<]
TUDelft

Delft University of Technology

Reach Probability Estimation of Rare Events in Stochastic Hybrid Systems

Ma, H.

DOI
10.4233/uuid:49eaed4b-ff4b-450d-97c9-8ed5dcbe 722

Publication date
2023

Document Version
Final published version

Citation (APA)
Ma, H. (2023). Reach Probability Estimation of Rare Events in Stochastic Hybrid Systems. [Dissertation (TU
Delft), Delft University of Technology]. https://doi.org/10.4233/uuid:49eaed4b-ff4b-450d-97c9-8ed5dc5e7f22

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.4233/uuid:49eaed4b-ff4b-450d-97c9-8ed5dc5e7f22
https://doi.org/10.4233/uuid:49eaed4b-ff4b-450d-97c9-8ed5dc5e7f22

Reach Probability Estimation of
Rare Events in Stochastic Hybrid
Systems






Reach Probability Estimation of
Rare Events in Stochastic Hybrid
Systems

DISSERTATION

for the purpose of obtaining the degree of doctor
at Delft University of Technology,
by the authority of the Rector Magnificus, Prof.dr.ir. T.H.J.J. van der Hagen,
chair of the Board for Doctorates,
to be defended publicly on
Wednesday, 29 November 2023 at 15.00 o’clock

by
Hao MA

Master of Science in Electrical Engineering,
Northwestern Polytechnical University, China,
born in Xianyang, China.



This dissertation has been approved by the promotors:

Composition of the doctoral committee:

Rector Magnificus, chairperson
Prof.dr.ir. H.A.P. Blom Delft University of Technology, promotor
Dr.ir. B.F. Lopes dos Santos Delft University of Technology, copromotor

Independent members:
Prof. dr. P.H.A.J.M. van Gelder = Delft University of Technology

Prof.dr.ir. Max Mulder Delft University of Technology
Prof.dr. K. Pattipati University of Connecticut
Prof.dr. B. Xu Northwestern Polytechnical University
Dr.ir. M.H.C. Everdjj NLR, NL
R
Q& Qﬁ*
(‘ # »
L} W
Delft : ;
I U D e I ft Uﬁiversity of %,), §5}
Technology s, S
OLARSH®

This research is supported by the Chinese Scholarship Council (CSC), NO. 201606290141

Keywords: Interacting Particles, Factorization, Rare event, Reach Probability,
Stochastic Hybrid System

Printed by: Ipskamp Printing (www.ipskampprinting.nl)

Cover by: Hao MA

Copyright: © 2023 by Hao MA

ISBN 978-94-6384-501-4

An electronic copy of this dissertation is available http://repository.tudelft.nl/.



To my family and my friends

BRZE BRI X AT BHTA K






Acknowledgements

The process of pursuing a doctoral degree is like a Brownian motion, full of uncertainty. Thanks
to the support of my respected mentor, inspiring colleagues, valuable friends, and family, I
finally completed my doctoral study.

First and foremost, I would like to express my deepest gratitude to my supervisor, Prof. Dr.
Henk Blom. It is through your guidance and advice that I was able to complete my doctoral
thesis. Your rigorous scientific research attitude has deeply impressed me. In our discussions
on my research plan, manuscripts, and even every formula, you made me realize that there
should be no uncertainty on the path of scientific research. Your tireless teachings will always
be remembered by me and will serve as a valuable foundation for my future research. At the
same time, I would also like to thank my respected mentor Dr. Bruno Santos. Your words of
encouragement gave me the strength to continue, especially when I faced challenges in my
doctoral life.

Thanks to the partners in the Air Traffic Operation (ATO) group. Matthieu Vert, you are my
best friend to share. You always support me! Juseong Lee, my favourite bald friend, you will
always be remembered as my best study object. Ingeborg de Pater, your encouragement has
added confidence to me. lordanis Tseremoglou thank you for practicing Greek with me.
Chengpeng Jiang, thank you for discussing scientific research issues with me day and night.
With your help and encouragement, I was able to persevere until now. Mike Zoutendijk and
Simon van Oosterom, thank you for giving me various suggestions for studying and living in
the Netherlands. I am grateful to other students at ATO—Marie Bieber, Malte von der Burg,
Mahdi Noorafza, Ilias Parmaksizoglou, Thomas Pioger, Haonan Li and Dr. Giil¢in Ermis. In
addition, I would like to thank ATO alumni who helped me settle down in Delft. Thank you Dr.
Qichen Deng, Dr. Alessandro Bombelli, Dr. Wenhua Qu, Dr. Raissa Li, Dr. Stef Janssen, Dr.
Vis Dhanisetty, Hemmo Koornneef and Dr. VinhHo-Huu. Finally, thank you to the professors
and staff at ATO: Paul Roling, Elise Bavelaar, Dr. Marcia Baptista and Nathalie Zoet.

In addition to research, I would also like to thank all my Chinese friends who have been
constantly encouraging me. Thank you Joshua Tsang, Quan Guo, Zhi Jiang, Xiaoyan Sun,
Xingyu He, Haotian Niu, Xiaoqing Hu, Jin Zhao and Dr. Maolong Lv. Most importantly, I want
to thank Weijia Zhu.

Then I want to dedicate all the honors to my family. My parents, Cunbao Ma and Binbin Wang,
gave me selfless love, unconditional support, and sincere advice. When I felt depressed and
desperate and wanted to give up, they silently cared for me and enlightened me. When I
published a paper, they celebrated for me. When I had emotional problems, your dedication
made me deeply feel that there is a place that belongs to me in China. In addition, my lovely
sister. Thank her for caring about me when I was down.

Finally, I want to thank myself! Hard work may not get you everything, but at least it will make
you better!






Summary

Reach Probability Estimation of
Rare Events in Stochastic Hybrid
Systems

Hao MA

This thesis conducts a series of interrelated research studies on reach probability estimation of
rare events for stochastic hybrid systems. Chapter 1 explains that the motivation for these
studies stems from the need to assess safety and capacity of a design for a future Air Traffic
Management (ATM) concept of operations (ConOps). The safety/capacity of an ATM ConOps
can be expressed in terms of the amount of traffic that can be handled in such a way that the
probability of rare events remains sufficiently low. Chapter 1 also explains that the dynamic
and stochastic behaviours in an ATM ConOps design can be captured by a General Stochastic
Hybrid System (GSHS) model, and that the rare events to be studied can be defined as events
that the state of a GSHS model reaches an unsafe set. In ATM safety studies, an unsafe set often
considered is the closed subset in the GSHS state space where the physical shapes of two aircraft
overlap. The state of a GSHS model consists of two components: i) a Euclidean valued
component, and ii) a discrete valued component. The evolution of these two components
influence each other; therefore a GSHS model can capture various types of dynamic and
stochastic behaviours, including Brownian motion and spontaneous jumps. In contrast to forced
jumps, that happen when the GSHS state reaches a boundary in the hybrid state space,
spontaneous jumps occur according to a Poisson point process. A mathematically important
property of GSHS, is that a GSHS execution satisfies the strong Markov property.

A straightforward approach in estimating the Reach Probability of an unsafe set by a GSHS
model is to conduct a large amount of Monte Carlo (MC) simulation runs, and calculate the
fraction of runs in which the unsafe set is reached. For realistic application of such MC based
rare event estimation approach, there is need for analytical methods that allow to accelerate the
simulation. Literature on such acceleration distinguishes two main approaches: Importance
Sampling (IS) and Importance Splitting (ISp). The IS approach is to draw random samples from
a reference stochastic process model instead of the original process model, and to compensate
the estimated reach probability through an analytically derived factor to compensate for
sampling from the reference model instead of the original model. The ISp approach embeds the
unsafe set by an increasing sequence of nested subsets, and then estimates the Reach Probability



of the unsafe set as a product of conditional probabilities of reaching the next inner subset. The
mathematically best developed ISp approach for a strong Markov process makes use of an
Interacting Particle System (IPS). For ATM ConOps evaluation, the IPS approach has
demonstrated that it may yield a very large acceleration factor. However, to also assess the
effect of GSHS model parameter changes on the reach probability, there is need for further
improvements. Therefore, the overall aim of this thesis is to develop significant improvements
in simulation based Reach Probability estimation for a GSHS.

Chapter 2 investigates a multi-dimensional diffusion process using the IPS framework. In this
study, the IPS performances is analysed for four splitting strategies: multinomial resampling
(MR), multinomial splitting (MS), residual multinomial splitting (RMS), and fixed assignment
splitting (FAS), when employing a finite number of particles. These strategies differ in how
they sample the new set of particles from the set of successful particles. The study proves that
IPS using FAS dominates in variance reduction over IPS using MR, MS and RMS.

Chapter 3 extends the Chapter 2 results, for a multi-dimensional diffusion process, to a GSHS.
In applying IPS to a GSHS, in literature, there are two simulation approaches. The formal
approach is to simulate a GSHS according to its formal execution rules. The popular approach
is to first transform the spontaneous jumps of a GSHS to forced jumps, and then to simulate
this transformed version. Chapter 3 shows that the popular approach leads to a loss of the strong
Markov property of the process defined by the original GSHS. Subsequently, Chapter 3 also
proves that this loss of the strong Markov property has a negative effect on the acceleration
factor of IPS for a GSHS with spontaneous jumps.

Chapter 4 studies an improvement of the IPS approach when a GSHS has mode values that
occur at low probability, such as rare system failure conditions. To improve this situation, IPS
is incorporated with sampling per mode, denoted as IPSmode. The [IPSmode algorithm is
combined with four mode-directed splitting strategies: MRmode, MSmode, RMSmode, and
FASmode, each employing a finite number of particles. In contrast to the studies in Chapters 2
and 3, the mode-directed splitting strategies employing RMS and MS outperform the FAS
approach. The explanation is that for the FASmode splitting approach it is more demanding to
take proper account of the effect of particle weights in mode-dependent splitting.

Chapter 5 studies IS for GSHS. The motivation to do so was triggered by a recent development
of IS theory for Piecewise Deterministic Markov Process (PDMP), which is a GSHS without
Brownian motion. First, the optimal IS strategy for a PDMP is extended to a GSHS; this shows
that Brownian motion plays a key role in the derivation, and in the optimal strategy. Second,
the approximated IS strategy that has been developed for PDMP is extended to a GSHS. This
approximated IS strategy assumes that the PDMP/GSHS consists of a number of subsystems in
parallel redundancy, that are subject to failure and repair; and that the Euclidean valued process
has no discontinuities. Under these conditions, chapter 5 shows that the approximated IS
strategy developed for a PDMP also applies to a GSHS, i.e. the influence of Brownian motion
disappears.

Chapter 6 draws conclusions regarding the results obtained through the series of studies. First
conclusions are given from the novel contributions to the literature on rare event estimation for
stochastic hybrid systems. Secondly, it is explained what this means for specific use in
modelling and risk assessment of a future ATM ConOps. Finally, directions for follow-on
research are mentioned.
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Introduction

This chapter introduces rare event simulation, stochastic behaviors and research gaps addressed
in this thesis. It describes the thesis goal and objectives. Furthermore, the thesis overview will
be clarified by means of short chapter descriptions which explain how each individual chapter
is linked to the overall aim.



1.1 Motivation

This PhD thesis studies rare event estimation using Monte Carlo (MC) simulation. The
motivation for these studies stems from the increased need to evaluate a design of a future Air
Traffic Management (ATM) Concept of Operations (ConOps) on safety and capacity.

In 2022, the Federal Aviation Administration (FAA) of the United States served approximately
16,405,000 flights, averaging over 45,000 flights and 2.9 million passengers per day (FAA,
2023). The annual growth rate for airline passengers is expected to be 5.5% over the next 20
years (FAA, 2021). As a result, this exponential growth will lead to more crowded airspace,
posing challenges for effectively resolving future air traffic congestion. This will be
exacerbated by the introduction of unmanned aerial vehicles operating at different altitudes.

Commercial air transportation has attained a very high level of safety, characterized by a
notably low frequency of accidents, such as mid-air collision. This very high safety level has
been reached through decades of learning from accidents and subsequent improvement of the
air transport operations. Complementary to learning from accidents, safety risk assessment
methods are in use for safety evaluation of changes of sub-systems in the overall air
transportation system. For instance, the FAA has developed an "Air Traffic Services Safety
Management Handbook" to conduct a safety risk analysis of changes to sub-systems in use by
ATM. However, safety evaluation of sub-systems is inadequate to understand the impact of
interactions between different sub-systems and human actors, such as pilots and air traffic
controllers. To analyse the safety and capacity effects of these interactions, there is a need for
systematic modelling and simulation of a design of a future ATM ConOps, and to provide
feedback on the safety/capacity findings to the design team, as shown in Figure 1.1. Modelling
and simulation during the design phase of a future ATM ConOps on safety/capacity enable
designers and engineers to learn unknown behaviour and to develop design improvements
before system deployment, thereby reducing costly errors and risks.

ATM design Safety/Capacity
Assessment

Figure 1.1. Safety/capacity assessment and feedback to ATM design [Blom et al., 2001]

An illustrative example of safety/capacity assessment through modelling and simulation of a
design of a future ATM ConOps is found in the work conducted by Blom et al. (2007). They
considered a given design of a next-generation ATM ConOps, and assessed mid-air collision
risk as a function of increasing levels of air traffic demand. The modelling and simulation
covered socio-technical issues such as crew reaction times, the reliability of various sub-



systems such as GNSS, ADS-B, and ASAS, as well as environmental factors like randomly
varying wind conditions.

This illustrative example demonstrates that there are two key challenges. On the one hand, there
is the modelling of the complex overall socio-technical system as defined by an ATM ConOps
design. On the other hand, accurate assessment of mid-air collision probability asks for a
mathematically proven rare event simulation method that applies to the developed model of the
ATM ConOps design. In mathematics, rare event simulation is studied in terms of proven
variance reduction methods.

In the next subsections, these two key challenges in modelling and rare event simulation are
illustrated for the Free Flight ATM ConOps design studied by [Blom et al., 2007].

1.2 Socio-technical modelling of a future ATM ConOps Design

In current ATM ConOps, air traffic controllers on the ground are responsible for keeping
aircraft well-separated from each other. In a free-flight design, the separation management
responsibility is moved to pilots [RTCA, 1995]. Pilots flying in free-flight airspace are allowed
to optimize their trajectories and have greater freedom in choosing paths and flight altitudes.
Obviously, the safety implications arising from this level of freedom deserve serious attention
in the design phase. This section illustrates the agent-based simulation model of [Blom et al.,
2007] that has been developed to assess the safety risk of an early Free Flight design.

A simulation of a Free Flight operation involves a large number N of aircraft. In the agent-based
model of [Blom et al., 2007], for each of the N aircraft, there are five active agents: one physical
aircraft agent, one Pilot-Flying (PF) agent, one Pilot-not-Flying (PNF) agent, one agent for the
Airborne Guidance, Navigation and Control (AGNC) system, and one agent for the Airborne
Separation Assistance System (ASAS). As depicted in Figure 1.2, outside of these N aircraft-
related agents, there is one common agent for the Communication, Navigation and Surveillance
(CNS) systems that facilitate communication between agents for different aircraft. As shown in
Table 1.1, each agent in Figure 1.2 consists of multiple interacting sub-systems. Table 1.1 also
shows how the total number of sub-systems increases with the number N of aircraft flights in
the airspace for which the ATM ConOps has to be evaluated for safety/capacity.

ARircraft i \ Aircraft j \

ASAS [ ‘ ASAS
-

Pilot not
Pllot Flying Flying [ Pilot-Flying [ Plllnt”?:t

\ /\

‘ CNS ‘

Figure 1.2. Agents and their interactions in the Free-Flight model of [Blom et al., 2007].



Table 1.1. Agent Types and number of subsystems in in the free flight operation,

where N indicates the number of aircraft [Blom et al., 2007]

Number of | Number of Total
Agent Type agents subsystems number of
per agent subsystems
Aircraft N 4 4N
Pilot-Flying (PF) N 6 6N
Pilot-Not-Flying (PNF) N 2 2N
ASAS N 8 8N
AGNC N 18 18N
Global CNS 1 3 3
Total 5N+1 41 38N +3

To properly specify an agent-based model that involves such large number of interacting agents
and sub-systems, a compositional model specification method has to be used. Such method
allows one to start with the model specification of each sub-system, followed by the
specification of the interactions between the sub-systems within an agent, and finally the
specification of the interactions between subsystems of different agents.

For the compositional specification of the agent-based model of the Free Flight ConOps design,
[Blom et al., 2007] has used the compositional specification method of Stochastically and
Dynamically Coloured Petri Nets (SDCPN) [Everdij et al., 2006]. During the first step of
SDCPN model specification, for each sub-system a Local Petri Net (LPN) model is specified.
During subsequent steps, the interactions between LPN’s are specified. For example, the ASAS
agent is composed of subsystems for: 1) Processing, 2) Alerting, 3)Audio Alerting, 4)
Surveillance, 5) System mode, 6) Priority switch mode, 7) Anti-priority switch mode, and 8)
Predictive alerting. Each of these subsystems is modelled as an LPN. Subsequently, within each
ASAS agent, the ADS-B information received from other aircraft is processed by the
Surveillance LPN. The Processing LPN subsequently uses the outcome of the Surveillance LPN
to perform conflict detection and resolution with the own aircraft state, which information is
provided by the GNC agent. The outcomes from the Processing LPN are subsequently used as
input by the LPN’s Alerting and Audio Alerting. Non-nominal events are also captured in the
model. For example, the LPN System mode has three discrete states: 1) Nominal working; ii)
Failed; and iii) Corrupted. If the LPN System mode is Failed or Corrupted, then the performance
of the Processing LPN is influenced. Once each agent is specified, then the interactions between
agents are also systematically defined. For example, the PF agent may receive a conflict alert
from the ASAS agent (Audio Alerting LPN).

The resulting SDCPN model specification of the Free Flight ConOps considered, is
subsequently implemented as a Monte Carlo simulator that can run an air traffic scenario
involving N flights. To accurately estimate the mid-air collision probability for such a Free
Flight ConOps design, this scenario has to be simulated a large number (N, ) of times, with

randomly varying initial traffic conditions. In practice this asks for impractically large computer
simulation times. To bring the computer simulation down by orders in magnitude, an effective
rare event simulation method is needed.



1.3 Rare Event Simulation

The mathematical problem setting of rare event simulation is known as Reach Probability
estimation, e.g., [Prandini et al., 2011]. For a continuous-time stochastic process {x,} , which
evolves in a state space X , reach probability is the probability that {x,} reaches a rare set
D — X within a finite time interval [0,7]. For mid-air collision in ATM, the rare set D is the
area where two 3-dimensional aircraft shapes are in overlap.

A straightforward approach to Reach Probability estimation is to conduct many Monte Carlo
(MC) runs and calculate the fraction of runs that reached the rare set D . For safety assessment
of an air traffic scenario involving multiple aircraft, this would take an unrealistically long
duration of computer simulation time. To reduce the simulation time, there is a need to apply
mathematically sound variance reduction methods. Particular consideration is required to avoid
a potential underestimation of the reach probability. For air traffic, heuristic variance reduction
can easily lead to a systematic underestimation of mid-air collision risk.

Importance Sampling (IS) and multilevel splitting are the most powerful variance reduction
approaches. IS allows rare events to occur more frequently by modifying the underlying
probability distribution and then correcting the biased estimator by multiplying the result by the
corresponding likelihood ratio [Bucklew, 2004; Glasserman, 2004]. The effectiveness of IS
depends on finding the correct measure transformation, and improper operation may result in
worse results than direct simulation. Typically, the rough asymptotic behaviour of the rare event
probability needs to be determined in order to find the correct measure transformation. In
complex dynamic models, this type of analysis may be challenging (e.g. Botev and Kroese,
2008; L’Ecuyer et al., 2009; Rubinstein, 2010; Morio and Balesdent, 2016).

Multilevel Splitting, also referred to as Importance Splitting (ISp), is a well-developed method
for estimating the reach probability. The multilevel setting allows one to formulate the
expression of the Reach probability of the rare set D as a product of larger reach probabilities
for a sequence of nested subsets D D , e.g. [Glasserman et al., 1999]. Cérou et al. (2005, 2006)
embed this multilevel factorization in the Feynman-Kac factorization for strong Markov
processes (Del Moral, 2004). This Feynman-Kac setting subsequently supports the evaluation
of the Reach probability through sequential Monte Carlo simulation in the form of an
Interacting Particle System (IPS), including a proof of convergence (Cérou et al., 2006). The
mathematical background of IPS requires that the stochastic process considered is a strong
Markov process, i.e., that the Markov property applies not only to fixed times but also to
stopping times.

IPS has been used in the Free Flight example [Blom et al., 2007]. Verification that the strong
Markov property is satisfied has been accomplished as follows. For the SDCPN specification
method used, [Everdij and Blom, 2006] has proven how the many stochastic variables in the
complete SDCPN model defines a GSHS, for which the strong Markov property has been
proven by [Bujorianu and Lygeros, 2006].

The use of IPS in [Blom et al., 2007] yields a large acceleration factor. However, to also conduct
sensitivity analysis, i.e., to evaluate the effect of model parameter changes on the estimated rare
event probabilities, the acceleration factor has to be increased by two extra orders of magnitude.
Hence, a mathematically formulated motivation of the studies conducted in this PhD thesis is



to investigate directions in realizing the two extra orders of the magnitude in variance reduction
that IPS realizes in the illustrative Free Flight model of [Blom et al., 2007].

1.4 Stochastic behaviours in rare event simulation for future ATM

As has been explained in the previous subsection, the use of the SDCPN specification method
defines a strong Markov process, which is a requirement the mathematical foundation of the
IPS method. In a further study of variance reduction, it is also needed to understand which types
of stochastic behaviours are used in the agent-based modelling of an ATM ConOps design. The
study of variance reduction tends to be more demanding with the increasing complexity of the
stochastic behaviours involved.

The first column in Table 1.2 lists the stochastic behaviour types that are relevant to characterise
different classes of strong Markov processes [Lygeros and Prandini, 2010]:

- Hybrid state space: A state space that is a Kronecker product of a discrete set
and an Euclidean space. For example, the hybrid aircraft state also covers flight
mode and aircraft type in addition to position and velocity.

- Ordinary Differential Equation (ODE): The solution of an ODE is a deterministic
flow. An example is to model the rate of a non-exponential spontaneous jump
rate as a function of passed delay, that is the solution of an ODE.

- Stochastic Differential Equation (SDE): In addition to a deterministic flow, there
also is a random influence by Brownian motion processes. An example is to use
an SDE model to represent the uncertain and time-varying nature of wind,
affecting the aircraft's velocity.

- Forced jumps: Jumps that occur when the Euclidean-valued state reaches the
boundary of the hybrid state space. An example is a forced jumps from climb
mode to level flight mode when the aircraft altitude reaches its intended cruise
level.

- Spontaneous jumps: Jumps that occur according to a Poisson process and
therefore are not predictable. An example is a sudden failure of a technical
aircraft system.

- Hybrid spontaneity: This means that the rate of spontaneous jumps depends both
on the discrete-valued mode and on the Euclidean-valued state. For example, the
failure rate of a technical system also depends on the aircraft's altitude.

- Hybrid jumps: Jump in the Euclidean-valued state happens simultaneously with
a transition in the discrete-valued state. An example is an aircraft switching from
straight flight mode to a turn mode and, at the same time, making a jump in the
aircraft’s bank angle.

The ATM examples given above for each stochastic behaviour type illustrate that the strong
Markov process class to be studied should capture all the above stochastic behaviour types.

The first row in Table 1.2 lists relevant classes of strong Markov processes; e.g. [Lygeros and
Prandini, 2010; Yin & Zhu, 2010]; these range from Diffusion to General Stochastic Hybrid
System (GSHS). The increasing complexity of these strong Markov process classes can best be
described through a description of stepwise extension of stochastic behaviour types, i.e. starting
with Diffusion, and ending with GSHS:



Table 1.2. Overview of stochastic behaviour types and
their support in various classes of strong Markov processes

Hybrid
Stochastic Diffusi Jump- Switchin Hybrid Switching
Behaviour N diffusio | CTMC g Switching Diffusion/ | PDMP GSHS
Type © n Diffusion | Diffusion hybrid
jumps
Hybrid State - - - X X X X X
ODE - - - - - - X X
SDE X X - X X X - X
Forced ) i i ) i ) X X
Jumps
Spontaneous ) X X X X X X X
Jumps
Hybrid - - - - X X X X
spontaneity
Hybrid - - - - - X X X
jumps

A Diffusion is an Euclidean-valued solution of an SDE driven by Brownian motion.

A Jump-diffusion is a Euclidean-valued solution of an SDE driven by Brownian motion
and Poisson random measure [Glassermann, 2004; Oksendal and Sulem, 2005], where
the Poisson random measure triggers spontaneous jumps.

A Continuous Time Markov Chain (CTMC) is a discrete-valued process that makes
spontaneous jumps in its discrete state space.

A Switching Diffusion is the solution of an SDE, the coefficients of which are a function
of an independent CTMC [Ghosh et al., 1997; Mao and Yuan, 2006]. Hence a switching
diffusion has a hybrid state space.

Hybrid Switching Diffusion [Yin & Zhu, 2010]: Relative to a Switching Diffusion, the
extra stochastic behaviour is that the transition rates in the CTMC are now a function of
the Euclidean-valued state component.

Hybrid Switching Diffusion with Hybrid Jumps [Hespanha, 2005]: Relative to Hybrid
Switching Diffusion, the extra stochastic behaviour is that a jump in the Euclidean state
component can happen simultaneously with a transition in the discrete-valued state
component.

Piecewise Deterministic Markov Process (PDMD) [Davis, 1984]. Relative to Hybrid
Switching Diffusion, the extra stochastic behaviour is forced hybrid jumps that occur
when the Euclidean-valued state hits predefined boundaries in the Euclidean sub-space.
In a PDMP, this extension could be handled under the limitation that the flow within
the Euclidean sub-space is deterministic. This implies restriction to an ODE instead of
SDE.

General Stochastic Hybrid System (GSHS) [Bujorianu and Lygeros, 2006]: Relative to
PDMP, an SDE now replaces the ODE.

Based on the comprehensive understanding of the stochastic behaviours employed in agent-
based modelling for the Free Flight example provided by [Blom et al., 2007], it is evident that
the GSHS framework emerges as the most suitable formalism. The GSHS framework has the
ability to effectively capture all stochastic behaviours, including the strong Markov property.
Therefore, GSHS can be confidently recommended as the appropriate formalism for addressing
the intricate stochastic behaviours encountered in future ATM ConOps designs.



1.5 Research Gaps in Variance Reduction for Stochastic Behaviours in GSHS

1.5.1. Need for a better understanding of IPS based variance reduction

IPS is a variance reduction method that makes use of multi-level splitting. This allows to
express the small reach probability of the inner level set as a product of larger reach probabilities
for the sequence of enclosing subsets, e.g. (Glasserman et al. 1999). Cérou et al. (2005, 2006)
embedded this multi-level splitting approach within the Feynman-Kac factorization equation
for strong Markov processes (Del Moral, 2004).

In the IPS approach, multiple particles are simultaneously simulated to estimate the reach
probability of the next level (or subset), if started from the preceding level (or subset). Once a
particle enters a subset in between, it splits/copies into many independent sub-paths. Many
splitting implementations are available in the literature: a fixed-splitting implementation
(L’Ecuyer et al., 2006); a fixed-effort implementation (L’Ecuyer et al., 2007); a fixed success
implementation (Le Gland and Oudjane, 2006); a fixed probability of success (Cérou and
Guyader, 2007). Moreover, (Gerber et al., 2019; Garvels, 2000) compared different splitting
strategies. (Garber and Chopin, 2015) introduced a method to improve the efficiency of Monte
Carlo methods by combining quasi-random sequences to improve convergence. Cérou et al.
(2005, 2006) embedded this multilevel splitting in the Feynman-Kac factorization equation for
strong Markov processes (Del Moral, 2004). The IPS approach seems to be the most suitable
for rare event estimation in stochastic dynamical systems (Krystul, 2006).

In spite of these results on the analysis of multilevel splitting and IPS, relevant issues remain
for a better understanding. One issue is that in order to simplify the problem, researchers assume
that each sequence is independent (e.g., Garvels, 2000). However, this assumption does not
hold in practice. Another issue is that IPS variance estimate is based on the assumption that the
number of simulated particles tends to infinity. Also this assumption is impossible to realize in
practice.

1.5.2. Understanding the effect of modelling spontaneous jumps as forced jumps

The continuous-time executions of a GSHS evolve in a hybrid state space under influence of
combinations of diffusions, spontaneous jumps and forced jumps. As explained by Lygeros and
Prandini (2010), a spontaneous jump in a GSHS can be transformed to a forced jump. This is
done as follows. An auxiliary Markov state component g, , starts at each exit time as an
exponentially distributed random variable, subsequently evolves as dg, =—-A(6,x,)dt and
defines a new exit time upon reaching value zero. Replacement of spontaneous jumps in {x,,6,}
with forced jumps when g, =0 and resampling of ¢, from an exponential distribution with
rate 1 upon reaching the extended exit boundary at stopping time 7'. Common practice in
GSHS model specification is to adopt this transformation. As a result the GSHS model specified
has no or fewer spontaneous jumps. [Blom et al., 2018] has demonstrated through IPS
simulations, for example, that the transformation of a spontaneous jump to a forced jump may
have negative effect on the variance reduction performance of IPS. The specific example
considered was the probability of a car hitting a wall scenario, and involved a random reaction
delay by a human. Two ways in modelling this human reaction delay have been simulated: 1)
direct simulation of a GSHS execution and ii) transforming the spontaneous jumps of a GSHS
into forced jumps, followed by simulating the executions of this transformed version.



The findings for this example show there is a need for a better understanding of the effect of
transforming spontaneous jumps in GSHS to forced jumps.

1.5.3. Error Analysis of Sampling per mode strategies in IPS

Switching Diffusion is a subclass of GSHS. It has received increasing attention recently. A
prominent feature of these systems is the coexistence of continuous dynamics and discrete
events. Applying the multilevel splitting method to Switching Diffusion cannot produce
reasonable estimates within reasonable simulation time. The reason is that there may be very
few particles in a mode of low probability (such mode is referred to as a "light" mode). This
happens because each resampling step tends to make particle copies for modes with high
probabilities, as a result of which few or no particle copies are made for "light" modes.
Increasing the number of particles should improve but at the cost of significantly increasing
simulation time.

To avoid this situation, (Krystul, 2006) proposed the sampling per mode algorithm, which
draws a fixed number of N; particles in each mode j. Using the law of large numbers and the
central limit theorem, (Krystul, 2006) have analyzed the convergence of the sampling per mode
algorithm. However, the law of large numbers or the central limit theorem only holds when the
number of simulated particles tends to infinity. This theoretical issue can have an unpredictable
impact on accuracy.

1.5.4. Importance Sampling in Estimation of Reach Probability for GSHS

In the literature, IS has been studied for CTMC [Shahabuddin, 1994] and Diffusions
[Glasserman, 2004; Dupuis et al., 2012; Zhang et al., 2014]. Only recently, IS has been
developed for PDMP [Chraibi et al., 2019]. This invaluable development has been identified
thanks to participation of Dr. Chraibi in a benchmark competition between tools and methods
for rare event estimation for stochastic hybrid systems (Abate et al., 2021). The research
question to be addressed is if and how these IS results for PDMP can be extended to GSHS, i.e.
a PDMP that involves Brownian motion.

1.6. Research Objectives

The above identified research gaps have inspired the overall aim of this thesis and it is:

To develop significant improvements in rare event simulation for GSHS

The following four research objectives are addressed in this thesis to address this statement.
These objectives will be solved in each of the chapters of this thesis.

Objective 1. Error Analysis of Multilevel Splitting

Garvels (2000) has proven that fixed assignment splitting works better or is equal to
multinomial resampling by assuming that the sets of particles at different levels are independent
of each other. Objective 1 is to prove that using fixed assignment splitting in reach probability,
IPS dominates in variance reduction over the random assignment methods, Multinomial
Resampling, Multinomial Splitting, and Residual Multinomial Splitting without making use of
the independence assumption.



Objective 2. Understanding the Effect of Transforming Spontaneous Jumps to
Forced Jumps

There are two approaches to simulating GSHS execution: direct simulation and transformation
of spontaneous jumps into forced jumps, followed by simulation of the transformed version.
Blom et al. (2018) found that the latter approach can produce unexpected effects, such as
particle impoverishment. However, the mechanisms behind these effects needed to be
sufficiently understood to make a meaningful contribution to simulating a GSHS. Therefore,
Objective 2 is to investigate the effects of using the transformed version in an arbitrary GSHS.

Objective 3. Error Analysis of sampling per mode within IPS

Straightforward application of the IPS approach of (Cérou et al., 2002) to rarely switching
diffusions has certain limitations, particularly for a few particles in a mode with small
conditional probability, i.e., a “light” mode. In such a case, the possible switching between
modes is not properly taken into account, which badly affects estimator performance. In order
to improve this, (Krystul, 2006) developed the sampling per mode algorithm to cope with large
differences in mode weights and proved the accuracy through asymptotic analysis.

Objective 3 is to develop an error analysis approach for IPS that uses sampling per mode and
to use this to develop an improvement of sampling per mode strategy within IPS.

Objective 4. Extending Chraibi’s IS results for PDMP to GSHS

IS has been well studied in the field of rare event estimation for CTMC and diffusions. These
studies address three main issues. The first issue is to characterize the optimal IS strategy. The
second issue is to use the characterization of the optimal IS strategy for the development of a
parametric family of approximated IS strategies. The third issue is to optimize the parameter
values in this family through a minimization of the Kullback-Leibler divergence between the
probability laws of the optimal and the approximated IS strategies. Recently, Chraibi et al.
(2019) addressed these three steps for a PDMP, which is a GSHS without diffusion. Therefore,
Objective 4 is to extend the IS developments by (Chraibi et al., 2019) to a GSHS.

1.7 Thesis Overview

The thesis consists of six chapters. The contents of the remaining chapters are briefly
summarized below.
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Figure 1.3. The overview of the thesis

Chapter 2 reviews the background of IPS based reach probability estimation for a multi-
dimensional diffusion process and characterizes the conditional variances of IPS-based reach
probability estimation under four different splitting strategies: multinominal resampling,
multinominal splitting, residual multinominal splitting, and fixed assignment splitting.
Subsequently, the variance estimates of these four strategies are compared. Numerical
evaluations and comparisons of four splitting strategies within IPS are shown. This chapter is
based on Ma and Blom (2021).

Chapter 3 examines the effect of transforming spontaneous jumps in a GSHS to forced jumps
(referred to as "the transformed version" for convenience). This chapter begins with an
overview of the IPS setting for a GSHS. Two methods for simulating GSHS execution are
presented: direct simulating GSHS execution and the transformed version. These approaches
are then formulated within the IPS framework. The comparison of these two approaches reveals
the mechanisms behind the unexpected effects of the transformed version. This chapter is based
on the work by Ma and Blom (2022a)

Chapter 4 focuses on the analysis of the sampling per mode strategy for reach probability in
GSHS. Firstly, the IPS setting for a GSHS is summarized, followed by the representation of the
sampling per mode algorithm within IPS (Krystul et al., 2012). Next, a slightly improved
version of Krystul’s algorithm is developed, which ensures that the total particle number
remains same. This improved version is then compared with the classical IPS approach.
Furthermore, several improved versions of the sampling per mode algorithm using different
splitting strategies are analysed and compared. This chapter is based on the work by Ma and
Blom (2022b).
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Chapter 5 extends the optimal IS strategy by Chraibi et al. (2019) for a PDMP to a GSHS. This
chapter formulates the reach probability estimation for a GSHS using IS and characterizes the
optimal IS strategy. However, this strategy is only of theoretical use in practice. As a result, a
parametric family of approximated IS strategies for a GSHS is developed using this
characterization . With the Kullback-Leibler divergence, the best parameter value in this family
is determined. This chapter is based on Ma and Blom (2023).

Finally, Chapter 6 presents conclusions and possible directions for future research.
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2

Random Assignment vs. Fixed Assignment in Multilevel
Importance Splitting for Estimating Stochastic Reach Probabilities

This chapter focuses on estimating Reach Probability of a closed unsafe set by a stochastic
process. A well-developed approach is to make use of multi-level MC simulation, which
consists of encapsulating the unsafe set by a sequence of increasing closed sets and conducting
a sequence of MC simulations to estimate the reach probability of each inner set from the
previous set. An essential step is to copy (split) particles that have reached the next level (inner
set) prior to conducting an MC simulation to the next level. The aim of this chapter is to prove
that the variance of the multi-level MC estimated reach probability under fixed assignment
splitting is smaller than or equal to that under random assignment splitting methods. The
approaches are illustrated for a geometric Brownian motion example.

This chapter has been published as “Ma, H., Blom, H.A.P., Random Assignment Versus Fixed
Assignment in Multilevel Importance Splitting for Estimating Stochastic Reach Probabilities.
Methodology and Computing in Applied Probability 24, 2313-2338 (2022).
https://doi.org/10.1007/s11009-021-09892-4"
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2.1. Introduction

Evaluating the reach probability of an unsafe set is well-studied in the domains of control and
safety verification of complex safety critical system designs. In the control domain, the focus
is on synthesizing a control policy such that a safety critical systems stays away from the unsafe
set with a high probability (Alur et al., 2000; Prandini and Hu, 2007). From this control
synthesis perspective, it makes good sense to adopt model abstractions in combination with an
over-approximation of the unsafe set (Julius and Pappas, 2009; Abate et al., 2011; Di Benedetto
et al., 2015). In safety verification of complex safety critical system design, reach probability
of the unsafe set is commonly evaluated using statistical simulation techniques, e.g. air traffic
(Blom et al., 2006, 2007a), actuarial risks (Asmussen, and Albrecher, 2010), random graphs
(Bollobas, 2010), communication network reliability (Robert, 2003).

To evaluate very small reach probabilities, common practice is to make use of methods to
reduce variance for a given computational effort. Literature on variance reduction distinguishes
two main approaches: Importance Sampling (IS) and Importance Splitting (ISp). IS draws
samples from a reference stochastic system model in combination with an analytical
compensation for sampling from the reference model instead of the intended model. Bucklew
(2004) gives an overview of IS and analytical compensation mechanisms. For complex models,
analytical compensation mechanisms typically fall short and multi-level ISp is the preferred
approach (e.g. Botev and Kroese, 2008; L’Ecuyer et al., 2009; Rubinstein, 2010; Morio and
Balesdent, 2016).

In multi-level splitting, the safe set, or target set, i.e. the set for which the reach probability has
to be estimated, is enclosed by a series of strictly increasingly (nested/enclosing) subsets. This
multi-level setting allows one to express the small reach probability of the inner level set as a
product of larger reach probabilities for the sequence of enclosing subsets (see e.g. Glasserman
etal, 1998, 1999). Cérou et al. (2005, 2006) embedded this multi-level splitting in the Feynman-
Kac factorization equation for strong Markov processes (Del Moral, 2004). This Feynman-Kac
setting subsequently supported the evaluation of the reach probability through sequential Monte
Carlo simulation in the form of an Interacting Particle System (IPS), including characterization
of asymptotic behaviour (Cérou et al., 2006).

Particle splitting (copying) of N, successful particles to N, >N, particles can be done in
multiple ways (e.g. Garvels and Kroese, 1998; Cérou et al., 2006; L'Ecuyer et al., 2007;
L'Ecuyer et al., 2009). The classical approach is Multinomial Resampling, i.e. drawing the N,
particles at random, with replacement, from the N, successful particles. Cérou et al. (2006)
propose the alternative of adding to the set of N, successful particles, N, — N, random drawings
(with replacement) from the N, successful particles; this we refer to as Multinomial Splitting.
A third approach is fixed assignment splitting, i.e. copying each of the N, successful particles
as much as possible the same number of times. Following (L’Equyer et al., 2009), fixed
assignment splitting is accomplished in two steps. During the first step each successful particle
is copied | N,/N, | times. During the second step, the residual N,~N,| N, /N, | particles are
randomly chosen (without replacement) from the set of successful particles, and these are added
to the set of copies from the first step. A fourth approach is residual multinomial splitting, i.e.
after the first step of fixed assignment splitting, the residual Np—N\_LNp/N\, J particles are
randomly chosen (with replacement) from the ~, successful particles.

Under restrictive assumptions, Garvels (2000) has proven that fixed assignment splitting works
better or equal to multinomial resampling. The key assumption is that the sets of particles at
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different levels are independent of each other. In IPS for filtering studies, e.g. (Del Moral et al.,
2001; Gerber et al., 2019), multi-level Feynman-Kac analysis has been used to make variance
comparisons between different particle resampling methods. Through mapping the filtering IPS
results of Del Moral et al. (2001) to the reach probability IPS, Cérou et al. (2006) argue that
multinominal resampling adds extra randomness to multinomial splitting, as a result of which
the multinomial splitting has a variance advantage over multinomial resampling. Through
mapping the filtering IPS results of Gerber et al. (2019) to the reach probability IPS, it is clear
that residual multinomial splitting has a variance advantage over multinomial resampling.
Gerber et al. (2019) also conclude that existing multi-level Feynman-Kac analysis falls short in
handling random drawings without replacement, as is done in the second step of fixed
assignment splitting.

The main objective of this chapter is to prove that using fixed assignment splitting in reach
probability IPS dominates in variance reduction over the random assignment methods:
Multinomial Resampling, Multinomial Splitting and Residual Multinomial Splitting. These
proofs do not make use of the independence assumption of Garvels (2000). The stochastic
process considered is a multi-dimensional diffusion process that is pathwise continuous. The
effect of different splitting methods is also illustrated in reach probability estimation for a
geometric Brownian motion example.

This chapter is organized as follows. Section 2.2 reviews the background of IPS based reach
probability estimation for a multi-dimensional diffusion process. Section 2.3 characterizes the
conditional variances of IPS based reach probability estimation under multinominal resampling,
multinominal splitting, residual multinominal splitting and fixed assignment splitting. Section
2.4 proves that fixed assignment splitting has a variance advantage over these other three ways
of splitting. Section 2.5 presents a case study based on a geometric Brownian motion for
evaluating and comparing multinominal resampling, multinomial splitting and fixed
assignment splitting. Section 2.6 draws conclusions.

2.2. IPS based reach probability estimation

2.2.1. Reach probability of multi-dimensional diffusion

For the rest of the chapter, we define all stochastic processes on a complete probability space
(Q,F,P) . The problem is to estimate the probability » thata R"-valued pathwise continuous
diffusion process {x, } reaches a closed subset DcR" within finite period [0,7], i.e.

y=P(t<T) (2.1)
with 7 the first hitting time of D by {x,}:

r=inf{t > 0,x, € D} (2.2)

Remark: Cérou et al. (2006) and L’Equyer et al. (2009) also address the more general situation
that 7 is a P-a.s. finite stopping time.

2.2.2. Multi-level factorization

If the reach probability » in (2.1) is too small, then a straightforward MC estimator requires a
considerable amount of samples. To overcome this, we introduce a nested sequence of closed
subsets D, of R' to factorize the reach probability », such that

19



D=D,cD, c-cDcD,=R" and P{x, € D,} =0. Let 7, be the first moment in time that
{x,} reaches D, ,i.e.

7, =inf{t>0; x, eD, v t =T} (2.3)

Then, we define {0,1}-valued random variables {y,,k =0,..,m} as follows:

X =L ifr, <T ork=0

24
=0, else @4)
By using this y, definition, the factorization becomes (Cérou et al, 2006):
r=[1n (2.5)
k=1

with 7, ZP(x, =1z, =) =P(z, <T|r,_, <T).

2.2.3. Recursive estimation of the multi-level factors

By using the strong Markov property of {x, }, we can develop a recursive estimation of y using
the factorization in (2.5). First, we define &, = (7;,x, ), 0, 2(0,.T)xD,, for k=1,...,m, and the
following conditional probability measure 7, (B) for an arbitrary Borel set B of R™

T, (B)=P(, €eB|&€0,)

Cérou et al. (2006) show that 7, is a solution of the following recursion of transformations:

”k,l () 1. mutation pk () I11. selection ﬂ_k ()

\L I1. conditioning

Yk

where p, (B) is the conditional probability measure of & €B given & €0, 1.e.

p(B)=P(, €eB|& €0,)

Because {x,} is a strong Markov process, {,} is a Markov sequence. Therefore the mutation
transformation (I) satisfies a Chapman-Kolmogorov equation prediction for &, :

pi(B)= JR,MP@@,, (B[&)7, 1 (d&) forall Be f(R™) (2.6)
For the conditioning transformation (II) this means:
7 =P(r <T|z, <D)=| .1, Pdd) (2.7)

Hence, selection transformation (III) satisfies:

IB l{g”er}pk (d5) _
J.R"” l{é'er 1 P ()

With this, the y, terms in (2.5) are characterized as solutions of a recursive sequence of
mutation equation (2.6), conditioning equation (2.7), and selection equation (2.8).

7 (B)=

IRIACEA (2.8)

2.2.4. IPS algorithmic steps

Following Cérou et al (2006), equations (2.5)-(2.8) yield the IPS algorithmic steps for the
numerical estimation of y :
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ﬁkfl () 1. mutation N [_7k () 111 selection ﬁ_k () IV. splitting N 7_Z'k ()

»L 1. conditioning

Yk
A set of N, particles is used to form empirical density approximationsy,, p, and 7, of y,, p,
and 7z, respectively. By increasing the number N, of particles in a set, the errors in these
approximations will decrease. When simulating particles from Q, , to Q, , a fraction 7, of the
simulated particle trajectories only will reach @, within the time period [0,7] considered; these
particles form 7. Prior to starting the next IPS cycle with n, particles, (v, — N ) copies (also
called splittings) from the N successful particles in 7, are added to 7, .In the next sections,
we consider four ways of splitting: multinominal resampling, multinominal splitting, residual
multinominal splitting and fixed assignment splitting.

Under Multinomial Splitting, Cérou et al. (2006) prove that 7 forms an unbiased y estimate,

1.€.

E{7}:E{H7k}:HE{7k}:H7k:7 (2.9)
k=1 k=1 k=1

Moreover, Cérou et al. (2006) derive second and higher order asymptotic bounds for the error
(7 — y) based on multi-level Feynman Kac analysis, e.g. Del Moral (2004; Theorem 12.2.2).

2.3. Conditional variance characterizations

In this section, conditional characterizations of the variance of 7, are developed for IPS using

multinomial resampling (MR), multinomial splitting (MS), residual multinomial splitting
(RMS) and fixed assignment splitting (FAS), respectively.

2.3.1. IPS using multinomial resampling

In IPS using multinomial resampling, N, offspring are cloned randomly from 7, . The
resulting algorithm of IPS with multinomial resampling, starting from &, ,, is described in
Algorithm 2.1 below.

In order to gain a better understanding of the probabilistic characteristics of the particles that
reached a level, we now characterize the conditional distribution of particles that reach level
k+1, given that at level k the i-th successful particle & is copied K, times, i=1,..,N, .

Proposition 2.1: If N; >0 and K, with i=1.2,.,N; , denote the number of particles that
copies & at level k. Then the number ¥/, of the K/ particle copies of & that reach level k+1,

k+12

has a conditional Binomial distribution of size K| and success probability 7, (), i.e.
Py 2 (KL &) =Bin( K7, (&) (2.10)
with
1) 2P, <T1E =5) 2.11)

Proof: See Appendix 2.A.
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Algorithm 2.1. IPS using multinomial resampling

Input: Initial measure =, , end time 7 , decreasing sequence of closed subsets D, ={xt ER"},
D, oD, k=1,.,m. Also D, =R", Q, =(0,T)x D, and number of particles N,.

Output: Estimated reach probability » collects

0. Initiation: Generate N, particles & ~ z,, i =1,..,
k=1
I. Mutation: p, ()= ZN” L5 _, (), where 5 is obtained through simulating the strong Markov process

i=l N, (&}

ps

ie, ()= Z, A 15)() with Dirac &. Set

starting from &, .

e . N, i - Nsk — '
II. Conditioning: N, = E JWE €Q) and y, =5~ If Ny =0, then 7,. =0, k'€ {k,..,m} and go to
P k
Step V.

Ng,

III. Selection: 7, (.) = 25 (), with {§k} the collection of &' € Q, , i=1,.,N,.

IV. Splitting: 7,(.) = Zw5 (), with & ~7,().

V.If k<m, then k:=k+1and go to Step I, else 7 = . 7,

k=1

Theorem 2.1: If N, >1 and X, i=1..N,, denotes the number of copies made of the i-th
successful particle E during the sphttmg step at level & of the IPS algorithm, then
vl 1 & Cos N
B{7a & k}=N—p;[E{Kk [ PN CA] (2.12)
1 &
Varl7 18 80 = 2 BRI 8 8 10 G0 (171D
p lNSk
= |:Var{K/lc | gklﬂ NSk }yk+1(é:k) :| (213)
’ Ny, N,

[cOv{K;;,K;: &8s E D7 ED)]
i=1 i'=1

Proof: See Appendix 2.A.

Proposition 2.2: If N, >1, and we use multinomial resampling at IPS level k then

Ng,

{mlfk, ; Nsk}:N—Sk;yM(ék (2.14)
Var(7,, 14 80 = 7 @D (1-7,.ED) ]
pl & ]‘v . (2.15)
T > (1.8) }—N—&;;[(m(@)m@ )]
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Proof: See Appendix 2.A.
2.3.2. IPS using multinomial splitting

IPS using multinomial splitting follows the steps of Algorithm 2.1, except for splitting step I'V.
Now each particle in 7,(-) is first copied once, and then (Np - Ny ) offspring are cloned
randomly from 7, (-) (Cérou et al., 2006, Section 3.2, p189). This multinomial splitting in IPS
step IV is specified in Algorithm 2.2.

Algorithm 2.2. Multinomial Splitting in IPS step IV

IV. Splitting: & =g2k' for i=1,...,Ng ; then E~7,() for
i=Ng +1,..,N, . Each particle receives weight 1/ N, .

In IPS using multinomial splitting, all particles have the same weight at any given level. Each
particle is simulated until it reaches the first subset Q. Then Y "1 €0) is the number of
particles that have reached the first subset 0. The fraction 7 = "--1(&' € Q) is an unbiased
estimate of », =P(r; <7). To maintain a sufficiently large population’ of particles, in IPS step
IV (N, -Nj,) copies of these Y "1(& <0, successful particles are added to the set of N
successful particles. During the next IPS cycle each new particle is simulated until it reaches
the second subset Q,. Again, the fraction 7, =ZN1 NLPI(EZ" €Q,) of ZZ 1(&) €Q,) particles that
reach the second subset (, is a natural estimate of y, =P(z, <T|z; <T). This cycle is repeated
until particles reach the last subset Q, . The fraction y, = ZNI L1(& €Q,) of particles that have
timely reached the A-th subset from the preceding subset is an unbiased estimate of

7. =P(z, <T|7,, <T) . From eq. (2.9) we know that the product of these m fractions is an
unb1ased estimate of y=P(zr, <T).

m

It is straightforward to verify that Proposition 2.1 and Theorem 2.1 also hold true using
multinomial splitting in IPS step IV.

Proposition 2.3: If N, >1, and we use multinomial splitting at IPS level k then

Ng,

{m &l } =N—Zm(§k (2.16)

Skzl

Ny

Z[m(ék (1-7.))]

p i=l

Var{?k+1 |.§,§,...,§,§v§k}
(2.17)

Ng, Ng,

(fjv = ){Z[(m@k i )Y PRGNS

i=1 51111

Proof: See Appendix 2.A.
2.3.3. IPS using residual multinomial splitting

IPS using residual multinomial splitting follows the steps of Algorithm 2.1 with a new Step IV.
Now each successful particle is first copied «, :LN/) /N, J times, and then residual (N, mod Ny )
particles are randomly drawn from 7, (). The residual multinomial splitting step IV is specified
in Algorithm 2.3 below.
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Algorithm 2.3. Residual multinomial splitting in IPS step IV

IV. Splitting: & = &' for i = L., Ny
g™ =& fori=1,.,N ;

N,
21 |Ng

3 {N J " =& fori=1,..N ;

NI’ ;

i+{ 2 J,NSA N
e Lz 0 fori=1,.,N { ”JNSk.

Each particle receives weight 1/ N, .

Straightforward verification shows that Proposition 2.1 and Theorem 2.1 also hold true when
using residual multinomial splitting in IPS step IV.

Proposition 2.4: If N, >1, and we use residual multinomial splitting at IPS level k then
Ny,

B{7, &0 8] =N—Zm<§k (2.18)

Var{?@u |.§k, s } Z|:}/k+l(§1§)(1_7k+l(é?]§))i|

(N mod NSk) N N (2'19)

+I}V2—N'{N§:[(n”(§k ) }—EZZ[(m(é)m(@))}

P Sk i=1 i=1 i'=1
Proof: See Appendix 2.A.
2.3.4. IPS using fixed assignment splitting

When using fixed assignment splitting, each particle in 7,(-) is copied as much as possible the
same number of times. This is applied by first copying each particle | ¥, /N, | times, and then
making (Np mod N, ) copies from distinct particles chosen at random (without replacement). So
the chosen particles would be copied | N, /N, |+1 times (L'Ecuyer et al., 2006; L'Ecuyer et al.,
2007). The Fixed Assignment splitting Step IV is specified in Algorithm 2.4 below.

Algorithm 2.4. Fixed assignment splitting in IPS step IV

IV. Splitting: {é" } is a random permutations of {fk}

Copy: =&, for i=1,..,N ;

=& for i:1>'"aNsk ;

Each particle receives weight 1/ N, .
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Straightforward verification shows that Proposition 2.1 and Theorem 2.1 also hold true using
fixed assignment splitting in IPS step IV.

Proposition 2.5: If Ny >2, and we use fixed assignment splitting at IPS level k then
Ng,

{m &, & } = N—Zlm(ék (2.20)

— = ~NTI:
Var(7,, 8 &5 | =—

Zl[m(ék (1-7.(D)]

(2.21)

NTI: N;A

(I, mod Ny )| Ny (N mod Ny, )| Fﬂ(m@k” 22 [ @]

NNy (Nsk -1) = Ny, 513

with mod representing modulo operation.
Proof: See Appendix 2.A.
2.4. Comparison of variances

This section proves that IPS using fixed assignment splitting has variance advantage over IPS
under each of the three Random assignment splitting methods MR, MS and RMS. This is
accomplished through a sequence of three of Theorems. Theorem 2.2 compares the four
splitting strategies at a single level only. Theorem 2.3 considers multiple levels, with difference
in splitting strategies at a single level and no differences in splitting strategy at the other levels.
Theorem 2.4 uses Theorem 2.3 to complete the comparison of IPS under different ways of
splitting.

Theorem 2.2: Given successful particles &,...&" at IPS level £ with Ny >1. The dominance

of the four splitting methods (MR, MS, RMS, FAS) in terms of Var{zﬂ |E,.. &N } is:
Viss < Vaus < Vis < Vi (2.22)

Theorem 2.3: If IPS levels 1 to k-1 make use of the same type of splitting (either MR, MS,
RMS or FAS), then the dominance of the four splitting methods at level £, in terms of

k
Var {H Ve } satisfies:
k'=1

VFAS k S\/RMS k - MS k S\]MR k (223)

Theorem 2.4: Under the same type of Splitting (either MR, MS, RMS or FAS) at all levels,
then the dominance of the four splitting methods in terms of Var{7} satisfies:

Vi < Vs < Vig < Vig (2.24)

Proof of Theorem 2.2:

From inequality of arithmetic and geometric means we know:
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Z(y @) = (Zm &) J (2.25)

The right hand term equals:

i=1 i'=l

[iyk,«; ) DD FMEMES (2.26)

Substituting this in (2.25) yields:

N, N,

{Z[(y @) 22 [n @ @] 20 (227)

i=1 S, =1

If Ny =1, then all four splitting methods do the same. If Ny >2, we have to compare variances
in Propositions 2.2, 2.3, 2.4 and 2.5. Due to (2.27) for Var, <Var,,, Var,, < Var,, and
Var,,, < Var,, this means we have to verify:

N, - N
%SNL (2.28)
(N, mod Ny )< (N, - Ny ) (2.29)
(N mod Ny )[ (N mod N )JS(NP modNSA) (2.30)

(NSI» - 1)
From f—NL N# follows that inequality (2.28) holds true.

Substituting N, +(N, mod Ny )=N, in (N, mod N )<(N, mod Ny )+ N, («,~1) and subsequent
rearrangement of terms proves (2.29).

Because (N, mod N, ) =(N, mod N, ) we get:

(N mod N )[ (N mod N )J (N mod N )( —1)

Dividing both sides by (N s, —1) proves (2.30). Q.E.D.
Proof of Theorem 2.3:
By defining the notation 7, ]_L 7., we can write 7 =7,7,,. By also defining the sigma
algebra ij —o{ék,,z =1,.. ,NSk,,k' ,--.k}, we can subsequently derive:

B 7, | Cy =70 Bi7, | C) 231)

where equality (a) holds because C:™' < o{y’,} .

If Ny =0, then we have 7, = 1]\\’;‘ -0 and

P
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Var {777, } = Var{7],-0} =0 (2.32)
Thus if Ng =0, then Var{ﬁ”} is the same under any of the four splitting methods.

If Ng >1, we can derive as follows by using the law of total variance:

Var(77 ) = Var 7 72 =B {Var (7 71 )+ Var [B {7 72 1 €27}

2 (2.33)
:E{(;Zj’_l) Var(7, |C§‘l}}+Var{E{;7,j’_177k [l
By using Var{X} =E{x*} +{E(X)}’, (2.33) becomes:
var(7? ) =B{(75, ) Var{7 |||+ B B {7 7 |C§1}T}—{E[E(7f_17k e (2.34)

Using the property of the conditional expectation, we can derive:

Var {77 :1&:.{(7;1)2 Var(7, |c§1}} +E

[ZZE{Z« | Cgﬂz;—{E(Vk’ﬂZ )}2 (2.35)

Further evaluation of (2.35) yields:

(2.36)

{
{

) Var(r e+l [B {7 1c T -
{

To complete the proof we have to compare (2.36) under the four splitting methods. IE{@1 | Cg}
equals under each of the four splitting methods. To compare the variance term we denote by
Vi, Vas, Visand V), the Var{77k |C§’1} under FAS, RMS, MS and MR respectively. From
Theorem 2.2, we know Vi, < Vi, < Vi < Vi, at level k. Due to the monotonicity of conditional
expectation, this implies B{Vy, |77, =y} SB{Vi |75, =y} SB{Vis |77, =y} <B{Vis |75, =5} .
For (2.36) this means that if Ny >1, then Var{77} under FAS, RMS, MS and MR satisfy
inequality (2.24). Q.E.D.

Proof of Theorem 2.4:

Theorem 2.3 shows that it is advantageous to use FAS at level k, whatever splitting types are
used at level 1 to level &-1. For k=m, this implies an advantage to use FAS at level m. The same
reasoning shows that it also is advantageous to use FAS at level k=m-1. This reasoning can be
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repeated for level m-2, m-3, ..., k=2. At level k=1, there is no difference between the two
splitting strategies. Therefore, we can conclude that if all levels make use of FAS, then Var{7}

is less than or equal to that when all levels make use of RMS, i.e. V,,; <V, . This reasoning is
also be applied for RMS relative to MS and MR, which yields V5 <V, . Finally this reasoning
is applied to MS relative to MR, which yields V5 <V,,. Q.E.D.

2.5. Simulation example

2.5.1 Geometric Brownian motion example

Following Krystul (2006, pp. 22-26) in this section we apply IPS for the estimation reach
probability for a Geometric Brownian motion, and compare the results under Fixed Assignment
splitting versus those under multinomial splitting versus those under multinomial resampling.
The SDE of Geometric Brownian motion satisfies:

2
o

dx, =(,u+7)Xtdt+0'Xtth (2.37)

where x>0, o>0 and X,>1. We want to estimate the probability P{zr<T7T} with
r=inf{r>0: X, >2L}.

2.5.2. Analytical and MC simulation results

Thanks to (Tuckwell and Wan, 1984; Karlin and Taylor, 1975, p363, Theorem 5.3), we can use
the following equation to evaluate reach probabilities:

y=P(r<T)=[ In(Z/X,) exp{—(ln(L/Xo)—yt)2 }dt

(2.38)

2
O 270t 207t

For this example, we use (2.38) to set the levels {L,,k=1,..,m}, such that the conditional

probabilities between successive levels are equal to 1/10 for Table 2.1. Table 2.1 shows the
resulting L, level values for k=1,2,..., as well as the analytical y, and y results for these

levels. The right columns in Table 2.1 also show the 7, . results obtained through

straightforward Monte Carlo (MC) simulation using 10000 runs with numerical integration time
step A=2x10"s. The results in Table 2.1 show that straightforward MC simulation based
estimation of y fails to work beyond £=4. Instead of stopping the simulation of the i-th particle

at each stopping times 7, , we stop it at 7, , i.e. the end of the first integration time step that X,

is at or has passed level k. The implication is that it remains to be verified if the numerical time
step A of the IPS simulation is small enough.
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Table 2.1. Analytical and MC estimated } and y,,k =1..10, for geometric Brownian motion example, with

u=1,c=1, X,=1, T=ls and L =1717.25. The MC estimated 7,,. used 10000 runs with A=2x10"s

k Ly Ve v Ve

1 12.27 0.09998 0.09998 0.0957

2 | 33.038 | 1.000x10" | 1.000x102 0.0085

3 69.09 | 1.000x10" | 1.000x107 | 6.000x10*
4 | 127.45 | 1.001x10" | 1.001x10* | 1.000x10*
5 217.5 | 1.000x10" | 1.000x10°° 0

6 | 351.445 | 1.000x10" | 1.000x10® 0

7 | 545.14 | 1.000x10" | 1.000x107 0

8 | 818.935 | 1.000x10! | 1.000x108 0

9 | 1198.75 | 1.000x10"" | 1.000x10 0

10 | 1717.25 | 1.000x10" | 1.000x10°1° 0

2.5.3. IPS simulation results

In this subsection we apply IPS under Multinomial resampling, under multinomial splitting and
under fixed assignment splitting. By repeating IPS N, times estimates of the rate of surviving
IPS, p,, and Normalized root-mean-square error, @?’ ~euse - The results are shown in Table 2.2
with A=2x10"s and Table 2.3 with A=4x10"s, for N,=1000 and N, =1000 . The

measures 7, pOg and ¢; v are defined as follows:

ZNIPS =i
i

N,

IPS

Z Nips 1
i=1 70

N IPS

j}:

Ps =

A RMSE

Co NRMSE =

x100%

Lif 7 >0
0,if 7' =0

with 1., ={ and
7'>0

RMSE =

where 7' denotes the estimated reach probability for the i-th IPS simulation.
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Table 2.2 Multiple times IPS simulation results under Multinomial Resampling vs. Multinomial splitting vs.
Fixed Assignment splitting for the setting of Table 2.1, A=2x10"s, N, =1000 and N,z =1000

Multinomial Resampling Multinomial splitting Fixed Assignment splitting

A A A

k V4 Ps C; NRMSE V4 Ps C; NRMSE 4 Ps Cy NRMSE

9.51x10 | 100% 11% 9.60x102 | 100% 10% 9.51x10 | 100% 11%

2 | 9.29x10° | 100% 19% 9.33x103 | 100% 19% 9.31x107 | 100% 18%

9.17x10* | 100% 30% 9.21x10* | 100% 29% 9.11x10* | 100% 28%

41 9.10x10° | 100% 46% 9.11x10° | 100% 46% 9.04x10° | 100% 43%

> | 8.96x10° | 100% 71% 8.95x10° | 100% 69% 8.89x10¢ | 100% 65%

6 | 8.90x107 | 100% 110% 8.85x107 | 100% 102% 8.67x107 | 100% 95%

7| 9.07x10% | 99% 176% 8.67x10% | 99% 158% 8.42x10% | 100% 134%

8 | 931x107 | 96% 292% 8.60x107 | 95% 253% 8.06x107 | 97% 182%

9 | 9.72x101 | 86% 488% 8.59x101% | 88% 398% 7.81x10°10 | 88% 243%

1011 10x101 | 69% 912% 8.36x10°! | 73% 559% 7.29%10°1 | 73% 292%

Table 2.3 Multiple times IPS simulation results under Multinomial Resampling vs. Multinomial splitting vs.
Fixed Assignment splitting for the setting of Table 2.1, A = 4x10™*s, N, =1000 and N ;s =1000
Multinomial Resampling Multinomial splitting Fixed Assignment splitting

A A A

k V4 Ps €5 NRMSE V4 Ps C; NRMSE V4 Ps C; NRMSE

9.81x102 | 100% 10% 9.77x102 | 100% 10% 9.78x102 | 100% 10%

9.75x103 | 100% 18% 9.73x103 | 100% 17% 9.70x103 | 100% 17%

3| 9.63x10* | 100% 29% 9.72x10* | 100% 29% 9.58x10* | 100% 28%

41 9.49x10° | 100% 46% 9.76x10° | 100% 46% 9.43x10° | 100% 44%

> | 9.47x10 | 100% 74% 9.81x10° | 100% 73% 9.18x10¢ | 100% 66%

9.56x107 | 100% 114% 9.95x107 | 100% 112% 8.98x107 | 100% 94%

7| 9.86x10% | 99% 173% 1.00x107 | 99% 169% 8.65x10% | 100% 131%

8 | 1.03x10% | 95% 261% 1.02x10°% | 96% 241% 8.23x10° | 96% 179%

9| 1.09%10° | 86% 390% 1.04x10° | 89% 376% 7.68x10710 | 89% 235%

101 1 14x101 | 72% 554% 1.02x1071° | 74% 498% 7.17%10M1 | 75% 301%

The results in Table 2.2 and Table 2.3 show that the Normalized Root-Mean-Square Error,
C; nruse » 18 under Fixed Assignment splitting better than under Multinomial splitting which is
better than under Multinomial Resampling. This difference in ¢, ., increases with the k.

2.6. Conclusion

This chapter has studied the estimation of the reach probability of an unsafe set by a multi-
dimensional diffusion process using the Interacting Particle System (IPS) framework of Cérou
et al. (2006). More specifically it has been proven that IPS using fixed assignment splitting

30



dominates in variance reduction over IPS using multinomial resampling (MR), multinomial
splitting (MS), residual multinomial splitting RMS), or fixed assignment splitting (FAS).

First, in section 2.3, a novel characterization has been derived for the conditional variance at
level k in Theorem 2.1. This has been elaborated in Propositions 2.2, 2.3, 2.4 and 2.5 for MR,
MS, RMS and FAS respectively. Subsequently, the conditional variances are compared in
section 2.4 through Theorems 2.2, 2.3 and 2.4. Theorem 2.2 proves the aimed results for an
arbitrary single level &, given the same set of survived particles at the beginning of this level.
Subsequently Theorem 2.3 proves the aimed results for an arbitrary single level &, under the
condition that there are no differences in splitting strategy used at all earlier levels. Finally
Theorem 2.4 completes the proof by induction using Theorem 2.3.

The difference in IPS performances under different splitting methods has been illustrated for a
one-dimensional geometric Brownian motion example for which the reach probabilities are
analytically known.
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Appendix 2.A. Conditional variance derivations
Proof of Proposition 2.1

If we consider the particles &' copies from &/ as a group, then for IPS step II in Algorithm 2.1
at level k£ +1, 7, can be written as follows:

:—21@1 0. =T (2.43)

ptl pzl

with Y] the number of particles that have reached level k+1 after mutation of the K copies
from £/ . Hence, Y| has a conditional Binomial distribution with size K; and success
probability J/kﬂ(flz) given K; and & . Therefore, the pdfof Y/ canbe expressed as (2.10) and

k+1

(2.11). Q.E.D.
Proof of Theorem 2.1

Let us define ¢f and ¢}, as follows:
Ct20{&si=1,..Ny k' =1,...k} (2.44)
( 20{ELKi=1Ng k=1, k) (2.45)
Substitution of (2.43) in E {;ZM | Cg} and subsequent evaluation yields:

E{mc;f}:E{NlNZS":n’:Hcg} NNiE{nmc’f} ZE{ (riicic  ae)

p i=l p i=l p i=1
where equality (a) holds because C;, > C; and E{x |v}=E{E{xX|Y,z}|Y}.

In a similar way, we can derive:

N, N,

tanadled

Var{7k+,|cg}=Var{ ZYC} NiVar{n’mc*}

p i=1 p , i=1 i—l

Ns, N,

]\flzi[E{Var{YkﬁjCgsK}|C§}+Var{E{Y,f;jC:;»K}|C§}] ZZZ[ (B{riwsict et 247)

B{B{xiIcLctB{B{r e i)

where equality (a) holds because of the law of total conditional variance (Bowsher and Swain,
2012).

a

Further evaluation of (2.47) yields:

JVSk

Var{?m|C§}L;ZZ[E{Var{Y,fH|C§,K}|C§}+Var{ it }|Cg}}
p =l

| 4, J (2.48)
szzl[ (B{riic m{n it e -B{E(r e e BlE(r i ]

p i=li
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where equality (a) holds because Y| and Y| are conditionally independent given C* _ .

Since each Y} has a conditional Binomial distribution with size K, and success probability
7..(&}) . Then, by using Binomial distribution properties, we get

B Ch | =B{Y KL =Ny | <B{Y KLE = KL 7, (8D (2.49)
and

Var{ v €L} = Var (YA 1K) 8L =10 Ny b= Var (Y KLE ) = Kip ED0 -7, (2.50)
where equality (a) holds because Y| is conditionally dependent of K; and & , but
conditionally independent of K| and & for i'» i

Substituting (2.49) into (2.46) and subsequent evaluation yields
B{7.1C!) =NLP§E{K;; -yk+l<5,:‘>|c§}iNip§[E{K;' @ 2Bk A} @)] (2.51)

where equality (a) holds because E{f(Z)Y|Z} =f(Z)E{Y|Z}; equality (b) holds because of
Markov property of {£} .

Similarly, substituting (2.49) and (2.50) into (2.48) and subsequent evaluation yields

Var{;ﬁ+l | Cf}

Ny,

T LBk 7, @07 ED € Var K DI €L

p =l
Ng, Ns,

e ZZ[ (Ki 7, GOKL 7, GDI CH-BK, 7, BD I CHB{K] -7, (&) I €}

N,

“ 3Bk el @(-n.@)1c]

p 0=l

(2.52)

1 &

o ;[E{(K;;)z | c;f}E{(m(éz))z | cg}—E{K;; ) Bl @) cg}z}

+

1 Vs Ny

22 (B{KLK{ 1Bk, | B{K] 1) Bl @Dr @I C]

where equality (a) is thanks to C;-conditional independence of EandK,
Further evaluation of (2.52) yields:

Var{;7M \C;f}
- Nl TVZT[E{K;’ |cg}yﬁ,(ég)(l—mé;‘))}+NlpzTZT[(E{(K;)Z ct}-B{xi| cg}z)(m(rf;))z}
1 X o,

~B{K; |CHYB{K] | CE) (7, D ED))]

= Nl [B{&; ¢t} 7. @1 m(é;'))}%hi[wr{m’ (@) ]

= p =l
1 Y ¥

(2.53)

37 2 Cov{KEKL I CE (1, @)
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Due to the strong Markov property of {&/}, the C : conditioning in (2.53) can be replaced by
the condition {&!,..., " }. Q.E.D.

Proof of Proposition 2.2

For multinomial resampling, the vector (K!,K?,...K,*) follows a multinomial distribution with

the number of trials equal to N,, which means &, + K} +..+K, =N, and with equal success
probabilities . Using multinomial distribution properties, we know for i=1,2,...Ng

D 1 W

i 1 Ny | _ . _'r

Bk} 1E,..E% ) =N, NN (2.54)
1 1 N 1
Var!K, | &, ..., N“’ N —(1-——)=—2(1-
{ - } ' N, ( Nsk) Ny, ( Nsk) (2:33)
For K, and K| (i=i'), we can derive:
COV{K[K[/ ‘51 ZNs, } :—N 1 1
WKy 168y "N, N, (2.56)

Substituting (2.54) into (2.51) and substituting (2.54), (2.55) and (2.56) into (2.53) yield:

N
= £l ENs; —L . & Ei
B{7, 18l | = NZ{ N 7“1(5,{)} (2.57)
_ 1 &N -
Var(,,,|Ct} = 32 {N—m@a)( m(f;k))}
1 Yl N Ng Vs [ (2.58)
p —
e Pl (@) |+ ZZ (n+l(§k>yk+l<§k))
Elaboration of (2.57) and (2.58) yields the equations of Proposition 2.2. Q.E.D.

Proof of Proposition 2.3

For Multinomial Splitting, the vector (K! —1,K> -1,...,K,* 1) follows a multinomial distribution

with  the  number of trials equal  to N,-Ng which  means
(K,i—l)+(K,f—1)+...+(K;VSk —1) N,=Ny , and with equal success probabilities - . Using
multinomial distribution properties, we know for i=1,2,...,N 5

N, =Ny

B{K;-11&,..&"™ | =t (2.59)
Sk
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Var{K,i —1|&,...,E" } :(Np — Ny )NL(l—L)
SI:

N
2.60
_NP Si (1_ 1 ) ( )
NSk NSk
From (2.59) and (2.60), we can derive:
A - N
B{K;|&,..5"} = I (2.61)
Sk
and
oL - N —N 1
Var{K! | &, Elvl =2 S qo— 2.62
G188 =gt (2.62)
For K, and K| (i=#i'), we can derive:
o | o « (N, =Ny
Cov{KiK] |&,.... 5" |=Cov{(K; ~1)(K] -1)I &, allj}z% (2.63)

Sk
where equality (a) holds because of the multinomial distribution property on the covariance.

Substituting (2.61) into (2.51) and substituting (2.61), (2.62) and (2.63) into (2.53) yield:

I 1 %l N -
E7 | &t =— | =L, (&
(718 B N Z[ W m(@)} (2.64)
. N, . -, Y| N~ N s
Var(7,, |88 | = N;;LZVV;m@k')(lm.(é;))} NIZ{ ”NS‘ . (1—N%)(m<5;>) }
s [—(N - N, o (2.65)
+NIZZZ[( T ”)(m(é’)m(ék'))}
Elaboration of (2.64) and (2.65) yields the equations of Proposition 2.3. Q.E.D.

Proof of Proposition 2.4

Ny,

For residual multinomial splitting, the vector (X;-¢,,K;-¢,,..K,* —«,) follows a
multinomial distribution with the number of trials equal to (Np mod N, ) , and with equal success
probabilities . Using multinomial distribution properties, we know:

. - . N mod N
B{K; -, |, ;V}=”N—S (2.66)
Sk
_ . . N, mod Ny 1
Var{K,i—ak|§;,...,§k”fk}=( : )a— ) (2.67)

From (2.66) and (2.67), we can derive:
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B{K; &, 5" | = (v rizd Ns) ta, = ]]\2’ (2.68)
and
Var{K; |&,...&" | = v, rizd N (1- lek) (2.69)
For K, and K| (i=i'), we can derive:
COV{K K&, E Nsk}:—(Np mod Nsk)NLNL (2.70)
5. N,

Substituting (2.68) into (2.51) and substituting (2.68), (2.69) and (2.70) into (2.53) yield:

— .z ~Ng 1 & N i
E{ymllfkl’“"gk k}:Fp;{N_;ykﬂ(fk) (271)
k & N Zi 1 & (N mod N, ) NS
Var{7A 1 |C } sz Z:l: N - Vs 1(951()( ]/A-ﬂ(é:k)) + N])Z ; T(l_Ni&t)(%ﬂ(é‘))
(2.72)
1 Na s, —(Np modNSk) - -
) [W(m(@)m@k ))}
Elaboration of (2.71) and (2.72) yields the equations of Proposition 2.4. Q.E.D.
Proof of Proposition 2.5
To evaluate K, , i=1,2,..,N; , we define scalar parameter & as follows:
s NP 2
o = N, (2.73)

with floor function | x |[£max{ieZ|i<x}.

For Fixed Assignment Splitting, the vector (K! —a,,K? - a,,...K,* —a,) follows a multivariate

hypergeometric distribution with the number of trials equal to (N, mod N, ), and with equal

Success PrObabllltleS . Using multivariate hypergeometric d1str1but10n properties, we know
for i=1,2,...N,
N N, mod N
E R R (2.74)
S
N, —( N, mod N,

v {Kl a, | &, ,stk} (N mod N )[ i ( 4 S)]L 1_L

Ny —1 Ny, :
(2.75)
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From (2.74) and (2.75), we can derive:

. N mod N, N
i gl ~Ns/{ _ P Sk = p
B{K;|Z,..& }_—Nsk G (2.76)

and

Var{K;{ 8,5 | = . ] (2.77)
For K| and K| (i=i'), we derive:
cOv{(K,ﬁ)(Kk)mk‘ ..... & } =Cov{(1<; ~a,)(K] —ak)|§,i,...,§kv‘*}
=~ (N, mod N, )[NS‘ (¥, modny )] 1 @78)

N -1 N, N

3 k

where equality (a) holds because of the multivariate hypergeometric distribution property on
the covariance.

Substituting (2.76) into (2.51) and substituting (2.76), (2.77) and (2.78) into (2.53) yield:

E{ZH If,l,...,é,fv”}=NLPTZ:?L]VV—S’:7M(§;)} (2.79)
Var{z,,, | Ct} = Nl %mm@(l —y“l(é;))}
Elaboration of (2.79) and (2.80) yields the equations of Proposition 2.5. Q.E.D.
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3

Interacting Particle System based Estimation of Reach Probability
of General Stochastic Hybrid Systems

For diffusions, a well-developed approach in rare event estimation is to introduce a suitable
factorization of the reach probability and then to estimate these factors through simulation of
an Interacting Particle System (IPS). This chapter studies IPS based reach probability
estimation for General Stochastic Hybrid Systems (GSHS). The continuous-time executions of
a GSHS evolve in a hybrid state space under influence of combinations of diffusions,
spontaneous jumps and forced jumps. In applying IPS to a GSHS, simulation of the GSHS
execution plays a central role. From literature, two basic approaches in simulating GSHS
execution are known. One approach is direct simulation of a GSHS execution. An alternative
is to first transform the spontaneous jumps of a GSHS to forced transitions, and then to simulate
executions of this transformed version. This chapter will show that the latter transformation
yields an extra Markov state component that should be treated as being unobservable for the
IPS process. To formally make this state component unobservable for IPS, this chapter also
develops an enriched GSHS transformation prior to transforming spontaneous jumps to forced
jumps. The expected improvements in IPS reach probability estimation are also illustrated
through simulation results for a simple GSHS example.

This chapter has been published as “Ma, H. and Blom, H.A.P., Interacting particle system based
estimation of reach probability of general stochastic hybrid systems. Nonlinear Analysis:
Hybrid Systems, 47, 2023, p.101303. https://doi.org/10.1016/j.nahs.2022.101303”
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3.1. Introduction

A Stochastic Hybrid System (SHS) as defined by (Hu et al., 2000) involves two dynamically
interacting state components, i.e. a discrete-valued 6, and a continuous-valued x, . The 6,
component may switch when x, hits a 6 -dependent boundary. The x, component evolves under
influence of @ -dependent Brownian motion and forced jumps at moments of hitting a &, -
dependent boundary. Bujorianu and Lygeros (2006) define a General SHS (GSHS) by
extending an SHS with spontaneous jumps, the rate 4 of which depends on the joint state
(x,,0). Well-known sub-classes of GSHS executions are solutions of SDE’s driven by
Brownian motion and spontaneous jumps generated by Poisson random measure. Specific
subclasses are Markov switching diffusions (Mao and Yuan, 2006), hybrid switching diffusions
(Yin and Zhu, 2010) and hybrid switching jump-diffusions (Kunwai and Zhu, 2020). These
developments include methods for the numerical integration of both spontaneous jumps and
Brownian motion. Teel et al. (2014) provide an in-depth survey regarding stability analysis of
GSHS and various sub-classes.

A GSHS can be transformed to an SHS of (Hu et al., 2000) by capturing each spontaneous jump
as a forced jump at an exit time condition (Lygeros and Prandini, 2010). More specifically, an
auxiliary state component ¢, , representing “remaining local time”, starts at each exit time as an
exponentially distributed random variable, subsequently evolves as dg, =—A(8,x,)dt, and
defines a new exit time upon reaching value zero. As shown in the stochastic hybrid systems
survey by Lygeros and Prandini (2010), the mainstream of stochastic hybrid control
developments address diffusion and forced jumps only; e.g. Bensoussan and Menaldi (2000),
Koutsoukos (2004). A key exception is optimal control of a Markov switching diffusion via its
SDE coefficients and spontaneous jump rate (Ghosh et al., 1993).

As will be shown in this chapter, there may be unexpected effects when transforming
spontaneous jumps in a GSHS to forced jumps in an SHS. This chapter studies the role played
by these unexpected effects in estimating stochastic reach probability for a GSHS using the
Interacting Particle System (IPS) approach of Cérou et al. (2006). The objective is to understand
the effect on IPS of transforming spontaneous jumps to forced jumps.

Bujorianu (2012) provides an in-depth overview of stochastic reachability analysis for hybrid
systems, including GSHS. Stochastic reach probability estimation is a safety verification
problem (e.g. Prandini and Hu, 2007; Abate et al., 2009; Lavaei et al., 2021) that has been well
studied in the control systems domain and in the safety domain. In the control domain the focus
is on developing an (approximate) abstraction of the system for which it can be shown that the
reach probability problem is sufficiently similar (Alur et al., 2000; Julius and Pappas, 2009).
Approximate abstractions typically make use of a finite partition of the state space (e.g. Prandini
and Hu, 2007; Abate et al., 2011; Di Benedetto et al., 2015).

In the safety domain, reach probability is evaluated using a finite partition method or statistical
simulation. For realistic applications, the latter requires support from analytical methods to
reduce variance. Literature on such variance reduction distinguishes two main approaches:
importance sampling (IS) and multi-level importance splitting (ISp). IS draws samples from a
reference stochastic system model in combination with analytical compensation for sampling
from the reference model instead of the intended model. Bucklew (2004) gives an overview of
IS and analytical compensation mechanisms. For complex models analytical compensation
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mechanisms typically fall short and multi-level ISp is the preferred approach (e.g. Botev and
Kroese, 2008; L’Ecuyer et al., 2009; Rubinstein, 2010; Morio and Balesdent, 2016).

The basic idea of multi-level ISp is to enclose the target set, i.e., the set for which the reach
probability has to be estimated by a series of nested/enclosing subsets. Each time a simulated
particle hits one of the nested subsets, the particle may be split into multiple copies. This multi-
level setting allows one to express the small reach probability of the inner level set as a product
of larger reach probabilities for the sequence of nested subsets (see, e.g., Glasserman et al,
1999). Cérou et al. (2005, 2006) embedded this multi-level factorization in the Feynman-Kac
factorization equation for strong Markov processes (Del Moral, 2004). This Feynman-Kac
setting subsequently supported the evaluation of the reach probability through sequential Monte
Carlo simulation in the form of an Interacting Particle System (IPS), including proof of
convergence (Cérou et al., 2006). Krystul et al. (2012) have used the Feynman-Kac setting to
prove convergence of IPS using sampling per mode for a switching diffusion.

Because the theoretical setting of IPS (Cérou et al., 2006) includes strong Markov processes,
and a GSHS execution is strong Markov (Bujorianu and Lygeros, 2006), IPS theory applies to
GSHS. Blom et al. (2006, 2007a) apply IPS to rare event estimation for an SHS model of an
advanced air traffic scenario, which is obtained through applying a Lygeros and Prandini (2010)
type of transformation to the underlying GSHS. The hybrid state space of this SHS model is
very large, i.e., 490 discrete states and a 28-dimensional Euclidean state space. To prevent
particle depletion or impoverishment, a very large number of particles is used. In an attempt to
improve the quality of the set of particles, Blom et al. (2007b, 2009) develop and apply a further
IPS extension for an SHS with a large number of modes. Complementarily, Prandini et al. (2011)
investigate the integration of air traffic complexity model with IPS. For a true GSHS setting,
Blom et al. (2018) showed that the use of different numerical integration methods in applying
IPS to a true GSHS may have unexpected effects on reach probability estimation. However,
these studies did not lead to a basic understanding of the underlying mechanisms. This chapter
aims to close this gap in basic understanding.

This chapter is organized as follows. Section 3.2 presents background of GSHS and the
transformation to SHS. Section 3.3 reviews IPS theory and presents the algorithmic steps and
particle splitting options for an arbitrary GSHS. Section 3.4 specifies three IPS-FAS algorithms
for GSHS, two of which make use of the transformation to SHS of Hu et al. (2000). Section 3.5
illustrates results of [PS-FAS algorithms from Section 3.4 applied to a simple GSHS example.
Section 3.6 draws conclusions.

3.2. General Stochastic Hybrid System (GSHS)

Throughout this and the following sections, all stochastic processes are defined on a complete
stochastic basis (QF,F,P,T) with (4 F,P) being a complete probability space and F an
increasing sequence of sub-c-algebras on the time line 7 =R, ,i.e,F£{J(F tcR,),F}, with
g containing all P-null sets of & and J<F cE'cF for every s<t.

3.2.1 GSHS definition

(Bujorianu and Lygeros, 2006) formalized the concept of GSHS or general stochastic hybrid
automata as follows:

Definition 1 (GSHS). A GSHS is a collection (0.4, x, 1, g, nit,A,R) Where
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e O is a countable set of discrete-valued variables;
e 4:0 — N is amap giving the dimensions of the continuous state spaces;
e x:0- R’ mapseach 0 e® into an open subset x’ of R*”;
e [:E—R isavector field, where 22 J{0}x X’ ;
0O
o g:E-RWn jgan x©-valued matrix, my, €N,
e Init: A(E)—[0,1] an initial probability measure on = ;
e ,:Z R IS a transition rate function;
e R:ExSE)—[0,1] is a transition measure.

3.2.2 GSHS execution

Definition 2 (GSHS Execution). A stochastic process {8,.x,} is called a solution of GSHS
execution if there exists a sequence of stopping times s, =0<s, <s, <... such that:

® (6,,x,) is a E -valued random variable satisfying the probability measure /nit;

o Forrels, ,.s)). /=1 {8,x.} is a solution of the SDE:

dg=0

dx, = £(6,,x)dt + g(6,,x, )W, G-1)

with W m -dimensional standard Brownian motion;

e s, is the minimum of the following two stopping times: 1) first hitting time >s,, of the
boundary of X" by the phase process {x,} ; and ii) first moment >s,, of a transition event
to happen at rate A6,x,).

e At stopping time s; the novel hybrid state {6, ,x, } satisfies the conditional probability
measure Py . g (A|9 x) = R((0,x), A) for any Aeﬂ(a)

In order to assure that a GSHS execution has a solution the following assumptions are adopted:
Al (non-Zeno property): E{s,~s, ,} >0, P -as.

A2: For each (4,,x,) € E, equation (3.1) has a pathwise unique solution on a finite time
interval [o,7].

A3 2 is measurable and finite valued.
A4 it(E) =1, and R((6,x),Z)=1for each (6,x)Z.

Bujorianu and Lygeros (2006) show that the stochastic process {6, ,x,} generated by execution

of a GSHS satisfies the strong Markov property.
3.2.3 Stochastic analysis background of GSHS execution

Complementary to the probabilistic characterizations of GSHS (Bujorianu and Lygeros, 2006;
Bujorianu, 2012), various subclasses of GSHS have been studied as solutions of stochastic

44



differential equations on a hybrid state space that are driven by Brownian motion and Poisson
random measure. These studies derive conditions for the existence of pathwise unique solutions,
continuity of solutions relative to initial condition (Feller property), and convergent numerical
integration schemes.

The best known subclass is Markov switching diffusion (Mao and Yuan, 2006); which forms a
GSHS subclass satisfying the following restrictions:

1) There are no boundary hittings, i.e. X’ =R“?";
ii) Transition measure R does not support jumps in {x},i.e. R(6,x;0,dy))=0 if {x}"dy=0; and
iii) Transition rate function A(€,x) is x— invariant.

By dropping the third restriction, we get the subclass of hybrid switching diffusions [Yin and
Zhu, 2010]. As is well addressed by Yin and Zhu (2010), the dependency of the mode process
{6} on the phase process {x,} asks for complementary derivations regarding existence of

pathwise unique solutions and Feller property. (Yin and Zhu, 2010) also show weak converge
of an adapted Euler-Maryuama integration scheme to hybrid switching diffusions.

By dropping both restriction ii) and iii), the subclass of hybrid switching diffusions emerges.
Pathwise unique solutions have been derived by (Blom, 2003; Ghosh and Bagchi, 2004; Xi et
al., 2019). Feller property has been derived by (Krystul et al., 2011; Xi et al., 2019; Kunwai and
Zhu, 2020; Blom, 2022). Convergent numerical integration has been addressed by (Krystul,
2006, chapter 4), including approximation of the first hitting time of a boundary. The final step
is to also drop restriction 1). This allows the generation of instantaneous jumps upon hitting
boundaries of x?; pathwise unique solutions have been addressed by (Krystul et al., 2007).

3.2.4 Probabilistic transformation to an SHS

As explained by Lygeros and Prandini (2010) a GSHS can be transformed to an SHS of Hu et
al. (2000). This transformation consists of the following four changes: 1) An auxiliary state
component g, , representing “remaining local time”, starts at an applicable stopping time 7 at
initial condition g, ~exp(l), and subsequently evolves as dg, / dt =—-A(6,,x,) ; 11) The exit
boundary of is extended with an extra boundary of the form g, =0 and 1i1) Spontaneous
probabilistic jumps in {x,,d,} are replaced by forced probabilistic jumps at moment g, =0;
and 1v) Upon reaching the extended exit boundary at stopping time r ' the “remaining local
time” is resampled, 1.e. g, ~ exp(l).

Hence, transformation of GSHS (®,d, X, f, g, Init,A, R) to SHS (O*,d*, X*, * g* Init*, R¥)
works as follows:

® P*=0
o d*=d+l
. X¥=Xx(0,0)

o [HOx)=[f0x) -A6,%)]
. g*Ox.)=[g0.% 0
o Init=[Init g,] with g, ~exp(l);
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o R*((O,x,.);Axdq)=R((6,x); A)xe ' dq

Execution of this SHS yields the SHS execution process {8 *.x,*,¢ *}, which is a strong Markov
process relative to its underlying increasing sequence of sigma algebras
o{0.*x.*,q.* s €[0,t]}, 1T

It should be noticed that from a stochastic perspective the process {8, *,x,*} differs from the
process {6, ,x,}. The key difference is that the sigma algebra {6 *,x *,q *;s €[0,¢]} includes

s

“remaining local time”, which implies (partial) information about the next hitting time of the
boundary 0 of (0,0) , while the sigma algebra o{0, ,x ;s €[0,¢]} = E, i.e. it does not include
any information about such future event. To avoid abusing the extra information, the
“remaining local time” component {g,*} should be treated as being unobservable for other
processes that depend on the GSHS execution.

3.3. IPS based reach probability estimation
3.3.1. GSHS reach probability

The problem is to estimate the probability y that {#, , x, } reaches a closed subset D c E
within finite period [0,7], i.e.

y=P(t<T) (3.2)
with 7 being the first hitting time of D by {6,,x,}:

r=inf{t>0,(6,,x, ) e D} (3.3)

Remark: Cérou et al. (2006) and L’Equyer et al. (2009) also address the more general situation
that 7 is a P-a.s. finite stopping time.

Cérou et al. (2006) developed the IPS theory and algorithmic steps for estimating reach
probability for a strong Markov process on a general Polish state space. Thanks to the strong
Markov property of the process {6, , x, } defined by the execution of the GSHS in section 3.2,

the IPS approach applies to the estimation of GSHS reach probability.
3.3.2. Multi-level factorization of reach probability

The principle in factorizing the reach probability ¥ = P( <T) is to introduce a sequence
D,, k=0,..,m, of nested closed subsets of =, 1.e. D=D, D, ,c---c D cD,=E, with
D, suchthat P{(6,,x,)eD, }=0. Let 7, be the first moment in time that {6, ,x, } reaches D,
, l.e.

7, =inf{t>0; (6. ,x,)eD, vt>T} 3.4)

Next, we define {0,1}-valued random variables {y,,k =0,..,m} as follows:

x.=L ifr, <Tork=0 3.5)
=0, else '

By using this y, definition we get the desired factorization.
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Proposition 3.1:

The reach probability satisfies the factorization:
y=11n (3.6)
k=1

where 7, 2 E{z, =1|7, =1} =P(5, <T|r, , <T).
Proof: Because D, , © D, we have:

inf{t>0; (6 ,x,)eD,_ vt=2T}<inf{t>0; (6 ,x,)eD, vt=T}
Substituting (3.4) at left and at right yields:z, |, <7,.

Hence we can derive:

7/=P(2’<T)=P(z'm<T)
)=P(Tm<T AT

m—1

7, <T AT, < <T)

z-m
r,<Tlz,,<T)P(z, <T)

m

P
P(

P(z, <Tl|z,, <T)P(z,<T)

P(z, <T|7,, <T)

— i T

E{y, =1 1., :1}=H7k
k=1

=
Il

1

Q.E.D.
3.3.3. Recursive estimation of the multi-level factors

By using the strong Markov property of {6 ,x, }, we develop a recursive estimation of y using
the factorization in (3.6). First we define Z'2 Rx Z, & 2 (r0,, %), Oy 2(0,T)xD,, for
k=1,..,m, and the following conditional probability measure 7, (B) for an arbitrary Borel set
B of E":

7 (B)2P(& €Bl& €0,)

Cérou et al. (2006) show that 7, is a solution of the following recursion of transformations:

ﬂk_l () 1. mutation pk () 111 selection ﬂ_k ()

i{ II. conditioning

Yk

where p, (B) is the conditional probability measure of £, € B given &,_, €0, |, i.e.,

pk(B)é P, eB|& ,€0)

47



Because {€,x,} is a strong Markov process, {&,} is a Markov sequence. Hence, the mutation

transformation (I) satisfies a Chapman-Kolmogorov equation prediction for &, :

p(B)= LP%H (B|S)7m,_(dS) forall Be B(E") (3.7)
For the conditioning transformation (II) this means:
7 =P <T|z <T)=[_1,, p(d&). (3.8)

Hence, selection transformation (III) satisfies:
IB 1{56Qk}p" (d<) _
.[zvl{é'egk}pk CED)

With this, the y, terms in (3.6) are characterized as solutions of a recursive sequence of

”k(B) =

[ 1y, (@O 7, (3.9)

mutation equation (3.7), conditioning equation (3.8) and selection equation (3.9).
3.3.4. IPS algorithmic steps for a GSHS

Following Cérou et al. (2006), equations (3.6)-(3.9) yield the IPS algorithmic steps for the
numerical estimation of y :

111 selection

T, () —tmuton s 5 () s 77 () —Dlting 2= ()

¢ II. conditioning

Yk

A setof N, particles is used to form empirical density approximationsy,, p, and 7, of y,,
p, and 7, respectively. By increasing the number N, of particles in a set, the errors in these
approximations decrease. When simulating particles from Q, |, to O, , only a fraction y, of
the simulated particle trajectories will reach O, within the time period [0,7] considered; these
particles form 7,. In order to start the next IPS cycle with N, particles, the classical way is to
perform a multinomial resampling (MR) of 7, to produce 77, . More effective splitting methods
are: multinomial splitting (MS), residual multinomial splitting RMS) and fixed assignment
splitting (FAS). MS generates 7, by starting with the particles in 7, , and subsequently adding
randomly selected particles from 77, (with replacement). RMS first makes | 1/, | copies from
each particle in 7,,and subsequently complements the residual number NP(1—77k Ll/ ]7kJ) by
randomly selected particles from 7, (with replacement). FAS also follows the two step
approach of RMS, though during the second step the random selection from 7, is done without
replacement.

Cérou et al. (2006) prove that using IPS with multinomial splitting (MS) for a strong hybrid
state Markov process, 7 forms an unbiased y estimate, i.e.

E{7}=E{HZ}=HE{7k}=H7k=7 (3.10)
k=1 k=1 k=1
Moreover, Cérou et al. (2006) derive second and higher order asymptotic bounds for the error

(¥ —7) based on the multi-level Feynman Kac analysis, e.g. Del Moral (2004; Theorem
12.2.2).
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For a diffusion process {x,}, Ma and Blom (2022) have proven that IPS using FAS yields a
lower or equal variance in the estimated reach probability 7 than IPS using MR, MS or RMS.
In the next section we extend these results for an IPS applied to a GSHS.

3.4. IPS algorithmic steps for GSHS
3.4.1. IPS application for a GSHS.

The algorithmic steps of IPS application for a GSHS are specified in Algorithm 3.1 below. For
the splitting step IV, use is made of FAS.

Algorithm 3.1; IPS-FAS algorithmic steps for a GSHS

Input: Initial measure 7z, , end time T , decreasing sequence

of closed subsets D, ={(6,,x,)€Z}, D_>DD, k=1,.,m. Also D,=5,
0, =(0,T)x D, and number of particles N ,.

Output: Estimated reach probability 7

0. Initiation: Generate N,  particles & ~7,, i=1.,N,, ie.
_ N, . . .
To() = Z[:1ﬁ5<¢é} (+), with Dirac 6. Set k =1.

Nﬂl

1. Mutation: p,(.) = Zi:lN_;é‘{Ef}(.) , where & is obtained by simulating the
GSHS execution starting from f,f_l .

.. . L= Nsk . N,y Ei
II. Conditioning: 7, =~ with Ny => "1 €Q,) . If Ny =0, then

7 =0k etk,...,m} and go to Step V.
N,

IT. Selection: 7,(.) =NLZ§5{5,}(-), with {fkj}yjﬁ the collection of & €0, ,
Sk vy k

i=1,.,N

P

Ns,

IV. Splitting: {Ekf ?’jkl is a random permutations of {&/} ot -

Copy: & =E for i=1..,Ng;

5:‘* " =§A fori=1,..,N

S

(| No/ Ny, |Fwg +i

¢ Zgg,: for i=1,..,Ng ;
Np/Ng, [N+ %
% P =& for i=1,...,Np—th/NSAJNSk.

Each particle receives weight 1/ N .

V.If k<m,then k:=k+1and gotostep L, else ¥ =H;7k
k=1

By extending the results of (Ma and Blom, 2022) for IPS application to a diffusion, in Appendix
3.A we proof the following regarding the use of different splitting methods in IPS application
to GSHS.

Theorem 3.1: Replacing the FAS splitting step IV in algorithm 3.1 by RMS splitting, MS
splitting or MR splitting has the following effects on the variance V{77} :
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Veus {7} Vs {7} Vi {7} Vi {7 (3.11)

Proof: See Appendix 3.A.

Next we address the details of mutation step I of Algorithm 3.1, i.e. the Monte Carlo simulation
of the GSHS from particle state &  to particle state &'. Subsection 3.4.2 addresses simulation
of the execution of an SHS transformed version of GSHS within IPS. Subsection 3.4.3 develops
an algorithm that takes into account that the “remaining local time” process {g,} should be
unobservable for the IPS process. For reference purpose, subsection 3.4.3 addresses the more

demanding direct simulation of the execution of a GSHS, i.e. without using the transformation
to SHS.

3.4.2. Simulation of execution of SHS transformed version of GSHS in mutation step |

The process {€,x,} is assumed to be the SHS transformed version of the GSHS, i.e.
{0,,x} =146 ,x ,q }asdefined in subsection 3.2.3. Then in step I of Algorithm 3.1, the evolution
of {6,,x,}=1{6,x ,q }is executed on interval [7,_,7,], starting with &/ | and delivering & .

Mutation step I is conducted using Euler-Maruyama integration of eq. (3.1) along small time
steps A, i.e.

0t+A = 01‘

%, = S(6,,%)a+2(0, %)W, =) (3.12)

The algorithm for the execution of an SHS transformed version of GSHS within mutation step
I is specified below.

Remark: Convergence of the Euler-Maruyama integration scheme (3.12) is guaranteed iff the
SDE coefficients satisfy certain Lipschitz conditions, e.g. Hutzenthaler et al. (2011).

Algorithm 3.2. Simulating the execution of SHS transformed version of GSHS in step I of Algorithm 3.1

*

Input: i-th particle vector &, = (7,6, %, 1,q;) , and the
SHS  elements (O d* X* f* o* Init*, R*)  and
0, =0 xR

75"

Output: Estimated particle & =(7,,6,",%, ,q,

1.Set t:=7,_, and ¢ =(0, ,,X. 1,4, )
2. Evaluate equation (1) and dq, / dt =—A(6,x,) from z at ¢
until £, =min{f+4,5,,7, } ; this yields G, . Here S, is the first

time > ¢ that this solution hits the boundary of X *; and T,
is the first time that this solution hits Q

o= =N

3. If £, 27T, then stop with output & =(7,,6,",%,",q,),

where (6%, )~R*(,,) if 5=7, else

6".x'.9,)=¢,.
4.1f t, 25, then ¢ ~R*(G,,.), set t=t, and repeat from
step 2.
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If during any of the small time steps . one of the boundaries of X* or({is passed, then
additional MC simulation steps may be conducted to get a better approximation s, or 7, of the
first hitting time. As an alternative for using a lower . value, Glasserman (2004, p. 367)
proposes an interpolation of the solution of equation (3.1) on the . interval considered, by
simulating a Brownian bridge between the already simulated Brownian motion points W, and
W... The resulting Brownian bridge yields a more accurate approximation of the first hitting
time.

3.4.3 Accounting for unobservability of remaining local time

As has been identified at the end of subsection 3.2.4, the “remaining local time” process {g} of
the SHS transformed version of a GSHS should be treated as being unobservable for the IPS
process. To formalize this, the transformation to SHS is applied to a enriched version of the
original GSHS. The GSHS enrichment consists of adding IPS hitting levels O,, k=1,..,m, to the
original GSHS, with reset (6, ,x, )=(6, ,x, ), at a hitting time 7. Thanks to the continuity of the
latter reset, the execution of the enriched GSHS yields the same pathwise solutions as execution
of the original GSHS does. Subsequent application of the transformation of Prandini and
Lygeros (2010) to this enriched GSHS yields a SHS, that also resets the remaining local time
upon reaching an IPS hitting level O,, k=1,...m. For algorithm 3.2 this means that it can be
improved by adding a reset of local remaining time at the beginning of each IPS cycle; this is
specified in algorithm 3.3 below. Hence, at the begin of mutation step I within an IPS cycle, the
remaining local time value of each particle is freshly sampled from exp(1).

Algorithm 3.3. Simulating execution of SHS version of modified GSHS in step I of Algorithm 3.1

Input: i-th particle vector &_, = (7 ,1,1,9:11,36:,1,(]:,1) , and the

SHS elements (O, d* X*, f*, g* Init*, R*) and O, = 0, xR.

Output: Estimated particle é?kl =(z,,6,,%.,q,)
1.Set = T/{,,] and 5 = (H]:l,] :le;] aq) 5 with q ~ exp(l)
2.=step 2 in algorithm 3.2.

3. =step 3 in algorithm 3.2.
4. = step 4 in algorithm 3.2.

The combination of algorithms 3.1&3.3 starts at each IPS cycle with N, particles, each of which
has a different sample of remaining local time ¢, ,, k=1.m. This differs significantly from the
combination of algorithm combination 3.1&3.2, where the N, particles having different
remaining local time ¢, applies at the start of the first IPS cycle only. Hence, with increasing
IPS level &, under algorithm combination 3.1&3.3 particle diversity will gain relative to particle
diversity under algorithm combination 3.1&3.2.

3.4.4. Simulation of original GSHS execution in mutation step [

For reference purpose, we also specify an algorithm for the simulation of the original GSHS
execution. For this we follow the numerical integration scheme of Krystul (2004, Chapter 4).
In addition to fixed small time steps . , random time steps are generated at which potential
jumps may happen. Realizations of the these random time steps are obtained through Monte
Carlo sampling of an in-homogeneous Poisson process on [O,T]X[O,I ] with 2 2sup,,.c A(6,x).
Subsequently the potential Poisson points are thinned by rejecting points that lie above the
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graph of A(f,x,). The remaining points, i.e., those at or below the graph of A(f,x), are
projected onto the time-axis [0,7]. The resulting execution of the GSHS within an IPS cycle,
starting from &, on the interval [z,_,,7,]is specified in algorithm 3.4.

Algorithm 3.4. Simulating GSHS execution (step I of algorithm 3.1)

Input: i-th particle vector & , =(7, .8 ,% ), Q , the
GSHS elements (©,d, X, f,g,Init, ,R) , and the transition

rate maximum 1 .

Output: Estimated particle E,j =(z_',f,(§,f ,)_c,i)

1.Set t=17, , and ¢ =(6,_,,x, )

2. Generate u~U(0,1), and set A, := —(Inu)/ A

3. Evaluate equation (3.1) from & at ¢ until
t, =min{t+a,t+A,,S,,7,} ; this yields G, . Here S, is the first

time > ¢ that this solution hits the boundary of X ; and 7, is

the first time that this solution hits (.

4. If 1, >7, then stop with output & =(7;,6,,X), where
@, %)~ RE.,)if 5,=7 ¢clse (§,%)=¢,

5.1f t, =S,then ¢ ~R(G,,.), set ¢ =t and repeat from step 2
6. If #, 2t+A, then generate v ~U(0,1)

7.1f /1(@) >vA, then generate G ~R(§_'+,(-,-)) ,else G =6,

8. Set ¢ =1, and repeat from step 2.

In case of a stop during step 4 of GSHS algorithm 3.4, there is a “remaining integration time”
t+A, —7,. Because this “remaining integration time” does not make part of the Markov state
& , it does not influence the GSHS execution during the next IPS cycle. The latter coincides
with ignoring “remaining local time” in algorithm 3.3. Hence it is expected that algorithm
combination 3.1&3.4 estimates reach probability similarly well as algorithm combination
3.1&3.3 does.

3.5. Application of IPS to GSHS example

3.5.1. Hypothetical car example

A car driver in dense fog is heading to a wall at position d,, . If the car is at distance d,, from
the wall, then the driver sees the wall for the first time. Then, it takes the driver a random
reaction delay to start braking, with a density p,,, (s). During the reaction delay, the velocity of
the car does not change; after the reaction delay, the car decelerates at constant value a,;,. The
aim is to estimate the probability y that the car hits the wall.

From the moment that the car reaches distance d,, from the wall at velocity V,, it takes the
sum of reaction delay 7, and the time of deceleration 7, =—V,/a,, until the car is at a
standstill. This implies

V= P{VOTc'ielay + vOZiec +%amin7—:ec 2 d/bg} (3 1 3)

Elaboration of (3.13) yields:
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Vol a, +dfog

V=Pl 2 a (3.14)

1
2

If we assume a Rayleigh density p,, (s)=—¢'*" and we write T.=1v,/a,, +d e ! Vo s
) P «
evaluation of (3.14) yields:
+00
t 22 2 o [ a0 a
}/=J‘—ze’/(2‘r)dt=—e”(2”) —e ) ‘r:r(, (3.15)

1=T,
Tp ¢

Table 3.1 gives the analytically obtained y results for various mean reaction delays yx, and
parameter settings d,,, =300m, d ,, =120m, v, =72%, =20, a, =—47..

Table 3.1 Analytical 7 results for various u

u (s) 4

0.9 5.19976x10
0.8 6.97696x10"
0.7 3.72665%10°
0.6 4.08284x10°

For this example, subsection 3.5.2 specifies the GSHS model and the transformation of
subsection 3.2.4 to an SHS model. Subsection 3.5.3 estimates y using straightforward MC

simulation and IPS-FAS algorithm combinations 3.1&3.2, 3.1&3.3 and 3.1&3.4.
3.5.2. GSHS model and transformation to SHS model
For this example, the discrete set of the GSHS is:
O={-1,0,delay, stop, hit} (3.16)

where -1 indicates decelerating mode, 0 indicates uniform mode, deiay 1s a reaction delay mode,
stop indicates stopping mode, and #i¢ indicates the wall has been hit. A transition diagram
representing the transitions between these modes is given in Figure 3.1.

t

e ' v=0 —,

\

stop )

V=~ fog

Figure 3.1. State transition diagram of GSHS model.
The continuous state components are X, =Col(z,,,,V,), where z, is the amount of time passed
since the driver could see the wall for the first time, ), is the position of the car at time ¢, and

v, is the velocity at time ¢. Hence, the dimension of the continuous state space is 4 (.) = 3 . The
subsets x? are defined as follows:
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X’ =Rx(-0,d,, —d, )xR
X' =Rx(-0,d,,,)x(0,0) (3.17)
X = R x (—oo,d,)xR
X" =Rx(-,d,,)x0
X" =R’
The initial measure Inir generates €=0,7,=0y,=0. Between switching moment of {g}, X,

evolves as (3.1) with f(@,[z,y,v]r ) =[,v,1{0 = -1}a,, 1" and g(é’, ) = [O,gz,O]T if 96{0,@69/,—1}, else
2(6,.)=[0,0,0]". The analytical results in Table 3.1 apply for g, =0,i.e. no Brownian motion.

The instantaneous transition rate 4(8,(z,,y,,v,)) satisfies:

20,2 3,V)) = 1O =delay) Py (2) | Pugy (5)dls (3.18)

The transition measure R(6,(z,,)),(..))satisfies:
Rz, istopp <0, y,v) =1 iff v =0

R((0,(z,y,v)), {delayy < {0,y,v}) =1 iff y=d,,—d,,,
R((delay,(z,y,v)),{-1}x{0,y,v}) =Liff 4 generates a point,
R(delay,(z, y,v)), {hit}x{0,y,00) =1, iff y=d,,

R(-L(z,y,v)),$hit}x{0,»,0)) =1, iffy=d .

IPS-FAS algorithm combination 3.1&3.4 makes use of this GSHS model. By applying the
transformation from subsection 3.2.3, the above GSHS model transforms to an SHS model. The
resulting SHS has continuous state components (z,),,v,.4,), with {g} evolving as
dg, =—A0,(z,Y,,v))dt in between discontinuities, and ¢, ~exp(l) at a mode switch and if ¢_ hits
0.

IPS-FAS algorithm combinations 3.1&3.2 and 3.1&3.3 make use of this SHS transformed
version of the GSHS model. Though algorithm combination 3.1&3.3 also refreshes the
“remaining time” ¢,  at the start of a mutation during the next IPS cycle.

3.5.3. Simulation results

By conducting each of the approaches N, times we get 7',i=1,..,N,. These results are used to

assess the mean 7, the percentage g of successful IPS runs, and the normalized root-mean-
square error (RMSE), i.e.

1«
p=— Sy 3.19
7 ]\'[;7 Zizly ( )
py =3 17 > 0) (3.20)
N, =
1 o
RMSE:\/VZNYI(W—7)2 (3.21)
7
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In the subsequent IPS cycles the following levels are used:
D, ={0,delay, hit}xRx[L, ,00) x R, stopy xRx[d ,,,0xR, with the x -dependent L, values shown in

Table 3.2.

Table 3.2 Values of Ly for various u values

k,u 09s | 0.8s | 0.7s | 0.6s
1 181 181 181 181
2 217 215 210 205
3 230 230 220 215
4 240 241 230 223
5 300 300 237 230
6 244 236
7 300 243
8 300

Table 3.3. Simulation results for MC and IPS-FAS algorithm combinations 3.1&3.2, 3.1&3.3 and 3.1&3.4

applied to the GSHS example g, = 0 at simulation settings A=0.0ls, v, -1000,and N; =100.

u=09s y o | RMSE/y
MC (m=1) 5.300x10% | 44% 137.2%
IPS-FAS combination 1&2 3.859x10% | 33% 116.7%
IPS-FAS combination 1&3 5.096x10* | 100% 13.4%
IPS-FAS combination 1&4 5.125x10* | 100% 15.2%
u=0.8s y o | RMSE/y
MC (m=1) 4.000x10°° 4% 284.1%
IPS-FAS combination 1&2 3.811x10°3 4% 271.7%
IPS-FAS combination 1&3 6.968x10° | 100% | 20.6%
IPS-FAS combination 1&4 6.948x10° | 100% 19.8%
u=0.7s y o | RMSE/y
MC (m=1) / / /
IPS-FAS combination 1&2 / / /
IPS-FAS combination 1&3 3.605x10° | 100% | 20.9%
IPS-FAS combination 1&4 3.757x10% | 100% | 20.4%
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u=0.6s y o | RMSE/y
MC (m=1) / / /
IPS-FAS combination 1&2 / / /
IPS-FAS combination 1&3 4.055x10° | 100% | 28.30%
IPS-FAS combination 1&4 4.029x10® | 100% | 28.47%

Table 3.4. Simulation results for MC and IPS-FAS algorithm combinations 3.1&3.2, 3.1&3.3 and 3.1&3.4
applied to the GSHS example £, =1 at simulation settings A=0.0ls, v, -1000,and N; =100.

#=09s y o | RMSE/y
MC (m=1) 7.000x10* 50% 120.37%
IPS-FAS combination 1&2 | 6.306x10* 94% 110.11%
IPS-FAS combination 1&3 | 6.829x10* | 100% 13.95%
IPS-FAS combination 1&4 | 6.832x10* | 100% 15.60%
1=08s 4 o | RMSE/y
MC (m=1) 4.000%x107 3% 604.15%
IPS-FAS combination 1&2 1.266x10* 49% | 244.33%
IPS-FAS combination 1&3 1.027x10* | 100% 18.62%
IPS-FAS combination 1&4 1.022x10* | 100% 17.37%
u=07s y o | RMSE/y
MC (m=1) 1.000x107 1% 994.99%
IPS-FAS combination 1&2 1.316x1073 14% | 666.32%
IPS-FAS combination 1&3 | 6.921x10° | 100% 16.52%
IPS-FAS combination 1&4 | 7.021x10° | 100% 18.93%
u=0.6s y o | RMSE/y
MC (m=1) / / /
IPS-FAS combination 1&2 / / /
IPS-FAS combination 1&3 1.199x107 | 100% | 28.34%
IPS-FAS combination 1&4 1.140x107 | 100% | 25.39%

For g,=0 and g, =1, Table 3.3 and Table 3.4 respectively show simulation results of
straightforward MC and of IPS-FAS using algorithm combinations 3.1&3.2, 3.1&3.3 and
3.1&3.4. These results show that IPS-FAS combination 3.1&3.2 performs similar or slightly
better than straightforward MC simulation. Both in Table 3.3 and in Table 3.4, IPS-FAS
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combinations 3.1&3.3 and 3.1&3.4 perform far better than MC and IPS-FAS combination
3.1&3.2.

For g, =0and #=0.8s Tables 3.5, 3.6 and 3.7 present average counts of particles per IPS
level, over successful IPS-FAS runs of algorithm combinations 3.1&3.2, 3.1&3.3 and 3.1&3.4
respectively. Comparison of Tables 3.5 and 3.6 show a steady increase in particle diversity
under algorithm combination 3.1&3.3 relative to combination 3.1&3.2. Comparison of Tables
3.6 and 3.7 show that diversity of particles after mutation step I is similar under algorithm

combinations 3.1&3.3 and 3.1&3.4.

Table 3.5. Average counts of particles per level over successful IPS-FAS runs of combination 3.1&3.2, for

& =0, £=038s.
No. of No. of No. of | No.of | No. of % of
| pa rticles different | different | survived | different | successful
pat start particles | particles | particles | particles | IPS runs
of Step I at start of | after after after through
PP Stepl | Stepl | StepII | Step I | levelk
1| 1000 1 999.99 | 997.96 | 997.96 100%
2| 1000 997.96 971.46 | 92.84 92.62 100%
3| 1000 92.62 92.15 82.58 7.59 100%
4|1 1000 7.59 13.26 | 184.40 1.41 49%
5| 1000 1.41 18.51 | 592.16 1 6%
Table 3.6. Average counts of particles per level over successful IPS-FAS runs of combination 3.1&3.3, for
& =0, £=038s.
No. of No. of No. of | No.of | No.of % of
il par ticles different | different | survived | different | successful
£[ start of particles | particles | particles | particles | IPS runs
Step I at start of | after after after through
P Stepl | StepI | StepIIl | Step I | level k
1| 1000 1 999.98 | 998.25 | 998.25 100%
2| 1000 998.25 974.03 | 92.14 92.14 100%
3| 1000 92.14 929.76 | 82.10 82.10 100%
4] 1000 82.10 906.45 | 92.28 92.28 100%
5| 1000 92.28 889.19 | 100.17 | 98.80 100%

Table 3.7. Average counts of particles per level over successful IPS-FAS runs using combination 3.1&3.4,
for g, =0, u=08s,

o
No. of NO' o No. of No. of No. of /o of
: different . . . successful
k| particles articles different survived different IPS runs
at start of 5[ start of particles | particles after | particles after throush
Step I after Step | Step 111 Step 111 &
Step [ level k
1| 1000 1 3.15 997.85 1 100%
2| 1000 1 909.74 91.26 1 100%
3| 1000 1 917.58 83.42 1 100%
4| 1000 1 908.38 92.62 1 100%
5 1000 1 999.41 99.01 98.42 100%
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For the GSHS example g, =0, #=08s, the differences in particle diversity in Tables 3.5-3.7
correspond with the theory-based expectations in subsections 3.4.3 and 3.4.4.

For the GSHS example g, =1, #=08s, in addition to random delays, Brownian motion creates

small differences in the position component of particles, as a result of which almost all particles
will differ from each other. As shown in Table 3.4, in spite of this Brownian motion effect,
algorithm combination 3.1&3.2 falls short in capturing proper effect on particle diversity and
reach probability by the spontaneous jumps in the original GSHS.

3.6. Conclusion

In many application domains, processes have a hybrid state space and their evolution involves
diffusion as well as forced and spontaneous jumps. This explains why GSHS and its subclasses
play a key role in formal modelling and analysis. However in simulation and control of such
systems, common practice is to use an SHS model, i.e. a hybrid system that involves diffusion
and forced jumps, though no spontaneous jumps. Hence a relevant question is: “Can a GSHS
model be transformed to an SHS model without changing process behavior that is relevant for
the application considered?” This chapter has addressed this question in using the Interacting
Particle System (IPS) framework of Cérou et al. (2006) for numerically estimating the reach
probability y of an unsafe set D in a GSHS model.

In section 3.2 stochastic process executions of GSHS have been defined, as well as their relation
to solutions of SDE’s on a hybrid space. Also explained is that the transformation of GSHS to
an SHS by Lygeros and Prandini (2010) has as side-effect that it produces “remaining local
time” information that should be treated as being not observable for other process(es) than the
GSHS execution considered.

Section 3.3 explains the IPS setting for a GSHS, by adopting a nested sequence of increasing
subsets of D, and an implied factorization of the reach probability . Because a GSHS may

jump over a subset boundary it is shown that this does not hinder the factorization (Proposition
3.1).

Section 3.4 develops IPS algorithms for application to GSHS. First, subsection 3.4.1 specifies
the IPS algorithm cycles for a GSHS using Fixed Assignment Splitting (FAS). Theorem 3.4.1
proves that this yields lower or equal variance than using other IPS with splitting options.
Subsections 3.4.2 addresses IPS evaluation of a GSHS by using an SHS version, that follows
from the Lygeros and Prandini (2010) transformation. The side-effect is that each IPS cycle
makes use of the “remaining local time” information that is non-existing in the original GSHS.
Subsection 3.4.3 mitigates this side-effect, by an enrichment of the original GSHS, prior to
applying the transformation of Lygeros and Prandini (2010) with the first hitting times of the
IPS subsets. Thanks to this enrichment, the resulting SHS refreshes “remaining local time” at
the start of each next IPS cycle. The latter refreshment induces a significant improvement in
particle diversity at the start of each IPS cycle. As a result of this improved particle diversity
IPS performance in reach probability estimation is expected to significantly improve when
reach probability estimation becomes a challenge. For purpose of comparison, in subsection
3.4.4 an algorithm for the direct simulation of a GSHS execution within IPS cycles is specified.
Based on theory, use of this algorithm in IPS for GSHS will yield similar good performance as
the algorithm of subsection 3.4.3. In section 3.5, the expected differences in IPS performance
have been illustrated for a GSHS example.

The findings in section 3.4 mean that for IPS based reach probability estimation for an arbitrary
GSHS model, can be applied to a properly derived SHS version of the GSHS model. The proper
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way in deriving such SHS consists of three steps. The first step is to specify a GSHS model of
the practical system. The second step is to enrich this GSHS with the first hitting times of the
IPS subsets, without affecting the pathwise behavior of the GSHS execution. The third step is
to apply the transformation by Lygeros and Prandini (2010) to the enriched GSHS from step 2.

In view of this positive finding for the limited scope of IPS application to GSHS, a logical
follow-on question is if there also exists an improved transformation of a GSHS to SHS for
stochastic control problems. Such transformation would make optimal control policies
developed for SHS applicable to GSHS.
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Appendix 3.A: Proof of Theorem 3.4.1

In this appendix we compare the variance of applying IPS to GSHS under FAS versus
multinomial resampling (MR), multinomial splitting (MS), and residual multinomial splitting
(RMS). In doing so it becomes clear that the earlier comparison by Ma and Blom (2022) for
diffusion process extends to GSHS executions.

The first proof starts with a characterization of the conditional distribution of particles that reach
level k+1, given that at level & the i-th successful particle & is copied K| times, i = L.,N .

Proposition 3.A.1: If Ny >0 and K ., with i=1,2,...,N, , denote the number of particles that
copies & at level k. Then the number Y/, of the K, particle copies of & that reach level k+1,
has a conditional Binomial distribution of size K, and success probability 7, (&), i.e.

Py 2 KL E) =Bin(K 7, (&) (3.26)
with
1 &)=, <T|& =5) (3.27)

Proof: Similar to the proof of Proposition 1 in (Ma and Blom, 2022).

Theorem 3.A.1: If N, 21 and x/, i= LN, denotes the number of copies made of the i-th
successful particle & during the splitting step at level k of the IPS algorithm, then

E{z+l|£,:,...,535k}=Ni]_V2T[ {Ki18 & @] (3.28)
Var(7,, 18 &5 } = — é[E{KWE,},.- @D (1-7,ED)
+N2NZS;[Var{K I ”}m&é)} (3.29)

| Cov{KLL K[ 8nE Y ED71(ED)]

p i=1 i'=l
i'#i

Proof: Similar to the proof of Theorem 1 in (Ma and Blom, 2022).
Proposition 3.A2: If Ny >1, and we use multinomial resampling at IPS level k then

Ng,

E{?M [, } 2 (&) (3.30)
S i=l

k
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Ng,

= NS I ERGEREN]

i=1

Var {7k+1 |§k: NSk}

adt N, N (3.31)
+ Nﬁv {;[(m@k ) }—@ZZ[(mcs,{m(@ )]

i=l i'=l

Proof: Similar to the proof of Proposition 2 in (Ma and Blom, 2022)

Proposition 3.A3: If N; >1, and we use multinomial splitting at IPS level k then

Ny,
E{ZH &, E } — > 7l(&) (3.32)
Sk i=1
\/211'{]7k+1 |§k1,...,§kNS"} N N NZS:[%cH(gk ( 7/¢+1(§1:)):|

(N, - N, )2 s (3.33)
+W{Z[(7(§ N |- E X[ @ @]

Sy i=1 i'=1

Proof: Similar to the proof of Proposition 3 in (Ma and Blom, 2022)
Proposition 3.A4: If Ny >1, and we use residual multinomial splitting at IPS level k then

N,

B{7i 1B} = 27 (@)

k

(3.34)
Var{?k+l | fkl,...,ggkN” }

N NS Z|:7/k+l(§k ( 7k+1(§1§))}

. (3.35)
+(NPNH12(;$SNSIC).|:§;|:(7/k+1(§k ) }__%:Ni[(ykﬂ(éfk)ykﬂ(gk ))}

Stltl

Proof: Similar to the proof of Proposition 4 in (Ma and Blom, 2022)
Proposition 3.A5: If N, >2,and we use fixed assignment splitting at IPS level k then

Ng,

{m &l NS*} —> 7 (E) (3.36)
Sk i=1

— = ZNs,
Var{yw | 5/1”"’ &

}_ N i\/ %[7‘(*"(51;)(1_}/1.'“(5/‘:))}

sfl

+(N,, mod Ny, )| Ny, =(N, mod N )]

(3.37)
NN (7] {Z[(n G 33 @]

Sk i=1 i'=1

Proof: Similar to the proof of Proposition 5 in (Ma and Blom, 2022)
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Theorem 3.A2: Given successful particles Z,...&" at IPS level k with N 5 21, The dominance
of the four splitting methods (MR, MS, RMS, FAS) in terms of Var {7,”1 |§k, L& }

Viis < Vius < Vis <Vig (3.38)

Proof: Similar to the proof of Theorem 2 in (Ma and Blom, 2022).

Theorem 3.A3: If IPS levels 1 to k-1 make use of the same type of splitting (either MR, MS,
RMS or FAS), then the dominance of the four splitting methods at level £, in terms of

k
Var{H;?k} satisfies:
k'=1
VFAS ¢ < Vs k = MS r < Vig _k (3.39)

Proof: Similar to the proof of Theorem 3 in (Ma and Blom, 2022).

Theorem 3.A4: Under the same type of Splitting (either MR, MS, RMS or FAS) at all levels,
then the dominance of the four splitting methods in terms of variance V=Var{7} satisfies:

Vs Vs <Vis <V (3.40)

Proof: Similar to the proof of Theorem 4 in (Ma and Blom, 2022).

65






4

Sampling per mode strategies in rare event simulation of stochastic
hybrid systems

This chapter studies sampling per mode strategies in a multi-level splitting approach to
estimating reach probability for stochastic hybrid systems. In the literature, the theoretical
framework of multi-level splitting based rare event simulation for diffusions has been well
extended to stochastic hybrid systems. A critical issue is potential particle depletion for safety-
critical modes of a hybrid stochastic system; then a multi-level splitting approach may run out
of relevant particles prior to reaching the unsafe set. To improve this situation, Krystul et al.
(2012) incorporate sampling per mode in the theoretical framework of multi-level splitting for
switching diffusions. The objective of the current chapter is twofold. Firstly, to develop more
efficient sampling per mode strategies. Secondly, to characterize and compare these sampling
per mode strategies in terms of mean and variance of estimated reach probability. The novel
results are also illustrated through rare event simulations for a simple rare event simulation
example.

This chapter has been submitted to Statistics and Computing, as H. Ma and H.A.P. Blom,
Sampling per mode strategies in rare event simulation of stochastic hybrid systems.
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4.1. Introduction

In a multi-level splitting approach to rare event simulation, the set for which a reach probability
has to be estimated, is enclosed by a series of strictly increasingly (nested/enclosing) subsets.
This allows one to express the small reach probability of the inner level set as a product of
larger reach probabilities for the sequence of enclosing subsets (Glasserman et al, 1999; Au and
Beck, 2003; Botev and Kroese, 2008; Rubinstein, 2010). Embedding of this multi-level setting
in the Feynman-Kac framework (Del Moral, 2004) has enabled a systematic evaluation of reach
probability through sequential Monte Carlo simulation of an interacting particle system (IPS),
including characterization of asymptotic behaviour (Cérou et al., 2006). Cérou et al. (2012,
2019) provide overviews of rare event simulation developments.

A well known issue of IPS is the possibility of particle depletion prior to reaching the unsafe
set. To mitigate such particle depletion, LeGland and Oudjane (2006) develop an IPS version
that keeps the particle system alive, at the possible cost of having to make a too large number
of particle copies. The issue of particle depletion typically plays an even larger role for safety-
critical modes in stochastic hybrid systems. A possible reason is that there may be few or no
particles in modes (discrete-valued state components) with small probabilities (i.e., “light”
modes). This happens because each splitting step tends to sample more “heavy” particles from
modes with higher probabilities, thus, “light” particles in the “light” modes tend to be discarded.
To address this problem, for switching diffusions, Krystul et al. (2012) extend IPS with a
sampling per mode strategy, including the embedding in the Feynman-Kac framework.

The objective of the current chapter is twofold: 1) to develop more efficient sampling per mode
strategies; and ii) to characterize and compare these strategies in terms of mean and variance of
estimated reach probability.

For the realization of the first objective, use is made of the sampling strategy background from
literature on rare event simulation (Garvels and Kroese, 1998; Cérou et al., 2006; L'Ecuyer et
al., 2007; L'Ecuyer et al., 2009) and on particle filtering (Del Moral et al., 2001; Gerber et al.,
2019). This yields four main splitting strategies for use in IPS: i) Multinomial Resampling
(MR); ii) Multinomial Splitting (MS); iii) Remainder Multinomial Splitting (RMS); and iv)
Fixed Assignment Splitting (FAS). MR is the classical method of drawing N, random samples,
with replacement, from the set of N successful particles. MS adds to the set of N successful
particles, N, - N, random samples, with replacement from the set of N successful particles.
RMS makes of each succesfull particle | N,/N, | copies, and subsequently adds
N,-| N, /N, | random samples, with replacement, from the set of successful particles. FAS
also makes of each succesfull particle | N,/N, | copies, though subsequently adds
N,-| N, /N, | random samples, without replacement, from the set of successful particles. In
(Ma and Blom, 2023), it is shown that for rare event estimation, in multi-dimensional diffusions,
in terms of variance of the estimated reach probability, FAS tends to score best, RMS second,
MS third, and MR last. Subsequently, (Ma and Blom, 2023) have extended this result to general
stochastic hybrid systems (GSHS).

The sampling per mode strategy developed by Krystul et al. (2012) is of Multinomial
Resampling (MR) type. In contrast to classical IPS, in IPS using sampling per mode the weights
of the copied particles have to be taken into account in such a way that the reach probability
estimator is unbiased. The current chapter develops novel IPS sampling per mode versions of
MR MS, RMS and FAS and corresponding weighting mechanisms such that this unbiasedness
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condition is satisfied. In realizing the second objective, i.e. characterizing mean and variance
of reach probability estimates, the corresponding weighting mechanisms will explicitly be taken
into account.

The remainder of this chapter is organized as follows. Section 4.2 summarizes IPS setting for a
General Stochastic Hybrid System (GSHS), and presents the algorithmic steps in the sampling
per mode IPS algorithm of Krystul et al. (2012). Section 4.3 develops a slightly improved
version of this algorithm, and compares mean and variance of estimated reach probability with
those from normal IPS. Section 4 specifies MS, RMS and FAS versions of sampling per mode
IPS and characterizes mean and variance of estimated reach probabilities. Section 4.5 compares
means and variances, and proves performance dominance relations under specific conditions.
Section 4.6 compares simulation results for the various sampling per mode versions for a simple
GSHS example. Section 4.7 draws conclusions.

4.2. IPS based reach probability estimation
4.2.1. Reach probability of GSHS

Throughout this and the following sections, all stochastic processes are defined on a complete
stochastic basis (QF,F,P,T) with ((LQF,P) being a complete probability space and F an
increasing sequence of sub-c-algebras on the time line 7 =R, i.e.,F2 {J(T,teR,),F}, with g
containing all P-null sets of ¥ and JcF cF T for every s<t.

Following (Bujorianu and Lygeros, 2006), we consider the execution process {6, ,x, | of a
General Stochastic Hybrid System (GSHS). The latter is a 8-tuple (0,d, X, f,g,Init,A,R) where
© is a countable set of discrete-valued variables, 4 : ® — N is a map giving the dimensions of
the continuous state spaces, X :0—>RY maps each § € ® into an open subset x? of R “(?),
£:E>RY is a vector field, where E£U,,{0}xX’, g:Z>R™" is an X”-valued matrix,
my €N, Init: S(Z)—[0,1] an initial probability measure on £, A:E—R" is a transition rate
function, R:ExAE)—[0,1] is a transition measure.

The problem is to estimate the probability y that {6 ,x,} reaches a closed subset D c =
within finite period [0,77], i.e.

y=P(<T) 4.1)
with 7 being the first hitting time of D by {6,x,}:

r =inf{t>0,(6,,x,) e D} (4.2)

4.2.2. Multi-level factorization of reach probability

The principle in factorizing the reach probability ¥ =P(z <T') is to introduce a sequence
D,, k=0,..,m, of nested closed subsets of =, i.e. D=D <D, ,c---cD cD,=E, with

m—1

such that P{ (6,,x,)e D, } =0. Let 7, be the first moment in time that {6, x,} reaches D, , i.e.
7, =inf{t>0; (6, ,x,)e D, vt=>T} (4.3)

Next, we define {0,1}-valued random variables {y,,k =0,..,m} as follows:
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v =L ifr, <Tork=0 4.4)
=0, else '

By using this j, definition, reach probability » satisfies the factorization, e.g. (Ma and Blom,
2021, Proposition 3.1):

=11 (4.5)

where ), éE{Zk =1‘Zk4 =1} :P(Tk <T‘Tk71 <T).

4.2.3. Recursive estimation of the multi-level factors
First we define E'2RxE, &, 2 (7,0, x, ), O, =0.xD, for k=1,..,m, and the following
conditional probability measure 7, (B) for an arbitrary Borel set B of Z':

ﬂ-k(B)éP(gk €B|S& €0y)

Following Cérou et al. (2006) a recursive scheme in evolving 7z, and estimating the fractions
7, involves the following transformations:

ﬁk—l(')M) p.() M)ﬁk )

¢ II. conditioning

Tk
where p, (B) is the conditional probability measure of & €B given §_ €0, i.e.,

pk(B)é P, eB|& €0 )

Because {6,x,} is a strong Markov process, {<,} is a Markov sequence. Hence, the mutation

transformation (I) satisfies a Chapman-Kolmogorov equation prediction for &, :

p(B)= Lp@g,ﬁl (B| o), (dS) forall Be B(E") (4.6)
For the conditioning transformation (II) this means:
7 =P <Tl5, <D=[ 1, p(dd. 4.7)
Hence, selection transformation (III) satisfies:

IB 1<¢er}pk (de) =f 1

ﬂ-k(B)= r Sel
J‘arl{:’egupk(dg) b

NACIGA (4.8)

With this, the y, terms in (4.5) are characterized as solutions of a recursive sequence of

mutation equation (4.6), conditioning equation (4.7) and selection equation (4.8).
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Ifasetof N, particles is used to form empirical density approximations y,, p, and 7, of y,,
p, and =z, respectively, then equations (4.5)-(4.8) yield the following recursion of the IPS

algorithmic steps for the numerical estimator 7=]T" 7 of y:

7?/(,1 () 1. mutation ]_7k () I11. selection ﬁk () V. splitting 7?,( ()
»L II. conditioning
Tk

Cérou et al. (2006) prove that using IPS with multinomial splitting (MS), 7 forms an unbiased
y estimator, 1.e.

m

E{7}=E{l/jﬁ}=le{ﬂ}=Hn=7 (4.9)

k=1

Moreover, Cérou et al. (2006) derive second and higher order asymptotic bounds for the error
(¥ —y) based on the multi-level Feynman Kac analysis, e.g. Del Moral (2004; Theorem
12.2.2).

4.2.4. Multinomial resampling per Mode

To cope with large differences in mode weights, (Krystul et al. 2012) propose an IPS that
applies sampling per mode. The resulting algorithm is specified as Algorithm 4.1 below, and
referred to as the IPSmode algorithm.

Algorithm 4.1. IPSmode (Krystul et al., 2012)

Input: Initial measure 7,, end time 7 , decreasing sequence of
closed subsets D, ={(6.x,)€Z}, D, DD, k=1,.,m. Also
Dy=E Q, =(0,T)x D, and number of particles N .

Output: Estimated reach probability 7

0. Initiation: Generate Ng =NP/M particles for each 0 :
1= @ w00 = (0,507, p)  for  j=l.5r,  with

. 7 (0,x",77)dx’ .
!~ 7,(0,51)/ [ 7,(0,x',5)dx’ and wg"JEVTAZ) , 1e.
Ny/M

AR Y [w{,”"é{ ” (0,7)] with Dirac 5. Set k =1.
j=l

_ . o
[ Mutation: 7, k('):zqeezj;l 0.,,.()s where EM s

&
obtained by simulating GSHP execution starting at &1 .

I1. Conditioning: 7, :zﬂ EOZIV;‘ [a),f,j l(g?k”’j € Qk)}
If 7 = o then 2 =0, k'etk,..,m}and go to Step V.
111 Selection: J; ={(1, ) cOX[LN 1,67 =6,EM €Q,}.

0= D g0 Dyest B8 20,, () and 2y (O)= D @]

On)elf
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with @/ =l (& € 0,)/ 7.

.

] .
af’ &)
For each 60e®, collect { %k S (st in

0
%3

(ot

i=1
IV. Splitting: For each mode # e ® = {0 ®;|J,f| >0}, draw

NP/M samples g/ ~ 2l Qet N;f=1\7,,/M and

7y, (0)

_ N,J/M g . 0. _ 7 (0)
& OZZ.%@Z':] @ é‘;gf/)() with @ TN M

v

V.If k<m ,then k:=k+1and go to step I, else ;7:1_[@
k=1

In this algorithm, J/ is the set of particles that successfully arrive at the k-th level under mode
0 € ®. Hence at the end of splitting after reaching the k-th level, for each ¢ € @, for which |J v | >0,
there are N =N, /M multinomial samples, with A/ =|@|.

Krystul et al. (2012) prove that the IPSmode algorithm applied to a switching diffusion yields an
estimated reach probability 7 that is unbiased, and asymptotically converges to y.

4.3. IPSmode'MRmode VS. IPS-MR

In this section, the IPSmode algorithm 4.1 is slightly improved, and the conditional variance of
the 7 estimator of this improved IPSmode version is compared to the variance of 7 from the

basic IPS algorithm.

Firstly, in subsection 4.3.1, an improved version of algorithm 4.1 is proposed. Next, in
subsection 4.3.2, the conditional variance of 7 at the k-th level of this improved IPSmode

algorithm is evaluated. Next in subsection 4.3.3 this conditional variance is compared to
conditional variance if at the £-th level a normal MR is used instead of sampling per mode.

4.3.1. Improvement of splitting step in algorithm 4.1

The splitting step of Krystul et al. (2012), implicitly assume that for each mode there are
particles that successfully reach the next level. However if the number M , of modes that
successfully reach the k-th level is <M, then the number of samples drawn in the splitting step
IV of algorithm 4.1 is v, 32 <n,. Hence a straightforward improvement of the splitting step IV
is to generate N,/M, samples per successful mode. This improved splitting step is specified in
Algorithm 4.1* below; and referred to as MRmode splitting. Together with the other steps of
[PSmode algorithm 4.1, this specifies IPSmode-MRmode.

Algorithm 4.1*. MRmode splitting step IV in Algorithm 4.1

IV. MR splitting: Set M, = Zl{‘Jf‘ > 0}

0e©

For each mode 0e®= {0 ec®;

J{|>0}, draw N, /M,

samples £’/ ~ ’Z;"('f)) . Set N/=N,/M, and

_ Wy i of =29
’T‘(‘):Zaeez,jﬂwk 5{4/}() with af e
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4.3.2. Conditional variance under IPSmode-MRmode

For the IPSmoge in algorithm 4.1, the conditional mean and variance of the factor 77k+1 for

reaching at the k+1-th level, we derive the following characterization.

Theorem 4.1: If we use the [PSmode algorithm of Krystul et al. (2012) as specified in Algorithm
4.1. Then

7|

B{7,.1 G} = gZ[a)k 7 (8)] (4.10)
Var{7,.,1 G} = %ﬁi[@ﬁ’wﬁ’m( 217 ef)ﬂ (4.11)

where @ indicates {0:] >0}, and ¢/ * the sigma-algebra ;- 2o{E".a{";j=1....| J{|. 0<0).

Proof: See Appendix 4.A.1.

By replacing M by M, in Appendix 4.A.1, we get a similar result for IPSmode-MRmode.

Theorem 4.1*: If we use the MRmoge splitting of algorithm 4.1* in step IV of Algorithm 4.1.
Then

E{mICE’”}—gﬁl[@ 7 (8)] (4.12)
_ VeI L -
Var{7k+1|Cf’”}— ;922[@"010)’?%“( 2 [1- 7 ( f”)ﬂ (4.13)
<@ i=l j

Comparison of eqgs. (4.11) and (4.13) shows that Var{?m1 |C ,‘f “’} is under IPSmodeMRmode
smaller than or equal to that under IPSmode of Krystul et al. (2012).

4.3.3. Comparison of IPSmode-MRmode versus normal IPS

For completeness, we first specify in Algorithm 4.2 below a normal MR splitting step to replace
step IV in Algorithm 4.1. Together with steps I, II, IIIl and V of Algorithm 4.1, this defines

IPSmode-MR. Derivation of the conditional mean and variance of the fraction %, for IPSmode-
MR yields Theorem 4.2.

Theorem 4.2: If we use a normal MR splitting step IV within an IPSmode cycle and assume
|J21>0 forall 0 ® , then

A

El7,.1C =3 [, (2)] (4.14)

0e0 i=1
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A

vl 65°) - Z 8 o, () 1- Z B o ()| 19

00 i=1 ne® j=1

Proof: See Appendix 4.A.2.

Algorithm 4.2; MR splitting step IV of Algorithm 4.1

IV. MR splitting:

Draw N, samples & ~ zf,e@z ”91559}() J=L.,N,,
7 ()= Z @[5, () with &

fé/
Count N],g 227:11{51;[ =@} and map the elements in
~. = P . .
{wlﬁ,é:,f} one-on-one to {wf”,f,f”;@ €0,i= 1,..,N,f},
Al

Next, we will prove that under specific conditions, the conditional variances of %, at the k-th
level is larger under IPS-MR than it is under IPSmode-MRmode. To accomplish this, we start with
a comparison of conditional variances of }; at the k-th level under IPSmode-MR and IPSmode-
MR mode, in Theorem 4.3.

Theorem 4.3: Given Cf“’ = 0'{ ng"’ , @) ,0€0,j=1,..,|J! I} at IPSmode level k. Let 7, (0) and

DU Z(a)k 7/“1( )) satisfy for g c @ :

~ 77k+1|C1§’a_)} 1
zgs{—, if 7 (0)> — 4C1
k o, 5 (0) o, 4.Cl)
. Bi7.G°
50 >M, if 7, (0)<—— (4.C2)
k Mk

Then the dominance of the IPSmode-MR and IPSmode-MRmode methods in terms of Var {7/”1 | wa}
1s:

VarlPSmode—MRmode {7k+l | Ckg,w} VarIPSmode MR {}/k+l | CE"Z’} (416)
Proof: See Appendix 4.B.

Following the kind of reasoning in Ma and Blom (2022), we first extend the results of Theorem
3 to a comparison of IPSmode-MRmode versus IPS-MR. This is accomplished in Theorems 4.4
and 4.5 below.
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Theorem 4.4: Suppose IPSmode levels 1 to k-1 make use of the same type of splitting (either
MR or MRmode), and conditions (4.C1-4.C2) hold true. Then the dominance of the IPSmode-MR

k
and [PSmode-MRmode methods at level £, in terms of V* —Var{Hﬁ} satisfies:

k'=1

k k
VIPSmode—MRmode < VIPSmode—MR (4 1 7)

Proof: Apply the reasoning in the proof of Theorem 3 in (Ma and Blom, 2022) to the results in
Theorems 4.1-4.2.

Theorem 4.5: Suppose the same type of Splitting (either MR or MRmode) s used at all levels,
and conditions (4.C1-4.C2) hold true for all levels. Then the dominance of the basic IPS-MR
and IPSmode-MRmode methods in terms of variance V=Var {}7} satisfies:

Vipsmodrrime < Vissar (4.18)

Proof: Application of the reasoning in the proof of Theorem 4 in (Ma and Blom, 2022) to the
result in Theorem 4.4 yields

VbsimioMrrme < Vipsmods MR (4.19)

It is straightforward to show that application of MR splitting at all levels of IPSmode coincides
with the basic IPS-MR algorithm. Hence inequality (4.19) implies inequality (4.18).

4.4. MS, RMS AND FAS Splitting per Mode

This section studies version of Algorithm 4.1, where step IV is replaced by particle splitting per
mode, i.e. of each successful particle one or more copies are being made. Subsection 4.4.1
develops three versions of splitting per mode: MSmode, RMSmode and FASmode.
Subsequently, subsection 4.4.2 characterizes conditional mean and variance for each of these
three versions.

4.4.1. Splitting per mode versions for step IV

We study replacement of step IV in Algorithm 4.1 by the Algorithms 4.3, 4.4 and 4.5 for
MSmode, RMSmode and FASmode respectively. The resulting IPSmode algorithms are
ll’ldlcated as IPSmode‘MSmode, IPSdee‘Rl\/ISmode al’ld IPSmode‘FASmode I'eSpeCthely.

In Algorithm 4.3, for IPSmode-MSmode, €ach successful particle in 7, (6) is first copied once.
This yields N,=), |//| particles. Subsequently, »,-~, additional particles are cloned
randomly with replacement from the conditional measure £l Hence the total number of
particles satsifies:

Z((1+pf)|Jk6|):%[[1+—]Z\(;k—|jgiJ|Jk§|]:gz€(;[(|-]f|+ NP—A;ka H: N, +M,([NP—]M_I{N/(J: N,.

0O
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Algorithm 4.3. MSmode in splitting step IV of Algorithm 4.1

0
‘]k

IV. Set N, =Y |J{| and M, =Y 1{J{|>0}.
Z=C) 0O

_N 0
Lt else p; =0.

For pc@,set p) =
7]

0
{1=0;hence®,” =0. For gc @ :

@’
0.0 0\ _ 0. k '=1..,
(&7ef) [ ’<1+p,f)j’] ’

The total number of these particles is i, .

Splitting: For 9 ¢ © ,

J! \

For g c @, draw p/ |J v | additional multinomial samples:

H,‘J,f‘-#j 7.(0) 6,‘Jf‘+j g, (0)

- . _ arz
S 7,0 > D Ak for j=1,., p |Jk |

Total number of particles is then Z((H,Of )‘Jf ‘) =
Z=0)

and 7,()= Zt%@zmp‘ PV o /5, gsj}( )

Set N,f =1+p)|J!

k

In Algorithm 4.4, for IPSmode-RMSmode, €ach successful particle in 7, (6) is first copied as

much as possible the same number of times, and then the rest offspring are cloned randomly

with replacement from the conditional measure Z--% .

Algorithm 4.4. RMSmode in splitting step IV of Algorithm 4.1

IV. Set N, =Y |J{| and M, =) 1{J{|>0}.
e )

-N.
vk else pf =0.Set o =|pl |

1]

0
/1=0;hence®,” =0. For g c @ :

o P
=& | =1,
( ’(Haf)}’ ’

The total number of these particles: Z((Ha,f )
EC)

For pco,set p) =

Splitting: For 9 ¢ © ,

(é{e,,fJ,f,a)Aﬂ.me

J,f‘

0
Jk

For 9 co, draw (p!-a )|J,‘(9 | additional multinomial
samples:

UT S VA ) o.0+al\Jf[vi _ iy (0)
- w, =
k % (0) ° k ap))f)?

J=Lp —a)| |
The total number of particles is then Z((pr )‘Jf ‘) =

and E/<(')2256921+pk)‘]k‘ 015{53 }()

Set N,f =(1+p)|J!

k

In algorithm 4.5, for IPSmode-FASmode, €ach successful particle in 7, (0) is first copied as much

as possible the same number of times, and then the rest offspring are cloned randomly without
replacement from the set of successful particles. Hence the difference of FASmode with
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RMSmode is that the remainder particles are obtained without replacement. As shown in
Algorithm 4.5, the latter leads to a significant change in the evaluation of the particle weights.

Algorithm 4.5. FASmode in splitting step IV of Algorithm 4.1

IV. Set N, =) |J/
0O

and M, = 21{‘Jf‘ >0},
E0)

N —N, B 9
For oco,set p/ =—- ‘Je‘k.else P2, =0. Set afztpfj.
k(Y k

Splitting: For 08¢0, |J,|=0;hence a),f’j =0. For ¢ ¢ 0:

(w\) (&), =L )]

The total number of these particles: Z((Haf )‘Jf ‘) )

0e®
For g c @ , draw (p/ —af)|J 9| additional samples without
replacement from the set {afk ,j=1. ,|J |} This yields

additional copies: & Ol J=L.(p —e )|J9|

The total number of copies is then Z((H,Df )‘Jf ‘) =N,
Oc®

Adaptation of the weights (assuming E,f”' # f;’:,f " for i'# i ):
|
Wl = Z[l{fko” = &M@ KM =1+ | ).

= (wi)\/k\

where K= > HE =M, i=1,.,
j=1
I+, 9
and 7,()= ZHGQZ i 75 ,53_/}(‘)

Set N/ =(1+p))|J

J”\

0
k

4.4.2. Characterization of conditional mean and variance

This subsection derives characterizations of the conditional mean and variance of 7;,,, given

the information known at the begin of splitting step IV of IPSmode-MSmode, IPSmode-
RMSmode and IPSmode-FASmode. First the derivation is done for IPSmode-RMSmode in
Theorem 4.6.

Theorem 4.6: If we use RMSnode splitting step (Algorithm 4.4) at level £ of the IPSmode
algorithm. Then

|

B{7. |G} = ;Z[wy( ] (4.20)
Var{7,, ;7| = ZZ (II:ZA)) (@Y 7 (E) 170 (8]

4.21)

VAN e
+z‘ ' (pke—(jk)e‘d)? [ }/k+1( l)|:1 7/"“( 91):|

Proof: See Appendix 4.C.1.

By setting @, =0 in Theorem 4.6, we immediately get the conditional mean and variance for
MSmode in the Corollary below.
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Corollary 4.7: If we use MSnode splitting step (Algorithm 4.3) at level k of the [PSmode algorithm.
Then

A

B{7ea |G} = 20| @'na(&)] (422)

00 i=1

A4

Vol 167} = o g 7 (D8]

+22i p—f’wg, 207 ( 9’)[1 Ve 9/)]
9@ -1 j-1 (l+pf)2‘.]lf‘ D"V i o

Subsequently the characterization for [IPSmode-FASmode follows in Theorem 4.8.

(4.23)

Theorem 4.8: If we use FASmode splitting step (Algorithm 4.5) at level & of the IPSmode
algorithm, then

177

B {77k+1 | Cf"b} =2 Z[ T (8 )] (4.24)

0@ i=1

and

6
i

Var{7,,1G°1 =D 2_p’f+29a5 )(”9’) 7 (&) (1=7 (E7)) (4.25)

00 i=1 (af+1)(0{k +2

Proof: See Appendix 4.C.2.

Comparison of Th. 4.1, Th. 4.6, Corollary 4.7 and Th. 4.8 shows that E{,., |C,‘”} is the same (i.e.
unbiased), whereas Var{7k+1 |CF } changes under different splitting steps I'V.

4.5. Comparison of variances

This section compares relative dominance in terms of variances obtained under IPSmode-
MRmode, IPSmode-MSmode, IPSmode-RMSmode and IPSmode-FASmode. First, subsection
4.5.1 compares, under specific conditions, the conditional variances when applying MRmode,
MSmode, RMSmode and FASmode respectively at level £. Next, subsection 4.5.2 elaborates
what this means for the relative dominance.

4.5.1. Comparison of conditional variances

We perform pairwise comparisons of the conditional variances at level k. Theorem 4.9 does so
for RMSmode versus MSmode. Subsequently Theorem 4.10 does so for MSmode versus
MRode; and Theorem 4.10* for MSmode versus FASmode.

Theorem 4.9: Given Cf“’ 20'{ 0@l ,0e0,j=1,.,]J! |} at IPSmode level k. If for every

0e0:

N4
£0,i k 0 o ~0i  ~0
7 (&)< 7,0 oA (4.3)
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N\

0. Z . ~0.i ~
e (8) 25y 0 80 i ' <3 (4.C4)
. =0 1 ‘jf‘ ~gj
with @, :mz%’ and
k| J
L =,
) Z[a)k (a)k’ — ):|

A =—; : (4.26)

Vil .

> | (e > @y -1a <afy) e (af - &) |

i

Then the dominance of IPSmode-RMSmode and IPSmode-MSmode methods in terms of
Var{}?/f+1|clf,w} satisfies:

Ve rvsmoe {7_%1 | wa} < Valpg e ASmode {77/”1 | Cfm} (4.27)

Proof: See Appendix 4.D.1.
Theorem 4.10: Given C,f“’ :0'{ N,f’-", 5),?"’,06@,j=1,...,|Jf |} at IPSmode level k. Let the

conditions (4.C1-4.C2) of Theorem 4.3 and conditions (4.C3-4.C4) of Theorem 4.9 hold true,
and let ‘J 21 and 7, (0) satisfy for g ¢ @ :
N, 1
J| >, if7, (0)>— 4.C5
‘ k‘ Mk Hk( ) Mk ( )
N 1
<=k, if 7, (O)<—— (4.C6)
M, . M,

Then the dominance of IPSmode-MSmode and IPSmode-MRuode methods in terms of
Var{m | C}f“’} is:

Ve iersme o | G} < Vet { 7o |G| (4.28)
Proof: See Appendix 4.D.2.

Theorem 4.10%: Given C:*° =a{§,f'f , @,0€0,j=1,.,J! |} at IPSmode level k. Let conditions
(4.C3-4.C4) of Theorem 4.9 hold true. Then the dominance of IPSmode-MSmode and IPSmode-
FASmode methods in terms of Var{?,m | wa} is:

Vg e nsmoe {7_%1 | Cfm} < Valpg e pasmoe {77/“1 | C/fw} (4.29)

Proof: See Appendix 4.D.3.

Ma and Blom (2022) have shown that, in terms of conditional variance, IPS-FAS dominates
both IPS-MS and IPS-RMS. It is remarkable to see from Theorems 4.10 and 4.10* that, in terms
of conditional variance, both IPSmode-MSmode and IPSmode-RMSmode dominate IPSmode-
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FASmode. The explanation is that for FASmode it is more demanding to take proper account
if the effect of particle weigths in splitting step I'V.

4.5.2. Comparison of variances

Finally we perform pairwise comparisons of the overall variances, i.e. using the same splitting
strategy at each level. Theorem 4.11 considers difference in splitting strategies at the k-th level
only, and no differences in splitting strategy at the preceding levels. Subsequently Theorem
4.12 extends the results of Theorem 4.11 to cases of using the same splitting strategy at all
levels.

Theorem 4.11: Suppose IPSmode levels 1 to k-1 make use of the same type of splitting (either
RMSmode or MSmode or MRmode), and conditions 4.C1-4.C6 hold true. Then the dominance

k
of the two splitting methods at level £, in terms of V* —Var{H Z} satisfies:
k'=1

k k k
< <
VIP Smode _RMSmode - VIP Smode _Msmode - VIPSmode _MRmode (4 * 3 O)

Proof: Apply the reasoning in the proof of Theorem 3 in (Ma and Blom, 2022) to the results of
Theorems 4.9 and 4.10.

Theorem 4.12: Suppose the same type of Splitting (either RMSmode or MSmode or MRmode)
1s used at all levels, and conditions 4.C1-4.C6 hold true for levels 1 to m. Then the dominance

of the two splitting methods in terms of variance V=Var{7} satisfies:

V

P Smode -RMS mode

< VIPSmode -MS ode < VIPsmode -MR 1o4c (43 1)
Proof: Apply the reasoning in the proof of Theorem 4 in (Ma and Blom, 2022) to the result of
Theorem 4.11.

4.6. Rare event simulation example
4.6.1. Hypothetical car example

A car driver in dense fog is heading to a wall at position d,. If the car is at distance d,, from

Jog
the wall, then the driver sees the wall for the first time. Then, it takes the driver a random
reaction delay to start braking, with a density Py, (s). During the reaction delay, the velocity of

the car does not change; after the reaction delay, the car decelerates at constant value ;- We
apply IPSmode to estimate the probability y that the car hits the wall.

From the moment that the car reaches distance d, from the wall at velocity V;, it takes the

sum of reaction delay 7, and the time of deceleration T,.=-v,/a, until the car is at a
standstill. This implies

Y =P ol +2 a0 T > d, ) (4.32)

1
2 “'min
Elaboration of (4.32) yields:

y:P{Tdelay >22v,/a, . +d

min fog

/v,) (4.33)

L
2
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—s21(24)

If we assume a Rayleigh density Pde/w(S)Zize , and we write T, =5v,/a,, +d, /v,
V 7

evaluation of (4.33) yields:

Tt 202
y= I Lt gy gt

Te

+o0
_ N2
=e |t

o (4.34)

t=T¢

Table 4.1 gives the analytically obtained y results for various mean reaction delay values 4,
and parameter values d,,;, =300m d,, =120m, v, =72%%, =207/, and @, =—47/..

Table 4.1 Analytical 7 results for various 1

H () e

0.9 5.19976x10*
0.8 6.97696x107
0.7 3.72665x10°
0.6 4.08284x10°®

4.6.2. GSHS model
For this example, the discrete set of the GSHS is:
©={-1,0,1,delay, stop, hit} (4.35)

where -1 indicates decelerating mode, 0 indicates uniform mode, 1 indicates accelerating mode,
delay 18 a reaction delay mode, srop indicates stopping mode, and #i¢ indicates the wall has

been hit. A transition diagram representing the transitions between these modes is given in
Figure 4.1.

The continuous state components are x, =(ol(z,,,,v,), where Z, is the amount of time passed
since the driver could see the wall for the first time, ), is the position of the car at time ¢, and
v, is the velocity at time ¢. Hence, the dimension of the continuous state space is 4 (.) = 3 . The
subsets x ¢ are defined as follows:

X' =Rx(-»,d,, —d, )xR

X' =Rx(=0.d,, ~d, )% (0v,,) -
X =Rx(—o0,d,)x(0,00)

X =Rx(-0,d,,)xR

X" =Rx(-o0,d,,)*x0

X" =R’

wall

Between switching moment of {0}, X, evolves as follows:

dz, = dt
dy, = v,dt (4.37)
dvt :Ht(et _l)amjn /2+0t(0t +1)amax /2'

where a,;, is the deceleration value and 4, is the acceleration value. The initial measure Init

generates 6 =0, z,=0, y, =0..
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Figure 4.1. State transition diagram of car example GSHS.

The instantaneous transition rate 4@,(z,,),,v,)) satisfies:
AO,(2,3,) = O =delay) Py, () || P ()ds

The transition measure R(6,(z,),v)),(...)) satisfies:
Ry, ), {00 {0, y, v =1 iff v=v,,,

Rz y, ) dstopy< {0, y,v) =1 iff v =0

R(O,(z,,v)), delay;<{0,y,v) =1 iff y=d,,, ~d,,
R(,(z,y,v)delay}<{0,y,v}) =1 iff y=d,, —d,,
R((delay,(z,y,v)),{i-1}x{0,y,v}) =Liff 1 generates a point,
R(delay,(z,y,v)), thit}<{0,y,00) =1, iff y=d,,,

R(L @z y,v) ity {0,y,00) =1, iffy=d,,, .

4.6.3. Simulation results

(4.38)

We adopt the following levels, D, ={0,1,delay, hit} xRx[L, ,00)x RU{~1,stop} xRx[d ,,0)xR,

with L, values shown in Table 4.2.

Table 4.2. Values of Lx for various u values

7
P 0.9s 0.8s 0.7s 0.6s

1 181 181 181 181

2 217 215 210 205

3 230 230 220 215

4 240 241 230 223

5 300 300 237 230

6 244 236
7 300 243
8 300
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By conducting IPSmode Vs times we get 7',i =1,.., . These results are used to assess the mean
7, the percentage g of successful IPSmode runs, and the normalized root-mean-square error
(RMSE), i.e.

R L/ 4.39)
V= Uy (4.
NIPS 2171
pS — 1 Z{i[fs 1(771 > 0) (4.40)
N]PS .
1 PS r—i
RMSE - J—zjil 7 -y (4.41)
NIPS

Table 4.3 shows the estimation simulation results for straightforward MC, IPS-MR, IPSmode,
IPSmode-MRmode, IPSmode-MSmode, IPSmode-RMSmode, and IPSmode-FASmode, for
mean reaction delay ranging from x =0.9s till x4 =0.6s.

Table 4.3. Simulation results for MC, IPS-MR, IPSmode-MRmode, IPSmode-MSmode, IPSmode-RMSmode and
IPSmode-FASmode applied to GSHS model for Rayleigh mean delay for the Lk and « values in Table 4.2,
and A=0.0ls, ~,-1000 and w, =100

Ps

#=09s y & | RMSE/y
MC 5.300x10* | 44% 134.61%
IPS-MR 5.124x10* | 100% 17.30%
IPSmode (Krystul et al.) 4.537x10* | 100% | 45.77%
IPSiode-MRimode 5.113x10* | 100% 16.86%
IPSiode-MSmode 5.087x10* | 100% 15.00%
IPSmode-RMSmode 5.135x10* | 100% 14.61%
IPSmode-FASmode 5.105x10* | 100% 15.41%

1=038s y o) RMSE/ 7
MC 4.000x107 4% 495.54%
IPS-MR 7.074x10° | 100% | 23.19%
IPSmode (Krystul et al.) 6.742x107 | 100% | 53.41%
IPSmode-MRmodex 6.985x10° | 100% | 21.13%
IPSmode-MSmode 6.897x107 | 100% 19.36%
IPSmode-RMSmode 6.910x107 | 100% 19.27%
IPSmode-FASmode 6.946x107° | 100% 19.43%

u=0.7s ]; yol RVSE/ f/
MC 0 0% o0
IPS-MR 3.673x10° | 100% | 22.06%
IPSimode (Krystuletal.) | 3.309x10° | 100% | 53.47%
IPSiode-MRimode 3.642x10° | 100% | 20.44%
IPSmode-MSimode 3.686x10¢ | 100% 19.33%
IPSiode-RM Smode 3.669x10° | 100% 18.27%
IPSmode-FASmode 3.682x10° | 100% 19.57%
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#=0.6s y & | RMSE/y

MC 0 0% o0

IPS-MR 4.094x10% | 100% 34.20%
IPSmode (Krystul et al.) 3.820%10°® | 100% 69.49%
IPSmode-MRimode 4.061x10% | 100% | 27.92%
IPSmode-MSmode 4.113x10% | 100% | 27.02%
IPSmode-RM Smode 4.008x10% | 100% | 26.77%
IPSmode-FASmode 4.023x10°® | 100% | 27.89%

The results in Table 4.3 show that for this GSHS example, all IPS versions outperform
straightforward MC simulation. IPSmode-RMSmode yields lowest RMSE value, second is
IPSmode-MSmode, third is IPSmode-FASmode, fourth is IPSmode-MRmode, fifth is normal IPS (IPS-
MR), and last is [PSmode Of (Krystul et al., 2012). We also verified that conditions 4.C1-4.C6
were satisfied for each simulated particle, and at each level. This sequence corresponds with

the comparison of the variances for IPSmode-RMSmode, IPSmode-MSmodes IPSmode-FASmode, and
normal IPS (IPS-MR) in Theorem 4.5 and Theorem 4.12.

4.7. Conclusion

This chapter has developed novel sampling per mode strategies for use in IPS based estimation
of reach probability for a general stochastic hybrid system (GSHS). The starting point is formed
by the IPSmode algorithm of Krystul et al. (2012); this has been described in Section 4.2. In
Section 4.3, [IPSmode-MRmode has been proposed as a straightforward improvement of this
IPSmode algorithm. In addition, it has been shown that under specific conditions, IPSmode-
MRmode yields a variance of estimated reach probability that is lower or equal than those of
basic IPS. In Section 4.4, three additional sampling per mode strategies have been developed,
yielding: IPSmode-MSmode, [PSmode-RMSmode and IPSmode-FASmode. The crucial part was to
capture the effect of particle weights in each sampling per mode strategy such that the estimated
reach probability remains unbiased. In section 4.5, it is shown that, under specific conditions,
[PSmode-RMSmode performs best, [IPSmode-MSmode performs second, while both dominate
IPSmode-FASmode as well as IPSmode-RMSmode. In section 4.6, the various IPS versions have been
simulated for a simple GSHS example; the simulation results obtained show similar relative
performance of the different IPS versions.
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Appendix 4.A.1: Proof of Theorem 4.1

For IPSmode step II at level k+1, 7,,, is defined as follows:

Vo = ZZ[a)lfjl(gkﬂ € O ):|

0e® j=1

If |7¢|= 0, then ¢f’ =0, j=1,.,N,. Hence

Vi = ZZ[CO: /1(§k+1 €O )j| (4.42)

seo o
where underlining of © indicates |//|> 0.
If [J{| > 0 in step IV at level &, of” , satisfies:

o' =7, (OM/N, if j=1..N/

Substitution in (4.42) yields:

e = i[% OM/N,I(E €0.,)]= i[@ OMIN,(ME)€0,,)]

60 j=1 e
4|
—ZZ[% OM /N1 € o) 215 =§f"')]
00 j=1 pr
N ‘/’\
= X2 X[ A @OMIN Ml e 01 = 4)]
0e0 j=1 i=l
f y
0 EXCIRRIRE SR N EXEES]
€0 i=1 =

where M) represents the mutation at Step I.

Ifwe let ¥/ with i=1,...]{| be the number of the K’ particle copies from & thatreach Q.
after mutation, then we have

T =1(mE e 0., ) KY

with

Combining the above three equations yields:

7 =Z[@ @M/ N, Y[ ﬂ (4.43)

ne®

Using eq. (4.43) yields:

7

B{7,. |CE7} = {mzl[(;zﬁ(e)M/N) ]|c€}

0
2]

Z[(@ OM /N, )BT 1G] (4.44)

00 i=
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In a similar way, we derive:

Var{7., 1G5}

A

=2.212.3 Cov [(7, @M I N,)TE | (7, o /N )T 16

e | : | (4.45)
DD RRCEAULNH) RSS!

0c@ne@ i=1 j=1 »
= ZﬁJZ{W[E{n‘fmw VBRI CB{R 1G }ﬂ

Each Y'/' has a conditional Binomial distribution with success probability 7, (ézf’i) and size

K.
Let us define C:* X as follows:

G ™ 2ol &, K5 j=1,...] ] .0 € O}

Then we also get:

BTG =Ky (&) (4.46)
BT G} = (& )BIKY 1G ) (4.47)
Var {7501 C5 7 = Ky ()17 (8] (4.48)

Hence

Var{T50 | ¢ 7}

{0 |CE2 ) - B{() | CFo)

{
{

BB CEy | G2 - BB | o5y o)
{

B {Var{(F0) ] GF*4 | G2+ B (BT | CF# 1 | €57} = BB | 67 #4 3 €2} (4.49)

Bkt (@)1= (&) i} Bl (80P 168} - B{RE (&) G
~ (&)= () Bk CE e (8) | BlKETICE) Bk )|
= (&N 1= (8 [BLKL 1P 4 (80) var (K2 1)

Substituting (4.47) in eq. (4.44) yields:
Vil

E{7., |G*) = ZZ[(@ OMIN, )7, (& Bk G} (4.50)

€0 i

If 0#n, then 7' and Y™ are conditionally independent given C:” , and eq. (4.45)
becomes:

Var(7,., 1}

=ZZZ{”WN(”)M[ {Te c BT €7 =B (T | CE7 )BT | 6 }ﬂ (4.51)
=0
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If @=1 and [#J then Y’ and Y'7’ are conditionally independent given C:** . Hence eq.
(4.45) becomes:

Var{}aq | CE'(D}

_ z \i\ “Zl|:”9 (6)]7:[9 2(9)M2 [E{E{fk}ilﬁ’ | Cme}E{);k;;fj |C; rD,K} ‘ Ckf,fu} —E{E{ k0 | Cf K} | C } {E{f&y, | Cf(ul(} | C;u}}:| (452)

P

Substitution of (4.46) yields:

[N %, (O)7, NHM?
Var[7, 1G5} = ZZZ{W

[B{Ke7, (8) K7, (8) 167 -B{Ky (87) G2 Bl K (& )C“’}ﬂ

0e0 =l j=1 N ,,2
(4.53)
Because E{f(2)|z} = f(Z) the latter simplifies to:
Var{;7k+1 ‘CE(D}
AWl 7, (0)7, (O)M? 0 = P E
=2 {962 (S )7 (0 BAKV KD 1€ =y (8 BAKD 1G22 K |Ci
ZE8 O e al G e @ )]
S S EROL (e (ool 7
If @=1 and [ =] then eq. (4.45) becomes:
Var(7,, | CE} - zz{”ﬂ Gy {ﬁﬁf”’wf“ﬁ}} 4.55)

Substitution of (4.49) yields:
Var{?, " \Cg"b}

5 i[ WO (&)1 (E) B K cf*"})} 3 {” OFM (87 var{k c})}

(4.56)
Combining (4.51), (4.54) and (4.56) yields:
Var{?k . \C'j"b}
5, (0)'M? o .
:(Je@ ,-1|: Np (}/“(fk )[1_7‘*'(5'67)}1&{1({ | C; }):|
o = 2972 457
[ BOI, (e v i) 457
+0692_/Z[;% (]:9[)2 Von (&) 70 (8 )COV{ K% K | ka}}
For 0€@, the vector (K", K{"....K ‘J“) has a multinomial distribution with number of trials

equal to N, /M » and with success probabilities & / 7, (9). Multinomial distribution properties
yields
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) _ N ~0,i
B{K} |G} =ﬁ”% (4.58)
Var(KY | G }—N” 2 (4.59)

M 7, (0) 7, (0)

_ ~0,i ~0,j
NI’ a)k a)k

M 7%,(0)%,(0) (4.60)

Cov{K{'K{ |G =

Inserting (4.58)-(4.60) into egs. (4.50) and (4.57) and subsequent evaluation yields eq. (4.10)
in Theorem 4.1, and:

Var{7k+1 ‘ CE'[D}

722[7@ )@y, (& )(1 Va8 )}+

N€®l

AN

0. ~0,
[h] é:k Vi §k ) ka)k/}

=z
\2\3

p 0@ i=1

j=1
J#

Mw[(m, B o (7, 0)- 6" )}
:7202‘,[@ (0@ ml(@” )} N}yg(}iﬁ[n](@v ) “( oz)w;/ wf’}
X[ (@) &) at 00 ]

[ (8) (8ot

<

<
£y

Al

©
I
N

1

)
k
7

zﬂ ijr(f)}gZZ

J
i Jj=1 p 0@ i=
v

<
SRS

A

|: ~k€./ ~lff“;/“1 (gfl)J_%gQ b

p O

i o

k

=z 2\g g
N

M
M

p 0<9
Wi
€0 j:

i

[lo]
T

p O =1 j=l

I
=~
=

il Wk

E

=
3

=

k J

(4.61)
Rewriting the latter yields eq. (4.11) in Th. 4.1. Q.E.D.

Appendix 4.A.2: Proof of Theorem 4.2

For IPSmode Step I1 at level k+1, 7;,, becomes:

Fia = Z[wf (E €0p)] (4.62)

0eO j=1
For 0 € ® in step IV at level £, we have:

5 —
w; =

~, o, Np . .
{a),g, ,{} one-on-one to {w,fJ,ng;e €0,i= 1,..,N,f}
j=1

Thus, af’j , satisfies:

Substitution in (4.62) yields:
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P 0cO j=1 P 6O j=1

v M 2|

:zzgi{Nipl(M@k re0 (et ) |- ZE TS (it 0. )i
(

0<0 j=1 00 j=1ne0d i=1

ne® i=l1 |: 00 j=1 0e0 i=1 ne®@ j=1

where M(:) represents the mutation at Step 1.

If we let Y57 with i=1,..
(., after mutation, then we have

T =1(mE e 0., ) KY

with
N7

R =33 u(a7 =)

70 A1

Combining the above three equations yields:

Tin ZZZ‘JA I: kljrlglil

LEC]

Using eq. (4.64) yields:

E{?}ﬁl |CJ§JD} :E{Zi[&)gﬁf[] | CE' } Zof[ 1 E{Y" 0. ‘ Ckgg,}J

00 i=1
In a similar way, we derive:

Var|7,.,|Ci)
AN

—ZZZZCW{[# i)

0@ ned i=l j=1

UARA

k+1 > 7 k+l1

{Yk 0.0 ki |Ck¢',(b}

0@ ned® i=l j= 1

Let us define C=®* as follows:

G ™ 2ol &, K5 j=1,...] ] .0 € O}

Then we also get:

S N

B, (2B

Var (P50 Cf o F = Ky (8017, (8]
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M@ e0,,) 2 (e =£Z"')} ZZ{—l(M(Eﬁ”') eQM)ZZl &

n
i

-

)

K" particle copies from & that reach

Nil(m €0, )} = ZNZf{Nil(M(fﬁf) 0., )} ZZ{—I(M@% Ne QM)ZZ (&

5:*")}

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)



Hence

Var{Y,’ ;| \Cé } {(Ykkﬂo) |C‘5 } E{(fkk;lo,i)|cf,;)}2

B{B{TA) | G0} CF°) - BB | G5} | c82)

e
{
B{Vari(T") | CF 3| CEo )+ B{BITA) | CF 3 | €2 ) - B{B(TA | cEoky ¢l

; . .2 4.70
=B{K (80 [1= 7 (8) ]I 22+ B{IK L, (80P 1 G20 ) = B (K, (80) 1627 (4.70)
=7 (1= (&) [B{KD 1 CEof + m.(é,f'l)z[E{[Kf"']z |G} Bk P }
= (B 1= r (B [B{KE 1 CE Y 00 (80) var (K21 €52
Substituting (4.68) in eq. (4.65) yields:
E{7,.| G} = Hzﬁ[(lw)y‘.( Je{K G ] (4.71)
Let us define a set S, ; 2{(n.j)e®x[L|J] l;n=6 or j=i}, then eq. (4.66) can be written as:
Var(7,,1G%} = ZZ > —(bv{Y:f Ykkfflc"”}@i > —&w{Y:f Rrdiledd (4.72)
0<0 i=l (1.))<S,,; 0e0 i=l (1.))eS,,;
If =N and i=J,ie., (1)) S, ;> then we obtain:
Zui )y fCov{ BTG = zfiwr{Y:f G} (4.73)
0e0 i=1 (17./)&S,,; €0 i l P
Substitution of (4.70) yields:
55y oG ziw[n.(@ - (8 Bl G (B Va1 67} | (4.74)
00 i: l(r]/)zS 00 i=1

If (n7,j) €S, ;, then we obtain:

Zf Z Cov{Yff’ Spcte sl
0€0 =l (n.))<S,
=ZV > 12[E{fkﬁf’iiﬁf‘f\ck oV -B{TE GO BT }ﬂ

60 =l (1
Hl

<

=

—_

[B{B{rarg oo e -BlB{RY (o) B {B(i ¢ o i

[B{B{ie 1o i a{m it 16 o)1 o) -B BT (G i) B ({16 ol ]

(4.75)

<
(o]
s
=
Z
=

L e

<
1
—_

=

)
<
1

where equality (a) holds because of the law of total expectation, equality (b) holds because ¥

and Y;"/ are conditional independent given C}* %X .

Substitution of (4.67) yields:
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| 1 N
2 ki ki | &
2 COV{Y;«A DAV, }
0 i= Y p

(@ )}’,.(fk )Cov{K” Nedlew }}

V|

B [N;Mgff)[l-m(fk )]tk icie }} Z{

00

53 {lﬂM(Ek )7 (&) Cov{K K11 C77 }}
=1 (17.))€S,

PINDY { B (&) 1B K (&) Bk (8) Y B (K (8 164

( ) Var{K,f" |Cf"b}

(4.76)

(4.77)

For any ¢ < @, the vector (Kf’l,Kf’z,...,K: | ‘) has a multinomial distribution with number of trials

|

equal to N,,which means , >"
distribution properties yields

E{Kfl ‘Cfm} N

P

Var|K{'| GOf = N, af (1-af)

Cov{ K/ K | G| =N, ) f ‘i’

Insertion into eqgs. (4.71) and (4.77), yields eq. (4.14) of Th. 4.2, and

Var{ﬂ . \Cg"b}

=X St (& (8]

6@ i=1 6@ i=1

WAl 1 177
N2N1wk (- wk )}’ +00 2

S
<
\4
V—|

Rewriting the latter eq. yields eq. (4.15) in Th. 4.2.
Appendix 4.B: Proof of Theorem 4.3

. eqe . ~0
K" =N,, and with success probabilities @,

. Multinomial

(4.78)

(4.79)

(4.80)

(4.81)

Q.E.D.

We have to proof that the variance in eq. (4.15) of Th. 4.2 (MR-normal) is larger or equal to the

variance in eq. (4.13) of Th. 4.1%, i.e.
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{Zi(@ (& ))}{1 ICONEE ))}2% >3 ot (& 17 (8)]] “82)

7€0 j=1

By using 7%, (6)=1, we can write:

0O

(M -%,(6))=0

0O

This can step-wise be rewritten as follows:

Y (M -%,(0)=0

0O

> [167, (0) <MY (M7 = 7, (0) ]+ X[ 17, (0) = M) (M} - 7, (9)) ] =0

Qe c®

[lo]
5

> [1670, @) < M(M! =7, 0)) | = [ 167, 0)2 M) (7, (0)- M) |

Multiplication by §, =3 $¢/m, =B{7,|c;*}/ M, yields:

> 168, @ <M (M -7, O, |= 3 1G5, @207, 005, |

=0 =0}

Due to conditions (4.C1) and (4.C2), this implies:
Z[l(% O)< MM~ 7, 0))5] |2 2[1(% @) <M (M; - %, (9))2}

=3[ 17, 02 M) (7, 0) - M )5, |> z[l(fro‘(6)2M;‘>(7%0A(9>—M;1)ii]

0@

Hence

[1(% @) <M (M; —7%(0))52} Z[l(ﬁg ©)> M (7, (0)-M,")E! Jzo

6@

Stepwise evaluation yields:
[(M =7, @)% ]=0

2 Z[frg @)% ]=0 (4.83)

6cO

5
m
1®

From inequality of arithmetic and quadratic means we get:
S(st) > {35
0O k Z=0]
Together with (4.83) this yields:
2
~ B ~ ~\2 ~
YE-M Y| 7, (0] |+ M, Y (2]) —(ZZ}?] >0
EC] 6O 0cO® LEC]

Step-wise evaluation of this inequality yields

94



28 ot ez S ot & om S S ot (6 ) 6]
B gegi( ., l(gk »}[,Z;,JZII‘(QE’%(5:’]))}2O
Le@fl(wk Vi l(gk )):IL ,,Z@/ﬁl:(w" Vs l( ))}_Mkaee)fl /Ji[w’? wijk l(fkg’i)[ R '( /)HZO

Divisionby N, , and taking into account that & =0 for ¢ ¢ e , yields inequality (4.82). Q.E.D.

Appendix 4.C.1: Proof of Theorem 4.6

In IPSimode step 11 at level x+1, 7., is defined as follows:

Vi = ZZ[% ]1( St er“)J

00 j=1

P A
If ‘Jk‘ZO,then @’ =0, ;_ 1, no Hence

o =X S [0t 1(E <0.1)] (4.84)

0e® j=1

For 6 € ® in step IV at level k, we have:

8, j+i‘J,f)‘ 0, j+i‘.lf‘ «f 20, cbf’j . P
égk > Wy = égk Y N L J:L--a Jk‘
=0 (I+p,)

0.+ T 7 (0) ‘9’(1+“’€)“]’?‘+-/' __ @ e 4 NJ!
gk T~ 7;9;((0) » Wy _(1+pk/f)‘ff" lf‘]'_l"’(pk_ak)“]k‘

Hence, eq. (4.84) can be written as:

‘Jk (Plg_ag)‘J/?‘ N o N o
H]+1Jk 9, j+i|J}, 01+ )\ |+)' O 1+ay K|+
7 = ;(;ZOJZ[ 1( & P o, }r;@ Z {wk( ! I(M(gk( d )EQMH
€O i J < J

0
00 i=0 j=1 0O Jj'=1 k)"]

‘Jk ~9I o )‘Jk 0 0,(1+a?) Il )+ )
_ZZZ{ (M(§ )EQk+1)i|+Z Z [ 74 (0) ‘I(M@ (vl ]+s EQM)}
(4.85)

where M) represents the mutation at Step L.

Evaluation of the second term yields:
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-V~ ) o (10?0l 7
Z %I(M(@’(l et EQkH)
| U+ p )‘Jk‘

(p’?fa’?)‘j’f‘ Vs (9) o,(1+af )2+ ‘jf‘ O\ Loy )i+
-y Y %1(»«@;( ””)eQM) 1( foethihs 59’)
o0 o1 (1"‘,01()‘]1(‘ =

M

ol -aDE| e[ [ 7, (0) o.(1ra? 0L 7 1+af )|
-y z Z e 1(M(§k’( ")"’)eQMjl( Al ff’)

I(M(E,f’j) c Qkﬂ)l( 9(1+a/ )\J/ \+/ c_‘f:])

H (ol —af 1]
g (0) =0.j 9,(1+a,f)‘],f‘+j' ~0.i
= ————=1(M(EH e 0, 2 1(5 - =§,J)
P (1+P£)‘Jkg‘ ( k k 1) o k k

If we let Y5/ with j=L.., \Jﬁ \ be the number of the (ak +1) particle copies from £/ that reach
Q., after mutation, and 7%/ with j=1...l{| be the number of additional multinomial samples
K’ from fk / that reach (., after mutation, then we have

YT =3 1 (ME) € 0,.) (4.86)
i=0
Y =1(mE) Q) K (4.87)
with
- (ol -] ol
Kkg’j = Z l(é:k ( o )‘ "‘H f /) (488)

=
Eq. (4.86) shows that ¥?" and Y'7/ are conditionally independent given C:** if 6+ .

Eq. (4.87) shows that 7*% and 7'"/ are conditionally independent given &, K’,&" K" if
@=1n and i#].

Inserting (4.86) and (4.87) into (4.85) yields:

A%y P C I R T @59

6O 0O

Using eq. (4.89) yields:
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571G} = {zz[(

0<0 j=1

~0‘] ~ . o~
e

1| ~
7o, (6) k 0, Ea
+E{z Z[((pr)ﬂj k1 j} |G } (4.90)

0@ j=1
3 ~9/ k.0, 50) &l 7, (0) k0. Eo
_;9/2} 1+ o G +gez@,zl[(<l+p>ﬂ) T 16 }}

In a similar way, we derive:
Var{;7k+1 | Cf"b}

DRI

Yk 91 7g, (0)
ks <1+p1’>\J£’\
0@ ned i=1 j=1

&
-EEs e[,

0e®@ned i=1 j=1

;k,g,i 6?)]](7’] fk,r],j + Zg, (1) k 5 ‘ Cs RZ)
k+1 H 1+p,7 k+1 (1+p£’)‘J[‘ k+1
k

LI

+Y > "> Cov _

0@ ned i=1 j=1

0@ ned i=1 j=1

v“w’

220

0@ ne® i=1 j= 1

EAEAl r
+ZZZZCOV{
0.0 Fo () gk, g,
e Yoo
\/AH-/;?\ ~0,i ~1,j

Y ySy o i)

0c@ne@ i=1 j= 1(1+pk)(1+p’l)
\Jk | 1771 &“)]ft”g (77) B
k Co {Ykgl,YkJr’” Ci,m}
+Hez®1]E®l 1 j= 1(1+pk (1+pk |Jf7| k+1 2Tkl | £

A ﬂg (g)

2222

9c01e0 il j- 1(1+Pk)|J€| 1+P")

0O ned i=1 j= 1(1+pk )|J€|(l+ 7)|J;(7| (IR e r

(4.91)

k+1 2T k+1

COV{Y”' prni |Cf~ﬂ"}

Further evaluation yields:

Var(7,,, ¢}

e 12

-0, ~1.j
=ZZZZ[W[E{YY (cie) BT ciepm{r o]

.:,_Z z\ Al Cz)fviﬁ'g‘ (77) |:E{Yk Bryk .J | CE,(b}_E{);k,H,i ‘ CE,(D}.E{)%,UJ | Cﬁ,a‘;}:l:l (492)
e T E| (1+pl)a+pplyL U S e | G

AN 7 (" . . :
D3NN P Bl g S e e e o]

626720 i1 =1 (1+,0k )|Jk |(1+P£)

7, (7 ;. .
D) n O Twlisei 1cie) (it sl it 1)
00 ned® i=1 j= (1+10k)|'] |(l+p )|J|

o |Jn
Ji| ¥
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Evaluation of E{Yk iles }and Var{Yk iles }ylelds

BTG = {21 ME) €., |cf”} BI(m&")€0..)IG7 =(1+e!)7. (&) (4.93a)

Var{ﬁ’i?’ilcf"b}=Var{Zl MEHEQ,., ICf“’} Var{1(mE) €0, )| G} =(1+ ) (&) 1-72. (8)]

(4.93b)
By using C;** £ o{ &7, 007, K j=1,...| J{ .0 € ©} we get:
B{TA |G| =B{1I(me) € 0 ) K | 7| = R, (87) (4.94)
B{1 G| - B{B{Ta | ) |G| ~B{ R ). (2) (4.95)
VmbﬁfMf@ﬂ=Zmpwf?nazJ§?uf@ﬂ=iﬁdew$ﬂegHM¢”*} 496)
=K}y (&) 17 (8]
Hence
Var T4 | GF ) = B{Var{(F1) | CGF# G2 |+ Var BT | €231 €
—B{ R (8170 (89)] 162 4 Var| Rey, (8) 1627 (4.97)

ol o (5 e

Substituting (4.93a) and (4.95) in eq. (4.90) yields:

E{7 |CE7} = Z‘ZH Z8 ]l+ak Voa (& }ZXK&? jy“ {K‘”IC5 “}} (4.98)

00 j=1

If @#n, then ¥-% and Y7/ are conditionally independent given C:” . and eq. (4.92)
becomes:

=ZZ§”{(‘*‘W)[E{mfi|cf~fu}E{f,::rvf|cf} {7 1c)m{i 1)
)

9070 =1 /=1 1+Pk)(1+Pk
vt v [ @' 7%, (1) O o

T3S IO Ty (e cin)mffi i) BT iy B[ ¢ dl

0c0 7@ it ;(1+Pk)(1+/3k")‘~]f‘ (4 99)
ve [ 7, (D)@ = -

DINNI m[E{w|CE~‘“}E{Y;:7"|Cf -s{Te ciofa{i ]

00 ne0 i=1 j=1 3 k k
v v [ 7, (0)%, (1) o N (o

DRI sy e L LR o UL dl

0 e i=l =1 % k k k

If  =pand i#j then ¥ and ¥ are conditionally independent given C;**. Hence eq.
(4.92) becomes:
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varfr 16

2;22{%;;{@ )[E{E{Y:f T G o |G -T2 i) B{B{T 16 i
<@ i=l j= % k

v s - . . - . .
DR P ‘[E{E{ﬁkgﬁimf’/|Cf"b’K}|Cf"b}—E{ (16 o ) i) {1 6o 1|

00 =1 1 _(1+Pf)(1+Pf)‘Jf

J#

Yl W‘_ 7?9(‘9)5)5'/. [ { {/a k0, E@K} E(D} { {:IS E.«')K} Eu)} k.0, L@.K :H
+ —— VBB Y Y Co Ot | o =B B Y [ Co Ot | C B Y, ’C C
&Z@gg,ﬂwfc’)\ff\(“pf) it ledigile G 1 G BB 1€ 2516

a8l 07,0 [ R
+ k A E{]E{Y'f Ylf/ ‘C?,m,[{}‘cﬁ,w}_E{ {Y'f |C mK}lC a)} { {Y';g’|C5 (uK}le m}ﬂ
O Ty R . .

J#i =

(4.100)

Further evaluation yields:
Var { Vin | CE @ }

_ S ‘Z’gi‘;’f‘/ k0. E, oK k.0.j E, oK 1) k0. E, a.K & .0,j &, a,K i
—ZZZ{MM[E{E{YM G o B{Ta ) | o -B{B(Ta  F o+ | o) B (B (T | o 16 ]

6e@ =l j=I
vl Y7, (6) - - = - - I, . = : s s
DB W[E{E{Y e )m{iet 16l -afm (e oo afm{ T 6o 1 )|
0<0 i=l j=1 (3 k k
J#i
A i T 6) ol z, £ 5 E o = E &, Ed @, X}
DHBI %[E{E{Y s m{Rg co o) -(B {7 | 6o i (B{T o G
0e@ =l j=1 k| k k
J# =
v o[ T 7 = : - ;- CTP T :
PIMI pfj“ii)‘Z“fi)g)‘ J‘[E{E{Y ey m{iie 6o i) -as (i 6o wfe T 6o e |
0e0 il j-1 e )Nk % )k

Substitution of (4.93a) and (4.94) yields:

Var{yk+l|Cf“b}:zJijzk[W}’M(fk Vi (8 )Cov{KH K“’C‘f‘“}} (4.101)

0T | 1+ pl) ||
If & =n and i= then eq. (4.92) becomes:

7|

Var{}/kﬂclf@}_;ﬁ[(l(f;z - Var{ 7" ICf‘@}]+%;[%Var{w;’ Tox }] (4.102)

Substitution of (4.93b) and (4.97) yields:

Var{7,., | G7?)

-¥3 Lf‘j’ )2)2 e )[1—%1(5:&)}(”0,,?)]
0e® i=1 pk
LI 7O ST o i (4.103)
e ) 1=y (EF) |B{IKS | C°
gghup:)%f”‘“(‘f i (&R }]

2 L@)z z0.\2 { Z 0 E(Z;}
gg{(lwf)”f”‘”(é e

Combining (4.99), (4.101) and (4.103) yields:
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Var{%m | wa}

§Z[(l+pk )z Vi .(5, )[1—7M(§f"ﬂ(l+af)]

zz[”’y (&)1 (e el 'Cf"”}] 109

(i
A 7. (0)? o EPV
ZZ[(”())Jy (&) var| K| cf}}

! 1 k

Skt %h 1(51( )7“1(gkg*’)Cov{léf’i,lé/?”f | C/fw}
a+p!y |}

0@—1]1

.....

equal to (pk -a) |J,‘f | and Wlth success probabilities @, /7, (6). Multinomial distribution

properties yields:
B{RE1CEo) = (ol = af )| ﬁj’k(’g) (4.105)
~0,i
1<91|cfw}= ~a? )|t 1-—2 4.106
Var (el =af) ‘gw) 70 ©) (3.106)
Cov| R R071CF#) = (af o0 |2 ﬂ“’( ;) ﬂ‘”(e) (4.107)

Inserting (4.105)-(4.107) into (4.98) and (4.104) and subsequent evaluation yields egs. (4.20)
and (4.21) of Th. 4.6. Q.E.D.

Appendix 4.C.2: Proof of Theorem 4.8

In IPSmode step I at level «+1, 7,,, is defined as follows:

T ZZ[w,f (& €0u)] (4.108)
0e6 j=1
If |J{|=0, then of' =0, ; _ | v ¢ Hence
Fan ZZ[wf’l(ékﬂ 0] (4.109)
0e0 j=1

For ¢ ¢ @ instep IV at level k, we have:
0 ‘JA ‘ 9, iy ;0.0 0,i . 4
/ —Z[l{f T=EMNa K] =1, N
with the K particle copies from & and k' :il{é,f’f =&, i:l,..,\Jf\.
j=1

Replacing & in (4.109) and subsequent evaluation yields:
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00 j=1 k

| =0,
Vin = ZZ[ |:1{9K = Ia;';’i}l(M(é‘}f’/)er”)]

[ ~0. N7

23 L e - et <0,)

J=1

(4.110)

->> el = "’f}l(Mé:“)eQM)ﬂ

iy
_ d wf’Yk91:|

0.0 " k+1
0c0 i=1 K

where ¥:"" is the number of the K particle copies from &’ that reach Q,,after mutation,

M) represents the mutation at Step I.

Using eq. (4.110) yields:

: - PARY N
Bl 16} = {ZZ o | c}

0@ i=1

zuzk‘ {Y/f:]&‘ Cg(u}
_UEOII K{}t

P Yo - (4.111)
aiferpl )]
2
el
where equality (a) holds because G > G and E{x|v}=E{E{X|7,Z}|Y}.
In a similar way, we can derive:
Var(7, |G|
AR a"‘)HAY/tﬁl ~71/Y1(7]/ -
— COV k+1 , k+1 C;JU
T3S 8 oo A ]
Al Loi yhad 4.112
=333 (wﬂ'@;”)cOv{Y“; e CkH ( )
0e0 e =1 i=1 | K" K]
wl [ YO yhin.i ykoi ykai
— 0.0 ~1n.j E k+1 k+1 ‘ @ -E k+1 C @ k+1 ' Ko]
(Jze(:‘)rzsz(:jizl j:li(w (U )|: {Kft K,:” | k } {Kk ‘ } {K]:I/ | k }:|:|

Each Y2’ has a conditional Binomial distribution with success probability 7, (ézf’i) and size

K.
Let us define C=®* as follows:

Co o o M, o) K] j=1,....| T 1,0 O}
Then we also get:

B{YA1CE = Ky, (60) (4.113)

101



B{P5 167 =7 (80)B{K 1C7 7 (4.114)
Var (Y50 | CEmf b= Ky (E0) 1= 7 (07)] (4.115)

Substituting (4.113) in (4.111) and subsequent evaluation yields:

o /i | -~ : .
SRS H LT N EIEE
(4.116)

0e0 i=1

where equality (a) holds because E{s(2)|z} =f(Z).
k,17,j

If @ #n,then y v and X" are conditionally independent given G?, K and K} are also

conditionally independent given G, and eq. (4.112) becomes:

_ s N ) ot yEn Yk/lﬂ - Yk"f’j s
Var[7, |G = S0 | (@) Bia- 6 (B w7 |G B\ |cE Bl 1Gy||=0 @117)

0@ ne® i=l j=1 k
n#0

If =1, i#j then y:v and Y are conditionally independent given C-** . Hence eq.
(4.112) becomes:

Var{7,.,|C;*

v, yhOi yRod o yoi Y“’ -
— zzz (&')k&xa*')f/) E!E k+;‘ /u; ‘ Cf.zv,K ‘ Cfu _El{E Tk ‘ CE @K | Ckgw E!{E Tk C.f ,0,K | Ckg,a
001 1| K K.’ Kk K
v v | o ykoi Yo o - ykoi L - yke . -
= (wf*wf#){E{E{ I |C“”K}E{ ] 65} | cs’“}—E{E{ e ICf"”TK} | C}E{E{ - |c:~“} | ﬁ}ﬂ
00 i=t j=1 | k k k
-5 338 (oot | Bl s a1 o BB g e L | Lm e i) e
0e0 =1 j-1L KK K K!

k k

S5 (arat) | r (@) @) al ot @16 ol @
=333 (@0 ) raa (&) (87) 70 (&) 70 (&) =0

If & =n,i=j theneq. (4.112) becomes:

Var{7k+1 ‘ C,km}

7| ) ykoi o
=ZZ (”f") Var{"*é, |C,‘f””}
020 i-1 K,
a 172 R Yk,e,i o A Yk,s,, o .
=Y > (af) E Var{k*;_cfv“} 1CEo L+ S| (@) Var { kel |cf»”-'<}|cf=’”
60 il K e inl K

A o 1 N 5 1 N .
_gzd;;[(wf» )Z[E{[Kk jVar{Ykﬁf |cé K}|c¢ }+Var{Kk {Ykﬁf |Co K}|c¢ }H

where equality (a) is due to the law of total variance.
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Substitution of (4.113)-(4.115) yields:

Var{?lwl ‘ C,kw}

zz{ulm{(;) K81 B 1l vl (64

Further evaluation yields:
Va.r{;7,{+1 | ng}

= Zf{(@f“’)z {E{[Kljy (&) (1= (&)1 cff“}%{m (&) c} ~[B{r.(&)) cff“}}zﬂ (4.119)
28 @ @) ol 157

k

For FASmode splitting, we have:
PK =a! +1=1-p! +af (4.120a)
PKY =a! +2}=p] —a (4.120b)

By using (4.120a,b), we derive:

E{ 10[ |gﬁ,‘f’@f’j;ae®’j=15"'a|Jk‘g |}
K

1 0.i 9 0,i 4
= P{K," =a; +1} + P{K" =a; +2
af +1 K et o) +2 K 3
1-pf +a’ o —a’
=( ; 0, g ) (4.121)
a, +1 o +2

(l—p,f+af)(a,f+2)+(p,f—a,f)(af +1)
((xf +1)(a,f +2) (af +2)(0¢f +1)

2-p! +2a
- ((xf +1)(0{f +2)

Inserting (4.121) into (4.119) yields:

Vil

Var(7, |G = 3 () 1 (8) (17,0 () 2224

00 =l (Otf +1)(0{f +2)
Q.E.D.

Appendix 4.D.1: Proof of Theorem 4.9

We denote Var{7, | ¢/} under [PSmode-RMSmode and IPSmode-MSmode by VyodeRVSmode
and V"M Hence we have to prove Vi meMSme yIsmeRiSne > 0 Erom Theorem 4.6 and

Corollary 4.7 we get:
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VIPSm ode-MSmode VIPS node-RMSmode
k+1 k+1

T (@5,,.)2m(55,,)[1_%(55,,)]} 5 [( e (@i (2]

(4.122)

Evaluation of & as defined by eq. (4.26) yields:

/7| ¢ | 17|

Z[@f’i(éf—@f”)J+A Z[l{a)k <ol (a) )J AHZ[I{@ > o) (a) - & )]:0

Hence

1| ¢ |

Z[l{a)k <o)yl (a) -ar )(1+A )}LZ[I{% >l (wf—c?),f’[)(l—Af)]zo

Hence

17| d

> [1ar <aar (5 o)+ ah = Y [ual > aat (3l -0 ) 1-ad) ]
Multiplication by £7 /7, (9) yields:

0
17k |

~0i _ =0 ~0.i (0 ~0.i if 0 & ~0i =0y ~0, ~00 =0 if 0
Z[l{w,; <&} (wk—wk*)(ﬁ (9)(1+Ak>]]=2[1{wk’ > & ya)" (& —wk)[ﬁ (e)a—mﬂ

23

By using conditions (4.C3) and (4.C4) this yields:

0
/A4 i

Y[ el <alyal (3 -a)r. (8] Z{l{@f"' <&y (@ - & )[ﬁzz 5 Ai)]]

i

{1

R z"
1 19,1_"'9 1 AH
Z[ @ > a1 (o - af )[ 70 )]]

o
il

>3 e > et (o -0, (2]

Rewriting yields:

72| o _ o

a0 (& - a0 )r., (E)]z0 (4.123)
Inequality of Arithmetic and Quadratic Means yields:

4 _ N 2 " | N i
Zl[cbf (& )J > ﬁ{z[ i, (& )ﬂ

i=1

Combining this with inequality (4.123) yields:

u" ¢ |

et (- 2] _{;[@m (& )]} S l(a 5 (&) J2o
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Rewriting yields:
2| 7| 2

S (el atr. (&) ]- X[ ot n. (&) 2t (2]

j=1

Sy @[Sy @) 2o

S5 [atatn. (&) 23 ot at . (). (&)

Tt (&) |20

Hence:
AN 4 Wil o
ZIZZI‘,[afwfv(éf)[ o "’)ﬂ Z[Jg\( V(&) m(éf”)ﬂzo (4.124)
i=l j i=
Multiplication by 0;—"9)2|9| and subsequent summation over 9 € @ Yyields:
+ k Jk
AN alalial 2o 2| o ~ o
;};;{—(szj)zw 7o (EV[1- 7 (8 )}} MZ[(HM) (@) 7 (8 1=70 (&6 )]}o
(4.125)
Q.E.D.

Appendix 4.D.2: Proof of Theorem 4.10

We have to proof that the variance in eq. (4.13) of Th. 4.1%* is larger or equal to the variance in
eq. (4.23) of Corollary 4.7, i.e.

VIPSmod e-MRmode
{112

ey $ St 0. (5]

J

) (4.126)
o e

[\

LI 1E
1

| '@ pl (o 0.
[ e )

(1+p )2 e 0@ i=1 j=

PSmode-MSmode
Vk 1

For £/ defined in Theorem 4.3 applies:

M| -N | M |Jf|- N, ) »
(}ZE;.)HM,{J,{MN},N,{]Z‘ _;Jl(”ﬁMi) M |J{[+N, N, X +0;2 £

Rewriting yields:

MI:‘JI?‘iNk ig
M |J+N, =N,

1
M,
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Mk|‘]k§|_Nk =0 0 1 Nk_Mk|Jk§| =0 ~0 1 Mk|‘]k€|_Nk o

— 2] |- 1 — . |= (7, >2— z

gez@,[{Mk|Jf|+Np—NJ ‘ QZ@ 7 <Mk) M |J{[+N,-N, ™ 926 (7[">Mk) M |J|+N, =N ]
Thanks to conditions (4.C5) and (4.C6) this yields:

M-~ o, o 1 [ N-MN /M | o 1 [ MN /M -N, <
Z — 1 <— k k= Yk — 2'9 2 1 '92_ kv k k k 29
gez@,[{Mk|Jf|+Np—NJ g QZ@ & Mk) Mk|J,f|+Np—Nk ! ;9 % Mk) Mk|J,f|+Np—Nk g

Evaluation yields:

s
i\ M, ||+ N, - N,

Multiplication by (1—E{77k+1 | Cf"z’})/Mk yields:

M|J"|—N | o
Z[{wiﬂim st })z:i]zo

[23¢]

Decomposition yields:

o _ 1 Mk“]kg‘_Nk L_E{ZH‘CE"D} <o oo 1 Mk‘Jf‘_Nk L_E{;kﬂ‘cf"b} “0
(;ZE(;,{I(”"<Mk)[Mka+Np—Nk M, M, e +QZ', KﬂkZMA.) Mk‘Jf‘+Np—Nk M, M, |20

Rewriting yields:

o 1 Mk“]f‘_Nk 1 _E{7k+1|cfﬁ} “o o 1 Nk_Mk“]f‘ 1 _E{ykﬂ‘cf@} “o
Z@{“”"EW[MMmN,,—Nk E R A R vl VAV ISV R

Thanks to (4.C1) and (4.C2) this yields:

~0 L Mk|']k€|_Nk ~0 20\ ~0 L Nk_Mk|‘]k€| ~0 50\
Z[l(”k ZMk){Mk|Jk§|+Np_Nk (”k Zk)Zk ZQEZ(::) 107 <Mk) Mk|Jkg|+Np_Nk (”k zk)zk

0c®

Hence:

M|J,f|—ﬁk o
“’EZ‘;[(MPEMNP _NJW —zz)zg] >0

N ~ ~ ~
(e SR &

Multiplication by M, / N, yields:

M M i e
;ﬂN: _Mk ‘Jlf‘+];vp_NkJ(ﬂ'gk(e)_zk)zk]ZO
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M |J°|+N —-N
Substitution of k‘ k‘ i i

= p; +1 yields:

A
M 1 ) o
2 (o o

Stepwise further evaluation yields:

;)[[Np (1+,05)|Jkg|]ﬂ.@ (H)Zk_ 9€®[ Np (1+p1f)|JkH|J(2k) ]20

| e @03 (0 ()] |- B | A - | S0 (@) | 20

(1+pk”)|J”| i) i

o
[c}
T
=
1®
=
gy
+
RS
e
<
T

My LS @t (E)] |2 2@ (&) |20

T

)
®
I
=
)
®
=
_
+
RS
P
3
|

M, 1+ p; & 7 %y (E0 _ M, 1 2| o, (0 2 g
Z{[Nﬂ (1+Pf)2|Jf|J;|: Hk(g)( k /{+1(§k )):|:| BEGI[NP (1+p]f)|Jlf| l:;( k k+](§k )):l] 0

0@

fe P i=1

5 e st ]

In the proof of Th. 4.9 (RMSmode vs. MSmode), the following has shown to hold true under
conditions (4.C3) and (4.C4):

M, A
~ 2, 90 k k+1 k
JN (pr)zmji[”“w N }Z
>

| |

S [l . (6] Z[wf’w,f’m(ék ]

i=1

From inequality of arithmetic and quadratic means:

These two, together with the previous inequality, yields:
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2 w]’zi[%xwwm<ff’l>>ﬂ
M, B, ?
b { N, 1+pk ‘Jg J{z( “ ykﬂ(gk ))}]
)X fpey wk iy, (8 )] Z[(Hpk) Zl[ By (& )}]

Evaluation yields:

A;Zzz[a) @y (&) 1= (8)]]

P

ZZZ[(’O—a) @7, (8 1= ( ”’)ﬂ

@ 7 (8)1 7k+1(55”')]]

0<@ i=l (1+ yon )
>0
This confirms inequality (4.126). Q.E.D.

Appendix 4.D.3. Proof of Theorem 4.10*

To compare the variances we denote var{z, ¢/} under MSmode and FASmode by
V medehSmede and VIS regpectively. Then from Corollary 4.7 and Theorem 4.8 we get:

VlPSmode-MSmode _ VlPSmode-FASmode

LHP) (@) 7, (E )[lm(éﬂ")ﬂ
E88| (@)

beo it = | A+ ;) ‘Jg‘

—ZJZ[ 2-pi +20 @7 (&)1 m(é,f"‘)ﬂ

(2+ak)(1+ )

Hence, to show V"™ < v/ 5™ we have to show:

VA

=22

(4.127)
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1 Vi

D@ ()17 (8]

(1+pl‘j) i=1
Vel L

ot @i (@] 429

0 |

(22+ oik)zliaak ) ;B@f’iﬁ%u (E’f’i )[1 ke (Ek&i )ﬂ =

Evaluation of the double summation term yields:

R )]
AR ' ~ W
ﬁZ Lol (& )]—ﬁ;ﬂ[wz 7,0 (8) 7 (8)]
_\Jf\ im0 ) R ., e N N (4.129)
= l_1|: " a)k7k1(§k ):|_ Jkg Z;‘[a)k }/kﬂ( k )};[a)k 7/1(1( " ):|
A V)

Inequality of Arithmetic and Quadratic Means yields:

lE| ‘ o~ : i < £0.i 2
Z[@g,l Va8 )} > ﬁ[Z[@f (& )ﬂ

i=1 i=1

From inequality (4.123) in the proof of Theorem 4.9 we know that due to conditions (4.C3)
and (4.C4):

0
i |

- . Y
a)k"&)k%m k’l w,” a)k 7,” f
Sttt (&)= S ot ot (&)
Substitution of the last two inequalities in (4.129) yields:
il 2| ¥ N
oSS oot (8 @) ]J= St (8] St &)
J

Vil

=St (& (2]

Substitution in (4.128) yields sufficient condition:
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Vil

@ (&)1 (8]

(1+pk9 )2 i=1
o

£ S ]

+
(1+pk0)2 in1
0 177

) (22+_a?)(+12+a;§ ) ;[(@f Fra (817 &)} <0

This yields as sufficient condition:

4 4 4
1 2t pke 2 : €k+2ak0 <0
(1+p7) A+p) (2+a))(1+f)
Evaluation yields:
(1"‘/0;?) 2—pl +2a! 1 2—pl +2a!

(rept) Ced)lied] (eel) (eal]ieed)

Hence we have to show:
(2+af )(1+] )1+ p0)(2- pf +22) <O
Evaluation yields:
(2+af)(1+a,f)—(l+pf)(2—pf +2ak9)
=2+20) +oy +(a)) =2+ p/ =205 =2p] +(p/)" 20/ p/
=a; +(a)) —2ap] - p] +(p})’
(Pl -a?) ~(p! ~at)<0

This confirms that inequality (4.128) holds true. Q.E.D.
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Importance Sampling in Rare Event Estimation for General
Stochastic Hybrid Systems

In the field of rare event estimation of continuous time stochastic processes, the use of
Importance Sampling (IS) within statistical simulation has been well studied for Continuous
Time Markov Chains (CTMC) and for diffusions. These studies address three main issues. The
first issue is to characterize the optimal IS strategy. By the very nature of optimal IS, this
strategy cannot be used in practice. Hence the second issue is to use the characterization of the
optimal IS strategy for the development of a parametric family of approximated IS strategies.
The third issue is to optimize the parameter values in this family through a minimization of the
Kullback-Leibler divergence between the probability laws of the optimal and the approximated
IS strategies. These three issues have been well studied for continuous time Markov chains
(CTMC) as well as for Diffusion processes. More recently, these three steps have been
addressed for a Piecewise Deterministic Markov Process (PDMP), which is a general class of
hybrid stochastic processes, though without diffusion. This chapter develops an extension of
these IS results to a PDMP that is enriched with diffusion, which is studied as a pathwise unique
solution of a General Stochastic Hybrid System (GSHS). This IS extension is illustrated to work
well for IS based statistical simulation of an GSHS example that has multiple subsystems in
parallel redundancy, each of which is subject to failure and repair.

This chapter has been submitted to Methodology in Computing and Applied Probability, as H.
Ma and H.A.P. Blom, Importance Sampling in Estimation of Reach Probability of General
Stochastic Hybrid Systems.
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5.1. Introduction

A Piecewise Deterministic Markov Process (PDMP) is defined by Davis (1984) as a
continuous-time hybrid state Markov process that involves a large variety of stochastic
behaviours, except Brownian motion. A PDMP involves two dynamically interacting processes,
a discrete-valued mode process {6} and an Euclidean-valued process {x,}. A PDMP generates

an increasing series of stopping times {s;; j =0,..}, and in between two consecutive stopping

times the mode {6} does not change, while the process {x,} evolves according to a mode-

dependent flow. [Bujorianu and Lygeros, 2006] have defined a General Stochastic Hybrid
Systems (GSHS) as an extension of a PDMP by replacing the mode-dependent deterministic
flow by a solution of a mode-dependent Stochastic Differential Equation (SDE) which is driven
by Brownian motion. This chapter studies rare event estimation for a GSHS using Importance
Sampling (IS) as a variance reduction approach.

As has been explained well by Glasserman (2004, p. 277), IS is a variance reduction approach
that has the highest potential in rare event estimation, though also is the most complex. The IS
idea is to modify the probability law of the process considered, such that the reach probability
of the rare event increases. To compensate the increased reach probability value, it has to be
multiplied by the likelihood ratio of the rare event to happen under the original process relative
to the modified process. Studies of IS for rare event estimation commonly address three main
issues. The first issue is to characterize the optimal IS strategy. Because this characterization
involves the rare event probability to be estimated, it is of theoretical use only. Hence the second
issue is to use the characterization of the optimal IS strategy for the development of a parametric
family of approximated IS strategies. The third issue is to optimize the parameter values in this
family through a minimization of the Kullback-Leibler divergence between the probability laws
of the optimal and the approximated IS strategies. In literature, these three IS issues have mainly
be studied for three classes of continuous-time stochastic processes: i) Continuous Time
Markov Chains (CTMCs); 1ii) Diffusions; and iii) Piecewise Deterministic Markov Processes
(PDMPs).

IS of CTMC is studied for highly dependable systems, in which multiple subsystems may be
subject to failures as well as repairs. In literature, IS studies of such CTMC’s typically reduce
the problem to IS of the underlying Discrete Time Markov Chain (DTMC), e.g. [Goyal et al.
1992; Shahabuddin, 1994; Heidelberger, 1995; Papadopoulos and Limnios, 2002; Nakayama
and Shahabuddin, 2004; Juneja and Shahabuddin, 2006; L’Ecuyer et al., 2010; L’Ecuyer and
Tuffin, 2011; Reijsbergen et al., 2012]. A consequence of this approach is that in these studies,
IS only modifies the transition probability matrix of the underlying DTMC, though not the rate
of leaving the current mode.

IS of Diffusions is well studied in various domains, ranging from finance, e.g. [Glasserman et
al., 1999; Glasserman, 2004] to computational physics, e.g. [Dupuis et al., 2012; Zhang et al.,
2014]. The IS modification concerns the drift coefficient of a diffusion, in a direction that
involves Brownian motion.

Recently, [Chraibi et al., 2019] have studied IS for application to safety and reliability
assessment of complex industrial systems. Such systems typically involve Euclidean valued
process components (e.g. temperature of a liquid in a tank), the evolution of which satisfies an
ordinary differential equation, the coefficients of which depend on multiple subsystems that are
subject to failure and repair. As has been well explained by these authors, these complex
industrial systems can be modelled well as a PDMP. [Chraibi et al, 2019] have developed
solutions for each of the three IS issues. A key novelty is that their optimal and approximate IS
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strategies do not only modify the transition probabilities but also the rate of leaving the current
mode.

For rare event simulation of advanced air traffic designs, these IS developments for Diffusions,
CTMC’s and PDMP’s fall short. The reason is that air traffic involves uncertainty from wind
as well as dependency on technical systems that are subject to failure [Blom et al., 2007]. These
stochastic effects are well captured by a GSHS, i.e. a PDMP hat is enriched with diffusion. The
aim of this chapter is to extend the IS developments by [Chraibi et al., 2019] to GSHS.

This chapter is organized as follows. Section 2 presents background of General Stochastic
Hybrid System (GSHS). Section 3 studies reach probability estimation under IS for a GSHS
and derives an optimal IS characterization. Section 4 develops an IS approximation strategy for
GSHS with failing subsystems in parallel redundancy. Section 5 presents simulation results for
this IS approximation strategy for a simple GSHS example. Section 6 draws conclusions.

5.2. Rare event estimation for General Stochastic Hybrid System

Throughout this and the following sections, all stochastic processes are defined on a complete
stochastic basis (Q,F,F,P,T) with (Q,F,P) being a complete probability space and F an
increasing sequence of sub-c-algebras on the time line T =R, ,i.c., F= { J(EteR),F } , with
J containing all P-null sets of  and JcF < F < F forevery s<t.

5.2.1 GSHS definition

(Bujorianu and Lygeros, 2006) formalized the concept of GSHS or general stochastic hybrid
automata as follows:

Definition 5.2.1 (GSHS). A GSHS is a collection (0,d, X, f,g,Init,A,R) where
e 0O is a countable set of discrete-valued variables;

e d:0©— Nisamap giving the dimensions of the continuous state spaces;

e X:0—>R‘ mapseach <0 into an open subset X’ of R*”;
e [:E-R‘ isavector field, where =2 J{0}x X’ ;

¢ g:Z5 R jsan X" -valued matrix,geridim el;

e Init: () —[0,1] an initial probability measure on =;

e J1:E—>R" isa transition rate function;

® R:Exp(E)—[0,1] is a transition measure.

Without loss of generality, transition measure R:Zx (Z) —[0,1] is assumed to have a transiton
density O, .(7,»), (0,x,7,y)€ExE, such that for Be S(X’):

R, (xB)=] Q,.(n,y)dm(y)
where @ (.) is Lebesgue measure.
5.2.2 GSHS execution

Definition 5.2.2 (GSHS Execution). A stochastic process {0,.x,} is called a solution of GSHS

execution if there exists a sequence of stopping times s, =0<s, <s, <... such that:
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e (6,,x,) is a E-valued random variable satisfying the probability measure /nit;
e For te[ ) j>1,16,x,} is a solution of the SDE:
do=0
dx, = f(0,,x)dt+g(0,x,)dw,

with {w,} m -dimensional standard Brownian motion;

/1’

(5.2.1)

e s, is the mlmmum of the following two stopping times: i) first hitting time >, | of the
boundary of X™ by the phase process {x,} ; and ii) first moment > s, ;. ofa transmon event
to happen at rate A(6,Xx,).

e At stopping time s; the hybrid state {9 X, }satlsﬁes the conditional probability measure
Po, 6, v, (U,Ale x) =R, (in}x A), Ae B(X").

In order to assure that a GSHS execution has a solution the following assumptions are adopted:

Al (non-Zeno property): E{s, —s, ;}>0, P-as.

A2: For each (6,,x,) € £, equation (1) has a pathwise unique solution on a finite time interval
[0,77].

A3 A is measurable and finite valued.
A4 nit(E) =1, and R, (E)=1for each (0,x) e =,

Bujorianu and Lygeros (2006) show that the stochastic process {6,x,} generated by execution
of a GSHS satisfies the strong Markov property.

5.2.3 Transition rates between mode values

Whereas A(6,x) specifies the overall jump rate if 8_ =60 and X, =Xx, we can also define for

each mode transition the rate 4,, (x) as follows:

Aoy ()= A0, )R, ({7} x X"). (5.2.2)
This implies:
> Ay ()= D[ MO.XR, (7% X7) | = A(0,%) (5.2.3)

Remark 5.2.3: If R, ({0} x(X ?/{x})) =20, then A,,(x)#0. In this case, at arbitrary GSHS jump
time s, there may be a jump in {x,} only,ie. 6, =6, and x #x _.

Remark 5.2.4: If R, ({10} x(X' ?/{x}))=0, then A,,(x)=0 and R, (©x{x})=1.In this case, at
arbitrary GSHS jump time s, there may be a jump in {6} only, ie. 0 #6, and X, =X,

Then the process {6,x}is a hybrld switching diffusion [Yin and Zhu 2010] and common
practice is to work with transition matrix [719 (x)} with 7, (x) =4, (x), for n#6, and

e (x) = Zég Ay (X)) .

Remark 5.2.5: If 4, (x) is x-invariant for each @,7, then a hybrid switching diffusion is a
Markov switching diffusion
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5.2.4 Rare event estimation

The problem is to estimate the probability y that {z,} ={6,,x,} reaches a closed subset
Dc{0xR*?;0 € ®} within finite period [0,77], i..

y=P(r<T) (5.2.4)
with 7 being the first hitting time of D by {0,,x,}:
r=inf{t>0,(6,x ) e D} (5.2.5)

To analyse rare event estimation for GSHS, without loss of generality, we adopt the following
condition:

C0. The discrete-valued process {6} embeds the rare event indicator process k, =1{t > 7},
which implies 6Dcd=, and the process {6,,x,} stops evolving upon hitting D , i.e.
A(0,%) = f(0,x) = g(8,x) =0, ifx, =0" =1.

Together with assumptions A1-A4, condition CO is assumed to hold true throughout the
remainder of this chapter.

5.3 Importance Sampling of GSHS

In a GSHS, there are four candidate components for Importance Sampling (IS): the diffusion
components fand g, the transition rate function A, and the transition measure Q. In this chapter
we restrict our attention to IS modification of the latter two only.

5.3.1 Importance sampling modification of A and Q

Let 2and Q be IS modified to 2'and Q" , in such a way that the modified process {z'} has a
significant higher rare event probability " = P(z" <T), with ¢~ being the first hitting time of D

by {z'}.
Between successive stopping times s and s’ 41> the process {z'} evolves according to a I -

adapted flow: z =0 (t-s), where (D” (t-s;) 1s the solution of SDE (5.2.1) , starting at
(s s z ) and given w. Thanks to Assump‘uon A2, this solution exists and is pathwise unique.

Hence the evolution of {z'} on[0,7]is embedded in {W, z (ST = S0)sZ ey ,( T—5 ), z s
with s the last switching time prior to 7. Because {z } does ot evolve wiqen K‘ =1, we know
K‘S_ =0 for each j <n, and during the period (s,,7] no jump happens.

The above embedding is subsequently used to characterize the likelihood ratio to compensate a
biased reach probability estimate that is obtained by conducting Monte Carlo simulation of a

GSHS with the modified A" and O .

Proposition 5.3.1

Let 2and QO be modified to A" and 0" respectively. Conducting a Monte Carlo simulation of
for this modified process yields the unbiased estimator of y

)”ll}’lS

1 Ny .
E{yt=—> 1z}, =1}L(Z, »Wt)\z;,.:l (5.3.1)

run i=1

with likelihood ratio:
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LZW), =Lt 2 e

W)‘

n’n

B eXp{_AZ,I . (Zn)} n-1 jj’j”l . ]( ) ;< s_/—1~:_/—1? eXp{—/\Wl . l(t )} Q@W (zj)(Zj) (532)
exp{—A:Z z (Z )} Jj=1 ﬁ’*”:z ]( ) ;< /1 st GXp{ Ale . l(t/)} Q@’V (lj)(Zj)
where:
AL O2A@] O) A (2L @], (1) (53.3)
A?f/’zf (t) = J;: /13/2/ (S)dS, A:K/Zj (t) = .[(: /ifWZ/ (S)dS (5.3.4)
t . 2inf{t>0; @7 (1) € o=} (5.3.5)
Proof:

Because the IS modification influences GSHS elements Aand O only, the process {z'} has

the following similarities with {z,}: 1) p.()=p., ( ); i) f ()=f(); and ii)) g ()=g(.).
Hence, the conditional joint probability densny of {z ,te[0,s ]} , given W , satisfies:

(Z()azlazla s ,,9

P

Zx ,(S:—x; ),z (r v _1)s z
0

(Z |t,’ = 1’W):|
(5.3.6)

|:p(V ‘ )\Z (Z |Zf I’W)p (v v

1)2

A similar joint probability density holds for {z, } . Hence, for Z ={z,t,,z,,....t,,z,}, the Radon
Nikodym derivative L(Z,W') equals a quotient between the conditional probability densities of
{z,}and {z }, given W :

py (W)

w

(j |Z/—1>W) pz Mz, (Zj |tj,Zj_1,W)

L(Z,W)=L(Z|W) =L(ZW)=L(t, 2 ,.....1,,Z,

1 p(\s

J=1 p(s;—s;,])\z** ( |ZJ I’W) pz \(s 5 )z (Zj |tj’Zj—1’W)
5y

)IZ

By conducting a Monte Carlo simulation of N, runs for the process {z:} yields realizations

run

w.,zZ. ,i=1,.,N,,}.Hence, an unbiased estimator of y then is:

run

1 NV‘UH .
E{y}=—> Uiz}, =LL(Z, W)
run  i=l1
Because L(Z; ) only plays arole in E{y} if z,, =1, this yields eq. (5.3.1) with:
p(xn =Sp)lzs, (tn | Zy1 W)
Pz @, 12,,,7) '

LEZW Y = L2

n,

(5.3.7)

(z; 12,0, W)

n—1 p

11

J? 11’

(5102, (t.|zH,W) P: s,

p(v S‘ 1)‘21 ( |Zj 17W) p ‘(Y ? )z (Z |tjﬂ Jj- 1)W)

The terms in (5.3.7) are characterized as follows:
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p ‘Z (S s, )( j+1| Jj? j’W) Qq)sn;-,z/v(tj)(zj+l)

w w w
/lyj - (¢,)exp {—ij,zj (¢,)}, for ¢, < L

P v v
é‘t?j],zl (tj)eXp {_ij 2 (tj)}a for tj 2 tsj .z

(1,12, =

(8515 )‘Z.vj

Substituting these characterizations in (5.3.7), and subsequent evaluation, yields eq. (5.3.2).
Q.E.D.

5.3.2 Optimal IS for a GSHS

This section develops an optimal IS strategy for A and Q of a GSHS, under the condition that

coefficients fand g are not modified. This extends the optimal IS development by Chraibi et al.
[2019] for a PDMP to a GSHS, i.e. for the case ¢ =0 in(5.2.1)to g #0.

Definition 5.3.2: IS strategy that modifies 4 and Q.

: Ul (2) _
Qi(s,2) = #W 0.(2) ,all(£,2) eExE. (5.3.8)
- (9)
¢\W
U (@ ‘z(u))
p(“_:_*]iV o (u|z, W)_—c G5.2) p(SMfS/)‘Zy(u z,W) (5.3.9)
with:
UM ()2 Pir<T|z,=z,W} (5.3.10)
ur©2 Y U 0.0)0.(0.9)da(y) (53.11)
ne®* yn
CW(SAfaZ)éIUf‘TM(CDEVZ( e, . (5.3.12)

where @ _(u)is the solution of SDE (5.2.1) at moment s, +u given /¥ and (61/_ X, )=z

Theorem 5.3.3
If GSHS coefficients f'and g are not modified, then the IS strategy of Definition 5.3.2 is optimal.
To prepare for the proof of Theorem 5.3.3, we first derive Lemmas 5.3.4 and 5.3.5 below.

Lemma 5.3.4: U’ W (&), € Z, is the conditional hit probability given z_ =&, z, # &, and W
,1.e.

Ul =

Proof: Evaluation of U7 (&) in (5.3.11) yields:

2, #z, =E W), (5.3.13)
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U@ =3 [U" 0.0, (1. y)dm(y)

ned yn

=2 [[Pe<T]z = 0.0). W30, (1.7) |da ()
=3 [[Pe<@ v etmxdr]z 22 = £w)]

=P{r<Tl|z, #z, =& W}
Q.E.D.

Lemma 5.3.5: Forall zeZ:

Ul @7 )

¥ P, _
U S‘]‘-W (2) (sja=s)l2,,

(u|z,W) = (u|z,W) (5.3.14)

P

_—_
=S5 ]

Proof: From Lemma 5.3.4 we get:

U (@) @)= Plr<Tz, , #2,,, =0 @)W}

S} j +u

Substituting this in eq. (5.3.12) yields:

(ulz,W)deo(u)

w
zZ . #zZ =0
S/+ll sj+u— Sj.Z (u)’ W}p(sjﬂ-s/)‘zx/

c” (s;,2)= IP{1<T
0

=jP{r<Tz £z, OV (s ) Wip | (wlzWdow)
7 J Sj1—S; zs/

Sy Sj+

=P{r<T|z, #z =@ (s;,-5).W}

Sj+1 S_/‘+l

_Sj)oW}

j+l

=P{r<T|z, =@ (s

=Plr<T|z, =z 0}=U"(2)

J

Substituting this in eq. (5.3.9) yields (5.3.14). Q.E.D.
Proof of Theorem 5.3.3: The IS strategy of Definition 5.3.2 yields the process {z’} with
transition density:

U ()

(Z-/” | Zf’tf”’W) - chf;,:,- (tm)(sf +t_/+1’Z_/‘+1) —

s e s
ENRCNRCRED . Uv i ((DzV . (th)
Sjtja N T 8)0Z)

p QCDTZ 2 (i) (ZjH)

Substituting this together with eq. (5.3.14) in eq. (5.3.6), yields:
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P, (ZW)=

p (ZO)H|:p(Y ‘, )lz (t |Z] 1’W)p |(v g I)Z ~ (Z |tj’Zj IBW)j|

S0 ]_
¢‘W ( w

d US»l+t lz'l(t-))
* J=

*\W( i D) p(s sl

(GIER I,Wﬂ

Ul (z,)

n
I1 5
: W w

p (Z'lt‘az‘_p”)
U D (s;=;)2 ST
Jj=1 St SisE (tj )) Zsj‘ 5imSE

UL @ @) U ‘W( )
: \W — =w (Z|W)
1 U ( j l) Usj,l-%—t Si1Z) 1( ))

j:
Subsequent evaluation yields:
U (z) U (z,)
p.Z ) H[ *‘W )} p.,(Z W )_WP{ZZ}(ZV’V)
Zj Zy
Pl <T|z, =z, W}
P <T|z, =z, W}

So

p, (ZW) (5.3.15)

Plzy =1z, =z, W}
 Pi<Tlz, =z, W}

p,. (ZW)

where z) denote the ¥ component of z, .
Eq. (5.3.15) implies that IS of Definition 5.3.2 is optimal. Q.E.D.
5.3.3 Characterizing the optimal IS for a GSHS

This Section develops a characterization of the optimal IS strategy of Theorem 5.3.3. Of this IS
strategy, Q; (s;,z) satisfies eqs. (5.3.8) and (5.3.10), from Definition 5.3.2, while

P .. . (u|z,W) satisfies egs. (5.3.14) and (5.3.13) from Lemmas 5.3.5 and 5.3.4

respectlvely.

(s, s)\

Theorem 5.3.6: For <, given W:

¢\W
A" (1) = %/i (t) (5.3.16)

Proof: The jump rate AS'VZ (¢), given W, satisfies for < :

p(S*- —S*-)‘z** (t ZDW) p(b* —S*-)‘z** (t Z7W)
AV ()= i - Al
)2 t
I—Jp L |z, W)du Ip (u W)du
0 (S/+I_Sj) j /+l =S )

Substitution of eq. (5.3.14) yields:
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S+t

Ul (@ (1))

* t Z,W #W w
A (1) = U," (2) P s, {15 Usu @O ). €
t)= ‘ = &
K 2U (@ (u)
s;+u z U#\W (I)W
! T Pl W j S wp, L
Using P, (t | z,W) =2 (t)exp{-AY (t)} yields:

UL (@F (DAY (D exp{-AT (1)}

S+l

A0 ==

Jur@ e, @

t

Hence, it remains to be proven that, given W, for ¢ < :

JU?‘:Z, @ @)p, . =U,(®F (1)) exp{-AY (1)}

This remaining proof is accomplished as follows.

From eq. (5.3.13), we get:
U™ (@ (1)) = Pir < T‘z sz =0 ()W}

S +u bj +u—

Substitution and subsequent evaluation, yields for ¢ <« :

j UZL @ )p . |z W)du
= TP{T <T|z, 0 # Zg e = (DZV(M),W}p(SM)ZX‘ (u|z,W)du
= TP{T <Tlz, #2, = CDZV(u),W} Py " (ulz,W)du
t
= TP{Z' <T 2y T Zs o T = =07 (1), W} P, . (u|z,W)du
=T U@ @)p, . (u]zW)du
! 5
=U", (cDjV(r))T P,y Wz W)du
=U (@7 (1) exp{-A” (t)} Q.E.D.

Corollary 5.3.7
U (@1(E) =U T (@I(L)

Y+[

Proof: From egs. (5.3.10) and (5.3.13) we get:
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U (@) =Pr<T|z . =0/().W}

z 7z . =0NE) W =U" (@1 (1) QED.

Corollary 5.3.8: Given W, for t <t. :

o, (@7 (1)) UV (@ S .
T [ D (@ () -U (] (t))]/iz (1) (5.3.18)

S‘+t

Proof: From the proof of Theorem 5.3.6, given W, for ¢ <¢. :

U@ () exp =AY (1)} = j U@ )p . (u]z. W )du

Partial derivation w.r.t. ¢ <t. yields the result. Q.E.D.
Remark 5.3.9: [Chraibi et al., 2019, Theorems 4.4-4.6] derived PDMP versions of Theorem
5.3.6 and Corollaries 5.3.7 and 5.3.8. The next Theorem provides additional insight.

Theorem 5.3.10: Given W, for ¢, <1, :

T‘VL ( j+1)

Z‘Y/,Z, (tj)Q(DZ/_ (tj)(Sj+1 2 Zja) = U

T @ @y s )G 3.1
\+t ((I) (t ))/I (tj)Q‘D?j(t,)(Zj-#l) (53 9)

Proof: We start from eq. (5.3.16), for (z,£)=(z,,¢,), 1, < L

Ut (@ (1))
AW (¢ i—/l t
) Ul (@ (1)) 2

Multiplication of the left and right hand sides by Q;W, (t_)(sj +1,,2,,) yields:

e p A C ) 0
o (1000 0 (5 +tf’zf+1)_W 5 1) (85 +1525)

From (5.3.8) we get:

*\W
\ +t; ( ]+1)

§+l

Qcpf;;(t,>(sj tl5250) =

Q(D“ (1 )( ]+1)

Substituting this in the preceding eq. yields:

*\W
( )Q W(t)(Sj+tj’Zj+1)

:‘Z( ) UG

U@, 0 G @ e )
Ul ),

U @ @y ) QED.
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5.4. Approximation of Optimal IS

This section studies an approximation of the Optimal IS for a GSHS which has failing
subsystems in parallel redundancy, and the Euclidean valued {x} is pathwise continuous, i.e.:

C1. GSHS consists of a number of subsystems in parallel redundancy that are subject to failure
and repair;

C2. 0, (11.3) =05, (3, (»), for all (6,x),(1,y) €E.

First, subsection 5.4.1, follows the idea of [Chraibi et al., 2019] in adopting a family of
approximated U;‘W(z). Next, subsection 5.4.2 evaluates this family for a GSHS. Subsection
5.4.3 shows what this means for a CTMC.

5.4.1 Family of approximated U:‘W(Z) for a GSHS

We propose to approximate the optimal U, ‘W(Z) by a family of functions U, f‘W(z), aeS,. The
best setting for parameter @ can be determined through minimizing the Kullback-Leibler

distance (or cross-entropy) between the laws of the GSHS under the optimal IS of U, :‘W(z) and
the approximate IS of U, ?‘W(Z).

Similar to the characterization of the optimal IS in Section 5.3.3, an approximate U:‘W(z) yields
the following IS strategy:

U (@ (1)

A?‘W(Zj)—w— D), fi tj<Z:= 54.1
v O @y G40
a‘W
s, (00,40 (1)
Qq)w(,)(s +1,,0,,,)= fi‘fV @ (1) Q(D (,)( 0.1 (5.4.2)

where U (6,x)= Y U (7,x)02. () -

ne®

For a PDMP that satisfies C1 and C2, the U (9, x) family proposed by [Chraibi et al., 2019] is
US”(H,x)zH(al.,b(H))F(s,x) (5.4.3)
H (a;,b(0)) = exp{a,b(6”)} (5.4.4)

where index i=1 if (,x)eZE and i=2 if (§,x) 0=, b(0) is the number of failing sub-
systems under mode ¢, and F(s,x) is a function of time s and Euclidean-valued state x.

To take the W-dependence into account for a GSHS, the U, aw

(6,x) family we adopt is:
U (6,%)= H (a,,b(0)) F" (s,%) (5.4.5)

=exp{a,.b(0°)} (5.4.9)
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where H (ai,b(H)) satisfies (5.4.4) and F" (-) is a w — conditional function of time s and
Euclidean-valued state x.

5.4.2 Approximated IS strategies for GSHS

The family proposal (5.4.4)-(5.4.5) is characterized in Theorems 4.4 and 4.5.
Theorem 5.4.4: Under C1 and C2, for y, e X" :

20,,3)9; , (5,.,0,,) =
exp{a, (1+26(0)))}- A0, )0, (6,.), if b(0,,)=b(6,)+]
=4 20,90, (0,.), if b(6,.,)=b(6))
exp{a, (1-2b(0))}-A(0,,¥)Q5 | (0,,,), if b(8,.)=b(8))~1

(5.4.6)

where 1°(z;) = A‘W (0).

Proof: By multiplication of (5.4.1) and (5.4.2), and subsequent cancelling of U afy (@Z (¢,))in

i+

nominator and denominator:

a‘W
© ,¢ ()
a\W ” +t -+1)_ v+tW j+1
5 0000 1 500 =i )

Substitution of (5.4.5) and (5.4.4) in (5.4.7) for (s,x) € E yields:

A7), (0,1) (5.4.7)

r 0,.x, (t )Q Y (;)( J+12 /+1)

H(al,b(a,ﬂ))F (s, +1,.) , (1)
 H(a, bO)F" (s, +1,.4) (1)

H(a,500,,))
“htanoy %
exp{a,b(6,.,)"}

= AW t. ®w
GXp {alb(aj)Z} Zj ( J )QCDH/_W([]

w
j’z] (t_/)Q(I’Z . t/ /+1)

,0.)

©.)
Straightforward elaboration yields for (s,x) e = :

2" @08,

5,0, CDH/V\/(J/)

(Sj+l > 0j+1) =

exp{a, (1+2b(49j))}%§f!x/ (tj.)Q;’g,w(”( 0., if b(@,,)=b(0,)+1
=1 4 ,x_(t,-)Q;’JW‘ iy (@) if b(8,,)=b(0))

exp{a, (1-26(0))}- 4 0w ()00 O 1 5(0,)=b(0) -1

(5.4.8)

This means that the product AQ is multiplied by factors that are W-invariant. To make this
explicit we define:

2@, )2 @)
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By definition in subsection 5.3.1, we also know: AW (t,)= /I(CDZ - (Z,))-
Substituting both in (5.4.12) yields for (s,x) e Z:
AL, DN (800,
exp{a, (1+ 2b(0.))}-1(®f’0/’xj (tj))ng;’XI(t (0,,), if b(0,,)=b(8)+1 (5.4.9)
=1 M@ 0,1, N0, - (0.,); if b(8,.,)=b(0))
exp{a, (1 —2b<a,))}-z<cb§f 0 DO (0, i (0,,)=b(0) -1
Now we define y, 24,  (t,)e X% ; substituting this in (5.4.9) yields (5.4.6). Q.E.D.
Theorem 5.4.5: Under C1 and C2, for each ye X" :

Q((?S', ) (€/+1 )
> [explay[b(r)’ =0, 1O, ,, ()]

ne®

Q(ae, ) (S/ +i, ejﬂ) =

(5.4.10)

Proof: For 7, = t: , only the Kernel transition applies.

From (5.4.2) we get:

U 08 Doy 1, (0;10)
S UL gl N0 (1)

ned®

Q(D" (t )(S +t j+l) =

Substitution of (5.4.5) and (5.4.4) yields:
Qch @ (s +tz,l9]+1)

H (ay,5(6,,)) F" (s, + .87 )O3y 1, (0,.1)
T Y H{a b)) F (s, + .4 DIRNC)

ne®

H(a2,50,.0) 0y ) 00) - explab(0,.)"103) 1, (0,1)
DY (@-60D) Oy (1) T Y explab(n)’ 104 1))

ned® ned®

Division by exp{a,b(6, )’} , and elaboration yields:
Qq;.W (t )(0 +1)
> | explalbn) —b(eﬁl)z]}ng(n)}

ned®

Qo )85+ 05) =

. . w * * —9,, . . _9j
Finally, we substitute (DZ‘/_ (2.)=(0,,y), where y = ¢:jV (t.)e X 7. Thisyields (4.10) fory e X .

Q.E.D.

Theorems 5.4.4 and 5.4.5 imply that under conditions C1 and C2, the Brownian motion does
not play a role anymore in the approximated IS strategy. Hence, if g = 0 ,then Theorems 5.4.4

and 5.4.5 coincide with the characterizations by [Chrabi et al., 2019, Subsection 5.1].
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5.4.3 Approximated IS strategy for CTMC

In earlier proposed IS strategies for CTMC’s, e.g. [Reijsbergen et al., 2012], the IS factors apply
to transition probabilities of Q. From Theorem 5.4.4, we get an IS strategy for CTMC in which

IS factors apply to the transition rates of Q.
Corollary 5.4.6: For a CTMC, i.e. d =0, satisfying C1:

2(0,)0;(0,.,)
exp{a, (1+26(0)))}-4(6)05 (6,.,), if b(B,,)=b(8))+1
=1 20)00,.). if b(0,,)=b(0))

exp{a, (1-26(0)))}- 4(6))05 (0,..), if b(B,,)=b(6,)~1
5.5. Application to GSHS Example

In this section we apply IS for the reach probability estimation of a modified version of the
heated room example of Charibi et al. (2019, pp. 901-902). In the original example, the room
is losing heat to the environment, which has a constant temperature. The extra complication
considered is that the external temperature is no longer fixed, though evolves according to a
Geometric Brownian motion (GBM). The latter changes the original PDMP into a GSHS
example.

5.5.1. Heated room system example

The heated room example is about a room whose temperature x,, is influenced by three
identical heaters, and the energy flow to the exterior of the room. The challenge is to estimate
P{r <T} with 2 inf{t >0:x,, < 0} , for =100 hour.

The Euclidean valued state includes the room temperature x,, at time 7, and the exterior
temperature x,, at time 7. Hence, the Euclidean valued state space is 2-dimensional. The room
temperature x,, evolves according to the differential:

dxp, =[-p, (xR,t _xE,t)+ﬂZZIHM:()N 2 (5.5.1)

with g the rate of heat transition to the exterior, g, the heating rate capacity of a heater that is
ON, and x,, is the exterior temperature. x,, <0 evolves according to SDE:

d(—xE’t) =—x,,0,dW, (5.5.2)

where W, is standard Brownian motion, x, , <0,and o, is a volatility parameter. Given initial
value x,, <0, eq. (5.5.2) has the following solution:

2

Xg, =(xE,0)eXp{— or”zt+o"€W,} (5.5.3)

The discrete-valued state ¢, consists of a product of the discrete-valued states of the three
heaters, i.e. 9 = (01),,92,,,63),) . Each of the three heater may switch between three mode values:
ON, OFF, and Failed (F). Each Failed heater may be repaired at a spontaneous rate 4,. Each
non-failed heater may switch to mode F at spontaneous rate:

Ap, =Co+CpXy, - (5.5.4)

125



Non-failed heaters make forced switches if the temperature of the room, x, ,, becomes too high
or too low. The forced switching laws of the heaters are:

- Switching law 1: If x,, <x_. , the second heater activates only if the first one is failed, and

the third one activates only if the two other heaters are failed.

- Switching law 2: If x,, < x,_; , and repair of heater i occurs, then the heater status is set to ON
only if all other heaters are failed, otherwise the repaired heater is set to OFF.

- Switching law 3: If switching law 1 selects heater i as the heater to be turned on, then this
heater may fail on demand with probability P2, .

- Switching law 4: If x,, > x_.. , then all non-failed heaters are switched to mode OFF with

probability 1.

Table 5.1 lists the parameter values for this example. Parameter values are from (Charibi et al.,
2019), except those for the novel parameter o, in eq. (5.5.2).

Table 5.1. Parameter values

Parameter Value Unit
B, 0.1 n!
5, 5 °C/h
c 0.0021 h!
cr 0.00015 (h-°C)!
o, 0. ..05
D (~0,0] °C
P, 0.01

100
Xpo -1.5 °C
X 5.5 °C
X 0.5 °C
Xzo 7.5 °C
A OFF
0., OFF
0,0 OFF -
e 0.2 h!

5.5.2. 1S strategy for Heated room example

The IS approach to be demonstrated for the Heated room example is the approximated IS
strategy that has been developed in section 5.4.2 for a GSHS. In the heated room example,
spontaneous switchings are: 1) spontaneous failure of a heater which is in the ON or OFF mode;
and ii) spontaneous repair of a failed heaters. The forced switchings are defined by the
switching laws of the heaters. Next we explain how application of Theorems 5.4.4 and 5.4.5 to
the spontaneous and forced switchings, yields the IS factors in Table 5.2.

Application of Theorem 5.4.4 to spontaneous failure of a heater yields the IS factor
expi{a[1+2b(0)]} . Application of Theorem 5.4.4 to spontanecous repairs yields the IS factor
exp{a[1-2b(0)]} . Following law 3, if heater i is selected to be switched to ON, then it switches
to ON with probability 1 — P, , and it switches to Failure (F) with probability P, . Applying this

126



to Theorem 5.4.5 yields as denominators PF+(1—PF)exp{—a2(1+2b(0))} and
P, exp{a2 (1+ 2b(0))} +(1-Py) respectively.

Table 5.2. IS Factors for spontaneous failure/repair rates, and for failure/non-failure probabilities of forced

switchings
» Rt IS Factor,
Transition o
Probability given joint mode &
Spontaneous A, oo 12600}
Failure !
Spontaneous 1 a{1-26(0)))
Repair K
Failure of 1
forced P,
o P +(1-P. —a, (1+2b
switching yr(1-F )exp{ a1+ (0))}
Non-Failure 1
of forced 1-P.
switching P, exp{a, (1+2b(0))} +(1- P, )

As is shown in Section 5.4, the same approximated IS strategy applies if g=0, i.e. 0,=0.
Hence the minimization of the Kullback-Leibler divergence also coincides. Charibi et al. (2019)
obtained optimal values by minimizing the Kullback-Leibler divergence (or cross-entropy); the
resulting values are: «,=0.915 and a,=1.197. The minimization of the Kullback-Leibler
divergence for o, >0 yields the same values for the parameters ¢, and a, .

5.5.3. Importance Sampling and MC simulation results

For the Heated room example, we estimate 7 by conducting IS and MC simulations that consist
of N, =100,000. To also estimate the standard deviation, we conduct both each IS and each MC

simulation ~_ times. Hence we get 7',i =1,..,N,. These results are used to assess the mean 7, the
percentage p, of successful IS runs, and the normalized root-mean-square error (RMSE), i.e.

.~ 1 Ny —
4 —EZ,,J (5.5.5)
1 Ny
Ps = Fy L1 >0) (5.5.6)
RMSE = \/NLZNI % (5.5.7)

In addition, we estimate the acceleration factor that is obtained by using IS instead of MC:

_(RMSE,, \ CPU,,

s _[ RMSE J CPU,q

The results obtained are collected in Table 5.3. The results in Table 5.3 show that IS

outperforms straightforward MC simulation by about a factor 10*, for this GSHS example.

Without Brownian motion, i.e. o, =0, the acceleration factor is slightly lower than 10* . The

acceleration factor is slightly higher than 10*, when Brownian motion influences the rare event
probability.

(5.5.8)
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Table 5.3. Simulation results for MC and IS applied to the Heated room example for A=0.01s, N,,, =100,000,
N, =50.
N ~ | CPU
RMSE / F,
e 4 Ps 71 time s

0 1.22x10° | 74% 94.07% 0.92s 1
MC | 0.001 | 1.23x10° | 72% 94.67% 1.41s 1
0.01 - 0% - - 1
0 1.29x10% | 100% 0.54% 2.71s | 9,215
0.001 | 1.29x107 | 100% 0.51% 3.90s | 11,326
0.01 | 1.24x10% | 100% 0.54% 4.02s >>
0.5 | 1.25x10° | 100% 0.52% 4.24s >>

IS

5.6. Conclusion

This chapter studied IS for rare event for a GSHS, i.e. a PDMP that involves Brownian motion,
1.e. g#0. As outcome of this study, the IS developments by Chraibi et al., 2019 for PDMP have
been extended to GSHS. Section 5.2 has defined GSHS and its execution process. Section 5.3
has characterized the optimal IS strategy for a GSHS; Brownian motion plays a key role in
these derivations. Section 5.4 has developed an approximated IS strategy for a GSHS that
consists of a number of subsystems in parallel redundancy, that are subject to failure and repair.
Under the additional assumption that the Euclidean valued process has no discontinuities, this
approximated IS strategy has shown to be invariant to the Brownian motion in a GSHS. Thanks
to the latter, the minimization of the Kullback-Leibler distance works for a GSHS from this
class the same as it works for its corresponding PDMP [Chraibi et al., 2019]. For a simple
GSHS example the approximated IS strategy has been demonstrated to work well.

Follow-on research is to extend the developed approximated IS strategy to a GSHS where the
Euclidean-valued process involves discontinuities. A complementary extension is to study
optimal and approximated IS strategies for GSHS that not only modify lambda and Q, though
also the drift coefficient f.
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6

Conclusion and Future Research

This Ph.D. thesis studied rare event estimation using MC simulation. The motivation for these
studies stems from the increased need to evaluate a design of a future ATM ConOps on safety
and capacity. With a focus on the GSHS method and Monte Carlo acceleration techniques, the
overall aim of this thesis is:

To develop significant improvement in rare event simulation for GSHS

The overall aim has been achieved through a series of interconnected works conducted in this
thesis. The comprehensive findings and results will be discussed in this chapter. The structure
of this chapter is as follows: Section 6.1 addresses the results from rare event simulations of
GSHS, Section 6.2 discusses the contributions of these results, and Section 6.3 proposes several
directions for future work.
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6.1 Results from rare event simulations of GSHS
This section explains the results obtained for each objective identified in the introduction.
Objective 1: Error Analysis of Multilevel Splitting.

Objective 1 has been studied in Chapter 2 for a multi-dimensional diffusion process using the
IPS framework of Cérou et al. (2006). More specifically, the IPS performances have been
analysed for four splitting strategies: MR, MS, RMS, and FAS, when employing a finite number
of particles. These strategies differ in how they sample the new set of particles from the set of
successful particles. It has been proven that the dominance of the four splitting methods in terms
of variance satisfies:

VFAS < VRMS < VMS < VMR

where V.,V Viss Vi the variance used by IPS-MR, IPS-MS, IPS-RMS and IPS-FAS,
respectively. The proof of this inequality has been extended to GSHS in Chapter 3.

These proofs have been realized in a step-wise approach. During the first step, a novel
characterizations have been derived for the conditional variances at splitting level &, given the
set of survived particles at the beginning of the A-th IPS cycle; this is done for all four splitting
strategies. Subsequently, these conditional variances are compared for the different splitting
strategies, and their relative dominance is proven. Then this dominance proof is extended to the
variance given that only during the k-th IPS cycle different splitting strategies are used. The
final step has used the latter result in an inductive way to complete the proof of variance
dominance.

The difference in IPS performance under the four splitting strategies has been illustrated for a
one-dimensional geometric Brownian motion example for which the reach probabilities are
analytically known.

Objective 2: Understanding Effect of Transforming Spontaneous Jumps to Forced Jumps.

Chapter 3 has studied the question: “Can a spontaneous jump in a GSHS model be transformed
to a forced jump without changing process behavior that is relevant for IPS based rare event
estimation?” The transformation proposed by Lygeros and Prandini (2010) produces a GSHS
version that includes an auxiliary Euclidean-valued state component. Chapter 3 first reveals that
the execution of such transformed GSHS version no longer satisfies the strong Markov
Property. Subsequently it is proven that the effect of the above transformation has a negative
effect on the performance of IPS for a GSHS.

To maintain the strong Markov property, the extra state component should be treated as being
unobservable for other process(es) than the GSHS execution considered. To formalize this in
applying IPS, prior to applying the transformation by Lygeros and Prandini (2010), the original
GSHS should be enriched with the first hitting times of the IPS subsets, and the extra state
component should be refreshed at these hitting times. The latter refreshment induces a
significant improvement in particle diversity at the start of each IPS cycle. As a result of this
improved particle diversity, IPS performance in reach probability estimation is expected to
significantly improve when reach probability estimation becomes a challenge. For purpose of
comparison, in Chapter 3, an algorithm for the direct simulation of a GSHS execution within
IPS cycles is specified. Based on theory, use of this algorithm in IPS for GSHS will yield similar
good performance as applying IPS to the original GSHS model, though significantly better than
applying IPS in combination with the original transformation of Lygeros and Prandini (2010).
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The expected IPS performance for the three IPS versions have been illustrated for a GSHS
example.

The findings of Chapter 3 mean that for IPS based reach probability estimation for an arbitrary
GSHS model, there are two equally well working approaches, The first approach is to apply
IPS to the original GSHS model with spontaneous jumps. The second approach is to apply IPS
to a GSHS that is obtained through the following two steps: 1) To enrich the original GSHS
with the first hitting times of the IPS subsets, without affecting the pathwise behavior of the
GSHS execution; and i1) To apply the transformation by Lygeros and Prandini (2010) to this
enriched GSHS.

Objective 3: Error Analysis of sampling per mode within IPS

Objective 3 has been studied in Chapter 4 for sampling per mode strategies within IPS based
rare event simulation for a GSHS. The resulting [IPSmode algorithm has been combined with
four mode-directed splitting strategies: MRmode, MSmode, RMSmode, and FASmode, each
employing a finite number of particles. These mode-directed splitting strategies differ in how
they sample a new set of particles from the set of successful particles. It has been proven that
under certain conditions the following inequalities satisfy:

<V <V

IPSmode-MSmode IPSmode-FASmode

~V

IPSmode-MRmode

<V

VlPSmode—RMSmode IPS-MR

where  Vigema denotes the variance for the algorithm IPSmode-Zmode, for
Z e {RMS, MS, FAS, MR}, and Vs, denotes normal IPS with multinomial resampling.

The crucial part in these proofs was to capture the effect of particle weights in each sampling
per mode strategy such that the estimated reach probability remains unbiased. In contrast to
normal IPS (in Chapters 3), the mode-directed splitting strategies employing RMS and MS
outperform the FAS approach. The explanation is that for the FASmode splitting approach it is
more demanding to take proper account of the effect of particle weights in mode-dependent
splitting.

The various IPSmode versions and IPS-MR have been simulated for a simple GSHS example;
the simulation results obtained show similar relative performance of the different IPS versions.

Objective 4: Extending Charibi’s IS results for PDMP to GSHS.

Chapter 5 has extended the IS developments by Chraibi et al., (2019) for a PDMP to a GSHS,
1.e. a PDMP that involves Brownian motion. First, an optimal IS strategy has been characterized
for a GSHS; this showed that Brownian motion plays a key role in the optimal IS strategy for
a GSHS. Next, the approximated IS strategy of Chraibi et al. (2019) for a PDMP has been
evaluated for application to a GSHS; in both cases the Euclidean valued state is assumed to
have no discontinuities. This revealed that this approximated IS strategy does not depend on
the Brownian motion in a GSHS, and is therefore equal to the approximated IS strategy for a
PDMP. The latter equality implies that the minimization of the Kullback-Leibler divergence of
the approximated IS strategy, yields the same parameter values for a GSHS as it yields for its
corresponding PDMP.

For a simple GSHS extension of the PDMP example of Chraibi et al. (2019), the approximated
IS strategy has been demonstrated to work well.
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6.2 Contributions to safety and capacity assessment of Future ATM ConOps
Designs

This section explains the contributions to safety and capacity assessment of future ATM
ConOps designs for each chapter.

Objective 1. Error Analysis of Multilevel Splitting

For the IPS based rare event simulation of a GSHS model for an advanced ATM ConOps,
[Blom et al., 2007] used the MS splitting strategy as a heuristic improvement of the MR splitting
strategy. In the MS strategy, the set of successful particles is copied once, and then the
remaining particles are selected according to an MR strategy.

Thanks to the IPS splitting strategy results derived in chapter 3, for an arbitrary GSHS, the
following two improvements can be realized for the rare event simulation of a GSHS for an
ATM ConOps design: 1) It has formally been proven that the use of MS instead of MR will
yield a lower variance; and 2) Further reduction of variance will be obtained by using FAS
instead of MS. In the practice of rare event simulation of a GSHS model of an ATM ConOps
design, the use of IPS-FAS makes it possible to significantly reduce the number of particles
that have to be simulated to get the desired level of accuracy in risk estimation.

Objective 2: Understanding Effect of Transforming Spontaneous Jumps to Forced
Jumps.

For the IPS-based rare event simulation of an advanced ATM ConOps, common practice, €.g.
Blom et al. (2007), is to model non-exponential time delays as forced jumps. The results of
Chapter 3 have shown that direct application of IPS to a GSHS with these forced jumps may
undermine particle diversity.

To apply the two well working IPS approaches from chapter 3, the given GSHS model has to
be transformation in the opposite direction to the transformation of Lygeros and Prandini (2010);
1.e., to transform each forced jump model of a random time delay to a spontaneous jump model.
This is done as follows for each random delay model. First, an auxiliary state component ¢, ,
representing “passed time” starts at an applicable stopping time 7 at initial condition ¢, =0,
and subsequently evolves as dg, =dr. Second, let p,, (s) denote the probability density of the
random time delay, then the spontaneous jump rate is increased from A(x,,6,) to A(x,.6,)+1*(q,)
, With 2*()=p,,. @)/ [ Pua (51ds - Third, the “remaining time” state component ¢, should be deleted.

After this transformation in opposite direction, chapter 3 has shown that there are two equally
well working approaches in applying IPS to the resulting GSHS. The first approach is to apply
IPS to the resulting GSHS model with spontaneous jumps. The second approach is to apply IPS
to a GSHS that is obtained through the following two steps: i) To enrich the resultng GSHS
with the first hitting times of the IPS subsets, without affecting the pathwise behavior of the
GSHS execution; and i1) To apply the transformation by Lygeros and Prandini (2010) to this
enriched GSHS. In contrast to the first approach, the second approach depends on the adopted
IPS levels. For this reason, the first approach often will be preferred in application to a GSHS
model of an ATM ConOps design.

Objective 3. Error Analysis of Multilevel Splitting

For IPS based rare event simulation of a GSHS model of an advanced ATM ConOps design,
[Blom et al., 2007] uses IPS-MR or IPS-MS. Thanks to the results derived in Chapter 4, it has
become clear that the variance in estimated reach probability can be reduced by replacing IPS-
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MR or IPS-MS by IPSmode-RMSmode. Although it is reasonable to expect that [PSmode-
RMSmode will outperform IPS-FAS of chapter 3, formally this has not been proven. Therefore
it is recommended to both implement IPS-FAS and IPSmode-RMSmode for the GSHS model
considered, and then to compare the two methods through conducting computer simulations.

Objective 4: Extending Charibi’s IS results for PDMP to GSHS.

In rare event simulation for a GSHS model of an advanced ATM ConOps, Blom et al. (2007)
used IPS.

The question is how the IS results of chapter 5 can be used for rare event simulation of this
GSHS model?

Because the optimal IS has no direct practical value, the advantage has to come from the
approximated IS strategy for GSHS. Unfortunately, the assumption that Euclidean valued state
should evolve pathwise continuous, is a condition often not satisfied by a GSHS model of an
ATM Conps. For example, a mode switch from level flight mode to a climb or descent mode
involves a simultaneous jump in the climb or descent rate, which invalidates the pathwise
continuity assumption. The latter means that the conditions assumed in the given proofs are not
satisfied for the approximated IS strategy of chapter 5. However, this does not mean that the
approximated IS strategy does not work.

Therefore it is a worthwhile to give it a try, i.e. to adopt the approximated IS strategy for the
PDMP version of the GSHS considered. To evaluate how well this IS based rare event
simulation works in practice, a simulation based comparison with an IPS based rare event
simulation should be conducted.

6.3 Follow-on research

There are several directions for follow-on research on rare event simulation for a GSHS model
of an ATM ConOps design. Based on the studies conducted within this PhD thesis, the
following five are of special interest.

Performance comparison of IPSmode-RMSmode versus IPS-FAS

In section 6.2, under Objective 3, it was explained that [IPSmode-RMSmode will outperform
IPS-FAS. To be sure in case of a specifc GSHS model of an ATM CnOps desig, it was
recommend to verify this expectation by comparing the two methods through conducting
simulations. To avoid the need of such verification, relevant follow-on research is to conduct
for GSHS a theoretical comparison of the variances in the estimated reach probabilities under
IPS-FAS and IPSmode-RMSmode.

Approximated IS strategy when Euclidean-valued component of GSHS is discontinuous

In section 6.2, under Objective 4, it was identified that the chapter 5 adopted continuity
condition of the approximated IS strategy, does not satisfy for a GSHS model of a given ATM
ConOps design. It was also explained that it remains worthwhile to give it a try, i.e. to adopt
the approximated IS strategy for the PDMP version of the GSHS considered. To evaluate how
well this IS based rare event simulation works in practice, a simulation based comparison with
an IPS based rare event simulation should be conducted. Obviously, a more powerful approach
would be to study the development of an approximated IS strategy for an arbitrary GSHS where
the Euclidean-valued process involves discontinuities.

Sensitivity Analysis and IPS
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A GSHS model of a given ATM ConOps design involves a large number of parameters, e.g.
the mean and variance of the delay in a response of a pilot or air traffic controller to specific
events. In safety risk assessment it is important to assess the sensitivity of the estimated reach
probability to changes in these parameter values. The most simple sensitivity analysis varies
one parameter value at a time, i.e. conduct two rare event simulations: one for the assumed
parameter value x, and another one for a parameter value 1+ A. The estimated sensitivity then

[Risk(g+ A)— Risk(u)]/ A satisfies. The straightforward approach is to use independent

random samples during each of the two assessments; this however leads to a large error in the
numerator [Risk(u+ A)— Risk(u)]. As explained by Glasserman (2003, pp. 380-381), this

error in the numerator can be largely reduced by using the same random numbers during both
simulations. The challenge that remains to be studied is how to accomplish the use of the same
randomly generated numbers in conducting IPS for a GSHS.

IS strategy that modifies the drift coefficient f

Chraibi's IS results have been expanded for PDMP to GSHS, i.e. a PDMP that involves
Brownian motion. The addition of Brownian motion opens the opportunity to use an IS strategy
that is based on modifying the drift coefficient f* , e.g.[Glasserman, 2003, section 4.6]. For
example, if two aircraft are fly near each other, then the normal Brownian motion model for
wind may give rise to an extremely small probability of mid-air collision. By modifying /" such
that the two aircraft models evolve on collision course, then the mid-air collision risk may go
up by multiple orders of magnitude. To get an unbiased reach probability estimate, the latter
has to be compensated by the corresponding likelihood ratio. This example shows that there is
high potential for developing an IS strategy for a GSHS that can not only modify (A, Q) though

also f.
IPS x IS

This thesis studied IPS and IS separately from each other. The complexity of a GSHS model of
an ATM ConOps design makes it very challenging to develop an IS strategy for such given
GSHS model. The advantage of the IPS approach is that is provides a means to decompose the
rare event simulation problem into a sequence of rare event simulation cycles. During each IPS
cycle the next set to be reached is reduced in size. This also gives the possibility to use different
IS strategies during different IPS cycles. For example, to use an IS strategy for rare failures
during an IPS cycle where aircraft remain well separated, and to use an IS strategy that modifies
drift coefficient f during an IPS cycle where aircraft are flying at a potential unsafe distance
from each other.
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