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Abstract: We consider strictly positive solutions to a class of fourth-order conservative
quasilinear SPDEs on the d-dimensional torus modeled after the stochastic thin-film
equation. We prove local Lipschitz estimates in Bessel potential spaces under minimal
assumptions on the parameters and corresponding stochastic maximal L p-regularity es-
timates for thin-film type operators with measurable in time coefficients. As a result,
we deduce local well-posedness of the stochastic thin-film equation as well as blow-up
criteria and instantaneous regularization for the solution. In dimension one, we addition-
ally close α-entropy estimates and subsequently an energy estimate for the stochastic
thin-film equation with an interface potential so that global well-posedness follows. We
allow for a wide range of mobility functions, including the power laws un for n ∈ [0, 6)
as long as the interface potential is sufficiently repulsive.
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1. Introduction and Statement of the Main Results

We consider fourth-order quasilinear stochastic PDEs of the form

du + div(m(u)∇�u) dt = div(�(u)∇u) dt +
∑

k∈N
div(g(u)ψk) dβ(k), u(0) = u0,

(1.1)

on the d-dimensional torus T
d . Throughout this article, we assume that

m : (0,∞)→ (0,∞) and g,� : (0,∞)→ R are smooth functions, (1.2)

and we only specify them for positive values of u, as we are interested in the situation
where (1.1) preserves positivity, and the initial value u0 is a strictly positive function.
Moreover,

(ψk)k∈N are sufficiently regular vector fields ψk : T
d → R

d

with sufficient decay as k →∞, (1.3)

and (β(k))k∈N a corresponding family of independent standard Brownian motions. The
precise formulation of the assumptions on the noise coefficients (ψk)k∈N is given below.
We remark that the stochastic PDE (1.1) is understood in the Itô sense.

The class of equations of the form (1.1) contains, in particular, the stochastic thin-film
equation

du = −div(m(u)∇(�u − φ′(u))) dt + div(m1/2(u) dB), (1.4)

which results from setting g(u) = m1/2(u), �(u) = m(u)φ′′(u) in (1.1) and B =∑
k∈N ψkβ

(k) is a function-valued Brownian motion, whenever

m : (0,∞)→ (0,∞) and φ : (0,∞)→ R are smooth and

Bt is regular enough for each t > 0. (1.5)

Then (1.1) becomes indeed the Itô equation (1.4), but we stress that under reasonable
symmetry conditions on the driving process B also the Stratonovich version of (1.4) can
be cast into the form (1.1) by adjusting the coefficient �, see [41, Remark 2.1], [29,
Appendix A] and the comments below (1.33).

The solution u to (1.4) models the height of a thin liquid film driven by surface tension,
interaction forces between the liquid and the substrate, and thermal fluctuations of the
fluid molecules. The coefficient m(u) is then called the mobility function and reflects
the boundary condition of the fluid velocity at the substrate. The choice m(u) = u3

corresponds to the no-slip condition and m(u) = un for n ∈ [1, 3) to various slip
conditions, with n = 2 corresponding to the Navier-slip condition. The resulting thin-
film operator−div(m(u)∇�u) captures the effects of surface tension on the film height.
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As derived independently in [18,31], the effects of thermal noise on the fluid velocity
are modeled by the conservative noise term in (1.4) for an L2(Td)-cylindrical Brownian
motion B. We remark that the smoothness conditions, which we impose later on in the
manuscript on the sequence (ψk)k∈N, restrict our results to the case of spatially colored
B. The second-order operator div(m(u)∇[φ′(u)]) in (1.4) accounts for the effect of
interaction forces between molecules of the fluid and the substrate, where φ is the
effective interface potential. A typical example is

φ(u) = u−8 − u−2 + 1, (1.6)

corresponding to conjoining and disjoining van der Waals forces modeled by the 6-12
Lennard–Jones potential, see [48, Eq. (2.48c)].

Our main results can be summarized as follows:

• Local well-posedness and blow-up criteria for (1.1) in any space dimensions –
Theorem 1.6 and Proposition 1.8.
• Global well-posedness for (1.4) with a repulsive potential in one dimension – The-

orems 1.12 and 1.13 (Itô & Stratonovich noise).

Let us stress that, since the derivations of the stochastic thin-film equation in [18]
and [31], our results are the first ones on the well-posedness of (1.4). Indeed, only
existence and no uniqueness results for solutions to (1.4) are available at the moment.
In particular, at least if the interface potential is sufficiently singular near 0 as in [23],
we can prove the uniqueness of global solutions, as conjectured in [23, Section 6] for
(1.4) with m(u) = u2. Interestingly, our results cover the potential (1.6) even in the
presence of a non-quadratic mobility, cf. Assumption 1.9. Of course, the main obstacle
in obtaining well-posedness for the stochastic thin-film equation is the degeneracy of the
leading order operator. However, in the presence of a repulsive potential, the solutions
are strictly positive at all times, and therefore the thin-film operator remains parabolic a
posteriori. As a consequence, pathwise uniqueness is amenable to be proven.

Further novelties of our approach are:

• Global well-posedness for various mobility functions – see Assumption 1.9.
• Reduced regularity of the initial data – Theorem 1.6 and Remark 1.2.
• Instantaneous high-order regularization – Proposition 1.7.

The global well-posedness results of Theorems 1.12 and 1.13 hold for a wide range
of mobility functions, including power laws of the form m(u) = un with n ∈ [0, 6), but
also m(u) = u3 + λ3−nun for some λ ≥ 0. While the former is often assumed in the
mathematical literature on (1.4), it usually serves as a simplification of the latter mobility
function obtained from the lubrication approximation, see [48, Section II B]. Moreover,
the literature on martingale solutions to (1.4), which we review in Subsection 1.3, im-
poses more restrictive assumptions on the exponent n. Since our global well-posedness
result relies on the positivity-preserving mechanism of the effective interface potential
φ, it comes at the expense of excluding the interesting case in which a contact line, i.e., a
triple junction of liquid, solid and gas, is present. Nevertheless, if one is interested in the
situation of a non-fully supported fluid film, Theorems 1.12 and 1.13 can be useful to
construct solutions by taking φ ↘ 0, as performed successfully in [29] for m(u) = u2.
This limit is of particular interest for future research since positive approximations of the
thin-film equation are often compatible with formal a-priori estimates of the equation.
Additionally, the uniqueness part of Theorems 1.12 and 1.13 has also numerical implica-
tions – for example in the case m(u) = u2 in which a subsequence of a finite difference
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discretization of (1.4) was shown to converge in law to a solution in [23, Theorem 3.2].
Indeed, the pathwise uniqueness implied by the Gyöngy-Krylov lemma [12, Theorem
2.10.3] ensures that the finite difference scheme converges in probability to the unique
solution to (1.4) on the original probability space, at least for a subsequence. Since this
solution is unique, the convergence also holds for the full sequence of approximations.

Concerning the regularity of the initial data u0, in all dimensions, we can allow
u0 ∈ H1/2+ε,q(Td) with ε > 0 arbitrary and q ≥ 2 large, and thus below the energy
level H1(Td). Moreover, in the case d = 1, we can choose u0 ∈ H1/2+ε(T) for ε > 0.
Proposition 1.7 shows that the regularity of the initial data only affects the regularity
of u at times t ∼ 0, while for t > 0 the solutions become smooth. More precisely, if
(ψ)k∈N are regular enough, then u becomes smooth in space regardless the regularity of
u0:

u ∈ Cθ,∞
loc ((0, σ )× T

d) a.s. for all θ ∈ [0, 1
2 ), where σ is the explosion time of u.

(1.7)

Let us remark that σ = ∞ a.s. if d = 1 and φ is sufficiently singular, cf., Theorems 1.12
and 1.13.

The proof of these results relies on the following three advances. Firstly, we show
stochastic maximal regularity estimates for thin-film type operators with strictly positive
coefficients which depend only measurably on time. The latter is central in the derivation
of suitable blow-up criteria for the quasilinear stochastic PDE (1.1). Secondly, we adapt
the theory [4,5] on quasilinear stochastic evolution equations to stochastic PDEs, which
are a-priori only degenerate parabolic. Thirdly, we estimate the energy production of
(1.4) by the α-entropy dissipation for different α leading to new a-priori estimates for the
stochastic thin-film equation with an interface potential. In particular, this allows us to
deduce that the equation remains a.s. parabolic, a-posteriori. To keep this work as self-
contained as possible, we rely only on local well-posedness results from [4,5], along
with a relatively simple consequence in terms of blow-up criteria. For completeness,
relevant background material is included in Appendix A, whereas Appendix B provides
a new and self-contained proof of maximal regularity estimates for parabolic fourth-
order operators, which play a key role in establishing stochastic maximal regularity of
thin-film type operators.

The rest of this section is organized as follows. In Subsection 1.1 we discuss the local
well-posedness of (1.1) in all dimensions d ≥ 1, while in Subsection 1.2 we state the
global well-posedness result for (1.4) in d = 1. In Subsection 1.3, we provide further
comments on the literature, and in Subsection 1.4 we collect notation used throughout
the manuscript.

1.1. Local well-posedness, regularity and blow-up criteria in any dimension. For the
local well-posedness of (1.1), we use the well-posedness theory for quasilinear stochastic
evolution equations developed by Veraar and the first author in [4,5]. To consider (1.1)
as a quasilinear stochastic evolution equation, we introduce the operators

A[u]( f ) = div(m(u)∇� f ), F(u) = div(�(u)∇u),
Gk(u) = div(g(u)ψk),

(1.8)
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where the latter gives rise to the operator on �2(N) defined by G[u](ek) = Gk(u) for
the k-th unit vector ek ∈ �2(N). If we introduce the cylindrical Brownian motion

W (t) =
∑

k∈N
ekβ

(k)
t

on �2(N), (1.1) takes the form of a quasilinear stochastic evolution equation [4, Eq.
(1.1)]:

du + A[u](u) dt = F(u) dt + G[u] dW, u(0) = u0. (1.9)

We let the solution u lie for almost all times in the Bessel potential space Hs+2,q(Td)

while the deterministic and stochastic nonlinearities take values in the spaces Hs−2,q (Td)

and Hs,q(Td; �2(N)), respectively. The trajectory of the solution u is continuous in the
trace space depending on the temporal integrability of u, which is described by the

parameters p and κ and turns out to be the Besov space B
s+2−4 1+κ

p
q,p (Td). More precisely,

we require u itself and the nonlinearities in (1.9) to be p-integrable in time with respect
to the power weight wκ(t) = |t |κ . By the trace theory of anisotropic spaces, which we
recall in Appendix A.1, this determines the above trace space as the optimal space for
the initial value u0. We remark that the use of temporal weights plays a central role in
the proof of high-order regularity and of blow-up criteria, see Propositions 1.7 and 1.8
below.

In what follows, we employ the following condition on the parameters (p, κ, s, q).

Assumption 1.1. (Admissible parameters) The parameters s ∈ (−1
2 ,∞), p, q ∈ [2,∞)

and κ ∈ [0,∞) satisfy the following conditions:

p ∈ (2,∞), κ ∈ [0, p
2 − 1

)
or q = p = 2, κ = 0, (1.10)

s + 2 − 4 1+κ
p − d

q > 0, (1.11)

s + 2 − 4 1+κ
p > 1− s. (1.12)

We also say that (p, κ, s, q) are admissible parameters if they satisfy Assumption 1.1.
The restriction of the smoothness parameter s > −1

2 is made explicit in Assumption
1.1 because it is, anyway, implied by (1.12). We impose the condition q ∈ [2,∞) to
make sure that the spaces Hs±2,q(Td) are UMD-Banach spaces of type 2, see [33, Ex.
3.6.13, Prop. 4.2.15, Prop. 4.2.17 (1)]. Together with p ∈ [2,∞) and (1.10) this ensures
that [4, Assumption 3.1] is satisfied. Condition (1.11), on the other hand, implies that

the trace space B
s+2−4 1+κ

p
q,p (Td) embeds into a space of Hölder continuous functions by

Sobolev embeddings. Therefore, we can control the oscillations of the coefficient m(u),
and the operator A[u] behaves locally like the Bi-Laplacian, which is a key ingredient
in proving stochastic maximal regularity of A[u] required to apply [4,5]. On the other
hand, condition (1.12) is imposed to give sense to the product

m(u)∇� f (1.13)

in the definition of A[u] using Sobolev pointwise multipliers. Indeed, for u in the trace

space B
s+2−4 1+κ

p
q,p (Td) we expect smoothness s + 2 − 4 1+κ

p from m(u) and s − 1 from

∇� f where f ∈ Hs+2,q(Td). If s − 1 ≥ 0, there is no problem in giving sense to the
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pointwise multiplication (1.13) and the condition (1.12) is implied by (1.11). However
if s−1 < 0, the function∇� f becomes a distribution and m(u) must admit smoothness
1− s to define the product (1.13), which is expressed in (1.12).

Remark 1.2. We investigate which choices of parameters are compatible with Assump-
tion 1.1. Firstly, we observe that for any s ∈ (−1

2 ,∞) choosing p, q ∈ [2,∞) large
and κ = 0 guarantees that (1.10), (1.11) and (1.12) are satisfied. Therefore, for each
s ∈ (−1

2 ,∞) there is a feasible choice of parameters (p, κ, q) subject to Assumption
1.1. Secondly, we analyze how low we can choose the smoothness s + 2 − 4 1+κ

p of the
trace space, determining the roughness of initial values we can allow for (1.9). Condition
(1.10) implies that

s + 2 − 4 1+κ
p ≥ s,

which together with (1.12) yields

s + 2 − 4 1+κ
p > 1

2 .

We convince ourselves that it is possible to choose admissible parameters (p, κ, s, q)
such that s + 2 − 4 1+κ

p becomes arbitrarily close to 1
2 . If d = 1, we can choose simply

p = q = 2, κ = 0 for any s > 1
2 , resulting in the trace space Bs

2,2(T) = Hs(T). If

however d ≥ 2, we choose q > d
s for s > 1

2 , p ∈ (2,∞) and κ close to p
2 − 1. Then the

smoothness of the trace space is close to s, which can be chosen arbitrarily close to 1
2 .

We can now define local solutions to (1.1). Recall that we are interested in the situation
where the solution remains positive for all times due to the possible loss of parabolicity
of A[u] for non-positive u.

Definition 1.3. (Local solution) Let (p, κ, s, q) be admissible parameters as in Assump-
tion 1.1. Let σ : � → [0,∞] be a stopping time and u : �0, σ � → Hs+2,q(Td) be
a progressively measurable process. Then the tuple (u, σ ) is called a positive local
(p, κ, s, q)-solution to (1.1), if there exists a sequence of stopping times (σl)l∈N such
that 0 ≤ σl ↗ σ and a.s. for all l ∈ N we have

u ∈ L p(0, σl , wκ ; Hs+2,q(Td)) ∩ C([0, σl ]; Bs+2−4 1+κ
p

q,p (Td)), (1.14)

F(u) ∈ L p(0, σl , wκ ; Hs−2,q(Td)), G[u] ∈ L p(0, σl , wκ ; Hs,q(Td; �2(N))),

(1.15)

inf
[0,σl ]×Td

u > 0 (local positivity), (1.16)

and a.s. for all t ∈ [0, σl ]:

u(t) − u(0) +
ˆ t

0
A[u(r)](u(r)) dr =

ˆ t

0
F(u(r)) dr +

ˆ t

0
G[u(r)] dWr . (1.17)

Due to the conditions (1.14)–(1.16) and L p(wκ) ↪→ L2 for κ <
p
2 − 1, the deter-

ministic and stochastic integrals in (1.17) are well-defined as Hs−2,q - and Hs,q -valued
Bochner and Itô integral, respectively (see, e.g., [46, Theorem 4.7 and Proposition 5.3]
for Itô integration in type 2 spaces). We remark that the term local comes from the fact
that the latter requirements (1.14)–(1.16) are demanded only away from the stopping
time σ and we sometimes refer to a sequence (σl)l∈N as in Definition 1.3 as localizing
sequence for (u, σ ). Finally, we define positive maximal unique (p, κ, s, q)-solutions.
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Definition 1.4 (Maximal unique positive solution). A positive local (p, κ, s, q)-solution
(u, σ ) to (1.1) is called positivemaximal unique (p, κ, s, q)-solution, if for every positive
local (p, κ, s, q)-solution (v, τ ) to (1.1), one has τ ≤ σ a.s. and u = v a.s. on [0, τ ).

It remains to specify the regularity of the noise coefficients needed for the local well-
posedness of (1.1). In what follows, we use the parameters sψ > −1/2 and qψ ∈ [2,∞)

to capture the smoothness of the noise.

Assumption 1.5 (sψ, qψ)(Noise regularity – Local well-posedness). There are param-
eters sψ ∈ R and qψ ∈ [2,∞), such that

∥∥∥∥

(∑

k∈N

∣∣(1−�)(1+sψ)/2ψk
∣∣2
)1/2∥∥∥∥

Lqψ (Td )

< ∞. (1.18)

The left-hand side of the above is the norm of (ψk)k∈N in H1+sψ ,qψ (Td; �2(N;Rd))

and (1.18) holds in particular if (ψk)k∈N ∈ �2(N; H1+sψ ,qψ (Td;Rd)), see [34, Theorem
9.2.10] and (2.5) below. For the local well-posedness of (1.1) formulated below, we
only need Assumption 1.5 for some sψ > −1/2 and qψ large depending on d, see the
discussion in Remark 1.2. In particular, this includes less regular noise than assumed in
the literature on (global in time) martingale solutions to (1.4). Indeed, the most general
condition treated so far, see [17, Assumption 1.2], implies that Assumption 1.5 holds
for sψ = 0 and any qψ < ∞. A more restrictive condition on (ψk)k∈N for the global
well-posedness of (1.4) with d = 1 is given below in Assumption 1.11.

We are ready to state our first result on local well-posedness of (1.1) in all dimensions
d ≥ 1.

Theorem 1.6 (Local well-posedness). Let Assumptions 1.1 and 1.5 with (sψ, qψ) =
(s, q) be satisfied, and

u0 : �→ B
s+2−4 1+κ

p
q,p (Td) is strongly F0-measurable and satisfies inf

Td
u0 > 0 a.s.

Then there exists a positive maximal unique (p, κ, s, q)-solution (u, σ ) to (1.1) such
that a.s. σ > 0 and

u ∈ H θ,p
loc ([0, σ ), wκ ; Hs+2−4θ,q(Td)) ∩ C((0, σ ); Bs+2− 4

p
q,p (Td))

for all θ ∈ [0, 1
2 ), if p > 2.

Next, we discuss how the regularity of the noise coefficients affects the regularity of
solutions. Let us stress that the following result is independent of the regularity of the
initial data u0.

Proposition 1.7 (Instantaneous regularization). Let the assumptions of Theorem 1.6 be
satisfied, and (u, σ ) be the corresponding positive maximal unique (p, κ, s, q)-solution
to (1.1). Assume that Assumption 1.5 holds for some sψ ≥ s and all qψ ∈ [2,∞). Then

u ∈ H θ,r
loc (0, σ ; H2+sψ−4θ,ζ (Td)) a.s. for all θ ∈ [0, 1

2 ), r, ζ ∈ (2,∞).

In particular u ∈ Cθ1,θ2
loc ((0, σ )× T

d) a.s. for all θ1 ∈ [0, 1
2 ) and θ2 ∈ (0, 2 + sψ).
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The above shows that, if Assumption 1.5 is satisfied for all sψ > 0 and qψ ∈ [2,∞),
then the solution (u, σ ) provided by Theorem 1.6 is smooth in space as claimed in (1.7).
Moreover, the above regularization result for sψ = 1 will play an important role in the
study of global well-posedness as it allows us to justify the integrations by parts when
working on intervals (t0, T ) with t0 > 0 even if u0 
∈ H1(Td). The above result also
implies that solutions to (1.1) are compatible in the sense that if Theorem 1.6 can be
applied to different sets of parameters (pi , κi , si , qi ) for i ∈ {1, 2}, the corresponding
maximal unique (pi , κi , si , qi )-solution (ui , σi ) coincides, i.e., σ1 = σ2 a.s. and u1 = u2
a.e. on [0, σ1)×�.

Now, we turn to the question of how to determine whether σ = ∞ a.s. or not. Usually,
one needs to obtain a-priori estimates for solutions to the corresponding stochastic PDE
in a sufficiently regular norm. In practice, the smoothness needed in the blow-up criteria
reflects the one used for the initial data in local well-posedness results. In particular, the
lower the regularity allowed from the initial data, the better the corresponding blow-up
criteria. Since we allow for a leading order operator which degenerates near 0, we also
need to assume a positivity condition in the following blow-up criterion.

Proposition 1.8 (Blow-up criteria). Let the assumptions of Theorem1.6 be satisfied, and
let (u, σ ) be the corresponding positive maximal unique (p, κ, s, q)-solution to (1.1).
Assume that Assumption 1.5 holds for some sψ ≥ s and all qψ ∈ [2,∞). Moreover,
let (p0, κ0, s0, q0) be admissible exponents (cf., the comments below Assumption 1.1)
satisfying s0 ≤ sψ and set γ0 := s0 + 2− 4 1+κ0

p0
. Then, for all 0 < ε < T <∞,

P

(
ε < σ < T, sup

t∈[ε,σ )

‖u(t)‖Bγ0
q0,p0 (T

d )
<∞, inf

[ε,σ )×Td
u > 0

)
= 0.

The norm in the above blow-up criterion is well-defined even if s0 � s by Proposition
1.7. Moreover, due to (1.11) in the admissibility condition, Bγ0

q0,p0 ↪→ Cα0 for some
α0 > 0. Finally, if d = 1 and Assumption 1.5 holds with sψ = 1 and for all qψ < ∞,
then one can choose p0 = q0 = 2, κ0 = 0 and s0 = 1 corresponding to the usual energy
space for the thin-film equation.

The key point in the above result is the independence of the blow-up criteria of the
original set (p, κ, s, q) of admissible parameters. Such independence is essentially a
consequence of the instantaneous regularization of solutions as given in Proposition
1.7. Indeed, at any time t > ε, the regularity of u|[ε,σ ) does not depend on the original
admissible parameters, and thus one can restart (1.1) with any new set of admissible
parameters (p0, κ0, s0, q0) as long they are compatible with the noise, i.e., s0 ≤ sψ (see
the proof of [6, Theorem 2.10]).

1.2. Global well-posedness in one dimension. We turn our attention to the global in
time well-posedness of the stochastic thin-film equation (1.4), which is of the form (1.1)
with g(u) = m1/2(u). This stochastic PDE admits several dissipated quantities which,
in one dimension, allow us to extend the local well-posedness and regularization results
globally in time using the blow-up criteria of Proposition 1.8. In particular, as in many
works on the stochastic thin-film equation, our analysis is centred around the energy
functional

E (u) =
ˆ
T

[
1
2 |ux |2 + φ(u)

]
dx (1.19)
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of the solution u to (1.4). The key point is that the functional E estimates at the same time
the norm ‖u‖2

H1(T)
by mass conservation and the smallness of u due to the singularity

of φ which we demand in Assumption 1.10 to obtain global well-posedness, see (1.25).
In general, it is challenging to close an a-priori estimate on (1.19), especially in the

nonlinear noise case, wherem(u) is not proportional to u2 and therefore g(u) = m1/2(u)
is nonlinear. In [16,53] this was achieved for the Stratonovich interpretation of (1.4)
with φ = 0 by controlling the smallness of the solution leading to a film height which
is positive a.e. for all times. In [23], however, a repulsive interface potential φ was used
instead of the Stratonovich correction to close an a-priori estimate on (1.19) together
with the entropy functional

H0(u) =
ˆ
T

h0(u) dx, h0(r) =
ˆ r

1

ˆ r ′

1

1

m(r ′′)
dr ′′ dr ′

in the linear noise case m(u) = u2. We extrapolate this approach using so-called α-
entropy functionals

Hβ(u) =
ˆ
T

hβ(u) dx, hβ(r) =
ˆ r

1

ˆ r ′

1

(r ′′)β

m(r ′′)
dr ′′ dr ′ (1.20)

for β ∈ (−1/2, 1) originally defined in [9] for β = α + n − 1. Notably, while a key
ingredient in [23] is the spatial discretization of (1.4) developed in [30,58], which is
compatible with the entropy estimate, an α-entropy consistent discretization of (1.4) is
to the authors’ knowledge not available and may depend on the specific choice ofα. Thus,
working directly with the maximal local solutions provided by Theorem 1.6 enables us to
use a wider class of a-priori estimates and to cover many different cases ofm. Specifically,
we impose the following assumptions on the smooth function m : (0,∞)→ (0,∞).

Assumption 1.9 (Mobility coefficient). There exist n ∈ R and ν ∈ [0, 6) such that, for
all r ∈ (0,∞),

lim sup
r↘0

m(r)/rn < ∞, lim inf
r↘0

m(r)/rn+2 > 0, (1.21)

lim sup
r→∞

m(r)/rν < ∞, lim inf
r→∞ m(r) > 0, (1.22)

|m′(r)| � m(r)/r, |m′′(r)| � m(r)/r2. (1.23)

In this case, we call n and ν exponent of degeneracy and growth exponent of m, respec-
tively.

Due to the flexibility of our conditions (1.21)–(1.22), the exponent of degeneracy
n and growth exponent ν are not uniquely determined by m. To keep the resulting
Assumption 1.10 on φ below as weak as possible, one should, however, take the largest
value of n that the function m allows for.

While (1.21) expresses that m(r) degenerates at least as much as the power rn near
0, the condition (1.22) bounds the growth of m near ∞. The technical condition (1.23)
assumes that m behaves under differentiation like a power-law. One can readily check
that the following examples of mobilities satisfy Assumption 1.9:

(i) (Power laws) m(r) = rn for n ∈ [0, 6).
(ii) (Mixed powers)m(r) = c1rn1 + . . . + cJ rnJ , c j ∈ (0,∞), n j ∈ (−∞, 6) provided

max
j∈{1,...,J } n j ≥ 0, which guarantees the second condition of (1.22).
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(iii) (Nonlinear Interpolation) Let m and m̃ be two mobility functions satisfying As-
sumption 1.9 with respective exponents of degeneracy n, ñ and growth exponents
ν, ν̃. Then, for all δ > 0

mδ(r) = m(r)m̃(r)

δm(r) + m̃(r)

suffices Assumption 1.9 with exponent of degeneracy max{n, ñ} and growth ex-
ponent min{ν, ν̃}.

As mentioned before, when deriving the stochastic thin-film equation using a lubrication
approximation, one obtains the mobility function m(u) = u3 + λ3−nun with n ∈ [1, 3]
and λ ≥ 0 depending on the boundary condition of the fluid velocity near the sub-
strate. Since the physically relevant regime is u � 1, this is usually approximated by
un in the mathematical literature, which is covered by (i), but we can also cover the
former mobility function with (ii). The class (iii) is of mathematical interest since these
nonlinear interpolations of two mobility functions can be used to construct solutions to
the (stochastic) thin-film equation as a limit of strictly positive solutions to regularized
equations, see [11, Section 6]. We impose a corresponding assumption on the effective
interface potential given by a smooth function φ : (0,∞)→ (0,∞).

Assumption 1.10 (Interface potential). Let n be the exponent of degeneracy of the mo-
bility functionm as in Assumption 1.9. There existsϑ > max{2, 6−2n} and c0 ∈ (0,∞)

such that, for all r ∈ (0,∞),

r−ϑ � φ(r) and r−ϑ−2 − c0 � φ′′(r) � r−ϑ−2. (1.24)

The above assumption includes effective interface potentials of the form φ(u) =
u−ϑ − u−2 + cϑ with ϑ > max{2, 6 − 2n} as long as cϑ is large enough to ensure
that φ(r) > 0 for all r > 0. For ϑ = 8, this becomes (1.6) corresponding to the 6-
12 Lennard–Jones pair potential for the van der Waals forces between the fluid and
solid molecules. For n ≥ 2, Assumption 1.10 reduces precisely to the assumption on
the interface potential imposed in ([23],Hypothesis (H2)). In particular, the continuous
version

sup
x∈T

u(2−ϑ)/2(x) � E (u) +

(ˆ
T

u dx

)(2−ϑ)/2

(1.25)

of [23, Lemma 4.1] implies that a profile u is strictly positive, if its energy (1.19) is
finite. Moreover, for n < 2, the coefficient m1/2(u) is not differentiable at 0 anymore,
leading to increased production of energy by the noise for small film heights. Thus, an
improved control of the smallness of u is required, which is reflected by the additional
condition ϑ > 6− 2n. Finally, we state the main assumption on the noise, which allows
us to obtain global well-posedness of the stochastic thin-film equation in dimension one.

Assumption 1.11 (Noise regularity – Global well-posedness). We assume that (ψk)k∈N
satisfies

∑

k∈N
‖ψk‖2

W 2,∞(Td ;Rd )
< ∞.

Note that the above implies that Assumption 1.5 holds with sψ = 1 and for all
qψ < ∞. We are ready to state our result on global well-posedness in one spatial
dimension. Below, uniqueness is understood as in Definition 1.4.
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Theorem 1.12 (Global well-posedness in one dimension – Itô). Fix s ∈ (1/2, 1] and
d = 1. Suppose that Assumptions 1.9, 1.10 and 1.11 are satisfied and

u0 ∈ L0
F0

(�, Hs(T)) satisfies inf
T

u0 > 0 a.s. (1.26)

Then there exists a unique progressively measurable process u : �0,∞� → Hs+2(T),
such that a.s.

inf[0,t)×T u > 0 for all t <∞, (1.27)

u ∈ L2
loc([0,∞); Hs+2(T)) ∩ C([0,∞); Hs(T)), (1.28)

and, a.s. for all t > 0 and ϕ ∈ C∞(T),
ˆ
T

(u(t)− u0)ϕ dx =
ˆ t

0

〈
ϕxm(u), (uxx − φ′(u))x

〉
H1−s (T)×Hs−1(T)

dr

−
∑

k∈N

ˆ t

0

ˆ
T

ϕxm
1/2(u)ψk dx dβ(k). (1.29)

Finally, the solution u instantaneously regularizes in time and space:

u ∈ H θ,r
loc (0,∞; H3−4θ,ζ (T)) for all θ ∈ [0, 1

2 ), r, ζ ∈ (2,∞), (1.30)

u ∈ Cθ1,θ2
loc ((0,∞)× T) for all θ1 ∈ [0, 1

2 ), θ2 ∈ (0, 3). (1.31)

Proposition 1.7 improves the assertions (1.30)–(1.31) in the case that the noise is more
regular than required in Assumption 1.11. In any case, it follows from the instantaneous
regularization result of (1.30)–(1.31) that we can replace the term 〈ϕxm(u), (uxx −
φ′(u))x 〉H1−s (T)×Hs−1(T) in (1.29) by

ˆ
T

ϕxm(u)(uxx − φ′(u))x dx (1.32)

for the solution u.
Next, we turn our attention to the stochastic thin-film equation with noise in the

Stratonovich form in one dimension:

du = −(m(u)(uxx − φ′(u))x )x dt +
∑

k∈N
(m1/2(u)ψk ◦ dβ(k))x , u(0) = u0.

(1.33)

Note that, as d = 1, the Stratonovich correction takes the form

1
4

∑

k∈N
(m′(u)m−1/2(u)ψk(m

1/2(u)ψk)x )x

= 1
8

∑

k∈N
((m′(u))2m−1(u)uxψ

2
k )x + 1

4

∑

k∈N
(m′(u)ψkψ

′
k)x .

Whenever
∑

k∈N ψ2
k sums up to a constant C independent of x the above simplifies to

C
8 ((m′(u))2m−1(u)ux )x ,
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which can be included in the second order term of (1.1) if one modifies � appropriately.
We remark that, as observed by one of the anonymous referees, the latter condition
expresses that the noise intensity

E

∣∣∣∣
∑

k∈N
ψk(x)β

(k)
t

∣∣∣∣
2

= t
∑

k∈N
ψ2
k (x) ≡ Ct

is independent of the spatial location x and is satisfied for instance by any mollifica-
tion of an L2(Td)-cylindrical Brownian motion. In any case, the local well-posedness
result Theorem 1.6 holds then also for the Stratonovich interpretation of (1.4). Since the
aforementioned a-priori estimates on the α-entropy (1.20) and the energy (1.19) can be
carried out analogously as for the Itô interpretation (1.4), we also obtain the following
result.

Theorem 1.13 (Globalwell-posedness in onedimension–Stratonovich). Fix s ∈ (1/2, 1]
and d = 1. Let u0 be as in (1.26). Suppose that Assumptions 1.9–1.11 are satisfied, and
that there exists C > 0 such that

∑

k∈N
ψ2
k (x) ≡ C for all x ∈ T.

Then there exists a unique progressively measurable process u : �0,∞� → Hs+2(T)

satisfying (1.27), (1.28) and, for all t > 0 and ϕ ∈ C∞(T),
ˆ
T

(u(t)− u0)ϕ dx =
ˆ t

0

〈
ϕxm(u), (uxx − φ′(u))x

〉
H1−s (T)×Hs−1(T)

dr

− C
8

ˆ t

0

ˆ
T

ϕx (m
′(u))2m−1(u)ux dx dr

−
∑

k∈N

ˆ t

0

ˆ
T

ϕxm
1/2(u)ψk dx dβ(k). (1.34)

Moreover, the solution u enjoys the additional regularity (1.30) and (1.31).

As for the Itô formulation of the stochastic thin-film equation, we can replace the
integrand of the deterministic integral on the right-hand side of (1.34) by (1.32) for the
solution u.

Finally, we remark that in the case of Stratonovich noise, additional cancellations
occur, which allow for closing the (α-) entropy estimate and subsequently the energy
estimate for (1.4) even if no interface potential is present, as carried out in [16,53].
Moreover, the α-entropy function hβ(r) behaves like rβ−n+2 near 0, and the latter can
become as singular as the interface potentialφ(r) for mobility functions with an exponent
of degeneracy n > 7/2. Therefore, we expect preservation of positivity in the spirit of
[9, Theorem 4.1 (iii)] and consequently also global well-posedness of (1.33) without the
interface potential for sufficiently degenerating mobility functions. However, this lies
beyond the scope of the current article.

Global well-posedness in the physical dimension d = 2 seems out of reach using
our approach. The main obstacle is that the blow-up criteria in Proposition 1.8 require
an a-priori estimate at least in Cα for some α > 0. However, the energy functional only
provides an estimate in H1(Td), and the latter embeds in a space of Hölder continuous
functions precisely if d = 1.
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We lastly point out that there is a large body of research concerned with maximal
regularity estimates and corresponding well-posedness results for the deterministic thin-
film equation for the case in which a contact line is present, see [27] and the references
therein. It is an intriguing problem to derive stochastic counterparts of these results, which
usually rely on suitable transformations of the equation, to deduce well-posedness of
(1.4) with φ = 0 also in situations in which the film height becomes 0.

1.3. Further comments on the literature. The stochastic thin-film equation was inde-
pendently derived in [18] and [31]. We review here some of the mathematical works
conducted on it in recent years. A main part of it is concerned with the construction of
martingale, i.e., probabilistically weak solutions to (1.4) based on the stochastic com-
pactness method. As in the current article, the driving noise B is usually assumed to be
spatially correlated to close suitable a-priori estimates for (1.4). This line of research
was initiated in [23], where martingale solutions to (1.4) in the Itô sense on the one-
dimensional torus T with quadratic mobility m(u) = u2 are constructed using a finite
difference scheme. In particular, it is assumed that the interface potential φ is sufficiently
repulsive near zero, leading to a strictly positive film height for all times. In [25,29], mar-
tingale solutions to the Stratonovich interpretation of (1.4) with m(u) = u2 and φ = 0
are constructed using a time splitting scheme and an approximation based on a vanish-
ing interface potential, respectively, again in d = 1. In [16,17,53] martingale solutions
to the Stratonovich interpretation of (1.4) for m(u) = un , φ = 0, d = 1 for various
n ∈ (2, 4) are constructed using respective less degenerate approximations of (1.4). In
particular, these results allow for a nonlinear noise term in (1.4). The physically relevant,
two-dimensional setting was addressed in [41,52], where higher-dimensional versions
of [23,25] are obtained. Martingale solutions to perturbations of the Stratonovich in-
terpretation of (1.4) with m(u) = u2, φ = 0, d = 1 are constructed in [36]. For (1.4)
with spatially white B, additional computations and numerical simulations are provided
in [22,26]. Additionally, an effort to treat this singular stochastic PDE using tree-free
regularity structures is initiated in [32].

1.4. Notation. We write T
d for thed-dimensional torus R

d/Zd . The usual Sobolev space
on an open subset O of R

d or T
d is denoted by Ws,q(O) for an integer smoothness index

s ∈ N0. For the definition of the Besov spaces Bs
q,p(R

d) and Bessel-potential spaces
Hs,q(Rd) the reader is referred to [51, Section 2.1.2] and for the periodic spaces Bs

q,p(T
d)

and Hs,q(Td) to [54, Section 3.5.4]. The Besov and Bessel-potential space on an open
subset O of R

d or T
d is defined as the set of restrictions of functions from the Besov and

Bessel-potential space on the whole space and equipped with the induced quotient norm.
The corresponding spaces of vector fields Ws,q(O;Rd), Bs

q,p(O;Rd) and Hs,q(O,R
d)

are defined as the d-fold direct sum of these spaces. In any of these situations the symbol
Hs stands for Hs,2.

We write L p(S, μ;X ) for the Bochner space of strongly measurable, p-integrable
X -valued functions for a measure space (S, μ) and a Banach space X as defined in
[33, Section 1.2b]. If X = R, we write L p(S, μ), and if it is clear which measure we
refer to, we also leave out μ. Moreover, if S is countable and equipped with the counting
measure, we write �p(S) instead of L p(S). If on the other hand I is an open interval and
w a density, we write L p(I, w;X ) for L p(I, w dt;X ). In particular, we are interested
in power weights of the form ws

κ(t) = |t − s|κ . The corresponding X -valued fractional
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Sobolev space with weight ws
κ is denoted by H θ,p(I, ws

κ ;X ) (see Appendix A.1 for the

definition) and H θ,p
loc (I, ws

κ ;X ) is the intersection of H θ,p(J, ws
κ ;X ) for all intervals

J , which are compactly contained in I . Whenever we write ’a, b’ instead of an interval
in the above spaces we mean the open interval I = (a, b), e.g., H θ,p(a, b, ws

κ ;X )

stands for H θ,p((a, b), ws
κ ;X ).

If (S, d) is a metric space we write C(S;X ) for the continuous function and
Cθ (S;X ) for the subset of θ -Hölder continuous functions for θ ∈ (0,∞)\N, where we
leave X out again if X = R. If I is an open interval, we define the anisotropic Hölder
space

Cθ1,θ2(I × T
d) = Cθ1(I ;C(Td)) ∩ C(I ;Cθ2(Td))

for θi ∈ (0,∞) \N, i ∈ {1, 2} and accordingly Cρ1−,ρ2−
loc (I ×T

d) as the intersection of
the spaces Cθ1,θ2(J × T

d) for all θi ∈ (0, ρi ) \ N and intervals J which are compactly
contained in I .

To ease the notation of these spaces, we introduce for a given quadruple (p, κ, s, q)
the notation X0 = Hs−2,q(Td) and X1 = Hs+2,q(Td). Following [4,5], we write

Xθ := [X0, X1]θ , XTr
κ,p := (X0, X1)1− 1+κ

p ,p, XTr
p := XTr

0,p (1.35)

for θ ∈ (0, 1) and p, κ as in (1.10) for the complex and real interpolation spaces of
X0 and X1, see [40, Chapter 1 and Chapter 2] for a definition and Proposition A.1 for
their appearance in the study of traces of solutions to SPDE with path regularity as in
Theorem 1.6. In particular, it holds

Xθ = Hs+2−4θ,q(Td), XTr
κ,p = B

s+2−4 1+κ
p

q,p (Td) (1.36)

by [54, Section 3.6.1] meaning that the Banach spaces coincide as sets and carry equiv-
alent norms.

We also fix throughout the manuscript a filtered probability space (�,A,F ,P)

carrying a family of independent Brownian motions (β(k))k∈N. We write E for the ex-
pectation on (�,A,P) and P for the progressive σ -field. For a Banach space X we
denote the subspaces of Ft -measurable and progressively measurable random variables
in L p(�;X ) by L p

Ft
(�;X ) and L p

P (�;X ), respectively. If additionallyY is another
Banach space and H is a Hilbert space, we write L (X ,Y ) for the space of bounded
linear operators and γ (H,X ) for the space of γ -radonifying operators, see [34, Chapter
9] or Appendix A.2. For a stopping time τ : �→ [s, T ], we define

�s, τ � := {
(ω, t) ∈ �× [s, T ] ∣∣ t < τ(ω)

}
.

Let (Xt )t∈[s,T ] be a family of Banach spaces such that Xt consists of functions from
[s, T ] to another Banach space X such that f |[s,t] ∈ Xt for each f ∈ XT and
‖ f |[s,t]‖Xt is increasing in t . Then we define L p

P (�;Xτ ) as the restrictions of pro-
cesses from L p

P (�;XT ) to �s, τ � and equip it with the norm

‖u|�s,τ�‖L p(�;Xτ ) := E
[‖u|[s,τ ]‖pXτ

] 1
p ,

which is well-defined by [4, Lemma 2.15]. In the situation thatXt = L p((s, t), ws
κ ;X ),

we write L p
P ((s, τ )×�,ws

κ ;X ) for L p
P (�;Xτ ).
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For two quantities x and y, we write x � y if there exists a universal constant C
such that x ≤ Cy. If a constant depends on parameters (p1, . . . ) we either mention it
explicitly or indicate this by writingC(p1,... ) and correspondingly x �(p1,... ) y whenever
x ≤ C(p1,... )y. Finally, we write x �(p1,... ) y, whenever x �(p1,... ) y and y �(p1,... )

x . Other recurring symbols introduced throughout the manuscript are collected in the
following list:

• The coefficients m,�, g and (ψk)k∈N of the quasilinear SPDE: (1.1)–(1.3)
• The coefficients m, φ and B of the stochastic thin-film equation: (1.4)–(1.5)
• The coefficients A, F and G of the stochastic evolution equation: (1.8)–(1.9)
• The parameters (p, κ, s, q) are always taken according to Assumption 1.1.
• The functionals E and Hβ : (1.19)–(1.20)
• The parameters n, ν and ϑ are introduced in Assumptions 1.9–1.10.
• The coefficients m j ,� j and g j of the regularized quasilinear SPDE: (2.1)–(2.2)
• The coefficients A j , Fj and G j of the regularized stochastic evolution equation:

(2.3)–(2.4)
• The operator � is defined before (2.5).
• The operator A is defined in and below (2.23).
• The classes SMR•p,κ̂ (t0, T ) and SMRp,κ̂ (t0, T ) are defined in Definition 2.5.

• The constantsCl,θ,p,κ̂
A and Kl,θ,p,κ̂

A for l ∈ {det, sto} are defined in and above (2.27).
• The operator A0 is defined in (2.28).
• The operators E, ER

d

y,r , E
T
d

y,r and ẼT
d

y,r are introduced at the start of the proof of
Lemma 2.9.
• The quantity Nκ(u; σ) is defined below (2.46).
• The range of the exponent γ is specified in (3.9).
• The modified exponents ν̃ and ñ are defined above the equations (3.22) and (3.25),

respectively.

2. Local Well-Posedness of Thin-Film Type Equations in Any Dimension

The purpose of this section is to show local well-posedness, blow-up criteria, and in-
stantaneous regularization for (1.1) as stated in Subsection 1.1. To this end, we fix in this
section the smooth coefficients m : (0,∞) → (0,∞) and g,� : (0,∞) → R and do
not indicate if an implicit constant depends on them. Our strategy is to use the general
theory for quasilinear parabolic stochastic evolution equations developed in [4,5] and
apply the results [4, Theorem 4.7] and [5, Theorem 4.9, Theorem 6.3] to (1.1). How-
ever, since we allow for a degeneracy of the operator A[u] when u approaches 0, we
need to consider regularized versions of (1.1) instead. Specifically, we fix a smooth and
increasing function η : R → R with η(r) = 1 for r ≥ 2 and η(r) = 0 for r ≤ 1 and
define η j (r) = η( jr) for j ∈ N. Setting

m j (r) = η j (r)m(r) + (1− η j (r)), � j (r) = η j (r)�(r), g j (r) = η j (r)g(r), (2.1)

gives rise to smooth functions m j ,� j , g j : R → R. The new coefficient m j is bounded
away from 0, and consequently, the leading order operator of

du + div(m j (u)∇�u) dt = div(� j (u)∇u) dt +
∑

k∈N
div(g j (u)ψk) dβ(k), u(0) = u0,

(2.2)
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is non-degenerate, so the theory for parabolic stochastic evolution equations developed
in [4,5] becomes applicable. Analogously to (1.8), we define

A( j)[u]( f ) = div(m j (u)∇� f ), F ( j)(u) = div(� j (u)∇u), G( j)
k (u) = div(g j (u)ψk)

(2.3)

and G( j)[u](ek) = G( j)
k (u), so that (2.2) takes the form

du + A( j)[u](u) dt = F ( j)(u) dt + G( j)[u] dW, u(0) = u0, (2.4)

of [4, Eq. (1.1)].
The rest of this section is organized as follows. In Subsection 2.1 we check the local

Lipschitz conditions on the coefficients A( j), F ( j) and G( j) from [4, Hypothesis (H’)].
Subsection 2.2 is devoted to proving the stochastic maximal regularity of the linear
problem

du + div(a∇�u) dt = f dt + g dW, u(0) = u0,

with a positive and bounded coefficient a : [0,∞) × � → B
s+2−4 1+κ

p
q,p (Td), which

allows us to prove local well-posedness and the blow-up criteria for (2.2) in Subsection
2.3. In Subsection 2.4, we show instantaneous regularization of solutions to (2.2) for
sufficiently smooth noise. Finally, in Subsection 2.5 we transfer these statements to the
original equation (1.1) and prove Theorem 1.6 and Propositions 1.7-1.8.

Before proceeding, we point out that Assumption 1.5 is equivalent to demanding that
the operator � : �2(N)→ H1+sψ ,qψ (Td;Rd) defined by �(ek) = ψk is γ -radonifying,
see [34, Chapter 9] or Appendix A.2. Indeed, Proposition A.2 ensures

γ (�2(N), Hs,q(Td)) = Hs,q(Td; �2(N)) with equivalent norms, (2.5)

where γ (�2(N), Hs,q(Td)) denotes the set of γ -radonifying operators from �2(N) to
Hs,q(Td), cf., [34, Definition 9.1.4] or Appendix A.2. The identification (2.5) in partic-
ular implies

‖�‖
γ (�2(N),H1+sψ ,qψ (Td ;Rd ))

� ‖ψ‖H1+sψ ,qψ (Td ;�2(N;Rd ))

�

∥∥∥∥

(∑

k∈N

∣∣(1−�)(1+sψ)/2ψk
∣∣2
)1/2∥∥∥∥

Lqψ (Td )

.

Below, we will frequently use the equivalence (2.5) without further mentioning it. For
more information on the role of γ -radonifying operators in the context of the L p-theory
of stochastic evolution equations, the reader is referred to [3–5,13,39,45,46,49] and the
references therein.

Additionally, we recall the shorthand notation introduced in (1.36) for the functions
for function spaces:

Xθ = Hs+2−4θ,q(Td), and XTr
κ,p = B

s+2−4 1+κ
p

q,p (Td).
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2.1. Local Lipschitzianity of the regularized coefficients. As laid out earlier, this sub-
section is devoted to showing local Lipschitz and growth estimates of the coefficients of
(2.4). The main ingredients are composition and product estimates in Bessel-potential
estimates, which result from a frequency decomposition of the involved functions, see
[57, Chapter 2] or [51, Chapters 4 and 5] for an introduction. More precisely, we repeat-
edly use [7, Proposition 4.1 (1), (3)] and [51, Theorem 1, p.373], which we recall for
this reason in Appendix A.3. To proceed, we fix a quadruple (p, κ, s, q) and a sequence
(ψk)k∈N subject to Assumptions 1.1 and 1.5 with (sψ, qψ) = (s, q) for the remainder
of this subsection and allow for all constants to depend on this particular choice.

Lemma 2.1. For all j, n ∈ N there exist constants C j,n, L j,n ∈ (0,∞) such that

‖A( j)[u]‖L (X1,X0) ≤ C j,n
(
1 + ‖u‖XTr

κ,p

)
, (2.6)

‖A( j)[u] − A( j)[v]‖L (X1,X0) ≤ L j,n‖u − v‖XTr
κ,p

(2.7)

for all u, v ∈ XTr
κ,p with ‖u‖XTr

κ,p
, ‖v‖XTr

κ,p
≤ n.

Proof. We first verify the local Lipschitz condition (2.7) and observe that

‖(A( j)[u] − A( j)[v]) f ‖X0 � ‖(m j (u)− m j (v))∇� f ‖Hs−1,q (Td ;Rd ). (2.8)

We distinguish several cases and start with s − 1 = 0. Due to Hölder’s inequality,
we can bound (2.8) further by

‖m j (u)− m j (v)‖L∞(Td )‖∇� f ‖Lq (Td ;Rd ) � ‖m j (u)− m j (v)‖L∞(Td )‖ f ‖Hs+2,q (Td )

and it remains to use the Sobolev embedding XTr
κ,p ↪→ L∞(Td) guaranteed by (1.11)

together with local Lipschitz continuity of m j to deduce (2.7).
Next, we assume that s − 1 > 0, in which case we employ the paraproduct estimate

Proposition A.3 (i) to bound (2.8) by

‖m j (u)− m j (v)‖L∞(Td )‖∇� f ‖Hs−1,q (Td ;Rd )

+ ‖m j (u)− m j (v)‖Hs−1,l (Td )‖∇� f ‖Lr (Td ;Rd )

(2.9)

for l ∈ (1,∞), r ∈ (1,∞] subject to

1
q = 1

l + 1
r . (2.10)

We claim that we can choose l, r such that additionally XTr
κ,p ↪→ Hs−1,l(Td) and

Hs−1,q(Td) ↪→ Lr (Td). Indeed, if s − 1− d
q > 0, the choice l = q, r = ∞ is feasible.

Otherwise, if s − 1− d
q ≤ 0, we can choose r such that

s − 1− d
q > −d

r > s − 1− d
q − ε

for ε > 0. Then, by (2.10)

d
l > s − 1− ε ⇐⇒ s − 1− d

l < ε

and by (1.11) we can choose ε smaller than

s + 2 − 4 1+κ
p − d

q (2.11)
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resulting in the embedding XTr
κ,p ↪→ Hs−1,l(Td). Thus, we can estimate (2.9) by

(‖m j (u)− m j (v)‖L∞(Td ) + ‖m j (u)− m j (v)‖Hs−1,l (Td )

)‖∇� f ‖Hs−1,q (Td ;Rd )

� ‖m j (u)− m j (v)‖L∞(Td )∩Hs−1,l (Td )‖ f ‖Hs+2,q (Td ).

The desired estimate (2.7) follows by local Lipschitz continuity of u �→ m j (u) in
L∞(Td) ∩ Hs−1,l(Td), see Proposition A.4 (i), together with the embedding XTr

κ,p ↪→
L∞(Td) ∩ Hs−1,l(Td).

Lastly, we consider the case s − 1 < 0, in which the condition (1.12) becomes
relevant. Then, an application of Proposition A.3 (ii) yields that the right-hand side of
(2.8) is bounded by

‖m j (u)− m j (v)‖L∞(Td )‖∇� f ‖Hs−1,q (Td ;Rd ) + ‖m j (u)− m j (v)‖H τ,ζ (Td )‖∇� f ‖Hs−1,q (Td ;Rd )

(2.12)

for any τ > max{ d
ζ
, 1 − s} and ζ ∈ [q ′,∞). If we can choose τ, ζ such that XTr

κ,p ↪→
H τ,ζ (Td) the claimed estimate (2.7) follows as in the previous case. But we can choose
simply ζ = q and τ slightly smaller than

s + 2 − 4
1 + κ

p

by (1.11) and (1.12). The growth condition (2.6) follows in all cases by choosing v = 0
in (2.7) and noticing that A( j)[0] = �2, completing the proof. ��
Lemma 2.2. For all j, n ∈ N there exist constants C j,n, L j,n ∈ (0,∞) such that

‖F ( j)(u)‖X0 ≤ C j,n‖u‖XTr
κ,p

, (2.13)

‖F ( j)(u)− F ( j)(v)‖X0 ≤ L j,n‖u − v‖XTr
κ,p

(2.14)

for all u, v ∈ XTr
κ,p with ‖u‖XTr

κ,p
, ‖v‖XTr

κ,p
≤ n.

Proof. We start again with (2.14) and calculate

‖F ( j)(u)− F ( j)(v)‖X0 � ‖� j (u)∇u −� j (v)∇v‖Hs−1,q (Td ;Rd )

≤ ‖� j (u)(∇u −∇v)‖Hs−1,q (Td ;Rd ) + ‖(� j (u)−� j (v))∇v‖Hs−1,q (Td ;Rd ).

Since these terms compare structurally to (2.8), we continue as in the proof of Lemma
2.1. If s − 1 = 0, we proceed by estimating

‖� j (u)(∇u −∇v)‖Hs−1,q (Td ;Rd ) � ‖� j (u)‖L∞(Td )‖∇u − ∇v‖Lq (Td ;Rd )

� ‖� j (u)‖L∞(Td )‖u − v‖Hs,q (Td ) � ‖� j (u)‖L∞(Td )‖u − v‖XTr
κ,p

,

where we used in the last step that XTr
κ,p ↪→ X1/2. Moreover, we have

‖(� j (u)−� j (v))∇v‖Hs−1,q (Td ;Rd ) � ‖� j (u)−� j (v)‖L∞(Td )‖∇v‖Lq (Td ;Rd )

� ‖� j (u)−� j (v)‖L∞(Td )‖v‖XTr
κ,p
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by the same argument. The desired estimate (2.14) follows by local Lipschitz continuity
of � j and the embedding XTr

κ,p ↪→ L∞(Td) by (1.11).
If instead s − 1 > 0, we choose l, r again such that (2.10) holds and additionally

XTr
κ,p ↪→ Hs−1,l(Td) and Hs−1,q(Td) ↪→ Lr (Td). Then Proposition A.3 (i) yields that

‖� j (u)(∇u − ∇v)‖Hs−1,q (Td ;Rd )

� ‖� j (u)‖L∞(Td )‖∇u − ∇v‖Hs−1,q (Td ;Rd ) + ‖� j (u)‖Hs−1,l (Td )‖∇u − ∇v‖Lr (Td ;Rd )

�
(‖� j (u)‖L∞(Td ) + ‖� j (u)‖Hs−1,l (Td )

)‖∇u − ∇v‖Hs−1,q (Td ;Rd )

≤ L j,n‖u − v‖Hs,q (Td ),

where in the last step, we used XTr
κ,p ↪→ L∞(Td) ∩ Hs−1,l(Td) together with local

Lipschitz continuity of u �→ � j (u) in the latter space, see again Proposition A.4 (i).
Because of XTr

κ,p ↪→ X1/2, we obtain

‖� j (u)(∇u −∇v)‖Hs−1,q (Td ;Rd ) � L j,n‖u − v‖XTr
κ,p

. (2.15)

Analogously, we derive that

‖(� j (u)−� j (v))∇v‖Hs−1,q (Td ;Rd )

� ‖� j (u)−� j (v)‖L∞(Td )‖∇v‖Hs−1,q (Td ;Rd ) + ‖� j (u)−� j (v)‖Hs−1,l (Td )‖∇v‖Lr (Td ;Rd )

�
(‖� j (u)−� j (v)‖L∞(Td ) + ‖� j (u)−� j (v)‖Hs−1,l (Td )

)‖v‖Hs,q (Td )

� L j,n‖u − v‖XTr
κ,p

.

Together with (2.15), we conclude that (2.14) holds.
Lastly, if s − 1 < 0, we choose τ and ζ such that τ > max{ d

ζ
, 1 − s}, ζ ∈ [q ′,∞)

and XTr
κ,p ↪→ H τ,ζ (Td) and apply Proposition A.3 (ii) to estimate

‖� j (u)(∇u − ∇v)‖Hs−1,q (Td ;Rd )

� ‖� j (u)‖L∞(Td )‖∇u −∇v‖Hs−1,q (Td ;Rd ) + ‖� j (u)‖H τ,ζ (Td )‖∇u −∇v‖Hs−1,q (Td ;Rd )

�
(‖� j (u)‖L∞(Td ) + ‖� j (u)‖H τ,ζ (Td )

)‖∇u −∇v‖Hs−1,q (Td ;Rd )

≤ L j,n‖u − v‖XTr
κ,p

and

‖(� j (u)−� j (v))∇v‖Hs−1,q (Td ;Rd )

� ‖� j (u)−� j (v)‖L∞(Td )‖∇v‖Hs−1,q (Td ;Rd ) + ‖� j (u)−� j (v)‖H τ,ζ (Td )‖∇v‖Hs−1,q (Td ;Rd )

�
(‖� j (u)−� j (v)‖L∞(Td ) + ‖� j (u)−� j (v)‖H τ,ζ (Td )

)‖v‖Hs,q (Td )

� L j,n‖u − v‖XTr
κ,p

using once more Proposition A.4 (i). Also in this case we deduce (2.14) and the growth
estimate (2.13) can be obtained by inserting v = 0 in (2.14) and using that F ( j)(0) = 0.
��
Lemma 2.3. For all j, n ∈ N there exist constants C j,n, L j,n ∈ (0,∞) such that
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(i) if s + 1− d
q > 0, then

‖G( j)[u]‖γ (�2(N),X1/2)
≤ C j,n‖u‖X3/4 , (2.16)

‖G( j)[u] − G( j)[v]‖γ (�2(N),X1/2)
≤ L j,n

(‖u − v‖X3/4 + ‖u − v‖XTr
κ,p

(‖u‖X3/4 + ‖v‖X3/4

))
,

(2.17)

(ii) and if s + 1− d
q ≤ 0, then

‖G( j)[u]‖γ (�2(N),X1/2)
≤ C j,n‖u‖XTr

κ,p
, (2.18)

‖G( j)[u] − G( j)[v]‖γ (�2(N),X1/2)
≤ L j,n‖u − v‖XTr

κ,p
(2.19)

for all u, v ∈ XTr
κ,p with ‖u‖XTr

κ,p
, ‖v‖XTr

κ,p
≤ n.

Proof. To prove the assertions concerning the local Lipschitz estimates, we introduce
the operator

H ( j)[u] : Hs+1,q(Td;Rd)→ Hs,q(Td), f �→ div(g j (u) f )

so that G( j)[u] = H ( j)[u] ◦� for the operator � introduced before (2.5). Therefore, by
the ideal property [34, Theorem 9.1.10] of γ -radonifying operators we deduce that

‖G( j)[u] − G( j)[v]‖γ (�2(N),Hs,q (Td ))

≤ ‖H ( j)[u] − H ( j)[v]‖L (Hs+1,q (Td ;Rd ),Hs,q (Td ))‖�‖γ (�2(N),Hs+1,q (Td ;Rd ))

and recall that the latter term is finite by Assumption 1.5. First, we treat the case from
(i), namely that s + 1− d

q > 0. Then we can apply Proposition A.3 (i) to obtain

‖(H ( j)[u] − H ( j)[v]) f ‖Hs,q (Td )

� ‖(g j (u)− g j (v)) f ‖Hs+1,q (Td ;Rd )

� ‖g j (u)− g j (v)‖Hs+1,q (Td )‖ f ‖L∞(Td ;Rd ) + ‖g j (u)− g j (v)‖L∞(Td )‖ f ‖Hs+1,q (Td ;Rd )

� ‖g j (u)− g j (v)‖Hs+1,q (Td )‖ f ‖Hs+1,q (Td ;Rd ).

By Proposition A.4 (i), we can estimate

‖g j (u)− g j (v)‖Hs+1,q (Td )

≤ L j,n
(‖u − v‖Hs+1,q (Td ) + ‖u − v‖XTr

κ,p

(‖u‖Hs+1,q (Td ) + ‖v‖Hs+1,q (Td )

))

using the embedding XTr
κ,p ↪→ L∞(Td) implied by (1.11). Hence, (2.17) follows.

Next, we assume that s + 1− d
q ≤ 0 as in (ii) and recall that s + 1 > 0 by Assumption

1.1. Thus, we can use again Proposition A.3 (i) to estimate

‖(H ( j)[u] − H ( j)[v]) f ‖Hs,q (Td )

� ‖g j (u)− g j (v)‖L∞(Td )‖ f ‖Hs+1,q (Td ;Rd ) + ‖g j (u)− g j (v)‖Hs+1,l (Td )‖ f ‖Lr (Td ;Rd )

(2.20)
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for l ∈ (1,∞), r ∈ (1,∞] subject to (2.10). As in the proof of Lemma 2.1 we find that
l, r can be chosen such that XTr

κ,p ↪→ Hs+1,l(Td) and Hs+1,q(Td) ↪→ Lr (Td). Indeed
for each ε > 0, we can choose r such that

s + 1− d
q > −d

r > s + 1− d
q − ε.

Then we have

d
l > s + 1− ε ⇐⇒ s + 1− d

l < ε

due to (2.10). Invoking additionally (1.11) and choosing ε smaller than (2.11) yields that
also XTr

κ,p ↪→ Hs+1,l(Td). We estimate (2.20) further by

‖g j (u)− g j (v)‖L∞(Td )∩Hs+1,l (Td )‖ f ‖Hs+1,q (Td ;Rd )

and since u �→ g j (u) is locally Lipschitz continuous in L∞(Td) ∩ Hs+1,l(Td) by
Proposition A.4 (i) the embedding XTr

κ,p ↪→ L∞(Td) ∩ Hs+1,l(Td) yields (2.19). The
corresponding growth estimates (2.16) and (2.18) follow by inserting v = 0 in (2.17)
and (2.19) and using that G( j)[0] = 0. ��
Remark 2.4. We convince ourselves that the assertions from Lemmas 2.1–2.3 imply [4,
Hyptohesis (H’)] for fixed j ∈ N. Indeed, Lemma 2.1 yields [4, Hypothesis (HA)] and
Lemma 2.2 yields the estimate in terms of the trace space from [4, Hypothesis (HF’)].
Similarly, if s + 1− d

q ≤ 0, Lemma 2.3 (ii) implies the estimate on the trace part from

[4, Hypothesis(HG’)]. If instead s + 1− d
q > 0, Lemma 2.3 (i) yields

‖G( j)[u]‖γ (�2(N),X1/2)
≤ C j,n

2∑

l=1

(1 + ‖u‖ρlXϕl
)‖u‖Xβl

,

‖G( j)[u] − G( j)[v]‖γ (�2(N),X1/2)
≤ L j,n

2∑

l=1

(1 + ‖u‖ρlXϕl
+ ‖v‖ρlXϕl

)‖u − v‖Xβl

for u, v ∈ XTr
κ,p with ‖u‖XTr

κ,p
, ‖v‖XTr

κ,p
≤ n, if we choose

ϕl ∈
(
max

{
1− 1+κ

p , 3
4

}
, 1
)
, l ∈ {1, 2},

β1 = ϕ1, ρ1 = 0, β2 ∈ (1 − 1+κ
p , ϕ2] close to 1 − 1+κ

p and ρ2 = 1. This implies the
estimate on the (possibly) critical part from [4, Hypothesis (HG’)]. In particular, we
have

ρl
(
ϕl − 1 + 1+κ

p

)
+ βl < 1, l ∈ {1, 2} (2.21)

for sufficiently smallβ2 and are therefore in the subcritical regime of the theory developed
in [4,5].
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2.2. Stochastic maximal regularity of thin-film type operators. Next to the local Lips-
chitz estimates established in the previous subsection, the local well-posedness theory
from [4,5] also requires optimal regularity estimates for linear problems of the form

{
du + A(u) dt = f dt + g dW, t ∈ [t0, T ],
u(t0) = ut0 ,

(2.22)

called stochastic maximal regularity. Here A : [t0, T ] × � → L (X1, X0) is strongly
progressively measurable, X0, X1 are UMD spaces of type 2 (see, e.g., [34, Chapter 7])
and T <∞, t0 ∈ [0, T ] are fixed.

The purpose of this subsection is to verify that if (p, κ, s, q) are admissible,

A(u) = div(a∇�u) (2.23)

for a positive and P-measurable coefficient a : [0,∞)×�→ XTr
κ,p and (X0, X1) is as

in Subsection 1.4, then the problem (2.22) indeed admits stochastic maximal regularity
estimates, which can be seen as a generalization of [7, Theorem 5.2] to fourth-order
operators. Let us note that the time dependence of the coefficient a in (2.23) appears
naturally when considering the nonlinear problem (2.2) by choosing a = m(u). One of
the key points here is that we will allow coefficients that are only measurable in time.
This will be crucial in the proof of the blow-up criteria of Proposition 1.8 (cf., (2.45)
below) used in the proof of the global well-posedness result in Subsection 1.2.

Before going into the details, we recall some definitions. For a stopping time τ : �→
[t0, T ], an initial value ut0 ∈ L0

Ft0
(�; X0) and inhomogeneities f ∈ L0

P (�; L1(t0, τ ;
X0)) and g ∈ L0

P (�; L2(t0, τ ; γ (l2(N), X1/2))) of (2.22), we call a strongly pro-
gressive measurable map u : �t0, τ� → X1 a strong solution to (2.22) on �t0, τ�, if
u ∈ L0(�; L2(t0, τ ; X1)) and

u(t) − ut0 +
ˆ t

t0
A(u) dr =

ˆ t

t0
f dr +

ˆ t

t0
g dWr

a.s. for all t ∈ [t0, τ ].
Definition 2.5 (Stochastic maximal regularity). Let κ̂ ∈ [0, p

2 −1) for p > 2 and κ̂ = 0
for p = 2 be possibly different from κ and ‖A‖L (X1,X0) ≤ CA for some constant
CA <∞. We write A ∈ SMRp,κ̂ (t0, T ) if for every

f ∈ L p
P ((t0, T )×�,w

t0
κ̂
; X0), and g ∈ L p

P ((t0, T )×�,w
t0
κ̂
; γ (H, X1/2))

there exists a strong solution u to (2.22) with initial value ut0 = 0 such that u ∈
L p
P ((t0, T ) × �,w

t0
κ̂
; X1), and moreover for all stopping time τ : � → [t0, T ] and

strong solutions u ∈ L p
P ((t0, τ )×�,w

t0
κ̂
; X1) to (2.22) with ut0 = 0 the estimate

‖u‖
L p((t0,τ )×�,w

t0
κ̂
;X1)

� ‖ f ‖
L p((t0,τ )×�,w

t0
κ̂
;X0)

+ ‖g‖
L p((t0,τ )×�,w

t0
κ̂
;γ (H,X1/2))

(2.24)

holds, where the implicit constant is independent of f , g and τ . In addition:
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(1) If p ∈ (2,∞), we write A ∈ SMR•p,κ̂ (t0, T ) if A ∈ SMRp,κ̂ (t0, T ) and

‖u‖
L p(�;H θ,p(t0,T,w

t0
κ̂
;X1−θ ))

� ‖ f ‖
L p((t0,T )×�,w

t0
κ̂
;X0)

+ ‖g‖
L p((t0,T )×�,w

t0
κ̂
;γ (H,X1/2))

(2.25)

for each θ ∈ [0, 1
2 ), where the implicit constant is independent of f and g.

(1) If p = 2, we write A ∈ SMR•2,0(t0, T ) if A ∈ SMR2,0(t0, T ) and it holds

‖u‖L2(�;C([t0,T ];X1/2))
� ‖ f ‖L2((t0,T )×�;X0)

+ ‖g‖L2((t0,T )×�;γ (H,X1/2))
,

(2.26)

where the implicit constant is independent of f and g.

For a definition of the Sobolev space H θ,p(t0, T, w
t0
κ̂
; X1−θ ) we refer to Appendix

A.1 and we remark that the choice ut0 = 0 in the above definition is not essential.
Indeed, stochastic maximal L p-regularity estimates with zero initial data directly imply
corresponding ones with non-trivial data [4, Proposition 3.10].

If A ∈ SMR•p,κ̂ (t0, T ), we define Cdet,θ,p,κ̂
A (t0, T ) as the smallest implicit constant

such that (2.24) for θ = 0 and (2.25)–(2.26) for θ > 0 holds for all f ∈ L p
P ((t0, T )×

�,w
t0
κ̂
; X0) and g = 0, i.e., the constant accounting for the inhomogeneity f dt on

the right-hand side of (2.22). Analogously, we define Csto,θ,p,κ̂
A (t0, T ) as the smallest

implicit constant such that (2.24)–(2.26), respectively, holds for all g ∈ L p
P ((t0, T ) ×

�,w
t0
κ̂
; γ (H, X1/2)) and f = 0, accounting for the fluctuating part of the right-hand

side. For � ∈ {det, sto}, we set finally

K �,θ,p,κ̂
A (t0, T ) := C�,θ,p,κ̂

A (t0, T ) + C�,0,p,κ̂
A (t0, T ). (2.27)

We are ready to state the main result of this subsection.

Theorem 2.6 (Stochastic maximal regularity – Thin-film type operators). Let the pa-
rameters (p, κ, s, q) be admissible (i.e., Assumption 1.1 holds). Assume that themapping
a : [t0, T ] × � → XTr

κ,p is P-measurable and there exist positive constants λ,μ > 0
such that, for a.e. (t, ω) ∈ [t0, T ] ×�,

λ ≤ inf
Td

a(t, ω, ·) and ‖a(t, ω, ·)‖XTr
κ,p
≤ μ.

Then A defined in (2.23) satisfies A ∈ SMR•p,κ̂ (t0, T ) and

max
{
K det,θ,p,κ̂
A (t0, T ), K sto,θ,p,κ̂

A (t0, T )} �λ,μ,θ,T 1

for each θ ∈ [0, 1
2 ) and κ̂ ∈ {0, κ}.

Note that no regularity of the coefficient a is assumed w.r.t. the time variable. From
Definition 2.5, we have the inclusion SMR•p,κ̂ (t0, T ) ⊆ SMRp,κ̂ (t0, T ), where the
equality SMRp,κ̂ (t0, T ) = SMR•p,κ̂ (t0, T ) holds however provided that
SMR•p,κ̂ (t0, T ) 
= ∅, see [4, Proposition 3.8]. According to [45, Theorem 1.2], the
periodic version of [34, Theorem 10.2.25] applied to the operator

A0 := �2 : Hs+2,q(Td) ⊆ Hs−2,q(Td)→ Hs−2,q(Td), (2.28)
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implies that SMR•p,κ̂ (t0, T ) 
= ∅ in our setting, since X1 = Hs+2,q(Td) and X0 =
Hs−2,q(Td). Therefore, to prove Theorem 2.6 it suffices to show thatA ∈ SMRp,κ̂ (t0, T ).

The proof of the above result is given at the end of this subsection, and some prepara-
tion is required. We begin by considering the situation of a spatially constant coefficient
a.

Lemma 2.7. Assume that a(t, x) = ā(t) for a progressive measurable random vari-
able ā : [t0, T ] × � → R satisfying λ ≤ ā ≤ λ−1 for some λ ∈ (0, 1). Then
A ∈ SMRp,κ̂ (t0, T ) and

max
{
Cdet,0,p,κ̂
A (t0, T ),Csto,0,p,κ̂

A (t0, T )
}

�λ,T 1 (2.29)

for κ̂ ∈ {0, κ}.
Proof. The claim can be proved by applying existing results in the literature, but to keep
this manuscript as self-contained as possible, we base our line of argument on the results
from Appendix B.

First we note that it is enough to show the claim for s = 2, which follows from the fact
that a is x-independent and (1−�)r/2 : Hr+t,ζ (Td)→ Ht,ζ (Td) is an isomorphism for
all r, t ∈ R and ζ ∈ (1,∞). Next, we mimic the transference argument in [49, Theorem
3.9], where we can avoid measurability concerns due to dealing with an explicit SPDE
(2.22), cf. [49, Theorem 3.9, Step 1]. Indeed, by the method of continuity [5, Proposition
3.13] applied to the family of operators

Ar (u) = rA(u) + (1− r)A0u = (r ā + (1− r))�2u, r ∈ [0, 1],
we obtain the existence part of Definition 2.5 as soon as we establish the estimate (2.24)
since the coefficients ar = ra + (1− r) satisfy our assumption with the same, uniform
λ.

In the case p = q = 2 and κ = 0, (2.24) follows from an application of the Itô’s
formula, see [2, Lemma 4.1] and [38, Chapter 4], so we only consider p > 2 and
κ ∈ [0, p

2 − 1) in the following (recall that p = 2 is allowed only if q = 2, see (1.10)
in Assumption 1.1). To proceed in the latter case, we notice moreover that given any
g ∈ L p

P ((t0, τ )×�,w
t0
κ̂
; γ (H, X1/2)) there exists a strong solution v to

{
dv + A0(v) dt = g dW, t ∈ [t0, τ ],
v(t0) = 0,

satisfying the estimate

‖v‖
L p((t0,τ )×�,w

t0
κ̂
;X1)

�T ‖g‖L p((t0,τ )×�,w
t0
κ̂
;γ (H,X1/2))

, (2.30)

where A0 = �2 ∈ SMR•p,κ̂ (t0, T ) by the discussion preceding (2.28). Consequently,

if u ∈ L p
P ((t0, τ )×�,w

t0
κ̂
; X1) is any strong solution to the original equation (2.22) on

�t0, τ� with ut0 = 0 and f ∈ L p
P ((t0, τ )×�,w

t0
κ̂
; X0), then we find that the difference

w = u − v solves a.s. the random PDE
{
∂tw + A(w) = ( f + (A0 −A)v), t ∈ [t0, T ],
w(t0) = 0.
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Now Proposition B.2 yields that w satisfies

‖w‖
L p((t0,τ )×�,w

t0
κ ;X1)

�λ,T ‖ f ‖
L p((t0,τ )×�,w

t0
κ ;X0)

+ ‖(A0 −A)v‖
L p((t0,τ )×�,w

t0
κ ;X0)

,

which together with (2.30) and the continuity of A,A0 : X1 → X0 yields the desired

‖u‖
L p((t0,τ )×�,w

t0
κ̂
;X1)

�λ,T ‖ f ‖L p((t0,τ )×�,w
t0
κ̂
;X0)

+ ‖g‖
L p((t0,τ )×�,w

t0
κ̂
;γ (H,X1/2))

for the original u = v + w. ��
Using estimates similar to the ones in the proof of Lemma 2.1, we can also include

small perturbations of a spatially constant coefficient.

Lemma 2.8. Let ā and λ be as in Lemma 2.7 and let a be as in the statement of Theorem
2.6. Then there exists some ε > 0 depending on λ, T such that if

ess sup
[t0,T ]×�

‖a − ā‖L∞(Td ) < ε, (2.31)

then we have A ∈ SMRp,κ̂ (t0, T ) with

max
{
Cdet,0,p,κ̂
A (t0, T ),Csto,0,p,κ̂

A (t0, T )
}

�λ,μ,T 1

for κ̂ ∈ {0, κ}.
Proof. By repeating the proof of the estimate (2.6) for the operator A, one obtains that,
a.e. on [t0, T ] ×�,

‖A‖L (X1,X0) � ‖a‖XTr
κ,p
≤ μ. (2.32)

By the previous Lemma 2.7, we have ā�2 ∈ SMRp,κ̂ (t0, T ) and ā�2 ∈ SMRp,κ̂ (t0, T ).

We define C∗λ,T as the maximum of the corresponding upper bounds on Cdet,0,p,κ̂
A (t0, T )

and Cdet,0,p,0
A (t0, T ) from (2.29). Then, since we can write

A(u) = div(ā∇�u) + div((a − ā)∇�u)

the claim follows by the perturbation result [7, Theorem 3.2] as soon as we can verify
that

‖div((a − ā)∇�u)‖ ≤ (2C∗λ,T )−1‖u‖X1 + L‖u‖X0 (2.33)

for a suitable constant L ∈ (0,∞). To this end, we assume (2.31) and obtain

‖div((a − ā)∇�u)‖X0 ≤ ‖a − ā‖L∞(Td )‖u‖X1 < ε‖u‖X1

for s − 1 = 0 implying (2.33) for sufficiently small ε > 0. For s − 1 > 0, we derive

‖div((a − ā)∇�u)‖X0 � ‖a − ā‖L∞(Td )‖∇�u‖Hs−1,q (Td ;Rd )

+ ‖a − ā‖Hs−1,l (Td )‖∇�u‖Lr (Td ;Rd )

for l, r as in the proof of Lemma 2.1, analogously to (2.9). We observe moreover
that the embedding Hs−1,q(Td) ↪→ Lr (Td) is not sharp and hence it also holds
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Hs−1−δ,q(Td) ↪→ Lr (Td) for a sufficiently small δ > 0. Then, using (2.31), that
XTr

κ,p ↪→ Hs−1,l(Td), the interpolation inequality

‖u‖X1−δ/4 ≤ ‖u‖δ/4
X0
‖u‖1−δ/4

X1
(2.34)

and Young’s inequality, we can estimate

‖div((a − ā)∇�u)‖X0 � ε‖u‖X1 + ‖a − ā‖XTr
κ,p
‖u‖X1−δ/4

≤ ε‖u‖X1 + Cλ,μ‖u‖δ/4
X0
‖u‖1−δ/4

X1
≤ 2ε‖u‖X1 + Cδ,ε,λ,ν‖u‖X0 .

Therefore, (2.33) follows also in this case as long as ε > 0 is small enough. For s−1 < 0,
we proceed again as in Lemma 2.1 and apply Proposition A.3 (ii) to obtain

‖div((a − ā)∇�u)‖X0 � ‖a − ā‖L∞(Td )‖∇�u‖Hs−1,q (Td ;Rd )

+ ‖a − ā‖H τ,ζ (Td )‖∇�u‖Hs−1−δ,q (Td ;Rd )

for τ, ζ as in Lemma 2.1 and some δ > 0. We remark that we used the slightly worse
estimate (2.12) previously because it was sufficient to verify Lemma 2.1. Employing
again (2.31), the inequality (2.34), Young’s inequality and the embedding XTr

κ,p ↪→
H τ,ζ (Td) we conclude

‖div((a − ā)∇�u)‖X0 � 2ε‖u‖X1 + Cδ,ε,λ,μ‖u‖X0 .

The desired estimate (2.33) follows again for sufficiently small ε > 0. ��
Before giving a proof of stochastic maximal regularity in the general situation, we

first provide an a-priori estimate on sufficiently small time intervals. The proof relies on
a spatial localization procedure known as freezing the coefficients, which allows us to
apply Lemma 2.8 locally in space.

Lemma 2.9. Let a be as in the statement of Theorem 2.6. Then there exists a time
T ∗ > 0 depending on λ,μ, T for which the following holds. For any t ∈ [t0, T ],
κ̂ ∈ {0, κ}, stopping time τ : � → [t, T ∧ (t + T ∗)], f ∈ L p

P ((t, τ ) × �,wt
κ̂
; X0),

g ∈ L p
P ((t, τ )×�,wt

κ̂
; γ (H, X1/2)) and strong solution u ∈ L p

P ((t, τ )×�,wt
κ̂
; X1)

to
{

du + A(u) dr = f dr + g dW, r ∈ [t, τ ],
u(t) = 0,

(2.35)

it holds

‖u‖L p((t,τ )×�,wt
κ̂
;X1)

�λ,μ,T ‖ f ‖L p((t,τ )×�,wt
κ̂
;X0)

+ ‖g‖L p((t,τ )×�,wt
κ̂
;γ (H,X1/2))

.

(2.36)

Proof. We follow the strategy employed to prove [7, Lemma 5.4] and split the proof
into three steps to improve its readability. We do not display the time dependence of a
as it does not play any role here.

Construction of suitable extension operators. We first derive the existence of exten-
sion operators with a uniform operator norm, which can be seen as a variant of [7, Lemma
5.8] for Besov spaces. The main difference compared to [7, Lemma 5.8] is that constant
functions are contained in Hölder spaces on R

d , but not necessarily in Bs
q,p(R

d). Let E
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be Stein’s total extension operator from the unit ball BRd (0, 1) to R
d as introduced in

[56, Theorem 5, p.181], then

E : Wl,r (BRd (0, 1))→ Wl,r (Rd)

continuously for each l ∈ N0 and r ∈ [1,∞]. We let ϕ ∈ C∞c (Rd) such that ϕ = 1 on
BRd (0, 1) and ϕ = 0 outside of BRd (0, 2) and define

ER
d

y,r [ f ](x) = (ϕ · E[ f (y + r ·)])( x−y
r

)

for y ∈ R
d and r ∈ (0, 1

8 ) and obtain extension operators from BRd (y, r) to R
d with

‖ER
d

y,r‖L (L∞(B
Rd (y,r)),L

∞(Rd ))

independent of y and r . Identifying T
d

� (−1/2, 1/2]d we set now

ET
d

y,r f (x) =
[
ER

d

0,r ( f (· − y))
](
(x − y) mod 1

)
(2.37)

with the convention that (z mod 1) j ∈ (−1/2, 1/2] for 1 ≤ j ≤ d and z ∈ R
d

is the componentwise modulo operation. Due to the assumption that r < 1
8 , the left-

hand side of (2.37) satisfies periodic boundary conditions and therefore yields extension
operators ET

d

y,r from BTd (y, r) to T
d with the same properties as ER

d

y,r . To ensure that
constant functions are mapped to constant functions, we define new extension operators
by setting

ẼT
d

y,r f = ET
d

y,r

[
f −

 
B
Td (y,r)

f dx

]
+
 
B
Td (y,r)

f dx,

where
ffl
B
Td (y,r)

:= |BTd (y, r)|−1
´

, and observe that again

‖ẼT
d

y,r‖L (L∞(B
Td (y,r)),L

∞(Td ))

is independent of y and r . By real interpolation, we conclude that also

ẼT
d

y,r : B
s+2−4 1+κ

p
q,p (BTd (y, r))→ XTr

κ,p

continuously.
Spatial localization. Next, analogously to the proof of [7, Lemma 5.4], we introduce

the operators

Ay(u) = div(a(y)∇�u), AE
y,r (u) = div(ẼT

d

y,r [a|BTd (y,r)]∇�u).

Let (yι)ι∈I ⊂ T
d and r ∈ (0, 1

8 ) such that (BTd (yι, r))ι∈I is a finite cover of T
d .

Moreover, let (ϕι)ι∈I be a partition of unity subordinate to (BTd (yι, r))ι∈I. We observe
that for sufficiently small γ > 0 we have XTr

κ,p ↪→ Cγ (Td) by (1.11) and consequently

‖a(yι)− a|B
Td (yι,r)

‖L∞(B
Td (yι,r))

�μ rγ .
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After applying the extension operators ẼT
d

yι,r we constructed, we conclude that

∥∥a(yι)− ẼT
d

yι,r [a|BTd (yι,r)]
∥∥
L∞(Td )

= ∥∥ẼT
d

yι,r [a(yι)− a|B
Td (yι,r)

]∥∥L∞(Td )
�μ rγ .

Thus, if we choose ε as in Lemma 2.8 according to the given constant λ, we can ensure
that

∥∥a(y)− ẼT
d

yι,r [a|BTd (y,r)]
∥∥
L∞(Td )

< ε

if we choose r < r∗λ,μ,T ∈ (0, 1
8 ) small enough. Setting then

C∗λ,μ,T = max
ι∈I

∥∥ẼT
d

yι,r

∥∥
L
(
B
s+2−4 1+κ

p
q,p (B

Td (yι,r)),X
Tr
κ,p

),

we deduce that
∥∥ẼT

d

yι,r [a|BTd (yι,r)]
∥∥
XTr

κ,p
≤ C∗λ,μ,T ‖a|BTd (yι,r)‖

B
s+2−4 1+κ

p
q,p (B

Td (yι,r))

≤ C∗λ,μ,T ‖a‖XTr
κ,p
≤ C∗λ,μ,Tμ.

Therefore, the functions ẼT
d

yι,r [a|BTd (yι,r)] satisfy the assumptions of Lemma 2.8 with

uniform constants and thus AE
yι,r ∈ SMR•p,κ̂ (t0, T ) with

C�,0,p,κ̂
AE

yι,r
(s, T ) �λ,μ,T 1, � ∈ {det, sto}. (2.38)

With this at hand, we finally consider the strong solution u to (2.35) and using the
partition of unity (ϕι)ι∈I, we can write u = ∑

ι∈I uι, if we set uι = uϕι. Introducing
analogously fι = f ϕι and gι = gϕι, we find that

duι + AE
yι,r (uι) dt = duι + A(uι) dt

= ϕι

(
du + A(u) dt

)
+ [A, ϕι]u dt = (

fι + [A, ϕι]u
)

dt + gι dW,

where we use the commutator notation [A, ϕι]u = A(ϕιu) − ϕιAu. Hence, applying
(2.38), we deduce that

‖u‖L p((t,τ )×�,wt
κ̂
;X1)

≤
∑

ι∈I
‖uι‖L p((t,τ )×�,wt

κ̂
;X1)

�λ,μ,T

∑

ι∈I

(
‖[A, ϕι]u‖L p((t,τ )×�,wt

κ̂
;X0)

+ ‖ fι‖L p((t,τ )×�,wt
κ̂
;X0)

+ ‖gι‖L p((t,τ )×�,wt
κ̂
;γ (H,X1/2))

)

�λ,μ,T

∑

ι∈I

(
‖[A, ϕι]u‖L p((t,τ )×�,wt

κ̂
;X0)

)
+ ‖ f ‖L p((t,τ )×�,wt

κ̂
;X0)

+ ‖g‖L p((t,τ )×�,wt
κ̂
;γ (H,X1/2))

,

(2.39)

where in the last step we used that multiplication ϕι is a bounded linear mapping on
Hs+2,q(Td) and Hs,q(Td) for each ι ∈ I.
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Absorbing the commutator terms. To conclude the proof, we show that the commu-
tator terms [A, ϕι]u are of lower order and expand

A(ϕιu) = div(a∇�(ϕιu)) = div(a∇(ϕι�u + 2∇ϕι · ∇u + u�ϕι))

= div(a(ϕι∇�u + ∇ϕι�u)) + div(a∇(2∇ϕι · ∇u + u�ϕι))

= ϕιAu + a∇ϕι · ∇�u + div(a∇ϕι�u) + div(a∇(2∇ϕι · ∇u + u�ϕι))

to conclude

[A, ϕι]u = a∇ϕι · ∇�u + div(a∇ϕι�u) + div(a∇(2∇ϕι · ∇u + u�ϕι)). (2.40)

We claim that

‖[A, ϕι]u‖X0 �λ,μ,T ‖u‖X1−δ/4 (2.41)

for sufficiently small δ > 0 and estimate only the first term on the right-hand side of
(2.40), since the others are easier to treat. Firstly, we observe that

‖a∇ϕι‖
B
s+2−4 1+κ

p
q,p (Td ;Rd )

�λ,μ,T ‖a‖XTr
κ,p

�μ 1 (2.42)

since the ϕι are smooth. If s − 1 ≤ 0, we choose δ ∈ (0, 1) such that

s + 2 − 4 1+κ
p > 1 + δ − s (2.43)

by (1.12). Since s − 1− δ < 0, we can use Proposition A.3 (ii) to estimate

‖a∇ϕι · ∇�u‖X0 � ‖a∇ϕι · ∇�u‖Hs−1−δ,q (Td )

� ‖a∇ϕι‖L∞(Td ;Rd )‖∇�u‖Hs−1−δ,q (Td ;Rd ) + ‖a∇ϕι‖Hσ,ζ (Td ;Rd )‖∇�u‖Hs−1−δ,q (Td ;Rd )

as soon as σ > max{ d
ζ
, 1+δ−s} and ζ ∈ [q ′,∞). Arguing as in Lemma 2.1, we see that

we can choose σ and ζ such that XTr
κ,p ↪→ Hσ,ζ (Td) due to (1.11) and (2.43). Because

also XTr
κ,p ↪→ L∞(Td) by (1.11), we obtain

‖a∇ϕι · ∇�u‖X0 �λ,μ,T ‖u‖Hs+2−δ,q (Td )

by (2.42). If instead s − 1 > 0, we choose δ ∈ (0,min{1, s − 1}). Then an application
of Proposition A.3 (i) as in the proof of Lemma 2.1 yields

‖a∇ϕι · ∇�u‖X0 ≤ ‖a∇ϕι · ∇�u‖Hs−1−δ,q (Td )

� ‖a∇ϕι‖L∞(Td ;Rd )‖∇�u‖Hs−1−δ,q (Td ;Rd ) + ‖a∇ϕι‖Hs−1−δ,l (Td ;Rd )‖∇�u‖Lr (Td ;Rd )

for l ∈ (1,∞), r ∈ (1,∞] whenever (2.10) holds. If we can show that l, r can be
chosen in a way such that XTr

κ,p ↪→ Hs−1−δ,l(Td) and Hs−1−δ,q(Td) ↪→ Lr (Td), we
can conclude as in Lemma 2.1 that

‖a∇ϕι · ∇�u‖X0 �λ,μ,T ‖u‖Hs+2−δ,q (Td ),

using additionally XTr
κ,p ↪→ L∞(Td) and (2.42). If s − 1− δ− d

q > 0, the choice l = q

and r = ∞ suffices. If s − 1− δ − d
q ≤ 0, we take r in accordance with

s − 1− δ − d
q > −d

r > s − 1− δ − d
q − η
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for η > 0. Using (2.10) we obtain that

d
l > s − 1− δ − η ⇐⇒ s − 1− δ − d

l < η.

Choosing η > 0 smaller than the left-hand side of (1.11) ensures that the desired em-
beddings hold. We conclude that (2.41) is valid in any case.

With this at hand, we can proceed as in the proof of [7, Lemma 5.4], namely, we use
that

‖[A, ϕι]u‖L p((t,τ )×�,wt
κ̂
;X0)

�λ,μ,T ‖u‖L p((t,τ )×�,wt
κ̂
;X1−δ/4)

≤ ‖u‖δ/4
L p((t,τ )×�,wt

κ̂
;X0)
‖u‖1−δ/4

L p((t,τ )×�,wt
κ̂
;X1)

≤ Cδ,η‖u‖L p((t,τ )×�,wt
κ̂
;X0)

+ η‖u‖L p((t,τ )×�,wt
κ̂
;X1)

for any η > 0 by the interpolation inequality for Bochner spaces [33, Theorem 2.2.6]
and Young’s inequality. Choosing η sufficiently small and inserting this in (2.39) we
obtain that

‖u‖L p((t,τ )×�,wt
κ̂
;X1)

�λ,μ,T ‖u‖L p((t,τ )×�,wt
κ̂
;X0)

+ ‖ f ‖L p((t,τ )×�,wt
κ̂
;X0)

+ ‖g‖L p((t,τ )×�,wt
κ̂
;γ (H,X1/2))

.

If τ ≤ t + T ∗ for sufficiently small T ∗ depending on λ,μ, T , the term containing u on
the right-hand side can once more be absorbed by the first statement of [4, Lemma 3.13]
together with (2.32) leading to the desired a-priori estimate (2.36). ��

Having established the necessary a-priori estimate, Theorem 2.6 now follows by the
method of continuity together with a partition of the time interval [t0, T ] into pieces
t0 < t1 < · · · < tN = T of the length T ∗ from Lemma 2.9.

Proof of Theorem 2.6. We firstly remind ourselves of the uniform estimate (2.32) on the
operator norm of A. By the comments below (2.28), by [4, Proposition 3.8], it suffices
to show that A ∈ SMRp,κ̂ (t0, T ) with

max
{
Cdet,0,p,κ̂
A (t0, T ),Csto,0,p,κ̂

A (t0, T )} �λ,μ,T 1.

This again can be deduced by [7, Proposition 3.1], if we can provide a partition t0 <

t1 < · · · < tN = T such that A ∈ SMRp,κ̂ (t0, t1) and A ∈ SMRp,0(ti , ti+1) for i ≥ 1
with

max
{
Cdet,0,p,κi
A (ti , ti+1),C

sto,0,p,κi
A (ti , ti+1)} �λ,μ,T 1, κi = κ̂δi0

for i ∈ {0, . . . , N − 1}. The required a-priori estimate follows from Lemma 2.9 if we
set ti = (t0 + iT ∗) ∧ T for i ≥ 1. Moreover, the existence of strong solutions on the
respective intervals [ti , ti+1] follows from the method of continuity [5, Proposition 3.13],
this time applied to the family of operators

Ãr (u) = rA(u) + (1− r)λ�2u = div((ra + (1− r)λ)∇�u), r ∈ [0, 1],
because the coefficients ar = ra + (1− r)λ satisfy the assumptions of Lemma 2.9 with
the same constants λ,μ as the original coefficient a. ��
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2.3. Local well-posedness and blow-up criteria I – Regularized problem. In this sub-
section, we use the preceding findings to apply the framework for quasilinear stochastic
evolution equations from [4,5] to the regularized equation (2.2). To this end, we fix again
compatible parameters (p, κ, s, q) and a sequence (ψk)k∈N subject to Assumptions 1.1
and 1.5 with (sψ, qψ) = (s, q), and start with the definition of maximal local solutions
to (2.2), similar to the one of (1.1). We remark that this definition deviates from the cor-
responding Definition 1.3 and Definition 1.4 for (1.1) in which the solution is required
to be positive.

Definition 2.10. Let (p, κ, s, q) be as in Assumption 1.1. Let σ : � → [0,∞] be a
stopping time and u : �0, σ � → X1 progressively measurable. Then the tuple (u, σ ) is a
local (p, κ, s, q)-solution to (2.2), if there exists a localizing sequence 0 ≤ σl ↗ σ of
stopping times such that for all l ∈ N, we have a.s.

u ∈ L p(0, σl , wκ ; X1) ∩ C([0, σl ]; XTr
κ,p),

F ( j)(u) ∈ L p(0, σl , wκ ; X1), G( j)[u] ∈ L p(0, σl , wκ ; γ (�2(N), X1/2)),

and a.s. for all t ∈ [0, σl ]

u(t) − u(0) +
ˆ t

0
A( j)[u(r)](u(r)) dr =

ˆ t

0
F ( j)(u(r)) dr +

ˆ t

0
G( j)[u(r)] dWr .

(2.44)

As for Definition 1.3, all the integrals in (2.44) are well-defined due to the required
integrability conditions.

Definition 2.11. We call a local (p, κ, s, q)-solution (u, σ ) to (2.2) maximal unique
(p, κ, s, q)-solution, if for every local (p, κ, s, q)-solution (v, τ ) to (2.2), one has τ ≤ σ

a.s. and u = v a.e. on �0, σ ∧ τ �.

The existence of a maximal unique (p, κ, s, q)-solution to (2.2) follows from our
preceding findings.

Proposition 2.12. Let the Assumptions 1.1 and 1.5 with (sψ, qψ) = (s, q) be satisfied.
Let u0 ∈ L0

F0
(�; XTr

κ,p). Then there exists a maximal unique (p, κ, s, q)-solution (u, σ )

to (2.2) in the sense of Definition 2.11 such that a.s. σ > 0 and

u ∈ H θ,p
loc ([0, σ ), wκ, X1−θ ) ∩ C((0, σ ); XTr

p )

for all θ ∈ [0, 1
2 ), if p > 2. Additionally, for all T <∞, the following blow-up criterion

holds

P

(
σ < T, sup

t∈[0,σ )

‖u(t)‖XTr
κ,p

<∞
)
= 0. (2.45)

Note that the blow-up criterion in (2.45) is stronger than those in [5], as it only involves
a time supremum norm, whereas the ones in [5, Theorem 4.9] require the existence of
a limit as t ↗ σ . This improvement is enabled by Theorem 2.6, which imposes no
assumptions on the time regularity of the coefficients. Our arguments are independent
of the specific structure of the thin-film operators, allowing the blow-up criterion (2.45)
to extend, with minimal changes, to a broader class of quasilinear SPDEs.

To keep this paper self-contained, we derive (2.45) directly from the blow-up criterion
[5, Lemma 5.4], restated below in (2.46), which is the most elementary among those
presented in [5] as it follows directly from the local well-posedness of (2.4) initialized
at an arbitrary stopping time.
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Proof of Proposition 2.12. Let T < ∞ be arbitrary. We check the assumptions of [4,
Theorem 4.7] and define the localization

u0,n = 1{‖u0‖XTr
κ,p
≤n}u0, n ∈ N

of the initial value. Since m j : R → R is smooth, we deduce that m j (u0,n) lies in
L∞F0

(�; XTr
κ,p) by Proposition A.4 (ii) and moreover uniformly bounded away from 0.

Thus, Theorem 2.6 applies to the operator A( j)[u0,n]( f ) = div(m j (u0,n)∇� f ) and
yields that

A( j)[u0,n] ∈ SMR•p,κ (0, T )

for each n ∈ N. Therefore, the assumption regarding stochastic maximal regularity
holds, and we convinced ourselves already in Remark 2.4 that [4, Hypothesis (H’)]
is satisfied. Furthermore, due to Theorem 2.6 and [5, Remark 5.6], our definition of
maximal unique (p, κ, s, q)-solution to (2.2) is equivalent to [4, Definition 4.4] and
therefore an application of [4, Theorem 4.7] yields the existence of a maximal unique
(p, κ, s, q)-solution (u, σ ) to (2.2) and the regularity assertions. Next, we prove the
blow-up criterion (2.45). Our starting point is the blow-up criterion which follows from
[5, Lemma 5.4] applied to the regularized SPDE (2.2) in the abstract form (2.4):

P

(
σ < T, lim

t↗σ
u(t) exists in XTr

p , ‖u‖L p(0,σ,wκ ;X1) + Nκ(u; σ) <∞
)
= 0,

(2.46)

where Nκ(u; σ) := ‖F(u)‖L p(0,σ,wκ ;X0) + ‖G(u)‖L p(0,σ,wκ ;γ (�2(N),X1/2))
. Before going

further, let us comment on the technical requirements needed to apply [5, Lemma 5.4].
The condition from [5, Assumption 4.5] regarding stochastic maximal regularity follows
as before from Theorem 2.6. Following again Remark 2.4 we can choose β1 = ϕ1 and
ρ2 = 1 to estimate the nonlinearity G( j) and therefore [5, Assumption 4.7] is satisfied
by [5, Remark 4.8].

To conclude the proof, we show that (2.46) implies the seemingly stronger statement
of (2.45). To this end, we use the stochastic maximal regularity estimates of Theorem
2.6 that hold for coefficients with measurable dependence on time. To prove (2.45), it is
enough to show that, for all M <∞,

P(�M ) = 0 where �M :=
{
σ < T, sup

t∈[0,σ )

‖u(t)‖XTr
κ,p
≤ M

}
. (2.47)

For the sake of clarity, we split the proof of (2.47) into four steps. Moreover, we define
ũ0 = 1{‖u0‖XTr

κ,p
≤M}u0 which coincides with u0 on �M and satisfies ũ0 ∈ L p

F0
(�; XTr

κ,p).

(ε-linearity in X1 for the nonlinearities) For all ε > 0 there exists Cε > 0 such that,
for v ∈ X1,

‖F ( j)(v)‖X0 + ‖G( j)[v]‖γ (�2(N),X1/2)
≤ ε‖v‖X1 + Cε(1 + ‖v‖δXTr

κ,p
) (2.48)

where δ > 0 is independent of ε > 0. The estimate (2.48) is a straightforward con-
sequence of the subcriticality of the nonlinearity for the regularized thin-film equation
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(2.2), see Remark 2.4. Indeed, by the reiteration theorem for real interpolation (see, e.g.,
[10, Theorem 3.5.3]), for all β ∈ (1− 1+κ

p , 1) one has

‖v‖Xβ � ‖v‖1−θ

XTr
κ,p
‖v‖θX1

for v ∈ X1, with θ = β − 1 + (1 + κ)/p

(1 + κ)/p
.

One can readily check that (2.48) follows from the above and the subcriticality condition
(2.21).

For all M <∞, it holds that

E‖u‖pL p(0,τ,wκ ;X1)
< ∞, where τ := inf

{
t ∈ [0, σ ) : ‖u‖XTr

κ,p
≥ M

} ∧ T

(2.49)

with inf ∅ := σ and in particular a.s. Nκ(u; τ) <∞.
Note that the last assertion follows from the first one and (2.48), and therefore it

suffices to show (2.49). To this end, let σn be the stopping time given by

σn := inf
{
t ∈ [0, σ ) : ‖u‖L p(0,t,wκ ;X1) ≥ n

} ∧ T,

where, as above, inf ∅ := σ . Now the idea is to apply stochastic maximal regularity
estimates of Theorem 2.6 to the problem (2.2). To this end, note that u ∈ L p(�0, σn ∧
τ�, wκ ; X1) solves, on �0, τ �,

{
du + div(a∇�u) dt = 1�0,τ�F

( j)(u) dt + 1�0,τ�G
( j)[u] dW,

u(0) = ũ0,
(2.50)

where a := 1�0,τ�m j (u) + 1�τ,T �. Recall that XTr
κ,p ↪→ L∞(Td) by (1.11). Hence, by

Proposition A.4 (ii),

ess inf[0,T ]×�
a � j 1 and ess sup

[0,T ]×�

‖a‖XTr
κ,p

< ∞.

Combining (2.50), Theorem 2.6 and [4, Proposition 3.12(b)], we obtain the existence of
a constant C (0)

M > 0 such that, for all n ≥ 1,

E‖u‖pL p(0,τ∧σn ,wκ ;X1)
≤ C (0)

M E‖ũ0‖pXTr
κ,p

+ C (0)
M E

ˆ τ∧σn

0

(‖F ( j)(u)‖pX0
+ ‖G( j)[u]‖p

γ (�2(N),X1/2)

)
wκdt

≤ C (0)
M E‖ũ0‖pXTr

κ,p
+ 1

2 E‖u‖pL p(0,τ∧σn ,wκ ;X1)
+ C (1)

δ,M ,

where we applied (2.48) with ε = (2C (0)
M )−1 and used that supt∈[0,τ ) ‖u‖XTr

κ,p
≤ M . The

above implies

E‖u‖pL p(0,τ∧σn ,wκ ;X1)
≤ C (0)

M E‖ũ0‖pXTr
κ,p

+ C (1)
δ,M .

The claimed estimate (2.49) now follows by letting n →∞ and using Fatou’s lemma.
Let τ be as in (2.49). Then, a.s.,

lim
τ↗τ

u(t) exists in XTr
p . (2.51)
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Here, we need another localization argument. For all k ≥ 1, let

τk := inf{t ∈ [0, τ ) : Nκ(u; t) ≥ k} with inf ∅ := τ,

and where τ is as in (2.49). From the comments below (2.49), it follows that limk→∞
P(τk = τ) = 1. In particular, to obtain (2.51) it is enough to show that

lim
τ↗τk

u(t) exists in XTr
p for all k ≥ 1, (2.52)

for which we fix k ≥ 1 in the following. Similar to (2.50), let us consider
{

dv + div(a∇�v) dt = 1�0,τk�F
( j)(u) dt + 1�0,τk�G

( j)[u] dW,

u(0) = ũ0,
(2.53)

where, again, a := 1�0,τ�m j (u) + 1�τ,T �. Now, from Theorem 2.6 (see also Definition
2.5(1), there exists a unique solution v ∈ L p((0, T )×�,wκ ; X1) satisfying, a.s.,

v ∈⋂θ∈[0,1/2) H
θ,p(0, T, wκ ; X1−θ ) ⊆ C((0, T ]; XTr

p ), (2.54)

where the embedding follows from the instantaneous regularization part of the trace
embedding in Proposition A.1(2). Now, u|�0,τk� ∈ L p(�0, τk�, wκ ; X1) is also a solution
to (2.53) on the stochastic interval �0, τk�. From Definition 2.5 and Theorem 2.6, it
follows that u = v a.e. on �0, τk�, which together with (2.54) implies (2.52) as desired.

Proof of (2.47). Let τ be defined as in (2.49). From (2.51) we know that limt↗σ u(t)
exists in XTr

κ,p a.s. on {τ = σ }. Moreover, from (2.49) and the comments below it, we
also have ‖u‖L p(0,σ,wκ ;X0) + Nκ(u; σ) <∞ a.s. on {τ = σ }. Since {τ = σ } ⊇ �M by
definition of τ , we have

P(�M ) = P

(
�M ∩

{
σ < T , lim

t↗σ
u(t) exists in XTr

p , ‖u‖L p(0,σ,wκ ;X1) + Nκ (u; σ) <∞
})

≤ P

(
σ < T , lim

t↗σ
u(t) exists in XTr

p , ‖u‖L p(0,σ,wκ ;X1) + Nκ (u; σ) <∞
)

(2.46)= 0.

Thus (2.47) is proved and the claimed blow-up criterion (2.45) follows from the arbi-
trariness of M . ��

2.4. Instantaneous regularization and blow-up criteria II – Regularized problem. This
subsection is dedicated to understanding how the regularity of the noise affects the
regularity of solutions to the regularized problem (2.2) and its consequences in terms of
blow-up criteria.

The following result is the key ingredient in the proof of Proposition 1.7.

Proposition 2.13 (Instantaneous regularization –Regularized problem). Let (p, κ, s, q)
be as in Assumption 1.1. Let u0 ∈ L0

F0
(�; XTr

κ,p) and (u, σ ) the maximal unique
(p, κ, s, q)-solution to (2.2) provided by Proposition 2.12. Suppose that Assumption
1.5 holds for some sψ ≥ s and all qψ ∈ [2,∞). Then, a.s.,

u ∈ H θ,r
loc (0, σ ; H2+sψ−4θ,ζ (Td)) for all θ ∈ [0, 1

2 ) and r, ζ ∈ [2,∞). (2.55)

In particular u ∈ Cθ1,θ2
loc ((0, σ )× T

d) a.s. for all θ1 ∈ [0, 1
2 ) and θ2 ∈ (0, 2 + sψ).
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Proof. The last assertion follows from (2.55) and Sobolev embeddings. Thus, below
we only prove (2.55). The proof of (2.55) can be obtained via the results in [5, Section
6]. For the reader’s convenience, however, we provide a self-contained proof based
on the stochastic maximal L p-regularity result of Theorem 2.6 and the instantaneous
regularization of weighted anisotropic spaces, see Proposition A.1(2), which we structure
as follows:

• Reduction to the case of a positive weight κ > 0.
• Bootstrap time integrability.
• Bootstrap spatial integrability.
• Bootstrap spatial smoothness.

The reduction in the first step is convenient since for positive κ there is an immediate
gain of regularity between time 0 and ε, cf. Proposition A.1(1) and (2), respectively.

We can assume that p > 2 and κ > 0. In this step, we assume that (2.55) is valid
in the case p > 2 and κ > 0 and show that it carries over to the general case p ≥ 2,
κ ≥ 0. To this end, it suffices to show that if either p = 2 or κ = 0, there exists a new
set of parameters ( p̂, κ̂, ŝ, q) with p̂ > 2 and κ̂ > 0, such that (u, σ ) coincides with the
maximal unique ( p̂, κ̂, ŝ, q)-solution to (2.2) in the sense of Definitions 2.10 and 2.11.
Let us start with the case p = 2. By (1.10) in Assumption 1.1, this forces κ = 0 and
q = 2. By standard interpolation inequalities, a.s.,

u ∈ L2
loc([0, σ ); Hs+2(Td)) ∩ C([0, σ ); Hs(Td))

↪→ L2/θ
loc ([0, σ ); Hs+2θ (Td)) ↪→ L2/θ

loc ([0, σ ), wκ̂ ; Hs+2θ (Td)), (2.56)

where θ ∈ (0, 1) and in the last embedding we used that the weight wκ is locally
bounded. Now, by continuity, there exist θ̂ ∈ (0, 1) and κ̂ > 0 for which Assumption
1.1 with (p, κ, s) replaced by ( p̂, κ̂, ŝ) holds, where p̂ := 2/θ̂ , and that ŝ +2−4/ p̂ < s.

The previous condition ensures that Hs(Td) ↪→ B
s+2−4 1+κ̂

p̂
2, p̂ (Td). Thus, by (2.56), a.s.,

u ∈ L p̂
loc([0, σ ); Hŝ+2(Td)) ∩ C([0, σ ); Bs+2−4 1+κ̂

p̂
2, p̂ (Td)).

In particular (u, σ ) is a local ( p̂, κ̂, ŝ, 2)-solution to (2.2). Let (û, σ̂ ) be the maximal
unique ( p̂, κ̂, ŝ, 2)-solution to (2.2) provided by Proposition 2.12. By maximality (cf.,
Definition 2.11), we obtain

σ ≤ σ̂ a.s. and u = û a.e. on �0, σ �.

Hence, the claim of this step follows in this case, since the regularity of the ( p̂, κ̂, ŝ, 2)-
solution (û, σ̂ ) transfers to (u, σ ). For completeness, let us show that such improved
regularity also yields σ = σ̂ a.s. Indeed, if (2.55) holds with (u, σ ) replaced by (û, σ̂ ),
it follows that

u = û ∈ C((0, σ ]; Hs(Td)) a.s. on {σ < σ̂ }.
Thus, for all T <∞,

P(σ < σ̂ , σ < T ) ≤ P

(
σ < T, sup

t∈[0,σ )

‖u(t)‖Hs (Td ) <∞
)
= 0,
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where the last equality follows from (2.45) with p = 2 and κ = 0. The arbitrariness of
T <∞ yields σ = σ̂ a.s. on {σ <∞}. Since σ ≤ σ̂ a.s., it follows that σ = σ̂ a.s., as
desired.

For the case that p > 2 and κ = 0, the same procedure works by passing to the new
parameters (p, κ̂, s, q) with κ̂ slightly larger than 0.

Temporal integrability. We continue with the initial set of parameters (p, κ, s, q) and
can assume by the previous step that p > 2 and κ > 0. Here, we show that

u ∈⋂θ∈[0,1/2) H
θ,r
loc (0, σ ; X1−θ ) a.s. for all r ∈ (2,∞), (2.57)

for which it suffices to prove the existence of δ > 0 such that, for all ζ ∈ [p,∞) and
ε > 0,

u ∈⋂θ∈[0,1/2) H
θ,ζ ([ε, σ ); X1−θ ) a.s. on Oε "⇒

u ∈⋂θ∈[0,1/2) H
θ,ζ+δ([ε, σ ),wε

κ ; X1−θ ) a.s. on Oε, (2.58)

where Oε = {σ > ε} and wε
κ(t) = |t − ε|κ is the power weight centered in ε, see

Subsection 1.4. Once (2.58) is proven, the claim (2.57) follows from a standard iteration
argument, the arbitrariness of ε and the fact that wε

κ acts only near t = ε (see [4,
Proposition 2.3]).

To prove (2.58), we exploit the subcriticality of our problem (see [5, Corollary 6.5] for
an alternative approach). Below, we assume that u satisfies the left-hand side of (2.58).
By Proposition A.1, u ∈ Lζ (ε, σ,wκ ; X1)∩C([ε, σ ); XTr

ζ ) a.s. on Oε, where we recall

that XTr
ζ = XTr

0,ζ = (X0, X1)1−1/ζ,ζ , cf. (1.35)-(1.36). The interpolation argument in the
first step in the proof of Proposition 2.12 ensures now the existence of ι ∈ (0, 1) such
that, for all v ∈ X1 and n ≥ 1 satisfying ‖v‖XTr

κ,p
≤ n,

‖F ( j)(v)‖X0 + ‖G( j)[v]‖γ (�2(N),X1/2)
�n 1 + ‖v‖ιX1

.

Hence, from the assumed regularity of u, it follows that

‖F ( j)(u)‖X0 + ‖G( j)[u]‖γ (�2(N),X1/2)
∈ Lζ/ι

loc ([ε, σ ),wε
κ) a.s.

Next, note that 1Oεu(ε) ∈ XTr
ζ ⊆ XTr

κ,ζ+δ a.s. provided ζ + δ < ζ(1 + κ). As ζ ≥ p > 2,

the claim (2.58) follows with the choice δ := ( 1−ι
ι
) ∧ κ from Theorem 2.6 and a

localization argument in the probability space to obtain ω-integrability for the data, see,
e.g., [8, Proposition 3.11].

Integrability in space. We again consider the maximal unique (p, κ, s, q)-solution
(u, σ ) with p > 2 and κ > 0. In this step, we prove that

u ∈⋂θ∈[0,1/2) H
θ,r
loc (0, σ ; Hs+2−4θ,ζ (Td)) a.s. for all r, ζ ∈ (2,∞). (2.59)

To establish this result, we take advantage of the time regularity just proven. Similar to
the time regularization, it suffices to prove the existence of δ > 0 such that, for each
ζ ∈ [q,∞), r ∈ [p,∞) and ε > 0, the following implication holds

u ∈⋂θ∈[0,1/2) H
θ,r
loc ([ε, σ ); Hs+2−4θ,ζ (Td)) a.s. on Oε "⇒

u ∈⋂θ∈[0,1/2) H
θ,r
loc ([ε, σ ),wε

α; Hs+2−4θ,ζ+δ(Td)) a.s. on Oε, (2.60)
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whereα ∈ [0, r
2−1)depends only on p, κ and, as above,Oε = {σ > ε} andwε

α(t) = |t−
ε|α . Indeed, if (2.60), then (2.59) follows from an iteration argument and [4, Proposition
2.3].

Now, fix r ∈ [p,∞) and ε > 0, and let α ∈ [κ, r
2 − 1) be such that

1+α
r = 1+κ

p . (2.61)

Note that the above choice is always possible as r ≥ p and p > 2 (for the latter, see
the first step of the current proof). From the admissibility of (p, κ, s, q) and the above
choice, it follows that (r, α, s, ζ ) are admissible provided ζ ∈ [q,∞) (see Assumption
1.1). Next, for each ζ ∈ [q,∞) and δ ≥ 0, it follows from Lemma 2.2 and Lemma 2.3
that, for all n ≥ 1, and v ∈ Hs+2,ζ+δ(Td) satisfying ‖v‖

B
s+2−4 1+α

r
ζ+δ,r (Td )

≤ n,

‖F ( j)(v)‖Hs−2,ζ+δ(Td ) + ‖G( j)[v]‖γ (�2(N),Hs,ζ+δ(Td )) �n 1 + ‖v‖Hs+2−λ,ζ+δ(Td ), (2.62)

whereλ ∈ (0, 4 1+κ
p ∧1), and we used (2.61). For convenience, below we letλ = 2 1+κ

p ∧ 1
2 .

Sobolev embeddings ensure the existence of δ > 0 depending only on p, κ and d such
that

Hs+2,ζ (Td) ↪→ Hs+2−λ,ζ+δ(Td),

B
s+2− 4

r
ζ,r (Td) ↪→ B

s+2− 4
p

ζ,r (Td) ↪→ B
s+2−4 1+κ

p
ζ+δ,r (Td) = B

s+2−4 1+α
r

ζ+δ,r (Td).
(2.63)

Assume now that the LHS(2.60) holds. Proposition A.1 implies

u ∈ Lr
loc([ε, σ ); Hs+2,ζ (Td)) ∩ C([ε, σ ); Bs+2−4/r

ζ,r (Td))

a.s. on Oε. Thus, from (2.62) and the embeddings in (2.63),

‖F ( j)(v)‖Hs−2,ζ+δ(Td ) + ‖G( j)[v]‖γ (�2(N),Hs,ζ+δ(Td )) ∈ Lr
loc([ε, σ ),wε

α) a.s. on Oε,

and 1Oεu(ε) ∈ B
s+2−4 1+α

r
ζ+δ,r (Td) a.s. Thus, the RHS(2.60) follows again from Theorem

2.6 and a localization argument in the probability space to obtain ω-integrability for the
data, see, e.g., [8, Proposition 3.11].

Smoothness in space. To prove the improvement in the space regularity, we argue
as in the previous step (an abstract version of the argument below can be found in [5,
Theorem 6.3]). Here, we exploit the just-proven improvement in the time and space
integrability of the maximal unique (p, κ, s, q)-solution (u, σ ) to (2.2). To begin, note
that for r ∈ [p,∞) and ζ ∈ [q,∞) it follows that Assumption 1.1 holds with (p, κ, s, q)
replaced by (r, 0, s, ζ ). Moreover, by assuming ζ sufficiently large, we can assume
s + 1 > d

ζ
, and therefore below we will be in the case (i) of Lemma 2.3. From the

previous steps, it suffices to show that for each τ ∈ [s,∞) there are sufficiently large
r, ζ such that, for all ε > 0,

u ∈⋂θ∈[0,1/2) H
θ,r
loc ([ε, σ ); H τ+2−4θ,ζ (Td)) a.s. on Oε "⇒

u ∈⋂θ∈[0,1/2) H
θ,r
loc ([ε, σ ),wε

α; H τ ′+2−4θ,ζ (Td)) a.s. on Oε, (2.64)

where τ ′ = (τ + 1) ∧ sψ and α = r (τ ′−τ)
4 − 1. Moreover, as above, Oε = {σ > ε}.
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In the following, we assume that τ ′ > τ ; otherwise, there is nothing to prove. It
is clear that α < r

2 − 1. By choosing r sufficiently large, we can also ensure α ≥ 0.
With the above choice of the weight α, it holds that τ ′ + 2 − 4 1+α

r = τ + 2 − 4
r .

Hence, the admissibility of (r, α, τ ′, ζ ) follows from the one of (r, 0, τ, ζ ). Therefore,
Lemma 2.2 and Lemma 2.3(i) imply that, for all n ≥ 1 and v ∈ H τ ′+2,ζ (Td) satisfying
‖v‖

B
τ ′+2−4 1+α

r
ζ,r (Td )

≤ n,

‖F ( j)(v)‖H τ ′−2,ζ (Td )
+ ‖G( j)[v]‖

γ (�2(N),H τ ′,ζ (Td ))
�n 1 + ‖v‖H τ ′+1,ζ (Td )

. (2.65)

Now, assume that LHS(2.64) holds. As above, from Proposition A.1 and the choice of
α and τ ′,

u ∈ Lr
loc([ε, σ ); H τ+2,ζ (Td)) ∩ C([ε, σ ); Bτ+2−4/r

ζ,r (Td))

⊆ Lr
loc([ε, σ ); H τ ′+1,ζ (Td)) ∩ C([ε, σ ); Bτ ′+2−4(1+α)/r

ζ,r (Td))

a.s. on Oε. Therefore 1Oεu(ε) ∈ B
τ ′+2−4 1+α

r
ζ,r (Td) a.s., and from (2.65),

‖F ( j)(v)‖H τ ′−2,ζ (Td )
+ ‖G( j)[v]‖

γ (�2(N),H τ ′,ζ (Td ))
∈ Lr

loc([ε, σ ),wε
α) a.s. on Oε.

Thus, the RHS(2.64) again follows from Theorem 2.6 and a localization argument in the
probability space to obtain ω-integrability for the data, see, e.g., [8, Proposition 3.11]. ��

As commented below the statement of Proposition 1.8, the independence of the
regularity of solutions at positive times allows us to deduce the independence of the
blow-up criteria from the original choice of the admissible parameters. This observation
and the blow-up criterion in Proposition 2.12 readily imply the following result, which
is the key ingredient in the proof of Proposition 1.8.

Corollary 2.14 (Blow-up criteria – Regularized problem). Let (p, κ, s, q) be as in
Assumption 1.1. Moreover, suppose that Assumption 1.5 holds for some sψ ≥ s and
all qψ ∈ [2,∞). Let u0 ∈ L0

F0
(�; XTr

κ,p) and (u, σ ) the maximal unique (p, κ, s, q)-
solution to (2.2) provided by Proposition 2.12. Then, for any quadruple of admissible
parameters (p0, κ0, s0, q0) with s0 ≤ sψ and 0 < ε < T <∞,

P

(
ε < σ < T, sup

t∈[ε,σ )

‖u(t)‖Bγ0
q0,p0 (T

d )
<∞

)
= 0 (2.66)

where γ0 := s0 + 2− 4 1+κ0
p0

.

Note that the norm in (2.66) can be evaluated even if (p0, κ0, s0, q0) 
= (p, κ, s, q)
due to Proposition 2.13.

Proof. By Proposition 2.13 and the blow-up criterion in Proposition 2.12, (2.66) follows
as in the proof of [6, Theorem 2.10]. We include some details for the reader’s convenience.
We begin by collecting some useful facts. Let (u, σ ) be the maximal unique (p, κ, s, q)-
solution to (2.2) provided by Proposition 2.12. Proposition 2.13 ensures that, for all
ε > 0,

1{σ>ε}u(ε) ∈ L0
Fε

(�; Bγ0
q0,p0(T

d)).
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Since Assumption 1.5 holds for some sψ ≥ s0∨ s and all qψ ∈ [2,∞), Proposition 2.12
yields the existence of maximal unique (p, κ, s, q)-solution (v, τ ) to

{
dv=−div(m j (v)∇�v) dt + div(� j (v)∇v) dt +

∑
k∈N div(g j (v)ψk) dβ(k),

v(0) = 1{σ>ε}u(ε),
(2.67)

with

P

(
ε < τ < T, sup

t∈[ε,τ )
‖v(t)‖Bγ0

q0,p0 (T
d )

<∞
)
= 0. (2.68)

Finally, Proposition 2.13 and a translation argument ensure that

v ∈ C([ε, τ );C2+sψ−(Td)) a.s. (2.69)

We now turn to the proof of Corollary 2.14. By (2.68), it is enough to prove that

σ = τ a.s. on {ε < σ ≤ T } and u = v a.e. on [ε, σ )× {ε < σ ≤ T }. (2.70)

To this end, we note that, due to Proposition 2.13, (u|�ε,σ�, σ1{σ>ε} + ε1{σ≤ε}) is a local
(p0, κ0, s0, q0)-solution to (2.67). The maximality of (v, τ ) yields

σ ≤ τ a.s. on {ε < σ ≤ T } and u = v a.e. on [ε, σ )× {ε < σ ≤ T }. (2.71)

Therefore, since Csψ−(Td) ↪→ B
2+s−4 1+κ

p
q,p (Td) = XTr

κ,p as s ≤ sψ , (2.69) and the
previous yield

P(ε < σ < τ ≤ T ) ≤ P

(
{ε < σ < τ } ∩

{
σ < T, sup

t∈[0,σ )

‖u(t)‖XTr
κ,p

<∞
})

(2.45)= 0.

Hence σ = τ a.s. on {ε < σ ≤ T }, and therefore (2.70) follows from (2.71). ��

2.5. Transference to the original equation. Finally, we are concerned with transferring
the previously obtained results on (2.2) to positive solutions to the original equation
(1.1), which leads to the results stated in Subsection 1.1. The main idea is that as long
as a solution to (2.2) remains above the threshold 2 j−1, it is also a solution to (2.4) and
vice versa due to the choice of the regularization (2.1).

In the proof of Theorem 1.6, as an intermediate step to obtain maximal solutions, we
also employ the notion of positive local unique solutions to (1.1). Recall that positive
local solutions of (1.1) are defined in Definition 1.3.

Definition 2.15 (Local unique positive solution for (1.1)). Let (p, κ, s, q) be as in As-
sumption 1.1. A positive local (p, κ, s, q)-solution (u, σ ) to (1.1) is called positive local
unique (p, κ, s, q)-solution, if for every positive local (p, κ, s, q)-solution (v, τ ) to (1.1)
one has u = v a.s. on [0, σ ∧ τ).

In contrast to maximal solutions as defined in Definition 1.4, the lifetime σ of the
unique solution u does not necessarily extend that of the other solution v, i.e., τ .
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Proof of Theorem 1.6. Recall that (p, κ, s, q) are as in Assumption 1.1, (ψk)k∈N satisfy
Assumption 1.5 with (sψ, qψ) = (s, q) and infTd u0 > 0 a.s., respectively.

Existence of a positive local unique solution. Set

�1 :=
{

inf
Td

u0 ≥ 1
}
, and � j :=

{
1
j+1 ≤ inf

Td
u0 < 1

j

}
for j ≥ 1.

From the positivity assumption on the initial data, it follows that P(∪ j∈N� j ) = 1.
Hence, to construct a positive local (p, κ, s, q)-solution to (1.1) it is enough to construct
a solution on� j for j ∈ N. To this end, recall that, Proposition 2.12 ensures the existence
of maximal unique (p, κ, s, q)-solution (u( j), σ ( j)) to

⎧
⎪⎨

⎪⎩

du( j) = [− div(m2 j+3(u( j))∇�u( j)) + div(�2 j+3(u( j))∇u( j))
]

dt
+
∑

k∈N div(g2 j+3(u( j))ψk) dβ(k),

u( j)(0) = 1� j u0.

(2.72)

Now, let us define

σ̃ ( j) := inf
{
t ∈ [0, σ ( j)) : inf

Td
u(t, ·) ≤ 2

2 j+3

}

where inf ∅ := σ ( j). Note that σ̃ ( j) > 0 a.s. on � j by construction, and a.e. on [0, σ̃ ( j)),

m2 j+3(u
( j)) = m(u( j)), �2 j+3(u

( j)) = �(u( j)), g2 j+3(u
( j)) = g(u( j)).

In particular, for j ∈ N, letting

σ̃ := σ̃ ( j) on � j and u := u( j) on [0, σ̃ j )×� j ,

one can check that (u, σ̃ ) is a positive local (p, κ, s, q)-solution to the original equation
(1.1). To conclude this step, it remains to discuss its uniqueness, see Definition 2.15. To
this end, let (v, τ ) be a positive local (p, κ, s, q)-solution to (1.1). We define

τ ( j) := inf
{
t ∈ [0, τ ) : inf

Td
v(t, ·) ≤ 2

2 j+3

}
,

where, as usual, inf ∅ := τ . Now, arguing as above, it readily follows that (v|� j , 1� j τ
( j))

is a local (p, κ, s, q)-solution to (2.72). By maximality of the solution (u( j), σ ( j)) we
have τ ( j) ≤ σ ( j) a.s. on � j and v = u( j) a.e. on [0, τ ( j)) × � j . Hence, for all j ∈ N,
we have v = u( j) a.e. on [0, σ̃ ( j)∧ τ ( j))×� j . The latter implies σ̃ ( j)∧ τ ( j) = σ̃ ( j)∧ τ

a.s. and therefore v = u a.e. on �0, σ̃ ∧ τ �.
Maximality within the class of local unique solutions. In this step, we build a positive

unique local (p, κ, s, q)-solution to (1.1) which is maximal within the set of positive
unique local (p, κ, s, q)-solutions. To this end, we let

T :=
{
τ : τ is a stopping time for which there exists a

positive local unique (p, κ, s, q)-solution(v, τ ) to (1.1)
}
. (2.73)

Note that the above set is not empty as σ̃ ∈ T, where σ̃ is as in the previous step.
Proceeding as in [4, Step 5b, proof of Theorem 4.5], the uniqueness requirement for
local solutions in T yields τ0, τ1 ∈ T implies τ0 ∨ τ1 ∈ T. In particular, by [37, Theorem
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A.3], we conclude that σ := ess supτ∈T τ is a stopping time and there exists a positive
local (p, κ, s, q)-solution (u, σ ) to (1.1) with a localizing sequence (σl )l∈N, cf. Definition
1.3. Let us conclude by noticing that σ ≥ σ̃ > 0 a.s.

At this stage, we do not know whether (u, σ ) constructed in this step is a positive
maximal unique (p, κ, s, q)-solution as we are not excluding the existence of a positive
local (but not unique) (p, κ, s, q)-solution (v, τ ) satisfying P(τ > σ) > 0. To prove that
(u, σ ) is actually a positive maximal unique (p, κ, s, q)-solution to (1.1) we employ a
blow-up criterion for (u, σ ) as constructed above, cf. [5, Remark 5.6].

A blow-up criterion. Let (u, σ ) be the positive unique local (p, κ, s, q)-solution
constructed in the previous step. Then, for all T <∞,

P

(
σ < T, sup

t∈[0,σ )

‖u(t)‖XTr
κ,p

<∞, inf
[0,σ )×Td

u > 0
)
= 0. (2.74)

We prove the claim by contradiction using the maximality among unique solutions of
(u, σ ) and the blow-up criterion (2.45). To begin, let us assume that (2.74) is false, and
therefore, for some T� > 0 and j� ∈ N,

P(O�) > 0 where O� :=
{
σ < T�, sup

t∈[0,σ )

‖u(t)‖XTr
κ,p

<∞, inf
[0,σ )×Td

u ≥ 2
j�

}
.

Let τ� be the following stopping time

τ� := inf
{
t ∈ [0, σ ) : inf

Td
u(t, ·) ≤ 2

j�

}

with inf ∅ := σ . By construction τ� = σ on O�. By the choice of the cut-off in the
regularized equation (2.2), (u, τ�) is a local (p, κ, s, q)-solution to (2.2) for all j ≥ j�.

Now, by Proposition 2.12, there exists a maximal unique (p, κ, s, q)-solution (u�, σ�)

to (2.2) with j = j� + 1. By maximality of (u�, σ�), it follows that τ� ≤ σ� a.s. and
u = u� a.e. on �0, τ��. The latter fact and the definition of O� yield

P({τ� = σ�} ∩O�) ≤ P

(
{τ� = σ�} ∩

{
σ� < T� , sup

t∈[0,σ�)

‖u�(t)‖XTr
κ,p

<∞
} )

(2.45)= 0.

Thus, σ� > τ� a.s. on ��. Consider the following stopping time

τ�� := inf
{
t ∈ [0, σ�) : inf

Td
u�(t, ·) ≤ 2

j�+1

}

with inf ∅ := σ�. Since τ� < σ� and τ� = σ a.s. on O�, it follows that τ�� > σ a.s.
on O�. Arguing as in the first step of the current proof, by maximality of (u�, σ�), one
can check that (u�, τ��) is a positive local unique (p, κ, s, q)-solution to the original
problem (1.1) which extends (u, σ ) as τ�� > σ a.s. on a set of positive probability O�.
This contradicts the maximality of σ in the set of positive local unique solutions T, see
(2.73). Therefore (2.74) holds.

Maximality in the class of positive local solutions. Now we show that the positive
local unique (p, κ, s, q)-solution (u, σ ) to (1.1) constructed above is actually maximal.
Indeed, let (v, τ ) be another positive local (p, κ, s, q)-solution to (1.1). By uniqueness
of (u, σ ) we have u = v a.s. on �0, τ ∧ σ �. Hence, it remains to prove that τ ≤ σ a.s.
By the regularity of local (p, κ, s, q)-solutions, a.s. on {σ < τ }, we have

u = v ∈ C((0, σ ]; XTr
κ,p) and inf

(0,σ )×Td
u = inf

(0,σ )×Td
v > 0.
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Therefore, for all T <∞,

P(σ < τ , σ < T )

= P

(
{σ < τ } ∩

{
σ < T , sup

t∈[0,σ )

‖u(t)‖XTr
κ,p

<∞ , inf
[0,σ )×Td

u > 0
})

(2.74)= 0.

The arbitrariness of T < ∞ implies that τ ≤ σ a.s. on {σ = ∞}. Hence τ ≤ σ a.s. as
desired.

Additional regularity.Next, we assume that p > 2 and prove the additional assertions
regarding the regularity of the positive maximal unique (p, κ, s, q)-solution (u, σ ). To
this end, for all j ≥ 1, let

τ j := inf
{
t ∈ [0, σ ) : inf

Td
u(t, ·) ≤ 2

j

}
with inf ∅ := σ.

Arguing as in the previous step, (u|�0,τ j �, τ j ) is a local (p, κ, s, q)-solution to (2.2).
Hence, it is extended by the maximal unique (p, κ, s, q)-solution to (2.2) provided by
Proposition 2.12 with j replaced by j + 1, and admits consequently the regularity stated
in Proposition 2.12. ��
Proof of Proposition 1.7. Analogously to the proof of the regularity assertion of The-
orem 1.6, by a stopping time argument and the maximality of solutions to (2.2), we
conclude that u inherits the regularity from the solutions to the regularized problems
stated in Proposition 2.13. ��
Proof of Proposition 1.8. The proof is analogous to that of (2.74), where instead of the
blow-up criterion (2.45) in Proposition 2.12, one uses the blow-up criteria of Corollary
2.14. ��

3. Global Well-Posedness in One Dimension

The aim of this section is to show the global well-posedness of the stochastic thin-film
equation (1.4). As laid out in the introduction, (1.4) can be cast into the form (1.1) if one
sets

�(u) = m(u)φ′′(u), g(u) = m1/2(u), (3.1)

so that Theorem 1.6 yields that the equation is well-posed locally in time. It remains to
use the blow-up criterion from Proposition 1.8 to deduce that the unique solution exists
even globally in time. We achieve this by first establishing an a-priori estimate on the
α-entropy (1.20) and subsequently estimating the energy (1.19) along the trajectory of
a solution. To this end, we restrict ourselves to d = 1 and s ∈ (1/2, 1] and impose
Assumption 1.11 on the noise and Assumption 1.9 and 1.10 on the mobility function m
and the effective interface potential φ, respectively. Accordingly, we denote the exponent
of degeneracy and growth exponent of m by n and ν, and let ϑ and c0 be as in (1.24)
and allow for all implicit constants in this section to depend on (ψk)k∈N, m and φ and in
particular on n, ν, ϑ , and c0. Moreover, we fix an initial value u0 ∈ L0

F0
(�; Hs(T)) with

infT u0 > 0 a.s. and let (u, σ ) be the maximal unique positive local (2, 0, s, 2)-solution
to (1.1) with coefficients (3.1) given by Theorem 1.6. We focus our analysis on the
Itô formulation, i.e., Theorem 1.12, which is more delicate since no cancellations occur.
The proof of Theorem 1.13 on the Stratonovich formulation can be obtained analogously
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by estimating the terms due to the Stratonovich correction in the same way as the Itô
correction terms. We recall both the energy and the α-entropy functional

E (u) =
ˆ
T

[
1
2 |ux |2 + φ(u)

]
dx,

Hβ(u) =
ˆ
T

hβ(u) dx, hβ(r) =
ˆ r

1

ˆ r ′

1

(r ′′)β

m(r ′′)
dr ′′ dr ′, β ∈ (−1/2, 1),

which appear in the following a-priori estimate on the energy at the heart of Theorem
1.12.

Lemma 3.1. For 0 < t0 < T <∞, q ∈ [1,∞) and max{0, ν − 5} < β < 1 holds the
energy estimate

E

[
1� sup

t0≤t<σ∧T
E q (u(t))

]
+ E

[(ˆ σ∧T

t0

ˆ
T

1�m(u)(uxx − φ′(u))2
x dx dt

)q]

�β,q,T E

[
1�E q (u(t0)) + 1�H

6q/(5+β−ν̃)
β (u(t0)) + 1�H

(ϑ−2)q/(ϑ+2ñ−6)
0 (u(t0))

]

+ E

[
1�

(ˆ
T

u0 dx

)min
{

6(β−ϑ)q
5+β−ν̃

,
−ϑ(ϑ−2)q
ϑ+2ñ−6

}

+ 1�

(ˆ
T

u0 dx

)max
{

9(β+3)q
5+β−ν̃

,
9(ϑ−2)q

2ϑ+4ñ−12

}]
,

(3.2)

where ñ = min{2, n}, ν̃ = max{3, ν} and

� =
{
E (u(t0)) + Hβ(u(t0)) + H0(u(t0)) ≤ l, 1

l ≤
ˆ
T

u0 dx ≤ l, σ > t0

}

for some l ∈ N.

We proceed to show an α-entropy estimate in Subsection 3.1, which is used to give
the proof of Lemma 3.1 in Subsection 3.2. Before all this, however, we demonstrate how
Lemma 3.1 leads to the global well-posedness result Theorem 1.12.

Proof of Theorem 1.12. Any process satisfying (1.27)–(1.29) constitutes a (2, 0, s, 2)-
solution to (1.1) with infinite lifetime. Therefore, the claim follows if we can verify that
the positive maximal unique (2, 0, s, 2)-solution (u, σ ) to (1.1) provided by Theorem 1.6
satisfies a.s. σ = ∞. Indeed, this immediately yields the existence of a process satisfying
(1.27)–(1.29), and uniqueness follows by the uniqueness part of Definition 1.4. The
additional regularity assertions (1.30) and (1.31) will then follow from Proposition 1.7
and the fact that Assumption 1.11 implies Assumption 1.5 for sψ = 1 and any qψ <∞.

To this end, we recall that u preserves mass, as follows by integrating (1.1), and
therefore

sup
t∈(0,σ )

ˆ
T

u(t, x) dx =
ˆ
T

u0(x) dx . (3.3)

Moreover, Lemma 3.1 and Proposition 1.7 show that, for all 0 < ε < T < ∞ and a.s.
on {σ > ε},

sup
t∈[ε,σ∧T )

E (u(t)) <∞. (3.4)
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Combining the previous with (1.25), which is rigorously stated in Lemma 3.4, and ϑ > 2
as imposed in Assumption 1.10 we deduce that

(
inf[ε,σ∧T )×T u

)−1 = sup
t∈[ε,σ∧T )

sup
x∈T

u−1 � sup
t∈[ε,σ∧T )

E 2/(ϑ−2)(u) +

(ˆ
T

u0(x) dx

)−1

< ∞, (3.5)

a.s. on {σ > ε}. In particular, u is bounded from below on (ε, σ ∧ T ) × T. Since
Assumption 1.11 implies Assumption 1.5 for sψ = 1 and all qψ <∞, Proposition 1.8
with s0 = 1, p0 = q0 = 2 and κ0 = 0 is applicable, and combined with (3.3)–(3.5) and
the Poincaré–Wirtinger inequality, it yields

P(ε < σ < T ) = 0 for all 0 < ε < T <∞.

Now the fact that σ = ∞ a.s. follows by letting ε ↘ 0 and T ↗ ∞ as well as σ > 0
a.s. by Theorem 1.6. ��

3.1. α-entropy estimates. As a tool to close an α-entropy estimate, we show how to
control the minimum and maximum of a function in terms of the α-entropy dissipation,
see [23, Lemma 4.1 ] and [17, Lemma 2.3] for similar estimates.

Lemma 3.2. Let β ∈ (−1/2, 1), then it holds

sup
x∈T

f β−ϑ(x) ≤ (β−ϑ)2

2

ˆ
T

f β−ϑ−2 f 2
x dx + 2

(ˆ
T

f dx

)β−ϑ

, (3.6)

sup
x∈T

f β+5(x) �β

(ˆ
T

f β−2 f 4
x dx

)(ˆ
T

f dx

)3

+

(ˆ
T

f dx

)β+5

(3.7)

for every positive function f ∈ C1(T) bounded away from 0.

Proof. By the fundamental theorem of calculus

sup
x∈T

f (β−ϑ)/2(x) − inf
x∈T f (β−ϑ)/2(x) ≤

(ˆ
T

|( f (β−ϑ)/2)x |2 dx

)1/2

= ϑ−β
2

(ˆ
T

f β−ϑ−2 f 2
x dx

)1/2

,

and therefore

sup
x∈T

f (β−ϑ)/2(x) ≤ ϑ−β
2

(ˆ
T

f β−ϑ−2 f 2
x dx

)1/2

+

(ˆ
T

f dx

)(β−ϑ)/2

.

By squaring both sides, we conclude (3.6).
For (3.7), we introduce the function

g = f (β+2)/4 −
ˆ
T

f (β+2)/4 dx

so that ˆ
T

|g|4/(β+2) dx �β

ˆ
T

f dx . (3.8)
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We can estimate again by the fundamental theorem of calculus

sup
x∈T
|g|(β+5)/(β+2)(x) �β

ˆ
T

|gx ||g|3/(β+2) dx ≤
(ˆ

T

|gx |4 dx

)1/4(ˆ
T

|g|4/(β+2) dx

)3/4

,

because g is mean free. Thus, we deduce that

sup
x∈T

f (β+5)/4(x) =
(

sup
x∈T

f (β+2)/4(x)

)(β+5)/(β+2)

=
(

sup
x∈T

g(x) +
ˆ
T

f (β+2)/4 dx

)(β+5)/(β+2)

�β sup
x∈T
|g|(β+5)/(β+2)(x) +

(ˆ
T

f dx

)(β+5)/4

�β

(ˆ
T

|gx |4 dx

)1/4(ˆ
T

|g|4/(β+2) dx

)3/4

+

(ˆ
T

f dx

)(β+5)/4

and it remains to insert gx = β+2
4 f

β−2
4 fx and (3.8) and raise both sides to the power 4.

��
To give the following proof, we recall the additional regularity properties of u stated

in Proposition 1.7, justifying all the performed integrations by parts.

Lemma 3.3. Let 0 < t0 < T <∞, q ∈ [1,∞), β ∈ (−1/2, 1) and

γ ∈
[
β+2−√(1−β)(1+2β)

3 ,
β+2+

√
(1−β)(1+2β)

3

]
, (3.9)

then holds the α-entropy estimate

E

[
1� sup

t0≤t<σ∧T
H

q
β (u(t))

]
+ E

[(ˆ σ∧T

t0

ˆ
T

1�uβ−ϑ−2u2
x dx dt

)q]

+ E

[(ˆ σ∧T

t0

ˆ
T

1�uβ−2γ+2(uγ )2
xx dx dt

)q

+

(ˆ σ∧T

t0

ˆ
T

1�uβ−2u4
x dx dt

)q]

�β,γ,q,T E
[
1�H

q
β (u(t0))

]
+ E

[
1�

(ˆ
T

u0 dx

)(β−ϑ)q

+ 1�

(ˆ
T

u0 dx

)3(β+3)q/2]
,

(3.10)

for any Ft0 -measurable subset � of
{
Hβ(u(t0)) ≤ l, 1

l ≤
ˆ
T

u0 dx ≤ l, σ > t0

}

for some l ∈ N.

Proof. For a localizing sequence 0 ≤ σ j ↗ σ for (u, σ ) as in Definition 1.3 we define

σ̃ j = 1� inf
{
t ∈ [t0, σ j ∧ T ] : inf

x∈T u(t) ≤
1
j or ‖u(t)‖C2(T) + ‖u‖L2((t0,t);H3(T)) ≥ j

}

+1�c t0, (3.11)
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so that σ̃ j ↗ σ ∧ T as j → ∞ on � by Proposition 1.7. Correspondingly, we define
the process

u( j)(t) = 1�u(t ∧ σ̃ j ) + 1�c1T (3.12)

for t ∈ [t0, T ] and let h̃β : R → R be twice continuously differentiable with bounded
second derivative such that h̃β = hβ on [1/j, j]. Then the assumptions of [19, Proposi-
tion A.1] are satisfied and an application of Itô’s formula yields that

ˆ
T

h̃β(u
( j)(t)) dx =

ˆ
T

h̃β(u
( j)(t0)) dx

+
ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×� h̃
′′
β(u

( j))u( j)
x m(u( j))(u( j)

xxx − φ′′(u( j))u( j)
x ) dx dr

+ 1
2

∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×� h̃
′′
β(u

( j))(g(u( j))ψk)
2
x dx dr

+
∑

k∈N

ˆ t

0

ˆ
T

1[t0,σ̃ j ]×� h̃
′
β(u

( j))(g(u( j))ψk)x dx dβ(k).

Moreover, we can replace again h̃β by hβ since they coincide on the range of u( j) and
u( j) by u to conclude that

1�Hβ(u(t ∧ σ̃ j )) = 1�Hβ(u(t0)) +
ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�u
βux (uxxx − φ′′(u)ux ) dx dr

+ 1
2

∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�h
′′
β(u)(g(u)ψk)

2
x dx dr

+
∑

k∈N

ˆ t

0

ˆ
T

1[t0,σ̃ j ]×�h
′
β(u)(g(u)ψk)x dx dβ(k)

(3.13)

for t ∈ [t0, T ]. Using the classical calculation for the deterministic α-entropy [9, Propo-
sition 2.1] and the assumption (1.24) on φ′′, we deduce
ˆ
T

uβux (uxxx − φ′′(u)ux ) dx ≤ − 1
γ 2

ˆ
T

uβ+2−2γ (uγ )2
xx dx − c(β, γ )

ˆ
T

uβ−2u4
x dx

− c1

ˆ
T

uβ−ϑ−2u2
x dx + c2

ˆ
T

uβu2
x dx

on [t0, σ̃ j ] × � for a constant c(β, γ ) > 0. To estimate the Itô correction, we calculate
that

(g(u)ψk)
2
x � (g′(u))2u2

xψ
2
k + m(u)(ψ ′k)2.

Since

(g′(u))2 =
(

m′(u)
2m1/2(u)

)2
� u−2m(u) (3.14)
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by (1.23), we obtain

∑

k∈N

ˆ
T

h′′β(u)(g(u)ψk)
2
x dx �

ˆ
T

uβ−2u2
x + uβ dx .

Using Young’s inequality twice, we arrive at
ˆ
T

uβux (uxxx − φ′′(u)ux ) dx +
∑

k∈N

ˆ
T

h′′β(u)(g(u)ψk)
2
x dx

≤ − 1
γ 2

ˆ
T

uβ+2−2γ (uγ )2
xx dx − c(β,γ )

2

ˆ
T

uβ−2u4
x dx − c1

2

ˆ
T

uβ−ϑ−2u2
x dx

+ C
ˆ
T

uβ+2 + uβ dx

on [t0, σ̃ j ]×�. Inserting this in (3.13), taking the q-th power on both sides, the supremum
in time, and using the Burkholder–Davis–Gundy inequality, we deduce

E

[
1� sup

t0≤t≤σ̃ j

H
q
β (u(t))

]
+ E

[(ˆ σ̃ j

t0

ˆ
T

1�uβ−ϑ−2u2
x dx dt

)q]

+ E

[(ˆ σ̃ j

t0

ˆ
T

1�uβ−2γ+2(uγ )2
xx dx dt

)q

+

(ˆ σ̃ j

t0

ˆ
T

1�uβ−2u4
x dx dt

)q]

�β,γ,q E
[
1�H

q
β (u(t0))

]
+ E

[(
1�

ˆ σ̃ j

t0

ˆ
T

uβ+2 + uβ dx dt

)q]

+ E

[(
1�
∑

k∈N

ˆ σ̃ j

t0

(ˆ
T

h′′β(u)ux g(u)ψk dx

)2

dt

)q/2]
.

(3.15)

To estimate the latter term, we integrate by parts and obtain that
(ˆ

T

h′′β(u)ux g(u)ψk dx

)2

=
(ˆ

T

ˆ u

1
h′′β(r)g(r) dr ψ ′k dx

)2

≤
ˆ
T

(ˆ u

1
rβm−1/2(r) dr

)2

(ψ ′k)2 dx .

Using (1.21) and (1.22), we estimate separately
(ˆ u

1
rβm−1/2(r) dr

)2

�
(ˆ u

1
rβ dr

)2

�β u2β+2 on {u > 1}

and

(ˆ u

1
rβm−1/2(r) dr

)2

�
(ˆ u

1
rβ−n/2−1 dr

)2

�β

{
u2β−n, 2β − n < 0,

log2(u), 2β − n ≥ 0
on {u ≤ 1}.

Thus, we arrive at

∑

k∈N

ˆ σ̃ j

t0

(ˆ
T

h′′β(u)ux g(u)ψk dx

)2

dt �β

ˆ σ̃ j

t0

ˆ
{u>1}

u2β+2 dx dt
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+
ˆ σ̃ j

t0

ˆ
{u≤1}

u2β−n + log2(u) dx dt

on [t0, σ̃ j ] × �. To estimate the power u2β−n+2, we use that

hβ(r) �
ˆ r

1

ˆ r ′

1
(r ′′)β−n dr ′′ dr ′ =

⎧
⎪⎪⎨

⎪⎪⎩

1
β−n+1

(
rβ−n+2−1
β−n+2 − r + 1

)
, β − n /∈ {−1,−2},

r − 1− log(r), β − n = −2,

r log(r)− r + 1, β − n = −1

by (1.21) for r ≤ 1 so that
ˆ
{u≤1}

uβ−n+2 dx �β

ˆ
{u≤1}

hβ(u) + (u + 1) dx ≤ Hβ(u) +
ˆ
T

u0 dx + 1

due to the positivity of u and conservation of mass. Therefore, we deduce that

ˆ σ̃ j

t0

ˆ
{u≤1}

u2β−n dx dt ≤
(

sup
t0≤t≤σ̃ j

ˆ
{u≤1}

uβ−n+2 dx

)(ˆ σ̃ j

t0
sup
x∈T

uβ−2 dt

)

≤ ε

(
sup

t0≤t≤σ̃ j

Hβ(u) +
ˆ
T

u0 dx + 1

)2

+ Cβ,ε

(ˆ σ̃ j

t0
sup
x∈T

uβ−2 dt

)2

for any ε > 0. Inserting all this in (3.15) yields

E

[
1� sup

t0≤t≤σ̃ j

H
q
β (u(t))

]
+ E

[(ˆ σ̃ j

t0

ˆ
T

1�uβ−ϑ−2u2
x dx dt

)q]

+ E

[(ˆ σ̃ j

t0

ˆ
T

1�uβ−2γ+2(uγ )2
xx dx dt

)q

+

(ˆ σ̃ j

t0

ˆ
T

1�uβ−2u4
x dx dt

)q]

�β,γ,q E
[
1�H

q
β (u(t0))

]
+ E

[(
1�

ˆ
T

u0 dx

)q

+ 1�

]

+ E

[
1�

(ˆ σ̃ j

t0

(
sup
x∈T

uβ+2
)

+
(

sup
x∈T

uβ−2
)

+
(

sup
x∈T

u2β+2
)

+
(

sup
x∈T

log2(u)
)

dt

)q]
.

(3.16)

To estimate also the latter term, we observe that all the powers lie between β − ϑ and
β + 3, so that an application of Young’s inequality leads to

(
sup
x∈T

uβ+2
)

+
(

sup
x∈T

uβ−2
)

+
(

sup
x∈T

u2β+2
)

+
(

sup
x∈T

log2(u)
)

≤ ε sup
x∈T

uβ−ϑ + Cβ,ε sup
x∈T

uβ+3

for each ε > 0. By applying Lemma 3.2 once more, Young’s inequality, and conservation
of mass, we can estimate this further by

ε(β−ϑ)2

2

ˆ
T

uβ−ϑ−2u2
x dx + 2ε

(ˆ
T

u0 dx

)β−ϑ

+ Cβ,ε

(ˆ
T

uβ−2u4
x dx

)(β+3)/(β+5)(ˆ
T

u0 dx

)3(β+3)/(β+5)

+ Cβ,ε

(ˆ
T

u0 dx

)β+3
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≤ ε(β−ϑ)2

2

ˆ
T

uβ−ϑ−2u2
x dx + 2ε

(ˆ
T

u0 dx

)β−ϑ

+ ε

(ˆ
T

uβ−2u4
x dx

)
+ Cβ,ε

(ˆ
T

u0 dx

)3(β+3)/2

+ Cβ,ε

(ˆ
T

u0 dx

)β+3

.

Choosing ε sufficiently small to absorb the resulting terms in the left-hand side of (3.16)
and dropping the intermediate powers of the mass yields

E

[
1� sup

t0≤t≤σ̃ j

H
q
β (u(t))

]
+ E

[(ˆ σ̃ j

t0

ˆ
T

1�uβ−ϑ−2u2
x dx dt

)q]

+ E

[(ˆ σ̃ j

t0

ˆ
T

1�uβ−2γ+2(uγ )2
xx dx dt

)q

+

(ˆ σ̃ j

t0

ˆ
T

1�uβ−2u4
x dx dt

)q]

�β,γ,q,T E
[
1�H

q
β (u(t0))

]
+ E

[
1�

(ˆ
T

u0 dx

)(β−ϑ)q

+ 1�

(ˆ
T

u0 dx

)3(β+3)q/2]
.

We obtain the claimed estimate (3.10) by letting j →∞ and using Fatou’s lemma. ��

3.2. Proof of the energy estimate – Lemma 3.1. To close the a-priori estimate from
Lemma 3.1 on the energy of the solution u, we use additionally an estimate on the
minimum and maximum of a function in terms of the energy functional. Moreover, we
recall once more the additional regularity properties of u from Proposition 1.7 as well
as that there exists ϑ > 2 with r−ϑ � φ(r) by Assumption 1.10.

Lemma 3.4. It holds

sup
x∈T

f (2−ϑ)/2(x) � E ( f ) +

(ˆ
T

f dx

)(2−ϑ)/2

, (3.17)

sup
x∈T

f 3(x) � E ( f )

(ˆ
T

f dx

)
+

(ˆ
T

f dx

)3

(3.18)

for every positive function f ∈ C1(T) bounded away from 0.

Proof. The proof is completely analogous to the proof of Lemma 3.2 using additionally
(1.24), for a discrete version of (3.17) see also [23, Lemma 4.1]. ��
Proof of Lemma 3.1. We again make use of the stopping time σ̃ j introduced in (3.11)
and the process u( j) defined in (3.12). As in the proof of Lemma 3.3, we replace φ by
a two times differentiable function φ̃ : R → R with bounded second derivative, which
agrees with φ on [1/j, j]. Then the assumptions of [19, Proposition A.1] are satisfied
and an application of Itô’s formula yields

ˆ
T

φ̃(u( j)(t)) dx =
ˆ
T

φ̃(u( j)(t0)) dx

+
ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�φ̃′′(u( j))u( j)x m(u( j))(u( j)xxx − φ′′(u( j))u( j)x ) dx dr

+ 1
2

∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�φ̃′′(u( j))(g(u( j))ψk)
2
x dx dr
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+
∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�φ̃′(u( j))(g(u( j))ψk)x dx dβ(k).

Itô’s formula is also applicable to the functional ‖u( j)
x ‖2

L2(T)
. Indeed, as carried out in

detail in [52, Appendix C], one can for example identify u( j) with its equivalence class
ū( j) of homogeneous distributions such that the functional ‖ux‖2

L2(T)
coincides with the

squared Ḣ1(T)-norm of ū( j) and [38, Theorem 4.2.5] becomes applicable leading to

1
2

ˆ
T

(u( j)
x )2(t) dx = 1

2

ˆ
T

(u( j)
x )2(t0) dx

−
ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�u
( j)
xxxm(u( j))(u( j)

xxx − φ′′(u( j))u( j)
x ) dx dr

+ 1
2

∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�(g(u
( j))ψk)

2
xx dx dr

−
∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�u
( j)
xx (g(u

( j))ψk)x dx dβ(k).

By inserting the definition of u( j), using that φ̃ and φ coincide on its range and adding
the two Itô expansions together, we conclude that

1�E (u(t ∧ σ̃ j )) = 1�E (u(t0)) −
ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�m(u)(uxx − φ′(u))2
x dx dr

+ 1
2

∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�

[
φ′′(u)(g(u)ψk)

2
x + (g(u)ψk)

2
xx

]
dx dr

+
∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�(φ
′(u)− uxx )(g(u)ψk)x dx dβ(k)

(3.19)

for t ∈ [t0, T ]. To estimate the Itô correction, we use (1.21), (1.22), (1.24) and again
(3.14) to deduce that
∑

k∈N

ˆ
T

φ′′(u)(g(u)ψk)
2
x dx �

∑

k∈N

ˆ
T

(
u−ϑ−2(g′(u))2u2

xψ
2
k + u−ϑ−2m(u)(ψ ′k)2 ) dx

�
ˆ
T

(
u−ϑ−4m(u)u2

x + u−ϑ−2m(u)
)

dx

�
ˆ
{u>1}

(
uν−ϑ−4u2

x + uν−ϑ−2 ) dx +
ˆ
{u≤1}

(
un−ϑ−4u2

x + un−ϑ−2 ) dx .

Similarly, using that

(g(u)ψk)xx = (g′(u)uxx + g′′(u)u2
x )ψk + 2g′(u)uxψ ′k + g(u)ψ ′′k

we obtain
∑

k∈N

ˆ
T

(g(u)ψk)
2
xx dx �

ˆ
T

[
(g′(u))2u2

xx + (g′′(u))2u4
x + (g′(u))2u2

x + m(u)
]

dx .

(3.20)
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Because of (1.23) it holds

(g′′(u))2 =
(

2m′′(u)m(u)− (m′(u))2

4m3/2(u)

)2
� u−4m(u),

which together with (1.21), (1.22) and (3.14) yields that (3.20) is bounded by
ˆ
T

(
u−2m(u)u2

xx + u−4m(u)u4
x + u−2m(u)u2

x + m(u)
)

dx

�
ˆ
T

(
u−2m(u)u2

xx + u−4m(u)u4
x + m(u)

)
dx

�
ˆ
{u>1}

(
uν−2u2

xx + uν−4u4
x + uν

)
dx +

ˆ
{u≤1}

(
un−2u2

xx + un−4u4
x + un

)
dx .

In summary, we have verified the estimate

∑

k∈N

ˆ
T

(
φ′′(u)(g(u)ψk)

2
x + (g(u)ψk)

2
xx

)
dx

�
ˆ
{u>1}

(
uν−ϑ−4u2

x + uν−ϑ−2 + uν−2u2
xx + uν−4u4

x + uν
)

dx

+
ˆ
{u≤1}

(
un−ϑ−4u2

x + un−ϑ−2 + un−2u2
xx + un−4u4

x + un
)

dx

on [t0, σ̃ j ] × �. Inserting this in (3.19) and taking the supremum in time, we arrive at

1� sup
t0≤t≤σ̃ j

E (u(t)) +
ˆ σ̃ j

t0

ˆ
T

1�m(u)(uxx − φ′(u))2
x dx dt

� 1�E (u(t0)) + 1�

ˆ σ̃ j

t0

ˆ
{u>1}

(
uν−ϑ−4u2

x + uν−ϑ−2 + uν−2u2
xx + uν−4u4

x + uν
)

dx dt

+ 1�

ˆ σ̃ j

t0

ˆ
{u≤1}

(
un−ϑ−4u2

x + un−ϑ−2 + un−2u2
xx + un−4u4

x + un
)

dx dt

+ sup
t0≤t≤T

∣∣∣∣
∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�(φ
′(u)− uxx )(g(u)ψk)x dx dβ(k)

∣∣∣∣.

(3.21)

For the sake of clarity, we divide the rest of the proof into three steps.
Estimate on the integral over {u > 1}. We define ν̃ = max{3, ν} and estimate using

(3.6), (3.7), (3.18) and Young’s inequality
ˆ
{u>1}

(
uν−ϑ−4u2

x + uν−ϑ−2 + uν−2u2
xx + uν−4u4

x + uν
)

dx

≤
ˆ
T

(
uν̃−ϑ−4u2

x + uν̃−ϑ−2 + uν̃−2u2
xx + uν̃−4u4

x + uν̃
)

dx

≤
(

sup
x∈T

uν̃−β−2
)ˆ

T

(
uβ−ϑ−2u2

x + uβ−ϑ + uβu2
xx + uβ−2u4

x + uβ+2 ) dx

�β

(
E (ν̃−β−2)/3(u)

(ˆ
T

u0 dx

)(ν̃−β−2)/3

+

(ˆ
T

u0 dx

)ν̃−β−2)

×
(ˆ

T

(
uβ−ϑ−2u2

x + uβu2
xx + uβ−2u4

x

)
dx +

(ˆ
T

u0 dx

)β−ϑ

+

(ˆ
T

u0 dx

)β+2)
.

(3.22)
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We denote the terms in the last row as I(u) and obtain, due to Young’s inequality, the
bound

ˆ σ̃ j

t0

ˆ
{u>1}

(
uν−ϑ−4u2

x + uν−ϑ−2 + uν−2u2
xx + uν−4u4

x + uν
)

dx dt

�β

(
sup

t0≤t≤σ̃ j

E (ν̃−β−2)/3(u) +

(ˆ
T

u0 dx

)2(ν̃−β−2)/3)

×
(ˆ

T

u0 dx

)(ν̃−β−2)/3

×
ˆ σ̃ j

t0
I(u) dt

≤ ε

(
sup

t0≤t≤σ̃ j

E (u) +

(ˆ
T

u0 dx

)2)

+ Cβ,ε

((ˆ
T

u0 dx

)(ν̃−β−2)/3

×
ˆ σ̃ j

t0
I(u) dt

)3/(5+β−ν̃)

≤ ε

(
sup

t0≤t≤σ̃ j

E (u) +

(ˆ
T

u0 dx

)2)

+ Cβ,ε

((ˆ
T

u0 dx

)2(ν̃−β−2)/(5+β−ν̃)

+

(ˆ σ̃ j

t0
I(u) dt

)6/(5+β−ν̃))

(3.23)

on � for any ε > 0. To estimate the I(u)-term later on, we remark that

E

[
1�

(ˆ σ̃ j

t0
I(u) dt

)6q/(5+β−ν̃)]
�β,q,T E

[
1�H

6q/(5+β−ν̃)
β (u(t0))

]

+ E

[
1�

(ˆ
T

u0 dx

)6(β−ϑ)q/(5+β−ν̃)

+ 1�

(ˆ
T

u0 dx

)9(β+3)q/(5+β−ν̃)] (3.24)

by an application of Lemma 3.3 with γ = 1 and additionally absorbing the intermediate
power of the mass.

Estimate on the integral over {u ≤ 1}. We set ñ = min{2, n}, so that
ˆ
{u≤1}

(
un−ϑ−4u2

x + un−ϑ−2 + un−2u2
xx + un−4u4

x + un
)

dx

≤
ˆ
T

(
uñ−ϑ−4u2

x + uñ−ϑ−2 + uñ−2u2
xx + uñ−4u4

x + uñ
)

dx

≤
(

sup
x∈T

uñ−2
) ˆ

T

(
u−ϑ−2u2

x + u−ϑ + u2
xx + u−2u4

x + u2 ) dx

�
(
E 2(2−ñ)/(ϑ−2)(u) +

(ˆ
T

u0 dx

)ñ−2)

×
(ˆ

T

(
u−ϑ−2u2

x + u2
xx + u−2u4

x

)
dx +

(ˆ
T

u0 dx

)−ϑ

+

(ˆ
T

u0 dx

)2)
,

(3.25)

because of (3.6), (3.7) and (3.17). We defineJ(u) as the last row of (3.25) and observe that
for ñ = 2 its prefactor equals 1, such that the following estimate trivializes. Otherwise
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we have 0 <
2(2−ñ)
ϑ−2 < 1 by Assumption 1.10 and an application of Young’s inequality

yields the bound

ˆ σ̃ j

t0

ˆ
{u≤1}

(
un−ϑ−4u2

x + un−ϑ−2 + un−2u2
xx + un−4u4

x + un
)

dx dt

�
(

sup
t0≤t≤σ̃ j

E (u)2(2−ñ)/(ϑ−2)(u) +

(ˆ
T

u0 dx

)ñ−2)
×
ˆ σ̃ j

t0
J(u) dt

≤ ε

(
sup

t0≤t≤σ̃ j

E (u) +

(ˆ
T

u0 dx

)(2−ϑ)/2)
+ Cε

(ˆ σ̃ j

t0
J(u) dt

)(ϑ−2)/(ϑ+2ñ−6)

(3.26)

on �. As in the previous step we remark that Lemma 3.3 with β ′ = 0, γ ′ = 1 yields

E

[
1�

(ˆ σ̃ j

0
J(u) dt

)(ϑ−2)q/(ϑ+2ñ−6)]
�β,q E

[
1�H

(ϑ−2)q/(ϑ+2ñ−6)
0 (u(t0))

]

+ E

[
1�

(ˆ
T

u0 dx

)−ϑ(ϑ−2)q/(ϑ+2ñ−6)

+ 1�

(ˆ
T

u0 dx

)9(ϑ−2)q/(2ϑ+4ñ−12)] (3.27)

for later purposes.
Closing the energy estimate. Inserting (3.23) and (3.26) in (3.21) and choosing ε

sufficiently small yields

1� sup
t0≤t≤σ̃ j

E (u(t)) +
ˆ σ̃ j

t0

ˆ
T

1�m(u)(uxx − φ′(u))2
x dx dt

�β 1�E (u(t0)) + 1�

(ˆ
T

u0 dx

)(2−ϑ)/2

+ 1�

(ˆ
T

u0 dx

)max
{

2(ν̃−β−2)
5+β−ν̃

,2
}

+ 1�

(ˆ σ̃ j

t0
I(u) dt

)6/(5+β−ν̃)

+ 1�

(ˆ σ̃ j

t0
J(u) dt

)(ϑ−2)/(ϑ+2ñ−6)

+ sup
t0≤t≤T

∣∣∣∣
∑

k∈N

ˆ t

t0

ˆ
T

1[t0,σ̃ j ]×�(φ
′(u)− uxx )(g(u)ψk)x dx dβ(k)

∣∣∣∣.

We take the q-th power on both sides, use the estimates (3.24) and (3.27) and the BDG-
inequality to estimate further

E

[
1� sup

t0≤t≤σ̃ j

E q (u(t))

]
+ E

[(ˆ σ̃ j

t0

ˆ
T

1�m(u)(uxx − φ′(u))2
x dx dt

)q]

�β,q,T E
[
1�E

q (u(t0)) + 1�H
6q/(5+β−ν̃)
β (u(t0)) + 1�H

(ϑ−2)q/(ϑ+2ñ−6)
0 (u(t0))

]

+ E

[
1�

(ˆ
T

u0 dx

)min
{

6(β−ϑ)q
5+β−ν̃

,
−ϑ(ϑ−2)q
ϑ+2ñ−6

}

+ 1�

(ˆ
T

u0 dx

)max
{

9(β+3)q
5+β−ν̃

,
9(ϑ−2)q

2ϑ+4ñ−12

}]

+ E

[(
1�

∑

k∈N

ˆ σ̃ j

t0

(ˆ
T

(φ′(u)− uxx )(g(u)ψk)x dx

)2
dt

)q/2]
,
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where we absorb the intermediate power of the mass again. Since

(∑

k∈N

ˆ σ̃ j

t0

(ˆ
T

(φ′(u)− uxx )(g(u)ψk)x dx

)2

dt

)q/2

�
(ˆ σ̃ j

t0

ˆ
T

(φ′(u)− uxx )
2
x g

2(u) dx dt

)q/2

≤ ε

(ˆ σ̃ j

t0

ˆ
T

m(u)(φ′(u)− uxx )
2
x dx dt

)q

+ Cε

by another application of Young’s inequality, we deduce (3.2) by taking the limit j →∞
and using Fatou’s lemma. ��
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Appendix A: Some Functional Analytic Tools

In this appendix, we discuss some tools that played an important role throughout the
manuscript. Firstly, regarding the precise definition of a UMD and type 2 Banach spaces,
we refer the reader to [33, Definition 4.2.1] and [34, Definition 7.1.1], where for our
purposes it suffices to note that the spaces Lq(Td) and Hs,q(Td) are UMD for q ∈
(1,∞), cf. [33, Prop. 4.2.15, Prop. 4.2.17 (1)], and type 2 whenever q ∈ [2,∞), see
[34, Prop. 7.1.4]. The remaining topics are discussed in more detail in their respective
subsection below.

A.1 Banach-valued Sobolev spaces and trace embeddings. We begin by defining time-
weighted, Banach-valued Sobolev spaces. As in Subsection 1.4, for a complex Banach
space X (see, e.g., [33, Subsection B.4] for complexification of real Banach spaces),
an open interval I ⊆ R and a weight wκ(t) = |t |κ where κ ∈ (−1, p − 1), we let

http://creativecommons.org/licenses/by/4.0/
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L p(I, wκ ;X ) be the set of all strongly measurable mapping f : I → X such that (see,
e.g., [33, Definition 1.2.1])

‖ f ‖L p(I,wκ ;X ) :=
( ´

I ‖ f (t)‖pX wκ(t) dt
)1/p

< ∞.

We also recall that for separable X strong measurability is equivalent to t ' I �→
〈 f (t), x∗〉 being measurable for all x∗ ∈X ∗, see [33, Theorem 1.1.20]. Our assumption
κ ∈ (−1, p − 1) ensures that L p(R, wκ ;X ) ↪→ L1

loc(R;X ), so that using also the
rational decay of wκ(t) any f ∈ L p(R, wκ ;X ) can be identified with an X -valued
Schwartz distribution f ∈ S ′(R;X ) := L (S (R),X ), i.e., a continuous linear
operator from the topological space S (R) to X . As in the scalar-valued case, the
Fourier transform F naturally acts on S (R;X ) via duality, i.e., 〈F f, ϕ〉 := 〈 f, (Fϕ̄〉
for f ∈ S ′(R;X ) and ϕ ∈ S (R).
We are now ready to defineX -valued fractional Sobolev spaces. For σ ∈ R, p ∈ (1,∞)

and κ ∈ (−1, p − 1), we let Hσ,p(R, wκ ;X ) be the set of all Schwartz distributions
f ∈ S ′(R;X ) such that

(1−�)σ/2 f ∈ L p(R, wκ ;X ), and ‖ f ‖Hσ,q (R,wκ ;X ) := ‖(1−�)σ/2 f ‖L p(I,wκ ;X ),

(A.1)

where, as usual, (1−�)σ/2 is the Fourier multiplier with symbol (1 + |ξ |2)σ/2.
For an interval I ⊆ R, let D ′(I ;X ) := L (D(I );X ) the set of all X -valued distri-
butions. We set

Hσ,p(I, wκ ;X ) := {g ∈ D ′(I ;X ) : ∃ f ∈ Hσ,p(I, wκ ;X ) such that g = f |I }
(A.2)

endowed with the natural quotient norm ‖g‖Hσ,p(I,wκ ;X ) := inf f |I=g ‖ f ‖Hσ,p(I,wκ ;X ).
Finally, we often employ the shorthand notation Hσ,p(0, T, wκ ;X ) := Hσ,p(I, wκ ;X )

if I = (0, T ) for T <∞.
Before going further, we comment on the above construction. Firstly, the definition of
the X -valued Sobolev spaces can be extended to R

d and T
d , where in the periodic

case S (R) and the Fourier transform are replaced by the Fréchet space C∞(Td) and
the Fourier series. Secondly, the well-known characterization of real-valued Sobolev
spaces through difference quotients holds if and only if X is a Hilbert space. In a
non-Hilbertian setting, difference quotients define the related (but different) scale of
Triebel–Lizorkin spaces. For details on the latter, the reader is referred to [1, Section
3.2] and [35, Subsection 14.3]. Therefore, the approach via the Fourier transform and
restrictions as in (A.1)–(A.2) is the most direct definition in our case. Alternatively, one
can proceed via complex interpolation (cf., [8, Subsection 2.3]), which yields the same
space if X is UMD (see [33, Theorem 5.6.9]).
We now turn our attention to the so-called trace embedding for anisotropic vector-
valued spaces, which was mentioned in Subsection 1.1, and plays an important role in
the approach to SPDEs developed in [4,5]. We emphasize that this embedding motivates
the presence of Besov spaces as spaces for the initial data in Theorem 1.6. To set the
stage, let us recall that in the maximal L p-regularity approach to SPDEs with p ∈ (2,∞)

and time weight κ ∈ [0, p
2 − 1), the solution typically lies in the space

⋂
θ∈[0,1/2) H

θ,p(0, T, wκ ; X1−θ ), (A.3)
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cf. Definition 2.5, where X1−θ = [X0, X1]1−θ , X0 is the ground space, X1 the do-
main of the leading order operator and [·, ·]1−θ denotes the complex interpolation
functor. Note that weighted Sobolev embeddings ensure that H θ,p(0, T, wκ ; X1−θ ) ⊆
Cθ− 1+κ

p (0, T ; X1−θ ) if θ > 1+κ
p (cf., [42, Proposition 7.4]). In particular, if u belong to

the space in (A.3), then it has well-defined trace u(0) ∈ Xσ for all σ < 1− 1+κ
p . As in

scalar-valued spaces, in the threshold case, the embedding H
1+κ
p ,p

(0, T, wκ ; X1− 1+κ
p
)

into C([0, T ]; X1− 1+κ
p
) fails. To some extend, the trace embedding can be seen as a fix

of the latter situation allowing one to reach the optimal smoothness θ = 1+κ
p at the

expense of working with real interpolation spaces instead of the complex ones, which
naturally appear already in the case of integer smoothness, see [10, Subsection 3.12].
The key in the trace embedding is to exploit the presence in (A.3) of a sufficiently large
smoothness parameter θ ∈ ( 1+κ

p , 1
2 ) to define traces in X1−θ together with the highest

possible regularity in space L p(0, T, wκ ; X1), achieved by taking θ = 0. The following
is a consequence of [1, Theorem 1.2] as well as [1, (2.8) and Proposition 3.2] to pass
from (0, T ) to the half-line, see also [50, Section 3.4].

Proposition A.1 (Trace embedding with fractional smoothness). Fix p ∈ (1,∞), κ ∈
[0, p−1), θ ∈ (0, 1) and 0 < T ≤ ∞. Let X0, X1 beBanach spaces such that X1 ↪→ X0
and let XTr

κ,p = (X0, X1)1− 1+κ
p ,p and XTr

p = XTr
0,p be real interpolation spaces. Then the

following embeddings hold:

(1) If θ > 1+κ
p , then H θ,p(0, T, wκ ; X1−θ ) ∩ L p(0, T, wκ ; X1) ↪→ C([0, T ]; XTr

κ,p).

(2) If θ > 1
p , then H θ,p(0, T, wκ ; X1−θ ) ∩ L p(0, T, wκ ; X1) ↪→ C((0, T ]; XTr

p ).

The above is known to be optimal if X1 is the domain of a sectorial operator, see
[43, Proposition 4.1], which is in particular the case in our application, where X1 =
Hs+2,q(Td) is the domain of �2 on X0 = Hs−2,q(Td), cf. Sect. 1.4.
We remark that (2) encodes the effect of instantaneous regularization in time-weighted
spaces. Indeed, in the case κ > 0 and X1 
= X0, comparing (1) with (2), one sees that
a function in H θ,p(0, T, wκ ; X1−θ ) ∩ L p(0, T, wκ ; X1) takes at t = 0 values in XTr

κ,p,
but for all t > 0 it lies in the strictly smaller spaces XTr

p . This is an important ingredient
in both the blow-up criteria and the instantaneous regularization for the regularized
problem (2.2) derived in Propositions 2.12–2.13. The intuition behind (2) is that the
weight wκ(t) = tκ is active only at t = 0, and for positive times, one can apply (1) with
κ = 0; for details see [1, Theorem 4.7] or [3, Corollary 7.6].

A.2 γ -radonifying operators. Let (�̃, Ã, P̃) be a probability space and let (γ̃n)n≥1 be a
sequence of independent standard Gaussian random variables on �̃. Let H be a separable
Hilbert space with orthonormal basis (hn)n≥1. A bounded linear operator T from H to
a Banach space X is said to be γ -radonifying if the series

∑
n≥1 γ̃nT hn converges in

L2(�̃;X ), in which case we set

‖T ‖γ (H,X ) :=
(
Ẽ‖∑n≥1 γ̃nT hn‖2

X

)1/2
, (A.4)

where Ẽ denotes the expectation w.r.t. P̃. One can prove that the space γ (H,X ) as well
as the norm (A.4) do not depend on the particular choice of the orthonormal basis, see
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[34, Theorem 9.1.17]. A detailed exposition of γ -radonifying spaces can be found in
[34, Chapter 9].
Starting from the seminal works [44,47], the key role of γ -radonifying operators in the
theory of stochastic integration in a non-Hilbertian setting has become clear. Indeed, let
us point out that if X is a Hilbert space, then γ (H,X ) coincides with the space of
Hilbert–Schmidt operators from H to X , so that the results in [44] are an extension of
the classical Itô integral in Hilbert spaces [15].
An important tool in the study of γ -radonifying operators is the Kahane–Khintchine
inequality, stating that for each finite sequence (xn)Nn=1 ⊆X and all 0 < q, p <∞,

(
Ẽ‖∑N

n=1 γ̃nxn‖qX
)1/q

�q,p
(
Ẽ‖∑N

n=1 γ̃nxn‖pX
)1/p

. (A.5)

For a proof of the latter, we refer to [34, Theorem 6.2.6]. In particular, the above shows
that the integrability 2 in the definition of the γ -radonifying operators can be replaced
by any p ∈ [1,∞). We additionally point out that if X = R, (A.5) is nothing but the
equivalence of moments for Gaussian random variables.
In our setting, the two-sided estimate (A.5) allows to prove a characterization ofγ (H,X )

in the case that X = Hσ,q(Td), which is usually referred to as γ -Fubini isomorphism,
see [34, Subsection 9.4.b].

Proposition A.2. For all σ ∈ R and q ∈ (1,∞), it holds that Hσ,q(Td; H) = γ (H,

Hσ,q(Td)). More precisely, the following mapping is an isomorphism between the cor-
responding spaces

J : Hσ,q(Td; H)→ γ (H, Hσ,q(Td)), where (J f )h := ( f, h)H ;

and (·, ·)H denotes the inner product in H.

Recall that the H -valued Sobolev space Hσ,q(Td; H) is defined via Fourier methods,
see below (A.2).

Sketch of the proof. From a density argument, it follows that (1−�)σ/2 commutes with
J, and induces an isomorphism from Hσ,q(Td; H) and γ (H, Hσ,q(Td)) to Lq(Td; H)

and γ (H, Lq(Td)), respectively. Thus, it is enough to consider σ = 0, which is a special
case of [34, Theorem 9.4.8]. For the reader’s convenience, we recall the main step to
highlight the role of (A.5) and (the classical version of) Fubini’s theorem.
By density, it suffices to prove the norm equivalence for a simple function f ∈ Lq(Td; H),
i.e., f (x) =∑N

n=1 hn fn(x) for a finite sequence ( fn)Nn=1 ⊆ Lq(Td) and an orthonormal
system (hn)n≥1 ⊆ H , which we can extended to an orthonormal basis of H . Then, by
Fubini’s theorem,

‖J f ‖q
γ (H,Lq (Td ))

(i)
�q Ẽ‖∑N

n=1 γ̃n fn‖qLq (Td )
= ´

Td Ẽ
∣∣∑N

n=1 γ̃ fn(x)
∣∣q dx

(i i)
�

´
Td

(
Ẽ
∣∣∑N

n=1 γ̃ fn(x)
∣∣2)q/2 dx

(i i i)
�

´
Td

(∑N
n=1 | fn(x)|2

)q/2 dx = ‖ f ‖q
Lq (Td ;H)

,

where in (i)-(i i) we applied (A.5) and in (i i i) we used the independence of (γ̃n)n≥1 and
fn = ( f, hn)H . ��
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A.3 Product and composition estimates. Since we work throughout this manuscript in
Bessel potential and Besov spaces, we require, among others, efficient estimates on
products and compositions of functions in said scales. While in the case of integer
smoothness like H1,q(Td) a product estimates can be derived via

‖∇(uv)‖Lq (Td ;Rd ) ≤ ‖u∇v‖Lq (Td ;Rd ) + ‖v∇u‖Lq (Td ;Rd )

� ‖u‖H1,l (Td )‖v‖Lr (Td ) + ‖v‖H1,L (Td )‖u‖LR(Td ), (A.6)

for l, L ∈ (1,∞) and r, R ∈ [1,∞] such that 1/ l + 1/r = 1/R + 1/L = 1/q, and a
composition estimate from

‖∇( f (u)− f (v))‖Lq (Td ;Rd ) ≤ ‖ f ′(u)(∇u − ∇v)‖Lq (Td ;Rd ) + ‖( f ′(u)− f ′(v))∇v‖Lq (Td ;Rd )

� ‖ f ′(u)‖L∞(Td )‖u − v‖H1,q (Td ) + ‖ f ′(u)− f ′(v)‖L∞(Td )‖v‖H1,q (Td ),

(A.7)

the fractional smoothness case is more delicate. A frequency decomposition of the prod-
uct into its resonant part and Bony’s paraproduct, for example, is one way to obtain
estimates similar to (A.6), see [57, Chapter 2] or [51, Chapters 4 and 5] for a more
complete review of such techniques. For the purpose of this appendix, we just recall two
special cases of [7, Proposition 4.1 (1), (3)] which are repeatedly used in this manuscript.

Proposition A.3. Let s > 0, q ∈ (1,∞) and τ ∈ (s,∞), then the following estimates
hold whenever the right-hand side is finite:

(i) ‖uv‖Hs,q (Td ) � ‖u‖Hs,l (Td )‖v‖Lr (Td )+‖v‖Hs,L (Td )‖u‖LR(Td ) provided l, L ∈ (1,∞)

and r, R ∈ (1,∞] are such that 1/ l + 1/r = 1/R + 1/L = 1/q.
(ii) ‖uv‖H−s,q (Td ) � ‖u‖H−s,q (Td )‖v‖L∞(Td ) + ‖v‖H τ,ζ (Td )‖u‖H−s−ε,q (Td ), where τ >

d/ζ , ζ ∈ [q ′,∞) and ε > 0 depends only on (d, s, q, τ, ζ ).

Secondly, we also recall a special case of the composition estimate in Triebel–Lizorkin
and Besov spaces from [51, Theorem 1, p.373], reminiscent of (A.7) above, where we can
drop the assumption that f (0) = 0, which only plays a role when working on unbounded
domains. Moreover, in the following statement, we leave out the immediate part of the
local Lipschitz estimate, namely that ‖ f (u)− f (v)‖L∞(Td ) ≤ Cn‖u − v‖L∞(Td ) for f
and u, v as below.

Proposition A.4. Let s > 0, q, p ∈ (1,∞) and f : R → R be smooth. Then the
mapping u �→ f (u) satisfies the following local Lipschitz estimates on L∞(Td) ∩
Hs,q(Td) and L∞(Td) ∩ Bs

q,p(T
d):

(i) ‖ f (u)− f (v)‖Hs,q (Td ) ≤ Cn
(‖u−v‖Hs,q (Td )+‖u−v‖L∞(Td )(‖u‖Hs,q (Td )+‖v‖Hs,q (Td ))

)

for a constant Cn depending on (d, q, s, n, f ) but independent of u, v satisfying
‖u‖L∞(Td ), ‖v‖L∞(Td ) ≤ n.

(ii) ‖ f (u)− f (v)‖Bs
q,p(T

d ) ≤ Cn
(‖u−v‖Bs

q,p(T
d )+‖u−v‖L∞(Td )(‖u‖Bs

q,p(T
d )+‖v‖Bs

q,p(T
d ))
)

for a constant Cn depending on (d, p, q, s, n, f ) but independent of u, v satisfying
‖u‖L∞(Td ), ‖v‖L∞(Td ) ≤ n.
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Appendix B: Maximal L p-regularity with Time Measurable Coefficients

Here, we provide a relatively self-contained proof of L p-regularity estimates for the
following PDE:

∂t u + a(t)�2u = f on (0, T )× T
d , u(0) = 0 on T

d , (B.1)

where T > 0 and T
d denotes the d-dimensional torus. Such estimates were used in

Sect. 2.2 as a starting point to show stochastic maximal L p-regularity for thin-film type
operators, see Lemma 2.7 there.
In the above, f is a given inhomogeneity which will be specified later, and a satisfies
the following.

Assumption B.1. The mapping a : R → R is measurable and satisfies λ−1 ≤ a ≤ λ

on R+ for some λ > 0.

In particular, a does not have any smoothness in time, and standard perturbation argu-
ments such as [50, Proposition 3.5.6] do not apply. Even in the presence of weights,
L p-estimates for parabolic problems with measurable in time coefficients are by now
well-understood, see, e.g., [24] and [20,21]. The aim of this appendix is to provide a
self-contained and (to some extent) independent proof of such estimates in the range of
interests for stochastic PDEs. In particular, we only consider the case p > 2 and time
weights of the form tκ dt for κ ∈ [0, p

2 − 1). The reader is referred to, e.g., Sect. 2.2,
[39], [4, Section 3] and [8, Section 3] for details and comments on this limitation. Let
us emphasize that the case p = 2 and κ = 0 is instead standard, and is a consequence of
the energy estimate (see, e.g., [38, Chapter 4]). Finally, the case p < 2 and more general
weights can be obtained via duality and extrapolation, but we do not pursue this here.
Our approach to L p-estimates for (B.1) is based on two tools from real analysis: The
Rubio de Francia weighted extrapolation (see, e.g., [14]) and an interpolation result due
to [55]. The proof of the latter shares some similarity with the well-known Marcinkiewicz
interpolation. The combination of the above ingredients to prove L p-estimates for (B.1)
seems new, and gives a relatively straightforward proof. However, let us mention that
the Rubio de Francia extrapolation was already employed in [21,24]. Moreover, to apply
the extrapolation in [55], we exploit local smoothing of the solution to (B.1) with f = 0
via Caccioppoli inequalities (see Lemma B.4 below), and closely related arguments can
be found in [20, Section 4].
To proceed further, let us recall the Muckenhoupt classes Ap with p ∈ (1,∞) that are
central in Rubio de Francia’s extrapolation. We say that a locally integrable function
w : R → (0,∞) belongs to Ap(R) if

[w]Ap := sup
I

(  
I
w dt

)(  
I
w1−p′ dt

)p−1
<∞,

where the supremum is taken over all finite intervals in R,
ffl
I = |I |−1

´
I denotes the

average and 1/p + 1/p′ = 1. It is well-known that [t �→ |t |κ ] ∈ Ap(R) if and only if
κ ∈ (−1, p − 1) (cf. [28, Example 7.1.7]).

Proposition B.2 (Weighted maximal L p-regularity). Let Assumption B.1 be satisfied.
Fix T <∞andq, p ∈ (2,∞). Then, for allw ∈ Ap/2(R)and f ∈ L p(0, T, w; Lq(Td)),
there exists a unique solution u ∈ W 1,p(0, T, w; Lq(Td)) ∩ L p(0, T, w;W 4,q(Td)) to
(B.1) andˆ T

0
‖∂t u‖pLq (Td )

w dt +
ˆ T

0
‖u‖p

W 4,q (Td )
w dt ≤ C

ˆ T

0
‖ f ‖p

Lq (Td )
w dt, (B.2)
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where C depends only on d, λ, q, p, T and [w]Ap/2 .

As noted above, Proposition B.2 is not new, and more general results can be found in
[21,24]. Our goal here is to provide a relatively self-contained proof of (B.2) within the
range of parameters p and w that are relevant for applications to SPDEs, see Sect. 2.2. By
the method of continuity, as employed twice in Sect. 2.2, it suffices to show the a priori
estimate (B.2). Before proceeding with the proof of the latter, we start with a reduction
to the case p = q, exploiting the Rubio de Francia extrapolation argument [14]: Firstly,
we note that due to the initial value in (B.1) being 0, it suffices for (B.2) to show

ˆ T

0
‖�2u‖p

Lq (Td )
w dt ≤ C

ˆ T

0
‖ f ‖p

Lq (Td )
w dt, (B.3)

with C depending as above only on d, λ, q, p, T and [w]Ap/2 . Suppose furthermore
that the above estimate (B.3) holds with p = q so that there exists a constant C which
depends only on d, λ, q, T and [w]Aq/2 such that

ˆ
R

(1(0,T )‖�2u‖2
Lq (Td )

)q/2 w dt ≤ C
ˆ
R

(1(0,T )‖ f ‖2
Lq (Td )

)q/2 w dt. (B.4)

Rubio de Francia weighted extrapolation yields for all r ∈ (1,∞) and w ∈ Ar (see e.g.,
[34, Theorem J.2.1] or [14, Section 2])ˆ

R

(1(0,T )‖�2u‖2
Lq (Td )

)r w dt ≤ Cr

ˆ
R

(1(0,T )‖ f ‖2
Lq (Td )

)r w dt. (B.5)

where Cr which depends only on d, λ, q, r and [w]Ar . Now, the conclusion follows by
letting p = 2r ∈ (2,∞) (the argument (B.4)–(B.5) is sometimes referred to as rescaling,
see [14, Subsection 3.3]).
The remaining part of this section is dedicated to the proof of (B.3), for which we also
recall the extrapolation result due to [55]. For r > 0 and (t, x) ∈ R×R

d we denote by
Qr (t, x) the parabolic cubes

Qr (t, x) = Ir (t)× Br1/4 (x), where Ir (t) = (t − r, t + r) and Br (x) = {y : |x − y| ≤ r},
adapted to 4th-order operators. For simplicity, we often write Q instead of Qr (t, x)
when the dependence on r, t , and x is clear or unimportant. Moreover, if Q = Qr (t, x),
we let NQ := QNr (t, x) for a constant N . The same notation is employed for intervals
I , and for balls we set N Br = BN1/4r .

Theorem B.3. Assume that Q∗ = I∗ × B∗ is a parabolic cube in R × R
d , and let

F ∈ L2(4Q∗). Fix p∗ ∈ (2,∞) and p ∈ (2, p∗), a weight w ∈ Ap/2(R) and f ∈
L p(4Q∗). Suppose that there exists a constant C∗ > 0 such that for each parabolic
cube Q = I × B ⊆ 2Q∗ satisfying |Q| ≤ 1

2 |Q∗|, there exist functions FQ and RQ such
that |F | ≤ |FQ | + |RQ | a.e. on Q and the following estimates hold:

(  
2Q
|FQ |2 dx dt

)1/2 ≤ C∗
(  

4Q
| f |2 dx dt

)1/2
,

(  
2Q
|RQ |p∗w dx dt

)1/p∗ ≤ C∗
[(  

4Q
| f |2 dx dt

)1/2

+
(  

4Q
|F |2 dx dt

)1/2]×
( 

I
w dt

)1/p∗
.
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Then there exists C depending only on p, d,C∗ and [w]Ap/2 such that

(  
Q∗
|F |p w dx dt

)1/p ≤ C
(  

4Q∗
| f |p w dx dt

)1/p

+C
(  

4Q∗
|F |2 dx dt

)1/2( 
I∗
w dt

)1/p
.

The result above is a simplified and adapted version of the parabolic setting of [55,
Theorem 2.1]. While spatial weights can also be included, we omit them here as they
are not needed for our purposes.
We now turn to the proof of Proposition B.2. For the remainder of this section, we
fix T ∈ (0,∞) and note that L p(0, T, w) ↪→ L2(0, T ) for all w ∈ Ap/2 due to
Hölder’s inequality, and therefore standard variational methods ensures the existence of
a solution v ∈ H1(0, T + 1; L2(Td)) ∩ L2(0, T + 1; H4(Td)) to (B.1) with f replaced
by g := 1(0,T ) f . By extending v = 0 on (−1, 0), it follows that v also satisfies

∂tv + b(t)�2v = g on (−1, T + 1)× T
d , v(−1) = 0 on T

d , (B.6)

where b = λ−11(−1,0) +a1R+ . In particular, to prove Proposition B.2, it suffices to prove
the estimate (B.2) with u replaced by v. Next, for any parabolic cube Q = Qr (t, x)
with r ∈ (0, 1

64 ], we decompose v = vQ + rQ where rQ := v − vQ , and vQ ∈
H1(t − 2r, t + 2r; L2(2B)) ∩ L2(t − 2r, t + 2r; H4(2B)) is the solution to

⎧
⎨

⎩

∂tvQ + b(t)�2vQ = 12Qg in 2Q,

vQ = 0 on {t − 2r} × 2B,

vQ = �vQ = 0 on (t − 2r, t + 2r)× ∂(2B).

(B.7)

As in Subsection 2.2, we identify balls in T
d with their corresponding counterparts in

the cube [−1, 2)d ⊆ R
d , provided the radius of the ball is less than 1/2. By integrating

by parts we find that there exists Cλ > 0 independent of Q such that
ˆ

2Q
|�2vQ |2 dx dt ≤ Cλ

ˆ
2Q
|g|2 dx dt. (B.8)

To handle the remainder rQ , we exploit regularization effects via Caccioppoli inequali-
ties.

Lemma B.4 (Caccioppoli inequality). Let Assumption B.1 be satisfied, and let Q = I×
B ⊆ (−1, T )× R

d be a parabolic cube. Set b = λ−11(−1,0) + a1R+ . Let

u ∈ H1(2I ; L2(2B)) ∩ L2(2I ; H4(2B))

be a solution to

∂t u + b(t)�2u = 0 on 2Q. (B.9)

Then, u ∈ C0(2I ;C∞(2B)) ∩ W 1,∞(2I ;C(2B)) and for each integer m ≥ 0, then
there exists a constant Cd,λ,m independent of Q such that

sup
(t,x)∈Q

|�mu(t, x)| ≤ Cd,λ,m

(  
2Q
|�mu|2 dx dt

)1/2
. (B.10)
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Proof. The method of difference quotients readily impliesu ∈ C0(2I ;C∞(2B)). Hence,
u ∈ W 1,∞(2I ;C(2B)) from the boundedness of a and (B.9). It remains to prove the
claimed estimate (B.10). From the previous fact, �mu is still a local solution to (B.9),
with the same regularity as u; it is enough to prove (B.10) with m = 0. We now divide
the proof into two steps. Below, for convenience, we write Q instead of Qr (t, x).
Local smoothing. For each N > 1, there exists a constant KN independent of Q such
that ˆ

Q
|�u|2 dx dt ≤ KN

r

ˆ
NQ
|u|2 dx dt. (B.11)

For convenience, we consider N = 2; the general case is similar. Let ψ be a cutoff
function such that ψ = 1 on Q and ψ = 0 on ( 3

2 Q)c such that |∂tψ | � r−1 and

|∂α
x ψ | � r−|α|/4 for all multi-indices α = (α1, . . . , αd) ∈ N

d
0 with |α| = ∑d

i=1 αi .
Integrating by parts and using the Cauchy-Schwarz inequality,

0 =1

4

ˆ
2Q

∂t (u
2ψ4) dx dt =

ˆ
2Q

u2ψ3∂tψ dx dt − 1

2

ˆ
2Q

bψ4u�2u dx dt

≤
ˆ

2Q
u2ψ3∂tψ dx dt − 1

2

ˆ
2Q

b�(ψ4u)�2u dx dt

≤ −λ

2

ˆ
2Q

ψ4|�u|2 dx dt

+ Cλ

ˆ
2Q

[|ψ2||∇ψ |2|∇u|2 + (ψ3|∂tψ | + ψ2|�ψ |2 + |∇ψ |4)u2] dx dt.

To conclude, it remains to estimate the terms involving∇u. Since |∇u|2 = ∇ · (∇u u)−
�u u,

ˆ
2Q
|ψ2||∇ψ |2|∇u|2 dx dt = −

ˆ
2Q
∇(ψ2|∇ψ |2) · ∇u u dx dt −

ˆ
2Q
|ψ2||∇ψ |2�u u dx dt

≤
ˆ

2Q

(
ψ |∇ψ ||∇ψ |2|∇u||u| + ψ2|∇2ψ ||∇ψ ||∇u||u| +

λ

4
ψ4|�u|2 + Cλ|∇ψ |4 u2) dx dt

≤ 1

2

ˆ
2Q
|ψ2||∇ψ |2|∇u|2 dx dt + C

ˆ
2Q

(|∇ψ |4 + ψ2|∇2ψ |2)u2 dx dt.

Hence, the first term on the RHS of the above can be absorbed in the LHS. The claim
(B.11) follows by collecting the above estimates and the assumed behaviour of the cutoff
function ψ .
Conclusion. Let (s, y) ∈ R × R

d and r > 0 be such that Q = Qr (s, y). Note that
v = ��u is also a solution of (B.9) and with the same regularity of u, for all � ≥ 0.
From Step 1 and ∂t u = −b(t)�2u, we have

ˆ
Q
|��u|2 dx dt �� r

−�

ˆ
2Q
|u|2 dx dt,

ˆ
Q
|∂t��u|2 dx dt �λ r−2−�

ˆ
2Q
|u|2 dx dt.

(B.12)

Next, Sobolev embeddings imply

H1(0, 1; H2d(B1)) ↪→ L∞(0, 1; H2d(B1)) ↪→ L∞(0, 1; L∞(B1)),
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where B1 is the ball centered at 0 with radius 1. By applying the above embedding to
(t, x) �→ u(s + r t, y + r1/4x), and using f �→ ‖�d f ‖L2(B1)

+ ‖ f ‖L2(B1)
as a norm on

H2d(B1), we obtain

sup
(t,x)∈Q

|u(t, x)|2 �d r2+d
 
Q
|∂t�du|2 dx dt

+ r2
 
Q
|∂t u|2 dx dt + rd

 
Q
|�du|2 dx dt +

 
Q
|u|2 dx dt

�d,λ

 
2Q
|u|2 dx dt,

where the last estimate follows from (B.12). ��
Proof of Proposition B.2. As discussed below Proposition B.2, it remains to verify the
bound (B.3) with p = q, which we accomplish in the following two steps.
Localized Lq -estimate: There exists a constant C depending only on d, λ, q and [w]Aq/2

such that for each parabolic cube Q∗ = Qr∗(t∗, x∗) ⊆ (− 1
4 , T +1)×T

d with r∗ ∈ (0, 1
64 ]

we have
(  

Q∗
|�2v|q w dx dt

)1/q ≤ C
[( 

4Q∗
|g|qw dx dt

)1/q

+
(  

4Q∗
|�2v|2 dx dt

)1/2(  
I∗
w dt

)1/q]
(B.13)

where v solves (B.6). Here, we apply Theorem B.3 with F = �2v and using the
decomposition |F | ≤ |�2vQ | + |�2rQ | for each parabolic cube Q, where vQ solves
(B.7) and rQ = v−vQ . From (B.8), it remains to check the assumption on the remainder.
Now, for all q∗ ∈ (2,∞), we have

( 
2Q
|�2rQ |q∗ w dx dt

)1/q∗ (i)
�(d,q,[w]Aq/2 )

(
sup
2Q
|�2rQ |

)( 
I
w dt

)1/q∗

(i i)
� d,λ

(  
4Q
|�2rQ |2 dx dt

)1/2(  
I
w dt

)1/q∗

≤
[( 

4Q
|�2vQ |2 dx dt

)1/2
+
(  

4Q
|�2v|2 dx dt

)1/2]( 
I
w dt

)1/q∗

(B.8)

�λ

[( 
4Q
|g|2 dx dt

)1/2
+
( 

4Q
|�2v|2 dx dt

)1/2]( 
I
w dt

)1/q∗
,

where in (i) we used the doubling property of Muckenhout weights, i.e.,
´

2I w

dt �d,q,[w]Aq/2

´
I w dt (see e.g., [28, Proposition 7.1.5(9)]) and in (i i) Lemma (B.4)

The estimate (B.13) now follows from Theorem B.3.
Conclusion. Select a finite collection of points ((t j , x j ))Nj=1 such that (0, T ) × T

d =
∪N

j=1Qr (t j , x j ) where r = 1
64 . Note that one can select these points such that N depends

only on T . Then, applying (B.13),

( ˆ T

0

ˆ
Td
|�2v|q w dx dt

)1/q ≤
N∑

j=1

( ˆ
Qr (t j ,x j )

|�2v|q w dx dt
)1/q
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� N
[( ˆ T+1

−1

ˆ
Td
|g|q w dx dt

)1/q

+
( ˆ T+1

−1

ˆ
Td
|�2v|2 dx dt

)1/2( ˆ T

0
w dt

)1/q]
.

Next, as in (B.8), by energy methods and g = 1(0,T ) f , it follows that

(ˆ T+1

0

ˆ
Td
|�2v|2 dx dt

)1/2
�λ

(ˆ T+1

0

ˆ
Td
|g|2 dx dt

)1/2

≤
(ˆ T

0
w−2/(q−2) dt

)(q−2)/q(ˆ T

0

ˆ
Td
| f |q w dx dt

)1/q

≤ [w]1/qAq/2

(ˆ T

0
w dt

)−1/q(ˆ T

0

ˆ
Td
| f |q w dx dt

)1/q
.

Thus, (B.3) with p = q follows from the above and g = 1(0,T ) f , u = v on (0, T ),
v = 0 on (−1, 0). ��
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