6) corresponding to the 6-
12 Lennard—Jones pair potential for the van der Waals forces between the fluid and
solid molecules. For n > 2, Assumption 1.10 reduces precisely to the assumption on
the interface potential imposed in ([23],Hypothesis (H2)). In particular, the continuous
version

2-9)/2
supu> D2 (x) < Ew) + (/ udx) (1.25)
T

xeT

of [23, Lemma 4.1] implies that a profile u is strictly positive, if its energy (1.19) is
finite. Moreover, for n < 2, the coefficient m'/?(u) is not differentiable at O anymore,
leading to increased production of energy by the noise for small film heights. Thus, an
improved control of the smallness of u is required, which is reflected by the additional
condition ¥ > 6 — 2n. Finally, we state the main assumption on the noise, which allows
us to obtain global well-posedness of the stochastic thin-film equation in dimension one.

Assumption 1.11 (Noise regularity — Global well-posedness). We assume that (Y )xeN
satisfies

2
D Wk 2o papay < 00
keN

Note that the above implies that Assumption 1.5 holds with sy = 1 and for all
qy < oo. We are ready to state our result on global well-posedness in one spatial
dimension. Below, uniqueness is understood as in Definition 1.4.
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Theorem 1.12 (Global well-posedness in one dimension — It6). Fix s € (1/2,1] and
d = 1. Suppose that Assumptions 1.9, 1.10 and 1.11 are satisfied and
uo € L% (Q, H*(T))  satisfies inf uo > 0 as. (1.26)

Then there exists a unique progressively measurable process u: [0, 00) — H S+2(T,
such that a.s.

inf u>0 forall t < o0, (1.27)
[0,1)xT
u € L} ([0, 00); HA(T)) N C([0, 00); H*(T)), (1.28)

and, a.s. for allt > 0 and ¢ € C*(T),
!
A(u(t) - MO)‘P dx = /0 <§0Xm(u)a (uxx - ¢/(M))X>H1*5(T)><H3*1(T) dr

t
- Z/ /soxm‘/z(u)wkdxdﬁ("). (1.29)
0 JT

keN

Finally, the solution u instantaneously regularizes in time and space:

u € Hyl (0, 00; H>™*4(T) forall 6 € [0, 3), r,¢ € (2,00), (1.30)
e ClLP((0,00) x T) forall 6y €10, ), 6> € (0,3). (131)

Proposition 1.7 improves the assertions (1.30)—(1.31) in the case that the noise is more
regular than required in Assumption 1.11. In any case, it follows from the instantaneous
regularization result of (1.30)—(1.31) that we can replace the term (@,m (), (Uyx —

¢/(u))x)H1*s('ﬂ‘)XHs—l('ﬂ~) in (129) by

/wam(u)(uxx — @' (1)), dx (1.32)

for the solution u.
Next, we turn our attention to the stochastic thin-film equation with noise in the
Stratonovich form in one dimension:

du = —(m@) (e — ¢'@))xdt + Y '@ 0 ™)., u(0) = uo.
keN
(1.33)

Note that, as d = 1, the Stratonovich correction takes the form

Y @ym™ @)y m P @)y O

keN

= § > (' @) m ™ Wu s + 5 m @ vy))s-

keN keN

Whenever ), .y w,f sums up to a constant C independent of x the above simplifies to

S(m' @) m ™ (wWuy)x,
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which can be included in the second order term of (1.1) if one modifies ® appropriately.
We remark that, as observed by one of the anonymous referees, the latter condition
expresses that the noise intensity

> v

keN

2

=1Y Yi(x) = Ct

keN

E

is independent of the spatial location x and is satisfied for instance by any mollifica-
tion of an L?(T¢)-cylindrical Brownian motion. In any case, the local well-posedness
result Theorem 1.6 holds then also for the Stratonovich interpretation of (1.4). Since the
aforementioned a-priori estimates on the «-entropy (1.20) and the energy (1.19) can be
carried out analogously as for the It6 interpretation (1.4), we also obtain the following
result.

Theorem 1.13 (Global well-posedness in one dimension — Stratonovich). Fixs € (1/2, 1]
andd = 1. Let ug be as in (1.26). Suppose that Assumptions 1.9—1.11 are satisfied, and
that there exists C > 0 such that

Zlﬁ,?(x) =C forall x €T.

keN

Then there exists a unique progressively measurable process u: [0, 00) — H***(T)

satisfying (1.27), (1.28) and, for allt > 0 and ¢ € C*°(T),
t
/E(u(t) - MO)(P dx = /0 <¢Xm(u)’ (uxx - ¢/(u))X)H17’Y(T)><H“71(T) dr
'
- %/ / @x (m' (W) >m~ " (u)u, dx dr
0 JT

t
- Z/ /goxml/z(u)wkdx dp®. (1.34)
0 JT

keN
Moreover, the solution u enjoys the additional regularity (1.30) and (1.31).

As for the Itd6 formulation of the stochastic thin-film equation, we can replace the
integrand of the deterministic integral on the right-hand side of (1.34) by (1.32) for the
solution u.

Finally, we remark that in the case of Stratonovich noise, additional cancellations
occur, which allow for closing the («-) entropy estimate and subsequently the energy
estimate for (1.4) even if no interface potential is present, as carried out in [16,53].
Moreover, the a-entropy function A g(r) behaves like #P=*2 pnear 0, and the latter can
become as singular as the interface potential ¢ () for mobility functions with an exponent
of degeneracy n > 7/2. Therefore, we expect preservation of positivity in the spirit of
[9, Theorem 4.1 (iii)] and consequently also global well-posedness of (1.33) without the
interface potential for sufficiently degenerating mobility functions. However, this lies
beyond the scope of the current article.

Global well-posedness in the physical dimension d = 2 seems out of reach using
our approach. The main obstacle is that the blow-up criteria in Proposition 1.8 require
an a-priori estimate at least in C* for some o > 0. Howeyver, the energy functional only
provides an estimate in H'(T¢), and the latter embeds in a space of Holder continuous
functions precisely if d = 1.
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We lastly point out that there is a large body of research concerned with maximal
regularity estimates and corresponding well-posedness results for the deterministic thin-
film equation for the case in which a contact line is present, see [27] and the references
therein. Itis an intriguing problem to derive stochastic counterparts of these results, which
usually rely on suitable transformations of the equation, to deduce well-posedness of
(1.4) with ¢ = 0 also in situations in which the film height becomes 0.

1.3. Further comments on the literature. The stochastic thin-film equation was inde-
pendently derived in [18] and [31]. We review here some of the mathematical works
conducted on it in recent years. A main part of it is concerned with the construction of
martingale, i.e., probabilistically weak solutions to (1.4) based on the stochastic com-
pactness method. As in the current article, the driving noise B is usually assumed to be
spatially correlated to close suitable a-priori estimates for (1.4). This line of research
was initiated in [23], where martingale solutions to (1.4) in the It sense on the one-
dimensional torus T with quadratic mobility m (#) = u? are constructed using a finite
difference scheme. In particular, it is assumed that the interface potential ¢ is sufficiently
repulsive near zero, leading to a strictly positive film height for all times. In [25,29], mar-
tingale solutions to the Stratonovich interpretation of (1.4) with m(u) = u? and ¢ =0
are constructed using a time splitting scheme and an approximation based on a vanish-
ing interface potential, respectively, again in d = 1. In [16,17,53] martingale solutions
to the Stratonovich interpretation of (1.4) for m(u) = u", ¢ = 0, d = 1 for various
n € (2,4) are constructed using respective less degenerate approximations of (1.4). In
particular, these results allow for a nonlinear noise term in (1.4). The physically relevant,
two-dimensional setting was addressed in [41,52], where higher-dimensional versions
of [23,25] are obtained. Martingale solutions to perturbations of the Stratonovich in-
terpretation of (1.4) with m(u) = u?, ¢ = 0,d = 1 are constructed in [36]. For (1.4)
with spatially white B, additional computations and numerical simulations are provided
in [22,26]. Additionally, an effort to treat this singular stochastic PDE using tree-free
regularity structures is initiated in [32].

1.4. Notation. We write T¢ for the d-dimensional torus R? /Z¢ . The usual Sobolev space
on an open subset O of R? or T is denoted by W*4 () for an integer smoothness index
s € No. For the definition of the Besov spaces B p(Rd) and Bessel-potential spaces

H*4(R?) the reader is referred to [51, Section 2.1.2] and for the periodic spaces B; o (T9)

and H*9(T9) to [54, Section 3.5.4]. The Besov and Bessel-potential space on an open
subset O of R or T is defined as the set of restrictions of functions from the Besov and
Bessel-potential space on the whole space and equipped with the induced quotient norm.
The corresponding spaces of vector fields W*7(O; RY), B;, (O: R?) and H*1(0O, R?)
are defined as the d-fold direct sum of these spaces. In any of these situations the symbol
H* stands for H*2.

We write L? (S, u; Z°) for the Bochner space of strongly measurable, p-integrable
Z -valued functions for a measure space (S, 1) and a Banach space 2~ as defined in
[33, Section 1.2b]. If 2~ = R, we write L?(S, ), and if it is clear which measure we
refer to, we also leave out . Moreover, if S is countable and equipped with the counting
measure, we write £7 () instead of L (S). If on the other hand 7 is an open interval and
w a density, we write L” (I, w; Z°) for L? (I, wdt; Z7). In particular, we are interested
in power weights of the form wy (1) = |t — s|. The corresponding 2 -valued fractional
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Sobolev space with weight w;. is denoted by H .p(1, wy; Z7) (see Appendix A.1 for the

definition) and Hli’cp(l, wi; Z) is the intersection of HYP(J, wy; Z) for all intervals
J, which are compactly contained in /. Whenever we write "a, b’ instead of an interval
in the above spaces we mean the open interval I = (a, b), e.g., He"’(a, b,wi; &)
stands for HG’P((a, by, wi; Z).

If (S,d) is a metric space we write C(S; Z") for the continuous function and
C?(S; Z) for the subset of §-Holder continuous functions for 6 € (0, o0)\N, where we
leave 2 out again if 2~ = R. If I is an open interval, we define the anisotropic Holder
space

CQI’QZ(I ~ Td) — C91 (I; C(Td)) NC; CQZ(Td))

for ; € (0,00) \N, i € {1, 2} and accordingly C.”**" (I x T9) as the intersection of
the spaces C 01:92(J x T9) for all §; € (0, p;) \ N and intervals J which are compactly
contained in /.

To ease the notation of these spaces, we introduce for a given quadruple (p, «, s, q)
the notation Xo = H*~24(T¢) and X; = H**>4(T¢). Following [4,5], we write

o Xp=Xg, o (135)

Xg = [Xo, X1lo, X", := (Xo, X1)ptse
for & € (0,1) and p, « as in (1.10) for the complex and real interpolation spaces of
Xop and X1, see [40, Chapter 1 and Chapter 2] for a definition and Proposition A.1 for
their appearance in the study of traces of solutions to SPDE with path regularity as in
Theorem 1.6. In particular, it holds

s+2—4 13

Xg = H*P7Y49Td, X' =B,, " (T (1.36)

by [54, Section 3.6.1] meaning that the Banach spaces coincide as sets and carry equiv-
alent norms.

We also fix throughout the manuscript a filtered probability space (2,2, .7, P)
carrying a family of independent Brownian motions (8*));cn. We write E for the ex-
pectation on (2, 2, P) and & for the progressive o-field. For a Banach space 2~ we
denote the subspaces of .%;-measurable and progressively measurable random variables
in LP(Q2; 27) by LPL% (R2; 2 and Lf;z (2; Z7), respectively. If additionally % is another
Banach space and H is a Hilbert space, we write .2 (2", &) for the space of bounded
linear operators and y (H, Z") for the space of y-radonifying operators, see [34, Chapter
9] or Appendix A.2. For a stopping time 7: Q — [s, T], we define

[s.7) = {(w.0) e x [5,T]|1 < T(w)}.

Let (Z7)se[s, 77 be a family of Banach spaces such that .Z; consists of functions from
[s, T'] to another Banach space 2" such that f|;, € %; for each f € 27 and
Il flis,e1ll 2; is increasing in ¢. Then we define L{;}(Q; Z7+) as the restrictions of pro-

cesses from L';z(Q; Z7) 1o [s, T) and equip it with the norm

S =

Nl s, opllLr (s 27y = E[Ilul[s,r]llzg-r]

which is well-defined by [4, Lemma 2.15]. In the situation that 2; = LP((s, 1), wi; Z),
we write Lf’@((s, 7) x Q,wl; ) for L;Z(Q; ).
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For two quantities x and y, we write x < y if there exists a universal constant C
such that x < Cy. If a constant depends on parameters (pj, ...) we either mention it
explicitly or indicate this by writing C, ...y and correspondingly x <(p,,...) y whenever
x < C(p,,..)y. Finally, we write x =(p, ) y, whenever x S, ) yandy Sipp..)
x. Other recurring symbols introduced throughout the manuscript are collected in the
following list:

The coefficients m, ®, g and (Y )ken of the quasilinear SPDE: (1.1)—(1.3)

The coefficients m, ¢ and B of the stochastic thin-film equation: (1.4)—(1.5)

The coefficients A, F' and G of the stochastic evolution equation: (1.8)—(1.9)

The parameters (p, k, s, ¢) are always taken according to Assumption 1.1.

The functionals & and 773 (1.19)—(1.20)

The parameters 7, v and ¢ are introduced in Assumptions 1.9-1.10.

The coefficients m ;, ®; and g; of the regularized quasilinear SPDE: (2.1)-(2.2)

The coefficients A, F; and G of the regularized stochastic evolution equation:
2.3)-(2.4)

The operator W is defined before (2.5).

The operator A4 is defined in and below (2.23).

The classes SMR;,Q(to, T) and SMR , ¢ (to, T) are defined in Definition 2.5.

The constants Cff’p " and Ki"e’p " forl e {det, sto} are defined in and above (2.27).

e The operator Ay is defined in (2.28).
R 19 T

e The operators E, Ey'., E . and E| ,

Lemma 2.9.

e The quantity AV¥ (u; o) is defined below (2.46).

e The range of the exponent y is specified in (3.9).

e The modified exponents v and 72 are defined above the equations (3.22) and (3.25),

respectively.

are introduced at the start of the proof of

2. Local Well-Posedness of Thin-Film Type Equations in Any Dimension

The purpose of this section is to show local well-posedness, blow-up criteria, and in-
stantaneous regularization for (1.1) as stated in Subsection 1.1. To this end, we fix in this
section the smooth coefficients m: (0, o0) — (0, 00) and g, ®: (0, 00) — R and do
not indicate if an implicit constant depends on them. Our strategy is to use the general
theory for quasilinear parabolic stochastic evolution equations developed in [4,5] and
apply the results [4, Theorem 4.7] and [5, Theorem 4.9, Theorem 6.3] to (1.1). How-
ever, since we allow for a degeneracy of the operator A[u] when u approaches 0, we
need to consider regularized versions of (1.1) instead. Specifically, we fix a smooth and
increasing function n: R — R with n(r) = 1 forr > 2 and n(r) = 0 forr < 1 and
define n;(r) = n(jr) for j € N. Setting

mj(r) = nj(rym@) + (1 =n;r),  @;(r) =0,  gi(r) =njgr), (2.1)

gives rise to smooth functions m j, ®;, g;: R — RR. The new coefficient m ; is bounded
away from 0, and consequently, the leading order operator of

du + div(m j()VAu)dt = div(®;@)Vu)dt + Y div(g; )y) dBY, u(0) = uo.
keN
(2.2)
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is non-degenerate, so the theory for parabolic stochastic evolution equations developed
in [4,5] becomes applicable. Analogously to (1.8), we define

ADWI(f) = divonj@)VAS),  FO@w) = div@;@Vu), G @) = div(g; )y
(2.3)

and GV [ul(ex) = G\ (), so that (2.2) takes the form

du + AV dr = FOW)dr + GPwldW,  u(0) = uo, (2.4)

of [4, Eq. (1.1)].

The rest of this section is organized as follows. In Subsection 2.1 we check the local
Lipschitz conditions on the coefficients AY), F) and G") from [4, Hypothesis (H")].
Subsection 2.2 is devoted to proving the stochastic maximal regularity of the linear
problem

du + div(aVAu)dt = fdt+gdW, u(0) = uo,

1+

with a positive and bounded coefficient a : [0, 00) x Q — B;T,, ? (T?), which
allows us to prove local well-posedness and the blow-up criteria for (2.2) in Subsection
2.3. In Subsection 2.4, we show instantaneous regularization of solutions to (2.2) for
sufficiently smooth noise. Finally, in Subsection 2.5 we transfer these statements to the
original equation (1.1) and prove Theorem 1.6 and Propositions 1.7-1.8.

Before proceeding, we point out that Assumption 1.5 is equivalent to demanding that
the operator W : EZ(N) — H1tsvav (’]I‘d; R4) defined by W(ex) = Vi is y-radonifying,
see [34, Chapter 9] or Appendix A.2. Indeed, Proposition A.2 ensures

y (C2(N), H>4(T%)) = H*9(T¢; ¢*(N)) with equivalent norms, (2.5)

where y (£2(N), H*4(T¢)) denotes the set of y-radonifying operators from £2(N) to
H*4(T4), cf., [34, Definition 9.1.4] or Appendix A.2. The identification (2.5) in partic-
ular implies

W]

~

Il HSyeay (T9;¢2(N; R4Y)

12
H (Z\(l - A)U”‘”)/Zlﬁk|2)

keN

y (2 (N), H'*0-9% (Td;Rd))

]

L1 (T‘])

Below, we will frequently use the equivalence (2.5) without further mentioning it. For
more information on the role of y-radonifying operators in the context of the L?-theory
of stochastic evolution equations, the reader is referred to [3-5,13,39,45,46,49] and the
references therein.

Additionally, we recall the shorthand notation introduced in (1.36) for the functions
for function spaces:

s42—4 1

X@ — HS+2—49,¢](T(1)’ and X;{rp — Bq,p p (’]I‘a')
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2.1. Local Lipschitzianity of the regularized coefficients. As laid out earlier, this sub-
section is devoted to showing local Lipschitz and growth estimates of the coefficients of
(2.4). The main ingredients are composition and product estimates in Bessel-potential
estimates, which result from a frequency decomposition of the involved functions, see
[57, Chapter 2] or [51, Chapters 4 and 5] for an introduction. More precisely, we repeat-
edly use [7, Proposition 4.1 (1), (3)] and [51, Theorem 1, p.373], which we recall for
this reason in Appendix A.3. To proceed, we fix a quadruple (p, «, s, ¢) and a sequence
(Vi )ken subject to Assumptions 1.1 and 1.5 with (sy, gy) = (s, ¢) for the remainder
of this subsection and allow for all constants to depend on this particular choice.

Lemma 2.1. For all j, n € N there exist constants Cj ,, L, € (0, 00) such that
1AVl 20y xp) < Crn(L+ Nullxr)), (2.6)
IAD ] = AV 12 x, x0) < Lyl = vllxre, 2.7
forallu,v e X", with ||u| xp o vlixe <n.
Proof. We first verify the local Lipschitz condition (2.7) and observe that
AP @] — AP fllxy < 10 w) — mj)VAF | grs-1acpd. pay- (2.8)

We distinguish several cases and start with s — 1 = 0. Due to Holder’s inequality,
we can bound (2.8) further by

llm j(u) — mj(U)“LOO(Td)||VAf||Lq(Td;Rd) N llm j(u) — mj(U)HLOO('[rd)||f||HS+2,q(Td)

and it remains to use the Sobolev embedding Xgr < L®(T9) guaranteed by (1.11)
together with local Lipschitz continuity of m ; to deduce (2.7).

Next, we assume that s — 1 > 0, in which case we employ the paraproduct estimate
Proposition A.3 (i) to bound (2.8) by

||mj () — m (U)”LOO(W)||VAf||H»V—1,q(1rd;Rd)

(2.9)
+ lmj@) —mj@) | gs-110a) IVAS I Lrra.re)
forl € (1, 00), r € (1, oo] subject to
1 1 1

We claim that we can choose /, r such that additionally X{rp < Hs~LI(T9) and
HS~14(T4) < L7 (T9). Indeed, if s — 1 — ‘é > 0, the choice | = ¢, r = oo is feasible.

Otherwise, if s — 1 — ;1‘—’ < 0, we can choose r such that

_1-_4 —d d
slq

>T>S_l_5_€

for € > 0. Then, by (2.10)

% >s5s—1—€¢ <+— S—l—%<€
and by (1.11) we can choose € smaller than

s+2—4]%—§ (2.11)
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resulting in the embedding X,zrp — H*~LL(T?). Thus, we can estimate (2.9) by

(Ilmj () = m )| oo (ray + llmj@) —mj @)l gs-11ray) IV AS || gs—t.a(pa.ra)
5 ||l7’l/ (I/t) —_ ml (U) ”LOO(Td)me—L[(Td) || f ||Hs+2,q(']1‘d).
The desired estimate (2.7) follows by local Lipschitz continuity of u + m(u) in
L%°(T%) N HS~11(T?), see Proposition A.4 (i), together with the embedding X,er —
L>(T4) N H~1H(T9),
Lastly, we consider the case s — 1 < 0, in which the condition (1.12) becomes

relevant. Then, an application of Proposition A.3 (ii) yields that the right-hand side of
(2.8) is bounded by

Nl ) — 1 Q)| oo (| AS s ety + 1l @) = mj ) e gy IVAF N gs—1a pa e
(2.12)
for any T > max{%, 1 —s}and ¢ € [¢/, 00). If we can choose 7, ¢ such that X,{rp —
H™¢(T?) the claimed estimate (2.7) follows as in the previous case. But we can choose
simply ¢ = ¢ and t slightly smaller than
1+«
4

s+2—4

by (1.11) and (1.12). The growth condition (2.6) follows in all cases by choosing v = 0
in (2.7) and noticing that A/)[0] = A2, completing the proof. O

Lemma 2.2. For all j, n € N there exist constants C; ,, L, € (0, 00) such that

IFPalxy < Crallullx, . (2.13)

IFP @) = FPWlxy < Ljmllu = vllxr, (2.14)

forallu,v € X', with leell e vl g < n.
Proof. We start again with (2.14) and calculate

IFDw) — FPW)x, S 19;@)Vu — ;) Vol gs-1qcpd. ga
< 1@ )(Vu — V)|l gs—1.q(pa;ray + (D) — P ;) VUl gs—1.q(d.ray-

Since these terms compare structurally to (2.8), we continue as in the proof of Lemma
2.1.If s — 1 = 0, we proceed by estimating

||CI>] (u)(Vu — VU)”Hs—].q('ﬂ‘d;Rd) 5 ||CI)] (M) “LOO(T[’) ||VM — VU”Lq (T‘I;Rd)

S ||(Dj(u)||Loo(1rd)||u - U||1-1S~q(’[rd) S ||<Dj(14)||L00(Td)||M - U||X,{rl),
where we used in the last step that X Efp <> X1,2. Moreover, we have

(@) = @) Vll gsrgerapey S 1P ;@) = @)l o pay I VUl g (7. e
< 1D j(u) — D (W)l oo ey 011
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by the same argument. The desired estimate (2.14) follows by local Lipschitz continuity
of ®; and the embedding Xgrp — L®(T9) by (1.11).

If instead s — 1 > 0, we choose [, r again such that (2.10) holds and additionally
X e H*U(T9) and H~14(T9) < L’(T¢). Then Proposition A.3 (i) yields that

”q)j (u)(Vu — VU)”Hx—l,q(']I‘d;Rd)
S NP ) ooy 1V — V0l et raay + 195G e nay |Vt — Vol 1o ey
S (”‘Dj(u)”LOC(]rd) + ||q’j(“)||1—1571-l(j1‘d))||vu = Vullgs-1.0(1d,Rd)
< Ljnllu— UHHJ-q(’]I‘d)s
where in the last step, we used XTrp — L%®(T%) n H~ 1 (T9) together with local

Lipschitz continuity of u +— ®;(u) in the latter space, see again Proposition A.4 (i).
Because of X{rp — X1, we obtam

@ ;@) (Vu — Vo)l gs—1qcpa:pay S Ljnllu — vllx"}‘,rp. (2.15)

Analogously, we derive that

(@) — @)Vl gs—1.4(pd;ra)
|P;(u) — (U)HLOO(Td) Hv’l)lle—Lq('ﬂ‘d;]Rd) + [P (u) — (I)j(v)”HSfl‘[(Td) IlVU”Lr(TJ;Rd)
(19 () — ()| ooy + (1D w) = D grs—11 ey 1Vl sua (pey

Lj,n”“ - v”X}f,,'

VASRZAN

IS

Together with (2.15), we conclude that (2.14) holds.
Lastly, if s — 1 < 0, we choose t and ¢ such that t > max{%, 1 —s}¢elqg,o0)

and X,?rp <> H™¢(T%) and apply Proposition A.3 (ii) to estimate

||d>J (w)(Vu — VU)”HJ—I.q(Td;Rd)
N ||¢j (’4)||L00(’]1‘d)||vu - VU”Hsfl.q(Td;Rd) + ||¢j(”)||[-[r,5('ﬂ‘d)||v" - VU“Hs'*l,q('ﬂ‘d;]Rd)
S (||q)j(u)||L00(']1‘d) + ||<Dj(u)||1-1r.t(’]1‘d))||vu *VUHHS*l-q(Td;Rd)

IA

Lj,n”u - UHXE,T,;

and

(D)) — P ()VVll gs-1.4(1d;R0)

S ”CD] (u) — q)j (U)”Loo(']rd)||VU||H.r—l.q('H‘d;Rd) + ||<I)J(u) — CD] (U)”HL((Td)”VUHHF_L‘I(']I‘d;Rd)
S (19 @) = @)l poopay + 19 () = @)l e pay) 0] s e

<

Lj,n [l — UHXE"TI)

A

using once more Proposition A.4 (i). Also in this case we deduce (2.14) and the growth
estimate (2.13) can be obtained by inserting v = 0 in (2.14) and using that F ) ) =0.
]

Lemma 2.3. For all j, n € N there exist constants Cj ,, L, € (0, 00) such that
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(i)ifs+1—;i>o,zhen

IGP1ull, 2. x1,0 < Cinlltlx, (2.16)
1G] = GV llly 2 x10) < Lijon (e = vllxys + Nl = vllgae (Il + 10llxsg)).
(2.17)

(ii) and if s + 1 — g <0, then
IGV Ll 20y x1) < Chnllullxe (2.18)
IGP1u] = GVl 2y x1y) < Lijmlle = vllxre (2.19)
forallu,v € X", with leell e vllxm < n.

Proof. To prove the assertions concerning the local Lipschitz estimates, we introduce
the operator

HPMu]: B (TG RY) — HYU(TY), f - divig; ) f)

so that GU[u] = HY)[u] o W for the operator ¥ introduced before (2.5). Therefore, by
the ideal property [34, Theorem 9.1.10] of y-radonifying operators we deduce that

||G(‘/)[“] - G(J)[U]||y(/42(N),Hs-q(11'd))
< || H(]>[I/t] — H(]) [U] ”,?(H”L‘I(Td;Rd),Hxvq (Td)) ||‘~I’ ”y(ZZ(N),H‘”’lvq(T‘j;Rd))

and recall that the latter term is finite by Assumption 1.5. First, we treat the case from
(i), namely that s + 1 — ‘é > 0. Then we can apply Proposition A.3 (i) to obtain

ICH P [u) — HO WD £l goa ey

(g () = g; (W) £l gs+1.a (T, RY)

N

A

g @) = g W gs+racray | fll Looqra;ray + 118 W) = gj W)l oo (ay L f 1| rs+1.9 (7 Re)

< llgj @) — g Wl pssvaqray L f | gssrararay-
By Proposition A.4 (i), we can estimate
lgj () — &j (Wl gs+1.a(Ta)
E LJ’n(”M — v||H.;+|,q(Td) + ||M — v”XE_rp(”M”H'HI'q(Td) + ||U||Hs+1,q('1['d)))

using the embedding x}fp < L°°(T%) implied by (1.11). Hence, (2.17) follows.

Next, we assume that s + 1 — ¢ < 0 as in (ii) and recall that s + 1 > 0 by Assumption
1.1. Thus, we can use again Proposition A.3 (i) to estimate
I D) = HD W) £l gsa gy

< ||gj('4) - gj(U)”LOO(’]I‘d)||f||Hs+lvq(’]1‘d;Rd) + ||gj(u) - gj(v)||HS+l,l(’]1‘d)||f||Lr(']1‘d;]Rd)
(2.20)
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forl € (1, 00), r € (1, oo] subject to (2.10). As in the proof of Lemma 2.1 we find that
[, r can be chosen such that Xgrp < Hs*LI(T4) and HS*19(T?) — L"(T?). Indeed
for each € > 0, we can choose r such that

s+l—9 > =4 5 g1 -4 ¢
q r q

Then we have
% >85+1—€ <— s+1—‘71 < €

due to (2.10). Invoking additionally (1.11) and choosing € smaller than (2.11) yields that
also Xi', < HS*1/(T?). We estimate (2.20) further by

”gj (Lt) —§&j (U) ”LOO(T‘I)QH”U(T‘I) || f ”H”L‘I(Td;Rd)

and since u +> g;(u) is locally Lipschitz continuous in LOO(Td) N Hs*L I(Td) by
Proposition A.4 (i) the embedding XTrp s L®(T9) N H*LL(T9) yields (2.19). The
corresponding growth estimates (2.16) and (2.18) follow by inserting v = 0 in (2.17)
and (2.19) and using that G [0] = 0. O

Remark 2.4. We convince ourselves that the assertions from Lemmas 2.1-2.3 imply [4,
Hyptohesis (H’)] for fixed j € N. Indeed, Lemma 2.1 yields [4, Hypothesis (HA)] and
Lemma 2.2 yields the estimate in terms of the trace space from [4, Hypothesis (HF")].
Similarly, if s + 1 — g < 0, Lemma 2.3 (ii) implies the estimate on the trace part from

[4, Hypothesis(HG’)]. If instead s + 1 — ‘q—i > 0, Lemma 2.3 (i) yields

2
1G Pl 20,1, < Cin D+ lull¥, Dluelx,
=1
2
1G] = GVl 2,100 < Lin D+ llully, +10I%, Dl = vilx,,
=1

foru,v e erp with |[u| 1 , |||y < n, if we choose
’ K.p K.p

g € (max{1— 1% 211), 1e(1,2),

14k

Br=¢1,01=0,6 € (1 — p = @] close to 1 — and po» = 1. This implies the
estimate on the (possibly) critical part from [4, Hypothesis (HG’)]. In particular, we

have

pi(pr—1+25) + g < 1, 1e(1,2) 2.21)

for sufficiently small 8, and are therefore in the subcritical regime of the theory developed
in [4,5].
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2.2. Stochastic maximal regularity of thin-film type operators. Next to the local Lips-
chitz estimates established in the previous subsection, the local well-posedness theory
from [4,5] also requires optimal regularity estimates for linear problems of the form

du + Aw)dt = fdr+gdW, te€ln,T], (2.22)
u(to) = uy,
called stochastic maximal regularity. Here A : [tp, T] x Q — Z(X1, Xo) is strongly
progressively measurable, X, X1 are UMD spaces of type 2 (see, e.g., [34, Chapter 7])
and T < o0, tg € [0, T] are fixed.
The purpose of this subsection is to verify that if (p, «, s, g) are admissible,

A(uw) = div(aVAu) (2.23)

for a positive and &?-measurable coefficienta : [0, 00) x Q@ — X Efp and (X, X1) is as
in Subsection 1.4, then the problem (2.22) indeed admits stochastic maximal regularity
estimates, which can be seen as a generalization of [7, Theorem 5.2] to fourth-order
operators. Let us note that the time dependence of the coefficient a in (2.23) appears
naturally when considering the nonlinear problem (2.2) by choosing a = m(u). One of
the key points here is that we will allow coefficients that are only measurable in time.
This will be crucial in the proof of the blow-up criteria of Proposition 1.8 (cf., (2.45)
below) used in the proof of the global well-posedness result in Subsection 1.2.

Before going into the details, we recall some definitions. For a stopping time t: Q2 —
[fo, T, an initial value u,, € L%%O (2; Xp) and inhomogeneities f € Loy(fz; Lo, t:

Xo)) and g € LO,(Q: L*(to, T: y (I*(N), X1/2))) of (2.22), we call a strongly pro-
gressive measurable map u : [to, t] — X a strong solution to (2.22) on [ro, t], if
ue L% L2 (19, T; X1)) and

' ! !
u(t) — ugy + / Aw)dr = / fdr + / gdw,
to to fo

a.s. forall t € [tg, T].

Definition 2.5 (Stochastic maximal regularity). Let & € [0, % — 1) forp >2andc =0
for p = 2 be possibly different from « and || Al #(x, x,) < Ca for some constant
Cy < 0o. We write A € SMR,, (1o, T) if for every

feLll, (0, T)xQwd; Xo), and ge Ll (0, T) x Q wd; y(H, X12))

there exists a strong solution u to (2.22) with initial value u,, = O such that u €
L’;]((to, T) x 2, wg’; X1), and moreover for all stopping time t: 2 — [f9, T'] and
strong solutions u € L{;Z((to, T) X €2, wg’; X1) to (2.22) with u;, = 0 the estimate
”u”LP((f(),T)XQ,w;O;Xl) 5 ”f”LP(([O,T)XQ,w;O;X()) + ”g”Lp((IO,T)XQ,WLO;)/(H,Xl/z))
(2.24)

holds, where the implicit constant is independent of f, g and t. In addition:
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() If p € (2, 00), we write A € SMR;JQ(to, T)if Ae SMR, i (t, T) and

<
”u”L”(Q:H‘;"’(to,T,wg’;leo)) ~ Hf”Lﬂ((mJ)xsz,w;“:Xo) * ”g“LP((ro,nxQ,w;";y<H,X1/z>>

(2.25)

for each 6 € [0, %), where the implicit constant is independent of f and g.
(D) If p =2, we write A € SMRS (10, T) if A € SMR20(to, T) and it holds

lullz2@:cam.rixion S W@ ryxixe) + 18120, 1)<y (.1 20)>
(2.26)

where the implicit constant is independent of f and g.

For a definition of the Sobolev space H o.p (to, T, wf?o; X1-9) we refer to Appendix
A.l and we remark that the choice u;, = 0 in the above definition is not essential.
Indeed, stochastic maximal L?-regularity estimates with zero initial data directly imply
corresponding ones with non-trivial data [4, Proposition 3.10].

IfAe SMR’ + (o, T), we define C det.0.p. K(to, T) as the smallest implicit constant
such that (2.24) for 6 = 0 and (2.25)—~(2.26) for & > 0 holds for all f € L, (10, T) x
Q, wA Xp) and g = O, i.e., the constant accounting for the 1nh0m0genelty fdt on
the right-hand side of (2.22). Analogously, we define Cy sto.0.p. K(to, T) as the smallest
1mphclt constant such that (2.24)—(2.26), respectively, holds forall g € L? ((to, T) x
Q, wl2 ;v(H, X1,2)) and f = 0, accounting for the fluctuating part of the right-hand
side. For £ € {det, sto}, we set finally

K57 0, T) = 507 o, T) + CHOPF

(to, T). (2.27)
We are ready to state the main result of this subsection.

Theorem 2.6 (Stochastic maximal regularity — Thin-film type operators). Let the pa-
rameters (p, k, s, q) be admissible (i.e., Assumption 1.1 holds). Assume that the mapping

o, Tl x Q — XTr is &-measurable and there exist positive constants A, 1 > 0
such that, for a.e. (t, a)) € [t9, T] x 2,

A<infa(t,w,:) and |a(t, o, )|xr < p.
Td “p
Then A defined in (2.23) satisfies A € SMR; +(to, T) and

max{K 5P E 10, T), K37 (1, TY) S 1

foreach 6 € [0, ) and & € {0, «}.

Note that no regularity of the coefficient a is assumed w.r.t. the time variable. From
Definition 2.5, we have the inclusion SMR;’,?(ZO, T) C SMRP’,Q(I(), T), where the
equality SMR,:(t,T) = SMR;),}%(I(), T) holds however provided that
SMR' (0, T) # @, see [4, Proposition 3.8]. According to [45, Theorem 1.2], the
perlodlc version of [34, Theorem 10.2.25] applied to the operator

Ao = A H24(T9) € H729(T¢) - H~>9(TY), (2.28)
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implies that SMRS, . (to, T) # ¥ in our setting, since X1 = H $+2.4(T4) and X =
H*~24(T). Therefore, to prove Theorem 2.6 it suffices to show that A € SMR ), ¢ (10, T).
The proof of the above result is given at the end of this subsection, and some prepara-

tion is required. We begin by considering the situation of a spatially constant coefficient
a.

Lemma 2.7. Assume that a(t, x) = a(t) for a progressive measurable random vari-
able a: [t9, T] x Q — R satisfying A < a < 2! for some » € (0,1). Then
Ae S./\/I'R,p’,g(l‘o, T) and

max{CE 0P (19, T), 0P E (1, TY) S 1 (2.29)
fork € {0, k}.

Proof. The claim can be proved by applying existing results in the literature, but to keep
this manuscript as self-contained as possible, we base our line of argument on the results
from Appendix B.

First we note that it is enough to show the claim for s = 2, which follows from the fact
that a is x-independent and (1 — A2 BTy — HE8(T9) is an isomorphism for
allr,r € Rand ¢ € (1, 0o). Next, we mimic the transference argument in [49, Theorem
3.9], where we can avoid measurability concerns due to dealing with an explicit SPDE
(2.22), cf. [49, Theorem 3.9, Step 1]. Indeed, by the method of continuity [5, Proposition
3.13] applied to the family of operators

Aw) = rAw) + (1 —r)Apu = (ra+ (1 — r))Azu, r e |0, 1],

we obtain the existence part of Definition 2.5 as soon as we establish the estimate (2.24)
since the coefficients a, = ra + (1 — r) satisfy our assumption with the same, uniform
A.

In the case p = g = 2 and k = 0, (2.24) follows from an application of the It6’s
formula, see [2, Lemma 4.1] and [38, Chapter 4], so we only consider p > 2 and
k € [0, £ — 1) in the following (recall that p = 2 is allowed only if ¢ = 2, see (1.10)
in Assumption 1.1). To proceed in the latter case, we notice moreover that given any
g€ Lf;}((to, T) X Q, w’?; v (H, X1,2)) there exists a strong solution v to

dv + Ag(v)dr = gdW, ¢ €1, 1],
v(tp) = 0,

satisfying the estimate

”v"Lp((to,T)XQ,w’lzo;Xl) ST ”g”Lp((to,f)XQ,W;();)/(H,XI/Z))’ (230)

where Ay = A% € SMR; ¢ (10, T) by the discussion preceding (2.28). Consequently,
ifu e L’;]((to, T) X 2, wf;’; X1) is any strong solution to the original equation (2.22) on

[t0, 7] withuy,, =0 and f € L';J((to, )X Q, w}’z"; X0), then we find that the difference
w = u — v solves a.s. the random PDE

hw + A(w) = (f+(Ag — A)v), t €[ty T],
w(tg) = 0.
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Now Proposition B.2 yields that w satisfies

+ [[(Ag — Al

lwll

<
LV ((t, 1) x2,w0: x ) ~*T ”f”Ll’((to,t)xQ,wf(o;Xo) LP (1o, 7)x 2,wl0: X))’

which together with (2.30) and the continuity of A, Ag: X; — X yields the desired

<
”u”L”((t(),r)xQ,w;O;Xl) ~xT ”f”LP((zo,r)xQ,w;O;Xo) + ”g”LP((to,r)XQ,U);O;)/(H,XUZ))
for the original u = v + w. O

Using estimates similar to the ones in the proof of Lemma 2.1, we can also include
small perturbations of a spatially constant coefficient.

Lemma 2.8. Let a and A be as in Lemma 2.7 and let a be as in the statement of Theorem
2.6. Then there exists some € > 0 depending on ), T such that if

esssup [la — allpeo(ray < €, (2.31)
[t0, T1x 2

then we have A € SMR, ; (to, T) with

max{CE" P (19, T), 0P (19, T} Syt 1
fork € {0, k}.

Proof. By repeating the proof of the estimate (2.6) for the operator .4, one obtains that,
a.e.on [fy, T] x 2,

IAl2x,.x0) S lallxz, = (2.32)

By the previous Lemma 2.7, we have a A% € SMR, i (10, T) andaA? e SMR, i (10, T).

We define C:,T as the maximum of the corresponding upper bounds on left’o’p ok (t0, T)

and Cjet’o’p’o(to, T) from (2.29). Then, since we can write

A@) = div(@@VAu) + div((a — a)VAu)

the claim follows by the perturbation result [7, Theorem 3.2] as soon as we can verify
that

Idiv((a —a)VAwl < 2C5 ) ullx, + Lllullx, (2.33)
for a suitable constant L € (0, oo). To this end, we assume (2.31) and obtain
Idiv((a — &)VAWlx, < la—all e lulx, < elullx,

for s — 1 = 0 implying (2.33) for sufficiently small € > 0. For s — 1 > 0, we derive

Idiv((a — @)V AW lx, S lla = all gy IV Aull gs-1a pa. pe)

+ ||a — Zl”Hs—l.I(Td) ||VAM||Lr(Td;Rd)

for [, r as in the proof of Lemma 2.1, analogously to (2.9). We observe moreover
that the embedding H*~14(T¢) < L7(T%) is not sharp and hence it also holds
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HS~1=8.4(Td) s L"(T9) for a sufficiently small § > 0. Then, using (2.31), that
X,fr,, — H S_l’l(']I‘d), the interpolation inequality

5/4 1-8/4
el gy < el el (2.34)

and Young’s inequality, we can estimate

Idiv((a —a)VAwllx, S ellullx, + lla—=alxm lullx, s,

5/4, 1-8/4
< ellullx, + Gl Nully* < 2elullx, + Co.enlielx.
Therefore, (2.33) follows also in this case as long as € > 01is small enough. Fors—1 < 0,
we proceed again as in Lemma 2.1 and apply Proposition A.3 (ii) to obtain

||le((a — EI)VAM)”XO 5 ||Cl — C_Z”Loo(']rd)”VAM”H.V—I,q(Td;Rd)
+ ||(1 —a ||Hr,{ (Td) ||VAM ||Hs—1—5,z1 (T4 R4)

for 7, ¢ as in Lemma 2.1 and some § > 0. We remark that we used the slightly worse
estimate (2.12) previously because it was sufficient to verify Lemma 2.1. Employing
again (2.31), the inequality (2.34), Young’s inequality and the embedding ngp >
H™¢(T%) we conclude

Idiv((a —a)VAwlx, < 2€llullx, + Csexrpllullx,.

~

The desired estimate (2.33) follows again for sufficiently small € > 0. O

Before giving a proof of stochastic maximal regularity in the general situation, we
first provide an a-priori estimate on sufficiently small time intervals. The proof relies on
a spatial localization procedure known as freezing the coefficients, which allows us to
apply Lemma 2.8 locally in space.

Lemma 2.9. Let a be as in the statement of Theorem 2.6. Then there exists a time
T* > 0 depending on A, u, T for which the following holds. For any t € [ty, T],
k € {0, «}, stopping time t: Q — [t,T ANt +T")], [ € L];]((t, 7) X Q, wa; X0),
g€ Lg,((t, T) x Q, wk; y(H, X12)) and strong solution u € Lg;,((t, T) X Q, wk; X1)
to

(2.35)

du + Aw)dr = fdr+gdW, relt, 1],
u(t) = 0,

it holds

el (o, oyx@w xSt W lLeoxeuwtixe + 181Lr @ ox@uut:y 100
(2.36)

Proof. We follow the strategy employed to prove [7, Lemma 5.4] and split the proof
into three steps to improve its readability. We do not display the time dependence of a
as it does not play any role here.

Construction of suitable extension operators. We first derive the existence of exten-
sion operators with a uniform operator norm, which can be seen as a variant of [ 7, Lemma
5.8] for Besov spaces. The main difference compared to [7, Lemma 5.8] is that constant
functions are contained in Holder spaces on R, but not necessarily in B;’ » (RY). Let E
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be Stein’s total extension operator from the unit ball Bra (0, 1) to R? as introduced in
[56, Theorem 5, p.181], then

E: W' (Bra(0, 1)) — WH(RY)

continuously for each / € Ny and r € [1, 00]. We let ¢ € C° (Rd) such that ¢ = 1 on
Bra(0, 1) and ¢ = 0 outside of B« (0, 2) and define

E;R‘i[f](x) = (¢- E[f(y+r-)])(x;)’)

fory e R4 and r € (0, %) and obtain extension operators from Bpa (y, r) to R9 with

Rd
NEy | (1o (Bya (y,r0), L2 (R))

independent of y and r. Identifying T¢ =~ (—1/2, 1/2]¢ we set now

ETyf() = [ES(f(—]((x =) mod 1) 237)

with the convention that (z mod 1); € (—=1/2,1/2]for1 < j < d and z € R4
is the componentwise modulo operation. Due to the assumption that r < %, the left-
hand side of (2.37) satisfies periodic boundary conditions and therefore yields extension

d . . d
operators EE, from Bra(y,r) to T¢ with the same properties as EEr. To ensure that
constant functions are mapped to constant functions, we define new extension operators
by setting

ET”’f—ET”[f—][ fdx}+7[ fdx
y,r - y.r ’
Bra(r) JBoa v

where fBTd o) = | Ba (y, )|~} /[, and observe that again

~ d
IEy Il (120 (Byq (v,r)), 120 (T4))

is independent of y and r. By real interpolation, we conclude that also

s42—4 L

~ md
EEr: By, 7 (Bpa(y,r)) — X{rp
continuously.

Spatial localization. Next, analogously to the proof of [7, Lemma 5.4], we introduce
the operators

Ay) = divia(y)VAw), AL (u) = div(EEi[a|BTd(y,,>]VAu).

Let (y)iez € T¢ and r € (0, %) such that (Bra(y,, 7))z 1s a finite cover of T,
Moreover, let (¢,),e7 be a partition of unity subordinate to (Bya (y,, r)),cz. We observe
that for sufficiently small y > 0 we have X,T’rp s C?(T%) by (1.11) and consequently

la(y) = alpy v, leedgooy Spr’-
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After applying the extension operators E, . we constructed, we conclude that

laGo = EX Ll 00| poiray = |EEMa() = als g m)| progray Su 77

Thus, if we choose € as in Lemma 2.8 according to the given constant A, we can ensure
that

”a(y) - E;];l::ir [a|BTd (y,r)]”LoO('ﬂ'd) < €

if we choose r < r;:,[,L,T e (0, %) small enough. Setting then

~md
C;,M,T = I?GE% ”E;lzr” ( s+2—4 14K

b
By 7 (BpaGor).XT,)

we deduce that

A

k
CA,M,T||“|BTd(y,,r)|| s+2-q1ie
Bq.p (BTd 1))

* k
C?»VM,T“a”X,Tfp =< C)L,;L,T“'

“ E;I,lzt’ir [alBTd ()’t,r)] || erp

IA

Therefore, the functions E;{i [@|B_y(y.,r] satisfy the assumptions of Lemma 2.8 with
uniform constants and thus Aﬁ € S/\/lR;7 < (o, T) with
ChOPR( Ty <pr 1. €€ {det, sto). (2.38)

E
‘AYI,Y

With this at hand, we finally consider the strong solution u# to (2.35) and using the
partition of unity (¢,),c7, We can write u = ZLEI u,, if we set u, = ugt. Introducing
analogously f, = f¢, and g, = g¢,, we find that

du, + A(u,)dt
= gol(du + A(u) dt) + [A, @ludt = (ﬁ + [A, (pl]u) dr + g, dw,

du, + AL | (u,)dr

where we use the commutator notation [A, ¢, Ju = A(p,u) — ¢, Au. Hence, applying
(2.38), we deduce that

Nl e (royx@uwt:x) = Z”"‘LHLF((LI)XQ,w)’?;Xl)
€T

SanT Z(II[A, edullLr o oxe.u:xe + 1fillLe e nxa.wt:xo
€T

(2.39)

+ 180l et . X120

SK,M,T Z(“['A’ ‘PL]M”LP((t,r)xQ,w;;Xo)) + “f”LP((t,r)xQ,w”?;Xg)
el

+ 18 1Lr (o< @ty (B X1/

where in the last step we used that multiplication ¢, is a bounded linear mapping on
H*2:4 (T and H*4(T?) for each ¢ € 7.
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Absorbing the commutator terms. To conclude the proof, we show that the commu-
tator terms [A, ¢, Ju are of lower order and expand

A(pu) = diviaVA(pu)) = divaV(g,Au + 2Vg, - Vu + ulAg,))
= div(a(p,VAu + Vo,Au)) + div(aV(Q2Ve, - Vu + ulg,))
= @ Au + aVg, - VAu + div(aVe,Au) + diviaVQVe, - Vu + ulg,))

to conclude
[A, olu = aVe, - VAu + div(aVe,Au) + div(aV(2Ve, - Vu + ulrg,)). (2.40)
We claim that
1A, @dullxy Sopr Nullx, s (2.41)

for sufficiently small § > O and estimate only the first term on the right-hand side of
(2.40), since the others are easier to treat. Firstly, we observe that

laVeoll 410 ST lallxg, Sel (2.42)
By, 7 (T4RY) ’

since the ¢, are smooth. If s — 1 < 0, we choose é € (0, 1) such that
s+2 -4 > 1455 (2.43)

by (1.12). Since s — 1 — § < 0, we can use Proposition A.3 (ii) to estimate

laVe, - VAulx, S llaVe, - VAu| ys-1-sq 1)
< laVeoull poo (ra,ray IV Aull gps—1-5.4 (pa.ray + 1aVoll gocpa,ray |V Aull gps—1-5.q (1a, ga)
assoonaso > max{é—l, 1+8—s}and ¢ € [¢', 00). Arguing as in Lemma 2.1, we see that
we can choose ¢ and ¢ such that Xgrp — Ho¢ (Td) due to (1.11) and (2.43). Because
also X*, < L°(T?) by (1.11), we obtain
laVe, - VAullx, Sipr ||M||H.V+2—5,q(1rd)

by (2.42). If instead s — 1 > 0, we choose § € (0, min{l, s — 1}). Then an application
of Proposition A.3 (i) as in the proof of Lemma 2.1 yields

laVeo, - VAullx, < llaVe, 'VA””Hsfl*S-q('ﬂ‘d)

< ||aV<Pt||L00(’[[‘d;Rd) ||VAM||Hsf176,q(’]1‘d;Rd) + ||aV(ﬂL||Hsf175,l(’]1‘d;]Rd)||VAM||Lr(']1‘d;Rd)

forl € (1,00), r € (1, 00] whenever (2.10) holds. If we can show that /, r can be
chosen in a way such that X,zr s H1780(T9y and H5~1-34(T?) — L7 (T9), we
can conclude as in Lemma 2.1 that

laVe, - VAM||Xo SA,M,T ||M||H.v+2—6,q('u‘d)’

using additionally X, < L°°(T?) and (2.42).If s — 1 — 6 — g > 0, the choice / = ¢

and r = oo suffices. If s — 1 — § — ‘é < 0, we take r in accordance with

s—1—5—§ > =4 >s—1—5—§—n
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for n > 0. Using (2.10) we obtain that

‘l—i >s—1-6—n — s—1—8—‘l—i <.
Choosing n > 0 smaller than the left-hand side of (1.11) ensures that the desired em-
beddings hold. We conclude that (2.41) is valid in any case.

With this at hand, we can proceed as in the proof of [7, Lemma 5.4], namely, we use
that

”[Aa wl]u”LP((t,r)xQ,w){(;Xo) SX,/L,T ”u”LP((t,r)XQ,wE;X],aM)
5/4 1-8/4

LP((t,r)xQ,wlg;Xo) ”u”Ll’((t,r)xQ,w”?;Xl)

el

IA

Cs.y ”u”LP((t,r)xQ,wI’?;Xo) + 77”””L1’((t,t)x9,w,';;xl)

for any n > 0 by the interpolation inequality for Bochner spaces [33, Theorem 2.2.6]
and Young’s inequality. Choosing 7 sufficiently small and inserting this in (2.39) we
obtain that

”u”Ll’((t,r)xQ,wf?;Xn /S)»,M,T ”u”Ll’((z,r)xQ,wf?;Xo)

+ I e ox.wtixe) + 18 1Le <@ wlsy (. %1 20)-

If t <t + T* for sufficiently small 7* depending on A, u, T, the term containing u on
the right-hand side can once more be absorbed by the first statement of [4, Lemma 3.13]
together with (2.32) leading to the desired a-priori estimate (2.36). O

Having established the necessary a-priori estimate, Theorem 2.6 now follows by the
method of continuity together with a partition of the time interval [y, T'] into pieces
to <t; <--- <ty =T of the length T* from Lemma 2.9.

Proof of Theorem 2.6. We firstly remind ourselves of the uniform estimate (2.32) on the
operator norm of A. By the comments below (2.28), by [4, Proposition 3.8], it suffices
to show that A € SMR, ¢ (to, T) with

max{Cjet’o’p’K(l‘o, T), Cjo‘o’p’l((foy )} Swpr L.

This again can be deduced by [7, Proposition 3.1], if we can provide a partition fy <
ty <--- <ty =T suchthat A € SMR, ;(t0, 1) and A € SMR 0(t;, ti41) fori > 1
with

det,0, p,k; st0,0, p,k; A
max{C5 P (1, 1141), C0 P G 1)) S L ki = Ko

fori € {0,..., N — 1}. The required a-priori estimate follows from Lemma 2.9 if we
sett; = (to+iT*) AT fori > 1. Moreover, the existence of strong solutions on the
respective intervals [#;, t;+1] follows from the method of continuity [5, Proposition 3.13],
this time applied to the family of operators

.;lr(u) =rAwu) + (1 — r))»Azu = div((ra+ (1 — r)A)VAu), r € [0, 1],

because the coefficients a, = ra + (1 — r)A satisfy the assumptions of Lemma 2.9 with
the same constants A,  as the original coefficient a. o
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2.3. Local well-posedness and blow-up criteria I — Regularized problem. In this sub-
section, we use the preceding findings to apply the framework for quasilinear stochastic
evolution equations from [4,5] to the regularized equation (2.2). To this end, we fix again
compatible parameters (p, , s, g) and a sequence (Y )xen subject to Assumptions 1.1
and 1.5 with (sy, gy ) = (s, ¢), and start with the definition of maximal local solutions
to (2.2), similar to the one of (1.1). We remark that this definition deviates from the cor-
responding Definition 1.3 and Definition 1.4 for (1.1) in which the solution is required
to be positive.

Definition 2.10. Let (p, , s, g) be as in Assumption 1.1. Let o: 2 — [0, 00] be a
stopping time and u: [0, o) — X progressively measurable. Then the tuple (u, o) is a
local (p, k, s, q)-solution to (2.2), if there exists a localizing sequence 0 < o; ' ¢ of
stopping times such that for all / € N, we have a.s.

u € LP(0, 01, we; X1) N C([0, o7]; X",

FO ) € LP(0,01, we; X1),  GV[ul € LP (0, 01, we; y (€ (N), X172)),

and a.s. for all ¢ € [0, o7]

t t t
u) — u(0) +/ AP (u(r)) dr = / FD(u(r))dr +/ GPUu(r)1dw, .
° ’ ’ (2.44)

As for Definition 1.3, all the integrals in (2.44) are well-defined due to the required
integrability conditions.

Definition 2.11. We call a local (p, «, s, g)-solution (u, o) to (2.2) maximal unique
(p, k, s, q)-solution, if for every local (p, «, s, g)-solution (v, 7) to (2.2),onehas 7 < o
as.andu = vae.on[0,0 A T).

The existence of a maximal unique (p, k, s, g)-solution to (2.2) follows from our
preceding findings.

Proposition 2.12. Let the Assumptions 1.1 and 1.5 with (sy, qy) = (s, q) be satisfied.
Letug € L?% (25 X,{rp). Then there exists a maximal unique (p, k, s, q)-solution (u, o)
to (2.2) in the sense of Definition 2.11 such that a.s. o > 0 and

e Hl%cp([o’ o), we, X1-9) N C((0, 0); X;r)

forall 6 € [0, %), if p > 2. Additionally, for all T < oo, the following blow-up criterion
holds

]P’(o <T, sup u(®llyr < oo) — 0. (2.45)
1€[0,0) “r

Note that the blow-up criterion in (2.45) is stronger than those in [5], as it only involves
a time supremum norm, whereas the ones in [5, Theorem 4.9] require the existence of
a limit as ¢+ ' o. This improvement is enabled by Theorem 2.6, which imposes no
assumptions on the time regularity of the coefficients. Our arguments are independent
of the specific structure of the thin-film operators, allowing the blow-up criterion (2.45)
to extend, with minimal changes, to a broader class of quasilinear SPDEs.

To keep this paper self-contained, we derive (2.45) directly from the blow-up criterion
[5, Lemma 5.4], restated below in (2.46), which is the most elementary among those
presented in [5] as it follows directly from the local well-posedness of (2.4) initialized
at an arbitrary stopping time.
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Proof of Proposition 2.12. Let T < oo be arbitrary. We check the assumptions of [4,
Theorem 4.7] and define the localization

uo.n = Lol ge <m0, n €N

of the initial value. Since m;: R — R is smooth, we deduce that m;(uo ,) lies in
Lf;;io (2; X Efp) by Proposition A.4 (ii) and moreover uniformly bounded away from 0.

Thus, Theorem 2.6 applies to the operator A(j)[uo,n](f) = div(m(uo,,)VASf) and
yields that

ADNug,] € SMRS, (0, T)

for each n € N. Therefore, the assumption regarding stochastic maximal regularity
holds, and we convinced ourselves already in Remark 2.4 that [4, Hypothesis (H")]
is satisfied. Furthermore, due to Theorem 2.6 and [5, Remark 5.6], our definition of
maximal unique (p, k, s, g)-solution to (2.2) is equivalent to [4, Definition 4.4] and
therefore an application of [4, Theorem 4.7] yields the existence of a maximal unique
(p, Kk, s, q)-solution (u, o) to (2.2) and the regularity assertions. Next, we prove the
blow-up criterion (2.45). Our starting point is the blow-up criterion which follows from
[5, Lemma 5.4] applied to the regularized SPDE (2.2) in the abstract form (2.4):

]P’(o <7, Jim u() exists in Xl 0.0 x1) + N< (3 0) < oo) -0,
t /o

(2.46)

where V¥ (u; o) := | F' ()l p0,0,w,: Xo) + ”G(u)”Ll’(O,d,wK;y(Zz(N),Xl/z))' Before going
further, let us comment on the technical requirements needed to apply [5, Lemma 5.4].
The condition from [5, Assumption 4.5] regarding stochastic maximal regularity follows
as before from Theorem 2.6. Following again Remark 2.4 we can choose 81 = ¢ and
p2 = 1 to estimate the nonlinearity G and therefore [3, Assumption 4.7] is satisfied
by [5, Remark 4.8].

To conclude the proof, we show that (2.46) implies the seemingly stronger statement
of (2.45). To this end, we use the stochastic maximal regularity estimates of Theorem
2.6 that hold for coefficients with measurable dependence on time. To prove (2.45), it is
enough to show that, for all M < oo,

P(Q2uy) = 0 where Qu := Hcr <T, sup ”M(l)HxTrp < M]. (2.47)
1€[0,0) o

For the sake of clarity, we split the proof of (2.47) into four steps. Moreover, we define
Uy = 1{||”0HXTr <myuo which coincides with 1o on €27 and satisfies iig € Lpg;O (25 ngp).
K,p

(e-linearity in X for the nonlinearities) For all ¢ > 0 there exists C. > 0 such that,
forv e Xy,

IFD@xy + 16V W0 @20.x,0 = €Vl + Ce(l+ vlym ) (2:48)

where § > 0 is independent of ¢ > 0. The estimate (2.48) is a straightforward con-
sequence of the subcriticality of the nonlinearity for the regularized thin-film equation
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(2.2), see Remark 2.4. Indeed, by the relteration theorem for real interpolation (see, e.g.,
[10, Theorem 3.5.3]), forall 8 € (1 — L , 1) one has

B—1++k)/p
(I+x)/p
One can readily check that (2.48) follows from the above and the subcriticality condition

(2.21).
For all M < oo, it holds that

Ivllxs < IIUIIXTr lllk, forveX;, with 6 =

Ell7 0 cmix) < 00 where 1:=inf{r €[0,0): |ulxy = M}AT
(2.49)
with inf (§ := o and in particular a.s. N* (u; t) < o0.

Note that the last assertion follows from the first one and (2.48), and therefore it
suffices to show (2.49). To this end, let o, be the stopping time given by

=inf {t €[0,0) : lullLrw:x) =n} AT,

where, as above, inf § := o. Now the idea is to apply stochastic maximal regularity
estimates of Theorem 2.6 to the problem (2.2). To this end, note that u € L ([0, o, A
7], wy; X1) solves, on [0, 7)),

du + div(@VAu)dr = 1 ) F ) dt + 1o ) G [u] dW,

4(0) = o, (2.50)

where a := 1[[O,r|)m,/' (u) + 1[[r,T]]~ Recall that ngp s L%(T%) by (1.11). Hence, by
Proposition A.4 (11),

essinf a 2; 1 and ess sup ||a||XTr < 00.
[0, T]xQ [0,T1xQ

Combining (2.50), Theorem 2.6 and [4, Proposition 3.12(b)], we obtain the existence of
a constant C/(WO) > (O such that, foralln > 1,

)
EN1E 50,2 0y < Cor Elliol e

YaXers
0
OB [ PP, + 16U g, ) el
) 1 (eY)
= C E””OHXTr §E||u||zp(0,‘f/\6n,w,(;X1) +C5,M’

where we applied (2.48) with & = (2C/(‘2))_l and used that sup, o ;) [[u ||X2‘rp < M. The
above implies

) 1
ENul? p0.cnopuixyy = Cap Elliio e + ey

The claimed estimate (2.49) now follows by letting n — oo and using Fatou’s lemma.
Let T be as in (2.49). Then, a.s.,

lim u(t) exists in X' (2.51)
T/t
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Here, we need another localization argument. For all k > 1, let
7 :=inf{r € [0,7) : N(u;t) > k} with inf@:=r1,

and where t is as in (2.49). From the comments below (2.49), it follows that limg_,
P(tx = 7) = 1. In particular, to obtain (2.51) it is enough to show that

lim u(t) exists in X};r forall k > 1, (2.52)
T,/ Tk

for which we fix k£ > 1 in the following. Similar to (2.50), let us consider

dv + div(aVAv) dr = Ljo,¢,) FY ) dt + 1pg 1) GV [u] dW, (2.5
u(0) = uo,

where, again, a := lﬂoytij(u) + lﬂf,T}]' Now, from Theorem 2.6 (see also Definition

2.5(1), there exists a unique solution v € L?((0, T) x Q, w,; X ) satisfying, a.s.,

v E 006[0,1/2) H@,p(o’ T, we; X1-9) € C0,T]; X};r)’ (2.54)

where the embedding follows from the instantaneous regularization part of the trace
embedding in Proposition A.1(2). Now, u| [0.%) € LP ([0, t]), wy; X1) is also a solution
to (2.53) on the stochastic interval [0, tx). From Definition 2.5 and Theorem 2.6, it
follows that u = v a.e. on [0, 7)), which together with (2.54) implies (2.52) as desired.

Proof of (2.47). Let T be defined as in (2.49). From (2.51) we know that lim; », u(t)
exists in X,{r p a.5.0n {tr = o}. Moreover, from (2.49) and the comments below it, we
also have [[ul £r(0,0,w,: Xo) + N (u; 0) < 0o as. on {t = o}. Since {t =0} D Qy by
definition of 7, we have

B(u) = B(Qu 0 {0 < T lim u(0) exists in X', ullemmix) + A @i 0) < oo} )
t/o

) 249

. PP .
< P(a <T, [ll/‘n; u(t) exists in X[,r, Nl Lr 0,0,we:x1) + N (u; 0) < 00

Thus (2.47) is proved and the claimed blow-up criterion (2.45) follows from the arbi-
trariness of M. O

2.4. Instantaneous regularization and blow-up criteria Il — Regularized problem. This
subsection is dedicated to understanding how the regularity of the noise affects the
regularity of solutions to the regularized problem (2.2) and its consequences in terms of
blow-up criteria.

The following result is the key ingredient in the proof of Proposition 1.7.

Proposition 2.13 (Instantaneous regularization — Regularized problem). Let (p, k, S, q)
be as in Assumption 1.1. Let ug € L?%(Q; Xg,rp) and (u, o) the maximal unique
(p, k, s, q)-solution to (2.2) provided by Proposition 2.12. Suppose that Assumption

1.5 holds for some sy, > s and all qy € [2, 00). Then, a.s.,
u € HY(0, 05 H?*v =405 (Td)) forall 0 € [0, 1) and r, ¢ € [2,00). (2.55)

In particular u € Cel’ez((O, o) x T a.s. for all 6y € [0, %) and 0> € (0,2 + sy).

loc
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Proof. The last assertion follows from (2.55) and Sobolev embeddings. Thus, below
we only prove (2.55). The proof of (2.55) can be obtained via the results in [5, Section
6]. For the reader’s convenience, however, we provide a self-contained proof based
on the stochastic maximal L?-regularity result of Theorem 2.6 and the instantaneous
regularization of weighted anisotropic spaces, see Proposition A.1(2), which we structure
as follows:

Reduction to the case of a positive weight x > 0.
Bootstrap time integrability.

Bootstrap spatial integrability.

Bootstrap spatial smoothness.

The reduction in the first step is convenient since for positive « there is an immediate
gain of regularity between time O and €, cf. Proposition A.1(1) and (2), respectively.

We can assume that p > 2 and k > 0. In this step, we assume that (2.55) is valid
in the case p > 2 and x > 0 and show that it carries over to the general case p > 2,
« > 0. To this end, it suffices to show that if either p = 2 or k = 0, there exists a new
set of parameters (p, K, §, ¢) with p > 2 and & > 0, such that (u, ') coincides with the
maximal unique (p, &, §, ¢)-solution to (2.2) in the sense of Definitions 2.10 and 2.11.
Let us start with the case p = 2. By (1.10) in Assumption 1.1, this forces « = 0 and
q = 2. By standard interpolation inequalities, a.s.,

u € Ly ([0, 0); H™(T?)) N C ([0, 0); H* (T?))
2910, 0); H*2(T?) — LYP (10, 0), we; H*(T?)), (2.56)

— Lloc loc

where 6 € (0, 1) and in the last embedding we used that the weight w, is locally
bounded. Now, by continuity, there exist € (0, 1) and & > 0 for which Assumption
1.1 with (p, «, s) replaced by (p, &, §) holds, where p := 2/6,and thats+2—4/p < s.

a1+

+2—4 =5
The previous condition ensures that H* (T — B; 5 ? (T9). Thus, by (2.56), a.s.,

. . 42411k
u e LY(10,0); H2(T) N C(10.0): B, 5 " (T%)).

In particular (u, o) is a local (p, &, §, 2)-solution to (2.2). Let (it, &) be the maximal
unique (p, k, §, 2)-solution to (2.2) provided by Proposition 2.12. By maximality (cf.,

Definition 2.11), we obtain
o <6 as. and u = u ae. on [0, o).

Hence, the claim of this step follows in this case, since the regularity of the (p, «, §, 2)-
solution (i, o) transfers to (u, o). For completeness, let us show that such improved
regularity also yields o = G a.s. Indeed, if (2.55) holds with (u, o) replaced by (i, 5),
it follows that

u =i e C(0,0]; H (T%) as.on{o <&}.

Thus, forall T < oo,

Plo<6,0<T) < P(o <T, sup |lu()llgsay < oo) =0,
t€l0,0)
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where the last equality follows from (2.45) with p = 2 and « = 0. The arbitrariness of
T < coyields o = 6 a.s.on {o < oo}. Since o < & a.s., it follows that o = & a.s., as
desired.

For the case that p > 2 and « = 0, the same procedure works by passing to the new
parameters (p, k, s, q) with & slightly larger than 0.

Temporal integrability. We continue with the initial set of parameters (p, «, s, ¢) and
can assume by the previous step that p > 2 and « > 0. Here, we show that

1 € Moero.1/2) Him (0,05 X1 _g) as. forall r € (2, 00), (2.57)

for which it suffices to prove the existence of 6 > 0 such that, for all { € [p, o0) and
e >0,

u € Ngego.1/2) H%([e,0); X1_) as.on 0, =
u € Noepo.1/2 H (e, 0), w; X1-6) as.on O, (2.58)

where O, = {0 > ¢} and wi () = |t — ¢|“ is the power weight centered in ¢, see
Subsection 1.4. Once (2.58) is proven, the claim (2.57) follows from a standard iteration
argument, the arbitrariness of ¢ and the fact that w? acts only near t = ¢ (see [4,
Proposition 2.3]).

To prove (2.58), we exploit the subcriticality of our problem (see [5, Corollary 6.5] for
an alternative approach). Below, we assume that u satisfies the left-hand side of (2.58).
By Proposition A.1,u € L% (¢, o, w,; X1) NC([g, 0); Xgr) a.s. on O, where we recall
that x}f = ng{ = (Xo, X1)1-1/¢,¢ cf. (1.35)-(1.36). The interpolation argument in the

first step in the proof of Proposition 2.12 ensures now the existence of ¢ € (0, 1) such
that, for all v € X1 and n > 1 satisfying ”U”X:{rp <n,

IFP @ + 1G0Tl 2a0,x12 Sn 1+ 1100, -
Hence, from the assumed regularity of u, it follows that
IFD @l + 16 1l 20, x,9 € Lo (e 0). w) as.

Next, note that 1o u(¢e) € Xgr - ngc+8 a.s.provided¢ +8 < ¢(1+«x).As¢ > p > 2,

the claim (2.58) follows with the choice § := (%) A k from Theorem 2.6 and a
localization argument in the probability space to obtain w-integrability for the data, see,
e.g., [8, Proposition 3.11].

Integrability in space. We again consider the maximal unique (p, «, s, g)-solution
(u,0) with p > 2 and x > 0. In this step, we prove that

1 € Myego.1/2) Hipr (0. 03 H27406 (1)) as forall 7, ¢ € (2,00).  (2.59)

To establish this result, we take advantage of the time regularity just proven. Similar to
the time regularization, it suffices to prove the existence of § > 0 such that, for each
¢ €lg,0),r €[p,00) and ¢ > 0, the following implication holds

u € Moero.1/2) H]i’cr([s, 0); H?2=4%:.4(T4)) as. on O, —>
u € Mpego.1/2) Hir (6. 0). wh: H*274069(Td)) a5 0n O, (2.60)
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wherea € [0, %— 1) depends only on p, k and, asabove, O = {0 > e}andw, (t) = [t—
e]*. Indeed, if (2.60), then (2.59) follows from an iteration argument and [4, Proposition
2.3].

Now, fix r € [p,00) and ¢ > 0, and let o € [«, % — 1) be such that

1+a 1+k

= (2.61)
Note that the above choice is always possible as r > p and p > 2 (for the latter, see
the first step of the current proof). From the admissibility of (p, «, s, ¢) and the above
choice, it follows that (r, «, s, {) are admissible provided ¢ € [g, 00) (see Assumption
1.1). Next, for each ¢ € [¢g, 00) and § > 0, it follows from Lemma 2.2 and Lemma 2.3
that, for all n > 1, and v € H**>¢*(T9) satisfying ||v|

— Ity

S+2—

g4 l+a d <n
T
C+8,r )

IFD W) gs-2.c55ay + 1GPIN 2 vy rscs(payy S L+ (0]l grssa-nces pay,  (2.62)

where A € (0, 41%/\1),and weused (2.61). For convenience, below welet A = 2”7"/\%.

Sobolev embeddings ensure the existence of § > 0 depending only on p, ¥ and d such
that

HS+2,§'(T(1) s HS+2*)»,C+5(Td),

_S+

s42—4 L

2 JEv's
)(Td) s B P(’]I‘d) s Bc+3’r P (’]I‘d) — B;_HSJ r (T )

Assume now that the LHS(2.60) holds. Proposition A.1 implies
u € Liy (e, 0); HY4(T) N C(le, 0); B (1)
a.s. on 0. Thus, from (2.62) and the embeddings in (2.63),
IFD @) grs-2.c05ray + G WL, 2y, s (1)) € Lipe(le, 0), w) as. on O,

2—4lxe
and 1p,u(e) € Bsig . (’H‘d) a.s. Thus, the RHS(2.60) follows again from Theorem

2.6 and a locahzatlon argument in the probability space to obtain w-integrability for the
data, see, e.g., [8, Proposition 3.11].

Smoothness in space. To prove the improvement in the space regularity, we argue
as in the previous step (an abstract version of the argument below can be found in [5,
Theorem 6.3]). Here, we exploit the just-proven improvement in the time and space
integrability of the maximal unique (p, «, s, g)-solution (u, o) to (2.2). To begin, note
thatforr € [p, co)and ¢ € [g, 0o) it follows that Assumption 1.1 holds with (p, k, s, q)
replaced by (r, 0, s, {). Moreover, by assuming ¢ sufficiently large, we can assume
s+1 > ”EI, and therefore below we will be in the case (i) of Lemma 2.3. From the
previous steps, it suffices to show that for each t € [s, 0o) there are sufficiently large
r, ¢ such that, for all ¢ > 0,

1 € Moejo.12) Hi ([6.0): H246(Td)) as.on O, =
1 € Moego.1/2) Hiot ([(6.0), wi: HT*274:6 (1)) as.on O, (2.64)

(’'=1) —r)

where 7/ = (7 + 1) A sy and o = r**= — 1. Moreover, as above, O, = {0 > ¢}.
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In the following, we assume that T’ > t; otherwise, there is nothing to prove. It
is clear that @ < 5 — 1. By choosing r sufficiently large, we can also ensure a > 0.
With the above choice of the weight «, it holds that T/ + 2 — 4% =T71+4+2— ‘;‘.
Hence, the admissibility of (r, o, 7/, ¢) follows from the one of (r, 0, 7, ¢). Therefore,
Lemma 2.2 and Lemma 2.3(i) imply that, foralln > 1 and v € HT+2:4(T9) satisfying
[lv]] va2-glie @) =n

c,r
IFDP @) ey + 1GP T 200y g7 payy Sn L+ 10l e oy (265

Now, assume that LHS(2.64) holds. As above, from Proposition A.1 and the choice of
o and 7/,

u € Liye (e, 0); H24(T) 0 C(le, o) BEE 7 (1))

C Li (e, 0)s ™S (T) 0 C (e, 0): BE 40/ (1))

/42411

a.s. on Og. Therefore 1p,u(¢) € Bf,r " (T") a.s., and from (2.65),

IFD @ e ry + IV W 20,1 iy € Lloe (18, 0). wg) as. on O.

Thus, the RHS(2.64) again follows from Theorem 2.6 and a localization argument in the
probability space to obtain w-integrability for the data, see, e.g., [8, Proposition 3.11]. O

As commented below the statement of Proposition 1.8, the independence of the
regularity of solutions at positive times allows us to deduce the independence of the
blow-up criteria from the original choice of the admissible parameters. This observation
and the blow-up criterion in Proposition 2.12 readily imply the following result, which
is the key ingredient in the proof of Proposition 1.8.

Corollary 2.14 (Blow-up criteria — Regularized problem). Let (p,k,s,q) be as in

Assumption 1.1. Moreover, suppose that Assumption 1.5 holds for some sy > s and
all gy € [2,00). Let ug € L?% (2; X,er) and (u, o) the maximal unique (p, k, s, q)-
solution to (2.2) provided by Proposition 2.12. Then, for any quadruple of admissible

parameters (po, Ko, S0, qo) with sg < sy and 0 <& < T < o0,

IP’(e <o <T, sp (U@l i < oo) =0 (2.66)

tele,o)
where yg := 50 +2 — 4%,

Note that the norm in (2.66) can be evaluated even if (po, o, S0, q0) # (p, &, S, q)
due to Proposition 2.13.

Proof. By Proposition 2.13 and the blow-up criterion in Proposition 2.12, (2.66) follows
asin the proof of [6, Theorem 2.10]. We include some details for the reader’s convenience.
We begin by collecting some useful facts. Let (u, o) be the maximal unique (p, «, s, g)-
solution to (2.2) provided by Proposition 2.12. Proposition 2.13 ensures that, for all
e >0,

Looeu(e) € L% (Q: Bl po(T9)).
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Since Assumption 1.5 holds for some sy, > 5o Vs and all gy € [2, 00), Proposition 2.12
yields the existence of maximal unique (p, «, s, g)-solution (v, T) to

{dv = —div(m;(v)VAv) dt +div(®; (v) Vo) df + 3 o div(g; (v)¥x) dp®), 2.67)
v(0) = 1igseule),
with
Ple <z <T, S 0Oy ) < o) = 0. (2.68)
Finally, Proposition 2.13 and a translation argument ensure that
v e C(le, 1); C*v(T%)) as. (2.69)

We now turn to the proof of Corollary 2.14. By (2.68), it is enough to prove that
o =rtas.on{e<o<T} and u = vae.onlg,o)x{e<o=<T} (2.70)

To this end, we note that, due to Proposition 2.13, (u| [e,0)> 0lig>e) +eli5<4)) is alocal
(po, k0, S0, qo)-solution to (2.67). The maximality of (v, t) yields

o <rtas.on{e<o<T} and u = vae.onle,0)x{e<o<T} (2.71)

- —md 24 T
Therefore, since C**~(T¢) < B, , (T*) = XKfp as s < sy, (2.69) and the
previous yield

Pe<o<t<T)< IP’({& <o <Tt}N {(7 <T, sup ||M([)||XTr[ < oo}) (2ﬁ5) 0.
1€[0,0) r

Hence 0 = 7 a.s. on {¢ < o < T}, and therefore (2.70) follows from (2.71). m|

2.5. Transference to the original equation. Finally, we are concerned with transferring
the previously obtained results on (2.2) to positive solutions to the original equation
(1.1), which leads to the results stated in Subsection 1.1. The main idea is that as long
as a solution to (2.2) remains above the threshold 2!, it is also a solution to (2.4) and
vice versa due to the choice of the regularization (2.1).

In the proof of Theorem 1.6, as an intermediate step to obtain maximal solutions, we
also employ the notion of positive local unique solutions to (1.1). Recall that positive
local solutions of (1.1) are defined in Definition 1.3.

Definition 2.15 (Local unique positive solution for (1.1)). Let (p, «, s, g) be as in As-
sumption 1.1. A positive local (p, «, s, g)-solution (u, o) to (1.1) is called positive local
unique (p, k, s, q)-solution, if for every positive local (p, «, s, g)-solution (v, ) to (1.1)
onehasu = vas.on[0,0 A T).

In contrast to maximal solutions as defined in Definition 1.4, the lifetime o of the
unique solution # does not necessarily extend that of the other solution v, i.e., .
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Proof of Theorem 1.6. Recall that (p, k, s, q) are as in Assumption 1.1, (¥ )xen satisfy
Assumption 1.5 with (sy, gy ) = (s, ¢) and infpe ug > 0 a.s., respectively.
Existence of a positive local unique solution. Set

N . 1 . 1 .
Q= {léldfuoil}, and Q; := {mfl%fuo<7} for j > 1.

From the positivity assumption on the initial data, it follows that P(U;en$2;) = 1.
Hence, to construct a positive local (p, «, s, g)-solution to (1.1) it is enough to construct
asolutionon ; for j € N. To this end, recall that, Proposition 2.12 ensures the existence

of maximal unique (p, k, 5, ¢)-solution (u/), () to

du) = [ = divimajuz@)VAUD)  + div(®aje3@)Vu'D)] dr

_ + Y ke div(g2;s3 @) yY) AP, (2.72)
u(0) = 1g,uo.

Now, let us define

~(j) . Y . g 2
50 = 1nf[t €0, 0Dy infu(r, ) < 2W}

where inf f := ¢ /). Note that ) > 0 a.s.on 2 by construction, and a.e. on [0, 5(j)),

myju3 ) = m@?), @23y = @), grjs@) = g,

In particular, for j € N, letting

6:=6Y on Q; and u:= = u" on|[o0, Gj) X 2,

one can check that (u, 6) is a positive local (p, «, s, ¢)-solution to the original equation
(1.1). To conclude this step, it remains to discuss its uniqueness, see Definition 2.15. To
this end, let (v, ) be a positive local (p, k, s, g)-solution to (1.1). We define

) e s
V) = 1nf{t e[0,7): 1’]{‘1}‘0(1‘ )= 2]+3}

where, as usual, inf ¥ := 7. Now, arguing as above, itreadily follows that (v]g;, 1g; 142

is a local (p, k, s, g)-solution to (2.72). By max1mahty of the solution (u(f) a(/)) we
have (/) < U(J) as.on Qjand v = u ae. on [0, 7)) x ;. Hence, forall j € N,
we have v = u/) a.e. on [O, D AT x 2. The latter 1mphes GDATD =W AT
a.s. and therefore v = u a.e. on [0, & A 7).

Maximality within the class of local unique solutions. In this step, we build a positive
unique local (p, «, s, g)-solution to (1.1) which is maximal within the set of positive
unique local (p, «, s, g)-solutions. To this end, we let

T := {r : T is a stopping time for which there exists a
positive local unique (p, «, s, g)-solution(v, 7) to (1.1)}. 2.73)
Note that the above set is not empty as ¢ € 7, where & is as in the previous step.

Proceeding as in [4, Step 5b, proof of Theorem 4.5], the uniqueness requirement for
local solutions in 7yields 7y, 71 € 7implies 79 V t; € 7. In particular, by [37, Theorem
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A.3], we conclude that o := esssup, .77 is a stopping time and there exists a positive
local (p, k, s, g)-solution (1, o) to (1.1) with alocalizing sequence (07);en, cf. Definition
1.3. Let us conclude by noticing that o > ¢ > 0 a.s.

At this stage, we do not know whether (u, o) constructed in this step is a positive
maximal unique (p, k, s, g)-solution as we are not excluding the existence of a positive
local (but not unique) (p, &, s, ¢)-solution (v, t) satisfying P(z > o) > 0. To prove that
(u, o) is actually a positive maximal unique (p, k, s, g)-solution to (1.1) we employ a
blow-up criterion for (u, o) as constructed above, cf. [5, Remark 5.6].

A blow-up criterion. Let (u, o) be the positive unique local (p, «, s, g)-solution
constructed in the previous step. Then, for all T < oo,

]P(a <T, sup u(@®)|yr <oo, inf u> 0) — 0. (2.74)
tel0,0) “p [0,0)x T4

We prove the claim by contradiction using the maximality among unique solutions of
(4, o) and the blow-up criterion (2.45). To begin, let us assume that (2.74) is false, and
therefore, for some 7, > 0 and j, € N,

P(O,) > 0 where O, := {0 <T,, sup |u(®)||lyr <oo, inf u> %},
1€[0,0) or [0,0)x T4 h

Let 7, be the following stopping time

7, = inf{t €[0,0) : infu(t,-) < .2}
Td *
with inf § := o. By construction 7, = o on O,. By the choice of the cut-off in the
regularized equation (2.2), (u, t,) is a local (p, k, s, g)-solution to (2.2) for all j > j,.
Now, by Proposition 2.12, there exists a maximal unique (p, k, s, g)-solution (s, o)
to (2.2) with j = j, + 1. By maximality of (u,, o,), it follows that 7, < o, a.s. and
u = u, ae.on [0, 7,). The latter fact and the definition of O, yield

2.45)

P((r, = 0,} N O,) < IP’({‘L’* = a)n {(7* <T,, swp lu®lxr, < oo}) 0.

t€[0,04)

Thus, o, > 7, a.s. on £2,. Consider the following stopping time
g A 2
Tax i= 1nf{t € [0,0,): 1qrr1df u(t,") < m}

with inf ¥ := o,. Since 7, < o, and 7, = o a.s. on O,, it follows that 7,, > o a.s.
on O,. Arguing as in the first step of the current proof, by maximality of (u,, o,), one
can check that (u., 7,,) is a positive local unique (p, , s, g)-solution to the original
problem (1.1) which extends (u, o) as 7,, > o a.s. on a set of positive probability O,.
This contradicts the maximality of o in the set of positive local unique solutions 7, see
(2.73). Therefore (2.74) holds.

Maximality in the class of positive local solutions. Now we show that the positive
local unique (p, «, s, g)-solution (u, o) to (1.1) constructed above is actually maximal.
Indeed, let (v, T) be another positive local (p, «, s, g)-solution to (1.1). By uniqueness
of (u,0) we have u = v a.s. on [0, T A o). Hence, it remains to prove that T < o a.s.
By the regularity of local (p, «, s, g)-solutions, a.s. on {o < 1}, we have

u=veC(00];X,.,) and inf  u= inf v>0.
’ (0,0)xT4 (0,0)xTd
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Therefore, for all T < oo,
Plo<t,0<T)

- P({a <Tin {G <T, sup [lu(@®)|xr <oo, inf u> O}) @I o,
1€l0,0) or [0,0)xTd

The arbitrariness of T < oo implies that 7 < ¢ a.s. on {o = oo}. Hence t < ¢ a.s. as
desired.

Additional regularity. Next, we assume that p > 2 and prove the additional assertions
regarding the regularity of the positive maximal unique (p, «, s, g)-solution (u, o). To
this end, for all j > 1, let

7 = inf[z €10,0) : infu(r, ) < %] with inf@:= o.
T

Arguing as in the previous step, (u|[[0’er, 7;) is a local (p, «, s, g)-solution to (2.2).
Hence, it is extended by the maximal unique (p, «, s, g)-solution to (2.2) provided by
Proposition 2.12 with j replaced by j + 1, and admits consequently the regularity stated
in Proposition 2.12. O

Proof of Proposition 1.7. Analogously to the proof of the regularity assertion of The-
orem 1.6, by a stopping time argument and the maximality of solutions to (2.2), we
conclude that u inherits the regularity from the solutions to the regularized problems
stated in Proposition 2.13. O

Proof of Proposition 1.8. The proof is analogous to that of (2.74), where instead of the
blow-up criterion (2.45) in Proposition 2.12, one uses the blow-up criteria of Corollary
2.14. m|

3. Global Well-Posedness in One Dimension

The aim of this section is to show the global well-posedness of the stochastic thin-film
equation (1.4). As laid out in the introduction, (1.4) can be cast into the form (1.1) if one
sets

D) = mwd"w), gu) = m' @), (3.1)

so that Theorem 1.6 yields that the equation is well-posed locally in time. It remains to
use the blow-up criterion from Proposition 1.8 to deduce that the unique solution exists
even globally in time. We achieve this by first establishing an a-priori estimate on the
a-entropy (1.20) and subsequently estimating the energy (1.19) along the trajectory of
a solution. To this end, we restrict ourselves to d = 1 and s € (1/2, 1] and impose
Assumption 1.11 on the noise and Assumption 1.9 and 1.10 on the mobility function m
and the effective interface potential ¢, respectively. Accordingly, we denote the exponent
of degeneracy and growth exponent of m by n and v, and let ¥ and c( be as in (1.24)
and allow for all implicit constants in this section to depend on (V¢ )xeN, m and ¢ and in
particular on n, v, ¢, and co. Moreover, we fix an initial value ug € L?% (2; H*(T)) with
infrup > 0 a.s. and let (u, o) be the maximal unique positive local (2, 0, s, 2)-solution
to (1.1) with coefficients (3.1) given by Theorem 1.6. We focus our analysis on the
1t6 formulation, i.e., Theorem 1.12, which is more delicate since no cancellations occur.
The proof of Theorem 1.13 on the Stratonovich formulation can be obtained analogously
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by estimating the terms due to the Stratonovich correction in the same way as the 1t6
correction terms. We recall both the energy and the a-entropy functional

Eu) = /[%mﬂ + o) dx,
T

roopr (r//)ﬁ

1 m(@r’)

Hy(u) = /hﬁ(u)dx, hg(r) :/ dr’dr’,  Be(=1/2,1),
T 1

which appear in the following a-priori estimate on the energy at the heart of Theorem
1.12.

Lemma 3.1. For0 <ty < T < 00, q € [1, 00) and max{0,v — 5} < B < 1 holds the
energy estimate

o AT q
]E[lr sup é"f(u(t))i| + E[(/ / Trm(u)(uyy — d)’(u)))zc dx dt) ]
to<t<o AT 10 T

<pa.r E[wq @(to)) + 1" P wizg)) + 1pty” 2 “’*2’3*@(»{(:0))] 3.2)

}]’

[ 6(8=D)g —D(D-2)g 9(B+3)g 9?2 —2)g

mm{ S D26 } MaxX\ 555 » Ip+di-12

+ E 11“ uo dx + 11“ up dx
T T

where n = min{2, n}, v = max{3, v} and

r= {f(u(ro)) + AHptuto) + ) < 1} = [unds < Lo to}
T

for some |l € N.

We proceed to show an «-entropy estimate in Subsection 3.1, which is used to give
the proof of Lemma 3.1 in Subsection 3.2. Before all this, however, we demonstrate how
Lemma 3.1 leads to the global well-posedness result Theorem 1.12.

Proof of Theorem 1.12. Any process satisfying (1.27)—(1.29) constitutes a (2, 0, s, 2)-
solution to (1.1) with infinite lifetime. Therefore, the claim follows if we can verify that
the positive maximal unique (2, 0, s, 2)-solution (u, o) to (1.1) provided by Theorem 1.6
satisfies a.s. 0 = oo. Indeed, this immediately yields the existence of a process satisfying
(1.27)—(1.29), and uniqueness follows by the uniqueness part of Definition 1.4. The
additional regularity assertions (1.30) and (1.31) will then follow from Proposition 1.7
and the fact that Assumption 1.11 implies Assumption 1.5 for sy, = 1 and any gy < 0.

To this end, we recall that u preserves mass, as follows by integrating (1.1), and
therefore

sup /u(t,x)dx = /uo(x)dx. 3.3)
T T

te(0,0)

Moreover, Lemma 3.1 and Proposition 1.7 show that, forall 0 < ¢ < T < oo and a.s.
on {o > &},

sup  E(u(t)) < oo. 3.4

tele,o AT)



158  Page 44 of 66 A. Agresti, M. Sauerbrey

Combining the previous with (1.25), which is rigorously stated in Lemma 3.4, and ¢ > 2
as imposed in Assumption 1.10 we deduce that

—1 -1
( inf u) = sup supu' < sup YO D)+ (/ uo(x) dx) < oo, (3.5)
le.oAT)xT tele,o AT) xeT tele,oAT) T

a.s. on {o > ¢}. In particular, u is bounded from below on (¢, A T) x T. Since
Assumption 1.11 implies Assumption 1.5 for sy, = 1 and all gy < oo, Proposition 1.8
with 5o = 1, po = qo = 2 and k¢ = 0 is applicable, and combined with (3.3)—(3.5) and
the Poincaré—Wirtinger inequality, it yields

Ple<o<T) =0 forall0 <e<T < oo.

Now the fact that ¢ = oo a.s. follows by letting ¢ \(Oand T " oo as wellas o > 0
a.s. by Theorem 1.6. O

3.1. a-entropy estimates. As a tool to close an «-entropy estimate, we show how to
control the minimum and maximum of a function in terms of the ¢-entropy dissipation,
see [23, Lemma 4.1 ] and [17, Lemma 2.3] for similar estimates.

Lemma 3.2. Let B € (—1/2, 1), then it holds

p—1
sup f#77 () = 52 / P2 f2dx + 2( / fdx>, (3.6)
xeT T T

3 B+5
B+5 B—2 o4
s ([ ) (o) (fro) o

for every positive function f € C'(T) bounded away from 0.

Proof. By the fundamental theorem of calculus

12
sup fP7720) — inf fETIR () < ( /T |<f<ﬁ—’”/2)x|2dx>

xeT

) 1/2
= %( /T g dx) ,

and therefore

1/2 (B=1)/2
sup fE=D12(x) < #(/ fﬂ—ﬁ—zfxzdx) + (/ fdx>.
T T

xeT

By squaring both sides, we conclude (3.6).
For (3.7), we introduce the function

g = [P _ /T FB/4 g

so that

/T|g|4/(ﬁ+2)dx <p /dex. (3.8)
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We can estimate again by the fundamental theorem of calculus

1/4 3/4
sup [ B+ B () <y / g llgP/ B dx < ( / |gx\4dx) ( / |g|4/<ﬁ+2>dx) ,
xeT T T T

because g is mean free. Thus, we deduce that

i e\ B
sup FES4(xy = (Sup £ (x)>
xeT xeT

= (supg(x) +/f(’3+2)/4dx
T

xeT

s 5 (B+5)/4
<p sup g PR (x) + (/ fdx)
T

xeT

1/4 3/4 (B+5)/4
<p ( / |gx|4dx) ( / |g|4/<ﬂ+2>dx) + ( / fdx)
T T T

. . . p-2 . .
and it remains to insert g, = ﬁTJrz f % fy and (3.8) and raise both sides to the power 4.
O

) (B+5)/(B+2)

To give the following proof, we recall the additional regularity properties of u stated
in Proposition 1.7, justifying all the performed integrations by parts.

Lemma3.3. Let0 <ty < T <o00,q € [l,00), B e (—1/2,1) and

y e [ﬂ+2f¢<1;ﬁ><1+2ﬁ>7 /3+2+«/(1gﬂ)(1+2ﬂ)]7 3.9)

then holds the a-entropy estimate

o AT q
E[lr sup y@;’(u(t))} + E[(/ /1ruﬁ*ﬁ*2u§ dx dt) }
to<t<o AT to T
o AT q o AT q
+ E[(/ /1puﬂ*2V+2(uV)§x dxdt) + (/ /1ruﬁ2uidxdt) }
10 T In) T

(B—9)q 3(B+3)q/2
SBy.q.T E[lr%q(u(to))] +E|:1r</r ugy dx) + 1p (/T ug dx) i|,
(3.10)

for any F; -measurable subset T of
{%(”(IO)) <1 % < /uodx <l,o> to}
T

for some ]l € N.

Proof. For alocalizing sequence 0 < o; /" o for (u, o) as in Definition 1.3 we define

&5 = lrinf{t €lio.oj AT infu(@) < §or fulicaeny + Il 2,3y = j}

+11“clo, (311)
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sothato; /" o AT as j — oo on I' by Proposition 1.7. Correspondingly, we define
the process

u(t) = Iru(t AGj) + Irely (3.12)

fort € [t9, T] and let i g: R — R be twice continuously differentiable with bounded

second derivative such that / g =hgon[l/j, j]. Then the assumptions of [19, Proposi-
tion A.1] are satisfied and an application of Itd’s formula yields that

/fzﬂ(u(j)(t))dx = /fz,g(u(”(to))dx
T T
1 . . . . .
+ / / Lo, 51x0 s @) m D) @y — ¢ @I u) dx dr
o JT ’

!
+3). / /T L 5,10 @) (g @) y)T dx dr
fo

keN

t ' -
+ Z/O /Tl[to’&f]th;ﬁ(”(j))(g(u(]))Wk)x dx dﬁ(k),

keN
Moreover, we can replace again h g by hg since they coincide on the range of u and
u) by u to conclude that

t
IF%(U(I A5j)) = lre%%(u(lo)) + / /Tl[to,&j]xl“uﬂux(uxxx _¢N(u)ux)dx dr
0]

t
+3) / /T L5150 () (8 () )7 dx dr
fo

keN

'
+ Z/ / 1[10,5j]><rh;3(u)(g(u)w16)x dx d,B(k)
ken”/0 JT
(3.13)

for ¢ € [y, T]. Using the classical calculation for the deterministic «-entropy [9, Propo-
sition 2.1] and the assumption (1.24) on ¢”, we deduce

Auﬂux(uxxx _(b”(u)ux) dx < _%/Truﬂ+2_2y(uy))2cx dx — c(B, V)/ﬂ‘uﬂ_zui dx

- cl/uﬁ_§_2u§dx + cz/uﬁui dx
T T

on [fy, 6] x I for a constant ¢(B, y) > 0. To estimate the Itd correction, we calculate
that

(V)2 < (&' @) uyd + mu)(¥))>.

Since

, 2
(8')? = (smfs) S um@ (3.14)
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by (1.23), we obtain

Z/h}é(u)(g(u)wk)ﬁ dx < /uﬁ—Zui + P dx.
T T

keN

Using Young’s inequality twice, we arrive at

/T WPy — @ () dx + Y /T 4 (g Y)? dx

keN

14

+C/uﬂ+2+u’3dx
T

< - / uPP Wy, dx — 450 / WP ~2utdx — 4 / P22 dx
T T T

on [fp, 6] xI'. Inserting this in (3.13), taking the g-th power on both sides, the supremum
in time, and using the Burkholder—Davis—Gundy inequality, we deduce

5; q
E[lp sup %q(u(t)):| + E[(/ /1ruﬂ—l’—2u§ dx dt) }
l‘ofl‘f&j o T
G q Gj q
+ IE|:</ / 1Fuﬂ—2y+2(uy))2m dx dt) + (/ / lruﬁ_zui dx dt) i|
to T fo T

7j q
Sty B[ty ()] + E[(h"/m /Tuf“z + uf dx dt> ]

Gj 2 \4/?
+]E|:<IFZ (/T g(u)uxg(u)wkdx) dt) i|

keN“ 10

(3.15)

To estimate the latter term, we integrate by parts and obtain that

2 u 2
</ hg(u)uxg(u)l//kdx) = (// h/é(r)g(r)dr 1,0,2dx>
T TJ1
u 2
< /(/ rﬁm_l/z(r)dr> (1//,2)2dx.
T\J1

Using (1.21) and (1.22), we estimate separately

u 2 u 2
(/ rﬂm_l/z(r)dr) < (/ rP dr) < u?P*? on {u > 1}
1 1
and

u 2 u 2 28—n 28 — 0
</ Vﬂmfl/z(r)dr> N (/ rﬁinﬂild’") <8 ¢ > ' h-n<0, on{u < 1}.
J1 J1 log=(u), 28—-n=>0

Thus, we arrive at

5j 2 5-/.
Z/ (/ hiy ()1 g () i dx) dr <p / / u?P*2 dx dt
I T 1o {u>1}

keN 10
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G
+ / / w4 log2 (u) dx dr
to  J{u=<l}

28—n+2

on [f9, 6] x I'. To estimate the power u , we use that

B—n+2 _
. i (Bt 1), Bong(-1,-2)
h,g(r)Z/l/l(r”)ﬂ*"dr”dr/: r—1—log(r), B—n=-2,
rlog(r) —r+1, B—n=-1

by (1.21) for r < 1 so that

/ uP=+2 dx <p / hgu) + u+1)dx < ) + /uodx +1
{ust} {ust} T

due to the positivity of u and conservation of mass. Therefore, we deduce that

aj aj
/ / udxdr < ( sup / ub—n+2 dx) (/ supuf =2 dt)
10 {u<l1} ro<t<é; J{u=<1} to xeT

2 Gj 2
< e( sup Hp(u) + /uodx + 1) + Cp,e (/ supuﬁ—zdt)
10<t<6; T to x€eT

for any € > 0. Inserting all this in (3.15) yields

&j q
E[lr sup %q(u(t))] + IEI[(/ /1ruﬂ—”—2u§ dxdt) ]
T()StS&j to T
G q G q
+E[</ /1ruﬂ*2y+2(uy)§xdxdz> + (/ /1puﬂ*2u§dxdr) }
n JT 1 JT (3.16)

q
SBova E[lr%q(u(to))] + E[(lr/uo dx) + lr:|
T

+ E[lr (/:i (izg u’fm) + (sup uﬂ’2> + (sup u25+2) + <§2$10g2(u)) dt)q].

xeT xeT

To estimate also the latter term, we observe that all the powers lie between 8 — ¥ and
B + 3, so that an application of Young’s inequality leads to

(sup uﬂ+2> + (sup uﬂ*2> + (sup u2ﬁ+2> + (suplogz(u))

xeT x€T xeT x€T

< esupuP™ + Cposupuf™

xeT xeT

foreache > 0. By applying Lemma 3.2 once more, Young’s inequality, and conservation
of mass, we can estimate this further by

B—0
_5(5;19)2 / uﬁ_ﬂ_zui dx + 2e¢ </ uo dx)
T T
(B+3)/(B+5) 3(B+3)/(B+5) B+3
+ Cp.e (/ uﬁ_zui dx) (/ ug dx) + Cge </ uo dx)
T T T



Thin Films with Interface Potential Page 49 of 66 158

B0
< _5(,3;9)2 / w7722 dx + 2 (/ 1o dx)
T T
3(B+3)/2 B+3
+ 6(/ uﬂ_zui dx) + C;;,e(/ uodx> + Cﬂ,€</ uodx>.
T T T

Choosing € sufficiently small to absorb the resulting terms in the left-hand side of (3.16)
and dropping the intermediate powers of the mass yields

g q
E[lp sup %‘f(u(t))} + ]E[(/ J/lruf’—”—zuﬁ dxdt> ]
10<t<7; to T
Gj q Gj q
+ E[(/ /1ruﬁ*2V+2(uV)§x dx dt) + (/ /muHui dx dt) }
fo T to T

(B=1)q 3(B+3)q/2
Spoya.r E[Ir g (u(io))] + IE|:11~</T uodx> + 1p</1ruodx> ]

We obtain the claimed estimate (3.10) by letting j — oo and using Fatou’s lemma. O

3.2. Proof of the energy estimate — Lemma 3.1. To close the a-priori estimate from
Lemma 3.1 on the energy of the solution u, we use additionally an estimate on the
minimum and maximum of a function in terms of the energy functional. Moreover, we
recall once more the additional regularity properties of u from Proposition 1.7 as well
as that there exists 9 > 2 with =7 < ¢ (r) by Assumption 1.10.

Lemma 3.4. It holds

Q-9)/2
sup fED2(x) S E(f) + ( / fdx> , (3.17)
xeT T

3
sup f2(x) < g(f)(/ fdx) + (/ fdx) (3.18)
xeT T T

for every positive function f € C'(T) bounded away from 0.

Proof. The proof is completely analogous to the proof of Lemma 3.2 using additionally
(1.24), for a discrete version of (3.17) see also [23, Lemma 4.1]. |

Proof of Lemma 3.1. We again make use of the stopping time & introduced in (3.11)
and the process u'/) defined in (3.12). As in the proof of Lemma 3.3, we replace ¢ by
a two times differentiable function (5: R — R with bounded second derivative, which
agrees with ¢ on [1/j, j]. Then the assumptions of [19, Proposition A.1] are satisfied
and an application of Itd’s formula yields

/ SV ) dx = / D (1)) dx
T T
t g j j i i . .
’ / /11‘ 1y.6,10®" @ m @) @) = ¢ @Dy de ar
fo

-t n A A
#33 [[ tsrd @@ dr o
ken“to /T
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* Z/ /l[toa]xr¢ @) (@@ D)yp)x dxdp®.
keN

2 ”

0’s formula is also applicable to the functional | uy Indeed, as carried out in

L2(T)
detail in [52, Appendix C], one can for example identify 1 (/) w1th its equivalence class

/) of homogeneous distributions such that the functional ||u 112 12(T) coincides with the

squared H'(T)-norm of #/) and [38, Theorem 4.2.5] becomes applicable leading to

/ W2 () dx = / )2 (1) dx

/ / L. 5 ) xruseem @) @ — ¢ @yud) dx dr

/ / 1.6, (g () Y0)3, dx dr
keN T

/ / 0.5, 1x0 % (8 D)) dx dBP.
1o

keN

By inserting the definition of /), using that ¢ and ¢ coincide on its range and adding
the two Itd expansions together, we conclude that

t
Ir&(u(t Aoj)) = 1ré(ulin)) — / /l[lo,ﬁj]xrm(u)(uxx — ¢'(u))} dx dr

- / |t [0 @@} + Gz ] arar

keN

/ / o5 e (@) — 1) () ) dx dBD)
1o

keN
(3.19)

for t € [y, T]. To estimate the It6 correction, we use (1.21), (1.22), (1.24) and again
(3.14) to deduce that

> / ¢" W) (gwy)rdx <Y / T )Y + T P mu) () ) dx

keN keN

S /(M_l?_étm(u)u)zC + u_ﬂ_zm(u))dx
T

< / (u"*’?*‘lu?‘ + u”ﬂ?*z)dx + / (u”7074u§ + u”fﬂfz)dx.
{u>1}

fu<1}

Similarly, using that

Vs = (& Wy + 8" WuD) Vi + 28" Wu Wy + )Yy
we obtain
> / (g)Yn)i, dx < / [(¢'@)?uz, + (¢ @)} + (') uy + m(u) ] dx.

keN
(3.20)
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Because of (1.23) it holds

2 2m” (! 2\ 2
(8" (u)? = (Ztomun () )

< u " *m),

~

which together with (1.21), (1.22) and (3.14) yields that (3.20) is bounded by
/T(ufzm(u)uix +utm@ul + T m@u? + mu) ) dx
< /T(u—zm(u)uﬁx + u mGut + m@u) ) dx
< /{ : W Rud, w4 u” ) dx + /( . (u"2uZ + u"tud + u")dx.

In summary, we have verified the estimate

> [ (@0} + @) ds

keN

< / u"_’j_4u)2( +ut 2 4 u"_zu)%x + u”_4ui + u")dx
{u>1}

+ / (u"_l?_“u)zC +u"02 4 u"_2u§x + u”_4ui + u")dx
{u<1}

on [fy, 6] x I'. Inserting this in (3.19) and taking the supremum in time, we arrive at

1Ir sup &) + /aj/lrm(u)(u”—qs/(u))ﬁ dx dr
1o T

10<t=G;
%j
< 1réulty)) + lr/ / (777 w0 w202+ e + u” ) dxdt
10 {u>1}
5 )
+ 1r/ / ("7 + w7 "Rl "+ u ) dxde
o J{usl}

+ sup
to<t<T

t
> / / L., (@ () — 1) (8 () Yr) dx dB™) .
ken’f0 ST

(3.21)

For the sake of clarity, we divide the rest of the proof into three steps.
Estimate on the integral over {u > 1}. We define v = max{3, v} and estimate using
(3.6), (3.7), (3.18) and Young’s inequality

/ (u”_ﬂ_“ui +u" 072y u”_zuﬁx +u Mt 4 u”)dx
{u>1}

< /(uu71974u)2( + uv71972 + uv72u2 + uv74u4 + uv)dx
T

)s(l;%u‘j_ﬁ_z) /T (uﬁ_ﬁ_zuz +uf0 4 uﬂuzx + uﬂ_zui + uﬂ+2)dx (3.22)

. (h—B-2)/3 —p-2
<p (éa<v7ﬂ72)/3(u)</ 1o dx) + (/ uodx) >
T T
. B—v . B+2
« </ (P20 + wPul, + uP2ut)dx + (/ uodx) + (/ uodx> )
T T T

IA
—~
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We denote the terms in the last row as Z(x) and obtain, due to Young’s inequality, the
bound

aj
/ / (u”_ﬁ_“ui +u' 02 u”_zu?cx + u”_4ui + u”)dx dt
to {u>1}
i 20-6-2)/3
<B ( sup EVTADB) + (/ ug dx) )
t<t<G; T
O-B=2)/3 (5
X (/ uodx) x/ I(u) dt
T to
2
< e< sup & (u) + (/ 1 dx) ) (3.23)
10<t<G; T
(v-B-2)/3 Gj 3/(5+p—D)
+ C5,€<</ uodx) X/ I(u)dt)
T 0]
2
< e< sup & (u) + (/ uodx) )
10<t=<0; T
2(v—B-2)/(5+B—D) G 6/(5+p—7)
+ C,g&((/ uodx) + (/ I(u)dt) )
T )

on I" for any € > 0. To estimate the Z(u)-term later on, we remark that

& 6q/(5+p—) (5B
E[1p< / I(u)dt) }5,3#1 E[1r 2,7 (1))
1

0

6(B—1)q/(5+B—D) 9(B+3)q/(5+p—V)
+E|:lr</ uodx) + 1r</ Lt()dx) :|
T T

by an application of Lemma 3.3 with y = 1 and additionally absorbing the intermediate
power of the mass.

Estimate on the integral over {u < 1}. We set n = min{2, n}, so that

(3.24)

n—19—4 2 n—19-2 n—2 12 n—4_ 4 n
/ (u uy +u +u"Cuy, + u" T+ ) dx
{u=1}

XX

< / ("2 + W "Rl u" e+ W) d
T

IA

(sup u;’_2> /T (u_ﬁ_zu?c +u V4 uix + u_zui + u2)dx (3.25)

xeT

n—2
(cfz(z—Wl’—”(u) + ( / uo dx) )
T
-1 2
x(/ (u—0—2ui+u§x+u—2uj)dx+ (/uodx> + (/uodx> ),
T T T

because of (3.6), (3.7) and (3.17). We define [7(u) as the last row of (3.25) and observe that
for n = 2 its prefactor equals 1, such that the following estimate trivializes. Otherwise

A
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2(2—i)
we have 0 < S

< 1 by Assumption 1.10 and an application of Young’s inequality
yields the bound

/ / (u”_ﬂ_“ui +u"? 4 u"_zu)zcx + u”_4ui + u” ) dx dt
fo {u<1}
~ n=2 5j

( sup & (u)*FM/P=D ) 4 ( / uodx) )x / Ju) dt

10<t<§; T to

Q2-9)/2 & (B =2)/(9+27i—6)

6< sup &E(u) + (/ uodx> ) + Ce</ j(u)dt)

10=<t<G; T to

(3.26)

A

IA

on I'. As in the previous step we remark that Lemma 3.3 with 8’ = 0, y’ = 1 yields

5 (¥=2)q/(9+2/i—6) (9—2)q/(9+2i—6)
E[IF(/ J(u)dt) } Spq E[1rogg" (uto))]
0

-0 (9 —-2)q/(9+2n—6) 99 —-2)q/(20+4n—12)
+E|:11"(/ uodx) + 11"(/ uodx> ]
T T

for later purposes.

Closing the energy estimate. Inserting (3.23) and (3.26) in (3.21) and choosing €
sufficiently small yields

(3.27)

Ir sup &(u(r)) + /Uj/lrm(u)(u“—qb/(u))ﬁ dx dr
i) T

10<t<7;

2=9)/2 max{ (5 ﬁﬁ v) 2}
Sp Iré(u(to)) + 1r </ uodx> + lr(/ uodx>
T T

g 6/(5+B—V) ; (9 —2)/(D+271—6)
+ 1p (/ Z(u)dt) + 1p (/ J(u)dt)
Iy

+ sup / / l10.6,1xT (@' () — 10, (g ) Yr) dx dB™|.
fo

to<t<T

keN

We take the g-th power on both sides, use the estimates (3.24) and (3.27) and the BDG-
inequality to estimate further

G q
E[lp sup 5‘1(”(1))] + IE|:</ ! / Trm(u)(uyy — (ﬂ(u))% dx dt) ]
10<t<5; o JT

Spa.r E[Ir&7 (o)) + 1027 P o)) + 1py "0 ()]

6(B—0)g —0(W=2)q 9(B+3)g  9W—2)q

mi“{ 5+B—b ° 0+2i—6 g max{ 5+B—b * 20+Ai—12
+ E[lr (/ uQ dx) + 1r (/ uQ dx) i|
T T
: 2 \4/2
+ E[(lr > / ( /T (@' () — uxx) (8P dx) dz) }

keN
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where we absorb the intermediate power of the mass again. Since

Gj 2 \q/2
(Z ( /T (@' () — ) (g Y1) dx) dt)

keN 710

Gj q/2
< ( / / (@' () — uyy)? g% (u) dx dz)
o T
Gj q
e</'/m(u)(¢’(u)—u”)§dxdz> + C,
1o T

by another application of Young’s inequality, we deduce (3.2) by taking the limit j — oo
and using Fatou’s lemma. O

IA
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Appendix A: Some Functional Analytic Tools

In this appendix, we discuss some tools that played an important role throughout the
manuscript. Firstly, regarding the precise definition of a UMD and type 2 Banach spaces,
we refer the reader to [33, Definition 4.2.1] and [34, Definition 7.1.1], where for our
purposes it suffices to note that the spaces L4(T¢) and H*4(T?) are UMD for ¢ €
(1, 00), cf. [33, Prop. 4.2.15, Prop. 4.2.17 (1)], and type 2 whenever g € [2, 00), see
[34, Prop. 7.1.4]. The remaining topics are discussed in more detail in their respective
subsection below.

A.1 Banach-valued Sobolev spaces and trace embeddings. We begin by defining time-
weighted, Banach-valued Sobolev spaces. As in Subsection 1.4, for a complex Banach
space 2 (see, e.g., [33, Subsection B.4] for complexification of real Banach spaces),
an open interval / € R and a weight w, (¢) = |f|* where x € (=1, p — 1), we let
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LP(1, wy; Z°) be the set of all strongly measurable mapping f : I — X such that (see,
e.g., [33, Definition 1.2.1])

1Mot 2y = (J; 17 @1 we@dr)? < co.

We also recall that for separable 2~ strong measurability is equivalent to t > [
(f (1), x*) being measurable for all x* € 27*, see [33, Theorem 1.1.20]. Our assumption
k € (—1, p — 1) ensures that L” (R, wy; Z°) — LIIOC(R; Z), so that using also the
rational decay of w, (¢) any f € LP(R, w,; Z°) can be identified with an 2 -valued
Schwartz distribution f € ' (R; 2) = Z(¥R), Z), i.e., a continuous linear
operator from the topological space .(R) to 2. As in the scalar-valued case, the
Fourier transform F naturally acts on .(R; .Z") via duality, i.e., (Ff, ¢) := (f, F)
for f € /' (R; 27) and ¢ € .7 (R).

We are now ready to define .2 -valued fractional Sobolev spaces. Foro € R, p € (1, 00)
and k € (=1, p — 1), we let H>P (R, w,; Z") be the set of all Schwartz distributions
f €. (R; Z) such that

A=NfelP®Ruwe; 2), and | fllgoa®um,:2) = 10— Flliom: 29
(A.1)

where, as usual, (1 — A)?/2 is the Fourier multiplier with symbol (1 + | |2)0/2.
For an interval I C R, let 2'(1; ) := L (2(1); Z) the set of all 2 -valued distri-
butions. We set

HOP(I,we; X)) :={geP'U; Z): Af € H>P (I, we; Z) such that g = f|;}
(A.2)

endowed with the natural quotient norm ||g|| go.r (1, w,: 27y = Inf f,=¢ | fl HoP (1,002 2)-
Finally, we often employ the shorthand notation H*? (0, T, wy; Z°) := H>P (I, w; Z°)
if I =(0,7T)forT < oc.

Before going further, we comment on the above construction. Firstly, the definition of
the 2 -valued Sobolev spaces can be extended to R4 and T9 , where in the periodic
case .’ (R) and the Fourier transform are replaced by the Fréchet space C ©(T9) and
the Fourier series. Secondly, the well-known characterization of real-valued Sobolev
spaces through difference quotients holds if and only if 2" is a Hilbert space. In a
non-Hilbertian setting, difference quotients define the related (but different) scale of
Triebel-Lizorkin spaces. For details on the latter, the reader is referred to [1, Section
3.2] and [35, Subsection 14.3]. Therefore, the approach via the Fourier transform and
restrictions as in (A.1)—(A.2) is the most direct definition in our case. Alternatively, one
can proceed via complex interpolation (cf., [8, Subsection 2.3]), which yields the same
space if 2" is UMD (see [33, Theorem 5.6.9]).

We now turn our attention to the so-called trace embedding for anisotropic vector-
valued spaces, which was mentioned in Subsection 1.1, and plays an important role in
the approach to SPDEs developed in [4,5]. We emphasize that this embedding motivates
the presence of Besov spaces as spaces for the initial data in Theorem 1.6. To set the
stage, let us recall that in the maximal L?”-regularity approach to SPDEs with p € (2, co)
and time weight « € [0, % — 1), the solution typically lies in the space

Moero.1/2) HYP(0, T, we; X1-9), (A.3)
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cf. Definition 2.5, where X1_p = [Xo, X1]1—¢, X0 is the ground space, X the do-
main of the leading order operator and [-, -]1—p denotes the complex interpolation
functor. Note that weighted Sobolev embeddings ensure that H 0.p 0, T, we; X1-9) <

1+
C9_7 0,T; X1_9)if 0 > 1% (cf., [42, Proposition 7.4]). In particular, if # belong to
the space in (A.3), then it has well-defined trace u(0) € X, forallo < 1 — 1%. As in

14k
scalar-valued spaces, in the threshold case, the embedding H PO, T, we; X | L)

P
into C([0, T']; X, _ 1+ ) fails. To some extend, the trace embedding can be seen as a fix
4

of the latter situation allowing one to reach the optimal smoothness 6 = 1 at the
expense of working with real interpolation spaces instead of the complex ones, which
naturally appear already in the case of integer smoothness, see [10, Subsection 3.12].
The key in the trace embedding is to exploit the presence in (A.3) of a sufficiently large
smoothness parameter 6 € (1%, %) to define traces in X|_p together with the highest
possible regularity in space L? (0, T, wy; X1), achieved by taking & = 0. The following
is a consequence of [1, Theorem 1.2] as well as [1, (2.8) and Proposition 3.2] to pass
from (0, T) to the half-line, see also [50, Section 3.4].

Proposition A.1 (Trace embedding with fractional smoothness). Fix p € (1, 00), k €
[0, p—1),0 € (0,1)and0 < T < oo. Let X¢, X1 be Banach spaces suchthat X1 — Xy
and let Xgrp = (X0, X1)|_ 12 » and X;r = Xg’rp be real interpolation spaces. Then the

following embeddings hold.'p
(1) If6 > B, then HP(0, T, wi; X1-¢) N LP(0, T, wie; X1) <> C([0, TT; X,T,).
) If6 > 5. then HP(0, T, we: X1-6) N LP(0, T, s X1) = C((0, T1; X}1).

The above is known to be optimal if X; is the domain of a sectorial operator, see
[43, Proposition 4.1], which is in particular the case in our application, where X| =
H5*2:4(T?) is the domain of A% on Xo = H*~24(T%), cf. Sect. 1.4.

We remark that (2) encodes the effect of instantaneous regularization in time-weighted
spaces. Indeed, in the case k > 0 and X| # X, comparing (1) with (2), one sees that

a function in H??(0, T, w,; X1-9) N LP(0, T, w,; X1) takes at ¢ = 0 values in X,zrp,

but for all # > 0 it lies in the strictly smaller spaces X ]T,r. This is an important ingredient
in both the blow-up criteria and the instantaneous regularization for the regularized
problem (2.2) derived in Propositions 2.12-2.13. The intuition behind (2) is that the
weight w, (t) = t* is active only at ¢t = 0, and for positive times, one can apply (1) with
k = 0; for details see [1, Theorem 4.7] or [3, Corollary 7.6].

A.2 y-radonifying operators. Let Q. A, ﬁ) be a probability space and let (3,,),>1 be a
sequence of independent standard Gaussian random variables on 2. Let H be a separable
Hilbert space with orthonormal basis (%,),>1. A bounded linear operator T from H to
a Banach space 2" is said to be y-radonifying if the series ), .| ¥, Th, converges in

Lz(ﬁ; 2, in which case we set

12

Iy, 2y = BN ey FaThall) (A4)

where E denotes the expectation w.r.t. P. One can prove that the space y (H, Z) as well
as the norm (A.4) do not depend on the particular choice of the orthonormal basis, see
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[34, Theorem 9.1.17]. A detailed exposition of y-radonifying spaces can be found in
[34, Chapter 9].

Starting from the seminal works [44,47], the key role of y-radonifying operators in the
theory of stochastic integration in a non-Hilbertian setting has become clear. Indeed, let
us point out that if 2 is a Hilbert space, then y (H, Z") coincides with the space of
Hilbert—-Schmidt operators from H to 2, so that the results in [44] are an extension of
the classical It6 integral in Hilbert spaces [15].

An important tool in the study of y-radonifying operators is the Kahane—Khintchine
inequality, stating that for each finite sequence ()cn)fL1 C Z andall0 < g, p < oo,

~ ~ 1 ~ ~ 1
EI XN Fuxal ) =g BN Fall )7 (A.5)

For a proof of the latter, we refer to [34, Theorem 6.2.6]. In particular, the above shows
that the integrability 2 in the definition of the y-radonifying operators can be replaced
by any p € [1, o). We additionally point out that if 2~ = R, (A.5) is nothing but the
equivalence of moments for Gaussian random variables.

In our setting, the two-sided estimate (A.5) allows to prove a characterization of y (H, 2°)
in the case that 2" = H®9(T%), which is usually referred to as y-Fubini isomorphism,
see [34, Subsection 9.4.b].

Proposition A.2. For all o € R and g € (1, 00), it holds that H*4(T¢; H) = y(H,
H®4(T%)). More precisely, the following mapping is an isomorphism between the cor-
responding spaces

J:HOUT H) — y(H, H(T?), where (Jf)h:= (f, u;

and (-, -) g denotes the inner product in H.

Recall that the H-valued Sobolev space H “’q(']I‘d; H) is defined via Fourier methods,
see below (A.2).

Sketch of the proof. From a density argument, it follows that (1 — A)°/?> commutes with
J, and induces an isomorphism from H%4(T%; H) and y (H, H°4(T%)) to L (T¢; H)
and y (H, L9(T¢)), respectively. Thus, it is enough to consider o = 0, which is a special
case of [34, Theorem 9.4.8]. For the reader’s convenience, we recall the main step to
highlight the role of (A.5) and (the classical version of) Fubini’s theorem.

By density, it suffices to prove the norm equivalence for a simple function f € L?(T%; H),
ie., f(x) = Z,Ilvzl hy, fu(x) for a finite sequence (f,,)f;]:l C L9(T%) and an orthonormal
system (h,),>1 € H, which we can extended to an orthonormal basis of H. Then, by
Fubini’s theorem,

O = N ~ SN ~
HJfll;I/(H’Lq(H‘d)) ~q El Y- annll‘iq(w) = [ E[ Y0, J/fn(X)|q dx

i) oo ~
= Jra (B0 7 a2 dx

(iii)

L Lo (S0 1) o = 11, g

where in (i)-(ii) we applied (A.5) and in (iii) we used the independence of (¥,,),>1 and

fnz(fahn)H- a
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A.3 Product and composition estimates. Since we work throughout this manuscript in
Bessel potential and Besov spaces, we require, among others, efficient estimates on
products and compositions of functions in said scales. While in the case of integer
smoothness like H !4 (T%) a product estimates can be derived via

”V(uv)”Lq(Td;]Rd) = ||MVU||L4('J1‘d;Rd) + ||UVM||Lq(Td;Rd)
5 ”u”Hlvl('ﬂ‘d)||v||LV(Td) + ||U||H1,L(Td)”M”LR('H‘LI), (A6)

forl,L € (1,00) and r, R € [1,00] such that 1/l +1/r = 1/R+1/L = 1/q,and a
composition estimate from

IV @) = F O aqrpay < 1 @ (Vi = V)l g pamay + NG @) = £/ @)Vl g raspe,

S ||f/(u)||LDO(Td)||M - U||Hlyq(1rd) + |1f ) — f/(U)”LOO(qrd)||UHHlvq(11‘d)7
(A7)

the fractional smoothness case is more delicate. A frequency decomposition of the prod-
uct into its resonant part and Bony’s paraproduct, for example, is one way to obtain
estimates similar to (A.6), see [57, Chapter 2] or [51, Chapters 4 and 5] for a more
complete review of such techniques. For the purpose of this appendix, we just recall two
special cases of [7, Proposition 4.1 (1), (3)] which are repeatedly used in this manuscript.

Proposition A.3. Let s > 0, g € (1,00) and T € (s, 00), then the following estimates
hold whenever the right-hand side is finite:

) Nuvll gsgpay S Nwll gsaepay 10l repay + 1101 s opay 1)l L& (pay providedl, L € (1, 00)
andr, R € (1, 00] are such that 1/l +1/r =1/R+1/L =1/q.

(i) ||MU||H—S-q(1rd) < ||u||H—s,q(1rd)||U||Loc(1rd) + ||U||Hrv:('[rd)||M||H—s—aq(1rd), where T >
d/t, ¢ €lq’, 00) and € > 0 depends onlyon (d, s, q, T, ).

Secondly, we also recall a special case of the composition estimate in Triebel-Lizorkin
and Besov spaces from [51, Theorem 1, p.373], reminiscent of (A.7) above, where we can
drop the assumption that f(0) = 0, which only plays a role when working on unbounded
domains. Moreover, in the following statement, we leave out the immediate part of the
local Lipschitz estimate, namely that || f'(u) — f(v)”Loc(Td) < Cullu — U”Loo(']l*d) for f
and u, v as below.

Proposition Ad. Let s > 0, g, p € (1,00) and f: R — R be smooth. Then the
mapping u — f(u) satisfies the following local Lipschitz estimates on L (T%) N
H*1(T?) and L®(T?) N By ,(T9):

W) 1f @)= f )l gs.acpay < Cu(le—=vll rs.q pay llu—=v1l ooy Nell grs.a pay 10 1| rs.a (pay) )
for a constant C,, depending on (d, q,s,n, f) but independent of u, v satisfying

lull Loocrays IVl Loo(pay < n.

() If @ =Wl ey = Cn(||M—U||B{;,p('u*d)"‘”u—v||L00(11‘d)(||u||33’p(11‘d)+||U||B;,p('u‘d)))
for a constant Cy, depending on (d, p, q, s, n, ) but independent of u, v satisfying
lull Loocrays IVl Loo(pay < n.
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Appendix B: Maximal L?-regularity with Time Measurable Coefficients

Here, we provide a relatively self-contained proof of L”-regularity estimates for the
following PDE:

du+a(@)A’u= fon(0,T)xT¢  u©) =00onT?, (B.1)

where T > 0 and T¢ denotes the d-dimensional torus. Such estimates were used in
Sect.2.2 as a starting point to show stochastic maximal L?-regularity for thin-film type
operators, see Lemma 2.7 there.

In the above, f is a given inhomogeneity which will be specified later, and a satisfies
the following.

Assumption B.1. The mapping a : R — R is measurable and satisfies A™! < a < A
on R, for some A > 0.

In particular, a does not have any smoothness in time, and standard perturbation argu-
ments such as [50, Proposition 3.5.6] do not apply. Even in the presence of weights,
LP-estimates for parabolic problems with measurable in time coefficients are by now
well-understood, see, e.g., [24] and [20,21]. The aim of this appendix is to provide a
self-contained and (to some extent) independent proof of such estimates in the range of
interests for stochastic PDEs. In particular, we only consider the case p > 2 and time
weights of the form ¢* dr for x € [0, % — 1). The reader is referred to, e.g., Sect.2.2,
[39], [4, Section 3] and [8, Section 3] for details and comments on this limitation. Let
us emphasize that the case p = 2 and ¥ = 0 is instead standard, and is a consequence of
the energy estimate (see, e.g., [38, Chapter 4]). Finally, the case p < 2 and more general
weights can be obtained via duality and extrapolation, but we do not pursue this here.
Our approach to L”-estimates for (B.1) is based on two tools from real analysis: The
Rubio de Francia weighted extrapolation (see, e.g., [14]) and an interpolation result due
to [55]. The proof of the latter shares some similarity with the well-known Marcinkiewicz
interpolation. The combination of the above ingredients to prove L”-estimates for (B.1)
seems new, and gives a relatively straightforward proof. However, let us mention that
the Rubio de Francia extrapolation was already employed in [21,24]. Moreover, to apply
the extrapolation in [55], we exploit local smoothing of the solution to (B.1) with f =0
via Caccioppoli inequalities (see Lemma B.4 below), and closely related arguments can
be found in [20, Section 4].

To proceed further, let us recall the Muckenhoupt classes A, with p € (1, o0) that are
central in Rubio de Francia’s extrapolation. We say that a locally integrable function
w : R — (0, 00) belongs to A, (R) if

[wla, == Sl]lp (]gwdt)(]fwl‘f’/ dt)p_1 < 00,

where the supremum is taken over all finite intervals in R, f, = |I™! f ; denotes the

average and 1/p +1/p" = 1. It is well-known that [t — [1[“] € A,(R) if and only if
k € (=1, p — 1) (cf. [28, Example 7.1.7]).

Proposition B.2 (Weighted maximal L?”-regularity). Let Assumption B.1 be satisfied.

FixT < ooandq, p € (2,00). Then, forallw € A,p(R)and f € LP(0, T, w; Lq(Td)),
there exists a unique solution u € WHP (0, T, w; L2(T4)) N LP(0, T, w; W*4(T%)) to

(B.1) and

T T T
/O 19s17 g oy w e + /O ey oy wt < € /O 1A 11 g gay wdr. (B.2)
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where C depends onlyond, A, q, p, T and [w]Ap/z.

As noted above, Proposition B.2 is not new, and more general results can be found in
[21,24]. Our goal here is to provide a relatively self-contained proof of (B.2) within the
range of parameters p and w that are relevant for applications to SPDEs, see Sect. 2.2. By
the method of continuity, as employed twice in Sect. 2.2, it suffices to show the a priori
estimate (B.2). Before proceeding with the proof of the latter, we start with a reduction
to the case p = ¢, exploiting the Rubio de Francia extrapolation argument [14]: Firstly,
we note that due to the initial value in (B.1) being 0, it suffices for (B.2) to show

T T
2 0P p
/OnAunLq(Td)wdrsc/o 112 oy w (B3)

with C depending as above only on d, A, ¢, p, T and [w]a,,. Suppose furthermore
that the above estimate (B.3) holds with p = ¢ so that there exists a constant C which
depends only ond, A, g, T and [w]Aq/2 such that

/(I(O,T)”AZM”iq(Td))q/Z wdr <C / (l(o,T)IIfIqu(W))"/2 wdr. (B.4)
R R

Rubio de Francia weighted extrapolation yields for all » € (1, co) and w € A, (seee.g.,
[34, Theorem J.2.1] or [14, Section 2])

/R (L. | A%, ) wilf < C, /R Qo 1) wilt.  (BS)

where C, which depends only ond, A, g, r and [w]4,. Now, the conclusion follows by
letting p = 2r € (2, 0o) (the argument (B.4)—(B.5) is sometimes referred to as rescaling,
see [14, Subsection 3.3]).

The remaining part of this section is dedicated to the proof of (B.3), for which we also
recall the extrapolation result due to [55]. For r > 0 and (¢, x) € R x R¢ we denote by
Q,(t, x) the parabolic cubes

Qr(t,x) =1I.(t) X B.a(x), where I,(t) =(t —r,t+r) and B, (x) ={y: [x —y| <r},

adapted to 4th-order operators. For simplicity, we often write Q instead of Q,(t, x)
when the dependence on r, ¢, and x is clear or unimportant. Moreover, if Q = Q, (¢, x),
we let NQ := Qn, (¢, x) for a constant N. The same notation is employed for intervals
I, and for balls we set N B, = By1/s,.

Theorem B.3. Assume that Q. = I, X By is a parabolic cube in R x R, and let
F € L2(4Q*). Fix py € (2,00) and p € (2, py), a weight w € App(R) and f €
L?(4Q,). Suppose that there exists a constant Cy > 0 such that for each parabolic
cube Q = I x B C 2Q, satisfying |Q| < %| Q«|, there exist functions Fg and R such
that |F| < |Fgl| +|Rg| a.e. on Q and the following estimates hold:

(]i |FQ|2dxd[)1/2§C*(]£ |f|2dxdt)l/2,
¢ 0
(]éQ IR |P*w dx dt>l/p* < C*[<]£Q 1712 dx dt)1/2

+ <]£Q |F|2dXdl)l/2] X (]{wdt>l/p*'
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Then there exists C depending only on p,d, C, and [w]Ap/2 such that

(][Q* |F|P wdx dt)l/p < c(]fg* | £17 wdx dz)l/p
we(f, iwpava) " (f wa)”

The result above is a simplified and adapted version of the parabolic setting of [55,
Theorem 2.1]. While spatial weights can also be included, we omit them here as they
are not needed for our purposes.

We now turn to the proof of Proposition B.2. For the remainder of this section, we
fix T e (0,00) and note that L?(0, T, w) < L?(0,T) for all w € Ap/2 due to
Holder’s inequality, and therefore standard variational methods ensures the existence of
asolutionv € H'(0, T + 1; L>2(T%)) N L?(0, T + 1; H*(T%)) to (B.1) with f replaced
by g :=1(0,7) f. By extending v = 0 on (-1, 0), it follows that v also satisfies

dv+b(HA>v=gon(—1,T+1) xT¢, v(—1)=0onT?, (B.6)

where b = A~! 1(-1,0)+alg,. In particular, to prove Proposition B.2, it suffices to prove
the estimate (B.2) with u replaced by v. Next, for any parabolic cube O = Q,(t, x)

with r € (0, &], we decompose v = vg + rg where rg = v — vp, and vgp €

HYt —2r,t +2r; LE2B)) N L2(t — 2r, 1 + 2r; H*(2B)) is the solution to

dvg +b(t)A%vg = 1pg in2Q,
vg =0 on{t —2r} x 2B, B.7)
vg = Avg =0 on (t —2r,t+2r) x 0(2B).

As in Subsection 2.2, we identify balls in T¢ with their corresponding counterparts in
the cube [—1, 2)¢ € RY, provided the radius of the ball is less than 1/2. By integrating
by parts we find that there exists C; > 0 independent of Q such that

/|A2vQ|2dxdt§C)\/ Ig|? dx dr. (B.8)
20 20

To handle the remainder o, we exploit regularization effects via Caccioppoli inequali-
ties.

Lemma B.4 (Caccioppoli inequality). Let Assumption B.1 be satisfied, andlet Q = I x
B C (—1,T) x R? be a parabolic cube. Set b = A~'1(_1 o) + alg,. Let

ue H'(2I; L22B)) N L*(2I; H4(2B))
be a solution to
du +b(1)A*u = 00n20. (B.9)
Then, u € C°Q2I; C*®(2B)) N W (2I; C(2B)) and for each integer m > 0, then

there exists a constant Cy 5 independent of Q such that

) 12
sup [A™u(r, x)| < Cd,A,m<][ |[A™u|” dx dt) . (B.10)
t,x)eQ 20
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Proof. The method of difference quotients readily implies u € CY2I; C*(2B)).Hence,
u € Wh(2I; C(2B)) from the boundedness of a and (B.9). It remains to prove the
claimed estimate (B.10). From the previous fact, A™u is still a local solution to (B.9),
with the same regularity as u; it is enough to prove (B.10) with m = 0. We now divide
the proof into two steps. Below, for convenience, we write Q instead of Q, (¢, x).
Local smoothing. For each N > 1, there exists a constant K y independent of Q such
that

K
/ |Audxdr < =X [ u?dxdr. (B.11)
0 r

NQ

For convenience, we consider N = 2; the general case is similar. Let ¢ be a cutoff
function such that ¥ = 1 on Q and ¢ = 0 on (%Q)C such that [3,y| < r~' and

10%y| < r1#I/4 for all multi-indices & = (a1, ..., aq) € N¢ with Jo| = Y0, ;.
Integrating by parts and using the Cauchy-Schwarz inequality,

1 1
o:-/ 8,(u21/f4)dxdt:/ u2w38,1pdxdt——/ bytuA?udx dr
4 /20 20 2 Jao

1
S/ u2¢33;1ﬁ dxdr — —/ bA(W4M)A2u dx dr
20 2 2o
A
= _—/ Y* Aul? dx dr
+GC; /2Q [W2IVY P IVul? + @218+ 2 Ay + [V Hu?] dx dr.

To conclude, it remains to estimate the terms involving Vu. Since |Vu 2=V-(Vuu)—
Auu,

/ |w2||vw|2|W|2dxdz=—/ V(wzwmz).wmxdz—/ W2V > Auudx dr
20 20 20
i A
S/zg (wwnwﬁmnm+w2|v2w|w||w||u\+Zw4|Au|Z+cA|vw|4u2)dxdz
1
57/ |¢2\|V¢|2|Vu\2dxdt+C/ (VY + w2 V20 2y dx dr.
2 )20 20

Hence, the first term on the RHS of the above can be absorbed in the LHS. The claim
(B.11) follows by collecting the above estimates and the assumed behaviour of the cutoff
function .

Conclusion. Let (s, y) € R x R and r > 0 be such that 9 = Q,(s, y). Note that
v = Aly is also a solution of (B.9) and with the same regularity of u, for all £ > 0.
From Step 1 and o;u = —b(1)A%u, we have

/|A‘u|2dxdt < r*"/ lu)? dx dr, /|3,A‘-’u\2dxdz < r*”/ [u]? dx dr.
0 20 o 20

(B.12)
Next, Sobolev embeddings imply

H'(0, 1; H*(By)) = L>(0, 1; H**(By)) = L>(0, 1; L*(B))),
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where Bj is the ball centered at 0 with radius 1. By applying the above embedding to
(t,x) — u(s+rt,y+ r1/4x), and using f — ||Adf||Lz(Bl) + ||f||L2(Bl) as a norm on
H?(B)), we obtain

sup Ju(t, x)1* <q r2+d][ 10, A%u|? dx dt
(t.x)eQ 0
+r2f |8,u|2dxdt+rd][ |Adu|2dxdt+][ lu)? dx dt
0 0 0

S ][ |u|* dx dt,
20

where the last estimate follows from (B.12). |

Proof of Proposition B.2. As discussed below Proposition B.2, it remains to verify the
bound (B.3) with p = g, which we accomplish in the following two steps.
Localized L -estimate: There exists a constant C depending only ond, 1, q and [w]a,

suchthat for each parabolic cube Q4 = Q, (ty, X5) < (-1, T+D)xT9 withr, € (0, 6—14]

we have
1/ 1/
(][ |A2v|qwdxdt) qgc[(][ |g|qwdxdt) !
0. 40,

+(]£Q |A2y[? dx dt)l/z(][ wdt)l/q] (B.13)
* I

where v solves (B.6). Here, we apply Theorem B.3 with F = AZv and using the
decomposition |F| < |A2vQ| + |A2rQ| for each parabolic cube Q, where vy solves
(B.7)andrg = v—vg.From (B.8), it remains to check the assumption on the remainder.
Now, for all g« € (2, 00), we have

1ge () 1/gs

Arol% wd dt) < ( A2 )( ][ dt)
(]in ro|™ wdx S.q.wla, ) SquP| rol v
(ii) 1/2 1/gx
5[“(][ |A2rQ|2dxdt) (][wdt)
N f
1/2 1/2 1/qx
< [(][ |A2vQ|2dxdz) +(][ |A2v|2dxdt) ](][wdz)
40 40 I

(B.8)

<i [(]fQ g% dx dt)1/2 + (]iQ 1202 dx dt)l/z](]{wdt)l/q*,

where in (i) we used the doubling property of Muckenhout weights, i.e., f2, w
dt Sd’q»[w]Aq/z f] wdr (see e.g., [28, Proposition 7.1.5(9)]) and in (ii) Lemma (B.4)
The estimate (B.13) now follows from Theorem B.3.

Conclusion. Select a finite collection of points ((;, x J-))?/:l such that (0, T) x T =

U?’Zl O, (tj,xj) wherer = 6—14. Note that one can select these points such that N depends
only on 7. Then, applying (B.13),

T ) g 2 /g
(/ A v|"wdxdt) 52(/ A v|qwdxdt)
0 JT i Qr(tj.xj)

J=1
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([ waca)”
([ srrava)([Twa)™)

Next, as in (B.8), by energy methods and g = 1o, 7) f, it follows that

</OT+1 /Ird |A2v|2 dxdt)l/z <, (/OT+1 K/H‘d |g|2dxdt)1/2
< (/OT w2 dz)(q_z)/q(/: /Td | £19 w dx dt)l/q
<ttft,([Cwa) P ([1 [ e,

Thus, (B.3) with p = g follows from the above and ¢ = 1¢,7)f, u = v on (0, T),
v=~0on(-1,0). |
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