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1 Introduction

The counterweight trebuchet is a type of catapult from the late middle ages. This siege
engine uses a swinging arm with a sling attached to throw a projectile. After lifting the
heavy counterweight with manpower, all that potential energy can be released within a
second. This made it possible to fire a projectile with enormous force. In figure 1 we see a
drawing of a counterweight trebuchet.

Figure 1: In this drawing of a counterweight trebuchet we can see the counterweight ms,
the projectile mg, the throwing arm ls and the sling l5. [1,l3 and 4 are given in figure 2.

1.1 Problem statement

In this project we are going to model the movements of a counterweight trebuchet while
firing. We want to develop a simple, yet realistic model.

1.2 Historical background

Late 12" century the counterweight trebuchet was invented in the Mediterranean area. It is
not clear when and were exactly. In part the counterweight trebuchet replaced the traction
trebuchet. With the traction trebuchet up to hundreds of people would pull on ropes as
hard as possible to launch a projectile. Because the range depended on how hard the men
would pull, it was not very consistent. The counterweight trebuchet on the other hand
was very precise. It could also shoot much heavier projectiles over a longer distance. The
counterweight trebuchet did however need an expert to operate. It was also a lot harder
to transport, because of this it was often build close to the target. The large forces on
the counterweight trebuchet meant that you also needed stronger materials that with the
traction trebuchet. Good timber for the main beam was hard to find. Also the projectile
stones needed to be strong enough. This all resulted in higher costs for the counterweight
trebuchet. The big advantage was that you could actually bring down defensive walls with
the counterweight trebuchet relative to the traction trebuchet which could not. However the
traction trebuchet was still widely used to attack personnel weaker defence like buildings
and to launch projectiles over walls. Around the 1500s the cannon replaced the trebuchet
[Purton, 2009).



1.3 Literature review

The first inspiration came from a project were they used the Euler-Lagrange method to
model a counterweight trebuchet and build it up angle by angle. They started with a see-
saw model, our one angle model, where both the counterweight and the projectile are fixed
to the rotating main beam. Then they went to the hinged counterweight model, our two
angle model, where they added an angle between the main beam and the counterweight.
Finally they ended with a trebuchet with a hinged counterweight and sling, our three angle
model, where they added the sling. We see the same method being used for this problem
in most other literature as well. In this project the Lagrangian for the one and three angle
models are the same as ours, but with the two angle model there is a small calculation error
when computing the speed of the counterweight [Rutan and Wieczorek, 2005]. Modeling
a counterweight trebuchet is done a few times, but often with small calculation errors or
by letting the computer do most of the calculations. We do not exactly know how this is
numerically implemented, so we call it a black box. We want to make sure our calculations
are correct and do as much as possible by hand. We also used a project that takes the
beam weight into account, but uses a lot of black boxes. We use the results to check our
equations, but we want to try and see if it is necessary to include the beam weight. Note
that there is a typo in the very last step of the one angle model. [Siano, 2013] Our two angle
model looks a good deal like a double pendulum. A double pendulum is done quite often,
so we can be fairly sure that these calculations are correct [Altic, 2008]. For the three angle
model we used a simulation to check the Lagrangian [Mahieu and Brandhuber, 2012]. From
a 1992 reconstruction of a counterweight trebuchet in Denmark we know how far it will
realistically shoot. We derived the dimensions from this reconstruction from the blueprint
and use these for our model. They released at éw rad and the projectile went 80 meters
high and 168 meters far [Hansen, 1992]. Another reconstruction with the same blue prints
was build at Warwick Castle and is still in use for museum visitors.

1.4 Methodology

For this model we use the Euler-Lagrange method. This method is a reformulation of the
Newton’s equations of motion. The Euler-Lagrange method provides a systematic way to
determine the equations of motion in any coordinate system. For this method we use the
FEuler-Lagrange equation

9 (iL) _ oL _
where L is the Lagrangian depending on x1,...,x,. In our case the z;’s are the angles

0,¢ and 1. A Lagrangian for a certain system is not unique, but we can always find
a valid Lagrangian by using L(z1,...,2,) = Er — E,. Even though the Lagrangian is
not unique, every valid Lagrangian will result in the same set of equations of motion
[Barger and Olsson, 1995].



1.5 General problem

We have a stand I3, that we see as a line perpendicular to the ground. The stand does not
move in our model. The point where the stand touches the ground is our origin (0,0). The
main beam is attached at the top of I3. The main beam can rotate around the top of I3
with angle . On one side there is a short part of the main beam, [, on the other side is
a long part of the main beam, l5. At the end of [, there is a counterweight beam Il4. The
counterweight beam l4 can rotate around the end of [y with angle ¢. A large counterweight
my is attached to this counterweight beam 4. At the end of I there is a projectile beam
l5. The projectile beam [5 can rotate around the end of I with angle 1. A projectile mq is
connected to the projectile beam [5. This is all schematically laid out in figure 2 which is
based on figure 1. We neglect the loss of energy due to friction. This involves both friction

(0,0)
Figure 2: A schematic representation of the general model.

at the three rotation points and air resistance. We also neglect the weight and volume of
the device except m; and mo. We expect this to be possible since we choose m; quite
large. The ground does not play a role in our model. We see m; and my as point masses
and we see [y, 12,103,114 and l5 as lines. We assume all the beams to be rigid. The units that
we work with are meters, seconds, kilos and radians.



1.6

Variables and parameters

Independent variable

Table 1: The independent variable of our model

Dependent variables

0 | angle between the main beam and the stand rad
¢ | angle between the main beam and the counterweight beam | rad
1 | angle between the main beam and the projectile beam rad

Table 2: The Dependent variables of our model are the angles, see figure 2.

Parameters
m1 | mass of the counterweight 2000 kg
ms | mass of the projectile 15 kg
I short part of the main beam, between the 6-joint and the ¢-joint | 1.2 m
lo long part of the main beam, between the 6-joint and the -joint | 5.7m
l3 stand, between the ground and the 6-joint 32m
ly counterweight beam, between the ¢-joint and the counterweight | 1.4m
l5 projectile beam, between the v-joint and the projectile 5m
g gravitation constant 9.81m/s?
Op |Gatt=0 0.77 rad
Oy |Gatt=0 0rad/s
oo | patt=0 m — 0 rad
¢o | patt=0 0rad/s
w() ’lﬁ att=20 9() — 0.57 rad
Yo | Yatt=0 0rad/s

Table 3: The parameters of our model derived from the reconstruction in Denmark
[Hansen, 1992].




2 The one angle model

For the first model we take our general problem with I, and [5 equal to zero. Only angle
plays a role in this model, so we call it the one angle model. This is shown schematically
in figure 3. For the next model we will add 4. This means that ¢ plays a role again, so
this is the two angle model.

I3

(0,0)

Figure 3: Schematic representation of the one angle model

2.1 Mathematical model

The position of the counterweight is given by 71, and the position of the projectile is given
by ro4, see figure 4.

(0,0)

Figure 4: Vector representation of the one angle model



From figure 4 we observe

o= [0]  [acote =g < [ o) ] @
20 = [g} B [ii Zf’igi f:g] - L;éé?i)r)l(i)zg} @)

With the y codrdinates of the masses we can compute the potential energy of the counter-
weight and projectile.

Epia = mig(—li cos(0) +13) Epoa = mag(la cos(9) + I3) (3)
Adding Ep1, and Epy, we find
Epa = —g(mily — malz) f cos(0) + glz(m1 + m2) (4)

To compute the kinetic energy of the masses we need the speed of the masses. Using (1)
and (2) we find

02, = (I3 cos(0)0)? + (I sin(0)0)> = 1,6 v2, = (—l3c0s(0)0)? + (—lysin(0)6)? = 1,0

With these speeds we can compute the kinetic energy for the counterweight and the pro-
jectile.

1 . 1 .
Eria = §mll%92 Eyoq = §m2l392 (5)

Adding Ey1, and Eyo, gives us the total kinetic energy

1 .
Ey, = i(mll% + mglg)GQ (6)

We find our Lagrangian, L, = Ey, — E,,, by using equation (4) and (6).
1 .
Lo = 5(mal} + mal3)? + g(mily — mala) f cos(9) — gls(m +mo) Q)

In order to use the Euler-Lagrange equation for 6, aaLea — % (8;;) = 0, we need to compute

8;9‘1 and % (65:;). By differentiating the Lagrangian, equation (7), with respect to 6 we

find

OL.
00

= —g(mqly — mals)sin(0) (8)

Differentiating the Lagrangian, equation (7), with respect to 9 yields

0L,
e — (mf? 4+ mal) (9)

Differentiating equation (9) with respect to ¢, gives us

ot

8 /9L, )
( = ) = (my 2 + mal2)f (10)

By subtracting (10) from (8), we finally obtain

(Mm% 4+ myl2)0 + g(myly — myly) sin(d) = 0



Solving for 6 gives

" g(mily —maly)
0= - — -~ 0 11
(mllf + mgl%) Sln( ) ( )

Note that masses m; and ms and lengths [; and [l are nonzero by assumption, which means
that denominator never becomes zero. Furthermore we set

Ot=0)=6, O(t=0)=6 (12)

as initial conditions, which means that equations (11) and (12) fully specify our model.
In the literature we see the same equation for # [Rutan and Wieczorek, 2005, 8][Siano, 2013,
9.

2.2 Analytic solution

Our numerical solution is dependent on the time step size we take. To see how accurate our
numerical solution is, we can try to get an analytic solution and compare these solutions.
Since our expression for ¢, equation (11), is quite simple in this case, we can try to express
0 in terms of 6.

g(maly —mals)

jo _glmb—mals) o
(mllf—l—mgl%) Sln( )

Multiplying both sides with 6 yields

g(mily —maly) . :
0= —"—us— 0)0
(mll% + mglg) SIH( )

Integrating both sides with respect to t gives

}9'2 _ g(mily — maly)

R 0 13
2 (mllf + mglg) OS( ) ta ( )
We use the initial conditions, see equation (12), to solve for «.

1.9  g(mily —mals)
@ 260 (m1l2 + mal3) cos(fo) (14)

Combining equations (13) and (14) and solving for § we obtain

22 cos() — cos(B)] + 6y 0 <0<
0(0) = 15)
\/QM[COS(H) —cos(0p)] +00 —T<0<0

(m1l3+m2l3)

If 0 < 8 < 7 we get a negative sign, since our g is negative and vice versa for —m < 6 < 0.

2.3 Numerical solution

We choose our 6y = 0.87rad and fy = 0rad/s. Together with equation (11) for § our model
is now fully specified, but we still have to find a method to compute the results. Because
we have an equation for 6, see equation (15), we can plot a phase space for different
methods. We do this for the most simplistic method, the Euler forward method, and the
most standard method when using Python, scipy.integrate.odeint. Taking 0 < ¢ < 1 and
using the Euler forward method gives us
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Figure 5: Phase spaces using the Euler forward method with different time steps sizes At

To get accurate result with the Euler forward method, we should choose our time step
At at least 0.001. The Python function initially uses the Adams—Bashforth method, but
switches to the Backward differentiation formula if the differential equation turns out to
be stiff. Taking 0 <t < 2 and using the Python function gives us

numerical solution
analytical solution

A numerical solution
\‘ analytical solution

@ \ ’ ® \, /’
“ : \\ /
~_
é : -1 B 1
(a) At =105 (b) At = 0.1
1 numerical solution numerical solution |
\ —— analytical solution —— analytical solution
\ /
/,.
‘@ / L) /
AN yd “ /
\\\ 4—/ —_— -
0 0
{c) At = 0.05 {(d) At = 0.01

Figure 6: Phase spaces using the Python function with different time steps sizes At

With the Python function scipy.integrate.odeint, we get accurate results from step size
At = 0.01. This is a tenth of the step size of the Euler forward method. So we will use the
Python function cipy.integrate.odeint from now on. For the one angle model is time step
size At = 0.01 enough, but when we make our model more complicated, we have to check
if this is small enough.



When we use this to plot our angle and angular velocity as functions of time, we get a
feeling for what our one angle trebuchet is doing.

3.0 30
— 9 ]

2.5 r25
2.0 r20
= 1.5 r15 E
8 &
T 1.0 110 =
° g
G 0.5 5 2

>
0.0 \ Lo
-0.5] ~ -5
-1.0 : . : . . . -10
0.0 0.2 0.4 0.6 0.8 1.0
t(s)

Figure 7: In this plot we see 6 and  as a function of time. We used the one angle model
with At = 1072 and T = 1. We see 6 accelerating at first which is what we would expect
and what we need in order to fire something.

We can also look at at longer period of time.

angle(rad)
o
=}
velocity(rad/s)

|
=

|
N

-2/ \ L4
0 1 2 3 4 5
t(s)

Figure 8: In this plot we see 6 and  as a function of time. We used the one angle model
with At = 1072 and T = 5. We see that the solution is periodic and looks like a cosine
function for 6(t), which is to be expected when we look at the analytic solution (15).
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2.4 Firing (my)

We call the moment when we release the
projectile tg with corresponding release an-
gle . For t < tr we know the position of
the projectile ra,, see equation (2).
ly

[ —lasin(9)

r2a(t) = |2 cos(0) + I3 (16)
We can differentiate ro, with respect to t. \
. [cos(6) - (—0ly) '

alt) = . A 17 0
"2 () = | in(6) - (~dly) (7 h
For t > tg we know the acceleration of the
projectile. Since we don’t take friction into B my )
account, '5(t) reduces to S
(1) = 0 Figure 9: Schematic representation of the
r2\t) = —g one angle trebuchet at the release moment

We can integrate 79(t) with respect to t.

. [ s ]
t) = 18
TQ() __g(t_tR)'i"y ( )
We can again integrate 72(t) with respect to ¢.
_| B-(t—tr)+0o
=g =g - () e (19)

At t = tg we know that the speed and position of the projectile should be the same. So
T24(tRr), see equation (17), and 72(tg), see equation (19), should be equal to each other.
Also r94(tr), see equation (16), and ro(tg), see equation (18), should be equal. From
T94(tr) = 72(tr) follows

B(Or) = cos(0r) - (—Orl2)

Y(0r) = sin(0r) - (~Orl2)

From 794(tr) = ro(tr) follows

5(01{) = 7[2 sin(GR)

€(0r) =lycos(Or) + 13

We call the moment that the projectile hits the ground tg. At tg we know that the height
is zero, so we can calculate tg

_ 0) + \70R) T 29(0r)
g

tE(QR) +tr (20)

With tg we can calculate the range and impact with a certain release angle.
s(0r) = B(0r)(tE(0r) — tR) (21)

B(0r) = 5ma(BOn)? + (~gt5(0r)(0m))) (2)

11



When we variate 0z, the range and impact changes.

251
o 14104
65-10% |
201
o 165104
o 262:10%]
515’ e 380-10%]
= 43710%
101
5_
0 : ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60
x(m)

Figure 10: In this plot we see the path of the projectile after firing with the one angle
trebuchet and different release angles 6. Besides the range, we can see the impact on the
ground in the legend. A bigger circle at y = 0 means a bigger impact.

Now we compute the optimal 8 for range and impact.

100 100
—— Range —— Impact

80 r80

E(105%))

-20

-0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 20

Br(m rad)

Figure 11: In this plot we see the range and impact of the one angle trebuchet with
different release angles fr. The optimal range of 68.7 m is reached with release angle
fr = 0.197 rad and the optimal impact of 45.5 - 10° J is reached with release angle
0r = 0.367 rad.

2.5 Observations

The optimal release angle for range and impact are very different. Depending on what your
goal is, we can adjust the model to optimize that. With the one angle trebuchet we can
shoot up to 68.6 meters and have a maximum impact of 45.5 - 105.J.

12



3 The two angle model

For the second model we take our general problem with [5 equal to zero. Only the angles
0 and ¢ play a role in this model, so we call it the two angle model. This is shown
schematically in figure 12. For the next model we will add [5.This means that ¢ plays a
role again, so this is the three angle model.

Figure 12: Schematic representation of the two angle model

3.1 Mathematical model

The position of the counterweight is given by 13, see figure 13.

(0,0)
Figure 13: Vector representation of the two angle model

From figure 13 we observe

l4 sin(@ —+ ¢ — 7T) :| o |: ll Sln(g) — l4 sin(9 + ¢) (23)

b = Tla + [—14 cos(0+¢—m)|  |—l1cos(0) + 13+ lycos(0 + ¢)

where 1, is the position of the projectile from the one angle model, see equation (1). The
position of the projectile is denoted by 79, and is not changed with respect to ro, of the
one angle model, see equation (2).

1y sin(0) ]

Top = Togq = [12 cos(0) + I3

13



We have a new equation for the height of the counterweight, so our potential energy of the
counterweight changes as well.

Ep1p = gmi(—ly cos(0) + lycos(0 + ¢) +13) (24)

Since 79 is the same as r9,, the potential energy of the projectile is the same as that of
the one angle model, Epop = Epoq = gma(la cos(0) +13), see equation (3). Adding Ep1;, and
E,o yields the total potential energy

Epy = —g(mily — mals) cos(0) + gmals cos(8 + ¢) + gls(mi + ma) (25)

The equation for the position of the counterweight has changed, so the speed of the coun-
terweight changes as well.

v%b = 1%92 + li(é + ¢)2 — 2l1l49(9 + (b) cos(9)

Hence the kinetic energy of the counterweight becomes
1 . . L
Epp = §m1 (@92 + li(& + ¢)2 — 2l1l49(6 + qb) COS(qﬁ)) (26)

Since rg; did not change with respect to ra,, the speed of the counterweight will stay the
same as the one angle model, Eyo, = Ejq = 3m2l36?, see equation (5). Adding Ej, and
Fiop equals the total kinetic energy

1 . 1 . . .. .
By, = 5(mll% + msl3)0% + 5mlzi(e + ¢)? — mal1140(0 + ) cos(¢) (27)
This means that we find our Lagrangian, Ly = Ey, — Epp, by using equation (25) and (27).

1 . 1 . L
Ly = 5 (mal} +mal3)d? + Smil3(0 + 8)° = mililif(0 + &) cos(9) (28)
+ g(m111 — mglg) COS(G) — gm1l4 COS(9 + ¢) — glg(ml + mg) (29)

oL, _ 8 (0L,
) 90 9t \ a0

In order to use the Euler-Lagrange equation for 0, <2 — < —) = 0, we need to compute

% and % (%) By differentiating the Lagrangian, equation (29), with respect to 6 we

a0
find

oL . .
8791) = —g(mqly — maly) sin(0) + gmqly sin( + @) (30)
Differentiating the Lagrangian, equation (29), with respect to 0 yields

oL,
o0

= (Ml +mal3)0 +myl3(0 + ¢) — malyly cos(6)(20 + ¢) (31)

Differentiating equation (31) with respect to t, gives us

0 /0L . . _ L -

57 (55 = (mul? - mal3)d + a3+ ) + malaLafsin(0) 20 + )6 — cos(é) 20 + &)
(32)

By subtracting (32) from (30), we finally obtain

b116 + b12¢ — v =0 (33)

14



where

bii (@) = —13my + 2l1lymy cos(¢) — 3ma — l3my

b12(d) = lamq(l1 cos(P) — l4)
v1(0, 6,0, 6) = —g(lama sin(0) — my (11 sin(f) — lysin(p + 0))) + lilamy (¢ + 26) sin(¢)¢
We added the angle ¢, which means that we need to use the Euler-Lagrange equation for
¢ as well, %—LJ — % (% = 0. First we differentiate the Lagrangian, equation (29), with
respect to ¢.

oL L

a—(; = —m1l1140(0 4+ ¢) sin(¢) + gmlysin(f + ¢) (34)
Differentiating equation (29) with respect to ¢ gives us

oL . )

a?b =m0 + ¢) + m1l1140 cos(¢) (35)
Differentiating equation (35) with respect to ¢ yields

0 (0L - . . .

= (8—;) — 1 2( + &) + malilaf cos(d) — malylaf sin(¢)d (36)

When we subtract (36) from (34), we obtain

b210 + b2 — v2 = 0 (37)
where
b21(¢) = l4m1 (ll COS(d)) — l4)
= a12(¢)
b22 = —lZml

v2(0, $,0) = —gmalysin(0 + ¢) — mali146° sin(¢)

We can rewrite equations (33) and (37) as a matrix equation

B {Z] = ¢ with B = {bn blz} and ¥ = [zl} , in this case [b11(¢) b12(¢)} {0] — {U;(Q‘g(zgfb;f’;;))

b21 b22 b12 (¢) b22

¢

(38)

We can then calculate 6 and d) with [0 ¢]T = B~14 provided B is invertible. Note that
masses m; and mo and lengths /1,1 and I4 are nonzero by assumption. The determinant
of B becomes

det(B) = I3my (I3my sin®(¢) + 13mg) # 0

which means that the inverse of B always exists.

15
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3.2 Checking the Lagrangian

Since our model get a little more complicated and the literature makes a lot of calculation
errors as well, we use some checks to see if our Lagrangian is correct. First we see if
the energy stays constant in the system, second we look at the Lagrangian of a double
pendulum. To see if the energy stays constant we use the Hamiltonian.

0Ly, 0Ly

Jofly el S
o6 0T og ¢

If we calculate the energy with every step, it stays indeed constant.
Since modeling a double pendulum is done quite often in the literature and is almost
always the same, we can assume that the Lagrangian of the double pendulum is correct

[Altic, 2008, 7]. We can translate the constants of the Lagrangian of a double pendulum
to our constants.

1 . 1 . . .. .
L= §(m1 + mg)l%GQ + §m1li(¢ + 9)2 —myl1140(0 + @) cos(¢)
+ (m1 + m3)gly cos(f) — mylyg cos(¢p + 0)

mg is a mass at the ¢-joint, we take ms = 0 to get our model. If we take ms =0 and l; =0
in our Lagrangian, we are left with the Lagrangian of a double pendulum with mg = 0.

1

2
+ gmaly cos(0) — gmalycos(0 + ¢) — glsmy

) 1 . .
L mll%92 + imlli(ﬂ +¢)? — m1l1140(0 + @) cos()

The only difference is the last part with the of the Lagrangian. Since this part does not
have any relation to € or ¢, we can ignore it. When we take the derivatives, that part will
be eliminated. In other literature we see the same set of equations as (38) [Siano, 2013,
11].

3.3 Limit to the last model

When we take I, = 0 in our matrix B and vector ¥, we get the same equation for 8 from
the one angle model, see equation (11). This is exactly what we would expect. However
if we take the limit [, — 0, we do not get the same result. This is because of singular
perturbation. The same thing happens with a double pendulum, what looks a lot like our
situation. With singular perturbation, we can not approximate what happens with a really
small value for the parameter, I, in our case, by setting the parameter value to zero.
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3.4 Numerical solution

To see if the time step is still small enough, we ran the model for different step sizes until we
observed no difference. To get smooth plots with the two angle model, we need At = 1073,

6 60
— 0
51 Py 50
41 r40
= 33 r30 v
g E
T 2 20 =
z_cm S
© 10 3
\ >
0] ~ 0
_17 \ 7_10
) : ‘ : . ‘ ‘ -20
0.0 0.2 0.4 0.6 0.8 1.0

t(s)
Figure 14: In this plot we see 0, ¢, 0 and ¢ as a function of time. We used the two angle

model with At = 1073 and 7 = 1. We see 0 has a negative peak, which is the optimal
moment to fire.

We can also see what happens if we look at a longer time period.

5] Q 120
//’—\\\\ // ¢ l1s
4
110 _
— 3 ©
T ‘| =
c 11 o
= -
| / %
’ \/ "— 10
/
-1 L —15
-2{ ‘ ‘ , ‘ _t-20
0 1 2 3 4 5

t(s)

Figure 15: In this plot we see 6, $,6 and ¢ as a function of time. We used the two angle
model with At = 1073 and T = 5. We see that the solution is not periodic. This is to be
expected since our two angle model is very similar to a double pendulum and a double
pendulum is known to be chaotic. Note that the high peaks are not singularities, see
figure 14.
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3.5 Firing

Since the equations for the position of the projectile 79 is the same as that of the one angle
model ro,, see equation (2), we can use the same equations for firing, see section 2.4. The
position of the counterweight has changed, so the speed of the projectile at different release
angles 6 has changed.

e 13.10%]
201 190-10° |
o 145.10%]
105
301 e 103:10°|
- e 80-10%]
€
= e 6510°]
201
10|
0 50 100 150 200 250 300

x(m)

Figure 16: In this plot we see the path of the projectile after firing with the two angle
trebuchet and different release angles 6. Besides the range, we can see the impact on the
ground in the legend. A bigger circle at y = 0 means a bigger impact.

Now we compute the optimal g for range and impact.

400 400
—— Range — Impact
3501 g P r350
3001 r300
2501 r250
— 200 1200 &
E 2
v 150+ r150
100+ r100
50 r50
0 0
=50 =50
-0.2 0.0 0.2 0.4 0.6
Br(m rad)

Figure 17: In this plot we see the range and impact of the two angle trebuchet with
different release angles 6. The optimal range of 321.6 m is reached with release angle
fr = 0.147 rad and the optimal impact of 19.4 - 10% J is reached with release angle

0r = 0.167 rad.
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3.6 Observations

The optimal release angle for range and impact are closer together than with the one angle
model. With the two angle trebuchet we can shoot up to 321.6 meters, which is 4.7 times
the range of the one angle trebuchet. We have a maximum impact of 19.4 - 1067, which
is 4.3 times the one angle trebuchet. This is because the angular velocities have extreme
peaks.
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4 The three angle model

For the third model we take our general problem, see section 1.5. All three angle play a
role in this model, so we call it the three angle model. This is shown schematically in figure

18.

(0,0)

Figure 18: Schematic representation of the three angle model

4.1 Mathematical model

The position of the projectile is given by ro., see figure 19.

(0,0)

Figure 19: Vector representation of the three angle model

From figure 19 we observe

B Issin(vp —0)| | —lasin(f) — l5sin(y) — 0)
Toe =T2q — [lz cos() — 9)] o |:12 0025(9) + 13 —5l5 cos(y) — 0) (39)
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where r, is the position of the projectile from the one angle model, see equation (2). The
position of the counterweight is denoted by 71, and is not changed with respect to ry; of
the two angle model, see equation (23).

e Iy sin(f) — Iy sin(f + )
te =T = 1) cos() + I3 + 1y cos(6 + @)

We have a new equation for the height of the projectile, so our potential energy of the

projectile changes as well. Filling in the new height yields

Epoc = gma(la cos(8) + I3 — 5 cos(yp — 6))

Since 71, is the same as 71, the potential energy of the counterweight is the same as that
of the two angle model, Ep1. = Ep1p = gma(—l1 cos(0) + 14 cos(6 + ¢) + I3), see equation
(24). Adding Ep1. and E,q. yields the total potential energy

Epe = —g(mily — mala) cos(0) + glz(my + mz) + gmaly cos(0 + ¢) — gmals cos(¢p — 0)
(40)

The equation for the position of the projectile has changed, so the speed of the projectile
changes as well. The new speed of the projectile is given by

V2, = 1202 + 12(¢) — 0)% + 25150(¢) — B)cos(v))
Hence the kinetic energy of the projectile becomes

Frps = %m2<z§9'2 + 20— 6)2 + 2al50(t) — B)cos())

Since 1. did not change with respect to ry,, the speed of the counterweight will stay the
same as the two angle model, Ey1. = Er1p = %ml (130% + 13(0 + ¢)? — 211140(0 + ¢) cos(9)),
see equation (26). Adding Fj1. and Egs. yields the total kinetic energy

1 o1 . . o
Epe = 5mlm)? + 5mlzz(é) + ¢)? — myll40 cos(o) (¢ + 6)

- %mgzga’2 + %mﬂéw — 0)% + malylsh cos(v) (¢ — 0) (41)
This means that we find our Lagrangian, L, = Ey. — E,., by using equation (40) and (41).
L.= %(mllf + mal2)6? — gls(my + ma) + g(maly — mals) cos(6)

+ %mlli (0 + $)? — myl11,0(0 + ¢) cos(p) — gmaly cos(6 + ¢) (42)

+ %mglg(d) — )% + malylsO() — ) cos() + gmals cos(ih — 0)

oL 9

In order to use the Euler-Lagrange equation for 8, <57 — 47 (aLC

26

) = 0, we need to compute

881"9” and % (aa%c). By differentiating the Lagrangian, equation (42), with respect to 6 we

find

0L, . . .
50 — —g(myly — mals) sin(0) + gmalysin(d + ¢) + gmals sin(yp — 6) (43)
Differentiating the Lagrangian, equation (42), with respect to 6 yields
L. .
a@QL = (mll% + mglg)Q

+mil3(0 + ¢) — malilycos(¢)(20 + ) (44)
— mal2(Y) — 0) — malals cos(¢) (20 — 1)

21



Differentiating equation (44) with respect to ¢, gives us

0 (0L, .

ot

30+ 6) + malila [ sin(9)6(20 + §) — cos(#)(20 + )| (45)

= mal5 (v — 0) + malals [sin(w)z/}(%? — 1)) — cos (1) (26 — z/;)}

By subtracting (45) from (43), we finally obtain

110 + 126 + c139) —wy =0 (46)
where
Cll(¢a 1/)) = 71%7711 + 2l1l4m1 COS(QZS) — lZml — l§m2 + 21215m2 COS('(,Z)) - lng
612(¢) = l4m1(l1 COS(‘b) - l4)
c13(v) = —lsma(l2 cos(v) — Is)
w0, 6,%,0,6,0) = glma (11 sin(8) — Ly sin(6 + 0)) — ma(la sin(0) + Is sin(ss — 0)))

+ 11lyma (¢ + 20) sin(@)d + lalsma(—1h + 260) sin(e))e)

When we compare the Lagrangian of the two angle model, see equation (29), with the
Lagrangian of the three angle model, see equation (42), we see that there are no terms
with ¢ changed or added. Hence the Euler-Lagrange expression for ¢ stays the same, see
equation (37).

0215 + 022(5 + Cz:ﬂL = wa (47)
where
c21(¢) = ba1 = lamy (L1 cos(¢) — la)
= C12(¢)
Cop = by = _liml
Co3 — 0

wy(0, $,0) = va = lymy (gsin(p — 0) — I sin(1p)0?)

We added the angle 1, which means that we need to use the Euler-Lagrange equation for
¥ as well, %= — 2 (‘9LC> = 0. First we differentiate the Lagrangian, equation (42), with

> 9y Ot\ 9y
respect to .
0 = —gmalssin(¢ — ) — malals0sin(y) (v — 0) (48)
Differentiating equation (42) with respect to ) gives us
OL. . .
v mal2 (Y — 0) + malals0 cos(v)) (49)
Differentiating equation (49) with respect to t yields
9 /0L, . o o
= <37;> = mal2 (4 — B) + malals(—Osin(e)) + 0 cos())) (50)

When we subtract (50) from (49), we obtain

€310 + c320 + ca3t) — w3 = 0 (51)
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where

c31(¥) = lsma(—la cos(v) + I5)
= c13(¢)
c32 =0
C33 = —lgmg

ws(0,1,0) = lsma(gsin(e — 0) — Iy sin(h)6?)

Combining equations (46), (47) and (51) and rewriting them as a matrix equation reduces
the problem to

cnn(9.) cz(e) as@)] [0 wi(6,¢,9,0,6,v)
c12(¢9) C22 0 o = 2(0, ¢, 9)
Cl3(¢) 0 €33 Q;Z) 3(97¢79)

where we can find our double derivatives by inverting the matrix C. To make sure that this is
always possible, we check that the determinant of C is nonzero. Assume that l1,1s,14,15, m1
and mg are nonzero, then the determinant of C becomes

g 8

det(C) = —l3lEmama(I3my sin®(¢) + l3mg sin®(¢))

We see that we get a problem in the special case where sin(¢) and sin(¢)) are zero at the
exact same moment. We build in a check to tell us if [?m sin®(¢) + [2mqsin®(¢) < 0.1.
Since this never happens, we can assume that no problems occur with inverting the matrix

C.

4.2 Checking the Lagrangian

Our model gets even more complicated. So we again use some checks to see if our La-
grangian is correct. First we see if the energy stays constant in the system, second we
compare our Lagrangian to the literature. To see if the energy stays constant we use the
Hamiltonian.

o aLcé n 6L‘C 8L.c
0¢p oY

96
If we calculate the energy with every step, it stays indeed constant.
In the literature we see the same Lagrangian [Rutan and Wieczorek, 2005, 27]. We also
compare our Lagrangian to that of a simulation [Mahieu and Brandhuber, 2012]. We use
this source because it is a blog like post, were a lot of people interested in this field com-
ment. So the chances for errors gone unnoticed are very slim. The Lagrangian used in the
simulation is

¢+ d)*Lc

1 .
L=3 [29 (cos(e,w)(L1M1 — LyMy) + LyMscos(bw) + L4Mlcos(ww)> 02 (L2M, + L2My)
0 (2L LaMytbcos (O — ) = 2LaLsMaducos(B — 6u) ) + L3Mad2 + L3M2

We can translate the constants to our constants with Ly = Iy, Ly = l1,L3 = Iy, Ly =
ls, M1 =mo, Ms =mq,0, =0+ 7,0, =0+ ¢+ 7 and ¥, =60 — 1.

1 o, .
L= 5 {2g ((105(49 + ) (lamg — lymy )+lymycos(0 + ¢ + ) )Jrﬁz(ljmg +12my)

i 2l (0 + §)cos(—6) ) +dma (0 + §)°

23



This is equal to our Lagrangian without the constant part, see equation (42). This is no
problem, since the constant part will be eliminated when we differentiate.

1 .
L.= 5(mllf +mal3)0? + g(myly — mals) cos(6)

+%mllﬁ(é + )% — mali140(0 + §) cos(¢) — gmyly cos(0 + )

4.3 Limit to the last model

When we take [5 = 0 matrix C' and vector @ we get the matrix B and vector ¢ from the
two angle model, see equation (38). However the same thing goes wrong when we take the
limit [5 — 0, see section 3.3.

4.4 Numerical solution

To see if the time step is still small enough, we ran the model for a smaller time step
At = 10~*. We observed no difference, so time step size At = 103 is small enough for the
three angle model.

6 60
— 9
4 v 9 ta0
7
_ N~ — @
g 2 20 3
l‘j ~—. < > E
[=)) —~— -~ ‘O
< 0 0 ©
= 8
(]
>
2 —20
4l ‘ ‘ . ‘ —1_49
0.0 02 0.4 06 0.8 1.0
t(s)

Figure 20: In this plot we see 8, ¢, 1,6, ¢ and ¥ as a function of time. We used the three
angle model with At =103 and T = 1. To fire as far as possible, a most negative 6 and
most positive 1 are ideal. We see that 6 does not really have a negative peak this time,
but 1 does have a big positive peak.
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We can also see what happens if we look at a longer time period.
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Figure 21: In this plot we see 6, ¢, ¥, 6,1 and ¢ as a function of time. We used the three
angle model with At = 1073 and T' = 5. We see that the solution is not periodic. This is
to be expected since our three angle model is even more complicated than the two angle
model. Note that the high peaks are not singularities, see figure 20.

4.5 Firing

For ¢t < tg the position of the projectile . has changed, see equation (39).

[ —l2sin(0) — l5sin(y — 6)
rae(t) = |2 cos(0) + I3 — I5 cos(¢p — 0) (52)
We can differentiate ry. with respect to t.
. [—1, cos(@R)éR —l5cos(vp — 9R)(¢R - 93)}
(t) = . : . : : 53
Faelt) | —l2sin(0r)0r + lssin(Yr — Or)(Vr — Or) (53)

For t >ty the equations stay the same, see (18) and (19).
. B ] [ B-(t—tr)+0
7a(t) [_g-(t—tR)—F’y ra(t) —lg (t—tr)>+7 (t—tr) +e (54)

At t =t we know that the speed and position of the projectile should be the same. From
7;2c(tR) = r19(tg) follows

B(0r) = Iz cos(0r)0r — I5 cos(br — Or)(Vr — Or)

V(0r) = —lysin(0r)0r + ls sin(¢r — 0r)(Yr — Or)

From ro.(tg) = ro(tgr) follows

5(91{) = —l2 sin(QR) — l5 Sin(lbpb — HR)

6(93) =5 COS(@R) + 13— 5 COS(wR — 93)

The equations for tg(0r),s(6r) and E(fg) stay the same. Note that 5(6r),v(0r) and
€(0r) did change.
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Figure 22: In this plot we see the path of the projectile after firing with the three angle
trebuchet and different release angles 6. Besides the range, we can see the impact on the
ground in the legend. A bigger circle at y = 0 means a bigger impact.

Now we compute the optimal 8 for range and impact.
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—— Range —— Impact
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13005
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Figure 23: In this plot we see the range and impact of the two angle trebuchet with
different release angles fr. The optimal range of 278.1 m is reached with release angle
Or = 0.167 rad and the optimal impact of 51.9 - 105 J is reached with release angle

0r = 0.127 rad. Note that we can have a same possible release angle on different times.
This is why we get multiple values at certain release angles. The negative blue line is not
interesting for us, since we want to shoot forward.
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Figure 24: In this plot we see that the 1y we choose can make a big difference in range
and impact. We computed the optimum range and impact for 2500 different . The
optimum range of 431.0 m is reached with ¢y = 1.317 and 8 = 0.127. The optimum
impact of 54.1 - 107 J is reached with 19 = 0.117 and 6p = 0.127.

4.6 Observations

The optimum impact with the three angle trebuchet is 51.9-10° J, which is 2.7 times better
compared to the two angle model. With the three angle trebuchet we can shoot up to 278.1
meters, which is a little less than the two angle trebuchet. However we have seen in figure
24 that how we choose our g results in a very different range and impact. When we choose
a optimal ¥ we can shoot further than the two angle trebuchet.
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5 Conclusion and discussion

With this project we wanted to model the movements of a counterweight trebuchet while
firing. We start with an oversimplified model and made the model more realistic in con-
secutive steps. We started with the one angle model, which has only angle 6, the angle
between the main beam and the stand. With the Euler-Lagrange method, we derived the
equation of motion for . We got a periodic solution for 8 that keeps oscillating with the
same amplitude. This is what we expect, since we did not include friction in the model.

To get the two angle model, we added the angle ¢ to, the angle between the main beam
and the counterweight. The equations of motion got more complicated and we could not
calculate an analytic solution anymore, we needed to do it numerically. Since our d) de-
pends on é, we wrote our equations of motion as a matrix equation. Our solution was
not periodic anymore and had extreme peaks. Because the equations of motion of our two
angle model are similar to that of a double pendulum, which is known to exhibit chaotic
behavior, we expected these results. The extreme peaks make it harder to reach close to
the optimal range or impact in practice. Our optimal range and impact increased enor-
mously from the one angle to the two angle trebuchet. We went from 68.7 m and 45.5 - 10°
J to 321.6 m and 19.4 - 10° J. We did not expect that it would have a large effect, since
the beam we added, l4, is quite small in comparison. Even though I, is small, addition of
this beam may still have a noticeable effect because l4 is attached to the large counterweight.

Lastly we added the angle 1 to get our three angle model. The equations of motion got even
more complicated. Our model reduces to a matrix equation CZ = @, which means that
we have to carefully check det(C) # 0. With this model we could check our Lagrangian,
but not the equations of motion anymore since they got to complicated. We saw that the
starting angle ¢y we chose, had a big effect on our optimal range and impact. When we
choose the right ¢, we can shoot harder and a little further than the two angle trebuchet,
exact numbers are given in the caption of figure 24. We expected to be able to shoot a lot
further with the three angle model, then with the two angle model. The sling makes the
trebuchet a different kind of catapult, which is known to shoot further and harder than
other kinds of catapults.

With our three angle trebuchet, we can shoot a lot further (431 m) than in practice where
values around 165 m are reached. This is to be expected since we did not take friction or
the beam weight into account. The optimal release angles for impact and range with our
three angle model (0g = 0.127) are very close to what is used in practice (g = 0.117).
This could mean that even though we can not predict the trajectory of the projectile cor-
rectly, we can determine a close to optimal release angle. However we have also seen that
small difference in choosing our vy has a big effect on our results. So our model is not yet
sufficient enough to predict the movements of a counterweight trebuchet firing realistically.

In a follow up project, we would first take the ground into account. With the ground
there is less mobility for ¢, so hopefully this will solve the problem that choosing a certain
¢ has an big effect on the results. The second step would be taking the beam weight into
account, since it is a twelve ton structure. A lot of energy that now goes into the projectile
might be lost there.
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A  Appendix

A.1 Reconstruction

|_2 =521.80 pixels — o s e e |
=5.7334..m _ i | | | 1_4=130 pixels
' =1.4284.. m

1 meter

1 m = 91.01 pixels
1_1=111.71 pixels

=1.2274.. m

Fig 18. Construction design.

Copyright 19959 Middelaldercentret

Figure 25: The first blue print of the reconstruction in Denmark [Hansen, 1992]. From
this picture we can extract the values [y, > and l4 that were used in their setup.
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Figure 26: The second blue print of the reconstruction in Denmark [Hansen, 1992]. From
this picture we can extract the value I3 that was used in their setup.
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Shots 1-4: | Balast 1000 [ L. "o orojectile 15
kg kg.
Shots 5.g. | Balast 1600 [ o orojectile 15
Shots o-13. | Balast2000 [ o orojectile 15
Shot 14- Ballast 1000 | .o orojectile 15
Shot 15- Ballast 2000 | .o orojectile 15
Shot 16: Ballast 2000 | .o orojectile 15
Shot 17- Ballast 2000 | .o orojectile 15
Shot 18- Ballast 2000 | .0 orojectile 15
Shot 19: Ballast 2000 | .o orojectile 20
Shot 20- Ballast 2000 | .o orojectile 25
Shot 21- Ballast 2000 | .o orojectiie 47

Figure 27: From this table we can extract the values my, ms and [l5 for a certain shot that
was done with the reconstruction in Denmark [Hansen, 1992].
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Fig. 17. Experiment results. Drawn by C. Oksen.

Figure 28: In this graph we can see that the optimal range of 168 meters was reached
with my = 2000 kg, me = 15 kg and l5 = 5 m [Hansen, 1992].
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A.2 Python code

import numpy as np

import matplotlib.pyplot as plt

import scipy.integrate as integrate
import sympy as sp

import time

import matplotlib.animation as animation

g = 9.81

t = sp.Symbol(’t’)

theta, phi, psi = sp.symbols(’theta_phi_psi
th, ph, ps = theta(t), phi(t), psi(t)

)

, cls=sp.Function)

class trebuchet:
def __init__(self, 11=1.2, 12=5.7, 13=3.2, 14=1.4, 15=5., m1=2000.,

m2=15., theta0=0.7xnp.pi, dtheta0=0., phi0 = None,
dphi0 = 0, psi0 = None, dpsi0 = 0, dt = 0.001, T=1.):

self._11 = 11

self._12 = 12

self._13 = 13

self._14 = 14

self._15 = 15

self..ml = ml

self. . m2 = m2

self._thetaO0 = thetal

self._dtheta0 = dthetal

self. _phi0 = phi0 if phi0 != None else np.pi — thetal

self._dphi0 = dphiO

self. _psi0 = psi0 if psi0 != None else thetal — 0.5%np.pi
self. _dpsi0 = dpsi0
self . T =T

self._dt = dt

self._t = list (np.arange (0,T, self._dt))

self._rl1, self._r2 = self.__r12()

self. A, self._v = self.__Av(self.__L())

self. _angles = 1 + (14 != 0) + (15 != 0)

self ..y = self.__set_y ()

self._delta, self._epsilon = self._r2[0], self._r2[1]
self. _beta, self._gamma = self._delta.diff(t), self._epsilon.diff(t)
self._s_list , self._E_list = self.__shooting_list ()
self._s_opt, self._E_opt = self.__optimal_angle ()
self . .L = self.__L()

#support methods

def __rl12(self):
a, b = th+ph, ps—th
rnl = lambda x,y,z: y*sp.sin(th)+zxsp.sin(x)
rn2 = lambda x,y,z: y*sp.cos(th)+zxsp.cos(x)+self._13
rl = [rnl(a,self._11,—self._14), rn2(a,—self._11  ,self._14)]
r2 = [rnl(b,—self._12,—self._15), rn2(b,self._12 ,—self._15)]
return rl, r2

34



def __L(self):
[x1, y1], [x2, y2] = self._r1[:2], self._r2
vn_sq = lambda x,y: (x.diff(t))**x2+(y.diff(
vl_sq, v2.8sq = vn_sq(xl,yl), vn_sq(x2,y2)
ml, m2 = self..ml, self._.m2
return 0.5%(mlxv1l_sq+m2xv2_sq)— gx(mlxyl+m2+y2)

12
)

[:2]
t))xx2

def __Av(self, L):
A, Vv=1], []
angls = [th]
if self._14 != 0: angls.append(ph)
if self._15 != 0: angls.append(ps)
for angle in angls:
f = L.diff (angle)—L.diff (angle. diff(t)). diff(t)
v =1
for angle in angls:
spd = sp.Derivative (angle, (t, 2))
a = (f — f.subs(spd, 0))/spd
A.append (sp.simplify (a))
v = v.subs(spd, 0)
V.append (sp.simplify(—v))
return A,V

def __fill_out_matrix (self, C, status):

global ¢t

global theta, phi, psi
= [c.subs(sp.Derivative (theta(t), t),status[l]) for ¢ in C]
= [c.subs(theta(t),status[0]) for c¢ in C]

[c.subs(sp.Derivative(phi(t), t),status[3]) for ¢ in C]

= [c.subs(phi(t),status[2]) for ¢ in C]
= [c.subs(sp.Derivative(psi(t), t),status[5]) for ¢ in C]
= [c.subs(psi(t),status[4]) for c in C]
return C

aaoaoaaa
Il

o o o 0

def __derivs(self, status, t):
A = self.__fill_out_matrix (self. A, status)
v = self.__fill_out_matrix (self._v, status)
B = np.matrix(np. zeros (shape=(self._angles, self._angles)))
W = np.matrix(np. zeros (shape=(self._angles, 1)) )
for i in range(self. _anglesxx2):
B.itemset (i, float (A[i]))
for i in range(self._angles):
W.itemset (i, float(v[i]))
det = np.linalg.det(B)
if self.angles = 3:
test = det/(—self.14%x2xself.15*+2xself .mlxself.m2)
if abs(test) < 0.1:
print (’det (A) = +str(det)+’,_inverse._becomes: . '+str (B.getI()))
M = B. getI ()W
ddth, ddph, ddps = float (M[0]), 0., O.
if self._14 != 0:
ddph = float (M[1])
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if self._15 != 0:
ddps = float (M[2])
return [status[1], ddth, status[3], ddph, status[5], ddps]

def __set_y(self):
state0 = [self.theta0, self.dtheta0, self.phi0,
self.dphi0, self.psi0, self.dpsiO]
y = integrate.odeint (func = self.__derivs, y0 = state0, t = self.t)
return y

def __te(self, gamma, epsilon):
global g
w = gammax*x2 + 2xgxepsilon
if w<0: return 0
else: return (gammatwxx(0.5))/g

def __s(self, beta, gamma, epsilon):
return betaxself.__te (gamma, epsilon)

def __E(self, beta, gamma, epsilon):
global ¢

return 0.5%self .m2x(betax*2+(—gxself.__te (gamma, epsilon)xgamma)**2)

def __shooting_list(self):

s_list , E_list = [], ][]

for status in self._y:
be = self.fill_out_function (self._beta, status)
ga = self.fill_out_function (self._gamma, status)
ep = self.fill_out_function (self. _epsilon, status)

s_list .append(self.__s(be, ga, ep))
E _list .append(self.__E(be, ga, ep))
return s_list , E_list

def __optimal_angle(self):
theta = [item [0] for item in self._y]
s_opt = theta[self._s_list.index (max(self. _s_list ))]
E_opt = theta[self. _E_list.index (max(self._E_list))]
return s_opt, E_opt

def fill_out_function(self, f, status):

global t

global theta, phi, psi

f = f.subs(sp.Derivative(theta(t), t),status[1])
f f.subs(theta(t),status[0])
f f.subs(sp.Derivative (phi(t), t),status[3])
f = f.subs(phi(t),status[2])
f f.subs(sp.Derivative(psi(t), t),status[5])
f = f.subs(psi(t),status[4])
return f

#property ’s

36



@property
def A(self):
return self._A

@property
def v(self):
return self._v

@property
def 11 (self):
return self. _11

@property
def 12 (self):
return self. _12

@property
def 13 (self):
return self._13

@property
def 14 (self):
return self._14

@property
def 15(self):
return self._15

@property
def ml(self):
return self._ml

@property
def m2(self):
return self._m2

@property
def thetalO(self):
return self. _thetal

@property
def dthetaO(self):
return self._dthetal

@property
def phiO(self):
return self._phi0

@property
def dphiO(self):
return self._dphi0

@property
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def psiO(self):
return self. _psi0

@property
def dpsiO(self):
return self._dpsi0

@property
def T(self):
return self._T

@property
def dt(self):
return self._dt

@property
def t(self):
return self._t

@property
def angles(self):
return self. _angles

@property
def rl(self):
return self._rl

@property
def r2(self):
return self._r2

@property
def y(self):
return self._y

@property
def beta(self):
return self._beta

@property
def gamma(self):
return self._gamma

@property
def delta(self):
return self. _delta

@property
def epsilon(self):
return self. _epsilon

@property
def s_list (self):



return self. _s_list

@property
def E_list(self):
return self. _E_list

@property
def s_opt(self):
return self._s_opt

@property
def E_opt(self):
return self._E_opt

@property
def L(self):
return self._L

def

num_pic(treb):

num, axl = plt.subplots(figsize = (14,7))

ax2 = axl.twinx ()

plt .rc(’font’, size = 20)

state = treb.y

ax2.plot ([0, treb.T],[0,0], color="lightgrey’, linewidth = 1)

ax2.plot(treb.t, [item[l] for item in state],
color="pink’, label=r’$\dot{\theta}$’, linewidth=3)
axl.plot(treb.t, [item[0] for item in state],

color="red’, label=r’$\theta$’, linewidth=3)
if treb.14 != 0:

ax2.plot (treb.t, [item[3] for item in state],
color="lightgreen’, label=r’$\dot{\phi}$’, linewidth=3)
axl.plot(treb.t, [item[2] for item in state],
color="darkgreen’, label=r’$\phi$’, linewidth=3)
if treb.15 != 0:
ax2.plot (treb.t, [item[5] for item in state],
color="lightskyblue’ ,label=r’$\dot{\psi}$’, linewidth=3)
axl.plot(treb.t, [item[4] for item in state],

color="blue’, label=r’$\psi$’, linewidth=3)
axl.legend (loc="upper.left ”)
ax2.legend (loc="upper_right ’)
axl.set_xlabel (’t(s)’)
axl.set_ylabel(’angle(rad)’)
ax2.set_ylabel(’velocity (rad/s)’)
if treb.angles = 1 and treb.T<=2.:
axl.set_ylim (—1,3)
ax2.set_ylim (—10,30)
elif treb.angles = 2 and treb .T<=2.:
axl.set_ylim(—2,6)
ax2.set_ylim (—20,60)
elif treb.angles = 3 and treb.T<=2.:
axl.set_ylim (—4,6)
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ax2.set_ylim (—40,60)
if treb.angles = 3 and treb.l4 <= 0.01 and treb.15 <= 0.01:

name = ’'num_small’
if treb.angles = 2 and treb.14 <= 0.01:
name = ’num_small’
elif treb.T<4:
name = ’'num_short’
else:
name = ’'num_long’

) b

name = name + str(treb.angles) + ’.png
num. savefig (name)

def path_plot(treb, n, focus, clr="lightgrey’):
global g
be = float (treb.fill_out_function (treb.beta, treb.y[n]))
ga = float (treb.fill_.out_function (treb.gamma, treb.y[n]))
ep = float (treb.fill_out_function (treb.epsilon, treb.y[n]))
de float (treb. fill_out_function (treb.delta, treb.y[n]))
W = gax*2 4+ 2xgxep
if w<0: te =0
else: te = (gatwxx(0.5))/g
z = np.linspace (0, te, 100)
x = bexz + de
y = —0.5xgxzxx2 + gaxz + ep
plt.plot(x, y , color=clr)
sl = treb.E_list [n]/max(treb. E_list)
plt.scatter (x[—1], 0, color=clr, s=float (abs(s1x400.)))
Ibl, s2= ", treb.E_list [n]
if treb.angles = 1:
82 = s2/(10%x%4)
Ibl = str(round(s2))+r’$\cdot_10"4$_J_"
elif treb.angles = 2:
82 = s2/(10%x%5)
Ibl = str(round(s2))+r’$\cdot_.10"53._J."
elif treb.angles =— 3:
82 = s2/(10%x5)
I1bl = str(round(s2))+r’$\cdot_10"5%._J_"
plt.scatter (x[—1], 0, color=clr, s=60., label=1lbl)

def picture(treb, k = 6, focus="J"):

colors = [’tab:blue’, ’tab:orange’, ’tab:green’, ’tab:red’, ’tab:purple’,
"tab:brown’, ’tab:pink’, ’tab:gray’, ’'tab:olive’, ’'tab:cyan’,
b, ]
theta = [round(item [0],1) for item in treb.y]
if treb.angles = 3:
R = 1[674, 750, 655, 760, 765, 780]
else:

a = theta.index (min(theta, key=lambda x:abs(x—0.2)))
b = theta.index (min(theta, key=lambda x:abs(x—1.)))
R = np.linspace(a, b , k)
shooting = plt.figure(figsize = (14,7))
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for i in range(min(k,len(colors))):
path_plot (treb, int(R[i]), focus, clr = colors[i])
plt.legend (loc="upper.right ”)
plt.xlabel ("x(m) ")
plt.ylabel (’y(m) ")
plt.ylim (0)
naam = ’shooting’ + str(treb.angles) + ’.png’
shooting . savefig (naam)

def opti(treb):
theta = [item [0]/np.pi for item in treb.y]
theta.reverse ()
s_list = treb.s_list
s_list .reverse ()
opti, ax3 = plt.subplots(figsize = (14,7))
ax4 = ax3.twinx ()
ax3.set_xlabel (r’$\theta_ R (\pi$.rad)’)
ax3.set_ylabel (r’s(m)’)
if treb.angles ==I1:
ax4.set_ylabel (r ’E($10°58J) )
E_list = [Ex10x%x(—5) for E in treb.E_list]
elif treb.angles ==2:
ax4.set_ylabel (r 'E($10°5%$J) ")
E_list = [Ex10x%x(—5) for E in treb.E_list|]
elif treb.angles ==3:
ax4.set_ylabel (r ’E($10°6%J) ")
E_list = [Ex10%%x(—6) for E in treb.E_list]
E_list .reverse ()
ax3.plot ([min(theta) ,max(theta)], [0,0], color= ’lightgrey’)
ax3.plot ([treb.s_opt/np.pi, treb.s_opt/np.pi], [0,max(s_list)],
color= ’tab:blue’, linestyle=":’, linewidth=3)
print (treb.s_opt/np.pi)
print (max(s_list))
ax4.plot ([treb.E_opt/np.pi, treb.E_opt/np.pi], [0,max(E_list)],
color= "tab:red’, linestyle=":’, linewidth=3)
print (treb.E_opt/np. pi)
print (max(E_list))
ax3.plot (theta, s_list , color= ’tab:blue’, label="Range’, linewidth=3)
ax4.plot (theta, E_list, color= ’tab:red’, label="Impact’, linewidth=3)
ax3.set_xlim (min(theta) ,max(theta))
if treb.angles = 1:
ax3.set_ylim (—20,100)
ax4.set_ylim (—20,100)
elif treb.angles = 2:
ax3.set_ylim (—50,400)
ax4.set_ylim (—50,400)
elif treb.angles = 3:
ax3.set_ylim (—=50,600)
ax4.set_ylim (—50,600)
ax3.legend (loc="upper.left ”)
ax4.legend (loc="upper.right )
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naam = ’opti’ + str(treb.angles) + ’.png
opti.savefig (naam)

def

check (treb):
global t, th, ph, ps
f = treb.L.diff (th.diff(t))*th.diff(t) — treb.L
if treb._14 != 0: f = f + treb.L.diff(ph.diff(t))*ph.diff(t)
if treb._15 I= 0: f = f + treb.L.diff(ps.diff(t))*ps.diff(t)
E_1st = []
E_lst .append(treb. fill_out_function (f, treb.y))
if max(E_lst)—min(E_lst) != 0:
print (max(E_lst)—min( E_1st))

def

def

pl(n):
x, x1, x2, y1, y2 =[], I, (I, [, [
for i in range(n):
psi0 = (float (i)/n)=*2
x.append (psi0)
treb = trebuchet (psi0 = psiO*np.pi, dt = 0.01)
check (treb)
x1.append(treb.s_opt/np.pi)
yl.append (max(treb.s_list))
x2.append (treb.E_opt/np. pi)
y2.append (max(treb . E_list )/(10%*7))
print (x)
print (yl)
2)

(v
print (y

print (time.strftime ("%WS” , time.localtime ()))
x.append (2.)

x1.append (x1[0])

yl.append(y1[0])

x2.append (x2[0])
y2.append (y2[0])
return x, x1, x2, yl, y2

p2(n, x, yl, y2):

p0, axb = plt.subplots(figsize = (14,7))

ax6 = axb5.twinx ()

ax5.set_xlabel (r’$\psi-0(\pi$.rad)’)
ax6.set_ylabel (r "$SE_{opt }(10°78J)’, color= ’tab:red’)
axb.set_ylabel (r’$s_{opt}(m)$’, color= ’tab:blue’)

axb.plot ([x[yl.index (max(yl))],x[yl.index (max(yl))]], [0,max(yl)],
color= ’tab:blue’, linestyle=’:")

ax6.plot ([x[y2.index (max(y2))],x[y2.index (max(y2))]], [0,max(y2)],
color= ’tab:red’, linestyle=":")

axb.plot(x, yl, color= ’tab:blue’, label="optimal_distance’)
ax6.plot (x, y2, color= ’tab:red’, label=’optimal_impact’)
axb.set_xlim (x[0], x[—1])
naam = ’psi’ 4+ str(n) 4+ ’.png

b
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p0.savefig (naam)

print (time.strftime ("%WS” , time.localtime ()))
trebl = trebuchet (14 = 0, 15=0)

num_pic(trebl)

opti(trebl)

picture (trebl)

check (trebl)

print (time. strftime ("%WS” , time.localtime ()))
treb2 = trebuchet (15=0)

num_pic(treb2)

opti(treb2)

picture (treb2)

check (treb2)

print (time.strftime ("%VW4S” , time.localtime ()))
treb3 = trebuchet ()

num _pic(treb3)

opti(treb3)

picture (treb3)

check (treb3)

print (time.strftime ("%WS” , time.localtime ()))
treb4 = trebuchet (14 = 0, 15=0, T=5.)
num_pic(treb4)

check (treb4)

print (time.strftime ("%WS” , time.localtime ()))
trebb = trebuchet (15=0, T=5.)

num_pic(trebb)

check (trebb)

print (time.strftime ("%WS” , time.localtime ()))
treb6 = trebuchet (T=5.)

num_pic(treb6)

check (treb6)

print (time.strftime ("%V4S” , time.localtime ()))

print (time.strftime ("%HAMAS” , time.localtime ()))
n = 2500

x, x1, x2, yl, y2 = pl(n)

p2(n, x, yl, y2)

print (time. strftime ("7dMAS” , time.localtime ()))

print (time.strftime ("%W4S” , time.localtime ()))
treb = trebuchet ()
y = treb.y

xla = treb.ll*np.sin(y[:, 0])
yla = —treb.llxnp.cos(y[:, 0])+treb.13
x2a = —treb.12xnp.sin(y[:, 0])
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y2a = treb.12xnp.cos(y[:, 0]) + treb.13

x1lb = xla — treb.ld*np.sin(y[:, O]+y[:, 2])
ylb = yla + treb.ld*np.cos(y[:, O]+y[:, 2])
x2b = x2a — treb.15*np.sin(y[:, 4]—-y[:, 0])
y2b = y2a — treb.15*np.cos(y[:, 4]—-y[:, 0])

fig = plt.figure()
s = treb.l124treb .15
ax = fig.add_subplot(111, autoscale_on=False, xlim=(—s,s), ylim=(-s,s))

ax.grid ()

line , = ax.plot ([], [], ’o—7, lw=2)

time_template = ’time_=_%.1fs’

time_text = ax.text (0.05, 0.9, ’’, transform=ax.transAxes)
def init ():

line .set_data ([], [])

time_text.set_text ()

return line, time_text
def animate(i):

dt = 0.01

thisx = [0,0,xla[i],x1b[i],x1a[i],x2a[i],x2b[i]]

thisy = [0,treb.13 ,yla[i],ylb[i],yla[i],y2a[i],y2b[i]]

line.set_data(thisx, thisy)

time_text.set_text (time_template % (ixdt))

return line, time_text
ani = animation.FuncAnimation(fig , animate, np.arange(1l, len(y)),

interval=1, blit=True, init_func=init)

angles = 3
if treb.14

angles
if treb.15

0:
1
0:
angles 1

naam = ’ani’ + str(angles) + .7 + str(treb.T) + '_’ + str(treb.dt) + ’_

ani.save (naam)
plt .show ()

print (time.strftime ("%W6S” , time.localtime ()))
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