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This study develops a comprehensive analytical solution for predicting three-dimensional ground motions
induced by the vibration of large-diameter end-bearing piles subjected to vertically distributed uniform
loads. Both the pile and the surrounding soil are treated as elastic continuum media to capture the coupled
effects of P-SV and Rayleigh waves accurately. General solutions for wave potentials, displacements, and
stresses are derived using small-strain theory and continuum elasticity. Modal wave numbers are determined
through a root-searching approach employing the argument principle and subdivision method. Bi-orthogonality
relationships are reorganized using Betti’s theorem. Soil-pile interactions are rigorously modeled through
continuity conditions at the soil-pile interface. Mode-matching method is used to solve the unknown
coefficients. The boundary-value problem is reduced to a system of linear algebraic equations with series
truncation to ensure convergence and computational efficiency. Parametric studies reveal that excitation
frequencies significantly influence the distribution of soil and pile responses. Shear waves corresponding
to pile frictions dominate near-field responses and Rayleigh waves resulting from surface load propagate at
larger distances. Transient displacement responses show the significant influence of complex Rayleigh wave
propagation and the secondary subsurface scattering on the ground motions. The particle motions reveal the
Rayleigh waves are generating and propagating through the ground surface induced by pile vibrating. This
study contributes to the accurate prediction of ground motions and supports the design of vibrating grounds
which ensures the safety of pile-supported structures in urban and displacement-sensitive environments.

1. Introduction . . . .
and functionality of both the supported structure and its surrounding

. . . s . . environment.
Pile foundations are widely used in civil and geotechnical engi-

neering to support structures such as high-rise buildings, bridges, and
offshore platforms [1-3]. Among various pile types, large-diameter
end-bearing piles are increasingly employed due to their high load-
bearing capacity and suitability for challenging ground conditions.
However, the effect of pile vibrations induced by machinery or traffic

Over the past decades, significant efforts have been made to model
the dynamic response of piles. Analytical models, such as the plain-
strain model [9-13], Tajimi model [14-19], Vlasov model [20-22], and
Beam on Dynamic Winkler Foundation (BDWF) model [23-25], have
been widely employed to evaluate the vertical and horizontal responses

loads and their impact on surrounding environments have not been
studied sufficiently. When subjected to dynamic loads, piles vibrate
and generate stress waves that propagate through the surrounding soil,
leading to ground motions that can affect nearby structures and sensi-
tive equipment [4]. These ground motions are particularly complex due
to the coupling of P-SV waves and the propagation of Rayleigh waves,
which results in both vertical and horizontal vibrations [5-8]. Accurate
prediction of these coupled responses is crucial for ensuring the safety
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of pile shafts. Numerical methods, including the finite element method
(FEM), finite difference method (FDM), and boundary element method
(BEM) [26-30], have also been used to simulate piles embedded in
layered or poroelastic media. Traditional approaches simplify the pile-
soil interaction by neglecting the three-dimensional (3-D) wave effects
and the spatial distribution of loads. However, these methods cannot
reflect the three-dimensional response of the soil-pile system.
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Recent studies have introduced 3-D models to better capture dy-
namic soil-pile interactions. In the pioneered studies, Liu et al. [31-33]
proposed a three-dimensional model that accurately calculates the
vertical response of piles and the associated vertical ground motions.
However, their model can partially capture the horizontal ground
motions, which are equally important due to the coupled P-SV waves
and Rayleigh waves. The far-field ground motions cannot be accurately
predicted owing to the relaxation of boundary conditions. Moreover,
Tsouvalas and Metrikine [1-3,34] developed an analytical solution
that considers three-dimensional wave effects. Their focus was primar-
ily on underwater noise propagation rather than ground motions in
geotechnical engineering. In the context of ground vibrations caused
by pile driving, several empirical and semi-empirical models have
been proposed to predict vibration levels based on factors such as
hammer energy, pile properties, and soil conditions [35-38]. These
models provide practical tools for estimating vibration amplitudes.
However, they often rely on simplified assumptions, such as ignor-
ing the soil’s displacement vector or neglecting the three-dimensional
wave propagation effects. Furthermore, most existing methods focus
on vertical vibrations and fail to account for the coupled horizontal
motions induced by P-SV and Rayleigh waves, which are critical for
assessing the full impact of pile vibrating on surrounding structures or
environments.

Despite these advances, there is a lack of comprehensive meth-
ods that can accurately analyze the coupled horizontal and vertical
ground motions induced by pile vibrations [39,40]. To address these
limitations, a comprehensive analytical model must be proposed to
reveal three-dimensional ground motions induced by the vibration of
large-diameter end-bearing piles.

In this study, the three-dimensional ground motions induced by pile
vibrations are analyzed using wave propagation theory. Both the soil
layer and pile foundation are modeled as elastic continuum media to
accurately capture the coupled P-SV wave effects and Rayleigh wave
propagation. Firstly, general solutions for the free-vibration field are
derived using the method of variable separation, with fixed boundary
conditions at the rigid base and traction-free conditions at the ground
surface. Then, modal wave numbers are determined through a root-
searching approach based on the argument principle and subdivision
method. Furthermore, soil and pile responses are expressed as series
solutions to capture the full three-dimensional wave effects. In addi-
tion, bi-orthogonality relations are reorganized using Betti’s theorem
to enforce continuity at the soil-pile interface. Moreover, the soil-pile
interaction is solved using a matrix inversion approach inspired by the
mode-matching method [41], reducing the boundary-value problem to
a system of linear equations. Finally, a parametric study is conducted
to explore the wave scattering effects on ground motions, providing
new insights into the impact of soil-pile interactions on environmental
vibrations.

2. The model
2.1. The problem

The configuration of the end-bearing pile embedded in a finite-
depth elastic soil layer subjected to vertically distributed uniform loads
and the coordinate system is depicted in Fig. 1. The soil is assumed to
be homogeneous, isotropic and linearly elastic with Young’s modulus
E, Poisson’s ratio v, density p,, Lamé constants u, = E,/[2(1+v,)] and
Ay = 2vu, /(1 —2v), respectively. The end-bearing pile with a circular
cross-section is embedded in the soil with length H, diameter D,, and
radius R, = D, /2, respectively. The pile is homogeneous, isotropic, and
linearly elastic with Young’s modulus E,, density p,, Poisson’s ratio v,,
Lamé constants u, = E,/[2(1+v,)] and 4, = 2v,u,/(1-2v,), respectively.
The time-harmonic vertical distributed uniform loads are expressed as
poe'® with amplitude p,, imaginary unit i = \/—_1, angular frequency
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Fig. 1. The geometry of the proposed model.

o =2z f, and frequency f in Hz. The time-harmonic factor ¢!® will be
understood and omitted in the ensuing analysis for brevity.

A semi-analytical solution for the soil-pile system can be obtained
by decomposing the total response into two distinct components: the
eigenfield response and the free-vibration response [41]. The eigenfield
response refers to the part of the dynamic response that is directly
induced by external dynamic vertical loads, characterizing how the
system reacts to applied forces. In contrast, the free-vibration field
describes the system’s natural vibration modes, which are determined
only by the material properties and geometric configuration of the
soil-pile system. The free-vibration field exists independently of any
external loading. By superposing these two components, the total dis-
placement vector u” and stress tensor ¢ of the soil-pile system can
be expressed as

u?(r, z) = u?¢(r, z) + U (r, 2) (€D)]

o(r,z) = 6¢(r, 2) + 6™/ (1, 2) )

where the subscripts e and f indicate the eigenfield and free-vibration
field, respectively; the subscript i = {s,p} denotes the soil and pile,
respectively.

2.2. Basic assumptions

The following assumptions are introduced to simplify the considered
problem:

(1) Both the pile shaft and the finite soil layer are modeled as
homogeneous, isotropic and linearly elastic media;

(2) The total responses of soil and pile are divided into two parts as
the eigenfield response and the free-vibration response, respectively;

(3) Vertical and radial displacements of the soil-pile system are
considered simultaneously;

(4) The soil-pile system is regarded as an axisymmetric body to
capture 3-D wave effects;

(5) Perfect contacts exist along the soil-pile slippages during small
strain vibration. Continuous displacements and stress conditions are
considered to formulate soil-pile interactions.

3. Problem formulation
3.1. Governing equations

The governing equation of the motions of soil and pile without body
forces is [42]
0*u

i+ pp)VY -u® + 4, V2 = p, or?

3
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where 4; and y; denote the Lamé’s moduli of the soil or pile, re-
spectively; V is the gradient operator; V2 denotes the Laplace oper-
ator; u® = {ufi), u(zi)} is the displacement vector of the soil or pile,
respectively.

For the case of an axisymmetric problem, the displacement com-
ponents u(') and u(') can be respectively expressed in terms of the
scalar longitudinal wave potential ¢ and the scalar transverse wave

potential y by employing the Helmholtz decomposition via [2,31,43]

) ()¢(i) 02 )((i)

(i) —
ud =22 4 4
" or oroz “)

) _ 0 2 ®

i) — N2 ()

+ k + — 5

"2 T oz (k)" 0z2 ®
where k¥ = w/v? is the shear wave-number of the soil or pile,
respectively; v (’) = +/u;/p; is the transverse wave velocity of the soil

or pile, respectlvely.

Once the displacements are expressed by wave potentials, the
stress components ¢\, ¢, and ¢ can be respectively expressed
by Helmholtz’s potentials ¢) and ;((’) according to Hooke’s law and

small-strain elasticity as [42]

, 240 93,0
O = _ 1 (kD2 ¢ X
Op = Ai(kL) ¢ +2”i < or2 + 2oz (6)
i i ; 2 () 0ry® 93,0
O = 1 (kD2 I ky ){ x
o) = =4k )" +2p; ( 32 ki) 5 )
02p® 3 0 ax
60 =00 =y (2 DL SUEPAION 8
=0 T H ( oroz oraz? ) =5 or ®)

(@) @

where k' = w/v,’ is the longitudinal wave number of the soil or pile,
respectlvely, (’) = y/(4; +2u;)/p; is the longitudinal wave velocity of
the soil or p11e respectively.

Substituting Egs. (4)~(5) into Eq. (3), the elastodynamic equilib-
rium equation of motions ignoring body force is reduced to two uncou-
pled scalar Helmholtz equations as

0?2 ¢(i )

109D 92" . .
St g g e K0 =0 ©
2 (i) (@) 2 ()
LS SR S PO 10

or? T or T2

3.2. Free-field response

3.2.1. General solutions of the wave potentials
Solving Eq. (9) by separation of variables, the general solution for
the free-vibration P wave potential ¢/ in the soil is

¢ (r, 2) = [AH(EOr) + BHP EON]IC sin(p¥2) + Dy cos(p2)]

1D

where A, B;, C|, and D, are the unknown coefficients, respectively;
Hé”(-) and Hf)z)(-) are the Hankel function of order zero of the first (and
second) kind, respectively; &® is the undetermined constant; p®) =
[(k(LS))2 — (£9)21'/2 is an unknown wave-number variable related to P
wave in the soil.

Likewise, the general solution of transverse wave potential y>/ in
the soil can be written as

297, 2) = [AHPEDr) + BHT (EONIIC, sin(gz) + D, cos(qV2)]

(12)

where A,, B,, C,, and D, are the unknown coefficients, respectively;
q© = [(kgf))2 — (£9)211/2 is an unknown wave-number variable related
to S wave in the soil.

Furthermore, the fundamental solutions for Egs. (9) and (10) of the
free-vibration field in the pile can be written as

P (r, z) = [A3To(EPr) + B3 Y (P M][C; sin(pP z) + Dy cos(pPz)] (13)
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2P (r, 2) = [AJg(EPr) + By Y (P P][C, sin(gPz) + D, cos(qPz)] (14)

where A3, B;, C;, D3, Ay, By, C4, and D, are the unknown coefficients,
respectively; J,(-) and Y (-) are the Bessel function of order zero and
first or second kind, respectively; £ is the undetermined constant;
PP = [(kY)? = (&@)?1'/? and ¢ = [(kP)? - (£»)?]'/? are the unknown
wave-number variables related to P and S wave in the pile, respectively.

The Hankel and Bessel functions are respectively used to express the
scattered wave potentials of soil and pile as shown in Egs. (11)~(14).
Both the Hankel functions and Bessel functions satisfy Helmholtz’s
Egs. (9) and (10), and they present the cylindrical waves in the soil
and pile. The choice of Hankel or Bessel function is based on the
physical characteristics of the soil-pile system. There are only outgoing
scattered waves in the soil. However, both incoming and outgoing
waves exist in the pile foundation. Meanwhile, since the pile volume
under consideration encloses the origin, radial dependence must be
restricted to Bessel functions. Hence, it is convenient to respectively use
Hankel function Hf)z)(-) for wave potentials of soil with time factor ',
while using Bessel function J(-) for the pile to present the wave fields.
Due to the outgoing scattered waves resulting from the pile vibration
and the radiation conditions along the r-axis, the constants A; = A, =0
are determined in Egs. (11) and (12). Meanwhile, elastic waves in the
pile concerning the radial coordinate result in limited values along
the radius from the origin. Hence, the constants B; = B, = 0 are
determined in Egs. (13) and (14).

3.2.2. Boundary conditions and eigenvalue problem

For the pile and soil layer with finite depth H, boundary conditions
along the half-surface and the rigid base should be incorporated to
consider the eigenvalue problem. For displacement-fixed rigid base
(z = H), the boundary conditions are

UMy =0, |y =0 (=5 p (15)
Traction-free boundaries along the half-surface (z = 0) lead to
=0 (@(=s,p (16)

Substituting Egs. (4)~(5), (7)~(8), and (11)~(14) into boundary
conditions Egs. (15)~(16), and noting (4, +2; )(k(’))2 y,(k('))z, it yields

G;'g’/ |z=0 =0, 6;',)’f|z 0

LOXO =0 (i=s, p) a7

where X® = {C|, D,, C,, D,}T and X?) = {C;, D3, C,, D,}" are the
vectors containing unknown coefficients, respectively; the superscript
{}T denotes the transpose of matrix; L) (i = s, p) can be expressed as

sin(p®) H) cos(pV H) g9 cos(qVH) —¢® sin(g" H)

Lo = pDcos(pVH) —psin(p@H) (D)2 sin(@@?H) D) cos(g? H)
- 0 2607 — (k)2 290y 0

2p® 0 0 2600 - (k)

18

Eq. (18) forms a linear system of algebraic equations. For a non-
trivial solution, the determinants of coefficients matrices should be zero
as det[L"] = 0, which leads to [44]

DED) = 4pP gD 12(E0) ~ (k)
+ ENH12ED)? = (P + 4" (¢") ) sin(p H) sin(q” H)
= PP O{2ED) = (k)PP +4D)* ) cos(p? H) cos(qgV H) = 0
(19)
where D(ED) = det[L?] is the determinant functions.
This requlrement provides a set of modal wave-numbers é(') (i =
s,p) with n = 1,2, ... for each excitation frequency. Meanwhile, the
value of modal wave numbers should be specified due to their physical

characteristics. To comply with the radiation condition and the condi-
tion of finite response at an infinite distance away from the soil-pile
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Fig. 2. Roots of the determinant equation of a soil layer in the range [-0.3,0.9] +
i[-3,0.5] (including 8 real-valued roots, 3 imaginary-valued roots, and 38 complex-
valued roots).

interface, only the complex-valued roots that lie in the lower complex
half-plane (Im(f,(f)) < 0) are incorporated. For the real-valued roots,
Re(.’;f,”) > 0 should be taken for w > 0, implying positive phase
velocities.

To determine all the roots of determinant function Eq. (19), a com-
bination of the argument principle (or Cauchy’s argument principle)
and the subdivision method is employed [45-47]. The procedure begins
with an initial search for roots along the real and imaginary axes
using Newton’s method [48]. The argument principle is then applied
to compute the number of roots within a specified region of the fourth
quadrant of the complex plane [49]. If the number of roots in the region
is greater than one, the region is subdivided into smaller regions for
further analysis. If the root count in a region equals zero, no further
search is conducted in that area. For regions containing exactly one
root, Newton’s method is used to refine the root’s location. Finally, the
roots in the third quadrant are set as the conjugates of the roots found
in the fourth quadrant. This method ensures that the total number and
locations of all roots in the complex plane are accurately identified. The
argument principle is used to quantify root presence, the subdivision
method is employed to isolate regions with roots, and Newton’s method
is further adopted to refine root values. Finding 200 complex-valued
roots requires only 30 s and 1 GB of RAM. Compared to previous fixed-
grid approaches, the present method requires fewer computational
resources and less time, while still maintaining mathematical rigor.

Fig. 2 shows the example arrangements of modal wave numbers

,(,S) in the complex plane with given parameters. An infinite number
of complex-valued roots exists and only the roots with lm(.’;’i,‘”) <
-3 are displayed in Fig. 2. Also, the complex roots are located at
two branches positioned symmetrically concerning the imaginary axis,
which is attributed to the homogeneity of the soil layer. Even for
the layered ground, the arrangement of modal wave numbers are still
symmetrical [2]. The real part of the complex-valued roots is much
smaller than the imaginary part and therefore these modes decay fast
with increasing radial distance. Physically speaking, the real-valued
roots correspond to modes that propagate in the r direction, while
the complex roots relate to modes that decay with distance from the
soil-pile interface [41,50].

The determinant function Eq. (19) provides the relationship be-
tween the unknown coefficients C,, D,, C, and D, in Egs. (11)~(12).
Once the modal wave-number 5,(,’?) is determined, four coefficients can
be solved directly. Then the other three coefficients D,, C,, and D,
in Egs. (11) and (12) can be expressed by C;. Similarly, coefficients
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C;, D3, C, and D, in Egs. (13)~(14) can be obtained when 5,({’) is
known. Any three out of four coefficients can be subsequently solved for
each fﬁ,” (n=1, 2, 3,...) in terms of a series of single unknown complex
constants A,, or B,. Then, substituting the modal wave numbers £ into
the Helmholtz potentials Egs. (11)~(14), the resulting expressions for
displacements uf")‘f and ug)’f of the soil and pile can be respectively

written in a series form as

m=1

T = 3 AHDE W @n
m=1

WP (r, z) = i B,J,(EVNUP (z) (22)
n=1

U (r, z) = i BJy(EP WP (2) (23)

n=1

where U,E")(z) (i=s, p) and I/V,f”(z) are respectively the eigenfunctions
for displacements of soil and pile as listed in Appendix A, respectively.
Meanwhile, stresses components o-f')’f and af’z)’f of the soil and pile

can be respectively expressed according to Hooke’s law as

, < , . 1 i

e (r, z)= 21 A, [Hf?( £9r) fr(fl)fm(z) " ;H§z>(§$>,) Fr(fz),m(z)] (24)
=

oM 2= Y AHPEINTY, () 25)
m=1

oW (r, 2= Y, AHDEDNTS), (2) (26)
m=1
v 1

o (r, 2) = Zl B, o1 @)+ 1 €Pnr? @) @7)
o
[se]

P (r, 2)= Z B,JoEP NI (2) (28)
n=1
[se]

aﬁﬁ)‘f(r, z) = Z BnJl(é‘il”)r)Fr(;?n(z) (29)

n=1

where l"r(;)l W T r(;; 2D T Z(Q,,(z), and T, ,(Q,,(z) are the eigenfunctions for

stresses of soil and pile as listed in Appendix A, respectively.
3.3. Eigenfield response

The eigenfields of piles excited by the vertical dynamic loads were
derived in the previous study [10,31]. Because the vertically distributed
uniform loads are only applied on the pile, the pressure can be treated
as the body force along the depth. Meanwhile, there are no eigenfields
for the soil layer due to the traction-free conditions along the free
boundary of the soil. The amplitude of the discrete excitation force p,
acting at the pile head may be expanded in Fourier series P(z) as [10]

P(z) = ZHE Z cos(h,z) (30)
n=1

where h, = 2n—1)z/(2H) (n = 1,2, ...) are the constants; n is positive
integer.
Meanwhile, the governing equation for eigenfield response consid-

ering vertical displacement u”(z) is

azuip )’e(z) 5
- _ (),
(4, + Z'M‘”)T + P(z) = —p,0-u (z) (31)
In this contribution, the eigen-displacements % and 4 can be
respectively written as
uPH¢(z) =0 (32)
2P0 — cos(h,z)
W@ =2 Y s 33)
H & —p,0®+ (4, +2u,)h2

n=
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Combining Egs. (32)~(33) and the Hooke’s law, the eigen-stresses
(p)e

and ¢,7° are
() =0 (34
2 Aphy, sin(h, z)
oPe(z) = - 20 Z 35)

a)2 + (4, + 2;4,])h2
4. Solution technique
4.1. Continuity conditions along the soil-pile interface

After the derivation of fundamental solutions of the soil-pile system,
the dynamic response of the soil and pile can be respectively obtained
by numerical calculation of the matrices involving unknown coeffi-
cients. The boundary-valued problem can be regarded as the continuity
conditions along the interfaces of the soil-pile slippage as

uﬁp) = uis), u(zp) = u(;) (r=R),) (36)
af") = Gﬁs), Gf’z’) = [75? (r=R,) (37)

Substituting Egs. (1)~(2) into Egs. (36)~(37), the continuity condi-
tions lead to

U (R, z) —uPI (R, 2) = uP(2) (38)
u(;),f(Rp’ z) — u(z”)‘f(Rp, z) = uP*(z) (39)
e (R,,2) - 6P (R,.2) = 6P*(2) (40)
o (Ry.2) = 0D (R, 2) = 0,0(2) (41)

Egs. (38)~(41) indicates that there are four different continuity
conditions along the soil-pile interface. However, the free-vibration
fields of soil and pile only contain two sets of unknown coefficients
A,, and B, in Egs. (20)~(29). Former investigations set the numbers
of boundary conditions and unknown coefficients to be identical which
ensures the calculation efficiency according to orthogonality of Fourier
series mode-by-mode [31-33,51]. In this study, the eigenfunctions
along the z-axis are the combinations of trigonometric functions, and
cannot satisfy the orthogonality relationships straightforwardly. Hence,
it is essential to derive the modal orthogonality relations to restrict the
calculation of soil-pile interactions.

4.2. Modal orthogonality relation

An approximate linear combination of the wave potentials gives a
relation between the unknown modal coefficients of the scattered wave
potentials in soil or pile. For the displacement and stress expressions
of the soil and pile including eigenfunctions, there exist orthogonality
relations of the modal wave-numbers. We now wish to investigate
the physical significance of the normalization of eigenfunctions in a
cylinder geometry.

The energy flux for a single outgoing Fourier-Bessel component
of the wave field (modal wave-number é(')) should be examined to
consider the modal orthogonality relations. The energy flux due to the
real part of the displacement field through the surface .S of the cylinder
and averaged over a single period is given by [50,52]

/[u -T(v) —v-T(@)]-ndS =0 (42)

where u and v are the displacement vector on the surface S; T(-)
denotes the stress tensor resulted by displacement vector; n is the unit
normal vector on S.

Since traction vanishes at the free surface (z = 0) and displacement
tends to be zero at the rigid base (z = H), only the flux over the

Soil Dynamics and Earthquake Engineering 199 (2025) 109687

vertical surface with a radius r = a exists [2,44,50,52]. Substituting
Egs. (20)~(29) into Eq. (42), and taking u and v as displacement vectors
with modal wave-numbers é(') and .f('), it is straightforward that the
integral Eq. (42) satisfies the bi-orthogonality relation as [53]

H
/ [ Cu+ 20U 0@ - 000G + ugd W @) - WO )
0 . “43)
U, (z)
oz

(i)
. oW, (z)
+4,UD(z) SZ -y

W@ | dz= NDs,,

where N is the norm of eigenfunction; §,,, is the Kronecker delta.
The eigenfunctions in z-direction (e.g., Egs. (A.1)~(A.6) in
Appendix A) remain unaltered in both cases and therefore the bi-
orthogonality condition is exactly equivalent for any combinations.
Thus, another form of bi-orthogonality relations must be built for
cylindrical waveguides in this study [2,50]. Therefore, substituting
Egs. (A.1)~(A.6) into Eq. (43), the bi-orthogonality relation between
displacement eigenfunctions can be re-organized in the form of the
combination of displacement and stress eigenfunctions via

H
/0 [vo@rl - 10,ew0)| dz = N5, (44)

U@ T, (2) + @& U (2)]

zZzZ,n

H
(i) O30
/O {8, @U@ -

i) i — i)
+10, W) | dz==Ns,,

(45)

where n; = A;/(4; + 2u;),(i = s,p) and w; = 24;4;/(4; + 2p;) are the
constants, respectively.

4.3. Matrix equation for solving the coupled problem

Based on the bi-orthogonality relations, the boundary conditions in
Egs. (38)-(41) are combined into a single integral expression (weak
formulation) to link the known modal coefficients of the soil and
pile [2,54]. At this point, two admissible combinations with the bi-
orthogonality relations should be used according to the different stress
components. Hence, multiplying both sides of Eq. (38) by I“,(:l)n(z),
both sides of Eq. (41) by —VI/,,(S)(Z), then sum and integral two equa-
tions between [0, H]; Meanwhile, multiplying both sides of Eq. (40)
by UP(z), both sides of Eq. (39) by F,(f),,(z), both side of Eq. (38)
by —[n,[2,(2) + @, - &P UL (2)1/(EP'R,), both sides of Eq. (41) by
Wn(”)(z) / (55,”)R[,), then sum and integral four equations between [0, H],
we obtain

0

4,00 =% BS) =TV (46)
=1

o

Y ASi) - B,OY =T “7)

k=1

where Q(l) s T“) QQ) S(z) and T, 2 are the matrix elements listed

ml?

in Appendix B, respectlvely.
According to Eq. (47), the unknown coefficients B, can be expressed
in terms of A, as

(Y40 g0
B, = o0 <kzl ASY) - (48)

replacing n by | and substituting Eq. (48) into Eq. (46), we obtain an
equation with the only unknown modal coefficients as

laoco
Ao B L
0, k=1 1=l

Eq. (49) can be written as the matrix form as

(Z)S(l)

© (Z)S(l)
- T (49)
(2) Q(l) < Z Q(Z) )

G-A=R (50)
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where A = {A}, A,, ... ,Am}T is the vector with unknown coefficients;

G is a m X k matrix; R is a m x 1 vector; the entries in G and R are

|2 s g

1 2
oy = Q( )

oo (Z)S(l)
T
R = Q(l) < Z Q(Z) > 2

I=1

Gm,k = 6mk - (51)

Eq. (49) contains a series of linear algebraic equations concern-
ing the unknown coefficients A,,. After obtaining A,,, the unknown
coefficients B, can be straightforwardly calculated according to the
modal relationship Eq. (48). Fig. 3 shows the diagram of the solution
technique, which presents the computational method and simulation
process.

5. Convergence tests and validations
5.1. Convergence tests

The accuracy and convergence of the present solution depend
strongly on the choice of the series truncation numbers m and n. In
numerical calculations, these series are truncated to prescribed values
M and N, respectively. Fig. 4 presents the convergence tests for the
radial displacement |u(,“)(10Rp,0)| at the free surface of the soil layer.
Various values of M and N are considered with different slenderness
ratios H/D, and modulus ratios E,/E,. The geometric and material
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parameters used in the analysis are: H = 20 m, p, = 100 kPa, f =
10 Hz, p, = 1792 kg/m’, p, = 2500 kg/m’, v, = 02, v, = 0.4 and
E, = 30 GPa. The series truncation numbers for the soil and pile
are set equal, i.e, M = N. Fig. 4(a) adopts a slenderness ratio of
H /Dp = 10, and soil’s modulus E, varies. Fig. 4(b) uses a modulus
ratio of E,/E, = 100 and pile diameter D, varies. As shown in Fig. 4,
satisfactory convergence is achieved for both low and high values of the
slenderness and modulus ratios. To ensure the reliability and accuracy
of the results, M = N = 100 are adopted in the ensuing analysis.
All results for a given frequency can be computed within 5 min on
a computer with Windows 10 21H1 environment, a 3.50 GHz AMD®
R9-3950X CPU, and 64.00 GB RAM.

5.2. Validations

To verify the accuracy of the proposed method, we compare the
results of our solution with those of two examples. The first example
is the pile response under vertically distributed uniform loads, as pre-
sented by [10,31]. The second example involves the results of ground
motions in soil resulting from pile vibrations by FEM simulations and
3-D model [31].

Fig. 5 compares the vertical displacements of the pile calculated
using the proposed method with the results from previous studies [10,
31]. The following geometry and material parameters are used for the
comparison: p, = 10 kPa, H = 20 m, p, = 1800 kg/m’, v, = 04,
E, = 30 MPa, E, = 300 MPa, p, = 2500 kg/m’, v, = 0.2, f = 1 Hz,
respectively. Good agreements of pile response can be observed by the
results of the present solution with those of the available methods.
Comparisons between the present results and those of [10,31] reveal
that this method reflects the three-dimensional wave effect in the
analysis of dynamic pile response under vertical loads.

Fig. 6 shows the comparisons of radial and vertical displacements
of the soil layer by the proposed method with FEM simulations and
previous study [31]. In the comparison, the following geometry and
material property parameters are adopted: p, = 1 kPa, H = 20 m,
R, = 1m, p, = 1800 kg/m’, v, = 0.4, E, = 1 MPa, p, = 2500 kg/m’,
v, = 02, f = 1 Hz, respectively. The maximum element size of
the FEM model is chosen as 1.0 m, which is less than one-tenth of
the soil wavelength associated with the input dynamic loads [55].
Rayleigh damping is applied on all the soil and pile elements. The mass-
proportional constant is @ = 0.001, the stiffness-proportional constant is
# =1Hz [56]. In the model, a large radius of the soil layer (r = lOORp)
and absorbing boundaries are applied to the surrounding boundaries to
avoid spurious wave reflections into the model. The absorbing bound-
ary involves dashpots attached independently to the boundary in the
normal and shear directions. Viscous terms are introduced directly into
the equations of motion of the grid points lying on the boundary [57].
Radial and vertical displacements at the bottom surface are fixed to
simulate the rigid base. Stresses are applied in the normal direction at
the top surface within r < R, to formulate vertically distributed uniform
loads. As shown in Fig. 6, good agreements are obtained between the
results of the present solution and the FEM modeling.

The accuracy and robustness of the present analytical framework
are demonstrated through validation against both FEM simulations
and existing solutions, as shown in Figs. 5 and 6. Fig. 5 reveals that
the existing solutions can accurately model the vertical pile response.
However, there are some inaccuracies in the radial displacements in
the shallow region of the soil layer after relaxation [31]. This approx-
imation has minimal impact on the vertical response of the pile but
has a more significant effect on the neighboring soil ground motion.
The present analytical method accurately captures both horizontal
and vertical ground motion characteristics, even in far-field regions
(r = 10R)). The continuum elasticity formulation used in the present
model rigorously satisfies all boundary conditions, including traction-
free surfaces, rigid-base constraints, and perfect bonding at the soil-pile
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Table 1
Differences between the proposed method and the existing models.
Model Soil model Pile model Pile responses Ground motions
Vertical Radial Vertical Radial
Present model Continuum media Continuum media v v v v
Nogami & Novék [10] 1-D model 1-D beam element v v
Wu et al. [32] 3-D model 1-D beam element v v
Tsouvalas & Metrikine [2] Continuum media 1-D shell element v v v
Liu et al. [31] 3-D model 3-D model v v v
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Fig. 4. Convergence test on the influence of truncation numbers M and N (M = N) of complex-valued modal wave-number on the radial displacement \uﬁ"(lORF,O)I at the
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Fig. 5. Comparisons of vertical pile responses by the proposed solution with those
of [10,31].

interface. This mathematical completeness ensures that the model ac-
counts for coupled P-S wave propagation, radial-vertical displacement
coupling, and energy radiation into the far field. The agreement with
FEM results underscores the model’s potential as a benchmark for
evaluating simplified methods or numerical algorithms. Furthermore, it
is beneficial to compare the proposed method to that of existing models
for vertical pile vibrations [2,10,31,32]. Their relations and differences
are summarized and clarified on a point-by-point basis as

Table 1 summarizes the differences among various analytical meth-
ods. Nogami and Novédk [10] modeled the pile as a one-dimensional
rod and neglected the radial displacements of the soil to simplify the
soil-pile system analysis. However, omitting the soil’s radial displace-
ments introduces inaccuracies in the prediction of pile impedance. To
address this, Wu et al. [32] employed three-dimensional wave theory to
account for the radial soil displacements. Nonetheless, their approach
still models the pile as an elastic 1-D rod. This assumption can be

inaccurate for piles with a small slenderness ratio (H/D,). Further
advancement was made by Liu et al. [31], who treated both the pile
and soil as three-dimensional continua, thereby fully capturing the
wave effects. However, both Wu’s and Liu’s methods relaxed the soil
layer boundary conditions because their primary focus was on pile
impedance. This relaxation can result in significant errors when pre-
dicting three-dimensional ground motions. In contrast, Tsouvalas and
Metrikine [2] developed a rigorous continuum theory that considers
all boundary conditions of the soil and accurately describes three-
dimensional wave scattering. Despite this, the pile is still represented
as a shell element, which imposes limitations. To overcome these
issues, the present method formulates both the soil and pile as three-
dimensional continua. This approach enables the determination of all
displacement tensors and ground motions with greater accuracy.

6. Results and discussions

In this section, a parametric study will be conducted to investigate
the effects of waves on soil-pile interactions and induced ground
motions. If not mentioned specially, the pile parameters are selected
as H = 20m, R, = 1 m, E, = 30 GPa, p, = 2500 kg/m’, and
v, = 0.30, respectively. For the surrounding soil, the material properties
are E, = 333.65 MPa, p, = 1792 kg/m>, v, = 0.4895, and the corre-
sponding wave velocities are v<T“) = 250.00 m/s, Ugj) = 1743.19 m/s and
Rayleigh wave velocity vg) = 238.50 m/s, respectively. The soil with
the aforementioned wave velocities corresponds to sandy soil or clay
soil. It is convenient to introduce the non-dimensional displacements
i, and i, as
ﬁE”) = ﬁ’

o

10
a0 = Yz
z uO

(53)

where u, = pOJrRi/(,upH).

Fig. 7 illustrates the dimensionless vertical and horizontal displace-
ment amplitudes 7| and |12f,f)| of soil layer for different load frequen-
cies. Fig. 7(a) indicates that the lateral displacements are prominent
near the ground surface and at mid-depth of the soil layer at low
frequencies. While vertical displacements attenuate rapidly with ra-
dial distance. Specifically, horizontal motions persist even at large
distances from the pile origin (r = 40Rp), whereas vertical motions
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concentrate within a narrow range (r = 3R). This behavior can be
attributed to the fact that low-frequency loads induce long-wavelength
vibrations capable of propagating energy over long distances into the
surrounding soil. The rapid attenuation of vertical displacements is
due to the radiation effects in the vertical direction. As shown in
Figs. 7(b)~(d), standing waves and displacement peaks grow in the
soil layer as the excitation frequency increases (20 ~ 40 Hz). This
phenomenon may result from localized soil resonance or inertial effects.
When high-frequency oscillations coincide with the natural vibration
modes of the soil, energy concentrates in the soil near the vibrating
source. These peaks and resonances indicate the activation of higher-
order wave modes or reflections from layer boundaries, revealing the
frequency-dependent complexity of wave propagation paths.

Although soil motions in the frequency domain are crucial for
capturing dynamic concentration points, it is also meaningful to explore
ground motions in the time domain. Transient analysis provides valu-
able insights into dynamic wave propagation in the soil layer and the
diffraction of waves at the ground surface. In this study, the transient
response of the soil layer is derived from steady-state analysis using
the fast inverse Fourier transform (IFFT) technique. The calculated
frequencies range from 0 Hz to 64 Hz in 1/2 Hz intervals, resulting in
a 2-second time window with 1/64-second time intervals. The vertical
impulse load is simulated by a symmetric Ricker wavelet and defined
as

p(t) = py (1 =272 f24) exp (—a? f21%) G4

where f, is the characteristic frequency of the wavelet and is selected
to be 10 Hz.

Fig. 8 presents the synthesized horizontal and vertical displace-
ment time histories of the soil surface for different radial distances,
reconstructed using the IFFT technique. At small radial distances, the
horizontal displacement is relatively small compared to the more pro-
nounced vertical displacement as Fig. 8(b). This indicates that im-
pulsive vertical loads primarily generate shear wave motions, which
dominate the near-field response. The vertical displacement rapidly
decays after the initial pulse and sharply diminishes with increasing
radial distance. This behavior is attributed to the swift attenuation of
P- and S-waves due to soil radiation-damping effects. When vertical
loads are applied on the pile head, the pile moves up and down, which
generates transverse waves at the soil-pile interface. Meanwhile, the

pile will also expand radially due to the three-dimensional wave effect.
Then, the P-waves will be induced. This phenomenon is associated with
the Poisson’s ratio of pile. Hence, the P-waves are the result of Poisson’s
ratio, and the S-waves correspond to the friction along the soil-pile in-
terface. In contrast, both horizontal and vertical displacements exhibit
impulsive peaks at larger radial distances, which maintain measur-
able magnitudes over an extended duration. This remarkable far-field
response aligns with Rayleigh wave propagation mechanisms in the
soil layer, which efficiently transport energy over longer distances.
These observations highlight the complex interplay between near-field
wave attenuation and far-field wave dispersion in soil-pile interaction
systems. The alteration in displacement patterns further emphasizes
the importance of directional dynamic analysis for accurate seismic
assessments. Also, additional investigations of detailed ground motion
responses in the time domain should be explored to investigate the
wave propagation induced by pile vibrating.

Fig. 9 shows the horizontal and vertical displacements at the ground
surface (z = 0 m,r = 100 m) over a time window of 2 seconds. When
a vertical impulse load is applied to the pile head, it generates both P
and S waves within the soil layer. The P waves are associated with
horizontal displacements, while the S waves correspond to vertical
ground motions. As shown in Fig. 9, peak displacements occur in
the solids, with the first peak in radial motion linked to the P head
wave and the first peak in vertical displacements associated with the
S head wave. Following the propagation of these P and S waves,
Rayleigh waves are induced by the surface impulse load on the pile
head. Notably, the ground motions caused by the P and S head waves
are significantly smaller than those produced by the Rayleigh waves.
This observation indicates that P and S waves attenuate rapidly as
radial distance increases, whereas Rayleigh waves propagate through
the soil with greater energy transmission. Additionally, it is noteworthy
that oscillations in ground motions persist after the propagation of the
Rayleigh waves.

The subsequent oscillations in the displacement curves after the
Rayleigh wave passage arise from the complex interaction between
Rayleigh wave propagation and subsurface scattering as Fig. 10. Specif-
ically, as Rayleigh waves propagate outward from the soil-pile inter-
face, their energy propagates along the soil surface while simultane-
ously diffracting downward to the rigid base at depth. Upon reaching
the soil-bedrock interface, these waves are partially scattered back
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toward the surface. This scattering process introduces secondary wave
fields that interfere with the primary Rayleigh wave, generating os-
cillatory patterns in the displacement records [58]. Furthermore, the
persistent oscillations observed in Fig. 9 after the main Rayleigh wave
pulse result from multiple scattering events between the rigid base and
the free surface. Each reflection at the base reintroduces delayed wave

energy to the surface, creating overlapping phases that manifest as
prolonged low-amplitude vibrations. These effects illustrate the long-
term ground motion behavior in the soil layer affected by boundary
conditions.

Figs. 11~12 illustrate the horizontal and vertical displacement con-
tours within the soil layer under transient vertical loading. The contours
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reveal the complex interaction between wave propagation and inter-
ference phenomena. Initially, P- and S-head waves emerge and travel
rapidly through the soil layer, followed by the remarkable Rayleigh
waves at the surface. As these Rayleigh waves propagate outward from
the soil-pile interface, they not only travel along the surface but also
penetrate deeper into the soil. When the propagating waves reach the
rigid base, the wave potentials are reflected and diffracted by the
surface as shown in Figs. 11(d) and 12(d).

The interaction between the direct Rayleigh waves and the sec-
ondary scattered waves leads to constructive displacement amplitudes,
resulting in spatial variations in the ground motions. This wave inter-
action governs the dynamic response of the soil medium and influences
the distribution of stresses and strains in the soil surrounding the
pile. The presence of the pile causes localized energy dissipation due
to scattering and damping effects, which may lead to a faster decay
of Rayleigh wave amplitude in the vicinity of the pile compared to
areas farther away. This localized energy dissipation is critical for
understanding the soil-pile interaction and its effect on ground motion.

10

Since the Rayleigh waves resulting from pile vibrating are indi-
cated by Figs. 8~10, it is meaningful to explore the Rayleigh wave
propagation in the soil layer. Fig. 13 illustrates soil particle motions
under transient pile vibration in the time domain. It is well known
that the particle motion is elliptical retrograde near the surface and
elliptical prograde at a greater depth for propagating Rayleigh waves.
Fig. 13 reveals that the particle motions exhibit a counterclockwise
retrograde elliptical motion at the free surface, which is attributed to
the dominance of Rayleigh waves. With increasing depth, the particle
motions reverse to a clockwise prograde motion, reflecting the phase
inversion of Rayleigh wave components below the surface. The surface
displacements decay slowly. In contrast, deeper soil displacements
attenuate quickly with increasing radial distance. This phenomenon
corresponds to the Rayleigh waves traveling along the soil surface and
the body waves (P- and S-waves) propagating through the soil layer.
The body waves exert a significant influence on the soil motion close
to the soil-pile interface. However, the Rayleigh waves become the
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Fig. 13. Particle motions of the soil layer in the time domain.

dominant force in the soil’s response at the far-field ground surfaces.
This transition is crucial to nearby structures located at considerable
distances from the vibrating pile. The resulting ground motions can
have profound effects on their stability and integrity due to propagating
Rayleigh waves and diffracted waves.

7. Conclusions

An analytical solution for the dynamic response of soil-pile systems
subjected to vertically distributed uniform loads has been developed.
The solution incorporates three-dimensional wave effects and captures
the coupled interactions between the soil and pile. The governing
equations of soil and pile are solved using Helmholtz’s decomposition
and method of variable separations. The eigenvalue problems are for-
mulated to construct a series solution of Helmholtz’s wave potentials.
Modal orthogonality relations are reorganized due to Betti’s theorem.
The boundary value problem is formulated as an infinite linear alge-
braic system by considering continuity conditions along the soil-pile
interface. The proposed method offers a robust and efficient framework
for predicting ground motions during pile driving assessments, offshore
pile vibration, and dynamic machine operations.

The analytical solution developed in this study serves as an exact
and efficient tool for investigating the dynamic response of soil-pile
interactions under vertical loads. By accurately modeling the three-
dimensional wave effects, this method offers valuable insights into the
complex behavior of soil-pile systems and can serve as a benchmark
for validating numerical simulations. It also enhances the theoretical
understanding of dynamic soil-pile interactions, particularly in im-
pulse responses. A parametric study has been conducted to explore the
wave effects of soil-pile systems and the induced ground motions. The
following conclusions are drawn:

(1) Excitation frequencies play a critical role in the distribution
of soil and pile responses. At low frequencies, horizontal displace-
ments are more pronounced and can propagate over long distances
into the surrounding soil. In contrast, higher frequencies lead to more
localized displacements with standing waves and resonance effects
observed in the soil layer. These findings emphasize the importance
of frequency-dependent behavior in dynamic response assessments.

(2) Radial distance from the pile significantly affects the dynamic
response of the soil. At close radial distances, impulsive vertical loads
generate strong shear wave motions, which dominate the near-field re-
sponse. At larger radial distances, Rayleigh waves become the primary
mode of energy propagation, leading to more sustained displacements.
This transition underscores the importance of careful site planning for
displacement-sensitive equipment. It is suggested that such equipment

12

be installed at a distance of at least one Rayleigh wavelength from the
vibrating pile to minimize potential adverse effects.

(3) Soil-pile interface effects are crucial in determining the overall
ground motion characteristics. The study shows that the interaction
between the pile and surrounding soil influences the distribution of
displacements and stresses, especially in the near-field regions.

These findings underscore the complex interactions between pile
geometry, soil properties, and dynamic wave effects. The results pro-
vide critical insights into accurate predictions of ground motions. The
dynamic response of the soil layer induced by pile vibrating is essential
for ensuring structural safety and minimizing seismic risks.

This paper focuses on the ground motions induced by the vibration
of an end-bearing pile in a homogeneously elastic half-space. It is
unable to solve the ground motions in poroelastic or layered medium
with this method. The present method can be expanded to a floating
pile embedded in the layered or poroelastic medium by employing the
matrix transform method and Biot’s theorem. Compared to existing
methods, present analytical solution can serve as a benchmark to ensure
the accuracy and efficiency of numerical methods.
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Appendix A. Eigenfunctions for soil and pile

Eigenfunctions for the soil and pile in Egs. (20)~(29) can be respec-
tively written as

U(z) = —ED[sin(p" 2) + ¢ cos(pV 2) + V¢V cos(qVz) — v ¢ sin(g" 2)]
(A1)
W2 (2) = p cos(p )~ pl sin(p 2) + B (EP) sinq 2)+7 V(€0 cos(qz)
(A.2)
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Appendix B. Elements of matrices
Matrix elements in Egs. (51)~(52) are
Q(l) N(S)H(z)(ﬁ(A)R ) (B.1)
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