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Simulation of Interfacial Waves
in Core-Annular Pipe Flow
With a Turbulent Annulus
Numerical simulations are conducted for the wave initiation, growth, and saturation at the
oil–water interface in core-annular flow (CAF). The focus is on conditions with a turbulent
water annulus, but the laminar water annulus is also considered. The simulation results are
compared with lab measurements. The growth rate for the linear instability of different
wavelengths in the case of a turbulent water annulus is obtained from two-dimensional (2D)
axisymmetric Reynolds-averaged Navier–Stokes (RANS) simulations with the
Launder–Sharma low-Reynolds number k–e model. The latter simulation results provide
the most unstable wavelength for the turbulent water annulus. Our study also shows the
following. The maximum wave growth rate for a turbulent water annulus is significantly
higher than for a laminar water annulus. The most unstable wavelength in the simulations is
about 25% smaller than in the experiments. The wave amplitude for the different
wavelengths in the simulations is typically 17% lower than in the experiments.
[DOI: 10.1115/1.4066481]
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1 Introduction

Under certain conditions for two-phase liquid–liquid flow in a
pipe, the less viscous liquid (e.g., water) can migrate to the high
shear region near to the pipe wall (forming an annulus flow), leaving
the more viscous liquid (like oil) in the center of the pipe (forming
core flow). This flow pattern is referred to as core-annular flow
(CAF); see the review by Joseph et al. [1]. In CAF, the less viscous
liquid functions as a lubrication layer, which greatly reduces the
pressure drop compared to the case in which only the high viscous
liquid is transported through the pipe. Core-annular flow can be
applied in the petroleum and chemical industry for effective
transportation. This flow type is also of high interest for the
understanding of the physics of interfacial waves in fluidmechanics.
Core-annular flowwith a completely flat liquid–liquid interface is

called perfect core-annular flow (PCAF). This CAFflow type is only
possible in a vertical pipe for a small range of velocities, as
visualized in the experiments by Chen et al. [2] and Yih [3]. In most
practical cases, however, the flat interface cannot remain stable, and
waves will develop leading to wavy core-annular flow (WCAF). In
horizontal pipes, the presence of interfacial waves is essential to
provide a downward force to balance the upward buoyancy force.
The formation of interfacial waves is caused by the instability of

disturbances at the initially flat liquid–liquid interface of the flow.
Over the years, the linear instability problem of laminar–laminar
two-phase flow has been studied by various researchers. In the
theoretical investigation of linear instability, the governing
equations are linearized to describe a small disturbance with its
growth rate. The solution is obtained by solving an eigenvalue
problem for the linearized equation. The disturbance can be assumed

to be a wave with a long, medium, or short length. Parameters that
determine the linear instability include inertia, surface tension,
viscosity, and gravity. Yih [3] shows that in two-dimensional (2D)
liquid–liquid channel flow, a long wave instability exists for all
values of the Reynolds number, and the instability is due to the
viscosity difference between the two fluids. Hooper [4] studies the
instability for two-phase plane Couette flow and finds that the flow is
always unstable if the thickness of the layer with less viscous fluid is
small. Hickox [5] finds that long waves are always unstable for an
axisymmetric Poiseuille flow with the less viscous fluid in the core.
Ooms [6] analyses the stability of laminar–laminar core-annular
flow, while ignoring the effect of viscosity on the flow stability. He
finds two types of instability: one is the Kelvin–Helmholtz
instability, which is due to the apparent difference in flow velocity
near the interface, and the other is a capillary instability, induced by
the surface tension. The considered disturbance is axisymmetric and
has a wavelength larger than the circumference of the oil core.
Hooper and Boyd [7] study the short-wave instability of two viscous
fluids in unbounded Couette flow. The flow is always unstable when
surface tension is neglected. The instability is of a viscous nature and
is created quickly close to the interface in the less viscous fluid part.
Surface tension can stabilize this type of short-wave instability.
Preziosi et al. [8] find that surface tension stabilizes short waves in
core-annular flow. Long waves are destabilizing the flow and will
lead to oil droplets in the water annulus. With increasing Reynolds
number, the long wave capillary instability can be stabilized by
shear.However,when theReynolds number is above a critical value,
a second capillary instability causes emulsion of oil into water.
Therefore, upper and lower branches of the critical Reynolds
number exist in relation to the neutral stability curve. This
stabilization phenomenon agrees well with the experiment from
Charles et al. [9].
Hu and Joseph [10] use the energy equation to study the linear

instability mechanism for various parameters related to inertia,
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surface tension, interface stress, and wave Reynolds stress. At small
Reynolds numbers, surface tension can cause instability, while the
other two sources stabilize the flow. At large Reynolds number,
surface tension stabilizes the flow, and the other two sources
destabilize the flow. For even higher Reynolds number, the wave
Reynolds stress in the water is the main source of instability. The
wavy core-annular flow pattern in the experiment by Charles et al.
[9] is regarded as a stable flow, in which the destabilizing Reynolds
stress and the stabilizing interface viscosity compensate each other.
Bai et al. [11] find a new flow pattern with bamboo waves in their
vertical pipe flowexperiment. Energy budgets show that the bamboo
wave is induced by interfacial viscous friction, the surface tension is
only slightly destabilizing, and the wave Reynolds stress stabilizes
the flow. Miesen et al. [12] focus their analysis on disturbances with
an intermediate wavelength. A rather good agreement is foundwhen
comparing the wave stability relationship with the experimental
wave distribution. Boomkamp and Miesen [13] find five instability
types for two-phase parallel flow. They argue that stable core-
annular flow, as found in the stability analyses by Charles et al. [9],
Hu and Joseph [10], and Miesen et al. [12], is due to the stabilizing
effect of the presence of the jump in viscosity near the interface.
When thewave amplitude becomes significant, nonlinear effects can
saturate the linear instability. Papageorgiou et al. [14] study the
nonlinear stability of CAF under the assumption that the annulus
thickness is much smaller than the core radius.
Besides the linear and nonlinear theoretical analysis (using an

eigenvalue approach), numerical simulations can also be used to
study instability problems. Li and Renardy [15] use the volume-of-
fluid (VOF) method to determine the instability in 2D vertical core-
annular flow. Both the linear and nonlinear stages are simulated.
Beerens et al. [16] also use the VOF numerical method. They verify
the stable and unstable regions with the neutral curve from the
theoretical analysis by Hu and Joseph [10]. They also reproduce the
linear growth rate found in the theoretical analysis by Li and
Renardy [15].
All the stability analyses referred to above consider a

laminar–laminar two-phase base flow. In many applications,
however, the base flow pattern can be turbulent. The presence of
turbulencemakes the stability problemevenmore challenging.Kuru
et al. [17] and N�araigh et al. [18] carry out a linear stability analysis
with a turbulent base flow in a stratified two-phase channel
configuration. They use the quasi-static assumption; this means
that the size of the turbulent fluctuations in space and time is much
smaller than the magnitude of the mean velocity profile. The
simulation results obtained in these two studies show that it is
possible to split turbulence and waves. By doing so, the turbulent
velocity profiles can be used as base state to determine physical
instabilities with wave formation. It is found that the primary effect
of turbulence is caused by the different average velocity profile for a
turbulent flow when compared to the average velocity profile for a
laminar flow.
The present study is focusing on the linear and nonlinear wave

growth in core-annular flow, with a laminar oil core and a turbulent
water annulus. We carry out a numerical analysis to track the full
process of wave initiation, wave growth, and wave saturation. The
simulation results are compared with experiments obtained in our
lab. Thework builds on recent core-annular flow studies by the same
authors, Li et al. [19,20]. The simulation model consists of the
Reynolds-averaged Navier–Stokes (RANS) equations with the
Launder–Sharma low-Reynolds number k–e model. This is a rather
engineering approach to the wave growth problem, as it is not based
on theoretical analysiswithaneigenvalue analysis;weare just solving
the flow equations and tracking the wave evolution. Our simulation
approach is an extension to turbulent base flows compared to a similar
laminar analysis carried out by Li and Renardy [15].

2 Experimental Setup

The flow loop (with a diameter of 21mm) is approximately seven
and a halve meter long and is made mostly of poly vinyl chloride.

The measurement section is 3 m long and is made of plexiglas
(PMMA) to enable flow visualization. In the divider, oil and water
are added together. The oil is added through a concentric pipe within
the pipe of the flow loop. In the annulus surrounding this pipe, the
water is added in order to create core-annular flow. LabVIEW by
national instruments is used to monitor the experiments and collect
and process the data from pressure gauges and flow meters in the
setup. Details on the flow loop and the applied measurement and
flow visualization techniques are given by Vrijlandt [21].
The main purpose of this experiment is to measure the time-

dependent film thickness of the water annulus. This is done by
visualizing a part of the flow loop. The camera used for this
visualization is a Phantom Vision VEO 640L. To decrease the
amount of optical distortion, an optical box is attached to the
measurement section as shown in Fig. 1(a). A light emitting diode
panel is placed behind the optical box to illuminate themeasurement
section so that clear images are produced. An example of a recorded
image of the oil and water is shown in Fig. 1(b).
Because the light has to go through several media, the light is

being refracted at each intersection. Since the height of the water
film at the bottom is in the order of a millimeter, it is important to
account for this distortion of the image. A simulation of the light
beams coming fromwithin the pipe to the position of the camerawas
made fromwhich an optical distortion is acquired. To verify this ray-

Fig. 1 Flow loop for core-annular flow experiments: (a) mea-
surement section with optical box, (b) snapshot of recorded
oil–water flow at 20% watercut, and (c) snapshot of recorded
oil–water flow at 12% watercut
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tracing method, a calibration pipe was made to make images of the
pipe with a calibration piece. A measurement error of 0.01mm is
found, which is roughly 1% of the total film height.

3 Modeling Approach

The mass and momentum conservation equations for an
incompressible, isothermal fluid read (in Cartesian coordinates)

@ui
@xi

¼ 0 (1)

q
@ui
@t

þ quj
@ui
@xj

¼ @

@xj
q � þ �tð Þ @ui

@xj
þ @uj

@xi

� �� �
� @p

@xi
þ qgi

þ Fr,i (2)

These are theRANS equations.Here, ui is the velocity,q and � are
the fluid density and kinematic viscosity, gi is the gravitational
acceleration, p is the pressure, and Fr,i is the specific interfacial
tension force. For the pipe flow, we use x1 ¼ x for the coordinate
along the pipe axis, and x2 ¼ y and x3 ¼ z for the coordinates in the
cross-sectional plane; the velocity components are u, v, andw, in the
directions x, y, and z, respectively. The gravity components are
g1 ¼ �g and g2 ¼ g3 ¼ 0, where g is the gravitational acceleration.
The actual simulations are conducted using 2D axisymmetric
coordinates with the radius r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ z2

p
.

The turbulent viscosity ismodeledwith the low-Reynolds number
k � � model of Launder and Sharma [22], which reads

�t ¼ Clfl
k2

~e
(3)

@k

@t
þ uj

@k

@xj
¼ @

@xj
� þ �t

rk

� �
@k

@xj
þ �t

@uj
@xj

� �2

� ~e� D (4)

@~e
@t

þ uj
@~e
@xj

¼ @

@xj
� þ �t

re

� �
@~e
@xj

þ C1f1
~e
k
�t

@uj
@xj

� �2

� C2f2
~e2

k
þ E

(5)

with D ¼ 2�ð@ ffiffiffi
k

p
=@xjÞð@

ffiffiffi
k

p
=@xjÞ and E ¼ 2��tð@2uj=@x

2
j Þ2. The

turbulent energy dissipation rate is e ¼ ~eþ D. Furthermore,
Cl ¼0 . 0 9 , C1¼1 . 4 4 , C2¼1 . 9 2 , rk¼1 . 0 , re¼1 . 3 ,

fl ¼ expð�3:4= 1þ Ret=50ð Þð Þ2Þ, f1¼1 , f2 ¼ 1�0:3 exp �Re2t
� �

,

and Ret ¼ k2=~e�. The boundary conditions at the wall are k¼0 and
~�¼ 0: Quite a few low-Reynolds number k� � formulations are
available in the literature. A large advantage of using the
Launder–Sharma one is that the low-Reynolds number terms do
not include the explicit distance to the closest wall. Instead, the
parameter Ret is used to incorporate the effect of turbulence
dampingwhen awall is approached. In the sameway, themodel will
incorporate the possible damping of turbulence when the oil–water
interface is approached in core-annular flow. The low-Reynolds
number k� � model is used everywhere in the domain, also in the
laminar oil core. Because of the presence of the low-Reynolds
number terms, the model automatically relaminarizes in the viscous
oil core (i.e., it gives zero turbulent viscosity).
We use the open-source package OPENFOAM to solve the RANS

equations, applying the coupled level set VOF (CLSVOF) method
for the interface capturing. The CLSVOF solver is based on the
interFoamVOF solver in OPENFOAM. In theCLSVOF solver, the level
set function is used to calculate the interfacial tension force. Starting
from the VOF method, the volume fraction a is introduced to
distinguish between the two fluid phases: a ¼ 0 is the oil phase,
a ¼ 1 is the water phase, and 0 < a < 1 denotes the oil–water
interface. Then, the fluid density and viscosity in the equations are

q ¼ 1� aÞqo þ aqw and l ¼ 1� að Þlo þ alw
�

(6)

The subscript “o” refers to oil, and the subscript “w” refers to
water. a is calculated from the following advection equation:

@a
@t

þr � auð Þ þ r � 1� að Þaurð Þ ¼ 0 (7)

The third term on the left-hand side is the compressive term (with
the divergence of the compressive flux); here, ur ¼ uw � uo. This
term is devised to control the sharpness of interface.
The level set function U is defined as the distance from the

interface, where the interface is the isoline with U ¼ 0. The initial
value of the level set function Uo is obtained from the initialized
volume-of-fluid field, where the interface is defined at a ¼ 0:5

U0 ¼ 2a� 1ð ÞC (8)

C ¼ 0:75DX (9)

Here,DX is theminimummesh size near the interface. Thereafter,
the re-initialization equation is solved to turn the initial level set
function into the distance from the interface

@U
@s

¼ sign U0ð Þ 1� rUj jð Þ (10)

Here, s is a pseudotime, with Ds ¼ 0:1DX being the iteration
time-step of U. The sign function denotes

sign Uð Þ ¼
1 U > 0, water

0 U ¼ 0, interface

�1 U < 0, oil

8<
: (11)

Then, the interface tension force is calculated as

Fr ¼ rj Uð ÞdUr Uð Þ (12)

Here, r is the interface tension, and dU is the smoothed delta
function

dU ¼
1

2c
1þ cos

pU
c

� �� �
for Uj j < e

0 elsewhere

8><
>: (13)

The quantity c is the interface thickness coefficient (seeRef. [23]),
and j Uð Þ is the interface curvature

j Uð Þ ¼ r � nc (14)

nc ¼
rUð Þf
rUð Þf

�� �� (15)

Here, nc is the surface unit normal vector. The contact angle h
between the interface and the pipe wall is defined as

cos hð Þ ¼ nc � nw (16)

with nw being the unit normal vector at the wall. The contact angle is
set to 90 deg in our simulations. This means that both the level set
function U and the volume fraction of the fluid a satisfy the zero-
gradient condition at the pipe wall boundary.
A pressure drop in the flow direction is added as an extra force

term to the right-hand side of Eq. (2). In all the simulations, periodic
boundary conditions are applied on the left and right sides of the
pipe, which restricts the wavelengths to at most the considered
domain length. At the pipe wall, the no-slip condition is imposed.
Four hydraulic parameters can be considered: the total flow rate,

the pressure drop, the watercut, and the water holdup fraction. The
watercut is defined as the ratio of the water volumetric flow rate and
the total volumetric flowrate WC ¼ Qw= Qw þ Qoð Þ, where Q
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denotes the volumetric flow rate. The water holdup fraction is
defined as the ratio of the in situ water volume in the pipe and the
total volume of oil and water aw ¼ Vw= Vw þ Voð Þ. For a given
configuration, when two out of the four parameters are set as input,
the other two will follow from postprocessing of the results from the
simulations or lab experiments. It is also convenient to introduce the
holdup ratio, which is defined as h ¼ Qo=Qwð Þ= Vo=Vwð Þ.

4 Wave Stability Curves

4.1 Vertical Laminar–Laminar Core-Annular Flow. Li and
Renardy [15] consider the linear and nonlinear stability of
laminar–laminar upward going core-annular flow. They are numeri-
cally solving the eigenvalue problem of the linearized
Navier–Stokes equations (which is in fact the Orr–Sommerfeld
equation) to determine the most unstable linear modes. Li and
Renardy [15] refer to that solution as the one with “theoretical linear
growth rate.” In addition, they are numerically solving the
Navier–Stokes equations to obtain both the linear and nonlinear
wave growth. Thereto, the VOF numerical method is applied to the
vertical laminar–laminar core-annular flow.When imposing a small
initial disturbance on the flat liquid–liquid interface, the linear
instability gives an exponential growth of the wave amplitude over
time A� t�ð Þ ¼ A� 0ð Þ exp k�t�ð Þ, where A� is the wave amplitude,
made dimensionless with the radius of the oil core (i.e.,A� ¼ A=Rc),
t� is the time, made dimensionless with the centerline velocity and
the oil core radius (i.e., t� ¼ tRc=Uc), and k

� is the (dimensionless)
growth rate.
To verify our numericalmethod, one of the laminar–laminar cases

from Li and Renardy [15] for vertically upward going flow # ¼ð
90 deg) is considered. The wave number is defined as c� ¼ 2p=k�,
with dimensionless wavelength k� ¼ k=Rc. Only the axisymmetric
modes are simulated.We apply a 256� 256mesh in axial and radial
direction (which is the same mesh as used by Li and Renardy); the
mesh size is k=256 in axial direction and the average mesh size is
R=256 in radial direction (with pipe radius R). The initial velocity
distribution is set according to the analytical expression of PCAF.
Repeating the simulations on refined meshes shows that the results
on the 256� 256 are numerically accurate (details not included
here). A more detailed mesh dependence description for a turbulent
base flow is given in Sec. 4.2.
Figure 2 compares our results from the 2D axisymmetric

simulation with the theoretical linear values of Li and Renardy
[15]. Figure 2(a) shows a close agreement for the wave stability
curve (i.e., growth rate versus wave number), in which the wave
number c� ¼ 2 marks the most (linearly) unstable wavelength. The
numerical result for eachwavelength in the figurewas obtained from
a simulation with periodic boundary conditions for a pipe section
with the length of the considered wave. The growth rate is derived
from the simulation results by assuming exponential growth in the
time interval t� between 1.5 and 3. The numerical values of the
growth rate are quite close to the theoretical values. As shown in
Fig. 2(b), the wave number c� ¼ 2 initially gives a growth rate of
k� ¼ 0.20 in the numerical simulations, which is close to the
theoretical value of k� ¼ 0.1940, reported by Li and Renardy [15].
Because we only disturb the interface at time zero, while the

velocity and pressure field will experience the disturbance once the
effect of the wave growth has propagated, the flow system takes a
brief time to enter the linear growth region; this can explain the small
plateau near time zero. The linear growth is clearly visible until t� is
10, after which, due to nonlinear effects, the growth levels off and
reaches a saturation. A similar numerical procedure as used for
laminar–laminar CAF is applied to laminar–turbulent CAF, as will
be discussed in Sec. 4.2.

4.2 Laminar–Turbulent Core-Annular Flow. To study the
instability of laminar–turbulent core-annular flow,wefirst perform a
mesh sensitivity study for the growth rate. The selected conditions
are the following (same as those used in our lab experiments for
core-annular flow). The pipe radius is 10.5mm, the oil density is

qo ¼ 902 kg/m3, the water density is qw ¼ 993 kg/m3, the dynamic
oil viscosity is lo ¼ 0.697 Pa�s, the dynamic water viscosity is lw ¼
6.65� 10�4Pa�s, and the interfacial tension is r ¼ 0.016N/m. The
imposed total flow rate is Q ¼ 0.00043m3/s (i.e., 1.24m/s mixture
velocity), and the imposed water holdup fraction is 0.26.
To initialize the flow, fully developed perfect core-annular flow

(i.e., no interfacial waves), though with a turbulent water annulus, is
first simulated in a pipewith very small streamwise section length. A
strongly nonequidistant mesh is used in radial direction, giving a
high concentration of points close to the pipe wall.
After obtaining the one-dimensional (1D) fully developed flow,

the 1D result is mapped into a 2D domain with a certain length of the
pipe section. In streamwise direction, the radial location of the
interface is slightly disturbed with a sinusoidal shape with a
wavelength equal to the length of the pipe section to trigger the
possible wave growth over time. In this simulation example for CAF
with a turbulent water annulus, the length of the pipe section is set
to 9.6mm,which corresponds to the dimensionlesswavelength k� ¼
1.06 (being about the most unstable wave, as will be shown later).
The simulations are repeated at successively refined grids: 75� 200,
150� 400, and 300� 800 points in the streamwise � radial
directions. A uniform mesh is used in streamwise direction; the
mesh size is L=N (with L the section length and N the number of
streamwise mesh cells). In radial direction, a nonuniform mesh is
used: using a tanh-type stretching function, the mesh size is
decreasedwhen approaching the pipewall. The averagemesh size in

Fig. 2 Verification of numerical method against theoretical
linear values from Li and Renardy for the instability of
laminar–laminar core-annular flow: (a) wave stability curve and
(b) growth of the dimensionless wave amplitude A� for wave
number c�52
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radial direction is R=M (with R the pipe radius andM the number of
radial mesh cells). Figure 3 shows an example case for the interface
wave between oil (lower layer) and water (upper layer) with a
distribution of the mesh points (with black lines).
The simulation results are shown in Fig. 4(a). Like for the

laminar–laminar case, also for this laminar–turbulent case, there is
an initial linear phase with exponential growth of the wave
amplitude over time. The results are almost mesh independent,
with a linear growth rate close to k� ¼ 0.65, which is significantly
higher than the value of 0.20 found for the laminar–laminar case in
Sec. 4.1. The 150� 400 mesh resolution is used for the further
analysis of the nonlinearwave instability. The 75� 200mesh is used
for a sensitivity study for the fully developed saturated waves.
The “quasi-laminar assumption” (as described by N�araigh et al.

[18]) is also tested. This means that the 1D turbulent mean velocity
profile is used as the initial condition, but that the 2D laminar
Navier–Stokes equations are solved when monitoring the wave
growth. As shown in Fig. 4(b), this is done for both a case in which
the turbulent viscosity is set to zero in the dynamic simulation and
for a case inwhich the turbulent viscosity remained fixed at its initial
value. The figure shows that the simulation results for the three
approaches initially give the same amplitude growth. Thereafter, the
simulation with the quasi-laminar assumption gives a slower growth
rate than the simulation that uses RANSwith the k � emodel for the
turbulence in the water annulus over time. The close agreement for
small time is due to the vanishing turbulence (i.e., laminar like
profile) close to the interface.
The wave growth simulations are carried out for different lengths

of the pipe section, with periodic boundary conditions (using the
turbulence model). This provides the wave stability curve for
the laminar–turbulent case (upper curve) that is shown in Fig. 5(a).
The imposed water holdup fraction of 0.26 gives a watercut of 15%
in the 1D initial flow (i.e., without waves). For large wave numbers
(or small wavelengths), no wave growth is found. This confirms that
the waves below a threshold value length cannot develop as they are
damped through energy dissipation (e.g., viscous damping). For
small wave numbers (or large wavelengths), two waves, instead of
one unstable wave, are found. This is because the wave with half the
length of the simulated section is more unstable (i.e., larger growth
rate) than the wavelength that is equal to the length of the simulated
section. Figure 5 only shows the simulations results with nonzero
wave growth when a single wave is found.
Figure 5(b) shows the wave stability curves for different values of

imposed water holdup fraction, while the imposed mixture velocity
remained fixed at 1.24m/s. The water annulus is turbulent for the

water holdups fractions of 26%, 19%, and 14%, but a laminar water
annulus is found if the water holdup fraction is decreased to 7%. All
wave stability curves show a clear maximum, which identifies the
most unstable wavelength, for a given water holdup fraction. The
most unstable wavelengths (or wave numbers) are summarized in
Table 1. A decrease in water holdup fraction gives a slight decrease
in the most unstable wavelength (or increase in the most unstable
wave number). When the water annulus becomes laminar (at 7%
water holdup fraction), themost unstable wavelength decreases, and
its growth rate is significantly smaller than for the turbulent water
annulus (found at higher water holdup fractions).
The decrease in growth rate when going from a turbulent water

annulus to a laminar water annulus is also observed when the water
annulus at 26% water holdup fraction is relaminarized through
increasing the water dynamic viscosity lw with a factor five (i.e.,
from 6.65� 10�4Pa�s to 33� 10�4Pa�s). Figure 5(a) shows that the
growth rate for the most unstable wave decreases from 0.69 to 0.15
when the turbulent flow is forced to relaminarize through artificially
increasing the water dynamic viscosity. This is in line with the
physical intuition that more viscosity (or more viscous damping)
makes it more difficult for waves to develop and grow.

5 Wave Growth Behavior

5.1 Flow Pattern During Unstable Stage. We have already
shown that the initial formation of interfacial waves is due to a linear

Fig. 3 Example simulation result with distribution of mesh
points.Oil in lower layerandwater inupper layer.Meshpoint lines
in black.

Fig. 4 Growth of the dimensionless wave amplitude A� over
dimensionless time t� for the case with laminar–turbulent core-
annular flow: (a) mesh sensitivity and (b) comparison of three
approaches on a 1503400 mesh
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instability. Once the wave amplitude has become sufficiently large,
nonlinear effects saturate the growth until a stable WCAF is
obtained. Figure 6 shows the evolution from PCAF to WCAF
for 26% imposed water holdup fraction and 1.24m/s imposed
mixture velocity, with a section length (or wavelength) of 9.6mm
k� ¼ð 1.06). To better see the flow structure, two periodic waves are
shown at different time levels (namely, t� ¼ 3.4, 5.5, 6.9, and 40).
Referring to Fig. 6, shown are the isobars with streamlines in the left
graphs, and the turbulent viscosity level in the rights graphs. The
streamlines are shownwith respect to a reference frame thatmoveswith
the wave velocity. Figure 7 shows the evolution of the dimensionless
pressure drop (the Fanning friction factor), the turbulent viscosity, and
thewatercut. The Fanning friction factor is defined as the ratio ofminus
the streamwise pressure gradient and qwU

2
mix=R.

During the linearly unstable stage (which takes up to about t� ¼ 4),
the pressure drop (or Fanning friction factor), the maximum
turbulent viscosity, and watercut (as shown in Fig. 7) change only
little over time, although the wave amplitude grows exponentially.
After the linear state, there is a relatively long nonlinear stage

(between about t� ¼ 4 and 20). Thereafter, the saturated long-term
stage is reached. In particular, the pressure drop increases from
425 Pa/m to 790 Pa/m (or the Fanning friction factor from0.00293 to
0.0054), the watercut from 15% to 22%, and themaximum turbulent
viscosity (�t=�w) from 10.8 to 16.7. As the water holdup remains
constant at 26%, the corresponding holdup ratio decreases from 1.8
to 1.24.
Several phenomena can be observed in the streamlines, pressure

level and turbulent viscosity level, as shown in the transients in Fig. 6
and the snapshots in Fig. 7. During the time interval in the linear
stage (i.e., up to about t� ¼ 4), the wave amplitude grows
exponentially, while an increasing recirculation zone develops
behind the wave crest. In the nonlinear wave growth stage (i.e.,
between about t� ¼ 4 and 20), the wave amplitude continues to
increase, and the recirculation region becomes larger and larger. At
the top of the vortex in the recirculation zone, the streamwise
velocity decreases, because of the high negative relative velocity in
the reference frame of the interface. This causes some local laminar
flow (see the right graph in Fig. 6(b)). The maximum turbulent
viscosity shows only a small increase. The pressure drop is almost
the same as in the 1D initial state. The low pressure behind the wave
crest produces a negative pressure force (formdrag) to decelerate the
oil core and accelerate the water layer. As shown in Fig. 7(c), the
watercut also increases during this stage.
After about t� ¼ 7 (going from the flow in Fig. 6(c) to Fig. 6(d)),

under the effect of pressure, the interfacial wave changes its shape
into one with a rather flat profile at the trough and a sharp profile at
the crest. The vortex has gradually dissipated, which is in line with a
smaller absolute value of the pressure. The recirculation zone also
started to move to the left. During the dissipation of the vortex, the
water layer becomes more turbulent, as shown from the sharp
increase in the turbulent viscosity in Fig. 7(b). Then, pressure drop
also increases rapidly. The turbulent viscosity decreases continu-
ously after t� ¼ 8. The final (saturated nonlinear) state is reached at
about t� ¼ 40.

5.2 Comparison with Saturated Wave Pattern in
Experiments. Experiments are conducted in our lab for various
watercuts with core-annular flow in a horizontal pipe with 21mm
diameter. See the flow loop description in Sec. 2. The base condition
is a total flow rate of 0.00043m3/s (mixture velocity of 1.24m/s)
with 20%watercut. This gives awater holdup fraction of 0.26. Other
watercuts are obtained by keeping the oil flow rate fixed at
0.00034m3/s (or superficial oil velocity of 0.8� 1.24 m/s), and
adding water until the watercut is 15% or 10%. The measured water
holdup fractions for the latter are 0.21 and 0.16, respectively. It
should be emphasized that these experiments do not include the
controlled initiation ofwaves from an initially flat interface, but they
only cover the fully developed flow with the saturated wave
structure. At the inlet of the experimental pipe, oil is injected in the
pipe center, and water is injected in the annulus location. The fully
developed flow is monitored at the downstream location. Therefore,
in contrast with the simulations, the experiments do not start with
perfect core-annular flow (i.e., smooth interface).
From the experiments, the saturated interfacial waves are

captured by a high-speed camera (pipe diameter is 21mm, and the
section length shown is 38mm). The resolution is 100 pixels per
mm, and the sampling rate is 1000 frames per second. Requiring at
least four pixels and four frames, the spatial resolution is 0.04mm,
and the temporal resolution is 0.004 s. This enables to accurately
track thewaves,which have a dominantwavelength of about 10mm,
and a minimum length of about 2mm, traveling with a velocity of
about 1.3m/s. The ray-tracing method is used to calibrate the
recorded frames, meant to exclude the reflection effect of the pipe
wall material and to fix the wall location. Sample raw images taken
from the footage are shown in Fig. 1(b)/1(c) of Sec. 2.
The developed flow in the experiments is monitored over a time

duration of 3 s, in which multiple wavelengths are captured by the
camera. The duration of a wave is taken as the time between two
subsequent maxima in the time signal at a certain fixed streamwise

Fig. 5 Dimensionless linear wave growth rate k � as a function of
thewavenumber c�: (a) at 26%water holdup fraction for turbulent
and laminar water annulus and (b) for different values of the
imposed water holdup fraction with turbulent water annulus

Table 1 Most unstable wave for core-annular flow for different
values of the water holdup fraction; wavelength (k, k�), wave
number c�ð Þ, and wave growth rate (k �)

Water holdup (%) k (mm) k* c� k�

26 7.9 0.88 7.2 0.69
19 6 0.63 9.9 0.74
14 4.8 0.49 13 0.77
7 4 0.39 16 0.36
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location. The wave velocity is deduced through correlating the
maxima in the recorded interface time traces at two slightly shifted
streamwise locations. By using the measured wave velocity (which
is about 1.37m/s for the top layer and 1.21m/s for the bottom layer,
for the 26% water holdup fraction case, or 20% watercut case), the
measured time period is converted to the wavelength. Figure 8
shows the wavelength distribution derived from the experiments.
Thereto, all the detected wavelengths with their duration are
distributed amongwavelength intervals (ten equal intervals are used
up to the maximum wavelength found). Thereafter, the total
duration time of the waves that ended up in each interval is
compared: this gives the pdf (probability density function) of the
wavelength. The pdf is scaled such that the area under the curve

showing the pdf versus the wavelength is equal to one. The
wavelength distribution is rather broad; the spread in the waves at
the top of the pipe is smaller than at the bottom of the pipe. The
maximum denotes the most dominant wavelength. Almost the same
value for this is found at the bottom and top (slightly longer at the
bottom). Since a horizontal pipe is used in the experiment, gravity
causes some eccentricity of the oil core with a thicker water annulus
at the bottom than at the top. The thicker bottom water layer allows
the waves to become longer with a larger amplitude. This is also
clear in the experimental time-dependent evolution of the water
annulus thickness, as shown for the 25% water holdup case and the
19% water holdup case in Fig. 9: the average thickness of the water
annulus is larger in the bottom layer than in the top layer.

Fig. 6 Flow pattern during the unstable stage at different time levels (26% water holdup fraction, 1.24m/s
mixture velocity, 9.6mmwavelength, k�5 1.06); (left) isobars with streamlines and (right) turbulent viscosity
ratio level. (a) t� 53.4, (b) t� 55.5, (c) t� 56.9, and (d) t� 540.
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Figure 8 also includes thewavelength distribution (in pdf form) as
obtained from the 2D axisymmetric (i.e., concentric) simulation in a
pipe with the same conditions as in the experiment, though with a
finite length of 12 pipe diameters (using periodic boundary
conditions). The simulated wavelength distribution is in fairly
good agreement with the lab experiments: the dominant wavelength
(i.e., the wavelength where the pdf is maximum) is about 25%
smaller in the simulation than in the experiments.
The wavelength with the highest simulated growth rate

corresponds to the dominant wavelength found in the simulation
for the 12-diameter long pipe section. For an increasing water
holdup fraction in the simulation, the dominant wavelength (i.e., the
wavelengthwith the highest growth rate) in the simulations becomes
longer. For the smaller water holdup fractions (14% and 19%), the
most frequent wavelength is around 0.6 times the oil core radius
(k� ¼ 0.6), whereas for the larger water holdup fraction (26%), the

most frequent wavelength is almost equal to the oil core radius
(k� ¼ 1).
The values of the wavelengths in the simulation and in the

experiments are compared in Table 2. The results for the numerical

Fig. 7 Hydraulic parameters during the unstable stage (26%
water holdup fraction, 1.24m/s mixture velocity, 9.6mm wave-
length, k�5 1.06): (a) Fanning friction factor, (b) maximum in the
turbulent viscosity ratio, and (c) watercut

Fig. 8 Saturated wave distribution (pdf for k�) for 26% water
holdup fraction

Fig. 9 Experimental time traces of the water annulus thickness:
(a) 26% water holdup and (b) 19% water holdup fraction
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simulations are based on results obtained for the growth of waves in
pipe sections with a variety of lengths (using periodic boundary
conditions); this allows to monitor the growth (or damping) of a
single wavelength. The obtained range of stable waves is in fact
reflected in the spectrum of waves found in the simulations for the
much longer pipe section of 12 pipe diameter. This is shown in
Fig. 8. A simulation can contain multiple traveling waves.
According to Table 2, the smallest possible wavelength in the
experiment is smaller than in the simulations. It should be noted that
in the experiment, the oil core is somewhat eccentric toward the pipe
top. In the numerical simulations, the flow is assumed to be 2D
axisymmetric, giving a concentric oil core. This difference
(eccentric versus concentric) can affect the stability behavior.
Therefore, only a part of the wave stability relationship could be
obtained in the simulations. The predicted 2D axisymmetric linear

instability growth rate agrees well with the distribution of the longer
wavelengths observed in the experiments. Table 2 also includes the
eccentricity of the oil core in the measurements. The eccentricity is
defined as e ¼ dbottom � dtopð Þ= dbottom þ dtopð Þ. Thus, e ¼ 0 for a
concentric oil core, and e ¼ 1 for a fully eccentric oil core.Due to the
effect of gravity on the horizontal flow, the experimental results
reveal an eccentricity. As the simulation is axisymmetric, its
eccentricity is zero.

5.3 Fully Developed Waves—Effect of Wavelength. As a
range of wavelengths is observed in the experiment, the effect of the
wavelength on the mean flow will be studied. Various pipe section
lengths L are simulated sufficiently long over time until the flow has
become fully developed. For the smaller section lengths, the
wavelength is equal to the section length, i.e., k� ¼ L�. When the

Table 2 Minimum, maximum, and the most dominant dimensionless wavelength k� for the three considered cases

Water holdup fraction (%) Wavelength k� Numerical simulation Experiment top layer Experiment bottom layer

26 Minimum 0.5 0.2 0.3
Maximum 1.8 1.9 2.2
Dominant 0.9 1.1 1.2
Eccentricity 0 0.12

19 Minimum 0.4 0.2 0.2
Maximum 1.2 1.9 2.2
Dominant 0.6 0.7 0.9
Eccentricity 0 0.5

14 Minimum 0.4 0.2 0.2
Maximum 1 1.9 2.2
Dominant 0.6 0.7 0.9
Eccentricity 0 0.47

Fig. 10 Flow characteristics at a fixed axial location for fully developed flow in different pipe
section lengths L� in the simulations: (a) dimensionless interface location, (b) dimensionless
wall pressure, (c) dimensionlesswall shear stress, and (d) maximum in the turbulent viscosity
ratio
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section length in the simulation length is taken longer than a certain
value, multiple waves appear along the interface length in the
simulation. Furthermore, because the simulation applies periodic
boundary conditions, the largest wavelength cannot be above the
pipe section length.
At a fully developed state, the oil core is balanced by pressure

drop and two surface forces on the oil core: form drag and viscous
shear force. In PCAF, the form drag in the axial direction is zero, and
the viscous force is the only surface force. When waves have
appeared at the interface, the pressure is redistributed on the oil core
surface, creating a net force acting opposite to the streamwise
direction. This force is so-called form drag, which can be calculated
by integrating the pressure component in the streamwise direction
along the interface. The magnitude of the form drag is related to the
form of the wave. With increased wavelength, the form drag
becomesmore important in balancing the pressure drop.Besides, the
shear stress force decreases slightly due to the larger and larger flow
separation region near the interface.
To show the effect of the different wavelengths on the flow field,

we probe the flow field at one fixed streamwise location. Figure 10
shows the interface location, wall pressure, maximum turbulent
viscosity, and wall shear stress, as function of time. As the pressure
gradient across the thickness of the water annulus is very small, the
wall pressure also gives a very accurate representation of the
pressure distribution near the interface. As can be seen, the saturated
wave amplitude has increased with increasing wavelength. The flow
field variation corresponds well with the wave amplitude. There is
lower pressure at the back of the wave crest and higher pressure in
front of the wave crest. At the wave trough, the pressure curve is
rather flat. The wall shear stress increases significantly from PCAF
toWCAF. Near the wave crest, the wall shear stress behaves like the
pressure. For small waves, when the wavelength is k� ¼ 0.71, both
the pressure curve and the wall shear stress are more symmetric
before and after the wave crest, which indicates a less tilted
waveform. For L� ¼ 0.29, no waves occur, and PCAF does persist.
With increased wave amplitude, the peak value for the maximum

turbulent viscosity increased slightly, while its lowest value
decreased significantly for the cases with L� ¼ 1.06 and L� ¼ 1.41.
When there is a wave crest passing by, the flow is locally laminar.
The wave speed is 1.29m/s for the case L� ¼ 0.71, 1.26m/s for
L� ¼ 1.06, and 1.24m/s for L� ¼ 1.41.
The streamlines in the reference frame moving with the wave

speed are shown for these three cases in Fig. 11: the recirculation
zone increases with increasing wavelength.

5.4 Fully Developed Waves—Waveform. Figure 12 com-
pares thewave amplitudes found for the different wavelengths in the
numerical simulations and in the experiments. In each simulation, a
single wavelength is simulated. The wave amplitude is taken as half
the difference between the maximum andminimum thickness of the

water annulus. These are the “single-wave simulations” in the figure.
In addition, also a longer pipe section of 12 pipe diameters is
simulated, which allows to track various waves in space and time.
This is indicated as the “multiple-wave simulation” in the figure. In
the experiments and in the multiple-wave simulation, the amplitude
is determined as the average of the amplitudes of the waves that
ended up in the ten intervals to determine the pdf of the wavelength
distribution, as was explained in Sec. 5.2. Both in the simulations
and in the experiments, the wave amplitude increases with
increasing wavelength, up to a certain maximum level for the
longest waves. As shown in Fig. 12, for the same wavelength in the
experiments, the amplitude is larger in the bottom layer than in
the top layer. This is related to the eccentricity of the oil core in the
experiments, which gives a thicker water annulus at the bottom than
at the top. The amplitudes obtained in the single-wave andmultiple-
wave simulations are very close. There is also a reasonably good
agreement between the simulated wave amplitude and themeasured
amplitude; for example, thewavelength k� ¼ 1.5 at awater holdup of
25%gives awave amplitude that is 17% lower in the simulation than
in the experiment (when comparing with the average amplitude of
the waves in the top and bottom layers in the experiment).
Obviously, as the simulation assumed axisymmetric flow, there is
no difference between the top and bottom in the simulation.
The instantaneous waveform is shown in Fig. 13. The

experimental wave and the numerical wave have a similar shape,
in which the wave is slightly tilted, i.e., the wave slope in front of the
wave crest is higher than behind the wave crest. This wave shape

Fig. 11 Streamlines in a reference frame moving with the wave velocity: (a) k� 5 0.7, (b) k� 51.1, and (c) k� 51.4

Fig. 12 Dimensionless wave amplitude A�ð ) versus dimension-
lesswavelength k�ð ) as found in the simulations and experiments
for 26% water holdup fraction
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corresponds to the flying core model proposed by Bai et al. [24]
where the inertia effect is dominant. This is as expected since the
flow in the water annulus is turbulent.
To compare the waveforms for turbulent and laminar flow

conditions, the water viscosity is increased by a factor of ten in the
simulation to replace the turbulent water annulus by a laminar one.
The laminar waves are also included in Fig. 13. The waveform for
the laminar condition is quite different from what is found for the
turbulent condition; the wave in laminar flow is much shorter with a
smaller amplitude,while thewave trough is flatter and thewave crest
is more pointed. When the water viscosity is increased even further,
the wave is broken and the wavy core-annular flow pattern is not
stable anymore.

6 Conclusions

Numerical simulations are conducted for the wave initiation,
growth, and saturation at the oil–water interface in core-annular
flow, using the RANS approach with the Launder–Sharma low-
Reynolds number k � e model. The focus is on conditions with a
turbulent water annulus, but the laminar water annulus is considered
as well. The simulation results are compared with labmeasurements
for fully developed flow with saturated waves.
The simulated growth rates for the laminar–laminar case are in

close agreement with values obtained in the linear stability analysis

by Li and Renardy [15]. The growth rate for the linear instability of
different wavelengths (i.e., the wave stability curve) in the case of a
turbulent water annulus can be obtained from 2D axisymmetric
RANS simulations with the Launder–Sharma low-Reynolds
number k–emodel. This also provides themost unstable wavelength
for the turbulent water annulus. The maximumwave growth rate for
a turbulent water annulus is significantly higher than for a laminar
water annulus. Both in the simulations and in the experiments, the
most unstable wavelength decreases with decreasing water holdup
fraction (or decreasing watercut). The most unstable wavelength in
the simulations is about 25% smaller than in the experiments.
The linear instability with exponential increase of the wave

amplitude is followed by a nonlinear phase that ends in saturated
waves in fully developed flow. The linear stage takes about four time
units, and the nonlinear stage 16 time units (in which a time unit is
the actual time nondimensionalized with the oil core radius and the
mixture velocity). Both in the simulations and in the experiments for
the fully developed saturated waves, the wave amplitude increases
with increasing wavelength, up to a certain maximum level for the
longest waves. The simulated amplitude of the different wave-
lengths is typically 17% lower than in the experiments.
The experiments and simulations are used to construct the

probability density function of the wavelength distribution. If a
relatively long pipe section is used in the simulations (i.e., 12 pipe
diameters long, which is much longer than the most unstable
wavelength), multiple wavelengths are predicted. The dominant
wavelength in the spectrum (or pdf) is approximately the one that
has the largest growth rate in the stability simulations. The pdfs for
the wavelengths in the simulations and experiments are quite close
to each other.
We apply a rather engineering simulation approach to the wave

growth problem, based on just solving the flow equations with a
turbulencemodel and tracking the wave evolution. The experiments
only cover the fully developed saturated wave distribution, and not
the controlled introduction and tracking of the linear and nonlinear
growth of interfacial waves. However, the present engineering study
can help to guide setting up a more in-depth theoretical study of
these interesting but complex two-phase flowphenomena, involving
the interplay between turbulence (in the annulus) and waves (at the
liquid–liquid interface). For example, the results can be used to
define relevant flow conditions for the eigenvalue analysis and for
direct numerical simulations and large-eddy simulations and for
controlled wave excitation in experiments.
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Nomenclature

A ¼ wave amplitude, m
e ¼ core eccentricity

Fr,i ¼ specific interfacial tension force, N/m3

g ¼ gravitational acceleration, m/s2

h ¼ holdup ratio
i ¼ subscript referring to spatial coordinate direction
k ¼ turbulent kinetic energy, m2/s2

Fig. 13 Instantaneous waveform (for the dimensionless water
layer thickness,d*) in theexperimentsandsimulations for awater
holdup fraction of 26%: (a) top layer and (b) bottom layer. Note:
thevaluesasobtainedat afixedaxial pipe locationover time t* are
converted to the axial pipe coordinate x*, through using thewave
velocity.
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k� ¼ dimensionless wave growth rate
L ¼ pipe section length considered in the simulation
o ¼ subscript referring to the oil phase
Q ¼ volumetric flow rate, m3/s
r ¼ radius, m

Rc ¼ core radius, m
t ¼ time, s
ui ¼ velocity component, m/s
Uc ¼ streamwise velocity at the pipe center, m/s
V ¼ volume, m3

w ¼ subscript referring to the water phase
WC ¼ watercut

x ¼ coordinate along the pipe axis, m
y ¼ pipe coordinate perpendicular to the pipe axis, m
z ¼ pipe coordinate perpendicular to the pipe axis, m
* ¼ superscript denoting dimensionless quantity
c ¼ wave number, m�1

e ¼ turbulence dissipation rate, m4/s3

# ¼ pipe inclination angle with respect to the horizontal, deg
k ¼ wavelength, m
l ¼ dynamic viscosity, Pa�s
� ¼ kinematic viscosity, m2/s
�t ¼ turbulent viscosity, m2/s
q ¼ density, kg/m3

r ¼ interfacial tension, N/m
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