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By combining ab initio downfolding with cluster dynamical mean-field theory, we study the degree
of correlations in monolayer, bilayer, and bulk breathing-mode kagome van der Waals materials
Nbs(F, Cl, Br, I)g. Our new material-specific many-body model library shows that in low-temperature
bulk structures the Coulomb correlation strength steadily increases from I to Br, Cl, and F, allowing us to
identify Nb;Ig as a weakly correlated insulator whose gap is only mildly affected by the local Coulomb
interaction. Nb;Brg and Nb;Clg are strongly correlated insulators, whose gaps are significantly influenced
by Coulomb-induced vertex corrections. Nb3Fy is a prototypical bulk Mott insulator whose gap is initially
opened by strong correlation effects. Angle-resolved photoemission spectroscopy measurements compar-
ing Nb3;Brg and Nbslg allow us to experimentally confirm these findings by revealing spectroscopic
footprints of the degree of correlation. Our calculations further uncover how the thickness and the stacking
affect the degree of correlations and predict that the entire material family can be tuned into correlated
charge transfer or Mott-insulating phases upon electron or hole doping. Our magnetic property analysis
based on our model parameter library additionally confirms that interlayer magnetic interactions likely
drive the lattice phase transition to the low-temperature structures. The accompanying bilayer hybridization
through interlayer dimerization yields magnetic singlet-like ground states in the Cl, Br, and I compounds.
We further prove that all low-temperature compounds are dynamically stable and that electron-phonon
coupling to the low-energy subspace is suppressed. Our findings establish Nb; X as a robust, versatile, and
tunable class for van der Waals-based Coulomb and Mott engineering with a rich phase diagram and allow
us to speculate on the symmetry-breaking effects necessary for the recently observed Josephson diode
effect in NbSe,/Nb;Brg /NbSe, heterostructures.
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Correlation effects resulting from electron-electron
(Coulomb) interactions are omnipresent in solids.
Depending on the relative Coulomb interaction strength,
they manifest in various ways, starting from renormaliza-
tions of quasiparticle dispersions in the case of weak
correlations [1], via induced shake-off or replica bands
in the case of intermediate correlations [2,3], or in form of

Published by the American Physical Society


https://orcid.org/0009-0000-7705-0530
https://orcid.org/0000-0003-0499-6944
https://orcid.org/0009-0009-3019-5455
https://orcid.org/0000-0001-8008-5283
https://orcid.org/0009-0008-5567-5642
https://orcid.org/0009-0008-7691-5369
https://orcid.org/0000-0002-6086-2804
https://orcid.org/0000-0002-0122-9443
https://orcid.org/0000-0002-7367-5821
https://orcid.org/0000-0002-1129-6105
https://orcid.org/0000-0001-5165-7553
https://orcid.org/0000-0001-7683-0295
https://orcid.org/0000-0002-7263-4403
https://orcid.org/0000-0002-5436-290X
https://orcid.org/0000-0002-6199-2176
https://ror.org/016xsfp80
https://ror.org/04dkp9463
https://ror.org/01aj84f44
https://ror.org/02e2c7k09
https://ror.org/02yrs2n53
https://ror.org/05kytsw45
https://ror.org/012a77v79
https://ror.org/02hpadn98
https://crossmark.crossref.org/dialog/?doi=10.1103/wr7w-nfhg&domain=pdf&date_stamp=2025-12-05
https://doi.org/10.1103/wr7w-nfhg
https://doi.org/10.1103/wr7w-nfhg
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

JOOST ARETZ et al.

PHYS. REV. X 15, 041042 (2025)

completely different ground states in the case of strong
correlations [4,5]. Being able to tune the degree of
correlations would therefore allow us to engineer many-
body properties of quantum materials [6].

The layered structure of van der Waals (vdW) materials
makes them uniquely tunable [7], with opportunities such
as field-effect-doping [8,9], substrate engineering [10],
heterostructuring [7], and moiré engineering [11], but also
via chemical modifications [6]. Furthermore, within the
library of layered vdW materials, we now have access to a
variety of correlated ground states including magnetism
[12], charge-density wave (CDW) order [13], supercon-
ductivity [14,15], as well as Mott insulators [11,16,17].
However, the complex electronic structure of the systems in
question and the inherent complexity and partial fragility of
correlated electron physics make it challenging to fully
understand the microscopic origin of the observed phe-
nomena, let alone making predictive simulations. Thus,
simple and robust correlated layered material systems with
varying and tunable degrees of correlation strengths are
highly desirable.

Here, we show that the transition metal halide family
Nb;Xg holds up to this promise. These so-called breathing-
mode kagome vdW materials [18] host only one band per
monolayer close to the Fermi level, which is cleanly
separated from the rest of the electronic structure as a result
of in-plane trimerization of the transition metal atoms. In
multilayer structures this further competes with an out-of-
plane dimerization, especially at low temperatures.

Using ab initio downfolding to molecular orbitals, we
derive material-specific minimal models, including single-
particle (hopping) and many-body screened Coulomb inter-
action matrix elements for the entire family Nb;Xg, with
X € {F, Cl, Br, I} across monolayer, bilayer, and bulk struc-
tures. Studying them using cluster dynamical mean-field
theory [19] shows how the balance between kinetic and
screened Coulomb interaction energies changes from Nb;Fg
to NbsIg as well as from monolayer to bulk structures. In this
way, we prove that Nb; Xy realizes several correlated phases
ranging from weakly correlated band insulators to correlated
insulators and strongly correlated Mott insulators, which we
summarize in the generalized phase diagram spanned by the
in-plane versus out-of-plane correlation strengths, as shown
in Fig. 1. We further clarify the distinction between the band
insulator and correlated insulator through experimental
angle-resolved photoemission spectroscopy and by theoreti-
cally investigating their response to charge doping. Finally,
we present a fully ab initio investigation of the magnetic
ground state properties of all low-temperature bulk com-
pounds and specifically on the high- to low-temperature
phase transition in Nb;Clg and Nb;Brg. This finally allows us
to suggest a new mechanism for time-reversal symmetry-
breaking in finite stacks of Nb;Xg, which is needed to
understand the experimentally observed Josephson diode
effect in NbSe, /Nb;Brg/NbSe, heterostructures.
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FIG. 1. Phase diagram of Nb;Xg for monolayer, bilayer, and
bulk structures in the low-temperature (R3m) phase. The hori-
zontal axis measures the in-plane correlation strength and the
vertical axis the out-of-plane correlation strength with 7, 7, and
U, being material and structure specific effective in- and out-of-
plane hopping and local Coulomb interaction matrix elements.
The phase space is divided into Mott, correlated, and band
insulators.

A. Nb3Xj overview

Nb;Xg belongs to the class of layered vdW kagome
materials, which are intensively studied due to the interplay
of their non-trivial electronic band topology and intriguing
electron correlation phenomena [18,20]. Nby;Xg specifi-
cally belongs to the subclass of breathing-mode kagome
materials, with alternating in-plane bond lengths, as illus-
trated in Fig. 2. Among them, Nb;Clg and Nb;Brg have
recently gained much attention due to their promises to
represent prototypical single-band or few-band Mott insula-
tors [21-26], possibly accompanied by strongly correlated
magnetic ground states [21,24,27-29]. Nb;Brg has recei-
ved further attention due to its role in inducing field-free
Josephson diode effects in NbSe, /Nb;Brg/NbSe, hetero-
structures [30]. Although some scenarios have been sug-
gested [31], it is not yet clear what microscopic behavior
yields the required symmetry breakings and whether it is
intrinsic to Nb;Brg or related to the interfaces.

Experimentally, x-ray diffraction shows lattice phase
transitions in Nbs;Clg and Nb;Brg from high- to low-
temperature structures, which can be understood as a shift
in the vdW layer stacking [32,33]. Raman spectroscopy [34]
corroborates this interpretation but also indicates that phonon
symmetries are not affected by the transition. Angle-resolved
photoemission spectroscopy (ARPES) data show gapped
electronic structures with rather flat, albeit broadened, bands
below the Fermi level for bulk Nbslg [35], Nb;Clg [36],
and Nb;Brg [25,37], as well as their admixtures [23].

041042-2



FROM STRONG TO WEAK CORRELATIONS ...

PHYS. REV. X 15, 041042 (2025)

FIG.2. Nb;Xjg crystal structures. (a) Single layer (top view) and
(b) bulk structures (side view) in the LT (R3m) and HT (P3m1)
phase. Darker red solid (dashed) arrows indicate strong (weak)
interlayer couplings #% (¢%) between the nearest trimers. The gray
lines in (a) and (b) represent the primitive unit cell. (c) The
Brillouin zones and high-symmetry points for both structures.

Spectral gaps in NbsClg have also been reported from
transport measurements [26,38]. For Nb;Clg_,Br,, magnetic
susceptibilities further show Curie-Weiss behavior at
elevated temperatures in the high-temperature phases,
accompanied by sudden drops upon entering the low-
temperature phases [23,27,29,32,33,36,39]. This has been
interpreted as a transition from a paramagnetic to a non-
magnetic phase, and the finite susceptibility at very low
temperatures is ascribed to magnetic impurities [32,33].
Theoretically, the modeling of these materials takes place
in several steps. A first impression is given by density
functional theory (DFT), which has been used to study
the monolayer, bilayer, and bulk structures, in both low-
and high-temperature crystal structures [22,24,35,40,41].
Starting with the monolayer, DFT shows a single, rather
flat band crossing the Fermi level, which is half filled and thus
hosts exactly one electron per unit cell. At low temperatures
and going to bilayer and bulk structures, there is an alter-
nating strong and weak hybridization between adjacent
layers, which leads to a dimerization in the out-of-plane
direction [22-25,29]. In this case, DFT predicts two rather

flat bands around the Fermi level, which show a small,
but finite hybridization gap. Since flat bands are indicators
for low kinetic energies, the role of competing Coulomb
interactions needs to be carefully taken into account. Mean-
field DFT calculations are, however, known to underestimate
the impact of the latter, especially in the case of d orbitals
which dominate the low-energy space in the case of Nb; Xg.
Therefore, beyond mean-field theories, which take possibly
strong Coulomb interactions accurately into account, are
necessary. So far this has been done only inconsistently for
monolayer Nb;Clg [21,23,29,42], generic bilayer models
approximating Nb;Clg and Nb;Brg [22], as well as for
simplified models of bulk Nb;Clg [24] and Nb;Brg [25]
using different variants of higher-level many-body theory or
alternative supercell approaches [43]. All of these calcula-
tions hint towards an intriguing interplay between enhanced
Coulomb interactions and kinetic energies, which seem to
drive variants of Mott insulating states. For bulk structures,
this especially requires a careful analysis of the impact of
the out-of-plane dimerization, which has so far only been
discussed qualitatively for bilayers of Nby;Brg and Nb;Clg
[22] as well as for bulk Nb;Brg [25]. Most importantly, the
role of screening and its impact to the actual material-specific
Coulomb interactions along the Nb; Xg family members has
not been studied yet.

II. RESULTS

To systematically, material specifically, and quantita-
tively study these effects, we calculate and investigate all
kinetic and Coulomb interaction terms of Nb;Xg with
X e{F,Cl,Br,1I} in their monolayer, bilayer, and bulk
forms and solve the resulting models using cluster dynami-
cal mean-field theory. Since the high-temperature structure
of NbsIg has not been observed yet and since correlation
effects are most intriguing in the low-temperature phases,
we mostly focus on the latter in the following and will only
comment on differences in the high-temperature structures
of Nb;Clg and NbyBrg where appropriate. We further put
a special focus on the Coulomb interactions and, most
importantly, their screening to uncover the exact micro-
scopic origin of various resulting phases. We apply the
same formalism to all studied compounds allowing for
direct comparisons.

A. Nb3;Xg crystal structure

The breathing-mode kagome structure depicted in
Fig. 2(a) yields an in-plane trimerization of Nb atoms
(see small triangles in red). In the out-of-plane direction,
there exist two stackings, referred to as the high- (HT) and
low-temperature (LT) structures, which are depicted in
Fig. 2(b) together with their Brillouin zones in Fig. 2(c).
The LT stacking leads to a dimerization in the out-of-plane
direction with alternating strong and weak hybridization
between adjacent layers, as indicated by dashed and solid

041042-3
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line arrows in Fig. 2(b) and discussed in more detail below.
Nb;Clg and NbyBrg undergo a structural phase transition
that changes the stacking from the HT to the LT structures
at around 90 and 380K, respectively [29,32,33,39,44].
While it is hypothesized that Nb;lg exhibits a similar
transition at even higher temperatures, this has yet to be
confirmed experimentally.

At high temperatures, crystals of both Nb;Clg and
Nb;Brg belong to the P3ml1 space group. However, at
low temperatures, Nb;Brg and NbsIg have been reported to
adopt the R3m space group [39,44]. In contrast, the LT
crystal structure of Nb;Clg has been described inconsis-
tently in different studies, with reported space groups of
R3 [33], R3m [34,39,44], and C2/m [32]. For consistency
we adopt in the following the R3m point group for Nb;Clg
and note that a symmetry reduction has minimal impact on
the correlation effects and electronic structure [24,29]. To
the best of our knowledge, only Nb;Clg, Nb;Brg, and NbsIg
have been synthesized, but the addition of Nb;Fg gives a
unified view of the full series. To emphasize that NbsFg is
putative, we will use the starred notation.

To get a homogeneous crystal structure set, we perform
for all compounds in their LT bulk phases (and for Nb;Clg
and Nb;Bryg also in their HT phases) a lattice and structural
optimization keeping only the space group fixed to R3m
(P3m1). We find all of them, including the putative Nb;Fg,
to be dynamically stable as further discussed in Sec. V B.
The mono- and bilayer structures are taken from
these relaxed bulk phases by introducing an appropriate
vacuum spacing.

B. Electronic structure
1. In-plane trimerization as the origin of robust flat bands

The formation of flat bands in NbyXg plays a crucial
role in their electronic and magnetic properties. As the
underlying lattice structure is of kagome type, it has been
suspected that the flat bands originate from the topo-
logically nontrivial flat bands of the well-known generic
kagome band structure as described, e.g., by tight-binding
models with isotropic hoppings; see, for example,
Refs. [36,45]. However, as the low energetic orbitals
of all Nbs3Xg compounds are of predominant Nb d
character, this simplified picture has to be reconsidered
[46]. Therefore, we calculated the electronic structure of
LT Nb;Brg at different levels of the breathing mode
perturbation and thus degree of in-plane Nb trimerization,
which is measured by the ratio d,/d,, where d; and d,
represent the sizes of the small and large triangles,
respectively, cf. Fig. 3(a). When the structure is a
conventional kagome lattice (d; = d,), the octahedral
crystal field causes the d orbitals of the Nb ions to split
into the lower-energy 1, (d,, d,,, and d.) and the
higher-energy e, (d,>_,» and dp) states. In the actual
breathing-mode state  (d,/d, ~1.47), the

-y
ground

E —Er (eV)

FIG. 3. Breathing mode induced flat band formation in LT
(R3m) Nb;Bry. (a) and (b) The crystal structure (showing only
one layer for clarity) and the electronic structure as a function of
the size ratio of the small and large triangles d,/d,. The electronic
structures in (b) are weighted between Nb — t; g (in red), Nb — t% "
(in green), and Nb-¢, (in blue) states, respectively. Black lines in
(a) depict the ideal (left panel) and distorted (two following
panels) octahedral environment surrounding the Nb atoms.

octahedral crystal field is distorted, and the I, states
are further split into two sublevels labeled #3, and 73,.
In Fig. 3(b) we show the corresponding DFT band
structures, starting from the unperturbed conventional
kagome lattice (d,/d; = 1) and indicate Nb tég orbitals
in red, Nb t%g orbitals in green, and Nb ¢, orbitals in blue.
From this, we see that in the putative conventional kagome
structure, Nb;Brg would be a metal with various Nb d
bands crossing the Fermi level. Upon trimerization, i.e.,
upon introducing the breathing mode perturbation, we see
that the Nb 73, bands open up a full gap, while the Nb 7,
bands stay behind, nearly pinned to the Fermi level. Finally,
in the actual full breathing mode structure (d,/d; ~ 1.47),
we see that the Nb tég bands further split into a set of two
very flat bands located directly around the Fermi level and a
set of four unoccupied bands. Next to this, we also find that
the occupied Nb tgg bands split, yielding two sets of very
flat bands, while their unoccupied counterparts only mildly

change in their dispersion and now overlap in energy with
the Nb e, bands.
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FIG. 4. LT (R3m) Nb;Xg DFT band structures. Colors indicate the weight of the bonding ((*)) and antibonding (™)) orbitals in the
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The flat band formation in Nb;Xg is thus intimately
connected to the Nb trimerization within the breathing
mode distortion and independent of the LT or HT stacking.
In the monolayer limit, we already showed that the Nb 7,
band at the Fermi level can be best understood as being
formed by a molecular orbital centered at the breathing-
mode induced Nb trimer [24]. As such, the origin of the two
well-separated low-energy flat bands around the Fermi
level in Nb; Xy is conceptually very similar to the formation
of flat bands in the star-of-David phase of TaS, [13] or
twisted bilayer graphene [47]: due to new, larger structures
(induced by the CDW in TaS,, the moiré potential in
twisted bilayer graphene, or here the breathing-mode
distortion), new effective orbitals are formed, which are
spatially rather far apart from each other. This large spatial
separation yields a small effective hopping of electrons
between these new effective CDW, moiré, or here molecu-
lar orbitals, such that their resulting bands are only weakly
dispersive. Simultaneously, gaps in the rest of the electronic
structures are opened, leaving (nearly) isolated flat bands
behind. All of this is lifted upon destroying the larger
structure, i.e., by melting the CDW in TaS,, tuning away
from the magic angle in twisted bilayer graphene, or
suppressing the breathing mode distortion in Nb;Xg.

The key advantage of Nb;Xj is that its breathing mode
distortion is a stable ground state (at all reported temper-
atures and doping levels) that does not require a precisely
tuned twist angle or temperature-induced stabilization.
The formation of flat bands in Nb;Xjy is thus very robust,
so that resulting correlation effects can be studied without
additional complications.

2. Out-of-plane dimerization as origin
of flat band gapping
Having established the in-plane breathing mode distor-
tion and its accompanying trimerization as the mechanism
producing the isolated flat bands, we are now ready to study

, where |y) is the eigenfunction in the Wannier basis.

their evolution throughout the Nb; Xy family. In Fig. 4, we
show the bulk DFT band structures in the LT phases. As
expected, we find two relatively flat bands around the
Fermi level in all cases. In the case of Nb;Fg, both bands
cross the Fermi level, while for the others, we consistently
find one fully occupied and one completely unoccupied
band. For in-plane momenta (k, = 0), the two bands are
clearly split apart, while for the out-of-plane momentum
direction I — A, we observe a stronger dispersion, and the
gap nearly closes. As will become clear from the sub-
sequent Wannierization discussed below, this k, behavior is
a result of the interlayer dimerization of trimers within the
strongly hybridized bilayers in the LT structure. Thus, in k_,
the low-energetic electronic structure is reminiscent of the
behavior of the Su-Schrieffer-Heeger (SSH) model [48],
which consequently yields a gap in this direction, due to the
mismatch of the alternating out-of-plane hopping matrix
elements in the LT phase. From Cl to Br and I, we already
see the first clear trend in the material class: the in-plane
gap between these two bands steadily increases. In the
HT phase, this out-of-plane dimerization is strongly
suppressed yielding negligible gaps, rendering the low-
energy band structures of all HT structures qualitatively
similar to the LT Nb;Fg one.

3. Molecular orbital basis

To prepare for the derivation of material-specific many-
body Hamiltonians using ab initio downfolding and to
further analyze the low-energetic band structure, we con-
struct maximally localized Wannier functions for the two
low-energy bands. In all four cases, we find that the bands can
be perfectly Wannier interpolated within a basis spanned by
two molecular orbitals v and y,, which are centered on
trimers of adjacent layers and which are directly above each
other, see Fig. 5. As shown in Refs. [21,24], these molecular
orbitals arise from a direct linear combination of three
Nb d orbitals from the local trimers. The original atomistic
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FIG. 5. Wannier molecular orbitals of LT (R3m) Nb;Brg.
and y,, along with their bonding (+) and antibonding (-)

combinations, ™) = (y; +y,)/V2.

multiorbital basis has, however, very little influence due to
the large energy separation between the trimer orbital and all
other states, which are therefore either fully occupied or
empty. In this molecular orbital basis, we find similar
contributions of both orbitals to both low-energy bands.
However, upon diagonalization of the single-particle
Wannier Hamiltonian, we find that the lower (occupied)
band is well described by a bonding orbital y{*) formed by
the direct sum of the trimer-centered molecular orbitals
w™) = (y, + w,)/V/2, while the upper (unoccupied) band
is well described by the corresponding antibonding orbital
w5 = (y; —w,)/V/2, as illustrated in Fig. 5. For the
subsequent analysis of correlation effects this molecular
orbital basis is most efficient, as it compresses six atomistic
basis orbitals to just two molecular ones. Furthermore, it will
be helpful to switch back and forth between the molecular
orbital basis (;) and the bonding-antibonding basis (),
as the self-energy in the LT phase becomes diagonal in the
bonding-antibonding basis.

TABLE L.

Upon projecting the Kohn-Sham states to the y(*) basis,
we see that this interpretation holds especially for in-plane
momenta. For out-of-plane k, momenta, however, we
observe that y/(i) states mix, which is a result of the small,
but finite wave function overlap between the dimerized
layers. This admixture thus verifies the SSH-like behavior
in the k, direction and is consistent with Ref. [49] within
which Nb;Brg and Nbs g are classified as obstructed atomic
insulators [50]. The latter are characterized by wave func-
tion centers that are not located at an atomic position, which
holds in our case for the bonding combination of the trimer
orbitals, cf. w*) in Fig. 5. Although the CIl, Br, and I
compounds all share the classification as obstructed atomic
insulators, the details and specifically the size of the DFT
gap change from material to material, as reflected in the
Wannier hopping parameters in Table I and as discussed in
more detail in the following section.

C. Downfolded many-body Hamiltonians from ab initio
constrained random phase approximation calculations

Using the molecular orbital basis, we proceed with
deriving generalized Hubbard Hamiltonians of the form

1
_Z i Z § ot
H= > 1;;CiCj —1—5‘ 'klUijleichkCl
i.j ij.k,

(1)

for all compounds. Here ¢; and ¢ ; are electron creation and
annihilation operators in molecular orbitals at sites i and j,
respectively, 7;; are single-particle (hopping) and U,y
partially screened two-particle (Coulomb) matrix elements.
The latter are evaluated within the constrained random

Structural and ab initio downfolded many-body Hamiltonian parameters for LT (R3m) Nb;Xy. In-plane (a) and out-of-

plane (c) lattice parameters, molecular orbital spread (€2), nearest neighbor in-plane (7)), and out-of-plane (tﬁf/ w)) hopping parameters
corresponding to hoppings illustrated in Fig. 2(b) and corresponding cRPA screened Coulomb (U and U | ) interactions, on-site bare
(V) and screened (U)) Coulomb interactions including their ratio €. = Vy/Uy. t, U, and V are provided in meV. Note that this Table
only shows the most relevant model parameters. Hubbard-I and cluster DMFT calculations were performed with all calculated hopping
parameters and the full Coulomb tensor U, j;; on and between dimerized molecular orbitals.

X aAd) c(h) Q@) /Y A Vo Uy Cott U AR AN
F  Buk 574 3116 412 343  —49  —65 74864 25905 289 8045 7146 5725
BL 338  —5.0 74962 39888 1.88 19772  1987.7

ML 33.6 74972 40218 186 2016.7

Cl Buk 675 3675 708 201 —1360 —16.1 61264 14514 422 4756  400.1 3135
BL 185 —136.2 6150.0 2697.6 228 1598.5 15709
ML 18.6 61803 27713 223  1670.1

Br Bulk 708 4084 854 59 —1694 —204 57874 11866 488 3815 3420 2624
BL 34 —169.2 58194 23960 243 14838 14823
ML 45 5887.7 24753 238 15543

I Buk 770 4324 1315  -83 —2182 —246 50527 7870 642 2583 2585 1838
BL ~132  -2184 51017 19287 265 13233  1349.0
ML ~115 53211 20524 259 13973
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phase approximation (cRPA) [51], which accounts for all
RPA-level screening processes except those taking place
within the molecular orbitals ;. In this way, all intra-
and interlayer screening properties are included in the
model, without any double-counting occurring when the
model is solved. As a first-principles method, the cRPA
therefore captures how screening differs across the class of
materials, both due to changes in the chemical composition
as well as due to differences in the screening environment
between monolayers, bilayers, and bulk structures. This
way, our material-specific localized molecular orbitals
render adequately the different local chemical environ-
ments in each compound and in each stacking, while the
screening captures global crystal effects including polar-
izations from higher and deeper lying electronic states.

The cRPA scheme gives access to the full tensor U ;. In
Table I, we show a subset of these matrix elements focusing
on the local and nearest-neighbor density-density Coulomb
(Ujjji) as well as on intra- and interlayer hopping matrix
elements. For a complete overview and details about the
calculations, see Sec. VA.

We start by discussing the molecular orbital spreads (£2)
of the bulk structures, which we find to increase from F to I.
This trend follows the lattice constants, which increase in
the in- and out-of-plane direction from F to I. This shows
how the molecular orbitals and thus the local orbital basis
reflects the chemical changes in the structure. The tightest-
bound lattice (NbsFg) hosts highly localized molecular
orbitals, while the weakest-bound lattice (NbsIg) has rather
delocalized molecular orbitals.

These trends are further reflected in the hopping matrix
elements. Overall, we find that the in-plane nearest-
neighbor hopping (7)) shows a decreasing trend from F
to I. Its magnitude is relatively small in all compounds,
which reflects the flat in-plane (constant k) dispersion. The

strong out-of-plane nearest-neighbor hopping (tis)), in turn,
grows significantly in magnitude from F to I, which is in
line with a increase in the orbital spread. The “weak link” in

the out-of-plane directions (t(LW)) is in all compounds about

an order of magnitude smaller than t@ and increases in

magnitude slightly from F to L. This reflects the increasing
bilayer hybridization between the interlayer dimerized
trimers, leading to the growth of the bonding-antibonding
splitting, as observed around I' in Fig. 4. In Nb;Fg, the in-
and out-of-plane hoppings are not very different, such that
there is no opening of a full dimerization gap throughout
the Brillouin zone and only a small splitting at I' is
observed. To analyze the gap at the high symmetry point
A, we need to take into account that there are three adjacent
layer neighbors in the weak-link directions, such that the
SSH gap of a nearest-neighbor model would be given by

T, = 2|t5f) - \/§t(f)|. This increases from about 216 to

351 meV going from Cl to I, indicating an increase of
the dimerization strength (in Nb;Fg, it is only 4 meV).

The DFT gaps at A (where the SSH gap opens) are,
however of similar size in Nb;Clg and Nb;Brg. We
understand this as a result of long-range hoppings
suppressing the dimerization, particularly hopping to
next nearest and next-next-nearest neighboring trimers
in the adjacent van der Waals layer. These hoppings
become slightly more pronounced from CI to I.

The most important interaction parameter is the partially
screened local density-density interaction U, (Hubbard’s
U), which depends on the size of the orbital and on the
screening. We can disentangle these effects by also looking
at the bare local density-density Coulomb interaction V),
which depends only on the size of the orbital. It is largest
in Nb;Fg and smallest in Nbslg, inversely following the
molecular orbital spread. The impact of screening can then
be quantified by the ratio e, = V(y/U,, which is seen to
increase drastically from F to I. This screening parameter is
approximately inversely proportional to the “background”
electronic gap (i.e., the gap between the filled and occupied
bands above and below the flat bands). Thus, the screened
local density-density Coulomb interactions are not just
suppressed by the enhanced molecular orbital spread, but
also by stronger screening going from F to L.

Next to this, our calculations show that the partially
screened Coulomb interactions are dominated by density-
density interactions. This is a result of having just a single
molecular orbital being centered in each of the adjacent,
strongly hybridized monolayers. Non-density-density inter-
actions, such as Hund’s exchange interactions, are thus
nonlocal, which significantly suppresses their strengths (to
a few meV). Because of reduced screening in the layered
vdW structures, the density-density Coulomb interactions
are nonlocal and show a long-ranged tail. The latter is
visible in Table I by comparing the local interactions U, to
the nearest-neighbor ones in both in- and out-of-plane
direction. In contrast to the out-of-plane hopping matrix
elements, we do not see a significant bilayer hybridization
effect in the nonlocal density-density Coulomb interactions.

Comparing U(f) and U(f), we find only small differences,
which can be explained by the slightly different distances
between the molecular orbital centers in these two directions.
Comparing the bulk parameter with the mono- and
bilayer ones, we do not see sizable differences in the
hopping parameter and only mild enhancements of the bare
interactions, but strong enhancements of the screened
Coulomb matrix elements. The latter is mostly driven by
the reduced screening in the mono- and bilayer limit as
compared to the bulk structures, as clearly visible from the
reduced €. in these structures. Thus, while the bulk and
bilayer structures behave rather similar in terms of their
non-interacting electronic structure, they could be vastly
different as a result of different screening environments.
Taken together, our ab initio downfolding calculations
show that the local Coulomb interactions U, are very large
in comparison to in-plane hopping terms with Uy /1| ratios
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always larger than 80. In comparison to the strong out-of-

plane hopping matrix elements, we find U,/ tis) ratios
that decrease from about 12 in NbjClg to around 4
in Nbslg. These ratios point towards possible strong
Coulomb-interaction induced correlation effects, which
might change from system to system. To investigate this
and quantify the correlation strengths, we proceed with
solving the generalized Hubbard models using cluster
dynamical mean-field theory.

D. Generalized phase diagram from cluster dynamical
mean field theory at half-filling

1. Self-energies

Using our cRPA-based downfolded molecular-orbital
models, we calculate the self-energies at half-filling within
dynamical mean-field theory (DMFT) and its Hubbard-I
approximation [52,53]. Specifically, we solve the two
molecular-orbital impurity problem, with the orbitals being
centered at neighboring layers. We include all downfolded
hopping matrix elements and all local intradimer Coulomb
interaction elements U,j;;. Accordingly, we deal with a
cluster DMFT problem [19,54,55]. Figure 6 shows the
resulting cluster DMFT Matsubara frequency self-energies
in the diagonal y*) basis for all compounds calculated
using a CT-HYB quantum Monte Carlo solver at f# =
100 eV~! (see Sec. VA for all details). In this basis at half-
filling, the imaginary parts of the self-energy are the same
for both channels (Im 2(+) =Im 2(_)), while the real parts
differ only in their signs (ReX ) = —ReZ_)) in the case
of Cl, Br, and 1. For Nb;F; the bonding and antibonding
self-energies lie on top of each other in Fig. 6.

The real part, as depicted in Fig. 6(a), shows that
correlation effects enhance the bonding-antibonding split-
ting, similar to the Stoner enhancement of the exchange
splitting in magnetic systems. In I, the real part is almost
frequency independent, while it becomes strongly fre-
quency dependent moving towards Cl. This is a sign of

(a)

FIG. 6. LT (R3m) Nb;Xg Matsubara self-energies. (a) Real and
(b) imaginary parts of the self energies in Matsubara frequencies
in the bonding-antibonding basis. Markers represent Hubbard-I
results, lines represent cluster DMFT results.

the increasing importance of dynamic correlation effects,
which necessitate (cluster) DMFT calculations. In the
imaginary part depicted in Fig. 6(b), we again find a clear
trend: the overall amplitudes of the self-energy gradually
increase from I to Br, Cl, and F, which is another sign of the
increasing degree of correlation. Specifically, we see that
the imaginary part of the self-energy of Nbslg is barely
changing with frequency, while it clearly shows retardation
effects in Nb;Clg and Nb;Brg. Finally, Nb;F; shows a
divergent imaginary self-energy for small Matsubara
frequencies.

Since in Nbslg retardation effects are vanishingly small,
while its Re[Z(iw,)] > 0, we can classify Nbslg as a
weakly correlated dimerized (or obstructed atomic) band
insulator. Nb3;Brg and Nb;Clg in turn show signatures of
strongly correlated insulators, while Nb;F; behaves like a
conventional Mott insulator [25].

2. Phase classification based on local molecular
dimer properties

To further substantiate this classification of LT bulk
Nb;Xj into Mott, strongly and weakly correlated insula-
tors, we proceed with analyzing the “local impurity,” i.e.,
the dimer formed by the hybridized molecular orbitals
from adjacent monolayers, in more detail. This is similar
to the analysis by Zhang et al. [22]. However, we use
here our material-specific model parameters and, impor-
tantly, the full Coulomb tensor including nonlocal
interactions between the molecular orbital sites (which
is important for charge-neutral excitations [56]) to not
only calculate 7' = 0 properties, but also finite temper-
ature expectation values.

The dimer ground state is characterized by a multirefer-
ence Slater determinant of the form a(|1,])—1[{,1)) +
AU, .) — .. 1 1)), while the first charge-neutral excitations
can be described by the triplet {|1,1), [|.), [1.{) +
1, 1)} and a charge excitation of the form [1,.) — |., | 1).

In Fig. 7 we analyze and compare the ground and excited
states among all compounds. At low temperatures, we find
that the double occupation (nyon o) of NbsF§ is nearly
fully suppressed, while it is small but finite in Nb;Clg and
Nb;Brg and finally rather large in NbsIg. This results from
the large U,/7, ratio in Nb;Fg, which basically prohibits
two electrons of different spins to be in the same molecular
orbital. In turn, for Nb;Ig this ratio is strongly reduced, such
that a double occupation is possible. This trend continues in
the charge-neutral excitation energies. We see that the spin-
excitation gap of the Nb;F; dimer is vanishingly small,
while it is small but finite for Nb;Clg and Nbs;Brg, and
finally rather large in Nbslg. The charge-excitation energy
in turn decreases from NbsFg to Nbslg, such that the
excitations are energetically orders of magnitude apart in
Nb;F; and of the same order in Nbslg.

This zero temperature analysis thus clearly separates
Nb;Fg from the others, which underlines its special status
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FIG. 7. Local dimer analysis with parameters from downfolded

LT (R3m) Nb;Xg models. (a) The charge neutral excitation
spectrum. (b) and (c¢) The temperature dependence of double
occupation (ng 47 ;) and interlayer spin alignment (1 47, 4).
These can be interpreted as measures for the thermal occupation
of the first charge and spin excitation, respectively, as indicated
by the characteristic temperatures 7. = E,./k}, plotted as dotted
or dashed lines. The black line is the temperature at which we
perform our DMFT study 8 = 100 eV~

as a conventional Mott insulator. The difference between
Nb;Clg/NbsBrg and NbsIg is more quantitative, but due to
their vastly different material parameters still obvious.
In fact, Nb;Clg/Nb;Brg and NbsIg are that much different
that we find for NbsIg a perturbative GW-like description
to be perfectly adequate, while it breaks down in Nb;Clg
and Nb;Brg, as discussed in more detail in Appendix A 2.
Taking this and the self-energy property discussion
together, this justifies differentiating Nb;Clg/Nb;Brg and
NbsIg into strongly and weakly correlated insulators.
Finally, as a result of the similar spin and charge
excitation energies, we find the spin and charge excited
states to get partially occupied in Nbslg at rather similar
temperatures, while these temperature scales are (very)
different in the other compounds, cf. Figs. 7(b) and 7(c).
Moreover, we find the (lower) spin excitation to be
thermally activated in Nby;Brg and Nb;Clg only at temper-
atures in which these compounds are already in their high-
temperature phases. As such the temperature response of
Nb;F;/Nb;Brg /Nb;Clg and Nb;lg are vastly different.

3. Momentum-resolved spectral functions

Next to the dimer-local charge-neutral excitation spectra,
charged excitations, such as measured by ARPES, can
give further insights into the differences between the four
compounds. To this end we study in the following the full
lattice spectral functions A (w), which we can easily access
via the so-called Hubbard-I approximation [52]. This
approximation should be in good agreement with our full
cluster DMFT results at integer fillings due to the very large

U, compared to the hopping to the bath (i.e., t(lw), 1) for
all systems. This assumption is confirmed by the self-
energy results shown in Fig. 6. Importantly, the Hubbard-I
approximation gives us direct analytic access to real-
frequency retarded spectral functions.

The fully interacting spectral functions A; () for all four
compounds at half-filling (N, = 2 reflecting the number of
electrons in the two flat bands formed by the molecular
orbitals) are shown in Figs. 8(a)-8(d). In all cases, we see
that the gap is widened in comparison to the mean-field
DFT solutions shown in Fig. 4. For Nb;Clg, Nb;Brg, and
Nb;Ig, we see additional flat features at lower and higher
energies [indicated by blue arrows in Figs. 8(c)-8(d)],
which are most strongly separated in energy for Nb;Ig, less
and less in Nb;Clg and Nb;Brg until they are merged with
the main features in the case of Nb;Fg.

Upon analyzing the exact diagonalization results of the
generalized Hubbard dimer, which serves as the origin of
the Hubbard-I self-energies (see Appendix A 2 for details),
we understand that, indeed, in Nb;F; a conventional Mott
gap is formed. Nb;Fg is thus a half-filled two-band Mott
insulator, see Fig. 8(a). In Nb;Clg and NbsBrg, the gap is
formed between a lower Hubbard band (LHB) of the
bonding orbital and the upper Hubbard band (UHB) of
the antibonding orbital, which is further accompanied by a
secondary LHB of the antibonding orbital (below the LHB
of the bonding orbital) and a secondary UHB of the
bonding orbital (above the UHB of the antibonding orbital),
see Figs. 8(b)-8(c). This is not in line with the conven-
tional Mott insulator characterization, but shares strongly
retarded self-energies as a common origin as shown in
Appendix A 8. As such, classifying both Nb;Clg and
Nb;Brg as strongly correlated insulators is appropriate.
In Nbslg all strong correlation (retardation) effects are
significantly suppressed, such that the gap is best under-
stood as being formed between the original bonding and
antibonding bands, but slightly enhanced by Coulomb
interactions, see Fig. 8(d). Nbslg is thus indeed best
classified as a weakly correlated band insulator. This is
in qualitative agreement with the bilayer studies by Hu
et al. [57] and Zhang et al. [22]. However, due to the lack
of consistent material-specific model parameters for bilayer
Cl and Br in their LT phases, Zhang et al., came to the
conclusion that Cl is a Mott insulator, while Br has been
labeled a band insulator. Altogether, we again find clear
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Theoretical and experimental spectral functions of LT (R3m) Nb;Xg at half-filling (N, = 2). (a)~(d) Momentum resolved

spectral functions within Hubbard-I approximation. Line cuts at I and A are shown in full and dashed lines, respectively. (e)—(h) Raw
ARPES data along I — M alongside energy distribution curves (EDCs) taken at I. (i)—(j) 2D curvature plots of EDCs plotted against
photon energy. (k)—(1) EDC position and normalized area from curve fits using Voigt function at each photon energy. Dot sizes represent
the normalized area under the curve. Dashed and solid lines in (i)—(k) and (j)—(1) connect to photon energies indicated in (e)—(g) and (f)—
(h), respectively. Arrows in (i)—(j) indicate features matching curve fits in (k)—(l) and are associated with features marked by the same

arrows in (c¢) and (d).

trends going from Nb;Fg to Nbslg: the fundamental gap
decreases and the energetic separation of the secondary
LHB/UHB features increases, while their spectral weights
vanish towards Nbslg.

Experimentally, the fundamental gaps of Nb; Xg have not
yet been studied in great detail. To our knowledge, only
Nb;Clg has previously been studied in absorption, photo-
luminescence, and transport measurements, indicating a
gap size of about 1.1 eV [23,26,36,45], which is in good
agreement with our theoretical prediction of an indirect gap
of about 1.11 eV [see Fig. 8(b)].

4. Strong correlation features uncovered
by angle-resolved photoemission spectroscopy

We note that the secondary LHB/UHBS in the LT bulk
structures, which are most prominent in Nb;Clg and
Nb;Brg, are only captured by cluster DMFT calculations.
Using a single-site DMFT approximation, as we previously
applied for bulk Nb;Clg [24] and as applied in other studies
[23], these features are much more coherent and even above
and below the primary LHB/UHBs, as further detailed in
Appendix A 3. This underlines the importance of two-site
cluster DMFT calculations for the LT structures, which take
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the full matrix structure of the self-energy (from the two
orbitals depicted in Fig. 5) into account. We further note
that our fully momentum dependent highly resolved low-
temperature real-frequency Hubbard-1 spectral functions
Ai(w) uncovers an intriguing difference between the
primary (bonding) and the secondary (antibonding) lower
Hubbard bands: the primary (bonding) one still disperses
(most prominently between I" and A), while the secondary
(antibonding) one is nearly dispersion-less.

Thus, from ARPES measurements performed in normal
emission geometry, which measure A;(w) along I'-A, we
should naively expect a feature with a clear &, dispersion,
representing the primary (bonding) LHB between I" and A,
as well as a minor and less dispersive structure stemming
from the secondary (antibonding) LHB. Note, however,
that ARPES is a surface sensitive technique and the
localization of the photohole can lead to a strong smearing
in k,, rendering the actual observation less clear.

To explore the manifestation of the many-body effects in
the spectral function experimentally, we have performed
ARPES experiments on Nb;Brg and NbsIg (see Methods
Sec. VE and Appendix A 11 for more details). Consistent
with the literature [23,25,35-37], we see that the upmost
occupied band shows a splitting for these compounds,
which is especially visible around T, see Figs. 8(e)-8(1). We
argue that this splitting actually reflects the expected three-
dimensional character of the primary (bonding) LHB band
and we also find spectroscopic evidence for the less
dispersive and weaker secondary (antibonding) LHB.

We focus our analysis on data collected in normal
emission (at T), corresponding to the bulk A-T'-A high-
symmetry direction. This is accomplished by measuring the
photoemission intensity as a function of photon energy,
which corresponds to a variation in k,. Figures 8(e)-8(h)
show the photoemission intensity for Nby;Brg and Nb;lg
along the I — M direction of the surface Brillouin zone at
different photon energies. Also shown are energy distribu-
tion curves (EDCs) at k| = 0 (normal emission). These
EDCs form the basis of the photon energy-dependent
photoemission intensity which is shown in Figs. 8(1)-8(j)
as a curvature plot. The main features in the EDCs and in
the photon energy-dependent intensity are two intense
peaks. For Nb;Brg, a third minor peak is strictly required
to obtain a good fit to the data; for NbsIg we also include
such a third peak in EDC fits but it is found to be very weak
throughout the range of investigated photon energies.
The resulting fits to three Voigt lines are also shown in
Figs. 8(e)-8(h). For now, we focus on the two intense
peaks. The intensity of lower (higher) peak reaches a
maximum at the photon energies corresponding to the
bulk I" (A) points, as marked by red (orange) arrows in
Figs. 8(i)-8(j) and the corresponding dots in Figs. 8(k)-8(1).
We interpret these peaks not as two separate bands but
rather as the extrema reached in the dispersion of the
primary (bonding) LHB between the bulk I" and A points.

Such interpretation is consistent with the fact that the
high density of states at the extrema of a one-dimensional
dispersion probed in normal emission can be expected to
dominate the photoemission intensity in the presence of k,
broadening. There are many examples of such behavior in
the literature, e.g., in the case of the noncorrelated topo-
logical insulator Bi,Ses;, see Fig. 6 in Ref. [58]. In this
interpretation, the separation between the peaks of 0.25 eV
and 0.19 eV for Nbs;Brg and Nbslg, respectively, can be
interpreted as the total bandwidth along the I'-A direction.
This is in good qualitative agreement with our theoretical
estimates for these k, bandwidths, as indicated by the
spectra taken at I" and A, shown in the side panels of
Figs. 8(c) and 8(d). We note that these bandwidths are
mostly defined by the underlying PBE functional based on
which our cluster DMFT calculations are performed.
Correlation-driven renormalizations are on the order of
30 to 50 meV and thus play only a minor role.

We now return to the fact that a good fit for the EDCs
from Nb;Brg requires taking a third feature at lower
energies into account. Figures 8(k)-8(1) show how the
fitted peak positions and relative areas develop with photon
energy. The third minor peak in the fits [marked by the blue
arrow in Fig. 8(i) and blue dots in Fig. 8(k)] is strictly
needed to obtain good fits for Nb;Brg and the resulting
band has a strongly suppressed dispersion and spectral
weight. Based on these properties we interpret this as
the secondary LHB of the antibonding orbital. We note
that this feature might also be present in the EDCs by Date
et al. [25]. In contrast, for NbsIg this third feature is not
strictly needed to obtain a satisfactory fit to the EDCs. It is
very weak in the 46 eV data and it is absent in the 58 eV
data, see Figs. 8(f) and 8(h). This is in agreement with
our cluster DMFT calculations that predict a significant
spectral weight reduction of the secondary LHB in Nbslg
compared to NbsBryg.

We thus stress that the presence of two resonances,
which has been argued to be a hallmark of (strong)
correlation effects [22,23], is not sufficient to unambigu-
ously differentiate between a conventional band, a strongly
correlated band, and a Mott insulator based on ARPES
data, as it results from the k, dispersion of the upmost
occupied band, which is present even without correlation
effects. While Date et al. [25] argue that the details of this
k. dispersion is altered by strong correlation effects, we
instead suggest to search for the existence of the third
resonance at slightly lower energies resulting from the
secondary LHB. This is a clear and unambiguous feature of
strong correlation effects in the strongly correlated insula-
tors in their LT phases resulting from Coulomb driven
retardation properties.

Finally, we note that further comparison with the
available ARPES results shows that the lower t%q bands,

which we neglect within our cluster DMFT calculations,
are still separated from the upmost bands by about
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0.5 to 1 eV (increasing from I to Br), which is in agreement
with the trends expected from comparison to DFT calcu-
lations, ruling out charge-transfer insulating states.

From this analysis we conclude that also charged
excitations, as measured by photoemission spectroscopes,
are adequate probes to observe the qualitative and quanti-
tative differences between the four compounds.

5. Combined phase diagram

To organize the four different compounds of the whole
Nb; X5 material class, including their monolayer, bilayer,
and bulk structures, in both low- and high-temperature
phases, we propose to position each system into a plane
spanned by the inverse in- vs out-of-plane correlation
strengths. The inverse in-plane correlation strength can
be measured by the ratio of the in-plane hopping 7| = [¢|
to the local cRPA screened Coulomb interaction Uy, as 7|
dominates the in-plane kinetics in all systems. The inverse
out-of-plane correlation strength can be measured by the
ratio of the out-of-plane dimerization strength to U,. The
dimerization strength can be conveniently characterized
by the single-particle gap of the local dimer as approxi-

mated by 7, = |\ = v/31{")| in the LT phase. In the HT
(monolayers) structures this is approximately (by defini-

tion) zero and for LT (HT) bilayers given by 7, = |t(f/ w) |

This extends and generalizes the schematic phase diagram
by Date et al. [25] and the simplified one by Zhang et al.
[22]. Importantly, our proposal uses appropriately normed
ratios and is based on all relevant material properties

including the local Coulomb strengths U, as well as the

out-of- and in-plane hoppings t(f) , t(LW), and 7. This way, we

can consistently organize all materials in all structures in
one and the same phase diagram.

The result is presented in Fig. 1 for which we used our
material-specific parameters from Table 1. This way, the
pure (single or two band) Mott insulators are all positioned
on the bottom of the phase diagram. Their positions on the
horizontal in-plane correlation strength axis changes, with
monolayer Nb;Brg being the strongest Mott insulator (due
to the weakly screened U and small 7)) and LT bulk Nb;Fg
the weakest Mott insulator (due to its relatively large 7). It
is worth pointing out that in terms of in-plane correlation
Nb;Brg and NbsIg break the trend following the order of
the periodic table. This is caused by 7 being smallest in
Nb;Brg. Most of the LT bilayer and all thicker Nb;Clg and
Nb;Brg systems lie above the boundary in the correlated
insulator phase, mostly driven by rather large out-of-plane
dimerization strengths as a result of small dimerization
gaps and large Coulomb repulsions. LT bulk Nbslg is
positioned in the band insulator phase as a result of a large
dimerization strength and rather weak (strongly screened)
local Coulomb interaction. Upon thinning LT Nb;Ig down
from the bulk to a bilayer structure, which barely affects

the in-plane hopping or the out-of-plane dimerization
strengths, the LT bilayer Nbslg nevertheless behaves
fundamentally different (as a correlated insulator) as a
result of the drastically enhanced local Coulomb interaction
due to the reduced screening in the bilayer structure.

Based on our phase classification discussion from above,
we note that we expect the transition from a Mott to a
correlated insulator to happen rather abruptly (as it is
accompanied by clear qualitative differences, e.g., in the
self-energies), while the transition from correlated to band
insulators is more continuous. We furthermore expect that
the phase boundaries are not only controlled by the out-of-
plane correlation strengths, but also by the in-plane one.
This is reflected by taking the critical 7/ U, ratio for the
Mott transition in triangular lattices as found by Ref. [59]
into account here.

Most importantly, this generalized phase diagram gives a
clear guidance into which direction a system changes. For
example, upon applying pressure the in- or out-of-plane
hopping likely increase such that a Mott insulator might be
tuned to a correlated insulator or a correlated one into a
conventional band insulator. Similarly, decreasing the
Coulomb interaction, e.g., in bilayer systems via external
screening, can tune the material through the same phases,
but affecting simultaneously the in- and out-of-plane
correlation strengths. This way this phase diagram clearly
shows that uniaxial in- or out-of-plane strain or stress
affects the material at hand differently than external screen-
ing. Also, from this it becomes clear why all monolayer as
well as HT bulk Nb; Xy systems will be Mott insulators: in
all of them the out-of-plane correlation strengths is zero (or
strongly suppressed), while the in-plane one is still large as
a result of small 7 and (rather) large U.

E. Dynamical lattice stability and electron-phonon
coupling to low-energy subspace

So far, we showed that the low-energy electronic structure
of all compounds will be renormalized by the Coulomb
interactions. Together with the inclusion of the so-far only
putative NbsFg structure, this raises questions about the
dynamical stability of the underlying LT bulk crystal
structures. To address this, we performed density functional
perturbation theory (DFPT) calculations for all compounds
(see Methods for computational details).

The resulting low-energy phonon dispersions for bulk
LT Nb;3Xg are shown in Fig. 9 and full dispersions can
be found in Appendix A 5. We see that within DFPT all
compounds are dynamically stable, even the new putative
Nb;F;. From Nbslg to NbsFg, we see clearly how the
phonon spectra get stiffer as a result of the decreasing lattice
constant, cf. Table I. This trend is in line with previous
phonon calculations for the monolayer compounds [60,61].
We also note that the monolayer and bilayer LT structures are
dynamically stable in our calculations (see Appendix A 5)
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FIG. 9. Phonon spectra of LT (R3m) bulk Nb3Xg. From left to right Nb;Fj, NbsClg, Nb;Brg, and Nb;Ig calculated using density

functional perturbation theory.

and that the monolayer phonon dispersions are in good
agreement with previous data [21,60,61].

While this is a promising result, we need to reflect on the
applicability of DFPT in the presence of (strong) Coulomb
correlation effects. Specifically, the corresponding renorm-
alization effects to the electronic structures are not present
on the DFT level, which has been used to relax all
structures and which is used to perform the perturbation
calculations within DFPT. Thus, it is a priori not clear how
reliable the DFT optimized lattice structures and the
presented phonon dispersions are. To investigate this,
we additionally performed so-called constrained DFPT
(cDFPT) [62,63] calculations for Nb;Fg and Nb;Clg, which
allows us to calculate the phonon spectra upon removing all
electron-phonon couplings to the low-energy electronic
structure. Therefore, the (most strongly) renormalized
parts of the electronic structure are effectively disregarded
within cDFPT.

Comparing the DFPT and cDFPT phonon spectra of
Nb;Fg and Nb;Clg in Appendix A 6, we see that the coupling
to the low-energy electronic states barely changes the phonon
energies. This is an important result, as it shows that the
phonons are weakly coupled to the low-energy electronic

(a) Nb3Fg (b) Nb3C|8

—ImG
=

r MK FA LH A

FIG. 10. Theoretical spectral functions of LT (R3m) Nb;X at N,

—ImG

states. Therefore, it is reasonable to assume that beyond-DFT
corrections to this electronic subspace do not affect the
dynamical stability, and that our relaxed structures and the
resulting DFPT phonon spectra are trustworthy.

F. Doping effects

The study of doping provides a way to differentiate
between strongly and weakly correlated insulators. In con-
ventional weakly correlated band insulators, electron or hole
doping just yields a shift in the chemical potential while the
band structure does not change. In contrast, strongly corre-
lated insulators can show entirely new electronic features,
such as Kondo resonances [64], upon doping.

1. Integer doping (N,=3)

We begin with doping the system by exactly one electron
per dimerized inter-layer trimer. In this case we still deal
with integer filling of the two flat bands, but with N, = 3
instead of half filling with N, = 2, such that we can still use
the Hubbard-I approximation. The resulting doped spectral
functions are shown in Fig. 10. From a pure band-structure
perspective, we would expect that doping the systems with

(c) Nb3Brg -ImG

r vy TA LH A r MK TA LH A

= 3. (a)—(d) Interacting spectral functions of doped compounds

calculated using the Hubbard-I approximation. Line cuts at I' and A are shown in full and dashed lines, respectively.

041042-13



JOOST ARETZ et al.

PHYS. REV. X 15, 041042 (2025)

one electron (or equivalently one hole), would just half-
occupy the noninteracting antibonding (bonding) band,
making all systems good metals. Instead, we find that all
systems have a gap of around 0.5 eV, which we understand
as clear evidence for strong correlation effects developing
in all systems, including Nbslg. In detail, by doping with
only one electron (hole), Nb;F; and Nb;Clg are now
strongly correlated charge transfer insulators (see overlap
between the new uncorrelated bonding bands and the lower
Hubbard band of the antibonding band), while Nb;Brg and
Nb;Ig are now Mott insulators. In all cases the gaps are
opened by strong retardation effects of the self-energy as
we explain in more detail in Appendix A 8. Taking the
approximate particle-hole symmetry of the flat noninter-
acting bonding or antibonding bands into account, we
expect that doping in the other direction, to N, = 1, yields
similar correlated electronic structures. Experimentally,
this could be achieved by replacing one halide with one
chalcogen atom per dimerized unit cell, e.g., within
Nb;X;5Teps. We note that Refs. [65,66] find Nb;Cl,Te
and Nbsl;Te still displaying the breathing mode kagome
lattice, respectively, indicating the stability of the lattice
even under higher doping.

We further note that for N, = 3, the nonlocal (density-
density) Coulomb interaction is now playing a quantita-
tively important role by strongly increasing the gap. If we
neglect this contribution, the strongly correlated gaps are
much smaller (see Appendix A 4). This once again stresses
the relevance of having access to all material-specific
parameters, including the nonlocal Coulomb interactions.

2. Continuous doping (N,=2+0)

To analyze the details of the changes from N, =2 to
N, = 3, we performed additional calculations for the Cl,

Br, and I compounds at various doping levels in between
denoted by N, = 2 + 6. In these cases Hubbard-I is not a
good approximation any more, such that we are restricted to
imaginary time or frequency cluster DMFT and corre-
sponding quantum Monte Carlo calculations (see Methods
for details). The resulting imaginary frequency self-
energies are discussed in Appendix A 7. In the bonding
orbital channel we find for small dopings & stronger
dynamic correlation effects in Nb;Clg and Nb;Brg com-
pared to NbsIg, which become rather weak for all materials
toward N, = 3. The antibonding self-energy behaves
oppositely for all systems. Upon increasing the doping
from N, =2 to N, = 3, dynamic correlations generally
increase. This is also reflected in the orbital-dependent
quasiparticle weights, which we extracted from the imaginary
frequency self-energies and show in Fig. 11(a). The bonding
quasiparticle weights of Nb;Clg and Nb;Brg start close to
zero in the vicinity of N, = 2, indicative of strong correlation
effects, and steadily increase with doping, while for NbsIg
it is larger than 0.5 at all fillings, indicative of moderate
correlation effects. On the other hand, the antibonding orbital
quasiparticle weight drastically decreases towards N, = 3
for all three compounds. This can be understood from the
band perspective, where N, = 3 corresponds to a half-filled
antibonding band. The large Coulomb interaction compared
to the kinetic energy thus renders the N, = 3 systems more
or less conventional single-band Mott insulators, but with a
lower Hubbard band that is close to the fully occupied and
now less correlated bonding band.

To gain further spectroscopic insights into the continu-
ous doping responses of the systems, we continued our
imaginary frequency data to the real axis. To this end, we
apply the recently proposed minimal pole representation
method [67,68] to analytically continue the matrix-valued
local self-energies and calculate from this the interacting

(b) Nb3C|g (C) Nb3|8
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£
|
@ N = 2.05 N = 2.05
£] | ‘
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3 ]
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0.0 :
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FIG. 11. Doping dependence of LT (R3m) Nb;Xs. Behavior under doping of (a) the quasiparticle weight of the bonding (solid) and

antibonding (dashed) components and the analytically continued local spectral functions of (b) Nbs;Clg and (c) Nbslg. Stars in

(a) indicate doping levels, which are analyzed in (b) and (c).
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local spectra for Nb;Clg and Nb;Ig. We chose the latter two
to highlight the differences between the doping dependence
of a strongly and a weakly correlated system. The results are
shown in Figs. 11(b) and 11(c). For Nb;Clg starting with a
small doping of 6 = 0.05, we see that the main features shift
and, importantly, a small resonance at @ = 0 eV arises,
which grows in intensity towards § = 0.3, as indicated by the
red arrows in Fig. 11(b). This is reminiscent of a Kondo
resonance, which is a hallmark of doped strongly correlated
insulators. Simultaneously, we see that at higher energies
new resonances appear, which form at large dopings
(6 =0.92) a new upper Hubbard band. In fact, we can
understand the Nb;Clg 6 = 0.92 data as a slightly hole-
doped variant of the N, = 3 situations, which already shows
the single-orbital lower and upper Hubbard bands, but here,
due to finite hole doping, accompanied by a Kondo reso-
nance, as indicated by the green arrow in Fig. 11(b).

In contrast, the Nbslg spectra more or less just shift
in energy until around § = 0.3, without introducing any
new features and especially without showing any evidence
of a Kondo resonance at zero energy. This is the doping
dependence we expect from conventional weakly corre-
lated band insulators. However, for larger dopings, we start
to see new features, which are in line with our interpretation
of Nbslg as a single-band Mott insulator at N, = 3. In
detail, at 6 = 0.9 we should understand Nb;Ig as a hole-
doped single-band Mott insulator showing a Kondo reso-
nance, cf. green arrow in Fig. 11(c).

G. Magnetic properties of monolayer and bulk Nb;Xg

Magnetism is a ubiquitous concept in correlated materials
and has received considerable attention in Nb;Xg as well.
For the Nb;Clg monolayer, our previous work [24] and
recent spin-spiral DFT [28] calculations both show a
magnetically ordered state with 120° angles between
trimer-centered moments. For the bulk LT phase, on the
other hand, out-of-plane dimerization can lead to singlet
formation [22,23,29,32,39], which is common in bilayer
Hubbard models at large U and large ¢, /1 [57,69,70].

Although a detailed account of the quantum magnetism
in Nb3 X is beyond the scope of this work, it is insightful to
study the connection between the magnetic, electronic, and
lattice structure that arise from our downfolded models.
Given the dominance of the Coulomb interaction over the
hopping matrix elements [e.g., for NbsBrg U is approx-
imately five (hundred) times larger than the largest out-of-
plane (in-plane) hopping, see Table IJ, it is appropriate
to describe the magnetic properties of Nb;Xg using a
Heisenberg model that incorporates trimer-localized mag-
netic moments. Accordingly, we approximate the exchange
interaction parameters J;; = —2(t,;)?/U°" using the strong
coupling expansion that incorporates the effective Coulomb
interaction (see Sec. V C for details). This formulation
indicates that the exchange interaction is strongest when the
hopping matrix element between two sites is large, leading

TABLE II. Effective exchange parameters J (in meV) and
ground state spin spiral periods A (in units of in-plane lattice
parameter a) for ML Nb;Xg. Here, n = 1, 2, 3 denotes the first,

second, and third shells of nearest neighbors, with n <2 and

)

n < 3 indicating truncations for exchange interactions J fj" to two

and three shells, respectively.

Nb3F§ Nb3clg Nb3BI'8 Nb318
Jm -1.13 —0.63 —0.04 —0.40
J@) 0.00 —0.04 —0.06 —0.16
J3) 0.00 —0.03 —0.08 -0.26
(n=2) 1.5a 1.5a 2.1a 1.7a
A(n=3) 1.5a 1.5a 2.8a 2.3a

to antiferromagnetic (AFM) exchange interactions (J;; < 0).
This behavior is characteristic of materials with large U, such
as all Nb halides, and explains the differences to DFT
estimates that do not account for large values of U [28,71].

Using our downfolded material-specific parameters from
Tables I and IV, which includes appropriately screened
nonlocal Coulomb matrix elements, we can thus calculate
all (long-ranged) magnetic exchange interactions J;; for all
monolayer and bulk structures, see Tab. II and III, respec-
tively. Afterwards, using either atomistic spin dynamics or
classical Monte Carlo simulations (see Section V D), we
solve the resulting Heisenberg Hamiltonian

H= —Z]ijsi S - ZB Si, )
ij t

where the first term represents isotropic exchange inter-
actions and the second term accounts for the Zeeman
energy in the presence of an external magnetic field B.

TABLE III.  Effective exchange parameters for bulk Nb;Xg in
the LT (R3m) and HT (P3m1) structure in meV. The labels (s)
and (w) denote strongly and weakly bound neighbors in the out-
of-plane (L) directions, respectively, while n =1, 2, 3 corre-
sponds to first, second, and third nearest neighbors in the in-plane
(I) direction. The last row presents the energies (in meV)
associated with the magnetic ground state. For more details,
see Appendix A 10.

LT phase HT phase

Nb;Fg Nb;Clg NbsBrg  Nbjlg  NbjClg Nb;Brg
J(f) -0.03 -3521 -6798 -180.21 -0.55 —-0.99
JS_W) -0.04 -049 -0.98 -229 -048 -0.96
J\(Il) -132  -0.83 -0.09 -026 -1.18 -0.30
J\(IZ) -0.00 -0.05 -0.07 -0.16 —-0.05 —0.07
J‘(|3) 0.00 -0.04 -0.10 -033 -0.04 -0.10
E, —399 -37.61 -70.38 -18598 -3.62 -394
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1. Spin spirals in monolayer Nb;Xg

We first investigate the magnetic ground-state properties
of Nbs3Xg monolayers. Using the exchange interaction
parameters provided in Table II, we solve Eq. (2) at |B| = 0
using atomistic spin dynamics simulations. The results
indicate that the ground states display spin spiral order
across all Nb;Xg. However, due to the finite size of the
simulated structures, the resulting configurations yield
commensurate spin spiral ordering. To address this, we
analytically minimize the total energy given by the
Hamiltonian from Eq. (2) with respect to the spin-spiral
wave vector q assuming flat spirals (see Appendix A 10).
The ground state periods of the spin spirals given by
A =2z /|q| for various truncation distances between inter-
acting effective spin pairs are given in Table II and further
details can be found in Appendix A 10.

Nb;F; and Nb;Clg exhibit identical spin spirals with a
periodicity of 1.5a, corresponding to a 120° antiferromag-
netic (AFM) order, independent of taking the third nearest
neighbor interaction into account or not. This changes for
Nb;Brg and Nbslg. Notably, the relatively large J? for
these compounds gives rise to incommensurate spin-spiral
configurations, and when J©® is taken into account, the
modulation period increases further. These classical results
are in good agreement with the quantum magnetic phase
diagram presented by Gong et al. [72].

2. Out-of-plane magnetic frustrations as the origin
of the lattice phase transition in bulk Nb;Xg

We proceed with the discussion the magnetic properties
in both low- and high-temperature bulk structures as
resulting from the magnetic interaction parameters given
in Table III.

In bulk, The main difference between the LT and HT
phases lies in the connectivity of the layers, as illustrated in
Fig. 2(b). In the HT phase, every trimer is magnetically
connected to three trimers in the layer above and three in

the layer below by (rather small) J f/ ") As a result of the
antiferromagnetic interlayer coupling, this leads to magnetic
frustration in the HT structure: the trimer-moment cannot
align consistently with all three moments in the upper and
lower neighboring layers. On the other hand, in the LT phase,
the dimerization in the vertical direction lifts this frustration
and every trimer moment has another trimer moment to
which it is coupled strongly by J(ﬁ), supporting singlet
formation. Overall, this lowers the total energy of the system.

This is reflected in the total (magnetic) energies of
Nb;Clg and Nb;Brg, which are reduced by about 34
and 66 meV in the LT phases, respectively (see Table III).
This trend clearly correlates with the critical transition
temperatures of Nb;Clg and Nbs;Brg [39] and offers a
simple explanation of why Nbslg, that has the largest
exchange interaction energy among other LT Nb;Xg com-
pounds, has so far been only observed in the LT phase.

=
(2]

— NbsClg
— Nb3BI’3

I~ T
o N »
%

Susceptibility (x)

0 100 200 300 400 500
T (K)

FIG. 12. Magnetic susceptibility of Nb;Clg and Nb;Brg.
Classical Monte Carlo simulations of the magnetic susceptibility
for both HT (P3m1) and LT (R3m) structures as a function of
temperature 7 at magnetic field B =5 T. The dotted vertical
lines mark the transition temperatures at 7 = 92 and 387 K.

These observations made possible by our material-specific
matrix elements are in line with the suggestion by Sheckleton
et al. [32], that the interlayer magnetic frustration in the
HT phase combined with energy gain due to singlet
formation in LT phase drives the structural transition.

We note that in the case of LT Nb;Fj, singlet formation is

not energetically favorable. This is due to J (f) <J (f) <J ‘(‘]),
which indicates that the primary contribution to the ground
state arises from the in-plane 120°-AFM ordering.

This interpretation also aligns with the local magnetic
susceptibilities, which we compute using classical
Monte Carlo simulations (for computational details see
Sec. VD) for Nb;Clg and NbsBrg in their LT and HT
structures, solving Eq. (2) and considering a finite magnetic
field. Indeed, as shown in Fig. 12, the computed magnetic
susceptibilities for the HT structures of both Nb;Clg and
Nb;Brg match and follow a Curie-Weiss behavior. A
concomitant collapse of the magnetic susceptibility accom-
panies the structural phase transition to the LT phase for both
compounds. The reduction in magnetic susceptibility of LT
Nb;Brg compared to LT Nb;Clg can be attributed to a larger

J (f), indicating that LT Nb3Bryg is less responsive to magnetic
fields. This seems to be perfectly consistent with available
experimental data [27,32-34,39,44] and recent analysis by
Carta et al. [29]. However, we note that for fully compen-
sated singlets, the susceptibilities in the LT phases should be
completely suppressed, while our calculations show small
but finite responses accompanied by small tails at low
temperatures. These aspects necessitate further analysis,
e.g. via full quantum mechanical treatments in the future.

H. Symmetry breaking in few-layer stacks and
Connections to the field free Josephson diode effect

We now turn our focus to finite stacks of a few Nbs;Xg
layers and their potential role for the field-free Josephson
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diode effect. The latter, as observed in NbSe,/Nb;Brg/
NbSe, [30], requires simultaneous time-reversal (TRS) and
inversion symmetry (IS) breaking [31,73].

The IS breaking can be straightforwardly discussed:
Nb; Xy stacks with an even number of layers are inversion
symmetric, while stacks with an odd number of layers
break inversion symmetry. In particular, inversion sym-
metry is broken in the monolayer. The TRS breaking
requires more attention, especially with respect to the
impact of the dimerization (alternating hybridization) of
bilayers, which depends on the number of involved layers.
Specifically, there can be top and/or bottom surface layers
that only weakly hybridize with their neighbor and can
therefore approximately behave like freestanding mono-
layers. A trilayer, for example, consists of a dimerized
bilayer accompanied by a nearly free monolayer, as
depicted in Fig. 13. Taking the strong correlation effects
into account, these surface monolayers realize (approxi-
mately) conventional single-band Mott insulators [74],
which are only weakly coupled to the neighboring dimer-
ized bilayer, as we show in more detail in Appendix A 9.
In contrast, mean field DFT calculations, wrongly predict
the trilayer to behave like a metallic monolayer in con-
tact with a band-insulating bilayer, cf. Appendix 9 and
Ref. [31]. Thus, in the context of symmetry breakings and
the Josephson diode effect, correlation properties must be
considered consistently throughout the whole structure
with a special focus on unpaired surface monolayers.

As previously discussed for Nb;Clg [24,28] and men-
tioned above and in Appendix A 10, these effective mono-
layers likely host variants of magnetic spin-spiral states.
Thus, all stacks with at least one unpaired surface layer can
be classified as magnetic, which potentially break TRS. In
contrast, stacks consisting of fully dimerized bilayers have
strongly suppressed magnetic properties as a result of the
effective singlet formation, such that TRS likely stays intact.

However, whether a magnetic spin-spiral state and its
potential TRS breaking also has a global effect on the
electronic properties might depend on the electron coherence
length [75]. If the latter is smaller than the spin-spiral
wavelength, there might be a global effect. For example,
the 120° Néel state of monolayer Nb;Clg seems to leave
the TRS in tact after backfolding to the primitive unitcell
intact [28]. We find the spin-spiral wavelengths to be ranging
from 10 to 18.5 A in Nb;Clg and Nb,]g, respectively (see
Appendix A 10), which is on the same order as the electronic
coherence length of other Mott insulators [76—78]. Based on
this, we assume a possible global effect of the TRS breaking
in the surface monolayers of Nb;Brg and Nbs;Ig, but possibly
not in Nb3;F; and Nb;Clg. Additionally, we note that the
interfaces to the superconducting leads in NbSe,/Nb;Brg/
NbSe,, as well as magnetic impurities, might further con-
tribute to the TRS breaking.

Taken together and as summarized in Fig. 13, this suggests
that odd stacks of Nb; Brg and Nb;Ig mightintrinsically allow
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FIG. 13. Symmetries of finite stacks of LT (R3m) Nb;Xg.

Inversion and time-reversal symmetry in monolayer, bilayer,
trilayer, and quadlayer of Nb;Xg, taking into account various
surface (“edge”) terminations. The solid dark red line represents
strong interlayer coupling between the nearest trimers, while the
dashed line indicates weak coupling. Crosses (in brackets)
indicate (possible but not necessary) symmetry breaking. Red
check marks denote the preservation of symmetry.

for the field-free Josephson diode effect, while Nb;Clg and
Nb;F;g or in the case of fully dimerized bilayers in even
stacks, interface effects to the encapsulating superconductors
or impurities might be additionally required.

III. CONCLUSION AND DISCUSSION

Our analysis shows that the low-energetic electronic
structure as well as the magnetic properties of the whole
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class of Nb;Xg are dominated by the formation of flat
bands as a result of the breathing-mode kagome distortion.
Since the resulting low-energetic bands are well separated
from those formed by all other Nb and halide orbitals,
low energy generalized Hubbard models can be reliably
obtained by ab initio downfolding using the constrained
random phase approximation in combination with Wannier
orbitals representing molecular orbitals centered at the
trimerized Nb clusters.

The resulting models properly render the local chemistry
of the effective molecular orbitals as well as the global
screening properties. This allows us to quantify the
strengths of in- and out-of-plane hopping as well as local
and non-local Coulomb matrix elements in a material-
specific manner. Our ab initio model database further
shows that the whole material family is in the regime of
strong local interaction (Uy/# > 60). Since the ratios
between these kinetic and local interaction terms vary
from monolayer to bulk structures and from Nb;Fg to
Nbjslg as a result of modifications to the global screening, as
well as from varying local confinements of the molecular
orbitals, the degree of Coulomb correlations gradually
decrease from Nb;F; to Nb;lg and from ML to bulk
structures. Based on a strong coupling expansion we can
further derive effective magnetic models, which show that
the high-temperature crystal structures host interlayer
magnetic frustrations, which are lifted by an effective
singlet formation in the low-temperature structures. As
these frustrations are the strongest in Nb;Ig and gradually
diminish in Nb3Brg and Nb;Clg accompanied by an
decreasing energy gain from singlet formation, the accom-
panying critical temperatures of the crystallographic phase
transition also gradually decrease from NbsIg to Nb;Clg.

As a result, the low-temperature bulk materials are best
understood as dimerized bilayers, which only couple
weakly among each other through vdW interactions. The
magnetic ground states are thus most likely singlets formed
between interlayer neighboring spins localized on the
strongly hybridized molecular orbitals. On the electronic
side, our combined cRPA and cluster DMFT calculations
show that the halide atoms control the ratios between the
local Coulomb interactions and the in- and out-of-plane
hopping terms and thereby drive the low-temperature bulk
materials from a conventional two-band Mott insulator
(Nb;Fg) to strongly correlated insulators (Nb;Clg and
Nb;Brg) and finally to a weakly correlated band insulator
(Nbslg). Moreover, since the screening is significantly
reduced in the bilayer structures, we find that even the
NbsIg bilayer becomes a strongly correlated insulator. In
turn, due to the missing out-of-plane dimerization, all
monolayer, as well as high-temperature structure variants
of Nb;Xg, are single- or two-band Mott insulators, respec-
tively. Thus, already in the undoped case the class of Nb; Xg
host several correlated ground states of different charac-
ters. To differentiate between these variants of strongly and

weakly correlated insulators, we showed how the charge-
neutral and temperature dependent excitations spectra as
well as the charged excitation spectra of the local (interlayer
molecular) dimer differ and how this is reflected in
experimentally accessible dispersive bonding and nearly
nondispersive antibonding lower Hubbard bands.

These correlated states can further be tuned either by
doping or by the thickness of finite stacks. We showed that
upon electron doping Nb3;Xg can be driven through
intermediate states of correlated metals to charge transfer
or conventional Mott insulators. Furthermore, as a result of
the alternating strong and weak hybridziation between
adjacent layers, finite stacks of NbyXg can host weakly
hybridized surface monolayers, which host on their own
already at half-filling Mott insulating states.

In terms of the in-plane trimerization, similar com-
pounds, such as Mo;0Og, are also accompanied by strong
correlations [79], but do not allow for single molecular
orbital Hubbard model descriptions. In terms of the out-of-
plane dimerization, Nb;Xg shares many similarities with
bulk VO,, one of the most well-studied correlated systems.
It also hosts a crystal structure transition from a high
temperature to a low temperature phase, which is accom-
panied by a dimerization of the vanadium atoms into pairs
resulting in singlet formation [80,81]. The latter yields a
correlated gapped state, which is driven by strong Coulomb
correlation effects, the dimerization, and the accompanying
singlet formation [82—85], which can also be understood
using a molecular orbital bonding and antibonding Wannier
basis [86,87]. However, the vdW material class of Nb;Xg
comes with the significant advantage of a rather simple
low-energy band structure, which allows for a clean
disentanglement and thus for a trustworthy downfolding
to minimal correlated models.

Thus, the combination of in-plane trimerization and out-
of-plane dimerization renders Nb;Xg an extremely robust,
versatile, but also simple platform to study and engineer
many-body phenomena. In combination with the various
and tunable degree of correlations, Nb;Xg can thus be seen
as a promising drosophila melanogaster of layered corre-
lated (Mott) insulators, which offers the exciting possibility
to precisely study numerous correlation phenomena both
theoretically and experimentally. The models which we
derived here yield an optimal theoretical framework for this
purpose, and the complete model specifications for the
entire Nb; Xy family are made freely available via a public
repository, see Ref. [88].

IV. OUTLOOK

An important difference to other prototypical bulk
strongly correlated insulators is that as a result of the
layered vdW structure screening is generically suppressed
in Nb3;Xg, such that significantly long-ranged Coulomb
interactions are present, cf. Table I. These could yield a
nonlocal coupling of holons and doublons forming
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Mott excitons [89] in the strongly correlated insulators
Nb;Brg and Nb;Clg or conventional excitons in Nbslg,
which could be influenced by the magnetic properties of
the system. We can thus expect in-gap features in optical
spectroscopy experiments, which might have been exper-
imentally seen already in the case of NbsClg [23,45].
Furthermore, in few- or monolayer systems, these non-
local Coulomb interactions are tunable by means of
environmental screening as, e.g., resulting from substrate
materials. Together with first indications that long-range
Coulomb interactions in combination with doping could
yield novel charge ice states [42], this renders Nb;Xg a
promising platform for strong-correlation engineering of
unconventional magnetic, charge, or superconducting
order but also of optical effects via nonlocal Coulomb
interactions [90].

Another intriguing many-body engineering pathway is
via chemical modification, such as already realized in
admixtures of the form Nb;Xg_, Y, with X and Y being
both halide atoms [23,39]. As the halide controls the
degree of correlation in this system class, such admixtures
might be best understood as disordered (strongly) corre-
lated (Mott or charge transfer) insulators. Alternatively,
Nb;X5_, Y, with Y being a chalcogen atom [65,66] might
allow for precise chemical doping to access the predicted
strongly correlated metal regime and to realize the recently
suggested Sordi transition [91].

Finally, the vdW nature of Nb;Xg offers the possibility
to mix and stack them into layered vdW heterostructures.
Experimentally, this has already been done in the form
of NbSe,/Nbs;Brg/NbSe, heterostructures, which host
nonreciprocal superconducting properties. Taking further-
more into account the different degrees of correlations
already present within the class of Nbs;Xg, stacking
them into Nb3;Xg/Nb;Yg/NbsZg heterostructures and/or
mixing them with other correlated layered materials
opens up an incredibly rich new toolbox for designing
strongly correlated vdW heterostructures, e.g., with spa-
tially varying local Coulomb interaction strengths. So
far, there is only 4Hb-TaS,, which comes with similar
possibilities  [92,93]. The electronic structure of
4Hb-TaS, is, however, drastically more involved, requir-
ing additional approximations, which are not necessary
within the class of Nby;Xg. This allows, e.g., for imple-
menting the proposal of enhanced critical temperatures in
superconducting heterostructures [94] or to realize Mott
field effect transistors or correlated Schottky barriers.

Taking all these chemically, environmentally, and/or
doping tunable correlation phenomena in Nb3;Xg into
account renders this material class an exciting framework
for many-body functionalization concepts. For these and
other functionalization schemes, we however stress that
the interfaces to other (substrate) materials as well as
among different variants of Nb3Xg need to be studied in
detail.

V. METHODS

A. Ab initio modeling

1. Density functional theory calculations
and lattice structure relaxations

We investigate the material-specific electronic structure
starting from DFT calculations using the Perdew-Burke-
Ernzerhof GGA exchange-correlation functional [95]
within a basis of projector augmented waves [96] as
implemented in the Vienna ab initio simulation package
(VASP) [97,98]. We apply a Gaussian smearing of 0.05 eV
and a plane-wave cutoffs of 550 eV for Nb;Fg and Nb;Clg
and 350 eV for Nb3;Brg and NbsIg and use pseudopotentials
from VASP 6.4. Van der Waals corrections were added
according to DFT-3 method of Grimme. The electronic
self-consistency criterion was set to 1077 eV and the k
points were sampled on 6 x 6 x 6 k grids.

We conducted lattice and structural optimizations for
all compounds in their LT (also for Nb;Clg and Nb;Brg in
HT) bulk phases, keeping the space group fixed at R3m
(at P3m1). Atomic positions were allowed to relax until the
forces on each atom fell below 0.01 eVA~!. Mono- and
bilayer structures were derived from the relaxed bulk
phases by introducing a vacuum space that is 3 times
larger than the interlayer spacing between the nearest Nb
layers. The details of the relaxed lattice parameters are
summarized in Tables I and IV. Additionally, all atomic
positions and calculation inputs are accessible through our
public repository [88].

TABLE IV. Structural and ab initio downfolded many-body
Hamiltonian parameters for HT (P3m1) Nb;Clg and Nb;Bry.
In-plane (a) and out-of-plane (c) lattice parameters, molecular
orbital spread (€2), nearest neighbor in-plane (z)) and out-of-plane
(t,) hopping parameters and corresponding cRPA screened
Coulomb (U and U.) interactions, on-site bare (V,) and
screened (U,) Coulomb interactions including their ratio
e = Vo/Uyp. t, U and V are provided in meV.

Nb3C18 Nb3Br8
a(A) 5.84 6.14
c (A) 12.28 12.94
d,/d, 1.40 1.47
Q (A% 7.26 8.69
il 23.54 10.69
A —17.11 ~20.56
1
A -15.92 -20.25
1
Vo 6088.7 5752.7
Uy 1401.0 1129.1
Cot 435 5.09
Uy 460.0 360.2
Uf) 336.8 276.5
™ 299.2 242.0

1
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2. Wannier function basis, constrained random
phase approximation calculations, and many-body
model matrix elements

Following the recipe from Ref. [24] and starting from the
DFT calculations described above, we use WANNIER90 [99]
to construct molecular orbitals describing the two low
energy bands of our DFT calculation. To this end we start
from s-orbital projections localized at the centers of the
small trimers and proceed with a maximal localization of
the Wannier functions.

Within this basis, we calculate all single-particle (hopping)
and many-body (Coulomb) matrix elements according to
tij = <l//i|I:IDFT|Wj> and U;j, = <V/in|00RPA(w =0)|yy ),
respectively. For the latter we use the constrained random
phase approximation (cRPA) as implemented in vasp [100].
To converge the bare Coulomb matrix elements as well as
the cRPA polarization we vary the plane-wave cutoffs as well
as the number of involved bands until changes are smaller
than ca. 50 meV in the cRPA screened local Coulomb
interaction Uy. This requires Coulomb matrix element
cut-offs between 350 and 550 eV and up to 256 bands.
For the extraction of monolayer and bilayer Coulomb matrix
elements, we further apply an extrapolations scheme as
described in Appendix A 1. Since the electronic gaps in the
“rest” band structures are rather large and since the low-
energy flat bands are not entangled with the rest space, using
the static limit of the cRPA screening is a good approximation
for the Nby Xy material class [24].

In Tables I and IV we show the most relevant matrix
elements for the discussion of the LT and HT compounds,
respectively. All other elements, including all necessary
parameter files, are available via our Nb3;Xg model param-
eter database [88].

3. DMFT

The resulting generalized Hubbard models are solved
using dynamical mean-field theory using TRIQS [101],
applying two different impurity solvers. At integer filling
and large U/t, the Hubbard-I approximation provides a
good description of the physics while being computa-
tionally efficient and giving access to real-frequency data
directly. We use the implementation by Schiiler [102].
The Hubbard-I spectral functions in Figs. 8, 10, 17,
and 21 are calculated at g = 5000 eV~ for Nb;Fg,
1000 eV~ for Nb;Clg, and 100 eV~! for Nb;Brg and
Nbslg. This ensures that the contribution to the spectrum
from the first excited state, which is less and less
separated in energy from Nb;lg to Nb;Fg, is sufficiently
small. The results are (Lorentzian) broadened with
6=0.01eV.

For the doped system, we use the continuous-time
hybridization expansion [103-106] (CTHYB) solver
implemented in w2dynamics [107] with worm sampling
[108,109]. The discrete Lehmann representation [110—112]

is used to represent the Green’s functions efficiently. The
DMFT calculations were carried out at f = 100 eV~!.

We track the electron density N = Tr(p), with
p = G(r =07), upon changes in the chemical potential.
To facilitate the analysis, the self-energy and related quantities
are shown in the bonding and antibonding basis which nearly
diagonalizes the self-energy and dispersion (off-diagonal
components are at least 2 orders of magnitude smaller than
diagonal). The approximate quasiparticle weight is then
derived from the self-energy on the Matsubara axis

; -1
g (1 _Im[Z(iw,)] > ’ 3)
,—0
as discussed in Ref. [113].

a)}’l
The Matsubara self-energies are analytically continued
using the minimal pole representation method recently
introduced by Zhang et al. [67,68], whereby all poles were
restricted to lie on the real axis. Consequently, the relative
strength and energy of excitations are captured, but broad-
ening effects due to interaction are disregarded.

B. Phonon calculations

All DFPT calculations are performed within QUANTUM
ESPRESSO [114,115] v7.3.1 and cDFPT calculations within
v7.4.1 using v1.2 norm-conserving pseudopotentials from
the Schlipf-Gygi library [116] as available via http://www
.quantum-simulation.org. For the cDFPT calculations we
used the patch provided by Berges via the elphmod
package [117]. All structures are re-relaxed with respect
to the atomic positions using the lattice vectors from our
VASP relaxations (as described above in section VA),
6 x 6 x 6 k meshes, energy cut offs of 100 and 400 Ry for
the wave functions and charge density, respectively, and a
force convergence threshold of 10~ Ry/Bohr. (¢)DFPT
calculations are subsequently performed on 2 x2 x 2 ¢
meshes. If not stated otherwise, we applied acoustic
sum rules.

The raw data as well as all necessary parameter files are
available via our Nb3;Xg model parameter database [88].

C. Effective exchange interaction parameters

Given the on-site Coulomb interactions are significantly
larger than the hopping matrix elements in all Nb;Xg
compounds (see Tables I and IV), we apply a strong-
coupling expansion to obtain exchange interactions of the
form

Ty ==2@tL)*/UFy,

where labels L and || denote sites i and j in the out-of-plane
and in-plane directions, respectively. Instead of using U, in

the equation above, we employ USt = U, — U(f) and

Uﬁff =Uy—-U ‘(‘1) for the out-of-plane and in-plane values,
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respectively. This includes the renormalization of the
energy cost due to nonlocal Coulomb interactions [24]
and can be understood as the renormalization of the energy
cost associated with virtual doublon-holon excitations due
to nonlocal Coulomb interactions [56]. Such renormaliza-
tion is essential for accurately capturing charge-neutral
excitations; however, it is not suitable for spectral func-
tions, which describe excitations involving changes in total
charge [24,118]. The resulting exchange interactions for
both Nb;Xg monolayers and Nb;Xg bulk are presented in
Tables II and III, respectively.

D. Atomistic spin dynamics simulations

To investigate the ground-state magnetic properties
of the surface Nby;Xg monolayers, as well as the temper-
ature and magnetic field dependence of the magnetic
susceptibility in bulk Nb;Clg, we utilize spin dynamics
simulations conducted with the SPIRIT code [119]. All
simulations are based on a classical Heisenberg Hamiltonian
given by Eq. (2). Our simulations are grounded in the
Landau-Lifshitz-Gilbert (LLG) equation of motion to
assess ground-state properties, while we employ classical
Monte Carlo (MC) calculations to compute the mag-
netic susceptibility. Our test simulations indicate that a
lattice of 50 x 50 x 1 spins is sufficient for the surface
monolayer simulations (solving the LLG equations), while
a 20 x 20 x 4 spins suffices for the bulk simulations (using
the MC method). To minimize boundary effects, for the
surface monolayer case, we consider only in-plane periodic
boundary conditions, whereas for the bulk case, periodic
boundaries are applied in all dimensions.

In the Monte Carlo simulations, we employed 500
thermalization steps, followed by 1000 000 samples in the
Metropolis algorithm, and conducted five decorrelation
steps. The isothermal susceptibility is evaluated according to

1

b4 ZkB—T(<M2> - (M)?),

where M = (1/N) >_VS; represents the average magneti-
zation of the sample.

E. ARPES measurements

Nb;Brg and Nbslg crystals were synthesized using chemi-
cal vapor transport [30]. To avoid air exposure, crystals were
mounted in a glove box and transferred to the beamline in a
vacuum suitcase. Samples were cleaved in situ prior to
ARPES measurements. The ARPES measurements were
performed at the SGM3 beamline of the ASTRID2 synchro-
tron radiation facility at Aarhus University in Denmark
[120]. Measurements were carried out at 150 K with a base
pressure of 1 x 107'° mbar. The ARPES data were acquired
at photon energies (hv) ranging from 30.5 to 130.5 eV, with
energy and angular resolutions better than 50 meV and 0.2°,
respectively. The beam spot size was 190 pm x 90 pm.

The synchrotron radiation polarization and the sample-to-
analyzer direction were both in the plane of incidence, and
the analyzer slit was perpendicular to the plane of incidence.
The EDC fitting used a linear background and Voigt profiles,
employing the minimum number of fitting components
required for accurate fits.
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APPENDIX

1. Vacuum extrapolation of the mono- and bilayer
cRPA Coulomb matrix elements

For the mono- and bilayer cRPA calculations we separate
the mono- or bilayers by an effective vacuum of 3 times
their individual monolayer heights. Since the true free-
standing limit would only be achieved by further increasing
this effective “vacuum height” these cRPA calculation
suffer from spurious screening from the periodic replicas
of the systems in the ¢ direction. To extrapolate the
Coulomb matrix elements to the true freestanding limit,
we make use of our Wannier function continuum electro-
static (WFCE) approach [121] as applied for monolayer
Nb;Clg in Ref. [24].

To this end, we start with the nonlocal bare Coulomb
interaction of the mono- and bilayer as obtained from
our cRPA calculations in momentum space. Within a
matrix representation v,4(¢) using a product basis a, f =
{n,m} we can diagonalize the Coulomb tensor v(q) =
>0 vu(@)|v.(q)) (v, (q)| with v,(q) and [v,(q)) being the
corresponding eigenvalues and eigenvectors of the Coulomb
tensors and ¢ = |q|. Assuming that the eigenbasis does not
drastically change upon the effects of the cRPA screening, we

NbsFg monolayer

2,501
2.251
W 2.001

1.754

—— interpolated

1254 /
A vacuum corrected
1.00+ ! } } I I ]
0.0 01 02 03 0.4 05 06

q {A—l)

can thus represent the full cRPA Coulomb tensor as
Ug) = S A [0,())/ e(@)]} 0, (@) (v, (g)]. where &,(q)
are the corresponding pseudoeigenvalues of the dielectric
tensor describing the different screening channels. The
leading eigenvalue v;(q) renders Coulomb penalties for
monopolelike perturbations (all orbitally resolved electronic
densities are in phase). The monopolelike screening as
rendered by €;(¢) can be modeled by solving the Poisson
equation for a dielectric slab of height 4 embedded in some
different dielectric environment yielding

01— a2

e(q) = with
L [2f)) 4+ &7 |emen 4 )22t
(0) clow (0) above
U o 0 _ &~ (A1)

0 bl
8(] ) + 8below

(0) above
sub € +e

sub

Example results for € (g) of the inital cRPA calculations
for mono- and bilayer NbsFg are shown in Fig. 14. For
both structures we see that e, > 1 which is indicative for
the spurious interlayer screening due to the finite effective
vacuum height. However, we also find that we can fit the
raw initial cRPA data with the analytic ¢, (g) function from
above well, finding &0V = ebl% > 1 (blue curves in
Fig. 14). By setting &% = ¢™low =1 we enforce
€4—0 = 1 (orange curves in Fig. 14). This way we correct
for the artificial spurious inter-layer screening. Using this
corrected ¢, and the bare v, we can reconstruct the vacuum
corrected U, from which we calculate in a final step via

Fourier transforms the real space Upg, which are listed
in Table I.

NbsFg bilayer
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1.751

—— interpolated

1.254
—— vacuum corrected
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FIG. 14. Leading cRPA dielectric functions of monolayer (left) and bilayer (right) Nb;Fg. Markers indicate initial ab initio calculation

results. Blue lines are analytic fits to the ab initio data. Orange lines represent the “vacuum corrected”” behavior. For the monolayer &

(0)

was assumed to be a constant, while we used a Resta-like g-dependent model for the bilayer.
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2. Exact diagonalization of the dimer model
and relevance of Hedin vertices

In order to establish the notion of strong and weak cor-
relations we perform calculations using strong (Hubbard-I)
and weak coupling (Hedin’s GW) approximations. Com-
paring the results enables us to classify the compounds in
the Nb;Xg family with respect to the degree of correlation
effects.

We start this analysis by investigating the local (impu-
rity) Green’s functions in more detail. In the Hubbard-I
approximation these are equivalent to the exact diago-
nalization (ED) results of a generalized Hubbard dimer
using the full U,j, tensor and an effective dimerization
7., where i, j, k, [ belong to one of the two sites
representing the two molecular orbitals of the strongly
hybridized or dimerized planes.

For the (simplified) Hubbard dimer with only local
Coulomb interactions (i.e., only U;;;; = U terms taken into
account), the exact interacting Green’s functions and the
GyW, approximation can both be derived analytically
[22,122]. The latter neglects all (Hedin) vertex contribu-
tions. The corresponding self-energies read

U* 1
Zpp(v) = FWEE TS (A2)
U*t, 1
ZGOWO (v) = Tm (A3)

with ¢ = /47, + 4U7, . To connect this simple model to
our ED calculations with the full U;j,;, we fit the self-
energy of the latter using the effective dimerization 7, as
the fit parameter. We find 7, ~0.00, 0.15, 0.19, and
0.25 eV for F, Cl, Br, and I, respectively. Setting U to
the cRPA downfolded values Uj;;, the analytic self-
energies of the simplified Hubbard dimer fit the full ED
ones very well. By further comparing the Hubbard-I
spectral functions obtained with and without the nonlocal
Coulomb interactions between the two molecular orbitals
of the dimer (see Appendix A 4), we find the that nonlocal

Coulomb interactions do not affect the single particle
Green’s functions at half filling.

We therefore compare in Fig. 15 the spectral functions of
Ggp (@) and Gg, y, (@) obtained for the simplified Hubbard
dimer allowing us to study how relevant Hedin vertex
corrections are for each system. In the case of Nb;Clg we
see that the ED and G,W, show significant discrepancies.
In detail, the ED result shows a gapped local spectral
function with two main peaks forming the gap, which are
accompanied by two side peaks with reduced spectral
weight. We can understand these four features as lower and
upper Hubbard bands from the bonding and antibonding
orbitals, whereby the gap is formed between the lower
Hubbard band of the bonding orbital and the upper
Hubbard band of the antibonding orbital. In the GyW,
approximation, we find a similar pole structure. However,
the inner poles are at much smaller energies, while the outer
poles are at much higher energies with suppressed spectral
weight. Also, the nature of the GyW,, approximation does
not allow us to identify the different poles as resulting from
Hubbard bands. Instead, in the GyW, approximation a
more appropriate interpretation would be as shake-off
bands resulting from charge fluctuations. Altogether, this
clearly stresses the relevance of Hedin vertices for a
qualitatively and quantitatively correct description of
Nb;Clg. This allows us to identify Nb;Clg as a strongly
correlated insulator. The same holds for Nb;Bryg, albeit with
smaller deviations between ED and Gy W, results. Nb;F; in
turn starts from a metallic regime and is neither quantita-
tively nor qualitatively well described within the GyW,
approximation. The ED gap of Nbs;F; can thus be best
understood as a conventional Mott gap opened by a self-
energy of the form U?/(4v). Finally, for Nb;Ig we see that
the two results are qualitatively and quantitatively very
similar such that we can understand Nbslg as a weakly
correlated insulator, which is well approximated by the
GyW, scheme.

3. Single-site vs cluster dynamical mean field theory

In Fig. 16 we show the differences between a cluster
and a single-site DMFT calculation, which, respectively,

spectrum (a.u.)
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FIG. 15.

Dimer model results using parameters from cRPA. We compare bare bonding-antibonding splitting (gray solid line) with

dimer GyW, results (dashed lines) and exact diagonalization results (colored solid lines).
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FIG. 16. Bulk LT (R3m) Nb;Brg in a cluster and single-site
Hubbard-I calculation.
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include the full matrix structure of the self-energy or just its
diagonal components in the molecular orbital basis, for the
low-temperature bulk structure of Nb;Brg. From this it is
clear that to correctly describe the bonding and antibonding
Hubbard bands, cluster DMFT in a full two-molecular-
orbital basis is necessary.

4. Hubbard-I spectral functions with only on-site
Coulomb interaction

In Fig. 17 we show the Hubbard-I spectral functions for
N,=2 and N, =3 obtained using only local Coulomb
interactions (U};;;). Comparing these to Fig. 8 and Fig. 10,
respectively, allows us to investigate the role of the
interlayer dimer density-density Coulomb matrix elements
(between the molecular orbitals y; and y,) as all other
elements of the full U;j,; tensor were already vanish-
ingly small.

For the undoped case (N, = 2), we find that the spectral
functions do not change and the fundamental gaps are
unaffected. This is different in the doped case (N, = 3).
Here, removing the interlayer dimer density-density

(c) Nb3Brg —ImG (d) Nbslg -ImG

r MK FTA LH A r MK FTA LH A

(a)=(d) LT (R3m) Nb; X cluster DMFT spectral functions within Hubbard-I with only on-site Coulomb interactions U, (but

intercluster hybridization). For N, = 2 (top row) and N, = 3 (bottom row). Line cuts at I and A are shown in full and dashed lines,

respectively.
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Coulomb interaction changes the spectral functions quan-
titatively in the case of Cl, Br, and I, and even qualitatively
in the case of F. In the former cases, all gaps between sets of
bands are modified when we neglect nonlocal Coulomb
interactions. However, the qualitative properties are the
same. Nb;Clg and NbsBrg are still charge-transfer insula-
tors and Nbslg is still a (nearly) conventional Mott
insulator. In the case of Nb;F; we, however, find a metallic
solution as soon as we neglect the nonlocal Coulomb
interaction at N, = 3. The Nb;Fg result at three quarter
filling with only on-site Coulomb interaction should be
taken with care. As there is no actual dimerization in this
system on might interpret it as two separate Mott insulators
at noninteger filling and thus possibly away from the
regime in which the Hubbard-I approximation is
applicable.

5. Full phonon dispersions

In Fig. 18 we show the full phonon dispersion for all four
compounds in their LT bulk, bilayer, and monolayer
structures as calculated within DFPT.

6. Constrained density functional perturbation theory
calculations for Nb;Fg and Nb;Clg

Within the ¢cDFPT calculations we removed the two
lowest bands around the Fermi level from the Sternheimer
equation. For detailed comparison between the DFPT and
cDFPT results, we show in Fig. 19 the phonon energies of
LT bulk Nb;F; and Nb;Clg at the original (coarse) g points
without including any LO-TO splitting or applying any
sum rules. The latter results in slightly imaginary frequen-
cies at I' (indicated as negative values). This comparison
shows that the DFPT and cDFPT results are very similar
with only a few (mostly higher energy) modes being
affected. As expected, those modes which change in
cDFPT are shifted to higher energies, since the energy
cost of atomic displacements is higher when (some)
electronic states cannot move along [123]. Overall,
cDFPT effects are small in Nb;Clg and only mildly larger
in Nb;Fg. The electron-phonon coupling to the slightly
gaped low-energetic flat bands of Nb;Clg has thus a smaller
effects to the phonons than the electron-phonon coupling to
the metallic flat bands in Nb;Fj.

7. Doping dependence of DMFT Matsubara
self-energies

Figure 11 shows the doping dependence of the approxi-
mate quasiparticle weights Z, which is calculated using
Eq. (3) from the imaginary part of the Matsubara self-
energy shown in Fig. 20. This self-energy is calculated in
cluster DMFT using W2DYNAMICS.

At small doping the bonding components of the Nb;Clg
and Nb;Brg self-energies have a significant frequency
dependence around zero frequency, which results in the

nearly vanishing quasiparticle weight shown in Fig. 11(a).
In contrast, for Nbslg these retardation effects are
strongly suppressed, resulting in a significant quasiparticle
weight for Nb;Ig at small doping. This is in line with our
identifications as strongly (Nb;Clg and Nb;Brg) and
weakly (Nbslg) correlated insulators at half-filling.

As the doping level increases towards N, = 3 we see
that the frequency response of the bonding component
of the self-energies is suppressed in all compounds. As a
consequence, the bonding channel becomes more and
more coherent with doping. In the antibonding compo-
nent we observe a qualitatively similar behavior, i.e.,
Nb;Clg shows the strongest retardation effects and NbsIg
the weakest. With increasing doping these retardation
effects increase for all compounds. Thus, under (strong)
electron doping even Nb;lg shows correlation effects in
the antibonding channel. In fact, close to N, =3 all
systems seem to behave as hole-doped Mott insulators,
which is reflected in the suppressed quasiparticle weights
shown in Fig. 11(a).

8. Graphical solution of the dimer models

To further clarify and visualize the qualitative differences
between the strongly and weakly correlated states (with
and without doping), we present in Fig. 21 the graphical
solutions of the Dyson equations governing the properties
(local spectral functions) of the dimer models for all four
compounds and for N, =2 and N, = 3, respectively. In
detail, we show for all cases ReX(w) and @ — ¢, for both
bonding and antibonding channels, with €, = > gy €;-
Therefore, the solutions to the equation

W = €pc = RG[Z(C())] (A4)
define excitation energies (poles in the spectral functions).

For N, =2 we see in the left column of Fig. 21 three
qualitatively different solutions. For Nb;Fg we find (nearly)
degenerate bonding and antibonding self-energies, both of
which have a strong pole around @ = 0. As a consequence of
this (effectively) single-pole structure, we find two solutions
to Eq. (A4) (around —1.2 and +1.2 eV)yielding two features
in the spectral function. This is the classic Mott-gap scenario
resulting in a lower and upper Hubbard band with a gap
defined by the local Coulomb interaction strength U. In
contrast, for the other compounds, we see that the bonding
and antibonding self-energies still exhibit single poles, which
are, however, shifted with respect to each other. As as result
we find in all cases four distinct solutions, with two main
spectral features around the gap and two accompanying side
features. Upon close inspection we see that the upmost
occupied state is given by a solution resulting from the
bonding channel, and the lowest unoccupied one by a
solution resulting from the antibonding channel. The funda-
mental gap is thus always opened between the bonding and
antiboding channel. However, due to the large U in the case
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of Nb3;Clg and Nb;Brg the corresponding ReX(w) at the
solutions @ = &(*) still have a finite slope. The fundamental
gaps are thus affected by the Coulomb interaction and
especially the retardation effects imprinted into ReX(w).
At a first glance, the situation seems to be similar for Nbs;Ig,

0 : : 0 : :
r M K r r M K r

DFPT phonon dispersions for NbyXg in their LT (R3m) bulk, bilayer, and monolayer structures.

but upon close inspection, we see that the gap is formed
between o = &(*) where the self-energies are nearly
constant and similar to their static values ReX(w = 0) ~
[U?/(F12%,)] (for the bonding and antibonding orbital,
respectively). For the reduced U and enhanced 7, of Nbslg,
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selected g points. Dashed lines serve as a guide to the eye and connect DFPT with corresponding cDFPT phonon energies. No acoustic
sum rules are applied.
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Graphical representation of the local Dyson equation for the Hubbard-I calculations of LT (R3m) bulk Nb;Xs. Solid lines

represent the bonding component and dashed lines represent the antibonding component. Plots in the left column (a)—(d) show the
graphical solutions at half-filling (cf. Fig. 8). Plots in the right column (e)—(h) show graphical solutions at three-quarter filling: N, = 3

(cf. Fig. 10).

this is dominated by 7,. The gap of Nbslg is thus mostly
controlled by static mean-field correlations.

In the doped case with N, = 3 (right column of Fig. 21)
the same analysis shows that the fundamental gap between
highest occupied and lowest unoccupied states is always
opened due to enhanced retardation effects, but solely in the
antibonding channel and in (close) vicinity of a weakly
correlated state resulting from the bonding orbital (see
Fig. 21 right column). This single orbital Mott-insulator
behavior shows a gradual increase in gap size from Nbslg
to Nb;Fg. In the cases of NbsF; and Nb;Clg the lower
Hubbard bands are so close in energy to the weakly
correlated bonding band that charge transfer occurs,

rendering these compounds at these doping levels corre-
lated charge-transfer insulators.

9. Trilayer Nb;Brg at half filling

In the left panel of Fig. 22 we show the Wannierized
DFT band structure of a trilayer Nb;Brg using the molecu-
lar orbital basis and find three rather flat bands: a half-
occupied metallic one surrounded by two fully occupied or
empty ones. The metallic flat band results from the weakly
hybridized “surface” monolayer and the other two are the
bonding or antibonding split bands from the strongly
hybridized bilayer. This is in line with the discussed band
structure in Ref. [31]. As argued above, this mean-field
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FIG. 22. Trilayer Nb3;Brg DFT and Hubbard-I results. Only on-
site screened coulomb interaction are taken into account. Uy is
taken from the bulk cRPA calculations.

picture is not properly reflecting the strong Coulomb
interaction effects in the system. Therefore, we used this
single-particle band structure together with the (molecular
orbital) local Coulomb interaction matrix elements as
obtained from our cRPA calculations (for the bulk material)
to perform cluster DMFT calculations within the Hubbard-I
approximation. The result is shown in the right panel of
Fig. 22. We see that the Coulomb interactions induce a gap
with a set of three rather flat bands on either side of the Fermi
energy. Projecting this interacting spectral function to the
monolayer or bilayer basis shows that the gap is formed
between bilayer states. In detail, the gap is formed, like in the
bulk material, between the lower Hubbard band of the
bonding orbital and the upper Hubbard band of the anti-
bonding orbital. We also find a lower and upper Hubbard band
of the initially metallic surface monolayer band.

qyla

qyla

The two systems (“surface monolayer” and bilayer) are
almost completely separated as a result of the small hybridi-
zation between them, consistent with the interpretation of a
vdW material. We expect this electronic disentanglement to
be a valid pictures for all finite-stacks with unpaired surface
layers. We further note that in finite-stack systems the
screening to the local Coulomb interactions will be a function
of the z position in the stack. The local Coulomb interaction
and with it the resulting correlated gaps could thus be
different in thin and thick stacks and could vary with the
layer distance to the top and bottom surface.

10. Magnetic order in Nb3;Xg monolayers and bulk

Following the effective spin-lattice Hamiltonian given by
Eq. (2) in the main text, our spin dynamics simulations
indicate that the ground state magnetic order for all bulk
and monolayer of Nb;Xg exhibits conical spin spirals with
in-plane propagation vector q

sin(0) cos(q - R? + ¢*)

§i(a.4".0) = | sin(0)sin(q- R} +4) |, (A5)
cos(0)
where S% is a classical spin of sub-lattice A at site R%, 6 is

the cone angle, and ¢* the phase. In the absence of a
magnetic field the spin spirals transforms from conical to
flat with @ = z/2. In such a case, inserting Eq. (A5) into the
spin-lattice Hamiltonian given by Eq. (2) results in the
following expression for the energy density of the exchange
interaction as a function of q and ¢

FIG.23. Energy of the exchange interaction AE(q) as a function of the spin-spiral q = (g,. ¢,) vector for Nb; X monolayers. The top

and bottom panels illustrate the results for exchange interactions J l(]"

)

truncated to two (n = 1, 2) and three (n = 1, 2, 3) shells of nearest

neighbors, respectively. The white hexagons represent the first Brillouin zone, while the arrows indicate the q;, vectors corresponding
to the lowest exchange interaction energy. A,,;, = 27/|q| represents the period of the spin spirals and «a is the in-plane lattice parameter.
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TABLE V. Magnetic ground state order in bulk and monolayer Nb;Xg compounds. Here, 2 = [(27)/q] represents the period of
the spin spirals, while A¢ is the phase difference between the spirals in the two sublattices (applicable only to bulk structures). The
parameter g specifies the direction of spin spiral propagation relative to the in-plane unit cell vector a, and E., denotes the
corresponding energy associated with the exchange interaction (in meV).

Bulk LT (R3m) phase Bulk HT (P3m1) phase ML
Nb3F* Nb3C18 Nb3BI'8 Nb3lg Nb3C18 Nb3BI'8 Nb3F* Nb3C18 Nb3BI'8 Nb318
8 8
A 1.5a 1.66a 3.56a 3.40a 1.72a 4.00a 1.5a 1.5a 2.8a 2.34a
Ag b T 7 7 b b

ay 0 0 0 0 0 30° 0 0 0 0
E. -3.99 -37.61 —70.38 —185.98 -3.62 —3.94 -5.06 -3.99 -0.73 -3.02
1 Na.Np sublattice in monolayers, the phase ¢ is irrelevant to the
Ex(q) = _WZ Z Jf‘jB cos(q - RQB + A7), results. Figure 23 illustrates the energy of the exchange
A L interaction as a function of the wave vector q and the

(A6) truncation distance between interacting pairs, considering

up to two and three shells of nearest neighbors. The Nb;Fg

where the sum over i is restricted to the number of magnetic ~ and Nb;Clg monolayers exhibit identical propagation
sites N4 in sublattice A of the magnetic unit cell and jruns  directions with the same value of |qu,,|, resulting in
over sites in sublattice B. Rg.B = Rf —R# is a distance =~ commensurate spin spirals with a periodicity of 1.5a
between two sites and $4P is a phase difference between (where a is the in-plane .lattice param.eter.), equivalent.to
spirals in sublatticies A and B. For all Nb;Xg compounds, & 120°-AEM order. While the contribution from third
the obtained exchange interactions J;; rapidly diminish ~ Dearest neighbors is negligible for these two compounds,
beyond the third nearest neighbors in the in-plane direction ~ the situation changes for the Nb;Brg and Nbsly mono-
and the second nearest neighbors in the out-of-plane la}fers. Sp(?mﬁcally, when accounting for .the thlI’d. nearest
direction. Therefore, we truncate the sum over j to include ~ neighbors in Nb;Bryg and Nbslg, the direction of spin spiral
only these neighboring distances. It is important to note ~ Propagation is altered, and the period of modulation
that monolayers have only one sublattice and AgAB — 0,  increases, .leadmg to incommensurate spin conﬁg}lratlons.
whereas in bulk materials there are two sublattices and 1 1e final information about the ground state spirals and
A@*® may assume a finite value, potentially leading to corresponding energies of the exchange interaction are

magnetic ordering in the z direction. summarized in Table V.

a. Nb; X3 monolayers b. Nb;Xg bulk

To determine the ground state parameters of the spin Simil'ar to the'Nb3X8 monolayers, we investigate the
spirals in monolayers, we minimize the total energy  Magnetic properties of bulk compounds mn b_Oth .the low-
described in Equation (A6) with respect to the wave  and high-temperature phases. A notable distinction from

vector q. Corresponding exchange interaction parameters  the monolayer case is the presence of out-of-plane J% and
J;; are provided in Table II. Since, there is only one J9 exchange interactions in the bulk material, see Table III.

(a) Nb3Fg - LT 30 (b) Nb3C|s - LT B (C) Nb3Br8 -LT 17 (d) Nb3|3 - LT (e) Nb3C|3 -HT (f) Nb3Br3 -HT
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FIG. 24. Energies of the exchange interactions as a function of q for (a)—(d) all LT (R3m) Nb; X compounds and (e)—(f) HT (P3m1)
Nb3C18 and Nb3BI‘g.
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Our spin dynamics simulations reveal that the ground
state exhibits a spin spiral characterized by an in-plane
propagation wave vector (. Given this preference for in-
plane propagation, we analyze the spirals in the two
sublattices (A = 1, 2) within each layer, which are iden-
tified by a phase ¢*. To determine the ground state
parameters of these spirals, we minimize the total energy
described in Eq. (A6) with respect to the wave vector q and
the phase difference ¢”B. The final results are summarized
in Table V.

Figure 24 illustrates the energies of the exchange
interactions as a function of ¢ for all LT Nb;Xg com-
pounds, as well as HT Nb;Clg and Nb3Brg. The spirals
associated with these energy dispersions are characterized
by minimized values of A¢ and ag, as summarized in
Table V. Since A¢ = x for all cases, the magnetic order at
q = 01is AFM in the z-direction. From Fig. 24 it is evident
that the primary contribution to the exchange energy in LT
Nb;F; arises from in-plane spiralization. Conversely, for
Nb;Brg and Nbslg, the dominant contribution comes from
out-of-plane AFM order, while the energy gain from in-
plane spiralization is relatively minor. In the case of
Nb;Clg, although the energy contribution from in-plane
spiralization is more significant, it remains less than that
from the AFM order in the z direction. Turning to the HT
phases, the energy gain in Nb;Clg, much like that in LT
Nb;Fg, is primarily due to in-plane magnetic ordering;
meanwhile, for HT Nb;Bry, it arises from the out-of-plane
AFM order.

Max (c)

Max

Min

0.5

hv (eV)

(a),(b),(d),(e) 2D curvature plots. (c) and (f) The photon energy dependent ARPES data over a photon energy range of 36 to

11. ARPES

Figures 25(a), 25(b), 25(d), and 25(e) show the 2D
curvature plots corresponding to the raw ARPES data in
Figs. 8(e), 8(f), 8(g), and 8(h). Figures 25(c) and 25(f) show
the raw ARPES data at T" plotted against photon energy.
The significant redistribution of spectral weight in energy,
as visible in Figs. 25(c) and 25(f) is interpreted as the
result of probing different wave vectors along the I' — A
high-symmetry direction.
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