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Abstract

Functional Ultrasound (fUS) is an emerging neuroimaging technique capable of capturing
brain activity similarly to functional magnetic resonance imaging (fMRI) but with higher
spatiotemporal resolution and lower operational cost. This thesis investigates the extension
of the joint detection-estimation (JDE) framework to jointly estimate both the hemodynamic
response function (HRF) and neural response function (NRF) from fUS imaging data. In
the proposed model, the two response functions are represented as a cascade linear time-
invariant (LTI) convolution systems, enabling indirect estimation of neural activity signals
from fUS measurements. Since direct recordings of neural activity are often unavailable, this
Bayesian approach offers a data-driven means of probing the brain’s functional organization.

Inference is performed within a coordinate ascent variational inference (CAVI) framework.
The proposed algorithm was applied to fUS datasets and validated against simultaneous
recordings of neural firing rates. Results demonstrate that the model successfully captures
neural activity, achieving a Pearson correlation coefficient (PCC) of approximately 0.24-0.30,
and provides a modest improvement over the conventional boxcar input stimulus model. Ad-
ditionally, the jointly estimated HRFs were consistent with existing literature, and regional
HRF estimates revealed differences in response dynamics between the visual cortex and hip-
pocampus, highlighting region-specific hemodynamic properties.
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Chapter 1

Introduction

Understanding the neural activity underlying functional brain imaging signals is a funda-
mental step toward decoding how the brain processes information and how different regions
interact. Hemodynamic imaging techniques such as functional magnetic resonance imag-
ing (fMRI) and, more recently, functional Ultrasound (fUS), provide indirect measurements
of brain activity by capturing local changes in deoxygenated hemoglobin level or blood volume.
While these signals contain valuable information, the true neural activity and the mechanisms
linking it to hemodynamic responses remain hidden in the data.

Compared to fMRI, fUS offers higher spatio-temporal resolution with a significantly smaller
form factor of its measurement equipment, making it a promising tool for studying fast and
localized neural processes in small animals. One prior study [15] proposed a blind decon-
volution approach to jointly estimate neural sources and hemodynamic responses from fUS
recordings using a constrained tensor decomposition framework. However, to date, no exist-
ing work has applied a fully probabilistic model to jointly infer both neural dynamics and
hemodynamic responses in fUS. In this thesis, we address this gap by designing a Bayesian
model within the variational inference framework to uncover these hidden variables in fUS
data.

In this chapter, we introduce key background concepts from the neuroscience field that are
essential for the formulation of the thesis goals. We then provide a brief overview of the
current functional neuroimaging data analysis methods. Finally, we outline the the existing
gaps in literature and the goals of this thesis.

1-1 Background

This section covers preliminary knowledge from the neuroscience domain, which includes a
basis of the dynamics we are trying to identify, as well as the working principle of fUS.

Master of Science Thesis T. Fujioka



2 Introduction

1-1-1 Neurovascular Coupling

Both fMRI and fUS capture the neural activity in the brain indirectly via the neurovascu-
lar coupling. The neurovascular coupling is a phenomenon derived from a complex chain of
metabolic processes which connects the dynamic changes in the blood and neural activity.
Despite extensive research efforts [42, 21, 22], the exact link between hemodynamics and neu-
ral activity remains unclear. However, prevailing hypotheses suggest the following cascading
process; first, neural activity is triggered in response to a stimulus, which generates energetic
demand to restore the neurotransmitter systems involved in the activation [46]. Subsequently,
the energetic demand is met by the metabolic process involving the delivery of glucose, lactate
and oxygen in neighboring arterioles and capillaries [13]. This in turn, causes a local increase
of blood flow, an oversupply of oxygen, and red blood cells (RBCs) velocity [8, 28]. fMRI
measures changes in blood volume and deoxygenated hemoglobin level, while fUS measures
changes in blood volume.

1-1-2 functional Ultrasound (fUS)

Figure 1-1: Schematic of fUS and its measured data [29]

fUS measures local changes in blood volume through the Doppler shift that ultrasonic pulses
undergo. As illustrated in Figure 1-1a, an ultrasonic probe mounted on the cranial window
emits plane waves at ultrasonic frequency. As the ultrasonic waves propagate through the
brain, some of their energy is backscattered by red blood cells (RBCs) and slow moving
tissues. The backscattered echoes are measured by the ultrasonic probe. The frequency of
the backscattered echoes is shifted depending on the direction and velocities of the RBCs
and the slow moving tissues due to the Doppler effect [30]. For example, given an object
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1-2 Existing Functional Neuroimaging Data Analysis 3

moving towards the ultrasonic probe at velocity v, the central frequency fD in the echo that
is backscattered from the object is

fD = −2vf0
c

, (1-1)

where c is the speed of sound in the medium and f0 is the central frequency of the ultrasonic
pulses emitted from the probe.
Since the Doppler frequency shift does not occur in the echoes backscattered from the RBCs
that are moving in the direction orthogonal to the propagation of the ultrasonic plane wave,
the ultrasonic probe emits the plane pulse wave and measures the echoes at different angles
(see Figure 1-1b) to detect moving RBCs in lateral direction. This is also to improve image
quality. The measurements at different angles are summed through coherent compounding
[36, 35], resulting in a beam-formed image known as a compound image.
The output of the ultrasonic probe is pixel amplitude s(h, w, ti) of the compound image at
pixel (h, w) and time ti where i = 1, 2, . . . N indexes the successive emission of the ultra-
sonic pulses. The pixel amplitude fluctuates due to the RBCs and tissue motions caused by
cardiovascular pulses and respiration. Because the fluctuation in the pixel amplitude from
the tissue motions does not reflect the functional activity of the brain, it is considered an
(unwanted) clutter signal. As the tissue motions are slower than the RBCs, the echoes from
the tissue contribute to a low frequency signal in the pixel amplitude, which can be rejected
by a high-pass filter [29] (see Figure 1-1 c). Besides the high pass filtering, the recent study
in [12] proposed the clutter (tissue motion signal) rejection filter using the singular value
decomposition (SVD), which became the most prevalent pre-processing method in practice.
After the clutter rejection, the remaining signal is called the blood signal and contains signals
from the RBCs and the noise from electronic components in the probe. By computing mean
signal intensity of the blood signal as

I(h, w) = 1
N

N∑
i=1

|s(h, w, ti)|2, (1-2)

a power Doppler image (PDI) (see Figure 1-1d (right)) can be obtained, which is an intensity
measure for the volume of moving blood.
The acquisition of the PDI image is repeated for a given number of windows of length N . For
the case in Figure 1-1, 200 compound images acquired at sampling rate of 1kHz forms one
PDI, resulting in sampling rate of 5Hz for the PDI.

1-2 Existing Functional Neuroimaging Data Analysis

In functional neuroimaging data analysis, the objective can be distinguished in three different
aspects: functional connectivity, resting-state activity and event-evoked activity. Functional
connectivity analysis aims to describe the interactions between activities of different brain
regions in resting state or during execution of experimental tasks and stimuli. In resting-
state activity analysis, spontaneous brain activity without tasks is studied. In connection to
the functional connectivity, one of the objectives of this analysis is to capture and understand
intrinsic organization such as the default mode network [41], which is found to be altered in
pathological conditions [44].

Master of Science Thesis T. Fujioka



4 Introduction

In contrast to resting-state activity analysis, task-evoked activity reflects brain responses to
stimuli or tasks, such as sensory stimuli and motor control or cognitive tasks. Investigating
how different brain regions are activated under these conditions could help researchers identify
biomarkers that enable cross-subject and cross-condition comparisons of the brain.

In this thesis, we focus on the event-evoked activity analysis of the brain.

The existing methods in literature for the event-evoked activity follow two separate ap-
proaches: hypothesis-driven and data-driven approaches.

The hypothesis-driven approach begins with constructing a model to incorporate prior knowl-
edge about the used experimental stimuli or tasks. Typically, a linear time-invariant (LTI) is
used for a hypothesis-driven approach, which often models the measured neuroimaging data
as a convolution between neural activity and hemodynamic response function (HRF), repre-
senting the neurovascular coupling. The detailed description on the LTI model is provided
in Section 2-1. For fMRI domain, the implementation of such LTI model can range from
constrained blind deconvolution to Bayesian estimation [10, 43, 52, 7].

The data-driven approach, on the other hand, does not involve explicit models like the
hypothesis-driven approach. Instead, the data-driven approach employs decomposition of
the observed data with structural constraints, such as principle component analysis (PCA),
independent component analysis (ICA), and tensor decompositions [50, 6, 9] to separate
source activities of the brain for given experimental condition.

In this thesis, the event-evoked activity analysis is tackled in the hypothesis-driven approach.

1-2-1 fUS Data Analysis in Literature

A recent study by [38] demonstrated a strong correlation between fUS signals and local neu-
ronal firing rates. The same study also showed that a temporal smoothing function mapping
firing rates to fUS signals closely resembled the HRFs reported in the literature. Similarly, an-
other independent study [2] reported a significant link between fUS signals and local neuronal
activity, showing that fUS signals can be predicted from measured calcium (Ca2+) concen-
trations. These findings suggest that the fUS signal has information of neural activity but
hidden in the data.

1-2-2 Gaps in Current Data Analysis in fUS

To date, the challenge of hemodynamic estimation in event-evoked analysis for fMRI has
been addressed using approaches such as the data-driven methods such as ICA, PCA, and
tensor-based decompositions or the hypothesis-driven method in constrained optimization
framework and probabilistic framework. Despite the recent emergence of fUS technique,
methods like ICA and tensor decompositions in both hypothesis- and data-driven approaches
have also been applied to fUS [48, 23, 14]. However, the Bayesian approach like [7, 1] remains
largely unexplored. This is important because Bayesian methods enable flexible integration
of physiological priors, enabling more informed and interpretable inference.

Another limitation is that the majority of a current hypothesis-driven method uses a binary
stimulus time series as a surrogate for the neural activity signal. While this assumption
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1-3 Thesis Goals and Outline 5

simplifies the computational complexity and identifiability of the brain’s underlying hemo-
dynamics, it imposes two key drawbacks: (a) it restricts the flexibility of neural activation
by assuming it to be binary, and (b) it alters the original interpretation of the neurovascular
coupling by replacing the neural input to the hemodynamic system with the external stimulus
signal.

1-3 Thesis Goals and Outline

The primary goal of this thesis is to develop methods for jointly estimating the hemodynamic
response and underlying neural activity from fUS data, aiming to provide neuroscientists with
an improved tool for further understanding of mysterious organization and functionality of
the brain.

As mentioned in Section 1-2-1, recent studies have demonstrated that fUS signals strongly
correlate with local neuronal activity, such as firing rates and calcium concentrations, sug-
gesting that information about neural responses is hidden in the fUS data. However, current
hypothesis-driven methods in fUS primarily rely on models that use a fixed stimulus time se-
ries as the input to the hemodynamic system, limiting the flexibility in capturing dynamics of
neural activity. Moreover, Bayesian modeling approaches, widely recognized for their ability
to incorporate uncertainty, remain unexplored in fUS analysis.

Our aim is to extract this hidden information, specifically, neural response function (NRF),
which describes how neural activity responds to external stimuli, and hemodynamic response
function (HRF), which characterizes the vascular response to the neural activity. We model
these as a cascade linear time-invariant (LTI) convolution system.

Thus, the general research goals and the existing gap in the literature lead to the following
research question:

Can we jointly estimate hemodynamic response function and neural response function in a
probabilistic framework using fUS data?

To address this question, we first design a cascade convolution model in which the HRF and
NRF are represented as two finite impulse response (FIR) filters connected in series. We then
cast this model into a Bayesian framework, where prior physiological knowledge about the
brain is incorporated in the form of prior distributions. Subsequently, we derive a computa-
tional algorithm for the extended model using a Variational expectation-maximization (VEM)
method within the coordinate ascent variational inference (CAVI) framework. Finally, we val-
idate the proposed model through numerical simulations, followed by its application to real
fUS data to estimate the hemodynamic and neural responses.

This work begins with an introduction to the basic hemodynamic LTI system, and varia-
tional inference, a powerful class of probabilistic methods, in Chapter 2, including a review
of the joint detection-estimation (JDE) framework previously applied to fMRI. Thereafter,
Chapter 3 presents our proposed model, which extends the existing JDE approach by simul-
taneously estimation both hemodynamic and neural responses from fUS data. The results of
our method, applied to both synthetic and real experimental data, are presented in Chapters 4
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6 Introduction

and 5, respectively. Finally, Chapter 6 concludes the thesis and discusses potential directions
for future work.
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Chapter 2

Theoretical Background

This section summarizes the existing literature related to the system identification of the
hemodynamic model in functional brain imaging data. First we describe a commonly used
hemodynamic model in LTI. Then, we present the probabilistic framework, called variational
inference, which serves as a basis of algorithms presented in this thesis. At the end of this
section, we present an algorithm developed in the past, namely the joint detection-estimation
(JDE) [7, 32], which will be extended in our proposed algorithm.

2-1 Hemodynamic LTI Model

In analysis of hemodynamics of the brain, a commonly used model is LTI convolution model:

y(t) = h(t) ∗ x(t) + ϵ(t). (2-1)

Here, y(t) is observed time-series of the blood signal for a single pixel/voxel, ϵ(t) is measure-
ment noise, and the operator ∗ represents convolution. The neurovascular coupling comprised
of complex metabolic process is abstracted into an impulse response function h(t) that maps
neural activity x(t) in the brain to the blood signal y(t). This impulse function is commonly
referred to as the HRF.

In practice, the continuous-time model in Equation (2-1) is discretized, as the observed signals
are sampled at fixed intervals. The discrete version of the model is commonly written in matrix
form as:

y = Xh + ϵ, (2-2)

where y is the observed signal vector, and ϵ is the measurement noise vector. h is the finite
impulse response of HRF, and X is a Toeplitz matrix constructed from neural activity x(t).
Together, Xh represents a discrete convolution of neural activity signal and hemodynamic
response function, and thus the change in blood volume caused by the neural activity.

Master of Science Thesis T. Fujioka



8 Theoretical Background

The HRF in the LTI model is parametrized differently for fMRI and fUS data. For fMRI, the
HRF is commonly modeled using two gamma distribution functions [26]:

h(t) = A

(
tα1−1βα1

1 e−β1t

Γ (α1) − c
tα2−1βα2

2 e−β2t

Γ (α2)

)
(2-3)

where Γ(·) denotes the gamma function. Here, the HRF is parametrized by six parameters: A
controls the overall amplitude of the HRF, while α1 and β1 control the timing and dispersion of
the main response. Similarly, α2 and β2 controls undershooting behavior commonly observed
in fMRI data, and c adjusts the peak of the undershoot.

For fUS, a single gamma distribution function

h(t) = A
tα1−1βα1

1 e−β1t

Γ (α1) (2-4)

was introduced recently in [2] and adopted by [14]. The negative gamma distribution function
as in Equation 2-3 is excluded for fUS since fUS data lacks the post-stimulus undershoot
observed in fMRI [2].
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Figure 2-1: (a): Example of commonly used HRF in fMRI. Post-stimulus peak is followed by
post-peak undershoot. (b) Example of commonly used HRF in fUS. The HRF has no post-
stimulus undershoot.

In practice, the neural activity signal x(t) is often unavailable. Therefore, the timings of
external stimulus or experimental paradigm are used for x(t) as a surrogate of the neural
activity. Common choices for the surrogate signal x(t) are a binary boxcar signal or a series
of Dirac-delta signals [20, 18]. The boxcar signal indicates the onset and duration of the
external stimulus or experimental events, while the Dirac-delta signal is used to indicate their
onset timings (see Figure 2-2).
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2-2 Variational Inference as an Optimization 9

Figure 2-2: Examples of commonly used surrogate signals x(t).

2-2 Variational Inference as an Optimization

Variation inference is a Bayesian inference method to estimate latent (unobserved) variables
hidden in observed data. While this goal is the same as any other estimation methods,
variational inference distinguishes itself by approximating the posterior distribution of the
latent variables, rather than producing a single point estimate.

In the context of this thesis, the variational inference serves as the foundational framework
for the estimation procedures in our proposed JDE model, introduced later in Section 3.
Therefore, we begin by presenting the core concepts of variational inference.

The general problem of variational inference starts with a set of observed variables y =
{yn}n=1,2,...N and a set of latent variables x = {xm}m=1,2,...M , including unknown model
parameters. The goal of variational inference is to estimate the posterior distributions p(x|y)
of the latent variables derived from Bayes rule,

p(x|y) = p(y, x)
p(y) = p(y|x)p(x)∫

p(y, x)dx
, (2-5)

where prior distribution p(x) encodes our prior beliefs or knowledge about latent variables
x, and the likelihood p(y|x) reflects the statistical fitness of our parametrized model to the
observed data. In the denominator, p(y) is known as evidence or marginal likelihood. As
p(y) is obtained by integrating the joint probability p(y|x) over all possible values of x, it
represents the preference of the observed data to our model.

Although the ultimate goal in Bayesian inference frameworks is to find the posterior p(x|y),
the evidence p(y) in the denominator is often intractable for complex Bayesian models due
to the lack of analytical solution for the integral.

Variational inference circumvents this intractability issue by approximating the true posterior
with a variational posterior q(x|y; ν) with variational parameter ν [3]. Here, the variational
parameter ν is a parameter that characterizes the variational posterior distribution. For
instance, if we choose to approximate the true posterior p(x|y) by a multivariate Gaussian
distribution, the variational parameter is ν = [µ, Σ]. The approximation with the variational
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10 Theoretical Background

posterior aims to minimize Kullback-Leiber (KL) divergence between q(x|y; ν) and p(x|y),
which is generally thought of as the measure of "distance" between the two distributions
despite non-symmetry of the KL divergence. To avoid cluttered symbols, we omit conditional
notation of y in the variational posterior throughout this report.

The (backward-) KL divergence is defined as

KL (q(x; ν)||p(x|y)) =
∫

q(x; ν) ln q(x; ν)
p(x | y)dy ≥ 0. (2-6)

Since the equality holds when q(x; ν) = p(x|y), minimizing the KL divergence is thought
of finding the variational posterior q(x; ν) as close to the true posterior p(x|y) as possible.
However, the KL divergence cannot be minimized directly since we do not know the true
posterior p(x|y). Instead, variational inference maximizes the evidence lower bound (ELBO)
L(q(x; ν)), defined as

L(q(x; ν)) =
∫

q(x; ν) ln p(x, y)
q(x; ν)dx (2-7)

=
∫

q(x; ν) ln p(x, y)dx −
∫

q(x; ν) ln q(x; ν)dx (2-8)

= Ex∼q(x;ν)[ln p(x, y)] − Ex∼q(x;ν)[ln q(x; ν)] (2-9)

Further decomposition of L(q(x; ν)) yields the relation

L(q(x; ν)) = Ex∼q(x;ν)[ln p(x, y)] − Ex∼q(x;ν)[ln q(x; ν)] (2-10)
= Ex∼q(x;ν) [ln p(x|y) + ln p(y)] − Ex∼q(x;ν)[ln q(x; ν)] (2-11)
= Ex∼q(x;ν)[ln p(x|y)] + ln p(y) − Ex∼q(x;ν)[ln q(x; ν)] (2-12)

= Ex∼q(x;ν)

[
ln p(x|y)

q(x; ν)

]
+ ln p(y) (2-13)

= −KL (q(x; ν)||p(x|y)) + ln p(y). (2-14)

Equation 2-14 leads to the relation

ln p(y) − L(q(x; ν)) = KL (q(x; ν)||p(x|x)) ≥ 0. (2-15)

Since the evidence ln p(y) is constant with respect to the variational function q(x; ν), the
minimization of the KL divergence with respect to q(x; ν) is equivalent to maximization of
L(q(x; ν)) with constraint ln p(y) ≥ L(q(x; ν)), in which log of the evidence is bounded below
by L(q(x; ν)) and hence the name ELBO.

The optimization problem in variational inference is thus formulated as

min
q(x;ν)

KL (q(x; ν)||p(x|y)) (2-16)

= max
q(x;ν)

L(q(x; ν)) (2-17)

s.t. ln p(y) ≥ L(q(x; ν)). (2-18)
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2-3 Coordinate Ascent Variational Inference

In this section, we present one of the most commonly used variational inference optimization
algorithm, called coordinate ascent variational inference (CAVI) [3]. In CAVI, an additional
constraint is imposed to the optimization problem in Equation (2-17), which fully factorizes
the variational posterior. Then, CAVI iteratively solves the optimization problem for each
factor of q(x|y; ν). As the ELBO in the optimization problem is maximized iteratively, the
style of the optimization can be analogous to that of the alternating minimization algorithm.

The full factorization of q(x|y; ν), commonly known as mean-field approximation, is

q(x; ν) =
M∏

m=1
q(xm; νm), (2-19)

where the variational posterior is factorized into separate factors for each latent variable xm.
As the factorization eliminates the dependencies between x, it allows the CAVI to separately
solve the optimization problem in Equation 2-17 for each variational parameter νm. On one
hand, this reduces the complexity of the optimization as the optimizer ν is reduced into
the lower dimensional vector of νm. On the other hand, the factorized variational posterior
fails to capture the correlations between the latent variables in the underlying true posterior.
This leads to the under representation of the true posterior, especially, the second-order
statistics. The visualization of this under representation is shown in Figure 2-3, where a
two-dimensional Gaussian distribution as a true posterior is approximated by product of two
univariate Gaussian distributions, i.e., p(x1, x2|y) ≈ q(x1; ν1)q(x2; ν2) with νm = [µm, σ2

m].
Thus, the mean field approximation is simplifies the optimization problem at the expense of
reduced accuracy in the posterior estimation.

Figure 2-3: Visualization of approximating a two-dimensional Gaussian posterior by mean field
approximation [4]

Applying the mean-field approximation from Equation 2-19 to the ELBO in Equation 2-17,
the optimal update solution for q(xm; νm) is given by [3]

q(xm; ν∗
m) ∝ Ei ̸=m[ln p(x, y)], (2-20)

where the operator Ei ̸=m[·] denotes taking the expectation with respect to all factors q(xi; νi)
except q(xm; νm).
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The derivation of Equation 2-20 from [3] is as follows. By applying the mean field approxi-
mation in Equation 2-19, the ELBO in Equation 2-9 becomes

L(q(x; ν)) =
∫ M∏

m=1
q(xm; νm) ln p(x, y)∏M

m=1 q(xm; νm)
dxm (2-21)

=
∫ M∏

m=1
q(xm; νm)

{
ln p(x, y) −

M∑
m=1

ln q(xm; νm)
}

dxm (2-22)

=
∫

q(xm; νm)

ln p(x, y)
∏
i ̸=m

q(xi; νi)dxi

 dxm −
∫ M∑

m=1
ln q(xm; νm)

M∏
m=1

q(xm; νm)dxm

(2-23)

=
∫

q(xm; νm) ln p̃(xm, y)dxm −
∫

q(xm; νm) ln q(xm; νm)dxm + const (2-24)

where the substitution in the integrand of Equation 2-24 is defined as

ln p̃(xm, y) =
∫

ln p(x, y)
∏
i ̸=m

q(xi; νi)dxi = Ei ̸=m[ln p(x, y)] + const. (2-25)

In Equation 2-22, the fraction in the logarithm is separated into the numerator and the
denominator terms. In Equation 2-23, the integral is separated for each term and the order
of the first integral is rearranged. Note that the rearrangement of the order is valid due to
the independence between the variational posteriors. From Equation 2-23 to Equation 2-24,
all terms that are not related to the latent variable xm and its variational parameter νm are
absorbed into the constant term. By inspecting Equation 2-24, one can notice that the first
two terms form the negative KL divergence of the variational posterior q(xm, νm) from the
expected log-likelihood ln p̃(xm, y). Therefore, the maximization of the ELBO with respect
to q(xm; νm) is

max
q(xm,νm)

L(q(xm; νm)) = max
q(xm,νm)

−KL(q(xj ; νj)||p̃(xj , y)) (2-26)

= min
q(xm,νm)

KL(q(xj ; νj)||p̃(xj , y)). (2-27)

Since the KL divergence is minimized when q(xj ; νj) = p̃(xj , y), the optimal solution for
q(xj ; νj) is

ln qm(xm; ν∗
m) = Ei ̸=m[ln p(x, y)] + const, (2-28)

where the constant term accounts for the normalization constant of the variational posterior.
Equivalently, this can be also expressed as

ln qj(xm; ν∗
m) = Ei ̸=m[ln p(xm|y, xi ̸=m)] + const, (2-29)

where p(xm|y, xi ̸=m) is the probability of xm conditioned on the observed data and all other
latent variables, which is also known as complete conditional.

So far, we have not made specific assumptions on the form of the variational posterior
q(xm; νm) for which we are optimizing. As can be seen in the optimal solution of CAVI
in Equation 2-20 or 2-28, we have a solution up to multiplicative (or additive constant in the
log form) and hence we still need to compute the normalization constant.
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In CAVI, the computation of the normalization constant for the continuous distribution is
avoided by choosing specific form of prior distributions for given likelihood functions. Specif-
ically, prior distributions for given likelihood functions are chosen such that the resulting
posterior distributions will be in the same form as the priors. These prior distributions are
called conjugate priors and will be described in the following section.

2-4 Conjugate prior

In Bayesian statistics, a likelihood function can be combined with a prior distribution over the
parameter of the likelihood, as seen in the numerator of Equation 2-5. When the resulting
posterior distribution is in the same functional form as the prior distribution, the prior is
referred to as a conjugate prior [3]. The conjugacy of the prior distribution to the likelihood
function is an important concept that simplifies the computation of the posterior distribution.
In the simplest case, consider the linear observation model:

y = Ax + b (2-30)

where y is a vector of observed data, b is a zero-mean Gaussian noise vector (b ∼ N (0, Σ)),
x is an unobserved vector distributed as x ∼ N (0, Γ), and matrix A is assumed to be known.
In this model, the likelihood is

p(y | x) = N (Ax, Σ) (2-31)

with unknown mean Ax and the prior is

p(x) = N (0, Γ). (2-32)

Because the Gaussian distribution is a conjugate prior to the likelihood with an unknown
mean, we know that the posterior distribution is in the form of Gaussian distribution with
unknown mean and covariance. This can be shown as follows:

p(x | y) = p(y | x)p(x)
p(y) (2-33)

∝ p(y | x)p(x) (2-34)

= exp
(

−1
2(y − Ax)T Σ−1(y − Ax) − 1

2xT Γ−1x

)
(2-35)

= exp
(

−1
2
(
xT (AT Σ−1A + Γ−1)x − 2xT AT Σ−1y + yT Σ−1y

))
(2-36)

= exp
(
(x − µ)T P (x − µ) − µT P µ

)
(2-37)

∝ exp
(
(x − µ)T P (x − µ)

)
(2-38)

with
P = AT Σ−1A + Γ−1 and µ = P −1AT Σ−1y. (2-39)

In the derivations above, Equation 2-36 is rearranged into Equation 2-37 by completing the
square of the exponents, and the second term in Equation 2-37 is omitted in Equation 2-38
as the term is independent of x. Since the posterior in Equation 2-38 is in the Gaussian
form with mean µ and covariance P −1, the result shows that the posterior can be computed
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without needing to evaluate the normalization constant. However, if non-conjugate prior is
used, the posterior distribution will not belong to a known family of distributions. In such
cases, numerical approximation methods are required to compute the normalization constant
to fully characterize the posterior. Since inference becomes computationally prohibitive in
more complex hierarchical models, the complex models are usually constructed from the
conjugate pairs of prior and likelihood [4].

2-5 Variational Expectation-Maximization

Variational expectation-maximization (VEM) extends the variational inference by iteratively
updating not only the variational posterior q(x; ν) but also hyperparameters θ of the hier-
archical Bayesian model using the maximum-likelihood [45]. Specifically, given the hyperpa-
rameters θ (i.e., tuning parameters of the hyperpriors), Equation 2-15 is extended to:

ln p(y; θ) − L(q(x; ν), θ) = KL (q(x; ν)||p(x|y, θ)) ≥ 0, (2-40)

and the ELBO is

L(q(x; ν), θ) =
∫

q(x; ν) ln p(x, y; θ)
q(x; ν) dx (2-41)

= Ez∼q(x;ν)[ln p(x, y; θ)] − Ez∼q(x;ν)[ln q(x; ν)]. (2-42)

Assuming the ELBO is not jointly concave in q(x; ν) and θ, it is maximized alternatively with
respect to q(x; ν) and θ. Applying the mean-field approximation and following the coordinate
ascent method, the alternating maximization of the ELBO is defined in two steps:

• E-step: update q(xj , νj) with

ln qj(xj ; ν∗
j ) = Ei ̸=j [ln p(x, y; θ(t))] + const, (2-43)

where θ(t) is the current estimate of the hyperparameter θ

• M-step: update the estimate of θ by

θt+1 = arg max
θ

Ex∼
∏

i
q(xi;νi)[ln p(x, y; θ)]. (2-44)

In the E-step, the maximization of the ELBO with respect to q(x; ν), is the same as in
Equation 2-20, except that the expectation of the complete log-likelihood is conditioned on the
current estimate θ(t) of the hyperparameters (i.e., Ei ̸=j [ln p(x, y; θ(t))] ). In the M-step, the
maximization of the ELBO with respect to the hyperparameters is performed by maximizing
the expected complete data log-likelihood, where the expectation is taken using the most
recent estimations of the posteriors. The entropy term in the ELBO (Equation 2-42) is
constant with respect to θ and therefore does not appear in the M-step.

Alternatively, the VEM can be seen as the ordinary expectation-maximization (EM) with
modification on the E-step where the intractable true posteriors are replaced with variational
posteriors[45].
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2-6 Connection to MAP

Maximum a posteriori (MAP) estimation is a point estimation method used for inference on
unobserved variables of hierarchical Bayesian models, defined as

x̂ = arg max
x

ln p(y, x). (2-45)

While the coordinate ascent variational inference generally requires careful construction of
iterative update equations, solving Equation 2-45 directly using nonlinear optimization meth-
ods might be appealing due to its simplicity. However, as MAP is a point estimation method,
the direct optimization of the MAP estimation is prone to overfitting, particularly when the
true posterior distribution is multimodal [25]. To better understand this tendency, we first
revisit the interpretation of the terms in the ELBO. Recall that the ELBO is expressed as

L(q(x; ν)) =
∫

q(x; ν) ln p(x, y)dx −
∫

q(x; ν) ln q(x; ν)dx (2-46)

= Ez∼q(x;ν)[ln p(x, y)] − Ez∼q(x;ν)[ln q(x; ν)]. (2-47)

The first term of the ELBO represents the fitness of the model to the observed data and
encourages the variational posterior q(x, ν) to place its probability mass around the point
estimate of the MAP since matching the mass of q(x, ν) to the mass of p(x, y) maximizes the
first term. The second term, the entropy of q(x, ν) promotes more dispersed distributions
since entropy of a distribution increases as its probability mass diffuses [4]. In other words,
the second term prefers q(x; ν) to be as general as possible.

In contrast, MAP can be interpreted as maximization of the ELBO using a dirac-delta function
as a variational posterior, i.e., q(x; ν) = δ(x − xMAP) with unknown MAP estimate xMAP.
Following the derivations in [25], substituting into the ELBO leads

L(δ(x − xMAP)) =
∫

δ(x − xMAP) ln p(x, y)dx −
∫

δ(x − xMAP) ln δ(x − xMAP)dx (2-48)

= ln p(xMAP, y) + const. (2-49)

Here, the second term becomes −∞ but independent of xMAP. Consequently, the MAP can
be seen as the variational inference without the regulation term introduced by the entropy
term.

Thus, while MAP estimation offers computational simplicity, the maximization of the ELBO
in the variational inference incorporates the balance between overfitting and underfitting of
the variational posterior distribution, making the variational inference more robust than MAP
estimation when the true posterior distribution is multimodal.

2-7 Related work: Joint Detection-Estimation (JDE)

In this section, prior work on the joint detection-estimation (JDE) developed for fMRI in
literature is presented, based on which our proposed model will be designed.

The JDE was first introduced by Makni et. al. [31] in 2005 as a Bayesian method to simulta-
neously perform two tasks that were traditionally handled in separate steps: (1) a detection
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step to localize brain regions activated by a given stimulus, and (2) an estimation step to
capture the hemodynamics of the brain.

To achieve this, the JDE employs variational inference framework and jointly estimates three
key components: the neural activation class labels (e.g., "active" or "non-active") for each
pixel, the neural response level (NRL) indicating how strongly a region is activated, and the
last component is the HRF.

Figure 2-4 provides a high-level overview of the components estimated by the JDE framework.

Figure 2-4: Schematic of the JDE framework. Detection of activation class and estimation
of pixel-level NRLs and a single common HRF are performed jointly. Activation image under
"Detection" is adapted from Zeithamova (2008) [53], © 2008 Society for Neuroscience. Used
under educational fair use.

Within the variational inference framework, the computation of the JDE has been imple-
mented in two different ways in literature: (a) with a sampling-based method known as
Markov Chain Monte Carlo (MCMC), and (b) with a deterministic method like CAVI de-
scribed in Section 2-3. Most of the prior works before 2012 such as [31, 32, 49] use MCMC
which is typically computationally more intensive than CAVI.

The adaptation to CAVI was pioneered in 2012 by Chaari et al. [7] and most of the prior
works after 2012 implement the JDE using the deterministic method. The most recent ex-
tension of the JDE method is joint parcellation-detection-estimation (JPDE) [1] where the
parcellation of the brain is also estimated simultaneously with the spatial activity map and
the hemodynamic response.

In this thesis, we extend the JDE to capture not only the hemodynamic response but also the
neural response of the brain using the CAVI implementation. Thus, in this section we limit
our scope to the JDE in [7].

2-7-1 Observation Model

The observation model in the JDE involves the convolution between the timings of the exper-
imental conditions and the HRF. Measurement noise and physiological artifacts are added
to the convolution signal. As most hemodynamic models used in literature, the timings of
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experimental conditions are used as a surrogate of neural activity signals, disregarding the
variability of neural activation level in time and space. In the JDE, the notion of the vari-
ability in neural activity is reflected on NRLs, which are modeled as unknown pixel-specific
scaling factors of the convolution for each experimental conditions.

Let yj ∈ RN×1 denote the blood oxygenation level dependent (BOLD) signal at pixel j in
region of interest (ROI) of the brain, where N is the temporal signal length, and xm ∈ RN×1

denotes the time series of the experimental condition. The HRF is assumed to be shared across
all pixels in the ROI and is modeled as an FIR filter, of length Lh, denoted by h ∈ RLh×1.
The NRL for the external condition m at pixel j is am

j , and am
j is assumed to be independent

of other experimental conditions and pixels.

Assume M experimental conditions, the observed BOLD signal at pixel j is modeled as

yj =
M∑

m=1
am

j Xmh + P ℓj + ϵj . (2-50)

Here:

• Xm ∈ RN×Lh is a Toeplitz matrix of xm.

• am
j Xmh represents the convolution of the HRF and the surrogate mth input signal xm

which is weighted by NRL am
j , reflecting the neural activation at pixel j.

• ϵj ∈ RN×1 is the measurement noise at pixel j.

• P ℓj ∈ RN×1 represents low frequency artifacts in the BOLD at pixel j.

• P ∈ RN×U is a discrete cosine transform (DCT) matrix containing one DC offset vector
and U − 1 low frequency cosine vectors of length N .

• ℓj is a coefficient vector for P .

As for the number U of basis vectors in the matrix P , U is determined as [11]:

U = ⌈2Nfmin⌉ + 1, (2-51)

where fmin is the lowest frequency component that is attributable to the low frequency artifact
in the BOLD signal. Alternatively, one may think of fmin as a cut-off frequency of a low-pass
filter typically used in preprocessing.

In Equation 2-50, the BOLD signal yj and the time course of the experimental condition xm

(and thus Xm) are the only variables that we observe. In the context of variational inference,
we treat HRF h and NRL am

j as random variables for all j and m, which we refer to as latent
variables. Since we treat these variables as random variables, they are distributed according to
some prior distributions. Their prior distributions are chosen to reflect our prior physiological
knowledge on the latent variables, which we will discuss in details in the following section.
On the other hand, we refer to other non-random quantities P , ℓj as model parameters.
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Figure 2-5: Graphical model for hierarchical bayesian model of JDE [7]: circular nodes represent
latent random variables and square nodes represent model parameters. Nodes for observed variable
and parameter are shaded. The rectangular plate with number (M or J) indicates the number
of identical copies of the plate. The direction of edges connecting nodes indicate the causal
dependence between the nodes.

2-7-2 Hierarchical Bayesian Model

Apart from the latent variables h and am
j from Equation 2-50, we define additional latent

variable, zm
j , the neural activation class label. Before we discuss these latent variables and

their priors, we shall first present the graphical Bayesian model in Figure 2-5 to provide an
overview of the hierarchical Bayesian model.

The graphical model represents the hierarchical Bayesian structure in which the causal rela-
tions between variables are indicated by directed edges. For example, the node yj is directly
connected to nodes Xm, am

j , h, σj , P and ℓj , through the arrows directed to yj . This
represents that the observed measurement yj is generated by the variables and parameters
that are directly connected to it. Assuming σ2

j is the parameter related to the noise vector
ϵj , this agrees with the observation equations in Equation 2-50, where the generation of the
observation is yj directly dependent on those parameters.

The graphical representation helps preserve the clarity of the model’s structure as we introduce
additional equations and symbolic notation in the following sections.

To complete the hierarchical Bayesian model, the likelihood from the observation equation
and a prior distribution of each latent variable are specified in the following.
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2-7-3 Likelihood

The likelihood of the observed data reflects the fitness of the chosen model for the data and its
distribution is characterized by the noise model. In the JDE framework [32, 7], a first-order
auto-regressive (AR(1)) model is used to model colored noise in the BOLD signal due to the
physiological noise. Specifically, the noise ϵj is modeled as

ϵj ∼ N (0, Γ−1
j ) (2-52)

with
Γj = σ−2

j Λj , (2-53)

where Λj is

Λj =


1 −ρj 0 · · · 0

−ρj 1 + ρ2 −ρj · · · 0
. . . . . . . . .

0 · · · −ρj 1 + ρ2 −ρj

0 · · · 0 −ρj 1

 ∈ RN×N (2-54)

and ρj is the AR(1) coefficient for pixel j. Γj represents the precision matrix of the AR(1)
noise and σ2

j = σ2
0

1−ρ2
j
, with σ2

0 ( the variance ) of the white noise in the AR(1).

From the noise model in Equation 2-52 and the observation model in Equation 2-50, the
likelihood for yj is

p(yj |h, aj ; X, P , ℓj , Γj) = N
(

M∑
m=1

am
j Xmh + P ℓj , Γ−1

j

)
(2-55)

= (2π)− N
2 det(Γj)

1
2 exp

−1
2

(
yj −

M∑
m=1

am
j Xmh − P ℓj

)⊤

Γj

(
yj −

M∑
m=1

am
j Xmh − P ℓj

) ,

(2-56)

where aj is represents the set aj = {am
j }m=1:M . We assume that the noise is independent

between pixels and define sets here to avoid cluttering: y = {yj}j=1:J , a = {am
j }m=1:M

j=1:J ,
ℓ = {ℓj}j=1:J , X = {Xm}m=1:M and Γ = {Γj}j=1:J . The likelihood for all observation y is
then expressed as:

p(y|h, a ; X, P , ℓ, Γ) =
J∏

j=1
p(yj |h, aj ; X, P , ℓj , Γj) (2-57)

=
J∏

j=1
N
(

M∑
m=1

am
j Xmh + P ℓj , Γ−1

j

)
. (2-58)

Throughout this report, the symbol with omitted subscript and superscript denotes a set of
such symbol over the omitted subscripts and superscripts for compactness.
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2-7-4 Prior on Hemodynamic Response Function

For the model prior of the HRF, Chaari et al. [7] follows the prior models proposed in [5, 16],
in which two physiological assumptions are incorporated: (a) the HRF is causal and decays to
a baseline; (b) variations of the HRF are smooth. For (a), the first and the last coefficients of
the HRF are fixed to zero, i.e., h(1) = h(Lh) = 0. For (b), a zero-mean multivariate Gaussian
prior with a covariance matrix based on the second-order difference matrix D is used:

h(2 : Lh − 1) ∼ N
(
0, σ2

hR
)

(2-59)

with

D =



−2 1 0 0 · · · 0
1 −2 1 0 · · · 0
0 1 −2 1 · · · 0
0 0 1 −2 · · · 0

... . . . . . . 1
0 0 · · · 0 1 −2


∈ R(Lh−2)×(Lh−2) (2-60)

and
R = (∆t)4(D⊤D)−1, (2-61)

where h(2 : Lh − 1) contains the FIR coefficients of the HRF from 2 and Lh − 1 time points
and ∆t is the sampling period of the observation. σ2

h is the scaling factor of the covariance
matrix, which represents our uncertainty about the shape of HRF and controls the amplitude
of h and how much the observation y is reflected on the solution of h. For instance, a small σ2

h

means we are confident that the second derivative of HRF is small, which in turn encourages
the solution of h to be flat. On the other hand, a large σ2

h represents that we are uncertain
about our smooth fluctuation assumption, allowing both h to have large second derivative
and the observation data to have large influence on the shape of h.

2-7-5 Prior on Neural Response Level

The NRL am
j reflects the amplitude of the neural activity and is conditioned on the activation

class zm
j . The distribution of am

j is modeled as Gaussian:

p(am
j |zm

j = k; µim, vim) ∼ N (µim, vim) for k ∈ {0, 1}, (2-62)
where µim and vim are the mean and variance of the neural activation level at pixel j for
the activation class zm

j = k. Here, zm
j = 1 represents that the neural population at pixel j

is activated for stimulus m. zm
j = 0 represents that pixel j is not activated for stimulus m.

With the assumption that the non-activated pixel does not contribute to the observed signal,
the mean NRL for non-activated pixel is set to zero (i.e., µ0m = 0) while all other parameters
are unknown and are to be estimated. Additionally, the JDE assumes that the NRL for all
experimental conditions are independent and the NRL at each pixel is independent of other
pixels. Thus, the prior distribution for a set of NRLs a is modeled as:

p(a|z ; µ{1:M}, v{1:M}) =
J∏

j=1

M∏
m=1

p(am
j |zm

j ; µm, vm) (2-63)

(2-64)
where µm = {µ0m, µ1m} and vm = {v0m, v1m}.
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2-7-6 Prior on Neural Activation Class

The physiological knowledge used for activation class label zm
j is the regional homogeneity in

the brain. The regional homogeneity is the hypothesis that the neural populations in a given
region are likely to share the same activation state [27, 24, 47]. For instance, when neural
population at pixel j is active, we expect neighboring pixels to be also active. Assume there
are two activation classes: 1 for "active" and 0 for non-active. The neural activation class for
a set zm = {zm

j }j=1:J is modeled using Ising model[34]:

p(zm; βm) = 1
Z(βm) exp

βm

J∑
j=1

∑
i∈δj

I(zm
i = zm

j )

 (2-65)

where βm is the spatial regularization parameter and I(·) is the indicator function: I(zm
i =

zm
j ) = 1 if zm

i = zm
j and 0 otherwise. δj denotes all neighboring pixels of pixel j. The

indicator function in the exponents accounts for the number of neighboring pixels in the same
activation class. Z(βm) =

∑
zm e

βm

∑
j∼i

I(zm
i =zm

j ) is the normalization constant, which is the
summation over all possible configurations of zm.

The Ising model promotes the regional homogeneity of the activation between pixels. For
instance, the exponent becomes larger when more neighboring pixels share the same activation
class, resulting in larger probability for configuration zm with a high regional homogeneity.
Similarly, the degree of the regional homogeneity is controlled by βm. When βm is small, the
regional homogeneity becomes weak as the exponent becomes small.
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Chapter 3

Proposed Model

In this chapter, we present a cascade LTI model to capture the dynamics of the neurovascular
coupling of the brain. Specifically, we model the neurovascular system in two FIR filters: the
first one is neural response function (NRF) which models the dynamics of neural activity and
the second one is HRF. We then extend this LTI system to a hierarchical Bayesian model,
in which we incorporate some known physiological phenomena. We proceed with derivation
of the optimal solutions in CAVI framework and present the iterative update solutions to the
designed model.

3-1 Neurovascular Model

As stated in Chapter 1, our objective is to model and estimate dynamics of the complex
neurovascular system in the brain. Figure 3-1 illustrates the high-level structure of our cascade
LTI model. Given an external stimulus presented to a subject, the neurons in some brain
regions react and process the incoming stimulus and generate neural activity. The NRF is
modeled as an LTI system, where the stimulus onset serves as the input and the resulting
neural activity as the output. This output reflects the collective response of the neuronal
population within a given pixel. The resulting neural activity causes contraction and dilation
of capillaries surrounding the activated neurons to meet the metabolic demand, which in turn
causes the change in blood volume through HRF.
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Figure 3-1: High-level illustration of our neurovascular model. The convolution of the binary
stimulus onset input signal and the neural response function yields the neural activity signal. The
neural activity signal is then mapped to the measured power Doppler image signal via convolution
with the hemodynamic response function. The traces of the neural response function, neural
activity, and power Doppler image signals in this figure are adapted from Nunez-Elizalde et al.,
2022, [38], © 2025 Elsevier B.V. Used under fair use for academic purposes.

The PDI signal in fUS is commonly in three dimensional format, two spatial dimensions for
a 2D slice of the brain and one dimension for the time evolution of the signal. Throughout
this paper, we consider ROI of PDI data: a subset of pixel js in the 2D slice and N samples
in time and we refer pixel to the index as j. Let yj ∈ RN×1 denote the PDI signal at pixel j,
and xm ∈ RN×1 denote the time series of the onset of external stimulus m. We consider that
M different stimuli or experimental conditions are used.

The neurovascular system is represented as a two-stage convolution system:

yj =
M∑

m=1
XmRm

j h (3-1)

or

yj =
M∑

m=1
XmHrm

j . (3-2)

Here:

• rm
j ∈ RLr×1 denotes the NRF at pixel j for stimulus m, modeled as a FIR of length Lr,

• h ∈ RLh×1 denotes the HRF, modeled as a FIR of length Lh,

• Xm ∈ RN×(Lh+Lr+1) is a Toeplitz matrix of xm,

• Rm
j ∈ R(Lh+Lr−1)×Lh is a Toeplitz matrix of rm

j ,

• H ∈ R(Lh+Lr−1)×Lr is a Toeplitz matrix of h.

In the model above, we assume that:

• the NRF is specific to each pixel and depends on the stimulus type.

• The HRF is shared across all pixels in the ROI.

As noted in Chapter 1, PDI signals contain not only the blood signal, but also measurement
noise from the electronic equipments. Furthermore, PDI signals often contain low frequency
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artifacts that are not rejected in the clutter filtering, which originate from cardiovascular
pulsatility and breathing.

Assuming that the noise and the artifacts are additive to the blood signal in the PDI signal,
and following [7], the model equation becomes

yj =
M∑

m=1
XmRm

j h + P ℓj + ϵj (3-3)

yj =
M∑

m=1
XmHrm

j + P ℓj + ϵj . (3-4)

where ϵj ∈ RN×1 is the measurement noise, and P ℓj are the artifacts. Here, P ∈ RN×U

contains a set of low frequency sinusoids and DC offset, and ℓj ∈ RU×1 is the coefficient
vector for P .

3-2 Bayesian model

In this section, we extend our observation model defined in Equations 3-3 and 3-4 by adopting
a Bayesian framework. Specifically, we treat the unknown variables h and rm

j as latent
variables with specific distributions to incorporate our prior physiological knowledge.

In addition to these latent variables, we introduce two more latent variables: zm
j and βm. zm

j

represents the activation class of neural population at pixel j under stimulus m and βm is
related spatial correlation of zm

j . Compared to the JDE presented in Section 2-7-2, the roles
of zm

j and βm remain unchanged. However, in our model, βm is explicitly treated as a latent
variable with a prior distribution.

Figure 3-2: Graphical model of the proposed JDE. In comparison to the graphical model in
Figure 2-5, the NRL am

j node is replaced by NRF rm
j in our model. In addition, the spatial

regularization parameter βm is treated as a latent variable.
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Figure 3-2 shows the graphical representation of our proposed Bayesian model. As described
in Section 2-7-2, directed edges in graphical Bayesian models denote causal dependencies
between variables. Although the overall structure resembles the earlier model, our proposed
model differs in rm

j node and βm node.

In what follows, we define the likelihood from the observation equations and a prior distribu-
tion of each latent variable.

3-2-1 Likelihood

We model the measurement noise ϵj from Equations 3-3 and 3-4 as independently and iden-
tically distributed (iid) additive zero-mean Gaussian noise with noise variance of σ2

j for all
pixels and time steps. While an AR(1) noise model is often used in fMRI data, since fMRI
is known to have correlated noise, the characteristics of measurement noise in fUS data have
not been investigated, and thus we use the simplest noise model here.

Since ϵj is a random variable, the observed signal yj follows a Gaussian distribution, the
likelihood of the observed signal yj as a function of latent variables and parameters is:

p(yj |rj , h, ℓj ; σ2
j ) = N

(
M∑

m=1
XmRm

j h + P ℓj , σ2
j IN

)
(3-5)

= 1
(2πσ2

j )
N
2

exp

− 1
2σ2

j

(
yj −

M∑
m=1

XmRm
j h − P ℓj

)⊤(
yj −

M∑
m=1

XmRm
j h − P ℓj

),

(3-6)

or alternatively,

p(yj |rj , h, ℓj ; σ2
j ) = N

(
M∑

m=1
XmHrm

j + P ℓj , σ2
j IN

)
(3-7)

= 1
(2πσ2

j )
N
2

exp

− 1
2σ2

j

(
yj −

M∑
m=1

XmHrm
j − P ℓj

)⊤(
yj −

M∑
m=1

XmHrm
j − P ℓj

),

(3-8)

where IN is the N ×N identity matrix. For compactness, we denote the set of NRFs involved
at pixel j as rj = {rm

j }m=1:M . Note that similar to the two observations equations, we have
Equations 3-5 and 3-7 that are equivalent but with different ordering of the two convolutions,
due to the commutativity of convolution.

Since we assume the noise is iid for all pixels, the set of PDI signals for all pixels, denoted by
y = {yj}j=1:J , has likelihood function

p(y|r, h, ℓ; σ2) =
J∏

j=1
p(yj |rj , h, ℓj ; σ2

j ). (3-9)

Again, the set of drift coefficients involved with pixel j is denoted by ℓ = {ℓj}j=1:J for
compactness.
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3-2-2 Prior on HRF

To construct the prior model of the HRF, we use two physiological assumptions on the HRF
as in [5, 7] (also from Section 2-7):

• HRF has smooth variation,

• HRF is causal and decays to a baseline.

The first assumption stems from the fact that the HRF maps from the neural activity to the
PDI signal which is related to the change in the blood volume. Since the blood volume in
the brain cannot change rapidly due to physiological limitations, the HRF should not contain
rapid fluctuation but rather has smoothly varying shape.

The second assumption incorporates two key features: first, the amplitude of HRF at onset
should be zero or near zero to ensure the causality of the hemodynamic response; second,
the HRF is modeled as a stable FIR, reflecting the empirical observations that the change in
blood volume due to neurovascular coupling returns to the baseline within a finite time.

All JDE methods in literature [31, 32, 49, 7, 1] incorporate the first assumption using the
second-order finite difference matrix and the second assumption by fixing the first and last
coefficients of h to zero (See Section 2-7-4). While the effect of setting the two coefficients after
every posterior update on h has not been reported in literature, this causes inconsistency in
the CAVI algorithm, especially when the posterior variance of h is used in the update solutions
of other variables. Therefore, we modify the covariance matrix in Equation 2-60 to encourage
incorporating the second assumption without fixing the first and last coefficient of h.

Recall that the prior distribution of h is a multivariate Gaussian. The proposed covariance
matrix in our design is

R = (AT A)−1 ∈ RLh×Lh , (3-10)

where

A = 1
∆t2 (D2 + B), B =


−a 0 · · · 0

0 0
...

... . . . 0
0 · · · 0 −a

 ∈ RLh×Lh . (3-11)

where the sampling period of PDI ∆t and the second-order difference matrix D2 are kept the
same as in Equation 2-59. Here, the difference from the earlier design is that the additional
matrix B reduces the variance of the first and last coefficients of h by a.

From a Ridge regression perspective, the addition of B is effectively equivalent to the in-
creasing penalty on the first and the last coefficients of h and their related cross-terms in a
quadratic cost function. Figure 3-3 visualizes the effect of the modification on the covariance
matrix, where the first and the last coefficients in randomly generated samples of h are close
to zero.

In addition to this modification, we include a nonnegative prior mean µh0, as opposed to
the earlier design where the prior mean is set to zero. This helps guide the estimation of h
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Figure 3-3: 50 randomly generated samples of h of length Lh = 35 from zero-mean multivariate
Gaussian distribution with the original covariance matrix (Left) and with the modified covariance
matrix (Right). ∆t = σ2

h = 1 is used. In both plots, the random vectors generated from
Gaussian distribution exhibit smooth shape, which helps the estimation of h avoid overfitting to
the noise. Comparing to the left and the right plots, it can be observed that the modification of
the covariance matrix drives the first and the last coefficients of the random vectors towards zero.

towards positive response function, which is important because our neurovascular model is
more ill-posed due to the the presence of two convolution stages.

The resulting prior distribution for h is:

h ∼ N
(
µh0, σ2

hR
)

. (3-12)

where σ2
h is a scaling factor of the covariance matrix, which represents our uncertainty about

the shape of HRF and controls the amplitude of h, as touched upon in Section 2-7-4.

To sum up, we model the distribution of h as a multivariate Gaussian distribution whose
random realizations have smooth variation, causal onset and decay. By choosing this prior,
we effectively confine the solution space of h to the space where h resembles the HRF in
Figure 2-1b.

3-2-3 Prior on NRF

The prior work of the JDE in Section 2-7-5 captures the notion of neural activity as a scalar
(am

j ), representing the amplitude of the convolution between the HRF and the stimulus signal
xm. In our model, we extend the notion of the neural activity to a vector rm

j to capture its
temporal dynamics in response to the onsets of stimulus. Similar to the prior model of HRF
in the previous section, we use a multivariate Gaussian distribution as a prior distribution of
the NRF. However, unlike the HRF, an empirical shape of NRF has not been specified in
literature. Therefore, we design an expected shape of the NRF based on the neural response
reported in [2, 17, 38, 40].

Our model assumptions on NRF are:

• Change in neural activity signal is instantaneous to the onset of stimulus,
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• The NRF decays exponentially to a baseline after the onset of stimulus.

As regards the first assumption, while we recognize the causality of the neural activity in real
life, the sampling rate of the NRF in our cascade LTI needs to be aligned with the sampling
rate of the HRF, which is limited to the sampling rate of the PDI signal (typically up to
10Hz). Therefore, we assume that the onset of the neural activity can be instantaneous to
the onset of stimulus when the sampling period of the neural activity is adjusted to the PDI
signal.

As for the second assumption, although an actual neural response is generally considered to
be nonlinear and depends on various factors such as types, intensity and durations of the
external stimulus, we ignore the effect of the intensity and duration of stimulus in our model
by approximating the neural response as a simple linear FIR that decays rapidly after the
onset of the stimulus.

To impose the prior model assumptions on the NRF, we use a zero-mean multivariate Gaussian
distribution conditioned on the neural activation class zm

j ∈ {0, 1}. We assume zm
j = 1

represents that the neural population in pixel j is active for stimulus m. We model the prior
distribution of rm

j for zm
j = 1 as:

p(rm
j |zm

j = 1) ∼ N (0, Σ1m) . (3-13)

where covariance matrix Σ1m is based on the second-order stable spline kernel [39], whose
a-th row and b-th column entry is defined as:

Σ1m(a, b) = λr

(
α

a+b+max(a,b)
r

2 − α
3 max(a,b)
r

6

)
(3-14)

λr ≥ 0, 0 ≤ αr < 1 . (3-15)

Here, αr is a decay factor which accounts for the exponential decay of the NRF and λr is a
scaling factor which represents the degree of our prior belief on the shape of NRF and controls
the amplitude of rm

j , analogous to σ2
h in the prior of HRF.

Figure 3-4 illustrates random vectors generated using the stable spline, incorporated with the
assumptions of the NRF. Assuming that the zero NRF corresponds to the baseline neural
activity, the negative NRF can be interpreted as a suppression of the baseline neural activity.

For the case where the neural population is not activated by stimulus m (zm
j = 0), we model

the prior distribution of rm
j as:

p(rm
j |zm

j ) = N (0, Σ0m) (3-16)

with a diagonal covariance matrix
Σ0m = σ2

0ILr , (3-17)

where ILr denotes the Lr × Lr identity matrix.

The prior distribution of rm
j conditioned on the class assignment zm

j from Equations 3-13 and
3-16 can be summarized as:

p(rm
j |zm

j ) =
{

N (0, Σ1m) for zm
j = 1.

N (0, Σ0m) for zm
j = 0.

(3-18)
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Figure 3-4: 50 random realizations of rm
j (Lr = 15) from a zero-mean multivariate Gaussian

distribution with the second-order stable spline kernel.(λr = 1, αr = 0.84). The random vectors
follow the exponential decay. This encourages the estimation of the NRF towards decaying
functions, which helps the estimation algorithm avoid overfitting to the noise.

As zm
j is a hard mixture assignment taking a value of either 0 or 1, p(rm

j |zm
j ) can be interpreted

as a hard Gaussian mixture of two, given by:

p(rm
j |zm

j ) = N (0, Σ1m)I(zm
j =1) + N (0, Σ0m)I(zm

j =0) (3-19)

where I(·) is the indicator function.

So far, we have made assumptions and constructed the prior model only on the NRF at
pixel j and stimulus m. As a final step of the Bayesian model design on NRF, we consider
independence of NRF between all pixels and stimulus types. The complete prior distribution
of NRF for the set of all NRF r = {rm

j }j=1:J, m=1:M conditioned on z = {zm
j }j=1:J, m=1:M is

thus given as:

p(r|z) =
J∏

j=1

M∏
m=1

p(rm
j |zm

j ). (3-20)

3-2-4 Prior on Activation Class

To detect the neural activations in the brain, we use the same model as used in [7] (see also
Section 2-7-6), namely, Ising model. Although the prior model remains the same, we shall
provide brief summary of the Ising model here for completeness.

We consider two activation classes of neural populations in the brain: "active" and "non-
active". Specifically, suppose zm

j ∈ {0, 1} denotes the activation class label at pixel j for
stimulus m. When the neural population at pixel j is activated in response to stimulus m,
zm

j = 1. On the other hand, zm
j = 0 denotes that the neural population is not activated for

stimulus m.

The physiological knowledge used for the activation class zm
j is the regional homogeneity

hypothesis, in which the neural populations in a given region are likely to share the same
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activation state [27, 24, 47]. The neural activation class for a set zm = {zm
j }j=1:J is modeled

using the Ising model as:

p(zm; βm) = 1
Z(βm) exp

βm

J∑
j=1

∑
i∈δj

I(zm
i = zm

j )

 (3-21)

where βm is the spatial regularization parameter and I(·) is the indicator function. δj de-
notes the set of all neighboring pixels of pixel j and thus,

∑
i∈δj

denotes summation over all
neighboring pixels of pixel j. In the Ising model, we consider 4-neighbor interactions in 2D
lattice.

The indicator function in the exponents accounts for the number of neighboring pixels in
the same activation class. Because of this, when more neighboring pixels share the same
activation class, the probability of such configuration becomes higher, promoting regional
homogeneity.

The strength of the regional homogeneity is controlled by βm. For instance, a large βm

encourages the neighboring pixels to be in the same activation class. In general, the value
βm ≈ 0.88 is known as a critical value of the Ising model, at which the activation pattern
undergoes from disordered pattern to coherent pattern [34].

The normalization constant Z(βm) =
∑

zm exp
(
βm

∑J
j=1

∑
i∈δj

I(zm
i = zm

j )
)

is the summa-
tion of probabilities over all possible configurations of zm. In practice, this normalization
constant is intractable even for relatively small 2D image as the number of possible configu-
ration grows exponentially, i.e., 2J , with the number of pixels J .

As a final remark, the following expression of the Ising model is also commonly used in
literature:

p(zm; β̄m) = 1
Z̄(β̄m)

e
β̄m

∑
j∼i

I(zm
i =zm

j ) (3-22)

where
∑

j∼i denotes the summation over all possible neighboring pairs and critical value in
this case is β̄m ≈ 1

2βm = 0.44. We present both expressions in Equations 3-21 and 3-22 to
avoid confusion for readers who may be more familiar with the alternative expression shown
above. Both formulations are equivalent since:

p(zm; βm) = 1
Z̄(β̄m)

exp

β̄m

∑
j∼i

I(zm
i = zm

j )

 (3-23)

= 1
Z̄(β̄m)

exp

1
2 β̄m

J∑
j=1

∑
i∈δj

I(zm
i = zm

j )

 (3-24)

= 1
Z̄(2βm)

exp

1
2 · 2βm

J∑
j=1

∑
i∈δj

I(zm
i = zm

j )

 (3-25)

= 1
Z(βm) exp

βm

J∑
j=1

∑
i∈δj

I(zm
i = zm

j )

 , (3-26)

where 1
2 is due to compensate for the double counting of edges between neighboring pixels.
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3-2-5 Prior on Spatial Regularization Parameter

The earlier work on JDE in [7] assumes that the spatial regularization parameter βm of the
Ising model is a fixed model parameter. In our JDE model, we consider βm as a latent
variable. Based on the study of the Ising model in [34], we assume the independence of βm

between stimulus types and impose a uniform prior distribution on βm for all m = 1, 2, . . . M .
The resulting prior distribution for the set β = {βm}m=1:M is given by:

p(β) =
M∏

m=1
p(βm) =

M∏
m=1

U(u1, u2) (3-27)

where U(·, u1, u2) denotes a uniform distribution with lower bound u1 and upper bound u2.
As regards the values of the bounds, u1 = 0.8 and u2 = 2 are considered in this study. These
specific values of the lower and upper bounds are chosen to enforce the spatial regularization
to stay around the critical value ≈ 0.88 [34].

3-2-6 Summary

Our hierarchical Bayesian model is summarized as follows:

βm; u1, u2 ∼ U(u1, u2) for m = 1, 2, . . . M (3-28)

zm|βm ∼ 1
Z(βm)e

βm

∑
j∼i

I(zm
i =zm

j ) for m = 1, 2, . . . M (3-29)

rm
j |zm

j ; Σm1, Σm0 ∼ N (0, Σm1)I(zm
j =1) + N (0, Σm0)I(zm

j =0) for m = 1, 2, . . . M (3-30)
and j = 1, 2, . . . J

h; σ2
h, R ∼ N (µh0, σ2

hR) (3-31)

yj |h, rj ; X, P, ℓj , σ2
j ∼ N

(
M∑

m=1
XmHrm

j + P ℓj , σ2
j IN

)
(3-32)

∼ N
(

M∑
m=1

XmRm
j h + P ℓj , σ2

j IN

)
for j = 1, 2, . . . J (3-33)

The corresponding complete data likelihood is:

p(y, h, r, z, β; Θ) = p(y|h, r)p(h)p(r|z)p(z|β)p(β). (3-34)

Here, it should be noted that the model parameters are omitted for compactness.

3-3 Variational Expectation-Maximization Estimation

In this section, we present the iterative update rules for our Bayesian model under the VEM
framework. As described in Section 2-5, the latent variables and some model parameters
are estimated by maximizing the evidence lower bound (ELBO) of the Bayesian model. The
estimates include the sets of latent variables r, h, z, and β, as well as the sets of model
parameters ℓ, σ2

h, and σ2.

T. Fujioka Master of Science Thesis



3-3 Variational Expectation-Maximization Estimation 33

3-3-1 Mean Field Approximation

We begin by specifying the form of the variational posterior distribution over the latent
variables. Using the mean-field approximation, the variational posterior is factorized as:

q(h, r, z, β) = q(h)q(r)q(z)q(β) (3-35)

=
J∏

j=1
q(rj)

M∏
m=1

q(zm
j )q(βm)q(h) (3-36)

Equation 3-35 assumes independence among the sets of latent variables. In Equation 3-36, we
further assume independence among pixels and stimulus types. For the posterior activation
class q(zm

j ), we assume that the label at pixel j and stimulus m is independent of other labels.
Similarly, for q(βm), we assume that the spatial regularization parameter is independent across
stimulus types.

However, for q(r), we only assume independence across pixels and we allow dependence across
stimulus types within the same pixel, similar to the JDE model in [7]. This allows our model
to capture correlations in the NRF across stimuli.

As described in 2-3, the mean-field approximation is used to avoid intractable computa-
tion during estimation via optimization, at the expense of reduced accuracy in the posterior
estimation. In this case, breaking independence between shapes NRF and HRF is more phys-
iologically sound since HRF depends on the structure of the surrounding vascular systems
while NRF depends on neuronal types. However, removing dependency among pixels tends
to underrepresent the posterior distribution. This is because closely spaced non-neighboring
neuronal populations are likely to be correlated.

3-3-2 ELBO and Update Strategy

Let θ = {ℓ, σ2
h, σ2} denote the set of model parameters to be estimated. The ELBO under

the factorized variational posterior is:

L (q(h)q(r)q(z)q(β), θ) =
∫

q(h)q(r)q(z)q(β) ln p(y, h, r, z, β; θ)
q(h)q(r)q(z)q(β)dh dr dz dβ (3-37)

= Eq(h)q(r)q(z)q(β)[ln p(y, h, r, z, β; θ)] − Eq(h)q(r)q(z)q(β)[ln q(h)q(r)q(z)q(β)], (3-38)

where Eq(·) denotes taking the expectation of a function with respect to the variational pos-
terior.

Let θ(t) and q(·)(t) denote estimates at iteration t. The VEM algorithm alternates between
optimizing the ELBO with respect to the variational distributions (E-step) and the model
parameters (M-step), as outlined below:
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Algorithm 1 Variational EM Algorithm

1: Initialize: θ(0), q(0)(h), q(0)(r), q(0)(z), q(0)(β)
2: for t = 1, 2 . . . until ELBO converges do
3: E-step:

• Update-r:

ln q(t)(r) c= Eq(t−1)(h)q(t−1)(z)q(t−1)(β)

[
ln p(y, h, r, β; θ(t−1))

]
(3-39)

• Update-h:

ln q(t)(h) c= Eq(t)(r)q(t−1)(z)q(t−1)(β)

[
ln p(y, h, r, β; θ(t−1))

]
(3-40)

• Update-z:

ln q(t)(z) c= Eq(t)(h)q(t)(r)q(t−1)(β)

[
ln p(y, h, r, β; θ(t−1))

]
(3-41)

• Update-β:
ln q(t)(β) c= Eq(t)(h)q(t)(r)q(t)(z)

[
ln p(y, h, r, β; θ(t−1))

]
(3-42)

4: M-step:

θ(t) = arg max
θ

Eq(t)(h)q(t)(r)q(t)(z)q(t)(β) [ln p(y, h, r, β; θ)] (3-43)

5: end for

Each E-step update maximizes the ELBO with respect to one variational distribution while
keeping the others fixed. The M-step maximizes the ELBO with respect to the model param-
eters θ using the current variational distributions.

In the following, we present the update equations by evaluating the expectations in Equations
3-39–3-42 and 3-43, which yields closed-form solutions for each variational distribution and
model parameter. Especially, we will observe that each one of update equations for q(h)
and q(r) reduces to a closed-form solution given by variational parameters in the form of
Gaussian distributions. This is simply because we use Gaussian priors for h and r, which
are conjugate prior to the Gaussian likelihood with an unknown mean. Full derivations can
be found in Appendix A. Regarding the ELBO evaluated at each iteration in Algorithm 1,
its computation can be found in Appendix B. The source code for the implementation of this
algorithm is available at Github. For the sake of brevity, we omit the superscript (t) and the
irrelevant model parameters.

Update of rj: Each latent response function rj follows a Gaussian distribution:

q(rj) = N (µrj
, Σrj ) (3-44)
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with the posterior mean µrj
and covariance Σrj

Σrj =
(

1
σ2

j

Eq(h)
[
G⊤G

]
+

K∑
k=1

ΦjkΣ−1
k

)−1

∈ RMLr×MLr (3-45)

and
µrj

= Σrj

1
σ2

j

Eq(h)[G]⊤
(
yj − P ℓj

)
∈ RMLr . (3-46)

Here, rj is a vertical stacking of rm
j , defined as

rj =


r1

j

r2
j
...

rM
j

 ∈ RMLr , (3-47)

and G is defined as

G =
[
X1H X2H · · · XM H

]
∈ RN×(MLr) (3-48)

for shorthand notation. ϕm
jk = q(zm

j = k) represents posterior probability of pixel j belonging
to activation class zm

j for stimulus m. The other symbols are defined as:

Σ−1
k =


Σ−1

k1
Σ−1

k2
. . .

Σ−1
kM

 ∈ RMLr×MLr , (3-49)

and

Φjk =


ϕ1

jkILr

ϕ2
jkILr

. . .
ϕM

jkILr

 ∈ RMLr×MLr , (3-50)

where I(a) is the identity matrix of the size a × a.

Update of h: The posterior of HRF also follows a Gaussian variational posterior:

q(h) = N (µh, Σh) (3-51)

with closed-form expressions for µh and Σh given by:

Σh =

 J∑
j=1

1
σ2

j

Eq(rm
j )

( M∑
m=1

XmRm
j

)⊤( M∑
m=1

XmRm
j

)+ 1
σ2

h

R−1

−1

(3-52)

and

µh = Σh

 J∑
j=1

1
σ2

j

(
M∑

m=1
XmEq(rm

j )
[
Rm

j

])⊤ (
yj − P ℓj

)
+ 1

σ2
h

R−1µh0

 . (3-53)
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Update of zm
j : The posterior of the activation class label zm

j at each pixel-stimulus pair is
given by a categorical distribution:

q(zm
j = k) ∝ N (µrm

j
; 0, Σkm) exp

−tr(Σ−1
kmΣrm

j
) +

∑
i∈δj

ϕm
ikµβm

 . (3-54)

Note that this is an unnormalized distribution. The normalization constant can be computed
by simply summing over all k.

Update of βm: Each spatial regularization parameter βm is updated through

q(βm) ∝
J∏

j=1

exp
(
βm

∑J
j=1

∑
i∈δj

∑K
k=1 ϕm

jkϕm
ik

)
∑K

k=1 exp
(
βm

∑
i∈δj

ϕm
ik

) U(βm, u1, u2) (3-55)

Note that this is not in the closed-form. To compute mean µβm and normalization constant,
we use numerical integration in the interval (u1, u2).

Update of model parameters θ = {ℓ, σ2
h, σ2}: In the M-step, the parameters are estimated

by maximizing the expected complete-data log-likelihood with respect to the current varia-
tional distributions:

ℓ = arg max
ℓ

Eq(h)q(r)q(z)q(β)[ln p(y, h, r, z, β; θ)] (3-56)

σ2
h = arg max

σ2
h

Eq(h)q(r)q(z)q(β)[ln p(y, h, r, z, β; θ)] (3-57)

σ2 = arg max
σ2

Eq(h)q(r)q(z)q(β)[ln p(y, h, r, z, β; θ)] (3-58)

By evaluating expectation, each of these leads to a closed-form update solution:

ℓj = W −1b =
(
P ⊤P

)−1
P ⊤

(
yj − Eq(h) [G] µrj

)
, (3-59)

σ2
j =

(yj − 2Eq(h)[G]µrj
− P ℓj)⊤(yj − P ℓj) + µ⊤

rj
Eq(h)[G⊤G]µrj

+ tr
(
Eq(h)[G⊤G]Σrj

)
N

,

(3-60)

σ2
h =

−Lh +
√

8λ(µh − µh0)⊤R−1(µh − µh0) + 8λ tr
(
R−1Σh

)
+ (Lh)2

4λ
. (3-61)

3-4 Practicalities

As a final note in this chapter, we briefly address an important practical consideration re-
garding the choice of the scaling parameters in the Gaussian priors of h and rm

j , particularly
when applying the proposed JDE algorithm (Algorithm 1) to real fUS data.
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As discussed in Sections 3-2-2 and 3-2-3, the scaling parameters σ2
h from the HRF and λr

from the NRF determine the strength of our prior belief relative to the data. In particular,
they control the influence of the prior means and the overall amplitudes of h and rm

j . In
practice, their values must be chosen with the noise variance σ2

j in mind.

When σ2
j is large and the scaling parameters are small (i.e., σ2

h ≪ σ2
j ), the posterior updates

for h and rm
j are dominated by the prior. As a consequence, the posterior estimates of h and

rjm tend to collapse towards the prior mean.

To demonstrate, recall the posterior update equations for the posterior covariance of h:

Σh =

 J∑
j=1

1
σ2

j

Eq(rm
j )

( M∑
m=1

XmRm
j

)⊤( M∑
m=1

XmRm
j

)+ 1
σ2

h

R−1

−1

(3-62)

and the posterior mean

µh = Σh

 J∑
j=1

1
σ2

j

(
M∑

m=1
XmEq(rm

j )
[
Rm

j

])⊤ (
yj − P ℓj

)
+ 1

σ2
h

R−1µh0

 . (3-63)

When σ2
h ≪ σ2

j , the data-dependent terms become negligible. As a result, we have Σh ≈ σ2
hR

and µh ≈ µh0, meaning that the posterior is driven mostly by the prior. If the prior mean µh0
is set to zero, the posterior HRF will also be close to zero regardless of the data. Furthermore,
since the amplitude of rm

j directly influences the data-dependent term in both equations, the
collapse of one of these variables reinforces the collapse of the other.
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Figure 3-5: (a): Variance of PDI signals used in this thesis. The average variance over 2D slices
is approximately 7.7 × 109. (b): Estimated HRF with σ2

h = 10, λr = 1 and a zero-mean Gaussian
prior. This demonstrates the posterior collapse.

This issue is especially relevant for the real fUS dataset used in this thesis as the variances
range from 105 to over 1011, as shown in Figure 3-5a. Figure 3-5b illustrates the consequence
of choosing σ2

h = 10 and λr = 1, with the zero-mean priors and an initial half sine waveform
for the HRF. As can be seen, the posterior HRF estimate collapses to near-zero.
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To address this, we choose larger values for the scaling parameters in our real data experiments
(see Chapter 5), specifically σ2

h = 100 and λr = 100 to ensure that the model remains sensitive
to the observed data.

In summary, when dealing with high noise variance, it is essential to scale the prior variances
accordingly to avoid the collapse of the posterior estimates. This also ensures that the model
remains data-driven. Moreover, as the h and rm

j influence each other through the update
equations, careful tuning of both σ2

j and λr is crucial.
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Chapter 4

Numerical Experiments

This chapter presents and discusses the results from the proposed cascade convolution model
of Chapter 3 using synthetic data. The goal is to validate the model’s ability to recover
latent neural and hemodynamic response functions and detect activated pixels. We begin by
assessing the convergence behavior and estimation quality across different datasets in Section
4-2. We then examine the model’s robustness to varying noise levels in Section 4-3, followed
by an analysis of how prior scaling parameters affect estimation performance in Section 4-4.

4-1 Experimental Setup

We consider a spatial grid of size 20×20 (J = 400 pixels) and a temporal length N = 240. For
the external stimuli, we use two stimuli (M = 2), each modeled as a sequence of Dirac-delta
functions representing stimulus onset times.

The lengths of the HRF and NRF are set to Lh = 35 and Lr = 15, respectively.

For the synthetic data, we generated three distinct data sets. Figure 4-1a shows two activation
patterns obtained from the PyHRF Python library, which are used consistently across all three
data sets. In these activation maps, yellow pixels represent active regions for the corresponding
stimulus, while blue pixels indicate inactive regions. Note that some pixels may be active for
both stimuli.

Figure 4-1b shows the unique HRF used in each of the three synthetic data sets.

For the NRF, we first define a reference NRF trace for each stimulus, shown as solid lines in
Figure 4-1c. Then, for each active pixel, we generate its specific NRF by adding iid Gaussian
noise with a standard deviation of 0.015 to the corresponding reference trace (shown as
transparent lines in Figure 4-1c). Although the same reference traces are used across all data
sets, the pixel-specific NRFs are independently generated for each set.

Stimulus onset times are randomly generated for each data set. Each stimulus sequence
contains approximately 24 onsets.
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40 Numerical Experiments

(a) Ground truth activation patterns for two stimuli: activation pat-
terns for stimulus 1 (m = 1)(Left) and stimulus 2 (m = 2) (Right).
Active pixels (zm

j = 1) for each stimulus are colored yellow and non-
active pixels (zm

j = 0) are colored blue.
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(b) Ground truth HRFs used for three
different synthetic data sets.
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(c) Ground truth NRFs of all 400 pix-
els from Set 1. Two solid lines are used
to generate rm

j for pixels that are active
for each stimulus by adding iid zero-mean
Gaussian noise with standard deviation of
0.015. rm

j for non-active pixels are gen-
erated from the same Gaussian distribu-
tion. The gray traces represent the NRFs
of non-active pixels.

Figure 4-1: Ground truth of latent variables

In all numerical experiments, we ignore slow drift terms by setting P ℓj = 0 for all j. For model
initialization, the posterior probability of activation assignment is set uniformly: q(zm

j = 1) =
q(zm

j = 0) = 0.5 for all j and m, meaning that the probability of a pixel being active or inactive
under each stimulus is initially equal for all pixels. The HRF is initialized as a half sine wave
spanning the entire HRF length. The spatial regularization parameter βm is initialized at
0.88.

The full set of model parameters used in this experiment is listed in Tables 4-1 and 4-2.
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Table 4-1: Model parameters and initializations

Model parameter Value Description

∆t 0.25s Sampling period of synthetic data (= 4Hz)
σj 2σground truth Initial noise variance
λr 1 Scaling factor of second-order stable-spline kernel
αr 0.84 Decay factor of second-order state-spline kernel
σ2

0 1.3 × 10−4 Scaling parameter of the prior NRF for non-active pixels.
σh 1 Initial scaling factor for HRF prior
µh0 0 Mean of HRF prior
u1 0.6 Lower bound of uniform distribution on βm ∀ m
u2 2 Upper bound of uniform distribution on βm ∀ m

Table 4-2: Variational parameters and initializations

Variational parameter Value Description

µh 0 Initial posterior mean of HRF
Σh ILh

Initial posterior variance of HRF
q(zm

j ) 0.5 ∀ m, j Initial posterior activation class assignment weight
βm 0.88 ∀ m Initial spatial regularization parameter

4-2 Convergence

In this section, we demonstrate the convergence of estimations obtained by our proposed
model. Measurement noise is added to the synthetic data as zero-mean Gaussian noise dis-
tributed as N (0, σ2

j IN ). In this experiment, we assume a signal-to-noise ratio (SNR) of 10dB.
Since the HRF in each synthetic data set has a different response gain (i.e., area under the
curve), the noise variances are set to 2.76, 1.36, and 1.04 for Sets 1, 2, and 3, respectively.
The noise variance is constant across all pixels within each data set.

The posterior probability map (PPM) for both stimuli (m = 1, 2) across all data sets is shown
in the left two columns of Figure 4-2. Here, the PPM represents the estimated posterior
probability of each pixel being in the "active" state, i.e., q(zm

j = 1).

In Set 3, the estimated PPM perfectly matches the ground truth activation patterns. In Set
2, there is only a single false detection at location (height, width) = (13, 4). In contrast,
Set 1 shows a significantly higher number of false detections, totaling 85 misclassified pixels.
Since these activation class assignments condition the prior distribution of the NRF, a higher
misclassification rate can degrade the quality of the NRF estimates. Figure 4-2 displays the
posterior means of the NRFs for the detected active pixels (transparent lines), along with the
average NRF across these means for each stimulus (solid blue line for stimulus 1 and solid
red line for stimulus 2). In line with the detection estimate, the average NRFs from Set 2
and 3 closely resemble the ground truth traces. For Set 1, on the other hand, they deviate
from the ground truth due to the large number of false detections. In fact, the NRFs from
the misclassified pixels of Set 1 correspond to those that are around zero in the plot.

One potential cause for these misclassifications lies in the factor N (µrm
j

|0, Σm zm
j

) in the
update of q(zm

j ) (Equation 3-54). Because NRF priors for both active and non-active classes
are zero-mean, their probability mass overlap substantially. As a result, the spatial coherence
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term can dominate the update step, causing non-active pixels to be misclassified as active.
Moreover, as the NRFs from these misclassified pixels remain close to zero, the contribution
from observed data may not be strong enough to avoid direction of this local maximum
induced by spatial coherence.

In contrast to the activation class and NRF estimates, the estimated HRFs in Figure 4-2
closely match the ground truth across all sets.

As a remark, it must be noted that the peak amplitudes of HRFs in the plots have been
rescaled to 1 and the reciprocal of the same scaling has been applied to the corresponding
NRFs. This normalization reflects the inherent scaling ambiguity between the estimated HRF
and NRF in blind deconvolution problems.
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Figure 4-2: Estimation Results for SNR of 10dB
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Figure 4-3: Increase in ELBO at each iteration

Finally, Figure 4-3 illustrates the iterative increase of ELBO for each data set. The JDE is
terminated when the improvement of ELBO falls below a threshold of 1. Interestingly, Set 1,
which yielded the worst estimation quality converged after only iterations of 19, whereas Set 2
and 3 required 34 and 96 iterations, respectively. This early convergence in Set 1 suggests that
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4-3 Robustness to Noise 43

the estimation may have been trapped in a bad local maximum, leading to poor estimation
results. Similar convergence patters were observed across 10 different realizations, where the
average number of iterations to convergence was 19.5 for Set 1, 34.1 for Set 2, and 106.1 for
Set 3, confirming the observed trends.

4-3 Robustness to Noise

In this experiment, the generated data from the previous section were used with a range of
noise variances in order to investigate the robustness of the proposed method to variations in
noise levels.

The noise variances were selected to correspond to SNR values of 20, 15, 10, 5, 0, −5dB across
the datasets. For each dataset, 10 realizations of the noise were added. To isolate the effect
of noise from the effect of initialization, the same model parameters and initializations from
Tables 4-1 and 4-2 were used for all conditions.

We evaluated the performance of the proposed algorithm by computing the average relative
error for the HRF, NRFs, and reconstructed synthetic data, as well as the average number of
misclassifications in activation detection.

The relative error between an estimate Ā and the ground truth A is defined as:

Relative error [%] = ∥Ā − A∥F

∥A∥F
× 100 (4-1)

where ∥ · ∥F is the Frobenius norm. Regarding the computation of the relative error for
NRFs and the reconstructed data, the error is computed by summing the Frobenius norms
of residuals over the active pixels.

Figure 4-4a illustrates the relative errors of the reconstructed data averaged across noise real-
izations for each dataset, alongside 2 standard deviation interval. The relative reconstruction
error behaves similarly across datasets in the SNR range of 20 to 5dB. At lower SNR levels,
the reconstruction error increases rapidly, especially for Set 2. Although we do not have a
reference model for direct comparison of noise robustness, assuming a practical SNR range
between 5dB and 15dB, the relative reconstruction error remains below 20%, suggesting that
our JDE exhibits sufficient robustness to noise for practical datasets.

Figure 4-4b shows the average relative error between the estimated and ground truth HRFs
for each dataset. The relative errors for Sets 1 and 2 behave similarly to the reconstruction
errors shown in Figure 4-4a. However, Set 3 shows notably larger relative errors at SNR levels
of 15dB and 20dB. Figure 4-5 displays the HRF and NRFs estimated at 15dB for Set 3. In
this figure, the slope of the estimated HRF after the peak is delayed and shifted to the right
compared to the ground truth. The reason of the relatively large relative error is attributed
to the bias from the prior distribution of HRF. As seen during the model design of Figure 3-3,
peak values of random vectors generated from the HRF prior tend to be concentrated around
the middle of a vector. This tendency causes the prior to bias the peak location toward the
center. Despite this bias, the reconstruction errors at 15dB and 20dB remain low because the
average traces of the NRFs shift slightly to the left, compensating for the delay in the HRF.

Master of Science Thesis T. Fujioka



44 Numerical Experiments

As shown in Figure 4-4c, the average relative errors for the NRFs display a similar trend
across datasets, resembling the behavior of the reconstruction errors. Notably, the NRFs
from Set 1 exhibit higher relative errors in the 5 − 20dB range.

When comparing Figure 4-4d to Figures 4-4a and 4-4c, it can be seen that the average relative
errors for both reconstruction and NRFs remain relatively unaffected by the high number of
misclassifications in Sets 1 and 2 at 5dB. This indicates that the misclassified pixels mostly
consists of false positive detections.

To sum up, our JDE model demonstrates moderate robustness to noise in capturing the
underlying hemodynamic signals over a practical SNR range, as evidenced by the relative
reconstruction error plots. The model also estimates the HRF accurately within this range,
with average relative errors below 10%, except for Set 3. The NRFs are similarly well esti-
mated. However, the model struggles with distinguishing the activation class of non-active
pixels, particularly when the estimated NRF is smooth and close to zero at 5dB and 10dB.
Thus, the activation detection capability of the JDE model remains sensitive to noise levels.
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Figure 4-4: Estimation results for SNR[dB]= {20, 15, 10, 5, 0, −5}. The bar at each point of the
plot represents 2 standard deviation across 10 noise realization of each condition.

T. Fujioka Master of Science Thesis



4-4 Effect of Scaling Parameters 45

0 1 2 3 4 5 6 7 8 9

Time [s]

-0.2

0

0.2

0.4

0.6

0.8

1

A
m
p
li
tu
d
e
[-
]

Ground truth HRF
Estimated HRF
Initial HRF

0 0.5 1 1.5 2 2.5 3 3.5

Time [s]

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

A
m
p
li
tu
d
e
[-
]

Ground Truth trace
Average NRF (m = 1)
Average NRF (m = 2)

Figure 4-5: Estimated HRF and NRFs from Set 3 at 15dB

4-4 Effect of Scaling Parameters

In this section, we investigate how the scaling parameters λr(from the NRF prior) and σ2
h(from

the HRF prior) influence the estimation performance. In specific, we repeated the same
experiment again for Set 1 using a common scaling value c ∈ {0.1, 1 10} for both parameters,
i.e., λr = σ2

h = c. The case c = 1 corresponds to the value used in the previous section
and serves as a baseline for comparison. Again, 10 realizations of noise were added to the
ground truth data for SNR levels {20, 15, 10, 5, 0, −5}dB and all other model parameters and
initializations were kept the same as in Tables 4-1 and 4-2. Performance was evaluated using
the average relative error for HRF, NRFs, and reconstructed data, as well as the average
number of misclassified pixels in activation detection. Across most SNR levels, relative errors
in the reconstructed data ,estimated HRF and NRFs were largely unaffected by the choice of
c, except for a modest increase in reconstruction error at c = 10 in the 5–15dB range. Thus,
the plots for these results are omitted for brevity.
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Figure 4-7: The estimated HRFs and NRFs
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Figure 4-6 shows the average number of misclassified pixels. As can be seen, increasing the
scaling parameter consistently reduces misclassifications, while decreasing it made detection
more sensitive to noise. Although we could not directly explain this trend through analytical
expressions, visual inspection of the estimated HRF and NRFs empirically suggests that
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scaling influences classification indirectly via shifting effect on HRF and NRF estimation as
observed in the previous section. Figure 4-7 illustrates these effects at 10dB. For c = 10,
the HRF estimate is skewed to the right while for c = 0.1, it is biased to the left. These
shifts occur with systematic changes in the decay rate and amplitude of the corresponding
NRFs. Specifically, a right-biased HRF corresponds to NRFs with higher amplitudes and
faster decays, while a left-biased HRF is associated with lower amplitudes and slower decays.
When the NRF estimates lean toward sharp and high amplitude patterns, misclassified non-
active pixels are penalized more severely in the likelihood, increasing residuals and making
them easier to reject. This leads to fewer false positives.

These observations suggest that scaling the prior covariance introduces a trade-off between
bias in the estimated HRF and NRF shapes and robustness in activation detection.

T. Fujioka Master of Science Thesis



Chapter 5

Real Experiments

In this chapter, we apply our JDE model to the real fUS imaging data of the brain. We begin
our estimations with the initialization that contains information about possible underlying
structures of the data in Section 5-3. The validation of the estimated components are assessed
by comparing the measured PDI signals and neural recordings from the dataset in [38].

Subsequently, the estimation is repeated with non-informative initialization and the resulting
estimates are validated in Section 5-4.

5-1 Data Acquisition

We used a dataset of simultaneous fUS and neural recordings from Nunez-Elizalde et al [38].
The general data acquisition procedure and preprocessing steps conducted in their study are
summarized below. For full details, the reader is referred to [38].

Data were collected from awake, head-fixed mice (C57/BL6) exposed to a 2Hz flashing checker-
board stimulus at three spatial locations: left, center, and right, totaling number of stimulus
conditions M = 3. Each recording session lasted approximately 8 minutes. Doppler sig-
nals were recorded at 500Hz from an ultrasound transducer over a coronal slice covering the
primary visual cortex and hippocampus. The Doppler signals were segmented into 400ms
batches with 50ms overlap. Each batch was high-pass filtered with a cut-off of 15Hz and the
first 15 principal components were removed to eliminate artifacts due to slow-moving tissues
[12]. PDIs were then computed by measuring the power of the Doppler signals in the cental
non-overlapping 300ms window, resulting in PDI signals with a temporal resolution of 3.33Hz
and a spatial resolution of 48.3µm × 100µm.

Neural activity was recorded using Neuropixels probes [19] inserted along parasagittal tra-
jectories to intersect the PDI imaging plane at the visual cortex. Low field potential (LFP)
signals were recorded at each electrode site of Neuropixels. The recorded LFP signals were
spike sorted and manually curated to extract single-unit and multi-unit activities. These were
summed across electrode sites overlapping the imaging plane to yield a single firing rate trace
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for the visual cortex. The traces were binned at 300ms intervals to match the temporal res-
olution of PDI signals. Figure 5-1 illustrates the data acquisition setup using a single probe.
Note that we used the data with two Neuropixels probes in this thesis, meaning there is an
additional Neuropixels probe on the right hemisphere of the brain.

Figure 5-1: Example of data acquisition setup with a single Neuropixels probe [38]: (A)
Schematic of concurrent fUS and electrophysiological recordings in the primary visual cortex
(V1) and hippocampus (HPC). (B) Coronal PDI image showing the Neuropixels probe trajectory
intersecting the imaging plane (purple) and extending anterior to it (yellow). (C) Example of
spike activity over time and depth recorded in (V1). (D) Averaged firing rates derived from the
spike data.

5-2 Experimental Setup

For this thesis, we used event-evoked recordings on a mouse labeled CR017 in the dataset of
Nunez-Elizalde et al [38]. The mouse was shown 40 trials of checkerboard stimuli at three
screen positions (left, center, right), repeated four times. Only one screen flashed at a time
and stimuli were not overlapping in time. We denote these stimuli as m = 1, m = 2, and
m = 3 for the left, center, and right screens of flashing checkerboards, respectively. The
illustrations of the presented visual stimuli and the Pearson correlation coefficient (PCC)
between the PDI signals and the boxcar stimulus sequence (delayed by 2.1s for maximum
correlation) are shown in Figure 5-2.
The original PDI data had dimensions 125×80 in 2D space and 1593 in time. We focus on four
ROIs depicted in Figure 5-2. We focused on four region of interest (ROI)s (see Figure 5-2)
selected based on pixels showing magnitude of a Pearson correlation coefficient (PCC) above
0.08 with the delayed (2.1s) boxcar stimulus signals. These ROIs correspond roughly to the
visual cortex (ROI 1 and 4) and hippocampus (ROI 2 and 3). To remove edge artifacts, we
truncated the first 9 and the last 10 samples of the original fUS data, resulting in a temporal
length of 1574 samples. The spatio-temporal dimension for each ROI is as follows:

• ROI 1: 40 × 25 × 1574 (J = 40 × 25 = 1000 and N = 1574)
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• ROI 2: 24 × 13 × 1574 (J = 24 × 13 = 312 and N = 1574)

• ROI 3: 26 × 14 × 1574 (J = 26 × 14 = 364 and N = 1574)

• ROI 4: 31 × 24 × 1574 (J = 31 × 24 = 744 and N = 1574)

Neural signals were taken from spike-sorted and curated firing rates, binned at 300 ms. Final
traces were averaged over 52 electrodes (left probe) and 266 electrodes (right probe), and also
truncated to 1574 samples for alignment.
As a final remark, we did not apply the normalization to PDI signals as that was used in [38]
during the estimation of the JDE. Furthermore, consistent with prior JDE design principles
in [7], we performed no low-pass filtering or de-trending on the PDI signals before applying
our method.

(a) Left stimulus(m = 1) (b) Center stimulus(m = 2) (c) Right stimulus(m = 3)

Correlation Map with left visual stimulus (m = 1)
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Correlation Map with center visual stimulus (m = 2)
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(e) Correlation with center
stimulus

Correlation Map with right visual stimulus (m = 3)
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(f) Correlation with right
stimulus

Figure 5-2: (a)-(c): illustrations of the flashing checker board stimuli [38]. (d)-(f): correlation
maps between the PDI signals and the boxcar stimulus sequences (delayed by = 2.1s). Thresh-
olded at |PCC| > 0.08 and overlaid on average PDI signals. Cyan and magenta lines indicate
intersections of Neuropixels probes.

5-3 Estimation with Informative Initialization

In this section, we present the results of our JDE with informative initializations on the ROIs.
"Informative" refers to initializations that contain information extracted from the real data
set. In specific, we initialized activation class of a pixel to "active" (zm

j = 1) if its absolute
correlation with the delayed boxcar stimulus exceeded 0.08; otherwise, it was initialized to
"non-active" (zm

j = 1). For HRF, we initialized the mean of HRF with a single gamma
canonical HRF with a peak amplitude of 1, a time-to-peak (TTP) of 2.4s and a full width at
half maximum (FWHM) of 2.7s, based on the reported HRF in [38]. The values of the model
parameters and other latent variables used for the estimation are compiled in Tables 5-1 and
5-2.
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Table 5-1: Model parameters and initializations

Model parameter Value Description

∆t 0.3s Sampling period of real data (= 3.3Hz)

σj

∑N

n=1
(yj(n)−ȳj)2

(N−1) Initialized at sample variance of yj (ȳ denotes sample mean)
λr 100 Scaling factor of second-order stable-spline kernel
αr 0.84 Decay factor of second-order state-spline kernel
σ2

0 0.157 Set to match determinants ( det Σ0m = det Σ1m)
σh 100 Initial scaling factor for HRF prior
µh0 µh Set to initial µh (TTP= 2.4s, FWHM= 2.7s, amplitude 1)
ℓj - Estimated initially with µh = 0, µrj

= 0
u1 0.8 Lower bound of uniform distribution on βm ∀ m
u2 2 Upper bound of uniform distribution on βm ∀ m

Table 5-2: Variational parameters and initializations

Variational parameter Value Description

µh - TTP= 2.4s, FWHM= 2.7s and peak amplitude of 1
Σh ILh

Initial posterior variance of HRF
q(zm

j ) - Initialized at q(zm
j = 1) = 1 if PCC > 0.08 (Zero otherwise)

βm 0.88 ∀ m Initial spatial regularization parameter

5-3-1 Estimated HRFs

Figure 5-3 displays the estimated HRF for each ROI alongside the initial gamma HRF. The
initial HRF amplitude was rescaled for comparison.
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Figure 5-3: Initial HRF and estimated HRFs for four ROIs. Note that the initial HRF with peak
amplitude of 1 is rescaled to the peak amplitude of the estimated HRF for visualization purpose.

Comparing to the initial HRF, we observe that the peaks of all estimated HRFs are followed
by the undershoots, diverging from the initial single-gamma HRF. Contradicting to the
reported HRF in [2], our results suggest that the underlying HRFs are likely to follow two-
or higher-gamma HRF model than the single-gamma.

In terms of response speed, estimated HRFs from ROI 2 and 3 have faster response as both
TTPs and FWHM are shorter and their overall shapes are shifted to the left. On the other
hand, the HRFs from ROI 1 and 4 have relatively similar response time to the initial HRF.
ROI 2 and 3 roughly correspond to the hippocampus in the left and right hemisphere and
ROI 1 and 4 roughly correspond to the left and right visual cortices. The observations of
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the response time indicate that the hippocampus has faster response than the visual cortex.
Assuming structural symmetry in the brain, the estimated HRFs can be seen as a supportive
indication for the regional dependency hypothesis on HRF.

Overall, despite the observed differences between the estimated HRF and the initial HRF,
the estimated HRFs align with multi-subject values of TTP of 2.1 ± 0.3s (median ± median
absolute deviation) and FWHM of 2.9 ± 0.6s in [38], confirming the physiological plausibility
of our HRF estimates.

5-3-2 Detected Activation Maps

Initial activation map for left visual stimulus (m = 1)
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Initial activation map for center visual stimulus (m = 2)
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(a)

Initial activation map for right visual stimulus (m = 3)
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Estimated PPM for left visual stimulus (m = 1)
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Estimated PPM for center visual stimulus (m = 2)
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(b)

Estimated PPM for right visual stimulus (m = 3)
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Figure 5-4: (a): Initial activation maps. (b): Estimated activation maps for left (m = 1), center
(m = 2), and right (m = 3) stimuli

Figure 5-4a displays the initial activation maps and Figure 5-4b shows the estimated activation
maps. The estimated activation maps are nearly identical to the initial ones, as expected given
that the initial activation maps already contain information about pixels with input-output
correlation. The estimated activation maps have slightly higher spatial coherence, particularly
in ROI 1 and 4 as they have fewer non-active pixels within clusters. Although the estimated
activation maps do not yield more information than the initializations, the near-equivalence
confirms that our JDE solution remained close the initial sub-optimal point.

Regarding both the initial and the estimated activation maps, it can be observed that the
activation patterns for the left and right visual stimuli have asymmetric structures and oppo-
site to each other while the center visual stimulus yields a symmetric activation map. These
structures are consistent with lateralized visual processing [51], where each hemisphere pri-
marily handles information from the opposite side of the visual field, and commitment from

Master of Science Thesis T. Fujioka



52 Real Experiments

the opposite hemisphere could be modulated. This will become clearer as we present the
estimated neural responses in the following section.

5-3-3 Estimated NRFs

Traces of the estimated NRFs from the active pixels in the activation maps are shown in 3×4
panels in Figure 5-5. In this figure, a column of the panel corresponds to a ROI and a row
corresponds to a stimulus type. For instance, three plots of NRF in the left most column
show the estimated NRFs in ROI 1 for left (m = 1), center (m = 2), right (m = 3) visual
stimuli.

ROI 1 and 2 (the left visual cortex and hippocampus) reveal negative neural responses to the
left stimulus and positive responses to the center and right stimuli. On the other hand, ROI 3
and 4 (right hemisphere) have the opposite relation between the signs of neural response and
the stimulus types. These sign differences align with the signs of coefficients in the correlation
map in Figure 5-2.

Knowing that the estimated HRFs for all ROIs have large positive response (see Figure 5-3),
the negative NRFs imply a decrease in blood volume in the left visual cortex and hippocam-
pus during the left visual stimulus decreases and similarly in the right visual cortex and
hippocampus during the right stimulus. Although the underlying mechanism for these nega-
tive responses remains uncertain, based on the lateralized visual processing pattern observed
in the previous section, the estimated neural responses are consistent with neural inhibition
hypothesis and attentional modulation processes [37, 33]. These frameworks propose that
neuronal activity in task-irrelevant areas is suppressed to facilitate information processing in
task-relevant areas.

In summary, the stimulus-dependent polarity of the estimated neural responses across hemi-
spheres supports the hypothesis of functionally lateralized processing. Furthermore, the align-
ment of neural activity patterns with estimated activation maps and correlation structures
(Figure 5-2) reinforces the physiological plausibility and interpretation of the estimated NRFs.

5-3-4 Validity of Estimates

To assess the reliability of the estimated components, we evaluated how well the reconstructed
PDI signals matched the measured data. Specifically, we computed the PCC between the
reconstructed and the low-pass filtered PDI signals (cut-off of 0.3Hz), shown in Figure 5-6a.
The correlation map shows moderate to high PCC values in each ROI. The average PCC
in ROI 1, 2, 3 and 4 are found to be 0.347, 0.403, 0.386 and 0.393, respectively. Although
these values might be generally considered low, we found that the maximum PCC between
the low-pass filtered PDI signals and the delayed boxcar stimuli is only 0.326. This suggests
that the dataset contains low input-output correlation information. Given this, the obtained
average PCC values indicate that our JDE model can moderately capture the relationship
between the stimulus and the measured PDI signals.

Next, we examined the validity of the estimated neurovascular dynamics within the probe
regions. We first computed the PCC between the average of the reconstructed and low-pass
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Figure 5-5: Estimated NRFs of four ROIs with informative initializations. The estimated NRFs.
Columns: ROI 1 − 4; Rows: stimulus types m = 1 (top), m = 2 (middle), m = 3 (bottom).
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Figure 5-6: (a): Correlation between low-pass filtered measured PDI and reconstructed PDI.
(b): Low-pass filtered measured and reconstructed PDI signals at peak PCC pixel for each ROI

filtered measured PDI signals within the probe areas, which are found to be 0.41 and 0.44.
These results further indicate moderate accuracy in capturing the stimulus-blood relation.

We then reconstructed the aggregated neural activity signal within each Neuropixels probe
area to evaluate how well the neural activity estimated from the PDI signals reflects the
actual neural activity. Figure 5-7b shows the bandpass-filtered average firing rate (pass band
0.08 − 0.8Hz) and the reconstructed neural activity on a normalized scale.

In this figure, the two signals for each probe appear noticeably different. The aggregate of
reconstructed neural activities showed low correlations of 0.24 and 0.30 for the left and right
probes, respectively. As a baseline for comparison, we also evaluated the correlations between
the measured firing rate and the sum of (delayed) boxcar stimuli with adjusted polarity, which
yielded correlations of 0.20 and 0.27, respectively.
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Figure 5-7: (a): Average reconstructed PDI signal within probes. Left probe (Top) and right
probe (Bottom). (b): Average reconstructed neural activities in left probe (Top) and right probe
(Bottom)

Here, “adjusted polarity” refers to using a weighted combination of stimulus boxcar functions,
specifically

∑M
m=1 cmxm, where xm is the boxcar stimulus for stimulus m and cm ∈ −1, 1 is

a sign factor chosen from the polarities of the average NRF for each stimulus. For instance,
c1 = −1, c2 = c3 = 1 were used when computing correlation to the neural firing rate from left
Neuropixels probe, according to the polarity of the average NRFs in ROI 1.

This implies that despite their low correlation values, the reconstructed neural activity repre-
sent the measured neural activity better than the commonly assumed surrogate signal models.

Moreover, without these polarity adjustments (i.e., cm = 1 for all m), the boxcar stimulus
model yielded significantly low correlation coefficients < 0.08. This strongly indicates that the
neural firing rates decrease in one side of the hemisphere when the direction of incoming visual
stimulus is on the same side and thus, further supporting the neural inhibition hypothesis
mentioned before.

Taken together with the moderate PCC values for the average PDI signals in the probe
areas, these observations suggest that our JDE model can moderately capture not only the
direct input-output dynamics between stimulus onsets and measured PDI signals but also the
intermediate dynamics between the stimulus and the underlying neural activity inferred from
PDI.

Although we can directly validate the estimated neural activity only in the probe regions due
to the limited spatial coverage, the similarity between the PCC values in the ROIs and those
in the probe areas supports the validity of the estimated components in other regions as well.

To sum up, the correlations between the reconstructed and measured PDI signals were rel-
atively high in both the ROIs and the Neuropixels probes areas, despite the inherently low
input-output correlation in the measured data. While the reconstructed neural activities
showed only moderate correlations with the measured neural activity (≈ 0.24–0.30), they
nonetheless outperformed commonly used surrogate input models. These results indicate
that our JDE model can moderately capture and represent the neurovascular dynamics in the
fUS data.
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5-4 Verification with Non-informative Initialization

In Section 5-3, we presented estimation results using informative initialization, where activa-
tion patterns and the mean HRF were initialized based on correlation maps and the reported
HRF in [38]. To verify the consistency of these results, we repeated the estimation on the
same experimental data using a non-informative initialization. Specifically, the activation
patterns were initialized uniformly (q(zm

j ) = 0.5 for all pixels j and stimulus types m), and
the mean HRF was initialized as a single gamma function with a TTP of 1.5s and FWHM of
2.03, which differs notably from the prior-informed shape in [38]. We initially attempted to
keep the same values used as in the previous estimation. However, ROI 3 quickly converged
to a poor local minimum within 10 iterations, resulting in zero activation detections and neg-
ative HRF, likely due to low detection sensitivity. To mitigate this, we gradually increased
the scaling parameter of the NRF prior until convergence improved, resulting in λr = 300.
Following this adjustment, the estimated HRFs from both initializations matched closely
(PCC > 0.999). This indicates that the informative initialization does not introduce signif-
icant bias into the HRF estimation and thus, reinforcing the validity of the HRF estimates
and the possibility of region-specific HRF hypothesis observed earlier.
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2 3 4 5 6 7 8 9

Width [mm]

0

1

2

3

4

5

6

D
ep

th
[m

m
]

ROI 1
ROI 2 ROI 3

ROI 4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
P

os
te

ri
or

ac
ti

va
ti

on
p

ro
b

ab
il

it
y

(z
m

=
1)

Detected Activation for right visual stimulus (m = 3)
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Figure 5-8: Estimated activation maps with non-informative initialization for left (m = 1), center
(m = 2), and right (m = 3) stimuli. Red pixels denote activations detected with informative
initialization.

Figure 5-8 shows the estimated activation maps under the non-informative initialization on
top of the informative ones. Compared to the informative results, notable differences can be
observed in ROIs 2 and 3 for the left stimulus, where no activations were detected. espe-
cially ROI 2 and 3 where there is no detected active pixel, whereas the rest of the activations
patterns are similar. ROI 1 also showed reduced detection for left stimulus (from 504 to
203 active pixels), amounting to a 40% drop. Together with the necessary parameter adjust-
ment mentioned before, these differences highlight moderate dependence of our JDE on the
initialization. Nonetheless, the activation patterns still preserved key spatial features such
as lateralized visual processing structures found earlier, suggesting that the model retains
biologically plausible organization even with uninformative starting points.
To examine the variability in estimated neural responses, Figure 5-9 displays NRFs from
overlapping active regions. Although the average traces are similar across initializations,
substantial variation can be seen between individual NRFs. The average relative root mean
square error with respect to the informative ones was approximately 10% with a standard
deviation of 13. Consequently, the reconstructed PDI signals under non-informative initial-
ization differ by 20% in relative Frobenius norm from those with the informative initialization.
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Figure 5-9: Estimated NRFs of four ROIs for co-detected pixels. Columns: ROI 1 − 4; Rows:
stimulus types m = 1 (top), m = 2 (middle), m = 3 (bottom). NRFs in each ROI are rescaled
using HRF amplitude between initializations to eliminate scaling ambiguity.

These findings suggest that while average dynamics remain stable, pixel-wise neural responses
from our JDE are more sensitive to the choice of initialization on the activation pattern.

Correlation Map (PCC > 0.2)

2 4 6 8

Width [mm]

0

1

2

3

4

5

6

D
ep
th
[m
m
]

ROI 1
ROI 2 ROI 3

ROI 4

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

P
ea
rs
o
n
co
rr
el
at
io
n
co
e/
ci
en
t

(a)

Absolute di,erence of correlations

2 4 6 8

Width [mm]

0

1

2

3

4

5

6

D
ep
th
[m
m
]

ROI 1
ROI 2 ROI 3

ROI 4

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

A
b
so
lu
te
d
i,
er
en
ce

(b)

Figure 5-10: (a): Correlation between low-pass filtered measured and reconstructed PDI with
non-informative initialization. (b): Absolute difference in correlation coefficients between the
informative and non-informative initializations.

Figure 5-10a shows the correlation between the measured and reconstructed PDI signals.
Across all ROIs, we found slightly higher average PCCs (0.402 − 0.442) than those under
informative initialization 0.347 − 0.403. Figure 5-10b displays the absolute difference in cor-
relation maps between the two initializations, highlighting that both reconstructions fit the
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data comparably well. Reconstructed neural activity for the left probe showed the same corre-
lation (PCC = 0.24) across both initializations, while the right probe yielded a slightly lower
correlation (0.27 vs. 0.30). Despite the substantial differences observed earlier in the acti-
vation maps and NRFs, the correlations to the measured data remained similar between the
two initializations. This suggests that the JDE can still represent the hidden neural activity
signals from the PDI signals with non-informative initialization.

To summarize, non-informative initialization led to reduced activation detection in ROI 1 (by
40%) and complete suppression in ROI 2, along with relative errors of approximately 10% in
NRFs and 20% in reconstructed PDI signals compared to the informative ones. Despite these
differences, the HRFs were nearly identical and the global signal reconstructions remained
comparable, indicating that the informative initialization does not bias the overall estimation.
However, the variability in detection and neural response quality suggests that the JDE model
remains sensitive to initialization, particularly in pixel-wise neural response estimation.
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Chapter 6

Conclusions and Future Works

This chapter presents summary of this thesis including the key results found during the
experiments, and suggestions for future work based on these results.

In this thesis, we developed an extension of joint detection-estimation (JDE) algorithm to
estimate not only hemodynamics, but also dynamics of neural activity by considering cas-
cade convolution model. Such a design is considered with respect to a potential utility for
neuroscientists in understanding mysterious neurovascular coupling mechanism.

In Chapter 4, we validated our JDE on synthetic data to assess its performance in estimating
hemodynamic response function (HRF), neural response function (NRF), and detecting acti-
vations. Convergence analysis showed that the model accurately recovered HRFs and NRFs
in some setup when activation detection was reliable while it partially struggled with misclas-
sified activations and degraded NRF estimates in other set. Robustness tests demonstrated
that the model maintained low reconstruction and HRF errors for SNRs above 5dB whereas
activation detection became less reliable in noisy settings. Finally, we found that scaling pa-
rameters significantly impacted performance, revealing sensitivity to scaling parameters for
reliable estimates.

In Chapter 5, the proposed JDE model was applied to real fUS imaging data on a mouse
with visual stimulus experiments. We found the estimated region-specific HRFs diverge from
the canonical single-gamma shape and suggest a multi-gamma form. The HRFs also revealed
distinct temporal trends between the hippocampus and visual cortex, supporting the regional
dependency hypothesis on HRF. The detected activations aligned well with stimulus based
correlations and exhibited lateralized patterns which were consistent with known neurophys-
iological visual processing. Estimated neural response functions revealed stimulus-dependent
polarity difference, indicative of neural inhibition and attentional modulation mechanisms.
Despite inherently low input-output correlation in the data, the model achieved moderate
correlation between reconstructed and measured PDI signals, as well as improved represen-
tation of neural activity compared to commonly used boxcar surrogate models. However, the
results revealed a moderate sensitivity of activation and neural response estimations to ini-
tialization conditions, underscoring some limitations in robustness at the pixel level. Overall,
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these findings demonstrate the capability of our model to capture both hemodynamics and
hidden dynamics of neural activity from input stimulus onset and real fUS data without noise
filtering or detrending on the beam-formed PDI signals.

Returning to our research question
"Can we jointly estimate hemodynamic response function and neural response function in a
probabilistic framework using fUS data?",
we conclude that our JDE model can successfully estimate hemodynamic response function,
and it can estimate neural response function well in collective sense, but not in pixel level.

6-1 Limitations and Future Works

The JDE design developed in this thesis is associated with limitations and some perspectives
to be considered in future work. The following list is ordered by relevance and urgency.

1. Increasing robustness to initialization
The model demonstrated moderate sensitivity to initialization, particularly for activa-
tion maps and neural responses, occasionally converging to poor local minima without
structured guidance. This motivates future work on improving the robustness of acti-
vation detection with respect to initialization. A possible approach is to use structured
mean-field approximations for the activation class labels to better capture dependen-
cies between pixels. For instance, limiting the factorization of q(zm) to a 3 × 3 patch.
Although this involves the evaluation of 29 configurations per patch, it could increase
robustness to initialization by spreading the posterior probability mass and avoiding
poor local minima.

2. Conducting a study for systematic parameter tuning
Although the region-averaged NRF traces remained stable, the pixel-level estimates ex-
hibited high variability. Consequently, interpreting pixel-wise dynamics remains spec-
ulative. While this limitation arises partially due to the issue stated in the previous
point, the choice of model parameters also significantly affects the resulting estimates.
This limitation greatly hinders further extensions of this model, and thus, future work
should be directed towards investigating systematic model parameter selection methods
or automatic scaling parameter inference.

3. Incorporation of tensor decomposition with 1D Ising models
The integration of tensor decomposition techniques, combined with spatial regulariza-
tion via the 1D Ising model on activation patterns, could potentially improve spatial
coherence and detection reliability.

4. Switch to stochastic optimization
The prior distributions used in this thesis were limited to conjugate priors, as the closed-
form update rules in our JDE were derived within a CAVI framework. Moving beyond
conjugate priors and closed-form updates, adopting stochastic or black-box variational
inference would enable the use of non-conjugate priors and nonlinear NRF models.
This would expand model flexibility and reduce reliance on tedious derivations while
potentially improving robustness to noise and initialization. Moreover, even if the same
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Bayesian model is used, stochastic optimization could potentially escape poor local
minima thanks to its inherent randomness. However, it should be noted that stochastic
variational inference may also suffer from high variance in the estimates. Nonetheless,
as stochastic variational inference has not yet been tested on fUS data in the literature,
it warrants exploration in future work.

5. Nonlinear extension to a delay-normalized model for NRF
In line with the limitation of the CAVI framework mentioned in the previous point,
our observation model is restricted to a linear convolution model. By switching to
stochastic variational inference, we could implement a nonlinear NRF model, such as a
delay-normalization model. The cascade model, consisting of a nonlinear block followed
by a linear convolution block, is known as a Hammerstein model. Although the opti-
mization algorithm does not necessarily have to be Bayesian for this system, it would
be interesting to investigate whether this improves the estimation of neural activity, as
neural responses are commonly known to exhibit nonlinear characteristics.
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Appendix A

Derivations of Update Equations

A-1 Update for q(h)

For the sake of convenience, the CAVI update rule and the complete data likelihood in Equa-
tions 3-40 and 3-34 are recalled below.
CAVI update rule:

ln q(h)(t) c= Eq(r)(t)q(z)(t−1)q(β)(t−1)

[
ln p

(
y, h, r, β; θ(t−1)

)]
(A-1)

Complete data likelihood:

p(y, h, r, z, β; Θ) = p(y|h, r)p(h)p(r|z)p(z|β)p(β) (A-2)

Furthermore, for the sake of brevity, we omit in the derivations the superscript (t) and the
model parameters that are not estimated.
Starting from Equation A-1 and substituting the complete-data likelihood (Equation A-2):

ln q(h) c= Eq(r)q(z)q(β) [ln p(y, h, r, z, β; θ)] (A-3)

= Eq(r)q(z)q(β)
[
ln p(y|h, r; ℓ, σ2) + ln p(h; σ2

h) + ln p(r|z) + ln p(z|β) + ln p(β)
]

.

(A-4)

Since expectation is a linear operator, we can split this as:

ln q(h) = Eq(r)q(z)q(β)
[
ln p(y|h, r; ℓ, σ2)

]
+ Eq(r)q(z)q(β)

[
ln p(h; σ2

h)
]

+ Eq(r)q(z)q(β) [ln p(r|z)] + Eq(r)q(z)q(β) [ln p(z|β)] + Eq(r)q(z)q(β) [ln p(β)] . (A-5)

Now, observe that the last three terms in Equation A-5 are constant with respect to h.
Furthermore, the function inside the first expectation depends only on h and r, while the
second term depends solely on h. Thus, we can simplify:

ln q(h) c= Eq(r)
[
ln p(y|h, r; ℓ, σ2)

]
+ ln p(h; σ2

h). (A-6)

Master of Science Thesis T. Fujioka



64 Derivations of Update Equations

In what follows, we will carry out similar simplifications without explicitly remarking on
constant terms with respect to the current variational factor.

The prior term is a standard Gaussian log-density:

ln p(h; σ2
h) c= − 1

2σ2
h

(
h⊤R−1h − 2µ⊤

h0R−1h
)

. (A-7)

Next, we evaluate the expectation of log-likelihood in Equation A-6. Substituting Equations
3-9 and 3-6 into the log-expectation gives

Eq(r)
[
ln p(y|h, r; ℓ, σ2)

]
= Eq(r)

ln
J∏

j=1
p(yj |h, rj ; ℓj , σ2

j )

 (A-8)

c= Eq(r)

 J∑
j=1

− 1
2σ2

j

(
yj −

M∑
m=1

XmRm
j h − P ℓj

)⊤(
yj −

M∑
m=1

XmRm
j h − P ℓj

) (A-9)

c=
J∑

j=1
− 1

2σ2
j

(
−2
(
yj − P ℓj

)⊤
(

M∑
m=1

XmEq(rm
j )
[
Rm

j

])
h

−h⊤Eq(rm
j )

( M∑
m=1

XmRm
j

)⊤( M∑
m=1

XmRm
j

)h

 . (A-10)

In the step above, the expectations over r are factorized via mean-field: q(r) =
∏

j

∏
m q(rm

j ).

Grouping quadratic terms in h form Equations A-7 and A-10 as:

W h =
J∑

j=1

1
σ2

j

Eq(rm
j )

( M∑
m=1

XmRm
j

)⊤( M∑
m=1

XmRm
j

)+ 1
σ2

h

R−1, (A-11)

and other terms:

b⊤
h =

J∑
j=1

1
σ2

j

(
yj − P ℓj

)⊤
(

M∑
m=1

XmEq(rm
j )
[
Rm

j

])
+ 1

σ2
h

µ⊤
h0R−1 (A-12)

Completing the square, Equation A-6 can be rewritten in the quadratic form:

ln q(h) = −1
2(h⊤W hh − 2b⊤

h h) (A-13)

= −1
2(h − W −1

h bh)⊤W h(h − W −1
h bh) − b⊤

h W −1
h bh (A-14)

c= −1
2(h − W −1

h bh)⊤W h(h − W −1
h bh) (A-15)

Notice that the posterior ln q(h) is in a standard Gaussian log-density. Therefore, the posterior
q(h) is

q(h) = N (µh, Σh), (A-16)
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and the posterior variational parameters are updated by

Σh = W −1
h (A-17)

=

 J∑
j=1

1
σ2

j

Eq(rm
j )

( M∑
m=1

XmRm
j

)⊤( M∑
m=1

XmRm
j

)+ 1
σ2

h

R−1

−1

(A-18)

and

µh = W −1
h bh

= Σh

 J∑
j=1

1
σ2

j

(
M∑

m=1
XmEq(rm

j )
[
Rm

j

])⊤ (
yj − P ℓj

)
+ 1

σ2
h

R−1µh0

 . (A-19)

As regards Eq(rm
j )
[
Rm

j

]
, this is equivalent to constructing the Toeplitz matrix using posterior

mean µrm
j

of rm
j , which will be obtained in later derivations. For the quadratic expectation

in W h, we first expand the inner product as:(
M∑

m=1
XmRm

j

)⊤( M∑
m=1

XmRm
j

)
=

M∑
m=1

Rm⊤
j X⊤

mXmRm
j (A-20)

+
M∑

m=1

m−1∑
n=1

(
Rm⊤

j X⊤
mXnRn

j + Rn⊤
j X⊤

n XmRm
j

)
.

(A-21)

Denoting the Toeplitz matrix Rm
j as

Rm
j =

[
rm

j(1) rm
j(2) . . . rm

j(Lh)

]
(A-22)

where rm
j(i) represents ith column and rm

j(i) is given by

rm
j(i) =

 0i−1
rm

j

0Lh−i

 ∈ RLh+Lr−1 (A-23)

Here 0a represents a zero column vector of length a. Using these notations, the expectation
of Rm⊤

j X⊤
mXnRn

j is

Eq(rm
j )
[
Rm⊤

j X⊤
mXnRn

j

]
= Eq(rm

j )




rm⊤
j(1)

rm⊤
j(2)
...

rm⊤
j(Lh)

X⊤
mXn

[
rm

j(1) rm
j(2) . . . rm

j(Lh)

]
 (A-24)

Finally, using expectation in quadratic form: E[x⊤Ax] = µ⊤Aµ + tr(AΣ) with trace opera-
tion tr, (a, b) entry of the expectation in Equation A-24 is computed as

E
[(

Rm⊤
j X⊤

mXnRn
j

)
(a,b)

]
= E

[
(rm

j(a)
)
]⊤

X⊤
mXnE

[
rn

j(b)

]
(A-25)

+ tr
(

X⊤
mXn Circ

([
Σrn

j rm
j

0Ln×(Lm−1)
0(Ln−1)×Lm

0(Ln−1)×(Lm−1)

]
, b − 1, a − 1

))
(A-26)
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66 Derivations of Update Equations

where Σrn
j rm

j
is posterior covariance between rn

j and rm
j and Circ(A, i, j) is a circular shifting

operator that shifts down matrix A in row direction by i and in column direction by j.

A-2 Update for q(r)

CAVI update rule:

ln q(r)(t) c= Eq(h)(t−1)q(z)(t−1)q(β)(t−1)

[
ln p

(
y, h, r, β; θ(t−1)

)]
(A-27)

Similar to the derivation of ln q(h) omitting constant terms yields

ln q(r) c= Eq(h)
[
ln p(y|h, r; ℓ, σ2)

]
+ Eq(z) [ln p(r|z)] (A-28)

Using the factorized posterior: q(z) =
∏

j

∏
m q(zm

j ), the log-expectation of the prior is:

Eq(z) [ln p(r|z)] c= Eq(z)

 J∑
j=1

M∑
m=1

K∑
k=1

I(zm
j = k)

(
−1

2rm⊤
j Σ−1

kmrm
j

) (A-29)

=
J∑

j=1

M∑
m=1

K∑
k=1

Eq(zm
j )
[
I(zm

j = k)
] (

−1
2rm⊤

j Σ−1
kmrm

j

)
(A-30)

where Eq(zm
j )
[
I(zm

j = k)
]

= q(zm
j = k) is a posterior probability of pixel j belonging to

activation class k under mth stimulus since

Eq(zm
j )
[
I(zm

j = k)
]

=
∑

zm
j ∈{1...K}

I(zm
j = k)q(zm

j ) (A-31)

= q(zm
j = k). (A-32)

For compactness, let ϕm
jk = q(zm

j = k),

Σ−1
k =


Σ−1

k1
Σ−1

k2
. . .

Σ−1
kM

 ∈ RMLr×MLr , rj =


r1

j

r2
j
...

rM
j

 ∈ RMLr , (A-33)

and

Φjk =


ϕ1

jkILr

ϕ2
jkILr

. . .
ϕM

jkILr

 ∈ RMLr×MLr , (A-34)

where I(a) is the identity matrix of the size a × a. Using these notations, the log-expectation
of the prior is from Equation A-30:

Eq(z) [ln p(r|z)] =
J∑

j=1

M∑
m=1

K∑
k=1

ϕm
jk

(
−1

2rm⊤
j Σ−1

kmrm
j

)
(A-35)

= −1
2

J∑
j=1

K∑
k=1

r⊤
j ΦjkΣ−1

k rj (A-36)
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Define
G =

[
X1H · · · XM H

]
∈ RN×MLr . (A-37)

Using these notations, the log-likelihood term in Equation A-28 is:

Eq(h)
[
ln p(y | r, h; σ2)

]
c= −Eq(h)

 J∑
j=1

1
2σ2

j

(
yj − Grj − P ℓj

)⊤ (
yj − Grj − P ℓj

) (A-38)

c= −
J∑

j=1

1
2σ2

j

(
−2
(
yj − P ℓj

)⊤
Eq(h)[G]rj + r⊤

j Eq(h)
[
G⊤G

]
rj

)
(A-39)

Grouping quadratic terms w.r.t. rj in the log-likelihood and log-priors (Equations A-36 and
A-39) into

W r = 1
σ2

j

Eq(h)
[
G⊤G

]
+

K∑
k=1

ΦjkΣ−1
k , (A-40)

and other terms

bT
r = 1

σ2
j

(
yj − P ℓj

)⊤
Eq(h)[G]. (A-41)

Using the grouped terms and the mean-field factorization (q(r) =
∏

j q(rj)) yields a factor of
the log-posterior (Equation A-28) in the quadratic form:

ln q(rj) c= −1
2(h − W −1

h bh)⊤W h(h − W −1
h bh). (A-42)

As in the previous section, this factor is in Gaussian log-density form and thus, the posterior
distribution of rj is

q(rj) = N (µrj
, Σrj ) (A-43)

and its variational parameters are updated through

Σrj = W −1
r (A-44)

=
(

1
σ2

j

Eq(h)
[
G⊤G

]
+

K∑
k=1

ΦjkΣ−1
k

)−1

∈ RMLr×MLr (A-45)

and

µrj
= W −1

r br (A-46)

= Σrj

1
σ2

j

Eq(h)[G]⊤
(
yj − P ℓj

)
∈ RMLr (A-47)

The expectation Eq(h)[G] by replacing h in the Toeplitz matrix by µh derived in Equation
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68 Derivations of Update Equations

A-19. For the computation of the quadratic expectation in Σrj , we first expand it as:

Eq(h)
[
G⊤G

]
= Eq(h)




H⊤X⊤
1

...
H⊤X⊤

M

 [X1H · · · XM H
] (A-48)

(A-49)

=


Eq(h)

[
H⊤X⊤

1 X1H
]

· · · Eq(h)
[
H⊤X⊤

1 XM H
]

... . . . ...
Eq(h)

[
H⊤X⊤

M X1H
]

· · · Eq(h)
[
H⊤X⊤

M XM H
]
 . (A-50)

Define
H =

[
h(1) h(2) . . . h(Lr)

]
(A-51)

where h(i) is ith column of Toeplitz matrix H, given by

h(i) =

 0i−1
h

0Lr−i

 ∈ RLh+Lr−1. (A-52)

A Lr × Lr block of Eq(h)
[
G⊤G

]
is then computed as:

Eq(h)
[
HX⊤

mXnH
]

= Eq(h)




h⊤
(1)
...

h⊤
(L−1)

X⊤
mXn

[
h(1) · · · h(L−1)

] (A-53)

= Eq(h)




h⊤
(1)X

⊤
mXnh(1) · · · h⊤

(1)X
⊤
mXnh(L−1)

... . . . ...
h⊤

(L−1)X
⊤
mXnh(1) · · · h⊤

(L−1)X
⊤
mXnh(L−1)


 (A-54)

=


Eq(h)

[
h⊤

(1)X
⊤
mXnh(1)

]
· · · Eq(h)

[
h⊤

(1)X
⊤
mXnh(L−1)

]
... . . . ...

Eq(h)
[
h⊤

(L−1)X
⊤
mXnh(1)

]
· · · Eq(h)

[
h⊤

(L−1)X
⊤
mXnh(L−1)

]
 (A-55)

Finally, (a, b) entry of such block is computed by

Eq(h)
[
h⊤

(a)X
⊤
mXnh(b)

]
= Eq(h)

[
h(a)

]
X⊤

mXnEq(h)
[
h(b)

]
+ tr

(
X⊤

mXnCirc
([

Σh 0Lh×(Lr−1)
0(Lr−1)×Lh

0(Lr−1)×(Lr−1)

]
, b − 1, a − 1

))
(A-56)
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A-3 Update for q(z) 69

A-3 Update for q(z)

CAVI update rule

ln q(z)(t) c= Eq(h)(t)q(r)(t)q(β)(t−1)

[
ln p

(
y, h, r, β; θ(t−1)

)]
(A-57)

The Ising prior is a random Markov field model with dependence on classes of other pixels.
Together with the mean-field factorization q(z) =

∏
j

∏
m q(zm

j ), this leads the CAVI update
rule of a factor log-posterior to be:

ln q(zm
j ) c= Eq(h)q(r)q(β)q(zm

\j
) [ln p (y, h, r, β; θ)] (A-58)

where zm
\j represents all other pixels except for zm

j , and thus the expectation of the complete
data likelihood is also taken over posterior distribution of other pixels.

Omitting constant terms in the log-posterior gives:

ln q(zm
j ) c= Eq(zm

\j
)q(r) [ln p(r|z)] + Eq(zm

\j
)q(βm) [ln p(z|βm)] (A-59)

c= Eq(rm
j )
[
ln p(rm

j |zm
j )
]

+ Eq(zm
\j

)q(βm)
[
ln p(zm

j |βm)
]

(A-60)

Note that given neighboring pixels, zm
j is conditionally independent of all other pixels.

The second expectation term is evaluated as

Eq(zm
\j

)q(βm)
[
ln p(zm

j |β)
]

= Eq(zm
\j

)q(βm)

− ln Z(βm) + βm

J∑
j=1

∑
i∈δj

I(zm
i = zm

j )

 (A-61)

c= Eq(zm
\j

)q(βm)

βm

J∑
j=1

∑
i∈δj

I(zm
i = zm

j )

 (A-62)

= Eq(zm
\j

)

 J∑
j=1

∑
i∈δj

I(zm
i = zm

j )

µβm (A-63)

= Eq(zm
\j

)

 J∑
j=1

∑
i∈δj

K∑
k=1

I(zm
j = k)I(zm

i = k)

µβm (A-64)

c=
K∑

k=1
I(zm

j = k)Eq(zm
\j

)

∑
i∈δj

I(zm
i = k)

µβm (A-65)

c=
K∑

k=1
I(zm

j = k)
∑
i∈δj

ϕm
ikµβm , (A-66)

where δj represents a set of all neighboring pixels of j and ϕm
jk = q(zm

j = k) is the posterior
probability defined in the derivation of q(r).

Knowing the independence in the NRF prior p(r|z) =
∏

j

∏
m

∏
k q(rm

j |zm
j = k), the first
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expectation term in Equation A-60 is

Eq(rm
j )
[
ln p(rm

j |zm
j = k)

]
= Eq(rm

j )

[
M∑

m=1

K∑
k=1

I(zm
j = k)

(
−Lr

2 ln(2π) − 1
2 ln(det Σkm) − 1

2rm⊤
j Σ−1

kmrm
j

)]
(A-67)

=
M∑

m=1

K∑
k=1

I(zm
j = k)

(
−Lr

2 ln(2π) − 1
2 ln(det Σkm) − 1

2Eq(rm
j )
[
rm⊤

j Σ−1
kmrm

j

])
, (A-68)

where the quadratic expectation w.r.t. rm
j is evaluated as:

Eq(rm
j )
[
rm⊤

j Σ−1
kmrm

j

]
= µrm

j
⊤Σ−1

kmµrm
j

+ tr(Σ−1
kmΣrm

j
). (A-69)

Substituting Equations A-66 and A-68 into the log-posterior (Equation A-60), we obtain
unnormalized posterior probability:

q(zm
j = k) ∝ N (µrm

j
; 0, Σkm) exp

−tr(Σ−1
kmΣrm

j
) +

∑
i∈δj

ϕm
ikµβm

 (A-70)

A-4 Update for q(β)

CAVI update rule:

ln q(β)(t) c= Eq(h)(t)q(r)(t)q(z)(t)

[
ln p

(
y, h, r, β; θ(t−1)

)]
(A-71)

Starting with omitting constant terms in Equation A-71, we have:

ln q(βm) c= Eq(h)q(r)q(z) [ln p (y, h, r, β; θ)] (A-72)
c= Eq(zm) [ln p(zm|βm)] + ln p(βm) (A-73)

Since the prior distribution on β is defined as

p(β) =
M∏

m=1
p(βm) =

M∏
m=1

U(βm, u1, u2), (A-74)

the second term in Equation A-73 is

ln q(βm) = − ln(u2 − u1). (A-75)

The log-expectation of the Ising model is evaluated as:

Eq(zm) [ln p(zm|βm)] = Eq(zm)

− ln Z(βm) + βm

J∑
j=1

∑
i∈δj

K∑
k=1

I(zm
j = k)I(zm

i = k)

 (A-76)

= − ln Z(βm) + βm

J∑
j=1

∑
i∈δj

K∑
k=1

ϕm
jkϕm

ik . (A-77)
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However, the normalization constant ln Z(βm) from the Ising model is intractable.

To overcome this intractability, we first replace p(zm|βm) by pseudo-likelihood:

pP L(zm|βm) =
J∏

j=1
p(zm

j |βm, zm
\j) =

J∏
j=1

p(zm
j |βm, zm

δj
), (A-78)

where the conditional distribution is

p(zm
j |βm, zm

δj
) =

exp
(
βm

∑
i∈δj

∑K
k=1 I(zm

j = k)I(zm
i = k)

)
∑

zm
j ∈{1,2,...K} exp

(
βm

∑
i∈δj

∑K
k=1 I(zm

j = k)I(zm
i = k)

) (A-79)

=
exp

(
βm

∑
i∈δj

∑K
k=1 I(zm

j = k)I(zm
i = k)

)
∑K

k=1 exp
(
βm

∑
i∈δj

I(zm
i = k)

) (A-80)

Using this pseudo-likelihood, the log-expectation of the Ising model yields is approximated
as:

Eq(zm) [ln p(zm|βm)] ≈ Eq(zm)
[
ln pP L(zm|βm)

]
(A-81)

= −
J∑

j=1
Eq(zm)

ln

 K∑
k=1

exp

βm

∑
i∈δj

I(zm
i = k)

+
J∑

j=1

∑
i∈δj

K∑
k=1

ϕm
jkϕm

ik (A-82)

Assuming that one pixel has four neighboring pixels in 2D grid, the evaluation of the ex-
pectation in Equation A-82 requires computation of JK4 terms, which is computationally
expensive.

Following [34], this term is approximated by applying Jensen’s inequality twice, resulting in

Eq(zm)

ln

 K∑
k=1

exp

βm

∑
i∈δj

I(zm
i = k)

 ≈ ln

 K∑
k=1

exp

βm

∑
i∈δj

ϕm
ik

 . (A-83)

Using this approximation, we finally have unnormalized posterior density:

q(βm) ∝
J∏

j=1

exp
(
βm

∑J
j=1

∑
i∈δj

∑K
k=1 ϕm

jkϕm
ik

)
∑K

k=1 exp
(
βm

∑
i∈δj

ϕm
ik

) U(βm, u1, u2) (A-84)

We use numerical quadrature to compute normalization constant and mean µβ.

A-5 Update for ℓ

The closed-form update equation for ℓ in the M-step is obtained by maximizing the ELBO
with respect to ℓ as follows.
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arg max
ℓ

Eq(h)q(r)q(z)q(β) [ln p(y, h, r, β | θ)]

= arg max
ℓ

Eq(h)q(r)

 J∑
j=1

ln p(yj | h, rj , θ)

 (A-85)

= arg max
ℓ

Eq(h)q(r)

 J∑
j=1

−1
2

(
yj −

M∑
m=1

XmHrj − P ℓj

)⊤(
yj −

M∑
m=1

XmHrj − P ℓj

)
(A-86)

= arg min
ℓ

J∑
j=1

Eq(h)q(r)

(yj − P ℓj

)⊤ (
yj − P ℓj

)
− 2

(
M∑

m=1
XmHrm

j

)⊤ (
yj − P ℓj

)
(A-87)

Recall the following notations:

G =
[
X1H X2H · · · XM H

]
∈ RN×(MLr), rj =


r1

j

r2
j
...

rM
j

 ∈ R(MLr). (A-88)

Using these, the last step becomes:

arg min
ℓ

J∑
j=1

−1
2

[
−2y⊤

j P ℓj + ℓ⊤
j P ⊤P ℓj − 2

(
Eq(h) [G] µrj

)⊤
P ℓj

]
(A-89)

= arg min
ℓ

J∑
j=1

−1
2

[
−2
(
yj − Eq(h) [G] µrj

)⊤
P ℓj + ℓ⊤

j P ⊤P ℓj

]
. (A-90)

Since ℓ is separable for each j, we have:

⇒ arg min
ℓj

−2
(
yj − Eq(h) [G] µrj

)⊤
P ℓj + ℓ⊤

j P ⊤P ℓj (A-91)

Let
b⊤ =

(
yj − Eq(h) [G] µrj

)⊤
P , W = P ⊤P (A-92)

The minimization is in quadratic form as:

arg min
ℓj

(
ℓj − W −1b

)⊤
W
(
ℓj − W −1b

)
− b⊤W −1b (A-93)

Thus, the update solution is:

ℓj = W −1b =
(
P ⊤P

)−1
P ⊤

(
yj − Eq(h) [G] µrj

)
(A-94)
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A-6 Update for σ2

Similarly to the previous derivation, the closed-form update equation for σ2 in the M-step is
obtained by maximizing the ELBO.

arg max
σ2

Eq(h)q(r)q(z)q(β) [ln p(y, h, r, β | θ)]

= arg max
σ2

Eq(h)q(r)

 J∑
j=1

ln p(yj | h, rj , θ)

 (A-95)

= arg max
σ2

j

J∑
j=1

−N

2 ln(σ2
j ) − 1

2σ2
j

Eq(h)q(r)

( M∑
m=1

XmHrm
j

)⊤( M∑
m=1

XmHrm
j

)
− 1

2σ2
j

(
yj − 2

M∑
m=1

Eq(h)q(r)
[
XmHrm

j

]
− P ℓj

)⊤ (
yj − P ℓj

)
(A-96)

Again, using the notations in Equation A-88, the last step becomes:

arg max
σ2

j

J∑
j=1

−N

2 ln(σ2
j ) − 1

2σ2
j

(
µ⊤

rj
Eq(h)

[
G⊤G

]
µrj

+ tr
(
Eq(h)[G⊤G]Σrj

))
(A-97)

− 1
2σ2

j

(yj − 2Eq(h)[G]µrj
− P ℓj)⊤(yj − P ℓj) (A-98)

Setting derivative w.r.t. σ2
j to zero, we have:

σ2
j =

(yj − 2Eq(h)[G]µrj
− P ℓj)⊤(yj − P ℓj) + µ⊤

rj
Eq(h)[G⊤G]µrj

+ tr
(
Eq(h)[G⊤G]Σrj

)
N

(A-99)

A-7 Update for σ2
h

Again, the ELBO is maximized w.r.t. σ2
h to obtain the closed-form update equation as follows.

arg max
σ2

h

Eq(h)q(r)q(z)q(β) [ln p(y, h, r, β | θ)]

= arg max
σ2

h

Eq(h)
[
ln p(h | σ2

h)
]

(A-100)

= arg max
σ2

h

−Lh

2 ln(2π) − 1
2 ln det(σ2

hR) − 1
2σ2

h

Eq(h)
[
(h − µh0)⊤R−1(h − µh0)

]
(A-101)

= arg max
σ2

h

−Lh

2 ln σ2
h − 1

2σ2
h

(
(µh − µh0)⊤R−1(µh − µh0) + tr

(
R−1Σh

))
(A-102)
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Again, setting derivative w.r.t. σ2
h to zero as:

−Lh

σh
+ 1

σ3
h

(
(µh − µh0)⊤R−1(µh − µh0) + tr

(
R−1Σh

))
= 0, (A-103)

we have

σ2
h =

(µh − µh0)⊤R−1(µh − µh0) + tr
(
R−1Σh

)
Lh

(A-104)

As was done in [7], we can also impose an exponential prior on σ2
h, i.e., p(σ2

h) = λ exp(−λσ2
h)

with scaling parameter λ. The maximization becomes:

arg max
σ2

h

Eq(h)
[
ln p(h | σ2

h)
]

+ ln
(
λ exp(−λσ2

h)
)

Following the same step, we have the solution:

σ2
h =

−Lh +
√

8λ(µh − µh0)⊤R−1(µh − µh0) + 8λ tr
(
R−1Σh

)
+ (Lh)2

4λ
(A-105)
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Appendix B

Computation of ELBO

Recall the ELBO in Equation 3-38:

L (q(h)q(r)q(z)q(β), θ)

= Eq(h)q(r)q(z)q(β)[ln p(y, h, r, z, β; θ)] − Eq(h)q(r)q(z)q(β)[ln q(h)q(r)q(z)q(β)]. (B-1)

We begin the evaluation of the ELBO in Equation 3-38 by expanding the entropy term as:

−Eq(h)q(r)q(z)q(β)[ln q(h)q(r)q(z)q(β)]

= −Eq(h)[ln q(h)] − Eq(r) [ln q(r)] − Eq(z)[ln q(z)] − Eq(β)[ln q(β)] (B-2)

Because the posteriors of h and r are both Gaussian, the first entropy terms are given by:

−Eq(h)[ln q(h)] = (Lh + 1)
2 ln (2π) + 1

2 ln det (Σh) , (B-3)

and

−Eq(r)[ln q(r)] = −
J∑

j=1
Eq(rj)[ln q(rj)] (B-4)

= (MLr + 1)
2 ln (2π) + 1

2 ln det
(
Σrj

)
(B-5)

where Σh and Σrj are the updated posterior covariances of h (Equation A-18) and rj (Equa-
tion A-45), respectively.

For the entropy of q(z), each factor of q(z) is distributed as the categorical distribution. We
first express q(zm

j ) as:

q(zm
j ) =

K∏
k=1

(
ϕm

jk

)I(zm
j =k)

, (B-6)
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where, recall that ϕm
jk denotes the posterior probability of pixel j belonging to activation class

k for stimulus m. Using this expression, the entropy of the posterior distribution for z is
computed as:

−Eq(z)[ln q(z)] = −
J∑

j=1

M∑
m=1

Eq(zm
j )
[
ln q(zm

j )
]

(B-7)

= −
J∑

j=1

M∑
m=1

Eq(zm
j )

[
K∑

k=1
I(zm

j = k) ln ϕm
jk

]
(B-8)

= −
J∑

j=1

M∑
m=1

K∑
k=1

ϕm
jk ln ϕm

jk (B-9)

For the last entropy q(β), we use numerical integration again to evaluate for each m as:

−Eq(βm)[ln q(βm)] =
u2∑

s=u1

∆s q(βm = s) ln q(βm = s) (B-10)

where ∆s is the grid size of the numerical integration, and recall that u1 and u2 denote lower
and upper bounds of the uniform prior we used.

Next, we expand the the expected complete data log-likelihood term as:

Eq(h)q(r)q(z)q(β)[ln p(y, h, r, z, β; θ)]

= Eq(h)q(r)[ln p(y|h, r; θ)] + Eq(h)[ln p(h; θ)] + Eq(r)q(z)[ln p(r|z; θ)]

+ Eq(z)q(β)[ln p(z|β; θ)] + Eq(β)[ln p(β; θ)] (B-11)

The first term is given by

Eq(h)q(r) [ln p(y|h, r; θ)]

=
J∑

j=1

(
−N

2 ln(2π) − N

2 ln(σ2
j ) − 1

2σ2
j

(yj − P ℓj)⊤(yj − E[G]µrj
− P ℓj)

− 1
2σ2

j

(
µ⊤

rj
Eq(h)

[
G⊤G

]
µrj

+ tr
(
Eq(h)

[
G⊤G

]
Σrj

)))
(B-12)

The second term is the cross-entropy between the posterior and prior distributions of h, which
is:

Eq(h) [ln p(h; θ)] = −1
2
(
Lh ln(2π) + ln det(σ2

hR) + µ⊤
h Rµh + tr

(
R−1Σh

))
. (B-13)
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The third term is given by

Eq(r)q(z) [ln p(r | z, θ)]

= −
J∑

j=1

K∑
k=1

M∑
m=1

ϕm
jk

2
(
Lr ln(2π) + ln(det Σkm) + µm⊤

rj
Σ−1

kmµm
rj

+ tr(Σ−1
kmΣrm

j
)
)

(B-14)

The fourth term is the cross-entropy in the ELBO between posterior and conditional prior
distributions of z (with pseudo-likelihood) and is evaluated by:

Eq(z)q(β) [ln p(z|β)] ≈
J∑

j=1

K∑
k=1

M∑
m=1

∑
i∈δj

ϕm
jkϕm

ik −
J∑

j=1

M∑
m=1

ln

 K∑
k=1

exp

µβm

∑
i∈δj

ϕm
ik

 (B-15)

The fifth term is the cross-entropy for βm, which is simply the entropy of the uniform prior,
given by:

Eq(βm) [ln p(βm : θ)] = Eq(βm)

[
ln 1

u2 − u1

]
= − ln(u2 − u1) (B-16)

Finally, by substituting all evaluated terms into Equation B-1, we can compute the ELBO at
each iteration of the VEM algorithm.
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Glossary

List of Acronyms

fUS functional Ultrasound
PDI Power Doppler Image
RBCs red blood cells
HRF hemodynamic response function
LTI linear time-invariant
fMRI functional magnetic resonance imaging
SVD singular value decomposition
PDI power Doppler image
JDE joint detection-estimation
KL Kullback-Leiber
ELBO evidence lower bound
CAVI coordinate ascent variational inference
VEM Variational expectation-maximization
NRF neural response function
FIR finite impulse response
SNR signal-to-noise ratio
ICA independent component analysis
PCA principle component analysis
MCMC Markov Chain Monte Carlo
JPDE joint parcellation-detection-estimation
ROI region of interest
BOLD blood oxygenation level dependent
DCT discrete cosine transform
NRL neural response level
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86 Glossary

TTP time-to-peak
FWHM full width at half maximum
PPM posterior probability map
iid independently and identically distributed
PCC Pearson correlation coefficient
LFP low field potential
MAP maximum a posteriori
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