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Improved Analytical Model of a Permanent-Magnet Brushless DC Motor
P. Kumar and P. Bauer

Delft University of Technology, 2628 CD Delft, The Netherlands

In this paper, we develop a comprehensive model of a permanent-magnet brushless DC (BLDC) motor. An analytical model for de-
termining instantaneous air-gap field density is developed. This instantaneous field distribution can be further used to determine the
cogging torque, induced back electromotive force, and iron losses in the motor. The advantage of analytical models is that they can be
readily used for optimization of BLDC motor because they are fast.

Index Terms—Air-gap field, BLDC motor, magnetization, permanent magnets.

I. INTRODUCTION

Ageneral analytical technique for predicting the open cir-
cuit magnetic field distribution in radial field topologies

of permanent-magnet brushless DC (BLDC) motor is a pre-
requisite for determination of force, and hence prediction of
noises and vibration [1]. The instantaneous air-gap field den-
sity distribution is also required for calculation of induced back
electromotive force (back-EMF) to determine the steady state
and transient performance simulations [2]. Prediction of torque
speed characteristics [3] as well as calculation of cogging torque
magnitude and waveform [4] requires determination of instan-
taneous air-gap field distribution.

Eid and Mouilett [5] proposed an analytical model for pre-
dicting the two-dimensional air-gap field distribution of the in-
ternal rotor motors having a cylindrical permanent magnet with
uniform diametric magnetization. In addition, Gu and Gao [6]
used the method of separation of variables to analyze the air-gap
field of a multipole permanent-magnet motor. His analysis was
based on rectangular coordinates. Boules [7] also presented a
model of multipole permanent-magnet motor in rectangular co-
ordinates but used an equivalent magnet pole arc to take into ac-
count that in a cylindrical machine the circumferential width of
the magnet generally varies with the radius. A further enhanced
model was proposed by Boules [8]. In this model, he formu-
lated a model in polar coordinates which utilizes the concept of
equivalent current carrying coils to determine the flux density at
the stator and rotor surfaces of a permanent-magnet motor. Zhu
et al. [9] developed an improved analytical method for determi-
nation of field distribution. The methodology proposed by Zhu
et al. was based on two-dimensional polar coordinates and ad-
dressed both internal and external rotor motor topologies. This
technique involved solution of governing Laplacian/quasi-Pois-
sonian field equations in the air-gap/magnet regions without
any assumption regarding the relative recoil permeability of the
magnets. However, the model of Zhu et al. [9] was only ap-
plicable to machines having radially magnetized magnets. Ras-
mussan [10] extended the model to account for the parallel mag-
netization. Recently, Zhu et al. [11] extended the model further
to taker into account both radial and parallel magnetization.
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In the above discussed works of different authors, it was as-
sumed that the permeability of iron was infinite and the thick-
ness of stator iron is infinite. In the present work, we develop
an analytical model for the instantaneous air-gap field density
with the assumption that the iron (both stator and rotor yoke)
has finite permeability and the thickness of the stator yoke is
finite. Apart from that the presented model is valid for radial
magnetization, parallel magnetization, radial sinusoidal ampli-
tude magnetization, and sinusoidal angle magnetization. The
results obtained by this model are closer to the reality and as
shown in this work the results match with the results obtained
from the finite-element method (FEM). This makes them effec-
tive for optimization process. The magnetic field distribution ob-
tained from this model can be further utilized to determine the
cogging torque, induced back-EMF, and iron losses. In the next
section, magnetization of the permanent magnets are presented.
The analytical model of the field distribution for a slotless stator
is presented in Section III. Section IV deals with the develop-
ment of the analytical model for a stator with slots, and the re-
sults of comparison between the analytical model and FEM re-
sults is also presented in this section. In Section V, the model
to determine back-EMF using the results obtained in Section IV
is given. The model of cogging torque and the comparison be-
tween analytical results and FEM is given in Section VI. Finally,
conclusions are drawn in Section VII.

II. MAGNETIZATION OF PERMANENT MAGNETS

The general configuration of a permanent-magnet brushless
DC motor (BLDC) considered in the present work is shown in
Fig. 1.

In the above figure, , , and represent the relative per-
meability of stator iron, permanent magnets, and rotor iron, re-
spectively. The radii , , , and represent outer radius
of the motor, inner radius of the stator, radius of the magnets,
and radius of the rotor, respectively. In the present analysis, it is
assumed that the region exterior to the motor is air.

For the motor shown in Fig. 1, the magnetic field vector
and magnetic field density vector are coupled by the fol-
lowing set of equations:

in the exterior region (1a)

in the stator region (1b)

in the air-gap region (1c)

in the magnet region (1d)

in the rotor region (1e)
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Fig. 1. General schematic diagram of a BLDC motor without slots.

where is the magnetization vector of the permanent magnets.
The amplitude of the magnetization vector , for a multipole
motor with permanent magnets having a linear second quadrant
demagnetization characteristics, is given by

(2)

The direction of depends on the orientation and magnetiza-
tion of the permanent magnets. In polar coordinates, the mag-
netization vector is expressed as

(3)

The different types of magnetization viz. radial magnetization,
parallel magnetization, radial sinusoidal amplitude magnetiza-
tion, and sinusoidal angle are discussed in [12].

III. FIELD PRODUCED IN A SLOTLESS MOTOR BY MAGNETS

To facilitate the analysis and to obtain a closed form solution
for the air-gap field distribution produced by magnets mounted
on the rotor surface, the following assumptions are made.

1) The permanent magnets have a linear demagnetization
characteristic.

2) End effects are neglected.
3) The stator and rotor back iron have constant permeability

and the saturation is neglected.
The radial and tangential components of the magnetic field

can be written in terms of scalar potential as follows:

and (4)

The scalar magnetic potential distribution in the air gap,
stator iron, rotor iron, and the exterior region is governed by
the Laplace equation. In the magnet region, the scalar magnetic
potential distribution is governed by quasi-Poissonian equation.

For the air-gap region, the Laplace equation is

(5a)

In the magnet region, the quasi-Poissonian equation is

(5b)

In the stator iron region, the Laplace equation is

(5c)

For the rotor iron region, the Laplace equation is

(5d)

Finally for the exterior region, the Laplace equation is

(5e)

where , , , , and represent the magnetic scalar
potential in the air gap, magnet, stator, rotor, and the exterior
(outer) region, respectively.

From (2), we get

(6)
where

(7)

The boundary conditions for the motor shown in Fig. 1 are as
follows:

(i) at the interface between the stator and the exterior region

(8a)

(8b)

where and are the tangential component of the
magnetic field vector in the exterior region and the stator
iron, respectively, whereas and are the radial
component of the magnetic field density vector in the ex-
terior region and the stator iron, respectively.

(ii) at the interface between the stator and the air gap

(8c)

(8d)

where is the tangential component of the magnetic
field vector in the air-gap region whereas is the ra-
dial component of the magnetic field density vector in the
air-gap region.
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(iii) at the interface between the air gap and the permanent
magnet

(8e)

(8f)

where is the tangential component of the magnetic
field vector in the magnet region whereas is the ra-
dial component of the magnetic field density vector in the
magnet region.

(iv) at the interface between the magnet and the rotor iron

(8g)

(8h)

where is the tangential component of the magnetic
field vector in the rotor iron region whereas is the
radial component of the magnetic field density vector in
the rotor iron region.

The dimensions , , , and are depicted in Fig. 1.
The general solution of the system of (5) and (6) are

(9)

(10)

(11)

(12)

(13)

where , , , , , , , and are
constants to be determined. These constants are determined by
solving the boundary conditions given in (8) and using (2) and
(1). Upon substituting back the constants and into
(11) and using (4) and (1), the air radial and tangential compo-
nents of the air-gap field distribution are obtained as follows:

(14)

(15)

where

when the field distribution in the air gap is given by

(16)

(17)

where
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Fig. 2. Distribution of (a) radial component and (b) tangential component of
air-gap field in a slotless motor with radially magnetized magnets in air gap
(r = 16:75 mm). .

This model has been applied to three-phase slotless BLDC
motor with radial, parallel, sinusoidal magnitude, and sinusoidal
angle magnetization. The parameters of the motor taken are

The results obtained by our model and the FEM are shown
in Fig. 2 for radial magnetization, Fig. 3 for parallel magneti-
zation, Fig. 4 for sinusoidal angle magnetization, and Fig. 5 for
sinusoidal amplitude magnetization.

IV. FIELD PRODUCED IN A SLOTTED MOTOR BY MAGNETS

In the case of a slotted stator (Fig. 6) the magnetic field is
changed throughout the air gap and magnet region due to pres-
ence of slots. The change in the magnetic field due to slotting

Fig. 3. Distribution of (a) radial component and (b) tangential compo-
nent of air-gap field in a slotless motor with parallel magnetized magnet
(r = 16:75 mm).

is a function of distance from the slots. The influence of slots
is minimum at the magnet and rotor iron interface, whereas the
greatest influence of slots is experienced at the stator surface.
Besides this the slotting is a function of saturation of the ferro-
magnetic material used in the rotor and stator. Since saturation
effect is very difficult to describe analytically, it has been ig-
nored in the present analysis.

The fundamental principle governing the influence of the
stator slots is the fact that the magnetic field over the slots
must travel further to reach the stator ferromagnetic material.
In other words, the air gap is longer over the slots. As a result
of this larger effective air gap, the flux density is reduced over
the slot area. Zhu et al. [13] have discussed in great detail the
slotting effect for a permanent-magnet motor. To accommodate
the effects of slotting they developed a correction factor known
as relative permeance.

Lieu et al. [14] developed an analytical model of tangential
air-gap field due to slotting. However, in their model they as-
sumed that the stator iron to be of infinite thickness and its per-
meability to be infinite. In the present work, as stated before,
the stator iron is assumed to have finite thickness and finite per-
meability. The analysis starts with the calculation of the radial
flux density along the outer surface of a smooth stator as dis-
cussed in the previous section. The actual radial flux density at
the stator surface is calculated by multiplying the relative per-
meance function with the radial flux density of a slotless motor
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Fig. 4. Distribution of (a) radial component and (b) tangential component of
air-gap field in slotless motor with sin amplitude magnetized magnets (r =
16:75 mm).

( in the previous section). This actual radial flux den-
sity is considered as a new boundary condition and hence a new
boundary value problem is set up

(18)

where is given by (14) in case and in case
by (16) and is the relative permeance func-

tion as defined by Zhu et al. [13]. At the stator surface

(19)

where is the number of slots on the stator.
The above equation can also be written as

(20)

Fig. 5. Distribution of (a) radial component and (b) tangential component of
air-gap field in a slotless motor with parallel magnetized magnets in air gap
(r = 16:75 mm).

Fig. 6. General schematic diagram of a BLDC motor with slots.

where is the magnitude flux density at the stator surface
and can be obtained by substituting by in (14) in case

and in case by (16); is the amplitude of
the relative permeance function as given by Zhu et al. [13]. The
scalar magnetic potential distribution in the air gap, stator iron,
rotor iron, and the exterior region is governed by the Laplace
equation. In the magnet region, the scalar magnetic potential
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distribution is governed by quasi-Poissonian equation. These set
of equations have already been discussed in the previous section
(5), but for the sake of continuity they are reproduced below.

For the air-gap region, the Laplace equation is

(21a)

In the magnet region, the quasi-Poissonian equation is

(21b)

In the stator iron region, the Laplace equation is

(21c)

For the rotor iron region, the Laplace equation is

(21d)

Finally, for the exterior region the Laplace equation is

(21e)

The general solution of the above equations is similar to that
given in the previous section except that certain modifications
are made to accommodate the slotting effect

(22)

(23)

(24)

(25)

(26)

where

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

where , , , , , , , ,
, , , , , , , ,

, , , , , and are the
constants to be determined.

The boundary conditions for this case are:
(i) at the interface between the stator and the exterior region

(42a)

(42b)

(ii) at the interface between the stator and the air gap

(43a)

(43b)

(43c)

(43d)

(iii) at the interface between the air gap and the permanent
magnet

(44a)

(44b)

(iv) at the interface between the magnet and the rotor iron

(45a)

(45b)

The constants mentioned above are determined by solving
the boundary conditions given in (42) to (55). Upon substituting
back the constants , , , , , and
into (24) and using (4) and (1), the tangential components of the
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air-gap field distribution for the slotted case at the stator surface
is obtained:

(46)

where

The above developed model was applied to a three-phase
slotless BLDC motor with radial, parallel, sinusoidal magni-
tude, and sinusoidal angle magnetization. The parameters of the
motor taken are

The results obtained by our model and the FEM are shown
in Fig. 7 for radial magnetization, Fig. 8 for parallel magneti-
zation, Fig. 9 for sinusoidal angle magnetization, and Fig. 10
for sinusoidal amplitude magnetization. In the analytical model
20 harmonics were considered, i.e., and

.
From the above figures it can be seen that results of analyt-

ical are close to the results of FEM. The radial component of
the field obtained by the analytical method follows the FEM re-
sults in amplitude and waveform shape. However, at the edges
of the slots the field due to FEM is higher than that obtained
by analytical method. This difference can be attributed to the
fact that at tooth edges flux concentration occurs and the rela-
tive permeance function is unable to take into account this flux
concentration effect.

V. BACK-EMF CALCULATION

The voltage induced in the in the stator windings by varying
magnetic field in the air gap is known as back-EMF. Since all
coils in the stator can be described in terms of a sequence of
equivalent single-tooth coils [12], hence the flux linked by each
coil is the sum of fluxes linked by each individual tooth coils.
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Fig. 7. Distribution of (a) radial component and (b) tangential compo-
nent of air-gap field in a slotted motor with radially magnetized magnets
(r = 16:75 mm).

Fig. 11 shows a coil and its single-tooth equivalent. The flux
linked by the coil in Fig. 11 is given by

(47)

where

angular tooth offset;

flux linked by first tooth.

The flux linked by a tooth is given by

(48)

In the above equation, by substituting the radial component
of the air-gap field at the stator inner surface (20) becomes

(49)

where is the air-gap field at the stator surface, is
the inner radius of the stator (Fig. 1), and is the length of the
motor. In the above equation, the integrand is independent of the
axial direction. Hence, the above equation can be simplified as

(50)

Fig. 8. Distribution of (a) radial component and (b) tangential compo-
nent of air-gap field in a slotted motor with parallel magnetized magnets
(r = 16:75 mm).

The back-EMF of a single-tooth equivalent coil is given by

(51)

where is the number of turns in the coil.
The back-EMF of a general coil is the sum of back-EMFs of

its single-tooth equivalent coils. For the coil shown in Fig. 11,
the back-EMF is given by

(52)

Having developed the necessary set of equations, this model
is tested and results for the air-gap field are compared with FEM.
The air-gap field density is not compared with the experimental
result due to difficulty in measurement of the air-gap field. How-
ever, since the back-EMF is evaluated from the air-gap field dis-
tribution, comparison of experimental values of back-EMF and
those obtained by the analytical methods implicitly establish the
validity of the analytical methods.

The results obtained by analytical method for back-EMF
(back-EMF is expressed as voltage constant ) are compared
by the experimental values of the back-EMF. The parameters
of the motor are as follows:
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Fig. 9. Distribution of (a) radial component and (b) tangential component of
air-gap field in a slotted motor with sin amplitude magnetized magnets (r =
16:75 mm).

The four coils of a phase are connected in parallel and the
phases are connected in series. The rotor and stator is yoke is
made of M-250-35A steel. The – curve of this steel is shown
in Fig. 12

From Fig. 12, it can be seen that the material has linear char-
acteristics upto 1.2 T, i.e., the relative permeability of the ma-
terial is constant it is . This value of relative perme-
ability is used in the analytical model. The back-EMF obtained
by the analytical method for the above motor and the experi-
mental values are shown in Fig. 13. From the above comparison,
it can be seen that the results obtained by analytical method for

closely resemble those of the experimental results.

VI. COGGING TORQUE CALCULATION USING MAXWELL

STRESS TENSOR

The Maxwell stress gives the force per unit area produced
by the magnetic field on a surface. In differential form, it is
described as

(53)

where denotes the direction normal to the surface at the point
of interest. The net force on an object is obtained by creating
a surface totally enclosing the object of interest and integrating
the magnetic stress over that surface. In rotating motors, the tan-
gential component of the force contributes to the torque. The

Fig. 10. Distribution of (a) radial component and (b) tangential component
of air-gap field in a slotted motor with sin angle magnetized magnets (r =
16:75 mm).

tangential component of the force and torque acting on the sur-
face that encloses the rotating part of the motor is given by

(54)

and

(55)

Using (44), the cogging torque in the motor can be deter-
mined. The comparison of the cogging torque obtained by the
analytical model and the FEM are shown below. The parame-
ters of the motor, for radial and parallel magnetized magnets,
for which the cogging torque was calculated, are

From Fig. 14(a), it can be seen that the result of the cogging
torque obtained by the analytical model is close to the FEM re-
sult. The shape of cogging torque from FEM is similar to that of
the analytical values. For parallel magnetized magnets, the re-
sults of cogging torque obtained by analytical method and FEM
are shown in Fig. 14(b). In this case, also, the shape of the cog-
ging torque from analytical model and FEM is similar and the
values are almost the same. The maximum value of cogging
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Fig. 11 (a) Coil with a span of 4 slot pitches. (b) Single-slot equivalent.

Fig. 12. B–H curve of M-250–35 A steel.

torque calculated by analytical model, for both radial and par-
allel magnetized magnets, is about 7% higher than the values
obtained by FEM.

Fig. 13. Analytical result of back-EMF.

Fig. 14. Comparison of cogging torque obtained by analytical model and FEM
for (a) radially magnetized magnets and (b) parallel magnetized magnets.

VII. CONCLUSION

An analytical technique, to predict the air-gap field distribu-
tion due to permanent magnets mounted on the rotor of a BLDC
motor with slotless and slotted stator, has been presented in this
paper. This model takes into account that the stator yoke has
finite permeability and finite thickness. Different types of mag-
netization of the permanent magnets viz., radial, parallel, sinu-
soidal magnitude, and sinusoidal angle magnetization have been
considered. The model developed in this work has been vali-
dated by finite-element analysis. There is discrepancy between
the radial component of the air-gap field obtained by analytical
method and FEM. This difference is due to flux concentration
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effect at the tooth edges and the relative permeance function is
unable to take into account this effect. Furthermore, the ana-
lytical cogging torque results obtained by analytical model and
FEM were compared and were found to be similar to each other
except that the maximum value of cogging torque by analytical
method was about 7% higher than the values of FEM results.
The analytical model was also compared with experimental re-
sults based on back-EMF values and both the results were in
good agreement. The major advantage of the analytical method
is that it is very fast compared to FEM and can be used in the
initial multiobjective optimization of the BLDC motor.
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