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Abstract

Evolutionary histories are often described by phylogenetic trees. However, reticulate events such as hybridi-
sation and horizontal gene transfer cannot be described by phylogenetic trees alone. Histories that include
these events require phylogenetic networks. For reconstructing evolutionary histories, an important question
is whether a network or a tree is needed to describe such a history. Given sufficiently long DNA sequences, it
has previously been established that level-1 and level-2 three-leaf networks can be distinguished from three-
leaf trees using a phylogenetic invariant.
Here, we generalise this result to networks of level-k, where k ≥ 1, and show the same distinguishability holds
for networks on more than three leaves. This makes it, at least in theory, possible to determine whether the
evolutionary history of different taxa happened in a network-like or tree-like way.
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Lay summary

Phylogenetic studies investigate the evolutionary relationships among species. Evolution is often thought
about as a process in which species repeatedly split into multiple species due to mutation and natural se-
lection. However, not all evolutionary events occur that way. Reticulate events, such as hybridisation and
horizontal gene transfer, are examples of different species combining or interchanging genetic material. The
common way to visualise evolution is through branching diagrams, but if one wants to include these reticu-
late events, one should consider phylogenetic networks. In practice, it is often unclear which of these struc-
tures to consider when reconstructing the phylogenetic history of certain species, as it is not known whether
reticulate events have occurred.
This thesis proves that given sufficiently long DNA sequence data from certain species and assuming a certain
model of DNA sequence evolution, it is in theory possible to determine whether reticulate events have taken
place between species. This is done on the basis of the frequencies of patterns across the DNA sequences of
different species. If no reticulate event has taken place, the evolutionary relationships can be described by
a phylogenetic tree. If a reticulate event has occurred, a phylogenetic network is needed. Through different
characteristics of these structures and the DNA frequencies, it can be determined whether three species are
related by a phylogenetic tree or by the more complex structure, a phylogenetic network. This is achieved
using a formula that behaves differently for these mathematical structures, it is zero for a tree and greater
than zero for a network. Later, this result will be extended to any number of species.
These results show that under the considered model, it is in theory possible to determine whether reticu-
late events have taken place in the evolutionary history of species. This means that it is in principle possible
to distinguish tree-like evolution from network-like evolution using genetic information. This can play an
important role in reconstructing evolutionary relationships.
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1
Introduction

Evolution has become one of the main research areas in biology. Evolutionary biology investigates changes
in taxa, which are scientifically classified groups of organisms, over time. Evolution is based on the principle
of natural selection and biological variance, which is often related to mutations and sexual recombination
between two individuals of the same taxon [11]. However, biological variance can also come from reticulate
events, which are events where two taxa share genetic material with each other in a different way than in a
parent-offspring relationship. Horizontal gene transfer, hybridisation, symbiosis, and infectious heredity are
examples of mechanisms that can produce reticulate events [6]. These reticulate events are often linked to
bacteria, fungi, and plants, but horizontal gene transfer seems to occur in many different lineages of eukary-
otes [9, 14], including humans [12].

Phylogenetic relationships are often described by phylogenetic trees, these branching diagrams give a vi-
sual representation of the taxa and their evolutionary relationships over time. However, phylogenetic trees
lack the ability to represent these reticulate events. A reticulate event creates a cycle by two ancestors coming
together in one new taxon. One of the characteristics of a tree is that it does not contain any cycles. Phy-
logenetic networks can be used to describe evolutionary history that includes reticulate events, since they
are allowed to contain cycles. Figure 1.1 shows an example of a phylogenetic network with the red dashed
lines representing reticulate events, often referred to as reticulations. On the right of Figure 1.1 the associated
semi-directed network (explained below) is given, here the dashed arrows represent the reticulated events.

Figure 1.1: Left: A directed phylogenetic network of Orchids, the directions go from left to right. Right: The semi-directed network
obtained by suppressing the root and omitting the direction of non-reticulation edges. The images are from Englander et al. [5] with data
from Wang et al. [18]
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2 1. Introduction

Phylogenetic trees and networks are graph-based structures that describe evolutionary relationships among
taxa. A graph consists of vertices which can be leaves and internal vertices. Leaves represent the taxa and have
observed data, the internal vertices represent the ancestors of the leaves. The other component in graphs are
edges, these show how evolution connects the vertices, and they may be directed, typically reflecting the
direction of time. If two directed edges are directed into the same vertex, it is a reticulation vertex, which
represents a reticulate event that occurred.
Evolutionary histories that include reticulate events can be described by directed phylogenetic networks, which
have only directed edges and a root vertex representing a common ancestor of all leaves. Here we work with
the associated semi-directed phylogenetic networks, obtained by suppressing the root and only the edges rep-
resenting reticulation events keep their direction; the other edges are undirected, see Figure 1.1.
To draw conclusions about how taxa are related, data is needed to compare the taxa. It is assumed that all
taxa have a DNA sequence that has evolved from a common ancestor. By aligning these DNA sequences of
the different taxa and studying the differences or similarities, the relationship between the taxa and their
common ancestor can sometimes be deduced. The two main methods are the distance based method which
looks at how much two DNA sequences differ and calculates the evolutionary distance from there, and the
character based methods which look at how often the combinations of nucleotides appear over the different
DNA strings of the taxa [13]. Here, we will focus on character based methods.
With a sufficient amount of DNA data on different taxa, the goal is often to identify the phylogenetic history
between these taxa. Given a collection of networks, sufficiently long DNA sequences, and a model for DNA
evolution, a network is identifiable if it can be uniquely determined among the networks in the collection.
Sometimes it is not possible to uniquely identify a network among the networks, but it is possible to be al-
most certain from the data, in which case we call a network generically identifiable [7].
The identifiability of networks is crucial for assessing whether reconstructive algorithms and software, such
as SQUIRREL [8] and TINNiK [1], yield the correct network. Since larger networks can get significantly more
complicated to reconstruct directly, often smaller sub-networks, such as 3-leaf networks (trinets) and 4-leaf
networks (quarnets), are analysed first. They can then be used to puzzle out larger networks as in these algo-
rithms.
For distinguishing phylogenetic networks or trees, phylogenetic invariants are sometimes used, phylogenetic
invariants are formulas that behave differently for DNA distribution data generated on different trees or on
different networks. Phylogenetic invariants have been used to establish identifiability results for quarnets
with one reticulation [7] and in some networks with two reticulations [3, 5].
When reconstructing phylogenetic history between taxa it is important to know if network-like evolution or
tree-like evolution should be considered. This is the same as determining if reticulate events happened in the
phylogenetic history between taxa.
This thesis focuses on identifying whether reticulate events (reticulations) have taken place in semi-directed
networks. A semi-directed network is said to be level-k if it contains at most k reticulations per blob, which is
a maximal subnetwork that cannot be disconnected by deleting a single edge. A sub-blob is subnetwork that
cannot be disconnected by deleting a single edge but does not have to be maximal. If a blob consist of one
vertex it is a trivial blob. In Figure 1.1, the union of the two cycles is a non-trivial blob. Since this is the only
non-trivial blob and it contains two reticulations, the network is level-2. The vertex connected to both D.sp
and D.nobile is, for example, a trivial blob.
Blobs with exactly two incident edges are called 2-blobs, and sub-blobs with two incident edges 2-sub-blobs.
Inserting or suppressing 2-(sub-)blobs does not change the DNA site-pattern frequencies (see Section 2.2.3).
Hence, it is not possible to identify such structures under the model considered here. The tree-of-blobs is the
tree obtained by contracting each blob to a vertex, the algorithm TINNiK [1] reconstructs this tree-of-blobs.
The algorithm SQUIRREL [8] is able to consistently reconstruct triangle-free level-1 networks. Figure 1.2 illus-
trates examples of a tree and of level-1 and level-2 networks on three leaves.
Englander et al. [5] showed that under the Jukes-Cantor model(a certain model of DNA evolution on a phylo-
genetic tree or network, see Section 2.2.1), it is possible to distinguish a three-leaf tree from a level-1 or level-2
trinet, that has at least one reticulation and no 2-blobs. They proved this through a case by case analysis of all
eight level-2 trinets using a phylogenetic invariant. They also conjectured that this result can be generalized
to level-k for all k > 0.
This thesis will confirm this conjecture by extending the above mentioned result from [5] to level-k trinets and
show that it is even possible to extend to level-k networks on any number of leaves using the same phyloge-
netic invariant. Hence, under the Jukes-Cantor model, a phylogenetic network with a non-trivial n-blob with
n > 2 is distinguishable from a phylogenetic tree. This is achieved by splitting the network into subnetworks
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(1) (2) (3)

Figure 1.2: Left: A tree. Middle: A level-1 network. Right: A level-2 network.

and decomposing the same phylogenetic invariant as used for the level-1 and level-2 networks. This result
and the lemmas required for the proof will be proven in Chapter 3. Throughout this introduction, concepts
and definitions are described on an intuitive level, they will be formalised in Chapter 2.





2
Preliminaries and definitions

This chapter introduces some definitions and concepts required for studying phylogenetic networks. This in-
cludes definitions from graph theory and from phylogenetic networks and trees, mostly taken from [3–5, 17].

Before going into phylogenetics, it is important to know some basics of graph theory. A graph is a mathe-
matical way to show relations between objects. A graph G = (V ,E) is made up of the set of vertices V that
represent the objects and the set E which is a collection of edges that are unordered pairs of vertices. These
edges represent a relationship between two objects. Edges can have a direction, they then point towards one
of the vertices, which is usually denoted with an arrow instead of a line. If all edges have a direction, a graph
is directed, if no edges have a direction, a graph is undirected. When a graph contains both edges with and
without a direction, it is called partially directed. Each undirected edge e ∈ E is a set of two vertices {u, v},
e connects u and v , and u and v are said to be incident to e. The degree of a vertex is the number of edges
incident to that vertex. The in-degree and out-degree of vertex are defined the similarly but for only incoming
and outgoing edges. We only consider graphs without loops, which is an edge that connects twice to the same
vertex. We also only allow at most one edge between two vertices.
A path is a sequence with alternating vertices and edges, such that the edges are incident to the vertices they
are in between. The sequence begins and ends with a vertex. The path is said to connect these two end ver-
tices. All edges and vertices can be used at most once in a path. If in a path, the first vertex is the same as
the last vertex, this path is also known as a cycle. A graph is acyclic if it does not contain a cycle, and a di-
rected graph is acyclic if there is no directed cycle. A path is an up-down path if the first k edges are all either
undirected or directed towards the first vertex of the path and the last n −k edges are all either undirected or
directed towards the last vertex of the path, for some 0 ≤ k ≤ n.

a b

c

d

a b

c

d

a b

c

d

(1) (2) (3)

Figure 2.1: From left to right: A directed graph, a partially directed graph and an undirected graph

In Figure 2.1 Network (1), (d , a,c,b) is an up-down path since the first edge is directed to d and the remaining
edges to b. In Network (3), (a,c,b, a) is a cycle but in Network (1) and (2) it is not since the since the directions
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6 2. Preliminaries and definitions

of the edges do not point in the right way. A graph G = (V ,E) is said to be connected if for every pair of vertices
u, v ∈V there is a path between u and v . If there exists a pair of vertices that are not connected, these vertices
and the graph are said to be disconnected. If the removal of an edge disconnects the graph or increases the
number of connected components, this edge is called a cut edge. Furthermore, the vertices of this graph can
be partitioned into two disjoint subsets A and B such that any path between a ∈ A and b ∈ B uses this cut
edge e, and this graph thus contains an A −B split. In graphs in Figure 2.1, the edges between a and d are a
cut-edges.

2.1. Phylogenetic networks and trees
Definition 2.1. A directed (binary phylogenetic) network N+ on a set of taxa X is a directed acyclic graph that
has the following properties.

(i) There is a unique root, which has out-degree two and in-degree zero.

(ii) The elements of the set X are the leaves which have in-degree one and out-degree zero.

(iii) The other vertices either have in-degree one and out-degree two, and are so called tree vertices, or they
have have in-degree two and out-degree one, and are so called reticulation vertices.

In an evolutionary perspective, the root can be seen as the last common ancestor, or the most recent
ancestor, such that over time the taxa X evolved from this ancestor. All edges therefore point away from
the root. These leaves, taxa X, can be seen as taxa of which there is data. The non-leaf vertices are known
as internal vertices. The tree and reticulation vertices represent taxa that were involved in the evolutionary
events. Edges directed towards reticulation vertices are called reticulation edges. Two reticulation vertices are
stacked if the outgoing edge of one reticulation vertex points to the other. Now, a leaf below a reticulation is
called a reticulation leaf, and this reticulation is called a leaf reticulation.
A directed (binary phylogenetic) tree is a directed binary phylogenetic network without reticulation vertices.
This makes sure there are no cycles in the tree which distinguishes a tree from a network in graph theory.

Definition 2.2. A semi-directed (binary phylogenetic) network on a set of taxa X is a partially directed graph
obtained by altering a directed binary phylogenetic network. Namely, removing edge directions of non-
reticulation edges and suppressing the root.

Reticulation vertices, reticulation edges, stacks, leaf reticulations, reticulation leaves and internal vertices
are defined the same way for semi-directed phylogenetic networks. A semi-directed network without retic-
ulation vertices is an unrooted phylogenetic tree, again without a cycle. If in a semi-directed network one
incoming reticulation edge per reticulation vertex is chosen, and the network is simplified by omitting the
direction of the other incoming edges and then exhaustively deleting non-leaf out-degree zero vertices and
suppressing degree-2 nodes, an unrooted phylogenetic tree is displayed.
When drawing semi-directed phylogenetic networks leaves will be drawn as filled vertices and internal ver-
tices as unfilled vertices. Reticulation edges will be dashed edges with a direction and network edges are
regular lines. Figure 2.2 shows a directed phylogenetic network and the semi-directed network obtained by
unrooting the directed phylogenetic network. It also shows two trees obtained by deleting one of the in-
coming edges of the reticulation. Multiple directed phylogenetic networks can give the same semi-directed
network.

A blob of a directed or semi-directed network is a maximal connected subgraph without any cut edges. A
n-blob is a blob connected to n vertices not in the blob. We call a blob trivial if it contains a single vertex, this
implies that all leaves are trivial blobs. Three-leaf and four-leaf networks are called trinets and quarnets.
Now, in a semi-directed network N = (V ,E) let G be a subgraph of N induced by a set W ⊂ V of at least two
vertices. The boundary ∂G of G in N is the set of nodes w ∈ W adjacent to a node z ∉ W . The graph G is a
sub-blob of degree n, or a n-sub-blob in N if it has no cut edge in G , and its boundary in N has exactly n nodes.
A 2-sub-blob can be seen as single-entry single-exit subgraph. This definition slightly deviates from Allman
et al. [2]. They require a sub-blob to be hybrid-closed. A sub-graph is hybrid-closed if for every reticulation
edge, the paired reticulation edge is also in the subgraph.

Definition 2.3. The reticulation number is the number of reticulations in a phylogenetic network. A phylo-
genetic network is said to be level-k if all blobs have at most k reticulations, a network is even strict level-k if
it is not level-(k −1).
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a b c d a b

cd

a b

cd

a b

cd

(1) (2) (3) (4)

Figure 2.2: Four networks, from left to right: A directed phylogenetic network, the associated semi-directed phylogenetic network, and
the two trees obtained by deleting reticulation edges in the semi-directed network.

A phylogenetic network is simple if it has only one non-leaf blob. If a phylogenetic network is simple
and strict level-k then it contains exactly k reticulations. Given a reticulation vertex r with reticulation edges
e ′ = (v ′,r ) and e ′′ = (v ′′,r ) in N, we denote by N− e ′ and N− e ′′ the subnetworks of N obtained by removing
e ′ and e ′′, respectively, and removing edges not on up-down paths between leaves.

Definition 2.4. LetN be a phylogenetic network on leavesX, given a subset X ⊂Xwith |X | ≥ 2. The restriction
of the network N to the set of leaves X is denoted as N|X and defined as the union of the up-down paths in N

between the leaves of X .

Definition 2.5. Let N be a semi-directed network with vertex set V and let X ⊆V be a subset of vertices. The
subgraphN[X ] is k-leaf-connected if the maximum number of edge-disjoint paths between a leaf and a vertex
of N[X ] is k in N.

Lemma 2.6. If a k-leaf-connected subgraph G does not contain a cut-edge, it is a k ′-sub-blob with k ′ ≥ k.
Moreover, if G is a blob, then k = k ′.

Proof. Let G be a k-leaf-connected subgraph of a network N without a cut edge. The subgraph G has k
boundary points with a disjoint paths to a leaf. There could also be more boundary points that do not have a
disjoint path to a leaf. Therefore, G is a k ′-sub-blob with k ′ ≥ k.
Suppose that the k-leaf-connected subgraph G , has no cut edge and is maximal. Now also suppose that two
boundary points of G have a path with a common edge. Then adding the vertices and the edges of both paths
until the last common vertex to G also gives a subgraph with no cut edge. This contradicts the maximality,
and thus there exists the same number of disjoint paths between leaves and boundary points as there are
boundary points. Therefore, G is a maximal k-leaf-connected k-sub-blob which is a k-blob.

In Figure 2.3 there is an example where the inequality k ′ ≥ k is strict since subgraph B is a 4-sub-blob and
3-leaf-connected.

2.2. Markov models on networks
Markov models are stochastic models in which it is assumed that the future states depend only on the current
state, and not on any states of the past. Markov DNA evolution models therefore assume that the DNA of a
new taxon only depends on the DNA of the taxa it evolved from. We will now use Markov evolution models
along the edges of networks to describe the change in DNA between the vertices. Since we will only be us-
ing the Jukes-Cantor model, which is time reversible, we are allowed to move between rooted networks and
semi-directed networks.
Evolution models on networks describe the observed probability distribution of DNA nucleotides at the
leaves of a network. If we have a n-leaf network with vertices V and edges E , every vertex v ∈ V has an
associated random variable Xv with the state space Σ = {A,G ,C ,T }, which represents the four DNA bases.
Every edge e has a transition matrix M e which gives the probability of changing from one DNA base to
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B

Figure 2.3: A semi-directed network where subgraph B is a 4-sub-blob while being 3-leaf-connected.

another along that edge. The transition matrix M e , for an edge e from vertex u to vertex v is a stochas-
tic matrix with entries me

i j = P (Xv = j |Xu = i ). This is the probability that the DNA base of v is j given

that it evolved from u having the DNA base i . Let ∆d be the d-th dimensional probability simplex ∆d :={
p ∈Rd+1 | ∑d+1

i=1 pi = 1, pi ≥ 0 for 1 ≤ i ≤ d +1
}
. All vertices evolved from the root ρ with the root distribu-

tion given by π= (πA ,πG ,πC ,πT ) ∈∆3.

First, consider a tree T with vertex set V (T) and edge set E(T). If for a certain position in the DNA sequences,
the map φ : V (T) →Σ gives the DNA bases for every vertex, the probability of observing that assignment φ in
tree T is

P (φ) =πφ(ρ)
∏

e∈E(T)

M e
φ(u),φ(v).

Usually, only data on the DNA sequences of the leaves are known. Therefore, we want to know the probability
of observing a site patternω ∈Σn , which is the DNA bases of all n leaves of T. By marginalising the probability
over all maps that follow the site pattern at the leaves, the probability of observing ω in T is given by

Pω(T) = ∑
φ:φ(X )=ω

P (φ) = ∑
φ:φ(X )=ω

πφ(ρ)
∏

e∈E(T)

M e
φ(u),φ(v).

For networks, a reticulation vertex can receive only one DNA base (or a changed one) per position on
the DNA sequence. Thus, for every position, only one of the incoming edges is used per reticulation. Every
reticulation vi , with edges e0

i and e1
i , has a reticulation parameter δi ∈ (0,1) which gives the probability of

the site going through the edge e1
i and 1−δi gives the probability of the site going through the edge e0

i . The
probability of observing a site pattern at the leaves of a network is therefore the probability of observing that
site pattern in every tree multiplied by the probability of obtaining that tree with the reticulation parameters.
Given a network N with k ≥ 1 reticulation vertices v1, ..., vk . Each reticulation vi has incoming edges e0

i and

e1
i with reticulation parameters δi and 1−δi , respectively. There are 2k possible combinations of reticulation

edges and therefore possible 2k different trees displayed by choosing one edge per reticulation. Let the binary
vector σ j ∈ {0,1}k represent the trees T j indicating whether e0

i or e1
i was used for every reticulation vi . The

probability of observing a site pattern ω ∈Σn in the network N is given by the following formula.

Pω(N) = ∑
σ∈{0,1}k

[
k∏

i=1
δ

1−σi
i (1−δi )σi

]
Pω(Tσ)

If we take ΘN as the stochastic parameter space with transition matrices M e , reticulation parameters δi and
the root distribution π, we can view Jukes-Cantor model on N as the image of a polynomial map ψN defined
as follows:

ψN : ΘN →∆4n−1

(π, M e1 , . . . , M em ,δ1, . . . ,δk ) 7→ (pω(N))ω∈Σn

The image of ψN is called the phylogenetic model associated to N and is denoted by MN [3, 5].
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2.2.1. Jukes-Cantor model
The evolution Markov model we will use is the Jukes-Cantor model (JC model). This substitution model
assumes that the probability of changing from one DNA base to another is the same for all bases. The proba-
bility of mutating is β ∈ (0,1/4) and therefore the probability of not mutating is 1−3β. This gives the following
transition matrix M e . 

1−3β β β β

β 1−3β β β

β β 1−3β β

β β β 1−3β


The JC model also assumes that the root distribution is uniform. The K2P and K3P models are similar models
that allow more parameters to assign different probabilities for different DNA mutations [16].

2.2.2. Fourier transform
The discrete Fourier transform is a linear transformation that simplifies the probability of observing a site
pattern from a polynomial parametrisation to a monomial parametrisation [3]. This is possible since the
state space can be identified with the elements of the Klein four-group Z2 ×Z2 in the following way A =
(0,0),G = (1,0),C = (0,1),T = (1,1). For every edge e ∈ E the associated Fourier parameters are indicated by
ae

A , ae
G , ae

C and ae
T . Since the probability of mutation is the same for every DNA base, we have ae

G = ae
C = ae

T
and ae

A = 1 for biological parameters. All other parameters are in the interval (0,1), because a zero or infinite
branch length are excluded. Let ω = (g1, g2, ..., gn) be a site pattern observed at the leaves of a n-leaf tree T.
Let Σ(T) be the set of splits A|B induced by the edges of T. Let a A|B

g = ae
g be the parameter of the edge e that

induced the split, with g ∈Z2 ×Z2. Then, the Fourier transform of Pω(T) is given by

qω(T) =


∏

e∈Σ(T)

ae∑
i∈A gi

if
n∑

i=1
gi = 0

0 otherwise

The Fourier coordinates can describe the probability distribution in a phylogenetic tree by a monomial with
one parameter per edge. In a network, every reticulation doubles the amount of possible displayed trees,
therefore in a network with k reticulations can be parametrised by the sum of 2k monomials weighted by the
reticulation parameters of their corresponding displayed trees.
In this thesis, we simplify the notation for the Fourier parameters in the following way. We defined the param-
eter ae

g with e the edge and g the DNA base and thus the group the group element. But under the JC model
ae

A = 1 and since ae
C = ae

G = ae
T are the same value in (0,1) they can be denoted by one parameter per edge.

We will use the letters a,b,c, ... to represent the edges and also use these letters as the names of that edge.

2.2.3. Distinguishability
In order to distinguish different networks, the maps of their network models may not map into each other’s
image too much, for the formal definition we follow Definition 2.5 in [5] by Englander et al.

Definition 2.7. Let {MN }N∈N be a class of phylogenetic network models and let ψN : ΘN → ∆4n−1 be the
parametrisation map for a phylogenetic network model. Given two distinct networks N1 and N2 on the same
set of n leaves, we say that they are distinguishable if the set of numerical parameters in ΘN1 that ψN1 maps
into MN2 and the set of numerical parameters in ΘN2 that ψN2 maps into MN1 both have Lebesgue measure
zero.

In order to show distinguishability there, a tool often used is ideals of phylogenetic invariants. Phyloge-
netic invariants are polynomials that vanish on the set of site-pattern probabilities associated with a given
phylogenetic network model. To link invariants to distinguishability, the ideal of phylogenetic invariants is
defined as the following set of polynomials:

I(MN ) = {
f ∈C[pω]

∣∣ f (pω) = 0 for all pω ∈MN
}

.

Here ψN extends to a complex polynomial map ψ′
N by considering the polynomial ring C[pω] over the inde-

terminates pω withω ∈Σn [5, 15]. If a phylogenetic invariant belongs to the ideal of one phylogenetic network
model and not in the ideal of another, it can be used to show that the network structures are distinguishable.
This was shown by Sullivant [16] by the proposition below.
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Proposition 2.8. Let MN1 and MN2 be two phylogenetic network models on the same number of leaves. Sup-
pose that dim(MN1 ) = dim(MN2 ). If there exists a polynomial f ∈ I(MN1 ) \ I(MN2 ), then MN1 and MN2 are
distinguishable.

This proposition makes it possible to distinguish two networks by showing that a phylogenetic invariant
vanishes for one network and does not vanish for the other network.
In order to distinguish two networks on the same set of leaves it is sufficient to show that it is possible to
distinguish the restrictions of the networks. This was shown by Englander et al. in Proposition 2.8 in [5].

Proposition 2.9. Let N1 and N2 be two semi-directed phylogenetic networks on the same leaf set X . Let S ⊆ X ,
and suppose that the restrictions N1|S and N2|S are distinguishable under the JC model. Then N1 and N2 are
distinguishable under the JC model.

Multiple networks can give the same site pattern probability distribution, which means they are indistin-
guishable. Degree 2 vertices do not change the site pattern probability distribution since under the JC model
the transition matrices of the edges can be multiplied, and the two edges and the vertex can thus be replaced
by one edge. Sullivant [17] showed that 2-blobs do not change the site pattern probability distribution. How-
ever, since the maximality of a 2-blob is not needed for the proof this result can be extended to 2-sub-blobs.

Proposition 2.10. Let G be a DAG with a 2-blob or 2-sub-blob, let B be set of vertices of the 2-blob or 2-sub-
blob, and suppose that a → b1 is the edge pointing into B and b2 → c is the edge pointing out of B. Let G ′ be the
graph obtained from G by deleting all the vertices in B and their incident edges and adding the edge a → c. The
two graphs G and G ′ produce the same probability distributions under the Jukes-Cantor model.

Proof. Since the maximality is not needed it is possible to apply the proof of Proposition 5.4 in [17] to both
2-blobs and 2-sub-blobs. Sullivant [17] also proves that the JC model satisfies the model requirements for the
proof.

This shows that reticulations in a 2-blob or a 2-sub-blob do not change the site pattern probability dis-
tribution. If a reticulation is in a 2-blob or a 2-sub-blob it is not distinguishable from the network with the
2-blob or 2-sub-blob replaced by an edge. Since 2-blobs and 2-sub-blob do not change the site pattern prob-
ability distribution they are sometimes suppressed which means they are replaced by an edge.

(1) (2)

B

Figure 2.4: Two networks that produce the same site pattern probability distribution, while network (1) contains a 2-sub-blob B .

Figure 2.4 shows two networks that produce the same site pattern probability distribution. If in network 1 the
2-sub-blob B is suppressed network 2 is obtained.

2.3. Lower level networks
For level-1 and level-2 networks it has already been proven that it is possible to distinguish them from a tree.
This was done using a phylogenetic invariant expressed in Fourier coordinates. For the Fourier coordinates q
of a trinet under the Jukes-Cantor model, qCC A = qGG A = qT T A are the same and denoted by q110. We define
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q101 and q011 in the same way. We write q111 for any of the following values qCGT = qC T G = qGC T = qGT C =
qT GC = qTCG , which are again the same. Englander et al. [5] proved the following proposition.

Proposition 2.11. Consider the Fourier coordinates q associated to a binary, semi-directed level-2 trinet N
under the JC model. Then the invariant

q011q101q110 −q2
111 (2.1)

evaluates to zero if N is a three-leaf tree and is strictly positive if N is a strict level-1 or strict level-2 trinet with
a non-trivial 3-blob.

Here, we will only show, as an example of the technique, that proposition 2.11 holds for the three-leaf tree
and the strict level-1 trinet with a non-trivial 3-blob, both are shown in Figure 2.5. First we will show that the

a b

c

a b

f

c

d e

δ

(1) (2)

Figure 2.5: (1) is the three-leaf tree and (2) is the strict level-1 trinet. Both are unique up to labelling of the leaves. The edge labels are
used in to prove distinguishability.

invariant of the three-leaf tree evaluates to zero. Using the parameters in Figure 2.5, the Fourier coordinates
are q111 = abc, q110 = ab, q101 = ac, q011 = bc. Using these values in the invariant 2.1, it evaluates to zero.
For the strict level-1 network let the edge labelling be as in Figure 2.5. The reticulation parameter δ is in (0,1).
The Fourier coordinates are as follows:

q111 = abc
(

f δd + (1−δ)e
)
,

q110 = ab f ,

q101 = ac
(
δd + (1−δ)e f

)
,

q011 = bc
(
δd f + (1−δ)e

)
.

Substituting these values into the invariant gives the following expression:

q011q101q110 −q2
111 = a2b2c2 f δ(1−δ)e(1− f )2. (2.2)

Using that all parameters are in (0,1) we can conclude that the invariant is strictly positive.
Up to labelling of the leaves there are exactly six strict level-2 networks. For each of them Englander et al. [5]
showed the strict positivity of the invariant on a case by case basis, in a similar way as the level-1 network
above.





3
Identifiability

In this chapter, we present an extension of the theorem given by Englander et al. [5] about the distinguisha-
bility of phylogenetic networks and trees. Englander et al. proved that strict level-1 or strict level-2 networks
trinets are distinguishable from a three-leaf tree under the Jukes-Cantor model.
We generalise this result by proving that every strict level-k network containing a non-trivial q-blob with
q ≥ 3 on at least three leaves is distinguishable from a tree on the same leaf set, again under the Jukes–Cantor
model. In order to prove this distinguishability Theorem 3.4, Corollary 3.2 and Proposition 3.3 are needed.
These results will first be proven.

3.1. Structural results on level-k phylogenetic networks
Lemma 3.1. Let N be a binary semi-directed phylogenetic network on at least three leaves with a non-trivial
k-blob B with k ≥ 3, Then there exists a reticulation in B incident to a cut edge. If the network has three leaves,
this cut-edge is incident to a leaf.

Proof. We prove this statement for directed rooted binary phylogenetic networks, and afterwards conclude
that it is also true for binary semi-directed phylogenetic networks. Let M be a directed rooted binary phylo-
genetic network and replace the root with an edge. Let B be the blob in M. All internal vertices in B are of
one of the two following types: a tree vertex or a reticulation vertex.
A tree vertex has an in-degree of 1 and out-degree of 2, while a reticulation vertex has an in-degree of 2 and
an out-degree of 1. Suppose only tree vertices are incident to vertices outside of B, then those vertices have
an out-degree of at least 1 in B, and all the other vertices also have an out-degree of at least 1. This leads to a
directed cycle in B, which is a contradiction since B is the blob in the directed phylogenetic network M and
directed phylogenetic networks do not contain directed cycles. Thus, there must exist at least one reticulation
incident to a cut edge.
Since this holds for all directed rooted binary phylogenetic networks M, it is also true for the unrooted semi-
directed versions of these networks, which are binary semi-directed phylogenetic networksN. Note that every
binary semi-directed phylogenetic network has a rooting, and thus every binary semi-directed phylogenetic
network has a reticulation incident to a cut edge.
If the network has three leaves and a non-trivial 3-blob, then the cut-edge incident to the reticulation must
also be incident to a leaf.

Corollary 3.2. Let N be a binary semi-directed phylogenetic network on three leaves with a non-trivial 3-blob.
For each leaf reticulation r there exists a pair of leaves for which r is not on any up-down path between these
leaves.

Proof. Lemma 3.1 tells us that there is a reticulation directly above a leaf. In the binary semi-directed phylo-
genetic network N there is an up-down path between every pair of leaves. Take the other two leaves, distinct
from the one identified in the lemma. If the up-down path went through the reticulation above the leaf, then
it would not be an up-down path, or one would be stuck in this reticulation. Thus, there exists a pair of leaves
such that the reticulation is not on an up-down path between these two leaves.

13
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Proposition 3.3. Let N be a binary semi-directed phylogenetic network on three leaves X . If N has 3-blob and
is level-k with k ≥ 2 after suppression of 2-sub-blobs, then for every leaf reticulation there exists an incoming
edge e of that reticulation such that N−e has a non-trivial 3-blob.

Proof. This proof starts with a case distinction and then proves each case has at least one resulting sub-
network containing a non-trivial 3-blob. Since N is level-k with k ≥ 2 it has at least two reticulations, by
Lemma 3.1 it is known that at least one of these two reticulations has to be above a leaf, we call this retic-
ulation leaf lr . Let rl be this leaf reticulation and e ′ and e ′′ the incoming edges of rl coming from v ′ and
v ′′, respectively. We divide into three cases, and for each case we prove that at least one of N′ :=N− e ′ and
N′′ :=N−e ′′ has a non-trivial 3-blob.
The first possibility, case (i ), is that v ′ and v ′′ are not reticulation vertices, thus rl is not in a stack. The second
possibility, case (i i ), is that one of the parents of rl is a reticulation vertex. The third possibility, case (i i i ), is
that both v ′ and v ′′ are reticulation vertices. Note that it could be possible that the parents of v ′ and v ′′ are
also reticulation vertices, there could be an arbitrarily large stack. The cases are illustrated in Figure 3.1.

lr

e ′ e ′′

rl

lr

e ′ e ′′

rl

r

lr

e ′ e ′′

rl

r ′ r ′′

(i ) (i i i )(i i )

Figure 3.1: The three possible cases for reticulation rl

We prove that for every case at least one of the subnetworks N′ and N′′ contains a non-trivial 3-blob

(i) Both v ′ and v ′′ are not reticulation vertices. Let r be a reticulation different from rl in N. Suppose r is
in a 2-sub-blob B of N′ given by B =N′[X ] with X ⊂ V where V is the vertex set of N. Since only the
path from lr to B uses rl the sub-blob B is still 2-leaf-connected with the two leaves other than lr in N′,
these paths remain in both N′ and N′′. The sub-blob B was 3-leaf-connected in N. This implies there
is a path through e ′ from lr to B , this path was disconnected in N′. This path remains present in N′′,
this implies that B is 3-leaf-connected in N′′. This proves that at least one of the subnetworks N′ and
N′′ contains a non-trivial 3-blob. This case is illustrated in the first drawing of Figure 3.2.

(ii) Without loss of generality assume v ′ is a reticulation vertex with reticulation r and v ′′ is not a reticula-
tion vertex. In N′ r gets deleted because it is not on any up-down path between two leaves, so N′ can
become a tree. Since v ′′ is a tree vertex no vertices are deleted and only e ′′ is deleted in N′′.
Let B be the blob containing r in N′′, and suppose B is not 3-leaf-connected in N′′. Since B is a blob
in N′′ and not 3-leaf-connected it is a 2-blob in N′′. If v ′′ ∉ B , then B is a 2-sub-blob in N which is
a contradiction. If v ′′ ∈ B then B ∪ rl is a 2-sub-blob in N which is again a contradiction. Therefore
the assumption that B was not 3-leaf-connected in N′′ is incorrect. This proves that t least one of the
subnetworks N′ and N′′ contains a non-trivial 3-blob. This case is illustrated in the second drawing of
Figure 3.2.

(iii) Both v ′ and v ′′ are reticulation vertices, and the stack is possibly higher than v ′ and v ′′. Let r ′ and r ′′ be
the reticulations of v ′ and v ′′ respectively. In N′ the incoming edges of r ′ get deleted because it is not
on any up-down path between two leaves and the same is true for N′′ and r ′′. Suppose r ′′ is in a 2-sub-
blob B in N′. B was 3-leaf-connected in N, this implies that a path to a leaf was cut by the deletion of
an incoming edge of r ′ or an incoming edge of a reticulation higher in the stack. Call this leaf l1, call the
other leaf l2 and call the boundary point of B in N that connects to leaf l1 c. In N the sub-blob B had
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a path p1 to leaf l1 and a path p2 to leaf l2. The path p1 goes through one or more reticulations of the
stack of r ′, since p1 was cut in N′. This is illustrated in third drawing in Figure 3.2.
At some reticulation in the stack of r ′, the path p1 must traverses an edge against its direction, otherwise
the path would end in leaf lr . Denote this reticulation r , this could possibly coincide with r ′.
We prove r is 3-leaf-connected in N′′. The path p1 connects leaf l1 to r . The path p2, some of B and the
part between of p1 between c and r connects r to l2. Since p1 and p2 were paths that 3-leaf-connect B in
N they are disjoint. This together with that no overlapping parts of p1 are being used tells us that these
new paths to r also are disjoint. Finally r has a disjoint path to leaf lr though the stack of r ′, this makes
r 3-leaf-connected. Since r is 3-leaf-connected there is a blob with r that also is 3-leaf-connected in
N′′. This proves that at least one of the subnetworks N′ and N′′ contains a non-trivial 3-blob.

lr

e ′ e ′′
rl

lr

e ′ e ′′
rl

r

lr

e ′ e ′′rl

r ′ r ′′

(i ) (i i i )(i i )

r

c
B B B

l1 l2

p2
p1

r

Figure 3.2: Illustration of the proof for each case, from left to right case (i ), (i i ), (i i i ). The blue dashed area is the blob or sub-blob defined
per case and the dashed lines represent paths.

In all three cases, at least one of the sub-networks obtained by deleting a reticulation edge still contains a
non-trivial 3-blob. This completes the proof of Proposition 3.3.

3.2. Distinguishing Trees and Networks
We now prove the main result, showing that 3-leaf trees are distinguishable from 3-leaf networks. This will
then be generalized to n ≥ 3 leaves in Corollary 3.7.

Theorem 3.4. Let T and N be two binary semi-directed phylogenetic networks on the same three leaves. Sup-
pose that T does not have a non-trivial 3-blob and N has a non-trivial 3-blob. Then, under the JC model and if
N has no trivial parameter values, the polynomial invariant

p = q011q101q110 −q2
111

evaluates to zero for T and is strictly positive for N. Hence, T and N are distinguishable under the JC model.

Proof. For trees and for networks without non-trivial 3-blobs, it is already known from Englander et al. [5]
that the invariant is equal to zero. We now prove that for every level-k network N with k ≥ 1 the invariant is
strictly positive. If k = 1 then the invariant is strictly positive, this was also proven by Englander et al. [5].
Assume k ≥ 2, we prove that the invariant is strictly positive using induction on k, where k = 1 is the base
case. From Lemma 3.1 it is known that there is a leaf-reticulation r . Note that both Corollary 3.2 and Propo-
sition 3.3 apply to leaf reticulations, so we can use both on r . Let e ′ and e ′′ be the incoming edges of this
reticulation associated with reticulation parameter δ̄ := 1−δ and δ. We essentially split the network into the
two subnetworks Ñ′ := Ñ−e ′ and Ñ′′ := Ñ−e ′′. These networks from the induction step.
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Without loss of generality, assume that the leaf below r is the first leaf in the ordering of the site-pattern dis-
tribution. Corollary 3.2 tells us that the up-down path between the other two leaves does not use the leaf
reticulation, and therefore q011 = q ′

011 = q ′′
011, where q011, q ′

011 and q ′′
011 correspond to the Fourier coordinates

of N, N′ and N′′, respectively. Using this, we can split the invariant p of N in the following way.

p = q011 q101 q110 −q2
111

= (δq ′
011 + δ̄q ′′

011) · (δq ′
101 + δ̄q ′′

101) · (δq ′
110 + δ̄q ′′

110)− (δq ′
111 + δ̄q ′′

111)2

= q011 ·
(
δ2q ′

101q ′
110 +δδ̄q ′

101q ′′
110 +δδ̄q ′′

101q ′
110 + δ̄2q ′′

101q ′′
110

)
− (
δ2(q ′

111)2 +2δδ̄q ′
111q ′′

111 + δ̄2(q ′′
111)2)

= δ2(q011 q ′
101q ′

110 − (q ′
111)2)+ δ̄2(q011 q ′′

101q ′′
110 − (q ′′

111)2)
+δδ̄q011

(
q ′

101q ′′
110 +q ′′

101q ′
110

)−2δδ̄ q ′
111q ′′

111 (using q011 = q ′
011 = q ′′

011)

= δ2p ′+ δ̄2p ′′+δδ̄q011
(
q ′

101q ′′
110 +q ′′

101q ′
110

)−2δδ̄ q ′
111q ′′

111

(3.1)

Here, p ′ and p ′′ are the invariants corresponding to N′ and N′′. Using Proposition 3.3 on N it is possible to
conclude that N′ or N′′ still contains a 3-blob. Using the induction hypothesis gives p ′ > 0 or p ′′ > 0. Thus,
one of the first two terms is strictly positive, and the other one is non-negative . Without loss of generality,
assume that p ′ > 0, this is used to prove that the cross-term is strictly positive.

δδ̄q011
(
q ′

101q ′′
110 +q ′′

101q ′
110

)−2δδ̄ q ′
111q ′′

111 > 0 (3.2)

Using p ′ > 0 and p ′′ ≥ 0 we can conclude the following inequalities.

q ′
011 q ′

101 q ′
110 > (q ′

111)2

q ′′
011 q ′′

101 q ′′
110 ≥ (q ′′

111)2

Taking square roots on both sides and using the fact that every term is positive, it is possible to deduce the
following.

q ′
111 <

√
q ′

011 q ′
101 q ′

110

q ′′
111 ≤

√
q ′′

011 q ′′
101 q ′′

110

Multiplying both inequalities and again using q011 = q ′
011 = q ′′

011, the following is obtained.

q ′
111q ′′

111 < q011

√
q ′

101 q ′
110 q ′′

101 q ′′
110

Now using an inequality called the inequality of arithmetic and geometric mean (AM-GM inequality), this
inequality holds for positive numbers. This inequality becomes an equality if x = y .

p
x y ≤ x + y

2
(3.3)

Finally, multiplying both sides by two and applying the AM-GM inequality, we get the following.

2q ′
111q ′′

111 < 2q011

√
q ′

101 q ′
110 q ′′

101 q ′′
110 ≤ q011(q ′

101q ′′
110 +q ′′

101q ′
110)

Using this, we can conclude that Equation (3.2) holds and the cross-term is positive. Combined with the fact
that p ′ > 0 and p ′′ ≥ 0, we can conclude that p > 0.

Remark 3.5. If the decomposition in Equation (3.1) of the proof of Theorem 3.4 is applied to the strict level-1
trinet, N′ and N′′ become trees. This implies that p ′ = 0 and p ′′ = 0. In this case, the cross-term in Equa-
tion (3.2) becomes strictly positive. This is worked out in Appendix A, showing an independent proof for the
strict level-1 case.

Remark 3.6. In the decomposition of Equation (3.1) there is, apart from Proposition 3.3, no rule on how
much the level decreases when going from the original network to the subnetworks. In Figure 3.3 a network
of an arbitrary high level is shown, within the blue sub-blob B any number of repetitions of the block with
reticulations can be present. On the right, it is shown that the two subnetworks can still become a tree and a
level-1 network.
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B

e ′ e ′′ e ′ e ′′

2-sub-blob

(1) (2) (3)

Figure 3.3: A network of arbitrary level where the two subnetworks are a tree and a level-1 network.

Corollary 3.7. Let N be a binary semi-directed phylogenetic network containing a non-trivial k-blob B with
k ≥ 3 and let T be a phylogenetic tree on the same set of leaves X. Then, under the JC model, T and N are
distinguishable.

Proof. Lemma 3.1 tells us that there is a reticulation in B incident to a cut-edge. This reticulation is 3-leaf-
connected. Let X̃ be the corresponding three leaves, then the induced subnetwork N|X̃ has a non-trivial 3-
blob. Using Theorem 3.4 we can distinguish N|X̃ from T|X̃ . Using Proposition 2.9, it is possible to distinguish
T and N.





4
Discussion

In Chapter 3, we have shown that it is possible to distinguish a level-k network from a tree on the same set of
leaves under the Jukes-Cantor model. This is one of the first identifiability results for higher-level networks.
Given some taxa, it can, in theory, be used to determine whether networks or trees should be considered
when constructing their phylogenetic history. As part of our proof, we establish that for any trinet of level-
2 or higher, there exists a reticulation such that deleting one of its incoming reticulation edges produces a
trinet that remains reticulated and does not reduce to a tree after suppression. This follows from the fact that
at least one reticulation is not eliminated by 2-blob or 2-sub-blob suppression. This result could be useful for
other proofs involving higher-level trinets.
Our main result is theoretical and it remains to be studied how the invariant reacts to finite data. For example
Barton et al. [4] investigated the interpretation of residuals from invariants of level-1 quarnets when observed
site-pattern frequencies are substituted into the invariants. They further applied statistical learning methods
to determine whether the residuals can be used to infer differences between these networks. Future research
could look into applying a similar approach for evaluating the invariant studied in this thesis using observed
site-pattern frequencies.
Interestingly, the identifiability result established in this thesis does not directly extend to more general Markov
models for evolution. Kouwenhoven [10] showed that a seemingly similar invariant for K2P could evaluate to
zero for a level-1 network with a non-trivial 3-blob. Therefore, extending this result to more general Markov
models requires a different invariant than the one given by Kouwenhoven, or a different approach.
Another possibility for future research is to apply Theorem 3.4 to induced trinets of different subsets of leaves
to determine where reticulations are located in a network. By analysing which subsets of leaves give a trinet
that have a non-trivial 3-blob, it could reveal between which taxa reticulations are present. This would sug-
gest that invariant-based tests could serve as a preprocessing step in network reconstruction algorithms.
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A
An alternative proof for level-1

In this appendix, we work out the details of Remark 3.5, which can be used as an alternative proof for the
distinguishability between a 3-leaf tree and a strict level-1 trinet with a non-trivial 3-blob.
The proof of Theorem 3.4 assumes that the leaf reticulation we split is first in the labelling. Therefore, the
labelling of the leaves in the Fourier coordinates is as follows qg3g2g1 . Now, since the network is level-1 both
the subnetworks are trees and therefore, p ′ = p ′′ = 0. In Figure A.1 the level-1 network is given with edge
labelling.

a b
f

c

d e

δ

1 2

3

Figure A.1: Level-1 network with edge labelling

Now, the Fourier coordinates of the level-1 network are given by q , and the Fourier coordinates of the subnet-
works are given by q ′ for N′ :=N−e and q ′′ for N′′ :=N−d .

q111 = cba f
(
δd + (1−δ)e

)
, q ′

111 = cba f d , q ′′
111 = cba f e,

q110 = cb
(
δd f + (1−δ)e

)
, q ′

110 = cbd f , q ′′
110 = cbe,

q101 = ca
(
δd + (1−δ)e f

)
, q ′

101 = cad , q ′′
101 = cae f ,

q011 = b f a, q ′
011 = b f a, q ′′

011 = b f a.

p = δ2p ′+ δ̄2p ′′+δδ̄(b f a · cad · cbe +b f a · cae f · cbd f −2cba f d · cba f e)

= δδ̄(c2b2a2de f (1+ f 2 −2 f ))

= δδ̄(c2b2a2de f (1− f )2 ) > 0
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Filling these values into decomposition in Equation (3.1) only the cross term from Equation (3.2) remains.
Factoring out the common components, one can see that the cross term is strictly positive, which gives an
alternative proof for the strict level-1 network.
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