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Given H self-adjoint, V symmetric and relatively H-bounded, 
and f : R → C satisfying mild conditions, we show that the 
Gateaux derivative

dn

dtn
f(H + tV )|t=0

exists in the operator norm topology, for every natural n, and 
establish perturbation formulas for multiple operator integrals 
under relatively bounded perturbations. If the H-bound of V
is less than 1, we obtain sufficient conditions on f which ensure 
that the Taylor expansion

f(H + V ) =
∞ ∑︂

n=0

1 
n!

dn

dtn
f(H + tV )

⃓⃓
t=0

exists and converges absolutely in operator norm. Assuming 
that V (H − i)−p ∈ 𝒮s/p for p = 1, . . . , s for some s ∈ N, we 
show that the Krein–Koplienko spectral shift functions ηk,H,V , 
satisfying
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Tr
(︄
f(H + V ) −

k−1 ∑︂
m=0

1 
m!

dm

dtm
f(H + tV )

⃓⃓
t=0

)︄

=
∫︂
R 

f (k)(x)ηk,H,V (x)dx,

exist for every k = 1, 2, 3, . . ., independently of s. The 
latter result (which is significantly stronger than [27]) is new 
also in the case that V is bounded. The proof is based on 
[34], combined with a generalisation of the multiple operator 
integral compatible with [17]. We discuss applications of our 
results to quantum physics and noncommutative geometry.
© 2026 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

The Taylor series is a fundamental tool in real analysis, and its noncommutative or 
operator-theoretic generalization is useful in quantum mechanics, quantum field theory, 
and noncommutative geometry. It relies firstly on the existence of derivatives of operator 
functions, for which the most natural setting is arguably the one of Kato and Rellich. 
Indeed, if H is a self-adjoint (possibly unbounded) operator in a separable Hilbert space 
ℋ, and V is symmetric and relatively H-bounded, then the Kato–Rellich theorem states 
that

H + tV is self-adjoint for all t ∈ (− 1 
a ,

1 
a ),

where a is the H-bound of V . Hence, by Borel functional calculus, we may apply a 
bounded measurable function f : R→ C to obtain a mapping

(− 1 
a ,

1 
a ) → ℬ(ℋ), t ↦→ f(H + tV ). (1)

For suitable classes of f , the following questions may arise:

Q1. Is t ↦→ f(H + tV ) n-times differentiable?
Q2. Does the Taylor-expansion of f(H + tV ) in orders of t converge in norm?
Q3. Do all higher-order spectral shift functions exist?

For reasons of summability, more assumptions on H and V are needed to affirmatively 
answer Q3, as detailed in the next subsection. It turns out that Q1 and Q2 have an 
affirmative answer without extra assumptions on H and V , and with conditions on f
that are relatively easy to verify.

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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Pioneering results concerning the differentiability of the operator function (1) were 
obtained in [11] by use of the double operator integral. The n-th order derivative of the 
operator function (1), for bounded perturbations V , is naturally expressed in terms of a 
multiple operator integral (a concept originating in [5,11,31,44,45]), which generalizes the 
notion of a double operator integral to more than two variables (see, e.g., [4,7,17,32,34--36, 
41]). A series of works has since addressed the differentiability of such operator functions 
under various conditions on f , H, and V -- see [43, Paragraph 5.3], and references therein.

When differentiating in the direction of an unbounded operator V , the operator-norm 
Frechet derivative of (1) is useless because it contains ∥V ∥ = ∞ in the denominator. One 
is thus led to the Gateaux derivative, for which the following holds.

Theorem 1. Let H be self-adjoint in a separable Hilbert space ℋ, and let V be symmetric 
and relatively H-bounded with H-bound a ∈ [0,∞). If n ∈ N and f ∈ Cn+1(R) is such 
that the functions dp

dxp (f(x)(x − i)p) are Fourier transforms of finite complex measures 
for all p = 0, . . . , n + 1, then the mapping

(− 1 
a ,

1 
a ) → ℬ(ℋ), t ↦→ f(H + tV )

is n times differentiable in operator norm.

The above result follows from Theorem 22, which moreover provides alternative con
ditions to ensure operator differentiability, and establishes that

1 
n!

dn

dtn
f(H + tV )

⃓⃓
t=0 = TH,...,H

f [n] (V, . . . , V ), (2)

in which TH,...,H
f [n] is an n-multilinear map from relatively bounded operators to bounded 

operators which extends the multiple operator integral of [4,32] and is compatible with 
[17]. The main reason multiple operator integrals are powerful tools in perturbation 
theory, noncommutative analysis, and noncommutative geometry, is because of their 
surprisingly clean analytical and algebraic properties. We extend several such properties 
to the relatively bounded setting. A further motivation for these developments are the 
questions raised in [48].

For unbounded V , trying to obtain (2) directly by naively extending the multiple 
operator integral (directly inserting V in the integral) fails because of domain problems. 
The intuition behind a formula like (2) in the relatively bounded setting is that the 
summability of a multiple operator integral TH,...,H

ϕ (V, . . . , V ) is typically related to the 
asymptotic behaviour of its symbol ϕ, and for suitable f the asymptotic behaviour of the 
divided difference f [n](λ0, . . . , λn) can be controlled by λ−1

0 · · ·λ−1
n . In the unbounded 

case however, distinct subtleties arise in the translation from symbols to operators, which 
we address with combinatorial techniques.

The results mentioned above yield explicit expressions and bounds for the higher-order 
operator-norm Gateaux derivative dn

dtn f(H + tV )
⃓⃓
t=0 and the Taylor remainder. Partic



4 A. Chattopadhyay et al. / Journal of Functional Analysis 291 (2026) 111508 

ular upshots are algebraic rules for multi-variable Gateaux derivatives (see Remark 23), 
and the existence of a constant cf such that

∥f(H + V )− f(H)∥ ≤ cf∥V (H − i)−1∥.

It would be interesting if the same techniques, or some modified version of them, could 
be used to obtain optimal constants.

Using Theorem 1, we establish the existence of an absolutely norm-converging Taylor 
series. The respective radius of convergence is related both to ∥V (H − i)−1∥ and an 
explicit norm of f , which uses the smoothness as well as the decay at infinity of f .

Theorem 2. Let H be self-adjoint in a separable Hilbert space ℋ, and let V be sym
metric and relatively H-bounded with H-bound a ∈ [0, 1). Let f ∈ C∞(R) be such that 
dn

dxn (f(x)(x − i)n) are Fourier transforms of finite complex measures μn for all n ∈ N

and let there exist constants cf , Cf > 0 such that ∥μn∥ ≤ cfC
n
f n! (see Lemma 25 for 

examples). If ∥V (H − i)−1∥ < 1 
1+Cf

, then we have

f(H + V ) =
∞ ∑︂

n=0

1 
n!

dn

dtn
f(H + tV )

⃓⃓
t=0 ,

where the series converges absolutely in operator norm. If ∥μn∥ ≤ cfC
n
f (n!)γ for γ < 1

then the above identity holds, with absolutely norm-converging series, without any as
sumption on ∥V (H − i)−1∥.

The ‘noncommutative Taylor series’ may be understood as the combination of Theo
rem 2 and (2), possibly supplemented with one of the various explicit (integral) expres
sions for (2). As such, the noncommutative Taylor series has been studied in numerous 
contexts [13,17,24,10,16,15]. In quantum physics it often comes in guises such as the 
Dyson series, Volterra series and Born series. In noncommutative geometry, the noncom
mutative Taylor series comes up in the context of the spectral action [40,46,29] and heat 
kernel expansions [24,19,17], and the algebraic structure underlying its summands can be 
informative [30]. We hope that, by unifying results scattered throughout the literature, 
Theorem 2 and (2) bring connections between these applications to the foreground.

Spectral shift functions of all orders. The spectral shift function is a useful notion for 
the spectral analysis of quantum systems, and the question of its existence has sparked 
enormous progress in mathematical perturbation theory. First defined by Krein [23], and 
generalized to higher order by Koplienko [22], the spectral shift function of order k is 
the function ηk = ηH0,V,k such that for all sufficiently regular f : R→ C we have

Tr
(︄
f(H + V )−

k−1 ∑︂
m=0

dm

dtm
f(H + tV )

⃓⃓
t=0

)︄
=
∫︂
R 

ηk(x)f (k)(x)dx.
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In [34] the spectral shift functions ηk of orders k ≥ n were shown to exist whenever 
V ∈ 𝒮n. Because physical situations -- for example when H is a differential operator and 
V a multiplication operator -- require V to have continuous spectrum, the paper [27] 
used the much weaker assumption V (H − i)−1 ∈ 𝒮n (n ∈ N) to obtain the spectral shift 
functions of order k ≥ n. Under a similar assumption, [28] added existence of ηn−1 when 
n is even. Throughout the literature one finds many such assumptions which generalise 
the case of (H− i)−1 ∈ 𝒮n to a ‘locally compact’ setting. Often, existence of the spectral 
shift function depends on n, which for a differential operator H depends on its order and 
the dimension of the underlying space. The notable exception is that η1 was shown to 
exist independently of n in [50]. However, for general n ∈ N, existence of η2, . . . , ηn−1

remained open, even for bounded V and under any of the above reasonable conditions.
The final result of this paper is the existence, uniqueness and regularity properties of 

ηk for all orders k ∈ N under the assumptions that V is symmetric and

V (H − i)−p ∈ 𝒮n/p (p = 1, . . . , n), (3)

for an arbitrary n ∈ N. The assumption (3) unifies the ‘locally compact’ assumption 
V (H − i)−n ∈ 𝒮1 with the ‘relative Schatten’ assumption V (H − i)−1 ∈ 𝒮n and is used 
in [38,42,47]. We exemplify its applicability in Section 6.1.

In practice, the summability n should be correlated with the dimension of the under
lying space and the order of the initial differential operator. The fact that in [28] this 
summability is correlated with the order of the spectral shift function, is thus revealed 
as an artefact from not starting with the ‘right’ assumption.

Similar but distinct from the above crucial point, the boundedness assumption on V
appearing in previous works is revealed to be artificial by Theorem 40. This shows the 
power of our extension of the multiple operator integral and the superscript difference 
identity, Theorem 16.

Compared to earlier results on higher-order spectral shift [34,27,28], the proof more
over gains an inductive structure: existence of the spectral shift function ηk can be 
deduced from the existence of ηk−1. Our proof is thus split into induction basis -- existence 
of η1 -- in Section 5.1, and induction step in Section 5.2. Under different assumptions, 
existence of η1 was already known, and the reader only interested in the cases already 
covered by [50] needs only to read Section 5.2.

While finishing this manuscript, the authors became aware of the preprint version 
of [2], which independently obtains first-order differentiability for relatively bounded 
perturbations and a sharpening of [50] for relatively trace-class perturbations, for a 
different class of scalar functions. During the review process of the current paper, an 
independent preprint [14] appeared connecting higher-order spectral shift functions with 
index theory for a concrete class of operators; its use of multiple operator integrals is 
closely related to our approach, though the goals differ.
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This article is structured as follows. Section 2 contains preliminaries, Section 3 proves 
the multiple operator integration techniques needed in Sections 4 and 5, Section 4 proves 
higher-order differentiability and existence of Taylor series, and Section 5 studies the 
existence of spectral shift functions of all orders.

Acknowledgment. The authors thank the anonymous referee for a careful reading of 
the manuscript and for providing numerous insightful suggestions, which have greatly 
improved the clarity and exposition of the article. The authors also thank Anna Skripka, 
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T.D.H. van Nuland was supported in part by ARC (Australian Research Council) grant 
FL17010005, and in part by the NWO project ‘Noncommutative multi-linear harmonic 
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2. Preliminaries

Notations and conventions. We write N = {1, 2, ...}. We let ℋ be a separable Hilbert 
space, and ℬ(ℋ) the bounded linear operators on ℋ. For p ∈ [1,∞), we let 𝒮p = 𝒮p(ℋ)
denote the Banach space of Schatten p-class operators, with the Schatten norm ∥ · ∥p. 
We use the convention that 𝒮∞ = 𝒮∞(ℋ) denotes the set of all compact operators on ℋ
with the usual operator norm ∥A∥∞ = ∥A∥. By ``H is self-adjoint in ℋ'' we mean H is 
a self-adjoint possibly unbounded operator on a (dense) domain dom(H) ⊆ ℋ. We use 
the convention that (− 1 

a ,
1 
a ) = (−∞,∞) if a = 0. We define u : R→ C by

u(x) := x− i.

Let X be an interval in R possibly coinciding with R. Let C(X) denote the space of all 
continuous functions on X, C0(R) the space of continuous functions on R decaying to 0
at infinity, Cn(X) the space of n-times continuously differentiable functions on X. Let 
Cn

b (X) denote the subset of Cn(X) of such f for which f (n) is bounded. Let Cn
c (R) denote 

the subspace of Cn(R) consisting of compactly supported functions. We also use the nota
tion C0(R) = C(R). Let Cn

c (X) denote the subspace of Cn
c (R) consisting of the functions 

whose closed support is contained in X. For p ∈ [1,∞], let Lp(R) denote the Lebesgue 
Lp-space with usual norm ∥f∥p = ∥f∥Lp(R). Let L1

loc(R) denote the space of functions 
locally integrable on R equipped with the seminorms f ↦→

∫︁ a

−a
|f(x)| dx, a > 0. For any 

f ∈ L1(R), f̂ denotes the Fourier transform with convention f(x) =
∫︁
R f̂(y)eixydx. We 

canonically extend this Fourier transform to tempered distributions, though any distri
bution that we shall encounter in this paper will be canonically represented by a function 
or a measure. For a finite measure μ we write ∥μ∥ for its total variation, which coincides 
with the corresponding L1-norm if μ is absolutely continuous.
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2.1. New function spaces

Let n ∈ Z≥0. We introduce the following function spaces:

W0(R) :={f ∈ Cb(R) : f(x) =
∫︂
R 

eixydμ(y) for a finite complex measure μ on R},

Wn(R) :={f ∈ Cn(R) : (fup)(p) ∈W0(R), p = 0, . . . , n}.

For each k ≤ n we also introduce the auxiliary space:

W n
k (R) = {f ∈ Cn(R) : (fup)(n−k+p) ∈W0(R), p = 0, . . . , k}

= {f ∈ Cn(R) : (fuk−n+p′
)(p

′) ∈W0(R), p′ = n− k, . . . , n}.

The following lemma shows that test functions such as rational functions, Schwartz 
class functions, and Cn+1

c (R) are contained in the newly introduced function classes.

Lemma 3. Let n ∈ N. Then, the following assertions hold.

(a) For every α > 1
2 ,

{︂
f ∈ Cn+1(R) : f (p)(x) = 𝒪

(︁
|x|−p−α

)︁
as |x| → ∞, p = 0, . . . , n + 1

}︂
⊆ Wn(R).

(b) For each k ≤ n and for every α > 1
2 ,

{︁
f ∈ Cn+1(R) : f (p)(x) = 𝒪

(︁
|x|−p+n−k−α

)︁
as |x| → ∞, p = n− k, . . . , n + 1

}︁
⊆ W n

k (R).

Proof. By [33, Lemma 7], we have the implications

f ∈ L2(R) ∩ C1(R), f ′ ∈ L2(R) ⇒ f̂ ∈ L1(R) ⇒ f ∈W0(R), (4)

from which the lemma follows after applying the repeated Leibniz rule. □
Let us collect some further properties of these function spaces.

Lemma 4. For n, k ∈ N, k ≤ n, p ∈ Z≥0, the following holds.

(a) If f ∈ W n
k (R) then fu ∈ W n

k−1(R) and f ∈ W n−1
k−1 (R).

(b) If (fup)(n) ∈W0(R) and (fup+1)(n+1) ∈W0(R) then (fup)(n+1) ∈W0(R).
(c) We have Wn(R) = {f ∈ Cn(R) : (fup)(m) ∈W0(R) for 0 ≤ p ≤ m ≤ n}.
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Proof. The first statement follows by definition of W n
k (R).

We proceed to the second statement. As u′ = 1, u′′ = 0, we have

(fup+1)(n+1) = (fup)(n+1)u + (n + 1)(fup)(n).

Therefore,

(fup)(n+1) = (fup+1)(n+1)u−1 − (n + 1)(fup)(n)u−1. (5)

The Fourier transform of u−1 is in L1(R) because u−1, (u−1)′ ∈ C∞(R)∩L2(R) and we 
may apply (4). Hence, u−1 ∈W0(R), and because W0(R) is an algebra (the convolution 
of complex measures is a complex measure), the second statement of the lemma follows 
from (5).

The third statement is a straightforward consequence of the second. □
2.2. Relative boundedness

Definition 5. Let H be self-adjoint in ℋ. A linear operator V with domain domV ⊆ ℋ is 
called (relatively) H-bounded if domH ⊆ domV and there exist a, b ∈ [0,∞) such that 
for all ψ ∈ domH we have

∥V ψ∥ ≤ a ∥Hψ∥+ b ∥ψ∥ .

The infimum over such numbers a is called the H-bound of V .

We collect the following properties of relatively bounded operators.

Lemma 6. Let H be self-adjoint in ℋ.

(a) If V is relatively H-bounded with H-bound a, then V (H− i)−1 : ℋ → ℋ is bounded, 
and a ≤ ∥V (H − i)−1∥ ≤ a + b.

(b) If V is relatively H-bounded with H-bound a, then for all z ∈ C the operator zV is 
relatively H-bounded with H-bound |z|a.

(c) The space of relatively H-bounded operators is a C-vector space and a left ℬ(ℋ)
module for the canonical addition, scalar multiplication, and multiplication of oper
ators in ℋ.

(d) If V is symmetric and relatively H-bounded with H-bound a then

H + tV is self-adjoint on dom(H + tV ) = dom(H)

for all t ∈ (− 1 
a ,

1 
a ).

(e) If V is symmetric and relatively H-bounded with H-bound a, then V is relatively 
H+ tV -bounded for all t ∈ (− 1 

a ,
1 
a ) with H+ tV -bound ≤ a 

1−|t|a . Moreover, ∥V (H+
tV − i)−1∥ ≤ a+b 

1−|t|a .
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Proof. Statements (a), (b), and (c) follow directly from Definition 5. Statement (d) 
follows from the Kato–Rellich theorem [20, Theorem V-4.3] (originally proved by Rellich) 
combined with (a). From the triangle inequality applied to ∥V ψ∥ ≤ a∥(H+tV )ψ−tV ψ∥+
b∥ψ∥, it follows that

∥V ψ∥ ≤ a 
1− a|t| ∥(H + tV )ψ∥+ b 

1− a|t| ∥ψ∥.

The final statement of (e) thus follows from (a) which by (d) applies to H + tV instead 
of H. □

We shall make plenty use of the second resolvent identity, which conveniently also 
holds in the relatively bounded setting. See also the version for closed operators, cf. [6, 
Lemma 2].

Lemma 7 (second resolvent identity). Let H be self-adjoint and let V be symmetric and 
relatively H-bounded with H-bound < 1. For each z ∈ C with Im z ̸= 0, we have

(H + V − z)−1 − (H − z)−1 = −(H + V − z)−1V (H − z)−1.

Proof. After noting that H + V is self-adjoint on dom(H + V ) = dom(H) (see 
Lemma 6(d)), the proof is the same as in the bounded case. □
3. Multiple operator integrals with relatively bounded arguments

We generalize the multiple operator integral to relatively bounded arguments, and 
analyze its algebraic and analytical properties. The construction is inspired by, and 
compatible with, [17] and [1].

We first recall the definition of the multiple operator integral for bounded arguments, 
as given in [4,32]. For an overview, see [43].

Definition 8. Let n ∈ N, let H0, . . . , Hn be self-adjoint in ℋ, and let V1, . . . , Vn ∈ ℬ(ℋ). 
For a function ϕ : Rn+1 → C, we write ϕ ∈ 𝔅𝔖(Rn+1) (or ϕ ∈ 𝔅𝔖 for short) if there 
exist a finite1 measure space (Ω, dω) and bounded measurable functions a0, . . . , an :
R× Ω → C such that

ϕ(λ0, . . . , λn) =
∫︂
Ω 

a0(λ0, ω) · · · an(λn, ω) dω. (6)

If ϕ is of the above form, then the multiple operator integral (MOI) TH0,...,Hn

ϕ is defined 
by

1 It is equivalent to use σfinite measure spaces under a condition on the norms of ai(·, ω), see [43, p.48] 
(and [17, Lemma 2.5]).
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TH0,...,Hn

ϕ (V1, . . . , Vn)ψ :=
∫︂
Ω 

a0(H0, ω)V1a1(H1, ω) · · ·Vnan(Hn, ω)ψ dω (ψ ∈ ℋ),

in which the right-hand side is a Bochner integral.

It follows that the operator TH0,...,Hn

ϕ : ℬ(ℋ)×· · ·×ℬ(ℋ) → ℬ(ℋ) is well-defined and 

bounded. Importantly, the operator TH0,...,Hn

ϕ depends only on ϕ, not on the measure 
space (Ω, dω) or the functions aj [4, Lemma 4.3]. The following extension of the MOI to 
unbounded arguments is simple but surprisingly powerful, and will be the main tool of 
this paper.

Definition 9. Let n ∈ Z≥0, let H0, . . . , Hn be self-adjoint in ℋ, and let Vj be relatively 
Hj-bounded for j = 1, . . . , n. Let α = (α1, . . . , αn) ∈ Zn

≥0 be such that Vj(Hj − i)−αj ∈
ℬ(ℋ), and define uα := uα1

1 · · ·uαn
n , where uj(λ0, . . . , λn) := λj − i. For any measurable 

ϕ : Rn+1 → C such that ϕuα ∈ 𝔅𝔖(Rn+1) we define the multiple operator integral with 
relatively bounded arguments as

TH0,...,Hn

ϕ (V1, . . . , Vn) := TH0,...,Hn

ϕuα (V1(H1 − i)−α1 , . . . , Vn(Hn − i)−αn). (7)

Lemma 10. Definition 9 is well-defined, and for all V1, . . . , Vn ∈ ℬ(ℋ) we have

TH0,...,Hn

ϕ (V1, . . . , Vn) = TH0,...,Hn

ϕ (V1, . . . , Vn),

where n ∈ N, H0, . . . , Hn are self-adjoint, and ϕ ∈ 𝔅𝔖(Rn+1).

Proof. Let α, β ∈ Zn
≥0 be such that Vj(Hj − i)−αj is bounded for all j. Then, Vj(Hj −

i)−αj−βj is bounded as well. Moreover, it follows from Definition 8 that

TH0,...,Hn

ϕuα+β (V1(H1 − i)−α1−β1 , . . . , Vn(Hn − i)−αn−βn)

= TH0,...,Hn

ϕuα (V1(H1 − i)−α1 , . . . , Vn(Hn − i)−αn).

Hence, the right-hand side of (7) is independent from α, yielding the first statement of 
the lemma. Taking α = (0, . . . , 0) yields the second. □

An important special case of Definition 9 is obtained when the symbol ϕ is a divided 
difference ϕ = f [n] of a function f ∈ Cn(R). The divided difference is defined recursively 
by

f [0](λ) := f(λ),

f [n](λ0, . . . , λn) := f [n−1](λ0, . . . , λn−1)− f [n−1](λ1, . . . , λn)
λ0 − λn

,

where the fraction is continuously extended when λ0 = λn. We shall moreover use the 
following alternate representation of f [n].
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Lemma 11. Let f ∈ Cn(R) such that f (n) ∈ W0(R), with f (n)(λ) =
∫︁
eixλdμ(x). Then, 

for all λ0, . . . , λn ∈ R,

f [n](λ0, . . . , λn) =
∫︂
R 

∫︂
Δn

eis0xλ0eis1xλ1 · · · eisnxλn ds dμ(x),

where the simplex Δn = {s = (s0, . . . , sn) ∈ Rn+1
≥0 : s0 + · · · + sn = 1} is endowed 

with the flat measure with total measure 1/n!. Clearly, (R×Δn, dμ(x)× ds) is a finite 
measure space, hence f [n] ∈ 𝔅𝔖.

Proof. The proof follows directly from the arguments presented in [34, Lemmas 5.1 and 
5.2]. □
Corollary 12. Let n ∈ N, H0, . . . , Hn be self-adjoint operators in ℋ and let f ∈ Cn(R)
be such that f (n) ∈ W0(R), f (n)(λ) =

∫︁
eixλdμ(x). For all V1, . . . , Vn ∈ ℬ(ℋ) and all 

ψ ∈ ℋ we have

TH0,...,Hn

f [n] (V1, . . . , Vn)ψ =
∫︂
R 

∫︂
Δn

eis0xH0V1e
is1xH1 · · ·Vne

isnxHnψ ds dμ(x).

Consequently, for all α, αj ∈ [1,∞] with 1 
α1

+ · · ·+ 1 
αn

= 1 
α ,

⃦⃦
TH0,...,Hn

f [n]

⃦⃦
𝒮α1×···×𝒮αn→𝒮α ≤

1 
n!
⃦⃦
μ
⃦⃦
. (8)

Proof. Combining Definition 8 with Lemma 11, and using ϕ = f [n], the corollary fol
lows. □

The following theorem explains the power of Definition 9.

Theorem 13. For n ∈ N, H0, . . . , Hn self-adjoint in ℋ, and f ∈ Wn(R), we have 
f [n]u(1,...,1) ∈ 𝔅𝔖(Rn+1), and hence Definition 9 defines a multilinear map

TH0,...,Hn

f [n] : XH1 × · · · ×XHn
→ ℬ(ℋ),

where XH is the space of H-bounded operators (which is a linear space by Lemma 6(c)). 
More generally, if α = (α1, . . . , αn) ∈ {0, 1}n is such that Vj ∈ ℬ(ℋ) if αj = 0, and 
f ∈ W n

|α|(R), then f [n]uα ∈ 𝔅𝔖(Rn+1), and hence Definition 9 defines a multilinear 
map

TH0,...,Hn

f [n] : Xα1
H1
× · · · ×Xαn

Hn
→ ℬ(ℋ),

where X1
H = XH and X0

H = ℬ(ℋ).
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Proof. The first statement of the theorem follows by combining Lemma 11 with the 
formula

f [n](λ0, . . . , λn)

=
n ∑︂

p=0 
(−1)n−p

∑︂
0<j1<···<jp≤n

(fup)[p](λ0, λj1 , . . . , λjp)u−1(λ1) · · ·u−1(λn), (9)

which was shown in [27, Eq. (24)]. Let 𝒥 = {j ∈ {1, . . . , n} : αj = 1}, and 𝒥 c =
{1, . . . , n} \ 𝒥 . The second statement of the theorem follows by combining Lemma 11
with the formula

f [n](λ0, . . . , λn)

=
n ∑︂

p=n−|α|
(−1)n−p

∑︂
0<j1<···<jp≤n
{j1,...,jp}⊇𝒥 c

(fun−|α|+p)[p](λ0, λj1 , . . . , λjp)
∏︂
j∈𝒥

u−1(λj),

which can be shown in a similar way (see [28, eq. (21)]). □
3.1. Perturbation formulas for the generalised multiple operator integral

It turns out that several useful identities of the multiple operator integral extend to 
the case of relatively bounded arguments. In order not to interrupt the flow of the paper, 
their proofs are in the appendix.

The first such identity is a change of variables rule which adds resolvents of the super
script operators to the arguments. This identity forms a key step in deriving summability 
estimates for multiple operator integrals, as witnessed in the bounded case by [9,27--29], 
and in the relatively bounded case in Sections 4 and 5.

Theorem 14 (change-of-variables). Let H0, . . . , Hn be self-adjoint in ℋ. Let 𝒥 ⊆
{1, . . . , n} be a subset so that Vk is bounded for each k ∈ {1, . . . , n} \ 𝒥 and Vk is 
relatively Hk-bounded for each k ∈ 𝒥 . For each f ∈ W n

|𝒥 |(R) and each j ∈ {0, 1, . . . , n}
(the boundary cases j = 0 and j = n being understood as in Theorem 47) we have

TH0,...,Hn

f [n] (V1, . . . , Vn) = TH0,...,Hn

(fu)[n] (V1, . . . , Vj−1, Vj(Hj − i)−1, Vj+1, . . . , Vn)

−TH0,...,Hj−1,Hj+1,...,Hn

f [n−1] (V1, . . . , Vj−1, Vj(Hj − i)−1Vj+1, Vj+2, . . . , Vn).

Proof. Follows from Theorem 48 in the appendix. □
By repeating the proof of the above change of variables rule, one expands a generalised 

multiple operator integral into a finite sum of multiple operator integrals with bounded 
arguments. This in particular generates a useful norm bound of the (generalised) multiple 
operator integral.
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Theorem 15. Let n ∈ N, let H0, . . . , Hn be self-adjoint in ℋ. For each j ∈ {1, . . . , n}, 
let Vj be a relatively Hj-bounded operator. Let f ∈ Wn(R) (i.e., f ∈ Cn(R) such that 
(fup)(p) ∈ W0(R) for all p ∈ {0, . . . , n}). Writing Ṽj,l := Vj+1(Hj+1 − i)−1 · · ·Vl(Hl −
i)−1 ∈ ℬ(ℋ), we have

TH0,...,Hn

f [n] (V1, . . . , Vn)

=
n ∑︂

p=0 
(−1)n−p

∑︂
0<j1<···<jp≤n

T
H0,Hj1 ,...,Hjp

(fup)[p] (Ṽ0,j1 , . . . , Ṽjp−1,jp)Ṽjp,n .

Here, the case p = 0 on the right-hand side of the above identity is understood as 
f(H0)Ṽ0,n. Therefore, if ˆ︂(fup)(p) ∈ L1(R) we have

⃦⃦⃦
TH0,...,Hn

f [n] (V1, . . . , Vn)
⃦⃦⃦
≤

n ∑︂
p=0 

(︃
n
p

)︃
1 
p!

⃦⃦⃦
ˆ︂(fup)(p)

⃦⃦⃦
1

n ∏︂
j=1

⃦⃦
Vj(Hj − i)−1⃦⃦ ,

and if ˆ︂(fup)(p) / ∈ L1 then ∥ ˆ︂(fup)(p)∥1 may be replaced by ∥μp∥, where (fup)(p)(x) =∫︁
eixydμp(y).

Proof. The first identity follows from repeated application of Theorem 14 and Lemma 10. 
The bound follows from Corollary 12. □

The following superscript difference identity is crucial for calculating derivatives and 
Taylor series. The proof is surprisingly subtle.

Theorem 16. Let n ∈ N, let H0, . . . , Hn be self-adjoint in ℋ, and let f ∈ Wn+1(R). For 
each j ∈ {1, . . . , n}, let Vj be a Hj-bounded symmetric operator with Hj-bound a. For 
all t ∈ (− 1 

a ,
1 
a ) and j ∈ {1, . . . , n} we have

TH0,...,Hj−1,Hj+tVj ,Hj+1,...,Hn

f [n] (V1, . . . , Vn)−TH0,...,Hn

f [n] (V1, . . . , Vn)

= tTH0,...,Hj−1,Hj+tVj ,Hj ,...,Hn

f [n+1] (V1, . . . , Vj , Vj , . . . , Vn).

Proof. This is a special case of Theorem 50 in the appendix. □
4. Operator differentiation and Taylor series

4.1. First-order differentiation

In this subsection, we shall prove the following first-order differentiability result.

Theorem 17. Let H be self-adjoint in (the separable Hilbert space) ℋ, let V be symmetric 
and relatively H-bounded, and let u(x) := x − i. Let f ∈ C1(R) be such that f, (fu)′ ∈
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W0(R). Then t ↦→ f(H + tV ) is Gateaux differentiable at t = 0 in strong operator 
topology, and its Gateaux derivative equals

d 
dt

f(H + tV )
⃓⃓
t=0 = TH,H

f [1] (V ) = TH,H
(fu)[1](V (H − i)−1)− f(H)V (H − i)−1. (10)

If, in addition, V (H− i)−1 ∈ 𝒮∞, then t ↦→ f(H + tV ) is Gateaux differentiable in t = 0
in operator norm topology, and its Gateaux derivative is given by (10).

The first step in the proof of Theorem 17 is the following adaptation of the Duhamel 
formula.

Lemma 18 (Weighted Duhamel formula). Let H be self-adjoint in ℋ, and let V be sym
metric and relatively H-bounded with H-bound < 1. For all x ∈ R and all ψ ∈ ℋ we 
have

eix(H+V )(H − i)−1ψ − eixH(H − i)−1ψ = ix

1 ∫︂
0 

eisx(H+V )V (H − i)−1ei(1−s)xHψ ds,

where the integral on the right-hand side is a Bochner integral. Equivalently, for all 
φ ∈ domH we have

eix(H+V )φ− eixHφ = ix

1 ∫︂
0 

eisx(H+V )V ei(1−s)xHφ ds.

Proof. The proof looks similar to the proof of [4, Lemma 5.2], but needs some careful 
adjustments. Let ψ ∈ ℋ be arbitrary. The function G : R→ ℋ defined by

G(s) := eisx(H+V )ei(1−s)xH(H − i)−1ψ

is continuous by Stone’s theorem. Moreover, for φ := (H − i)−1ψ, we have ei(1−s)xHφ =
(H − i)−1ei(1−s)xHψ ∈ ran(H − i)−1 = domH ⊆ domV . Therefore, we obtain

lim 
t→0

(︃
G(s + t)−G(s)

t 

)︃

= lim 
t→0

(︄
ei(s+t)x(H+V )

(︁
ei(1−s−t)xH − ei(1−s)xH)︁

t 
φ

+
(︁
ei(t+s)x(H+V ) − eisx(H+V ))︁

t 

(︂
ei(1−s)xHφ

)︂)︄
= − ixeisx(H+V )Hei(1−s)xHφ + ixeisx(H+V )(H + V )ei(1−s)xHφ

= ixeisx(H+V )V (H − i)−1ei(1−s)xHψ, (11)
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by using Stone’s theorem again and the fact that ei(s+t)x(H+V ) is uniformly bounded by 
1. (Indeed, to define this exponential we have already tacitly used the fact that H + V

is self-adjoint by Lemma 6(d).) By (11), the function g : R→ ℋ defined by

g(s) := ixeisx(H+V )V (H − i)−1ei(1−s)xHψ

is the derivative of G. As V (H − i)−1 is bounded, it follows that g is continuous -- 
without the right multiplication of (H − i)−1, this argument would fail. The ℋ-valued 
fundamental theorem of calculus states

G(1)−G(0) =
1 ∫︂

0 

g(s) ds,

where the right-hand side is a Bochner integral. By the definitions of G and g, we obtain 
the lemma. □
Lemma 19. Let H be self-adjoint in ℋ, and let V be symmetric and relatively H-bounded 
with H-bound < 1. Let f ∈ C1(R) with f, f ′ ∈ W0(R), and let μf̂ ′ be the measure of 
which f ′ is the inverse Fourier transform. For all ψ ∈ ℋ we have

f(H + V )(H − i)−1ψ − f(H)(H − i)−1ψ

=
∫︂
R 

1 ∫︂
0 

eisx(H+V )V (H − i)−1ei(1−s)xHψ ds dμf̂ ′(x)

Proof. The statement follows from Lemma 18, the dominated convergence theorem, and 
the fact that ixf̂(x) = ˆ︁f ′(x) (when f̂ , ˆ︁f ′ are functions, and similarly when they are 
measures). □

We may write the above formula in the more convenient MOI notation as follows.

Lemma 20. Let H be self-adjoint in ℋ, and let V be symmetric and relatively H-bounded 
with H-bound < 1. For all f ∈ C1(R) with f, f ′ ∈W0(R) we have

(f(H + V )− f(H)) (H − i)−1 = TH+V,H
f [1] (V (H − i)−1). (12)

Proof. This is simply Lemma 19 combined with the definition of TH+V,H
f [1] (V (H−i)−1)ψ, 

cf. Corollary 12. □
Theorem 21. Let H be self-adjoint in ℋ, and let V be symmetric and relatively H-bounded 
with H-bound < 1. Let f ∈ W1(R), that is, let f ∈ C1(R) be such that f, (fu)′ ∈W0(R). 
We have
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f(H + V )− f(H) = TH+V,H
(fu)[1] (V (H − i)−1)− f(H + V )V (H − i)−1.

Proof. From f, (fu)′ ∈ W0(R) it follows that f ′ ∈ W0(R), and so we may apply 
Lemma 20. We now combine Lemma 20 with [27, Theorem 3.10], i.e., Theorem 47 below 
for j = n = 1. We obtain

(f(H + V )− f(H))(H − i)−1

= TH+V,H
(fu)[1] (V (H − i)−2)− TH+V

f [0] ()V (H − i)−2

=
(︁
TH+V,H

(fu)[1] (V (H − i)−1)− f(H + V )V (H − i)−1)︁(H − i)−1.

As ran(H − i)−1 = domH, we obtain

(f(H + V )− f(H))ψ =
(︁
TH+V,H

(fu)[1] (V (H − i)−1)− f(H + V )V (H − i)−1)︁ψ (13)

for all ψ ∈ domH. As H is densely defined and the operators acting on ψ on both sides 
of (13) are bounded, the theorem follows. □

We now prove our main theorem of this section (existence of first-order Gateaux 
derivative).

Proof of Theorem 17. As tV is relatively bounded with H-bound < 1 for all t ∈ (− 1 
a ,

1 
a )

(see Lemma 6) we may apply Theorem 21 with tV in place of V . We obtain

f(H + tV )− f(H)
t 

= TH+tV,H
(fu)[1] (V (H − i)−1)− f(H + tV )V (H − i)−1. (14)

Firstly, we derive

∥f(H + tV )− f(H)∥ ≤ |t|∥TH+tV,H
(fu)[1] (V (H − i)−1)∥+ |t|∥f(H + tV )V (H − i)−1∥

≤ |t| (∥μ1∥+ ∥f∥∞) ∥V (H − i)−1∥,

which shows that

f(H + tV ) → f(H) (15)

in norm as t→ 0, where (fu)′(x) =
∫︁
eixydμ1(y). Moreover, we note for ψ ∈ ℋ that

eisx(H+tV )V (H − i)−1ei(1−s)xHψ → eisxHV (H − i)−1ei(1−s)xHψ,

for all s ∈ [0, 1] and all x ∈ R. By the dominated convergence theorem, the above implies

TH+tV,H
(fu)[1] (V (H − i)−1)ψ → TH,H

(fu)[1](V (H − i)−1)ψ (16)
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for all ψ ∈ ℋ, i.e., convergence in the strong operator topology. If V (H−i)−1 is compact, 
a similar argument shows that

TH+tV,H
(fu)[1] (V (H − i)−1) → TH,H

(fu)[1](V (H − i)−1) (17)

in norm. Taking t→ 0 in the formula (14) and applying either (15) and (16) or (15) and 
(17) yields the theorem. □
4.2. Higher order differentiability

Theorem 22. Let n ∈ N and f ∈ Wn(R). The following holds.

(a) For H self-adjoint in ℋ and V symmetric and relatively H-bounded we have, in 
strong operator topology,

1 
n!

dn

dtn
f(H + tV )

⃓⃓
t=0 = TH,...,H

f [n] (V, . . . , V ). (18)

(b) For H self-adjoint in ℋ and V symmetric and relatively H-bounded with H-bound 
a ∈ [0,∞), for all t0 ∈ (− 1 

a ,
1 
a ) we have, in strong operator topology,

1 
n!

dn

dtn
f(H + tV )

⃓⃓
t=t0

= TH+t0V,...,H+t0V
f [n] (V, . . . , V ).

Moreover, if we assume V (H − i)−1 ∈ 𝒮∞, or we assume f ∈ Wn+1(R), then the above 
derivatives exist in operator norm topology.

Proof. From Lemma 6(d) and Lemma 6(e), it follows that (a) and (b) are equivalent. 
The rest of the proof consists of showing that (a) holds by induction to n. The base of 
the induction, that is, n = 1, follows from Theorem 17.

Suppose, as an induction hypothesis, that (a) holds for a given n ∈ N. It remains to 
show that (a) holds when n is replaced by n+ 1. Hence for each f ∈ Wn+1(R) we are to 
show the existence of, and compute, the strong operator (SOT) limit of the quotient

dn

dsn f(H + sV )
⃓⃓
s=t

− dn

dsn f(H + sV )
⃓⃓
s=0

t 

= n!
t 

(︂
TH+tV,...,H+tV

f [n] (V, . . . , V )−TH,...,H
f [n] (V, . . . , V )

)︂

=n!
n ∑︂

k=0

T

n−k+1 times⏟ ⏞⏞ ⏟
H + tV, . . . ,H + tV ,

k+1 times⏟ ⏞⏞ ⏟
H, . . . ,H

f [n+1] (V, . . . , V ), (19)

where we have used (b) in the first step, and used a telescoping sum together with 
Theorem 16 in the second step. Next, we find the SOT-limit of the 0th summand in 
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(19), noting that the limit of the other summands can be found in a similar way. By 
Theorem 15, we have

TH+tV,...,H+tV,H
f [n+1] (V, . . . , V )

=
n+1∑︂
p=0 

(−1)n+1−p

×
∑︂

0<j1<···<jp≤n+1
T

H0(t),Hj1 (t),...,Hjp (t)
(fup)[p] (Ṽ0,j1(t), . . . , Ṽjp−1,jp(t))Ṽjp,n+1(t)

=(−1)n+1f(H + tV )
(︁
V (H + tV − i)−1)︁n (︁V (H − i)−1)︁ (20)

+
n+1∑︂
p=1 

(−1)n+1−p

×
∑︂

0<j1<···<jp≤n+1
T

H0(t),Hj1 (t),...,Hjp (t)
(fup)[p] (Ṽ0,j1(t), . . . , Ṽjp−1,jp(t))Ṽjp,n+1(t)

where H0(t) = · · · = Hn(t) = H + tV , Hn+1(t) = H, and Ṽj,l(t) := V (Hj+1(t) −
i)−1 · · ·V (Hl(t)− i)−1 ∈ ℬ(ℋ). By Corollary 12, we have

T
H0(t),Hj1 (t),...,Hjp (t)
(fup)[p] (Ṽ0,j1(t), . . . , Ṽjp−1,jp(t))

=
∫︂
R 

∫︂
Δp

eixs0H0(t)Ṽ0,j1(t) eixs1Hj1 (t)Ṽj1,j2(t) · · · Ṽjp−1,jp(t)eixspHJp (t) ds dμp(x),

where the measure μp = ˆ︂(fup)(p) is the distributional Fourier transform of (fup)(p) ∈
Cb(R) ⊆ 𝒮 ′(R). Next we note the following facts:

• By Lemma 6(e), ∥V (H + tV − i)−1∥ ≤ 2(a + b) for all t ∈ [− 1 
2a ,

1 
2a ].

• By the second resolvent identity (Lemma 7), for each z ∈ C with Im z ̸= 0, t ↦→
(H + tV − z)−1, t ↦→ V (H + tV − z)−1 are continuous on [− 1 

2a ,
1 
2a ] in operator norm, 

and

lim 
t→0

(H + tV − z)−1 = (H − z)−1 and lim 
t→0

V (H + tV − z)−1 = V (H − z)−1.

• For each fixed x, s ∈ R, by [39, Theorem VIII.20], t ↦→ eixs(H+tV ), t ↦→ f(H + tV ) are 
both continuous on [− 1 

2a ,
1 
2a ] in the strong operator topology, and

SOT − lim 
t→0

eis(H+tV ) = eisH and SOT − lim 
t→0

f(H + tV ) = f(H).

•
SOT − lim 

t→0
eixs0H0(t)Ṽ0,j1(t) eixs1Hj1 (t)Ṽj1,j2(t) · · · Ṽjp−1,jp(t)eixspHjp (t)
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= eixs0H Ṽ0,j1(0) eixs1H Ṽj1,j2(0) · · · Ṽjp−1,jp(0)eixspH (21)

• By Lemma 6(e), ∥eixs0H0(t)Ṽ0,j1(t) eixs1Hj1 (t)Ṽj1,j2(t) · · · Ṽjp−1,jp(t)eixspHjp (t)∥ ≤
(2(a + b))j1+...+jp for all t ∈ [− 1 

2a ,
1 
2a ].

In conclusion, from the above, along with [12, Corollary III.6.16], we conclude that

SOT − lim 
t→0

f(H + tV )
(︁
V (H + tV − i)−1)︁n (︁V (H − i)−1)︁

= f(H)
(︁
V (H − i)−1)︁n+1

, and (22)

SOT − lim 
t→0

T
H0(t),Hj1 (t),...,Hjp (t)
(fup)[p] (Ṽ0,j1(t), . . . , Ṽjp−1,jp(t))

= T
H0(0),Hj1 (0),...,Hjp (0)
(fup)[p] (Ṽ0,j1(0), . . . , Ṽjp−1,jp(0)). (23)

The above limits together with (20) imply that

SOT − lim 
t→0

TH+tV,...,H+tV,H
f [n+1] (V, . . . , V ) = TH,...,H

f [n+1] (V, . . . , V ).

By similar computations, we conclude that

SOT − lim 
t→0

T

n−k+1 times⏟ ⏞⏞ ⏟
H + tV, . . . ,H + tV ,

k+1 times⏟ ⏞⏞ ⏟
H, . . . ,H

f [n+1] (V, . . . , V ) = TH,...,H
f [n+1] (V, . . . , V )

for every 0 ≤ k ≤ n. Therefore, from (19), we conclude that

1 
(n + 1)!

dn+1

dtn+1 f(H + tV )
⃓⃓
t=0 = TH,...,H

f [n+1] (V, . . . , V ) (24)

in the strong operator topology. If we assume that V (H − i)−1 is compact, then noting 
that the limits in (21), (22), and (23) exist in operator norm, we conclude that (24)
exists in operator norm.

Next we show that, for f ∈ Wn+1(R), (18) exists in operator norm. By the same 
arguments as in the start of the proof, (a) and (b) are equivalent in this case as well. 
We shall prove (a) by induction on n. The base case n = 0 is trivial. We shall show that 
(18) holds when n is replaced by n + 1. By using (19), introducing another telescoping 
sum, and applying Theorem 16 again, now using the fact that f ∈ Wn+2(R), we obtain

dn

dsn f(H + sV )
⃓⃓
s=t

− dn

dsn f(H + sV )
⃓⃓
s=0

t 
− (n + 1)!TH,...,H

f [n+1] (V, . . . , V )

=n!
n ∑︂

k=0

n−k∑︂
l=0 

⎛⎜⎝T

l+1 times⏟ ⏞⏞ ⏟
H + tV, . . . ,H + tV ,

n−l+1 times⏟ ⏞⏞ ⏟
H, . . . ,H

f [n+1] (V, . . . , V )
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−T

l times⏟ ⏞⏞ ⏟
H + tV, . . . ,H + tV ,

n−l+2 times⏟ ⏞⏞ ⏟
H, . . . ,H

f [n+1] (V, . . . , V )

⎞⎟⎠

= tn!
n ∑︂

l=0 
(n + 1− l)T

l+1 times⏟ ⏞⏞ ⏟
H + tV, . . . ,H + tV ,

n−l+2 times⏟ ⏞⏞ ⏟
H, . . . ,H

f [n+2] (V, . . . , V ).

From the operator-norm bound of TH0,...,Hn+1
f [n+1] (V, . . . , V ) given by Theorem 15, we obtain 

the bound⃦⃦⃦⃦
⃦ dn

dsn f(H + sV )
⃓⃓
s=t

− dn

dsn f(H + sV )
⃓⃓
s=0

t 
− (n + 1)!TH,...,H

f [n+1] (V, . . . , V )

⃦⃦⃦⃦
⃦

≤ |t|(n + 2)!
n+2∑︂
p=0 

(︃
n + 2
p

)︃
1 
p!∥μp∥max

(︁⃦⃦
V (H − i)−1⃦⃦ , ⃦⃦V (H + tV − i)−1⃦⃦)︁n+1

.

From the above facts, we have 
⃦⃦
V (H + tV − i)−1

⃦⃦
≤ a+b 

1−a . Hence, as t→ 0, the quotient 
on the left-hand side of (19) converges in norm to (n+1)!TH,...,H

f [n+1] (V, . . . , V ), which shows 
by induction that (a) holds for all n. This completes the proof of the theorem. □
Remark 23. Multi-variable Gateaux derivatives of operator functions can consequently 
be expressed in terms of (generalised) MOIs as

Dn
Hf [V1, . . . , Vn] ≡ d 

dt1
· · · d 

dtn
f(H +

n ∑︂
i=1 

tiVi)
⃓⃓⃓
t=0

=
∑︂

permutations σ
of 1, . . . , n

TH,...,H
f [n] (Vσ(1), . . . , Vσ(n)),

and analytic and algebraic properties of multi-variable Gateaux derivatives can be de
rived from those of MOIs, cf. Theorem 48, Theorem 50, and [29, Equation (4.2)].

Theorem 24. (Taylor series) Let H be self-adjoint (possibly unbounded) in ℋ and let V
be symmetric and relatively H-bounded with H-bound a ∈ [0, 1). Let f ∈ ∩∞

n=1Wn(R)
satisfy ∥μn∥ ≤ cfC

n
f n! for constants cf , Cf such that (1 + Cf )∥V (H − i)−1∥ < 1, where 

(fun)(n)(x) =
∫︁
eixydμn(y). We then have the Taylor expansion

f(H + V ) =
∞ ∑︂

n=0

1 
n!

dn

dtn
f(H + tV )

⃓⃓
t=0,

which converges absolutely in operator norm.
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Proof. By Theorem 22, the Taylor remainder can be written as

Rn,H,f (V ) :=f(H + V )−
n−1∑︂
k=0 

1 
k!

dk

dtk
f(H + tV )

⃓⃓
t=0

=f(H + V )−
n−1∑︂
k=0 

TH,...,H
f [k] (V, . . . , V ).

By induction and Theorem 16 it follows that

Rn,H,f (V ) = TH+V,H,...,H
f [n] (V, . . . , V ).

By applying Theorem 15 (note that H0 = H + V does not appear in the product ∏︁n
j=1 ∥V (Hj − i)−1∥), we obtain

∥Rn,H,f (V )∥ ≤
n ∑︂

p=0 

(︃
n
p

)︃
1 
p!∥μp∥∥V (H − i)−1∥n,

and ∥TH,...,H
f [n] (V, . . . , V )∥ satisfies the exact same bound. By applying our assumption 

∥μp∥ ≤ cfC
p
fp! and putting the binomial theorem in reverse, we obtain

∥Rn,H,f (V )∥ ≤
n ∑︂

p=0 

(︃
n
p

)︃
cfC

p
f∥V (H − i)−1∥n = cf (1 + Cf )n∥V (H − i)−1∥n.

If (1 + Cf )∥V (H − i)−1∥ < 1 then ∥Rn,H,f (V )∥ → 0 as n→∞ and so

f(H + V ) = ∥ · ∥- lim 
n→∞

n−1∑︂
k=0 

1 
k!

dk

dtk
f(H + tV )

⃓⃓
t=0.

By the same argument, we have the absolute norm-convergence

∞ ∑︂
n=0

⃦⃦⃦⃦
1 
n!

dn

dtn
f(H + tV )

⃓⃓
t=0

⃦⃦⃦⃦

≤
∞ ∑︂

n=0
cf (1 + Cf )n∥V (H − i)−1∥n = cf

1− (1 + Cf )∥V (H − i)−1∥ <∞ ,

concluding the proof. □
Lemma 25. For n ∈ N and f ∈

⋂︁∞
n=1 Wn(R), define the measures μn := ˆ︂(fun)(n) and 

νn := ˆ︂(f (n)un), the distributional Fourier transforms of (fun)(n) and (f (n)un), respec
tively. Denote WTaylor(R) := {f ∈ ∩∞

n=1Wn(R) : ∃cf , Cf ≥ 0 ∀n ∈ N : ∥μn∥ ≤ cfC
n
f n!}
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for the class of functions to which Theorem 24 (the Taylor series) applies. Denote 
WCertainlyTaylor(R) := {f ∈ ∩∞

n=1Wn(R) : ∃cf , Cf ≥ 0 ∀n ∈ N : ∥νn∥ ≤ cfC
n
f n!}. 

The following holds.

(a) WCertainlyTaylor(R) ⊆ WTaylor(R).
(b) If f, g ∈ WCertainlyTaylor(R), then fg ∈ WCertainlyTaylor(R).
(c) All bounded rational functions are in WCertainlyTaylor(R).
(d) We have f ∈ WCertainlyTaylor(R) for f(x) := eiξx e−cx2 , c > 0, ξ ∈ R.

Proof. Throughout the proof, we use the notation a(n) ≺ b(n) if there exist c, C ≥ 0
such that a(n) ≤ cCnb(n) for all n ∈ N.

Statements (a) and (b) are both a straightforward check that employs the Fourier 
convolution theorem.

For (c), we let uw(x) := x− w for some w ∈ C with Im w ̸= 0. Then

(u−1
w )(n) = (−1)nn!u−n−1

w ,

and

u−1
w u = 1 + (w − i)u−1

w ,

and these formulas together with the binomial theorem imply that

(u−1
w )(n)un = (−1)nn!

n ∑︂
k=0

(︃
n
k

)︃
(w − i)ku−k−1

w . (25)

By [33, Lemma 7] we have

∥ˆ︂u−k−1
w ∥1 ≺ ∥u−k−1

w ∥2 + ∥(u−k−1
w )′∥2. (26)

Moreover, for all m ∈ {1, . . . , n + 2} we have

∥u−m
w ∥22 ≺

∫︂
R 

1 
(1 + x2)m dx ≤

∫︂
R 

1 
1 + x2 dx ≺ 1. (27)

Combining (25), (26), and (27), we obtain

∥((u−1
w )(n)un) ̂ ∥1 ≺ n!.

Hence, uw ∈ WCertainlyTaylor(R). Consequently, by (b),

u−1
w1
· · ·u−1

wn
∈ WCertainlyTaylor(R)
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for all wi ∈ C with Im wi ̸= 0. Since every bounded rational function on R is a linear 
combination of such functions, (c) is proven.

We now prove (d). We set c = 1 and ξ = 0 for simplicity, noting that the general case 
is proved analogously. We shall use the fact that, for m ∈ {0, . . . , 2n},

∥ ˆ︂xme−x2∥1 ≺
√
m! (28)

(see, e.g., [29, proof of Proposition 8(v)]). Write f(x) = e−x2 . We note that un(x) =∑︁n
l=0

(︃
n
l

)︃
xl(−i)n−l, and that from the well-known explicit expression for the Hermite 

polynomials it follows that

f (n)(x) = n!
⌊n

2 ⌋ ∑︂
m=0

(−1)m+n

m!(n− 2m)! (2x)n−2me−x2
.

So,

f (n)(x)un(x) = n!
n ∑︂

l=0 

(︃
n
l

)︃ ⌊n
2 ⌋ ∑︂

m=0

(−i)n−l(−1)m+n

m!(n− 2m)! xl(2x)n−2me−x2
.

Combining the latter with (28) yields

∥ˆ︂f (n)un∥1 ≺ n!
n ∑︂

l=0 

(︃
n
l

)︃ ⌊n
2 ⌋ ∑︂

m=0

1 
m!(n− 2m)!

√︁
(n + l − 2m)!. (29)

Stirling’s approximation gives k! ≺ kk and kk ≺ k! for k ∈ {0, . . . , 2n}. This allows us to 
estimate, for all m, l ≤ n,

1 
m!(n− 2m)!

√︁
(n + l − 2m)! ≤

√︁
(2n− 2m)!

m!(n− 2m)! 

≺ (2n− 2m)n−m

mm(n− 2m)! 

≺ m!(n−m)! 
(2m)!(n− 2m)!

= m!(n−m)!
n! 

n! 
(2m)!(n− 2m)!

≤
(︃

n
2m

)︃
. (30)

Using the fact that 
∑︁p

s=0

(︃
p
s

)︃
= 2p ≺ 1 for all p ≤ n, from combining (29) with (30)

we get
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∥ˆ︂f (n)un∥1 ≺ n!
n ∑︂

l=0 

(︃
n
l

)︃ ⌊n
2 ⌋ ∑︂

m=0

(︃
n

2m

)︃
≺ n!,

as desired. We conclude that f ∈ WCertainlyTaylor(R). □
Due to the relatively strong assumptions required for the convergence of the Taylor 

series for the function t ↦→ f(H+ tV ), it is often more appropriate to focus on the Taylor 
remainder instead. In the next section, we examine the spectral properties of the Taylor 
remainder, particularly in relation to trace formulas and spectral shift functions.

5. Spectral shift functions

The next definition introduces the function class that features in our main theorem. 
Although it looks technical at first, the class neatly shows the influences of the summa
bility parameter n, and the order k of the spectral shift function, on the required decay 
and differentiability of the function f . Let u(λ) = (λ − i), λ ∈ R. For x, y ∈ R, let 
x ∨ y = max{x, y}.

Definition 26. Let n, k ∈ N. Let 𝔔k
n(R) denote the space of all functions f ∈ Ck(R) such 

that

(a) fu2n ∈ Cb(R),
(b) f (l)un+l+1 ∈ C0(R), 1 ≤ l ≤ k, and
(c) ˆ︂f (k)uk∨n ∈ L1(R).

We note the following properties of f ∈ 𝔔k
n(R).

Proposition 27. Let n, k ∈ N. Then, for each f ∈ 𝔔k
n(R),

(a) ˆ︂f (l)us ∈ L1(R) for s, l ∈ Z≥0 such that s ≤ n ∨ l and l ≤ k;
(b)

(︁
(fus)(l)

)︁
ˆ ∈ L1(R) for s, l ∈ Z≥0 such that s ≤ n ∨ l and l ≤ k;

(c) 𝔔k
n(R) ⊂ Wk(R).

Proof. Item (a) follows from Definition 26, the convolution theorem of the Fourier trans
form, and the well-known fact that ĝ ∈ L1(R) for all g ∈ C1(R) with g, g′ ∈ L2(R). Item 
(b) follows from (a) and the Leibniz rule. Item (c) is immediate. □

Let ℜn := {(· − z)−l : Im(z) ̸= 0, l ∈ N, l ≥ 2n+ 1}, and let 𝒮(R) denote the class of 
Schwartz functions on R. Then it follows from the definition of 𝔔k

n(R) that

Ck+1
c (R) ⊂ 𝔔k

n(R) ⊂ C0(R), 𝒮(R) ⊂ 𝔔k
n(R), and ℜn ⊂ 𝔔k

n(R).
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As one straightforwardly checks that 𝔔k
n(R) is an algebra, arbitrary products of functions 

in Cn+1
c (R) ∪ 𝒮(R) ∪ℜn are in 𝔔k

n(R) as well.

Remark 28. For all n, k1, k2 ∈ N, Proposition 27(a) implies that

𝔔k1
n (R) ⊆ 𝔔k2

n (R) whenever k2 ≤ k1.

For proof of the following Lemma, we refer to [28, Lemma 2.4].

Lemma 29. Let n,m ∈ N ∪ {0}, and let μ be a (finite) complex Radon measure on R. 
For every ϵ ∈ (0, 1] and every k ∈ N ∪ {0} there exists a complex Radon measure μ̃k,ϵ

with

∥μ̃k,ϵ∥ ≤
⃦⃦
u−1−ϵ

⃦⃦
1 ∥μ∥

and ∫︂
R 

g(n)um dμ =
∫︂
R 

g(n+k)um+k+ϵdμ̃k,ϵ (31)

for all g ∈ Cn+k(R) satisfying g(n+l)um+l ∈ C0(R), l = 0, . . . , k−1 and g(n+k)um+k−1 ∈
L1(R).

Throughout this section, we shall refer to the following hypothesis.

Hypothesis 30. Let n ∈ N, and let n ≥ 2. Let H be self-adjoint in ℋ, and let V be 
symmetric and relatively H-bounded with H-bound < 1, that is,

∥V ψ∥ ≤ a ∥Hψ∥+ b ∥ψ∥ for all ψ ∈ domH,

for some a ∈ [0, 1) and b ∈ [0,∞), such that

V (H − i)−p ∈ 𝒮n/p, p ∈ {1, . . . , n}. (32)

We firstly remark that a symmetric operator V satisfying (32) is automatically rela
tively H-bounded, but the specific numbers a and b play a central role in several results 
below. We secondly remark that Hypothesis 30 for (n,H, V ) implies Hypothesis 30 for 
(n+1, H, V ) et cetera. For improved function classes for the case n = 1, see [27, Theorem 
4.1].

5.1. Krein spectral shift functions

In this subsection, we will obtain the Krein trace formula (first-order spectral shift 
formula) and the associated spectral shift function under Hypothesis 30. The following 
two lemmas are essential to prove our main results in this subsection.
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Lemma 31. Assume Hypothesis 30. There exists a sequence {Vk}k∈N of finite rank self
adjoint operators such that

(a) ∥Vk(H − i)−1∥, ∥Vk(H + Vk − i)−1∥ ≤ a+b 
1−a ;

(b) ∥ · ∥n/p − lim 
k→∞

Vk(H − i)−p = V (H − i)−p for 1 ≤ p ≤ n;
(c) ∥Vk(H − i)−p∥n/p ≤ ∥V (H − i)−p∥n/p for 1 ≤ p ≤ n.

Proof. Let EH(·) be the spectral measure of H. Let k ∈ N, and let Pk = EH((−k, k)). 
Then the following statements are true.

• for each ψ ∈ ℋ, Pkψ ∈ domH,
• SOT − lim 

k→∞
Pk = I.

Note that

PkV Pk((H − i)−nPk + P⊥
k ) = PkV Pk(H − i)−nPk = PkV (H − i)−nPk ∈ 𝒮1. (33)

By functional calculus it follows that ((H−i)−nPk+P⊥
k ) is boundedly invertible. Hence, 

from (33), we have

PkV Pk = PkV (H − i)−nPk((H − i)−nPk + P⊥
k )−1 ∈ 𝒮1. (34)

For each fixed k ∈ N, by the spectral theorem there exists a sequence {El
PkV Pk

}l∈N of 
finite rank projections such that

El
PkV Pk

PkV Pk = PkV PkE
l
PkV Pk

, and ∥ · ∥1 − lim 
l→∞

El
PkV Pk

PkV Pk = PkV Pk.

Therefore, there exists a strictly increasing sequence of natural numbers {lk}k∈N such 
that ⃦⃦⃦

Elk
PkV Pk

PkV Pk − PkV Pk

⃦⃦⃦
1
< 1 

k .

Let Vk = Elk
PkV Pk

PkV Pk. Then

(a) For each ψ ∈ ℋ, ∥Vkψ∥ =
⃦⃦⃦
Elk

PkV Pk
PkV Pkψ

⃦⃦⃦
≤ ∥V Pkψ∥ ≤ a∥Hψ∥+ b∥ψ∥. There

fore, by Lemma 6(a) and Lemma 6(e), ∥Vk(H − i)−1∥, ∥Vk(H + Vk − i)−1∥ ≤ a+b 
1−a .

(b) We have

∥Vk(H − i)−p − V (H − i)−p∥n/p
≤ ∥Vk(H − i)−p − PkV Pk(H − i)−p∥n/p + ∥PkV (H − i)−pPk − V (H − i)−p∥n/p
≤ 1 

k + ∥PkV (H − i)−pPk − V (H − i)−p∥n/p −→ 0 as k →∞.
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(c) We have ∥Vk(H − i)−p∥n/p = ∥Elk
PkV Pk

PkV (H − i)−pPk∥n/p ≤ ∥V (H − i)−p∥n/p.

This completes the proof. □
Convention: Let H be a self-adjoint operator in ℋ, and V be a symmetric and rela

tively H-bounded with H bound a such that V (H − i)−l ∈ 𝒮k for some l, k. Then it is 
easy to show that (H − i)−lV equals 

(︁
V (H + i)−l

)︁∗ on domV . As domV is dense in ℋ, 
the operator (H− i)−lV has a unique bounded extension on the whole of ℋ, and we still 
denote this extension by (H − i)−lV . Also, V (H − i)−l ∈ 𝒮k implies (H − i)−lV ∈ 𝒮k

with ∥(H − i)−lV ∥k = ∥V (H + i)−l∥k.

Lemma 32. Let n,H, V satisfy Hypothesis 30. Let (R,W ) ∈ {(0, V ), (0, Vk), (Vk, V −
Vk), (Vk, Vl − Vk)}, where {Vk}k∈N is given by Lemma 31. For t ∈ [0, 1], we denote

Ht := H + R + tW.

For 1 ≤ p ≤ n, define

αn,V,H := max 
1≤p≤n

∥V (H − i)−p∥n/p. (35)

Then

(a) (Ht − i)−pW,W (Ht − i)−p ∈ 𝒮n/p, and
(b) ∥(Ht − i)−pW∥n/p = ∥W (Ht − i)−p∥n/p ≤ 2p 1+b 

1−a αn,W,H max 
ℓ=0, p−1

{αℓ
n,V,H}.

Proof. As Vk ∈ ℬ(ℋ), and the H-bound of V is < 1, it follows that R,W are relatively 
H-bounded and Ht-bounded. The equality in (b) follows directly from (Ht + i)−lW =
(W (Ht − i)−l)∗ (see the above convention), as this operator equals (Ht − i)−lW up to 
a unitary.

We prove the remaining results using mathematical induction on p. Let p = 1. Let 
Vt := Ht −H. By the second resolvent identity Lemma 7, we have

W [(Ht − i)−1 − (H − i)−1] = −W (H − i)−1Vt(Ht − i)−1.

Note that Vt = R + tW is H-bounded with H-bound ≤ a < 1. Hence, by Lemma 6(e), 
we have ∥Vt(Ht − i)−1∥ ≤ a+b 

1−a . Therefore, the above identity implies that

∥W (Ht − i)−1∥n ≤ (1 + a + b 
1− a

)∥W (H − i)−1∥n

= 1 + b 
1− a

∥W (H − i)−1∥n. (36)

Thus (a) and (b) are true for p = 1.
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Suppose (a) and (b) are true for p = 1, 2, . . . ,m for some m ∈ {1, . . . , n− 1}. We will 
prove that (a) and (b) also hold for p = m + 1. Indeed, a telescopic sum together with 
repeated applications of Lemma 7 yields

W [(Ht − i)−(m+1) − (H − i)−(m+1)]

= W

m ∑︂
l=0 

(︁
(Ht − i)−1)︁l(︁(Ht − i)−1 − (H − i)−1)︁(︁(H − i)−1)︁m−l

= −
m ∑︂
l=0 

W (Ht − i)−(l+1)Vt(H − i)−(m+1−l).

Therefore, using Hölder’s inequality from the above identity we conclude

∥W (Ht − i)−(m+1)∥n/(m+1)

≤ ∥W (H − i)−(m+1)∥n/(m+1) + ∥W (Ht − i)−1∥n ∥V (H − i)−m∥n/m

+
m ∑︂
l=1 
∥W (Ht − i)−l∥n/l ∥V (H − i)−(m+1−l)∥n/(m+1−l). (37)

Let us write Cp = 1+b 
1−a αn,W,H max 

ℓ=0, p−1
{αl

n,V,H}, and consider the three terms on the 

right-hand side of (37). The first term is bounded by αn,W,H ≤ Cm+1, and thanks to 
(36) the second term is also bounded by Cm+1. By induction hypothesis, the third term 
is bounded by 

∑︁m
l=1 2lCl∥V (H − i)−(m+1−l)∥n/(m+1−l) ≤

∑︁m
l=1 2lCm+1. In total, we 

obtain

∥W (Ht − i)−(m+1)∥n/(m+1) ≤ 2m+1Cm+1,

proving the induction step. The lemma follows. □
Next, we recall known norm estimates of the classical MOI. The following estimate is 

a consequence of [43, Theorem 4.4.7 and Remark 4.4.2], first proven for H̃ = H in [34, 
Theorem 5.3 and Remark 5.4].

Theorem 33. Let k ∈ N and let α, α1, . . . , αk ∈ (1,∞) satisfy 1 
α1

+ · · · + 1 
αk

= 1 
α . Let 

H, H̃ be self-adjoint operators in ℋ. Assume that Vm ∈ 𝒮αm , 1 ≤ m ≤ k. Then there 
exists cα,k > 0 such that

∥T H̃,H,...,H
f [k] (V1, V2, . . . , Vk)∥α ≤ cα,k ∥f (k)∥∞

∏︂
1≤m≤k

∥Vm∥αm
(38)

for every f ∈ Ck
b (R) such that ˆ︃f (k) ∈ L1(R).
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The following theorem gives a key estimate to establish Krein’s trace formula under 
Hypothesis 30.

Theorem 34. Let n,H, V satisfy Hypothesis 30. Let (R,W ) ∈ {(0, V ), (Vl, V−Vl), (Vl, Vk−
Vl)}, where {Vk}k∈N is given by Lemma 31. Let t ∈ [0, 1], and denote Ht = H+R+ tW . 
Then for each f ∈ 𝔔1

n(R), we have

THt,Ht

f [1] (W ) = THt,Ht

(fun)[1](W (Ht − i)−n)−
n−1∑︂
k=0 

(fuk)(Ht)W (Ht − i)−(k+1) ∈ 𝒮1, (39)

and each of the above n + 1 summands is 𝒮1-continuous in t. Moreover,⃓⃓⃓
Tr
(︂
THt,Ht

(fun)[1](W (Ht − i)−n)
)︂⃓⃓⃓
≤ ∥(fun)(1)∥∞ ∥W (Ht − i)−n∥1, (40)⃓⃓⃓⃓

⃓Tr
(︄

n−1∑︂
k=0 

(fuk)(Ht)W (Ht − i)−(k+1)

)︄⃓⃓⃓⃓
⃓ ≤ n∥fun−1∥∞ ∥W (Ht − i)−n∥1. (41)

Proof. Let f ∈ 𝔔1
n(R). Then by repeated applications of Proposition 27, Theorem 14

and Lemma 10, we get

THt,Ht

f [1] (W ) =THt,Ht

(fu)[1] (W (Ht − i)−1)− f(Ht)W (Ht − i)−1

=THt,Ht

(fu2)[1](W (Ht − i)−2)− (fu)(Ht)W (Ht − i)−2 − f(Ht)W (Ht − i)−1

=THt,Ht

(fun)[1](W (Ht − i)−n)−
n−1∑︂
k=0 

(fuk)(Ht)W (Ht − i)−(k+1). (42)

As Proposition 27 implies ˆ︂(fun)(1) ∈ L1(R), Corollary 12 (namely, (8)), in particular 
means that THt,Ht

(fun)(1) maps 𝒮1 to 𝒮1. Applying Lemma 32 therefore yields

THt,Ht

(fun)[1](W (Ht − i)−n) ∈ 𝒮1. (43)

Since t ↦→ (Ht − i)−1 is strongly continuous, it follows (see [37, Theorem VIII.20]) 
that t ↦→ eisH

t is strongly continuous. Hence, Corollary 12 and Lemma 32 also yield 
𝒮1-continuity of the above operator in t.

Since fu2n ∈ Cb(R) by Definition 26(a), for each 0 ≤ k ≤ n − 1, by Lemma 32 we 
have

(fuk)(Ht)W (Ht − i)−(k+1) = (fuk+n)(Ht)(Ht − i)−nW (Ht − i)−(k+1) ∈ 𝒮1. (44)

Thus, the identity (42) and the properties (43) and (44) together establish (39). The 𝒮1
continuity of (44) in t follows from Lemma 32 and strong continuity of t ↦→ (fuk+n)(Ht), 
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where the latter fact follows (see [37, Theorem VIII.20]) from the inclusion fuk+n ∈
Cb(R) and the strong continuity of t ↦→ (Ht − i)−1.

By a standard DOI property of the general form ``Tr(TD,D
g[1] (A)) = Tr(g′(D)A)'', which 

in this case can be derived from Corollary 12, we have

Tr
(︂
THt,Ht

(fun)[1](W (Ht − i)−n)
)︂

= Tr
(︂
(fun)(1)(Ht) (W (Ht − i)−n)

)︂
.

Hence, by utilizing Hölder’s inequality, we derive the estimate (40).
By using (44) and the cyclicity of the trace we conclude

Tr
(︁
(fuk)(Ht)W (Ht − i)−(k+1))︁ = Tr

(︁
(Ht − i)−(k+1)(fuk)(Ht)W

)︁
= Tr

(︁
(fun−1)(Ht)(Ht − i)−nW

)︁
. (45)

Applying Hölder’s inequality to the right-hand side of (45), combined with the invariance 
of ∥ · ∥1 under adjoints, results in the estimate (41). This concludes the proof. □

We briefly recall the classical result that the first-order spectral shift function exists 
for perturbations of trace class. This result is due to M. G. Krein [23], see also [49, 
Theorem 8.3.3].

Theorem 35 (Krein). Let H be a self-adjoint operator in ℋ, and let V = V ∗ ∈ 𝒮1. Then 
there exists an integrable function ξ such that for all f ∈ C1(R) satisfying ˆ︁f ′ ∈ L1(R)
(slightly more generally, ˆ︁f ′ is only assumed to be a finite complex measure) we have

Tr(f(H + V )− f(H)) =
∞ ∫︂

−∞

ξ(λ)f ′(λ) dλ.

The following is the main result of this subsection.

Theorem 36. Let n,H, V satisfy Hypothesis 30. Then there exists a locally integrable 
function η1,H,V ∈ L1

(︂
R, dλ 

(1+|λ|)n+ϵ

)︂
such that

∫︂
R 

|η1,H,V (λ)| 
(1 + |λ|)n+ϵ

dλ ≤ n 2n
(︁
2n + 3 + 2(n + 1)ϵ−1)︁ 1 + b 

1− a
max 
ℓ=1, n

{αℓ
n,V,H} (46)

for all ϵ ∈ (0, 1], where αn,V,H is given by (35), and, moreover,

Tr (f(H + V )− f(H)) =
∫︂
R 

f ′(λ)η1,H,V (λ)dλ (47)

for every f ∈ 𝔔1
n(R). The locally integrable function η1,H,V is determined by (47)

uniquely up to an additive constant.
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Proof. Let f ∈ 𝔔1
n(R). Let Ht = H + tV, t ∈ [0, 1]. By the fundamental theorem of 

calculus and using Theorem 22 we get the (a priori pointwise) integral

f(H + V )− f(H) =
1 ∫︂

0 

THt,Ht

f [1] (V ) dt. (48)

We now apply Theorem 34 to the above. By (40), (41), Lemma 32, and 𝒮1-continuity 
of the trace we may take the trace of the integral of (39) and find

Tr(f(H + V )− f(H)) (49)

=Tr

⎛⎝ 1 ∫︂
0 

THt,Ht

(fun)[1](V (Ht − i)−n) dt

⎞⎠− Tr

⎛⎝ 1 ∫︂
0 

n−1∑︂
k=0 

(fuk)(Ht)V (Ht − i)−(k+1)dt

⎞⎠ (50)

=α1
(︁
(fun)(1)

)︁
+ α2

(︁
fun−1)︁ (51)

for certain linear functionals α1, α2 defined on suitable subspaces of C0(R), and all 
f ∈ 𝔔1

n(R). The above integrands are 𝒮1-continuous by Theorem 34, which shows that 
the above expressions are well defined and we may interchange trace with integral ev
erywhere.

From (40) and (41) it follows that α1 and α2 are continuous in the supremum norm, 
and hence we may extend α1 and α2 to continuous functionals on C0(R). By the Riesz--
Markov representation theorem, there exist two complex Borel measures μ1, μ2 such 
that

Tr (f(H + V )− f(H)) =
∫︂
R 

(fun)(1)(λ)dμ1(λ) +
∫︂
R 

(fun−1)(λ)dμ2(λ)

=
∫︂
R 

(︂
f (1)(λ)un(λ) + nf(λ)un−1(λ)

)︂
dμ1(λ) +

∫︂
R 

(fun−1)(λ)dμ2(λ), (52)

and with total variation bounded by (40), (41) and Lemma 32(b) as

∥μ1∥, ∥μ2∥ ≤ n∥V (Ht − i)−n∥1

≤ n 2n 1 + b 
1− a

max 
ℓ=1, n

{αℓ
n,V,H}. (53)

For ϵ ∈ (0, 1], applying Lemma 29 to (52) ensures the existence of a measure νϵ such 
that

Tr (f(H + V )− f(H)) =
∫︂
R 

f (1)(λ) dνϵ(λ) (f ∈ 𝔔1
n(R)) (54)
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with ∫︂
R 

|u−n−ϵ(λ)|d|νϵ|(λ) ≤ ∥μ1∥+ ∥u−1−ϵ∥1(n∥μ1∥+ ∥μ2∥).

As 1 
1+|λ| ≤ |u(λ)−1|, this further implies that

∫︂
R 

d|νϵ|(λ) 
(1 + |λ|)n+ϵ ≤ ∥μ1∥+ ∥u−1−ϵ∥1(n∥μ1∥+ ∥μ2∥)

≤ n 2n
(︁
2n + 3 + 2(n + 1)ϵ−1)︁ 1 + b 

1− a
max 
ℓ=1, n

{αℓ
n,V,H}, (55)

where we have estimated ∥u−1−ϵ∥1 = 2
∫︁ 1
0 |u−1−ϵ|+ 2

∫︁∞
1 |u−1−ϵ| ≤ 2 + 2ϵ−1.

Next, we will demonstrate that the measure νϵ in (54) is absolutely continuous with 
respect to the Lebesgue measure. Let {Vk}k∈N be the sequence given in Lemma 31. 
Therefore, by Theorem 35, there exists a sequence of integrable functions {ηk,1}k∈N on 
R such that, for all f ∈ C∞

c (R),

Tr (f(H + Vk)− f(H)) =
∫︂
R 

f (1)(λ) ηk,1(λ) dλ. (56)

If Vk,l := Vk − Vl, then from (56), subsequently applying the fundamental theorem of 
calculus for MOIs (see [27, sentence below (42)]), and Theorem 34, we gather⃓⃓⃓⃓

⃓⃓∫︂
R 

f (1)(λ)(ηk,1 − ηl,1)(λ) dλ

⃓⃓⃓⃓
⃓⃓

=|Tr (f(H + Vk)− f(H + Vl)) |

=

⃓⃓⃓⃓
⃓⃓

1 ∫︂
0 

Tr
(︂
TH+Vl+tVk,l,H+Vl+tVk,l

f [1] (Vk,l)
)︂
dt

⃓⃓⃓⃓
⃓⃓

≤
(︂
∥(fun)(1)∥∞ + n∥fun−1∥∞

)︂ 1 ∫︂
0 

dt ∥Vk,l(H + Vl + tVk,l − i)−n∥1. (57)

Thanks to Lemma 32, from (57) we obtain⃓⃓⃓⃓
⃓⃓∫︂
R 

f (1)(λ)(ηk,1 − ηl,1)(λ) dλ

⃓⃓⃓⃓
⃓⃓

≤
(︂
∥(fun)(1)∥∞ + n∥fun−1∥∞

)︂
2n 1 + b 

1− a
αn,Vk,l,H max 

p=0, n−1
{αp

n,V,H}. (58)
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Let f ∈ C∞
c ((−d, d)) for some fixed d > 0. Then, by using the standard estimates 

∥guk∥∞ ≤ ∥g∥∞(1 + d)k (for g ∈ C∞
c ((−d, d)) and ∥f∥∞ ≤ 2d∥f ′∥∞, from (58) we get⃓⃓⃓⃓

⃓⃓∫︂
R 

f (1)(λ)(ηk,1 − ηl,1)(λ) dλ

⃓⃓⃓⃓
⃓⃓ (59)

≤ (1 + d + 4nd) (1 + d)n−1 ∥f (1)∥∞ 2n 1 + b 
1− a

αn,Vk,l,H max 
p=0, n−1

{αp
n,V,H}.

Therefore, subsequently using (59) and Lemma 31(b) implies that

∥ηk,1 − ηl,1∥L1((−a,a)) = sup 
∥f(1)∥∞≤1

⃓⃓⃓⃓
⃓⃓∫︂
R 

f (1)(λ)(ηk,1 − ηl,1)(λ) dλ

⃓⃓⃓⃓
⃓⃓

≤ (1 + d + 4nd) (1 + d)n−1 2n 1 + b 
1− a

αn,Vk,l,H max 
p=0, n−1

{αp
n,V,H}

−→ 0 as k, l→∞.

Thus {ηk,1}k∈N is a Cauchy sequence in L1
loc(R); we let η1 be its L1

loc(R)-limit. By a 
calculation completely analogous to (57)-(58), we conclude for f ∈ C∞

c (R) that

Tr (f(H + V )− f(H)) = lim 
k→∞

Tr (f(H + Vk)− f(H))

= lim 
k→∞

∫︂
R 

f (1)(λ) ηk,1(λ) dλ

=
∫︂
R 

f (1)(λ) η1(λ) dλ. (60)

Now combining (54) and (60) we have the following equality∫︂
R 

f (1)(λ) dνϵ(λ) =
∫︂
R 

f (1)(λ) η1(λ) dλ for all f ∈ C∞
c (R). (61)

Let dμ(λ) = η1(λ)− dνϵ(λ). Then, it follows from (61) that

b ∫︂
a 

f (1)(λ)dμ(λ) = 0 for all f ∈ C∞
c (R). (62)

Now consider the distribution Tμ defined by

Tμ(ϕ) :=
b ∫︂

a 

ϕ dμ(λ)
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for every ϕ ∈ C∞
c (R). By (62) and the definition of the derivative of a distribution, 

T
(1)
μ = 0. Hence by [3, Theorem 3.10 and Example 2.21], dμ(λ) = c dλ for some constant 

c. Consequently, η1 ∈ L1
loc(R) satisfying (60) is unique up to an additive constant. In 

particular, we can assume dνϵ(λ) = η1(λ)dλ, and obtain∫︂
R 

|η1(λ)| 
(1 + |λ|)n+ϵ

dλ =
∫︂
R 

d|νϵ|(λ) 
(1 + |λ|)n+ϵ

.

By setting η1,H,V = η1, the above equality together with (54)-(55) completes the 
proof. □
5.2. Higher order spectral shift functions

The aim of this section is to provide all higher order spectral shift functions corre
sponding to a pair of self adjoint operators (H,V ) satisfying the Hypothesis 30.

The following lemma is essential to reach our goal.

Lemma 37. Let n,H, V satisfy Hypothesis 30. Write Ṽ = V (H − i)−1. Then for 1 ≤ k ≤
n− 1, and f ∈ 𝔔k

n(R),

TH,...,H
f [k] (V, . . . , V ) (63)

=
k∑︂

l=0 

∑︂
j1+···+jl+1=k

j1,...,jl≥1,jl+1≥0

min(n−k,l)∑︂
r=0 

(−1)k−l+r
∑︂

p0≥0,p1,...,pr≥1
p0+···+pr=n−k

TH,...,H
(fun−k+l−r)[l−r](Ṽ j1 , . . . , Ṽ jl−r )

× (H − i)−p0 Ṽ jl−r+1 · · · (H − i)−pr Ṽ jl+1 .

We recall that by standard convention, a product B1 · · ·Bm for m < 1 is 1, a list 
(B1, . . . , Bm) for m < 1 is the empty list (), and, by definition, TH

g[0]() = g(H).

Proof. By Theorem 15, it follows that for any k ≥ 1, and f ∈ 𝔔k
n(R),

TH,...,H
f [k] (V, . . . , V ) =

k∑︂
l=0 

∑︂
j1+···+jl+1=k

j1,...,jl≥1,jl+1≥0

(−1)k−lTH,...,H
(ful)[l]

(︁
Ṽ j1 , . . . , Ṽ jl

)︁
Ṽ jl+1 . (64)

We may now apply [29, Lemma 9] to each of the terms above, for s = n− k. Indeed, for 
all l ∈ {0, . . . , k}, from Proposition 27 it follows that ful is in the desired function class 
𝒲n−k,l, in the notation of [29, Section 3]. The lemma follows immediately. □

The following theorem provides the existence of measures which are necessary to 
obtain the spectral shift functions of any order in the main theorem of this section.
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Theorem 38. Let n,H, V satisfy Hypothesis 30. Let ϵ ∈ (0, 1]. Then for each k ∈ N,

TH,...,H
f [k] (V, . . . , V ) ∈ 𝒮1,

and there exists a complex Borel measure μk,ϵ such that

Tr
(︂
TH,...,H

f [k] (V, . . . , V )
)︂

=
∫︂
R 

f (k)(λ)uk∨n+ϵ(λ)dμk,ϵ(λ) (65)

for every f ∈ 𝔔k
n(R), with

∥μk,ϵ∥ ≤ cn,k,ϵ α
k
n,V,H , (66)

where cn,k,ϵ is some positive constant, and αn,V,H is given by (35).

Proof. For 1 ≤ k < n: By Lemma 37, we have the identity (63). Next we show that each 
term in the right hand side of (63) is a trace class operator and hence we can estimate 
the trace of those terms. Assuming the notations involved in (63), we note the following.

(i) Recalling that TH
g[0]() = g(H), we notice that the summands corresponding to r = l

are of the form of (a minus sign times)

(fun−k)(H)(H − i)−p0 Ṽ j1 · · · (H − i)−pl Ṽ jl+1 .

Employing a similar argument as given for (44), fu2n ∈ Cb(R) implies that

(fun−k)(H)Ṽ j1 · · · (H − i)−pl Ṽ jl+1 ∈ 𝒮1,

and using the cyclicity property of the trace along with Hölder’s inequality for 
Schatten norms, this yields⃓⃓

Tr
(︁(︁
fun−k

)︁
(H)(H − i)−p0 Ṽ j1(H − i)−p1 · · · Ṽ jl(H − i)−pl Ṽ jl+1

)︁⃓⃓
=
⃓⃓
Tr
(︁(︁
fun−k

)︁
(H)Ṽ j1(H − i)−p1 · · · Ṽ jl(H − i)−pl Ṽ jl+1(H − i)−p0

)︁⃓⃓
≤∥fun−k∥∞ αk

n,V,H , (67)

where αn,V,H is given by (35).
(ii) For the rest of the terms in the summation of right hand side of (63): Now Propo

sition 27(b), Corollary 12, and Hölder’s inequality for Schatten norms together 
imply

TH,...,H

(fun−k+l−r)[l−r]

(︁
Ṽ j1 , . . . , Ṽ jl−r

)︁
(H − i)−p1 Ṽ jl−r+1 · · · (H − i)−pr+1 Ṽ jl+1 ∈ 𝒮1.
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If the product on the right of the multiple operator integral is nontrivial (either 
r > 0 or jl+1 > 0), then by applying Hölder’s inequality for Schatten norms and 
using Theorem 33 we obtain⃓⃓⃓

Tr
(︂
TH,...,H

(fun−k+l−r)[l−r]

(︁
Ṽ j1 , . . . , Ṽ jl−r

)︁
(H − i)−p1 Ṽ jl−r+1 · · · (H − i)−pr+1 Ṽ jl+1

)︂⃓⃓⃓
≤ dn,k ∥(fun−k+l−r)(l−r)∥∞ αk

n,V,H , (68)

where dn,k is a constant depending only on n and k.
The case where r = 0 and jl+1 = 0 takes a bit more care, because in the 

corresponding term Tr(TH,...,H
(fun−k+l)[l](Ṽ

j1 , . . . , Ṽ jl)(H − i)−(n−k)) the resolvent is 
not necessarily summable, and Theorem 33 is not applicable for α = 1. Luckily, 
this case is similarly covered by [28, Lemma 2.9(i)] after commuting the resolvent 
inside the multiple operator integral.

Thus, (63) together with (i) and (ii) implies

TH,...,H
f [k] (V, . . . , V ) ∈ 𝒮1.

Having noted the remarks above, we apply the estimates (67) and (68), the Hahn-Banach 
theorem, and the Riesz–Markov representation theorem, and conclude that there exist 
complex Borel measures μn,k,l,r, 0 ≤ l ≤ k, 0 ≤ r ≤ min{n− k, l} such that

∥μn,k,l,r∥ ≤ d̃n,k α
k
n,V,H , (69)

where d̃n,k is a constant depending only on n and k, and

Tr
(︂
TH,...,H
f [k] (V, . . . , V )

)︂
=

k∑︂
l=0 

min{n−k,l}∑︂
r=0 

∫︂
R 

(︁
fun−k+l−r

)︁(l−r) (λ) dμn,k,l,r(λ)

=
k∑︂

l=0 

min{n−k,l}∑︂
r=0 

l−r ∑︂
s=0 

(︃
l − r
s

)︃∫︂
R 

f (s)(λ) 
(︁
un−k+l−r

)︁(l−r−s) (λ) dμn,k,l,r(λ)

=
∑︂

0≤l≤k
0≤r≤min{n−k,l}

0≤s≤l−r

(︃
l − r
s

)︃
(n− k + l − r)!

(n− k + s)! 

∫︂
R 

f (s)(λ) un−k+s(λ) dμn,k,l,r(λ). (70)

We note that s ≤ l ≤ k. Thanks to Lemma 29 and Equations (69) and (70), there 
exists a measure μk,ϵ that satisfies (65) and (66), which completes the proof for k < n.
For k ≥ n: Thanks to Equation (64), Theorem 33, and Hölder’s inequality, we can argue 
similarly to the case k < n and conclude the existence of a measure μk,ϵ satisfying (65)
and (66). This completes the proof. □
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We proceed to present and demonstrate the central theorem of this section. In this 
theorem and its proof, the Taylor remainder is denoted

ℛk,f,H(V ) := f(H + V )−
k−1 ∑︂
m=0

dm

dtm
f(H + tV )

⃓⃓
t=0.

Theorem 39. Let n,H, V satisfy Hypothesis 30. Then for each fixed k ∈ N, there exists 
a locally integrable real-valued function ηk := ηk,H,V such that∫︂

R 

|ηk(λ)| 
(1 + |λ|)n+k+ϵ

dλ ≤ Cn,k,ϵ
1 + b 
1− a

max 
ℓ=1, k∨n

{αℓ
n,V,H} (71)

for all ϵ ∈ (0, 1], where Cn,k,ϵ are some positive constants depending only on n, k, ϵ, and 
αn,V,H is given by (35), and, moreover,

Tr (ℛk,f,H(V )) =
∫︂
R 

f (k)(λ)ηk(λ)dλ (72)

for each f ∈ 𝔔k
n(R). The locally integrable function ηk is determined by (72) uniquely 

up to a polynomial summand of degree at most k − 1.

Proof. We prove (71) and (72) using the principle of mathematical induction on k. The 
base case, k = 1, of the induction follows from Theorem 36. Now we assume (71) and 
(72) are true for k ∈ {1, 2, . . . ,m} for some m ∈ N. Let ϵ ∈ (0, 1]. Let f ∈ 𝔔m+1

n (R). 
Thanks to Theorem 22 and Theorem 38, there exists a finite complex Borel measure 
μm,ϵ such that

Tr (ℛm+1,f,H(V )) =Tr (ℛm,f,H(V ))− Tr
(︂
TH,...,H

f [m] (V, . . . , V )
)︂

=
∫︂
R 

f (m)(λ)ηm(λ)dλ−
∫︂
R 

f (m)(λ)um∨n+ϵ(λ)dμm,ϵ(λ). (73)

Next, by performing integration by parts on the right hand side of (73), we obtain

Tr (ℛm+1,f,H(V )) =
∫︂
R 

f (m)(λ) ηm(λ)dλ−
∫︂
R 

f (m)(λ) um∨n+ϵ(λ)dμm,ϵ(λ)

=
∫︂
R 

f (m+1)(λ)

⎛⎝− λ ∫︂
0 

ηm(t)dt

⎞⎠ dλ +
∫︂
R 

f (m+1)(λ) um∨n+ϵ(λ) μm,ϵ((−∞, λ]) dλ

− (m ∨ n + ϵ)
∫︂
R 

f (m+1)(λ)

⎛⎝ λ ∫︂
0 

um∨n+ϵ−1(t)μm,ϵ ((−∞, t]) dt

⎞⎠ dλ
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=
∫︂
R 

f (m+1)(λ)ηm+1(λ)dλ, (74)

where

ηm+1(λ)

=um∨n+ϵ(λ)μm,ϵ((−∞, λ])

−
λ ∫︂

0 

ηm(t)dt− (m ∨ n + ϵ)
λ ∫︂

0 

um∨n+ϵ−1(t)μm,ϵ ((−∞, t]) dt. (75)

Now, let us confirm that it follows from (66), (75), Theorem 36 and the induction hy
pothesis, that ∫︂

R 

|ηm+1(λ)| 
(1 + |λ|)n+m+1+ϵ

dλ ≤ C̃n,m+1,ϵ
1 + b 
1− a

max 
ℓ=1, m∨n

{αℓ
n,V,H}, (76)

for every ϵ ∈ (0, 1], where C̃n,m+1,ϵ is some positive constant. Indeed, the base case, 
k = 1, of the induction follows from Theorem 36. Now, assume that the estimate (71)
holds for k = 1, 2, . . . ,m. It follows from (75) that

∫︂
R 

|ηm+1(λ)| 
(1 + |λ|)n+m+1+ϵ

dλ

≤
∫︂
R 

|um∨n+ϵ(λ)|∥μm,ϵ∥
(1 + |λ|)n+m+1+ϵ

dλ +
∫︂
R 

∫︂
R 

1[0,λ](t) |ηm(t)| 
(1 + |λ|)n+m+1+ϵ

dt dλ

+ (m ∨ n + ϵ)
∫︂
R

∫︁ λ

0 |um∨n+ϵ−1(t)| ∥μm,ϵ∥ dt
(1 + |λ|)n+m+1+ϵ

dλ

≤
∫︂
R 

∥μm,ϵ∥ 
(1 + |λ|)n+m+1−m∨n

dλ +
∫︂
R 

|ηm(t)|

⎛⎝∫︂
R 

1[0,λ](t) 
(1 + |λ|)n+m+1+ϵ

dλ

⎞⎠ dt

+ (m ∨ n + ϵ)
∫︂
R

∥μm,ϵ∥ 
(1 + |λ|)n+m+1−m∨n

dλ.

Now, by (66) and the induction hypothesis, the estimate (76) follows from the above. 
This completes the induction on k.

Since the left-hand side of (72) is real-valued whenever f is real-valued, we obtain 
that Re ηk (instead of ηk) satisfies (72) for real-valued f ∈ 𝔔k

n(R) and, consequently, for 
all f ∈ 𝔔k

n(R). So we may assume ηk is real valued.
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The uniqueness of ηk can be established in a similar manner as we did in Theorem 36. 
Indeed, suppose ηk and ξk satisfy (72), and let γk = ηk−ξk. Then from (72), we conclude∫︂

R 

f (k)(λ)γk(λ)dλ = 0 for all f ∈ C∞
c (R). (77)

Now consider the distribution Tγk
defined by

Tγk
(ϕ) =

∫︂
R 

ϕ(λ) γk(λ)dλ

for every ϕ ∈ C∞
c (R). By (77) and the definition of the derivative of a distribution, 

T
(k)
γk = 0. Hence by [3, Theorem 3.10 and Example 2.21], γk(λ)dλ = fk(λ) dλ for some 

polynomial fk of degree at most k − 1. Consequently, ηk ∈ L1
loc(R) satisfying (72) is 

unique up to a polynomial summand of degree at most k− 1. Hence, we can assert that 
the estimates (72) hold true for all ϵ ∈ (0, 1]. This completes the proof. □

Next, we provide the existence of n-th order spectral shift functions under a relaxed 
assumption compared to the above, which extends [27, Theorem 4.1] to the relatively 
bounded context.

Theorem 40. Let n ∈ N. Let H be a self-adjoint (unbounded) operator in ℋ, and let V
be a symmetric and relatively H-bounded operator with H-bound a ∈ [0, 1), that is,

∥V ψ∥ ≤ a ∥Hψ∥+ b ∥ψ∥ for all ψ ∈ domH, for some b ∈ [0,∞),

such that V (H− i)−1 ∈ 𝒮n. Then, there exists cn > 0 and a real-valued function ηn such 
that ∫︂

R 

|ηn(x)| dx 
(1 + |x|)n+ϵ

≤ cn (1 + ϵ−1) 1 + b 
1− a

⃦⃦
V (H − i)−1⃦⃦n

n
for all ϵ > 0 (78)

and

Tr(ℛn,f,H(V )) =
∫︂
R 

f (n)(x)ηn(x) dx (79)

for every f ∈𝔚n (see [27, Definition 3.1]). The locally integrable function ηn is deter
mined by (79) uniquely up to a polynomial summand of degree at most n− 1.

Proof. The proof can be established along the same lines as the proof of [27, Theorem 
4.1], by establishing analogous results to those of [27, Lemma 4.8, Lemma 4.9] in the 
relatively bounded setting. The latter can be achieved in a similar way as we did in 
Lemma 31 and Lemma 32, and Theorem 36. The replacement of the factor (1 + ∥V ∥)
with 1+b 

1−a is notable; these factors coincide if V is bounded. □
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6. Applications

6.1. Applications: bounded perturbations

In this section we collect some known classes of examples of self-adjoint operators H
and V satisfying our assumptions, namely V ∈ ℬ(ℋ) and

V (H − i)−p ∈ 𝒮n/p (p = 1, . . . , n). (80)

We merely scratch the surface of the collection of examples; more can be found in [27, 
38,47,39], and references therein.

A result about Schatten class membership typically comes along with a bound on the 
Schatten norm, and by our main result these bounds imply estimates on the weighted 
integral norm of the spectral shift functions, for each specific situation. For brevity we 
omit these bounds, as they can be found in the respective cited references. Such bounds 
are called Cwikel estimates and Birman–Solomyak estimates, and form an active area of 
research [25,26].

6.1.1. Dirac and Laplace operators on Euclidean spaces
If, for suitable functions f, g on Rd, the perturbation V = Mf is the operator of 

multiplication by f , and moreover (H − i)−p = g(−i∇), where ∇ is the vector whose 
components are the operators {∂i}di=1, then conditions for (80) to hold can be found in 
[8] and [39, Chapter 4]. As shown in the latter reference, such results typically require 
different proofs for p ≤ n/2 and p > n/2. Moreover, the spaces

ℓp(Lq)(Rd) :=

⎧⎨⎩f : Rd → C measurable : 
∑︂
k∈Zd

(∥f ↾(0,1)d+k ∥Lq(((0,1)d+k)))p <∞

⎫⎬⎭ ,

for p ∈ [1,∞) and q ∈ [1,∞], are frequently useful.
Two especially important examples of H are the Laplacian H = Δ =

∑︁d
k=1

∂2

∂x2
k

in 

L2(Rd) and the Dirac operator H = D, defined as

D := −i
d ∑︂

k=1

ek ⊗
∂

∂xk

in CN ⊗ L2(Rd), where e1, . . . , ed ∈ MN (C) are self-adjoint matrices satisfying ekel +
elek = 2δk,l for all k, l ∈ {1, . . . , d}. Here N = 2d/2 if d is even and N = 2(d+1)/2 if d is 
odd. The following result is proven in [42, Theorem III.4].

Theorem 41 ([42]). Let m, d ∈ N and f ∈ ℓ1(L2)(Rd) ∩ L∞(Rd) be real-valued, with 
associated multiplication operator Mf .
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(a) If n > d, then

(I ⊗Mf )(D − i)−p ∈ 𝒮n/p, p = 1, . . . , n.

(b) If n > d
2 , then

Mf (Δ− i)−p ∈ 𝒮n/p, p = 1, . . . , n.

6.1.2. The Hodge–Dirac operator on a Riemannian space
Part of the above result generalizes to suitable Riemannian manifolds, in the sense 

of the following theorem. For its proof we refer to [47, Equation (3.11)], which in that 
paper is proven in order to obtain [47, Theorem 3.4.1] by specializing to p = d.

Theorem 42 ([47]). Let (X, g) be a second countable d-dimensional complete smooth Rie
mannian manifold. Let Ωk

c (X) be the space of smooth compactly supported differential 
k-forms, and ℋk its completion with respect to the natural Hilbert space structure defined 
by g. Defined in the Hilbert space ℋ := ⊕d

k=0ℋk, let Dg be the associated Hodge-Dirac 
operator. For f ∈ C∞

c (X), let Mf denote the associated multiplication operator on ℋ. 
Then, for all p ≥ 1 we have

Mf (Dg − i)−p ∈ 𝒮d/p,∞.

Our main result thus becomes applicable by setting n = d+ 1, and, independently of 
dimension, implies existence of spectral shift functions of all orders for Dirac operators 
on manifolds as in the above theorem.

In light of the above, it is reasonable to expect a generalization of Theorem 41 to 
exist for suitable Riemannian manifolds, but this is well beyond the scope of this text. 
A similar remark applies to matrix-valued differential operators and pseudodifferential 
operators.

6.1.3. Noncommutative geometry
Noncommutative geometry is a prime motivator for this paper, as it too is involved 

with proving results about geometrical objects -- such as differential operators -- without 
reference to their underlying space. The typical benefit for the noncommutative geome
ter is that the thus obtained results hold for more general objects which may not be 
geometrical, but may still be useful to describe physics.

A first application of the spectral shift function is to the theory of spectral flow [4], 
as used in index theory. Typically, one takes

H = D, V = u[D,u∗], so that H + V = uDu∗,

for a unitary u. More generally, perturbations in gauge theory take the form V =∑︁n
j=1 aj [D, bj ], when aj and bj are elements of a ‘smooth’ algebra 𝒜 ⊆ ℬ(ℋ). Higher or

der spectral shift functions also provide analytical information on the Taylor remainders 
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of the spectral action, which may be useful for the description of classical and quantum 
field theories [18,30].

The following result shows that our Hypothesis 30 holds for a wide class of nonunital 
spectral triples. It is a special case of [38, Proposition 10].

Theorem 43 ([38]). Let (𝒜,ℋ,𝒟) be a smooth local (d,∞)-summable spectral triple in 
the sense of [38, Definition 7]. Then for all a ∈ ℬ(ℋ) satisfying aϕ = ϕa = a for some 
ϕ ∈ 𝒜c we have

a(𝒟 − i)−p ∈ 𝒮(d+1)/p, p = 1, . . . , d + 1.

In particular cases one may expect strenghtenings of the above result. This is indeed 
the case for the Moyal plane Rd

θ, which is a prominent motivating example of a nonunital 
spectral triple. The result below follows from [25], as is written out explicitly below, for 
convenience of the reader.

Theorem 44 ([25]). Let d ≥ 2 be even, V ∈ W d,1(Rd
θ), h ∈ N, and set n := ⌊ d h⌋ + 1. 

For all p ∈ {1, . . . , n}, if we assume that g ∈ ℓd/(hp),∞(L∞)(Rd), then we have that 
V g(−i∇θ) ∈ 𝒮n/p. In particular,

V (Dθ − i)−p ∈ 𝒮n/p (p ∈ {1, . . . , n}, n = d + 1),

and

V (Δθ − i)−p ∈ 𝒮n/p (p ∈ {1, . . . , n}, n = d/2 + 1),

where Dθ and Δθ are the noncommutative Dirac and Laplace operators (see [25, p. 29]).

Proof. A combination of [25, Proposition 6.15(iii)], [25, Definition 6.14], and [25, Defi
nition 6.7] yields V ∈W d,q(Rd

θ) and thus V ∈ Lq(Rd
θ) for all q ≥ 1.

We define n := ⌊ d h⌋+ 1 and let p ∈ {1, . . . , n}, h ∈ N, and g ∈ ℓd/(hp),∞(L∞)(Rd) ⊆
Ld/(hp),∞(Rd).

First suppose that p ≤ n/2. Setting q := d/(hp), a case distinction shows that q ≥ 1. 
We find g ∈ Lq,∞(Rd) and V ∈ Lq(Rd

θ), hence [25, Lemma 2.3] implies that V ⊗ g ∈
ℒq,∞(𝒩 ), the noncommutative Lq,∞-space of the von Neumann algebra 𝒩 := L∞(Rd

θ)⊗
L∞(Rd). In particular, since n/p > d/(hp), we have V ⊗ g ∈ (ℒn/p ∩ ℒ∞)(𝒩 ). We note 
that np ≥ 2 by assumption, so Ln/p∩L∞ is an interpolation space for (L2, L∞). Therefore, 
[25, Theorem 7.2] gives

V g(−i∇θ) ∈ ℒn/p(ℬ(L2(Rd))) = 𝒮n/p.

Now suppose that p > n/2. Set q := n
p ∈ [1, 2) and note that g ∈ ℓq(L∞)(Rd). We 

have V ∈W d,q(Rd
θ) by Sobolev embedding, hence [25, Theorem 7.7] implies that



A. Chattopadhyay et al. / Journal of Functional Analysis 291 (2026) 111508 43

V g(−i∇θ) ∈ ℒq(ℬ(L2(Rd))) = 𝒮n/p,

completing the proof of the first statement.
To prove the second statement, one employs the functions g on Rd defined by

g(x) := (γ · x− i)−p,

g(x) := (∥x∥2 − i)−p,

where γ is the vector of Clifford matrices (see [25, Definition 6.17]). We indeed have g ∈
ℓd/(hp),∞(L∞)(Rd) for h = 1, h = 2, respectively. In the former case g is matrix-valued 
and this inclusion can be interpreted component-wise, the finite component C2⌊d/2⌋ of 
the Hilbert space factors through, and one indeed obtains V (Dθ− i)−p ∈ 𝒮n/p(C2⌊d/2⌋ ⊗
L2(Rd)) as well as V (Δθ − i)−p ∈ 𝒮n/p(L2(Rd)). □
6.2. Applications: unbounded perturbations

Atomic Hamiltonians provide a rich class of examples in which the perturbation V is 
relatively bounded. The most basic example is the Hamiltonian of the hydrogen atom, 
i.e., the unbounded operator

H + V = − ħ2

2m
∑︂
i 

∂2

∂x2
i

+ V,

acting in L2(Rd), where V is the Coulomb potential, namely, the multiplication operator

V ψ(x) = − e2

4πϵ0
1 
∥x∥ψ(x),

for physical constants ħ,m, e, ϵ0 ∈ R. A celebrated result of Kato ([20]) tells us that, 
indeed, V is relatively H-bounded. This result does not change if V is replaced by any 
other L2(Rd) + L∞(Rd)-function, or if a larger number of possibly interacting particles 
are considered, either in H or V or both. In these atomic or molecular quantum systems, 
a = 0, and therefore (1) exists on (−∞,∞), whereas a becomes nonzero in the ‘relativistic 
case’ where H is replaced with a Dirac operator D, and (1) exists on a bounded interval 
(− 1 

a ,
1 
a ). Clearly, the relatively bounded condition allows much more than these two 

classes of examples.

6.2.1. Finite-extent Coulomb potentials
In order to apply our results on the existence and regularity properties of the spectral 

shift functions (at all order), one needs to establish the n/p-summability of V (H − i)−p.
It is known that the long-range behaviour of the Coulombic potential on L2(R3)

obstructs Cwikel or Birman–Solomyak estimates. The following is a consequence of [39, 
Proposition 4.7]:
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Lemma 45. If Mf (i + Δ)−n ∈ 𝒮1 for some n ∈ N, then f ∈ ℓ1(L2)(Rd).

As the next best thing (which suffices for many situations) one may consider spatially 
truncated (finite-extent) Coulomb potentials. By this we mean a compactly supported 
(or sufficiently decaying) function f which satisfies f(x) = 1 

∥x∥ for x in a compact region 

in Rd. For such f , we have f ∈ ℓ1(Lp)(Rd) precisely when p < d. In particular, a finite
extent Coulomb potential on R3 is an example of an element in ℓ1(L2)(R3). In this case 
indeed, spectral shift functions of all orders exist.

Theorem 46. For any f ∈ ℓ1(L2)(R3) and Δ the Laplacian on R3 we have

Mf (i + Δ)−p ∈ 𝒮4/p (p = 1, 2, 3, 4).

Proof. Let m ∈ {2, 3, 4}. Define gm : R3 → C by

gm(x) := (i− ∥x∥2)−m.

Take pS := 4 
m ∈ [1, 2]. Then f ∈ ℓ1(L2) ⊆ ℓpS (L2) and gm ∈ ℓpS (L2). By [39, Theorem 

4.5], therefore

Mf (i + Δ)−m = Mfgm(−i∇) ∈ 𝒮4/m.

We moreover note that g1 ∈ L2(R3) and f ∈ ℓ1(L2)(R3) ⊆ L2(R3). So by [39, 
Theorem 4.1], we obtain

Mf (i + Δ)−1 = Mfg1(−i∇) ∈ 𝒮2 ⊆ 𝒮4,

finishing the proof. □
It is clear from the above proof that there are various ways to improve Theorem 46; 

this is however beyond the scope of this text. For further results we refer to [50,49,21,37] 
and references therein.
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Appendix A. Proofs of MOI identities

We give proofs of the identities claimed in §3.1. Throughout, whenever 𝒥 ⊆ {1, . . . , n}
is such that Vj ∈ ℬ(ℋ) for j / ∈ 𝒥 , we use the notation
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Tϕ,𝒥 (V1, . . . , Vn) := Tϕ(V1, . . . , Vn) (A.1)

to emphasise that Vj is possibly unbounded for j ∈ 𝒥 . In particular, Tϕ,∅ = Tϕ.

A.1. Change of variables

In the case of bounded perturbations V1, . . . , Vn, we recall the following result proved 
and used by Skripka and coathors in [9,27--29].

Theorem 47 (change of variables). Let H0, . . . , Hn be self-adjoint and let V1, . . . , Vn ∈
ℬ(ℋ) be bounded. For all f ∈ Cn(R) with f (n), f (n−1), (fu)(n) ∈W0(R), we have for all 
j ∈ {1, . . . , n− 1},

TH0,...,Hn

f [n] (V1, . . . , Vn) = TH0,...,Hn

(fu)[n] (V1, . . . , Vj−1, Vj(Hj − i)−1, Vj+1, . . . , Vn)

− T
H0,...,Hj−1,Hj+1,...,Hn

f [n−1] (V1, . . . , Vj−1, Vj(Hj − i)−1Vj+1, Vj+2, . . . , Vn).

For the boundary case j = n we similarly have

TH0,...,Hn

f [n] (V1, . . . , Vn) =TH0,...,Hn

(fu)[n] (V1, . . . , Vn−1, Vn(Hn − i)−1)

− T
H0,...,Hn−1
f [n−1] (V1, . . . , Vn−1)Vn(Hn − i)−1,

and for the boundary case j = 0 we have

TH0,...,Hn

f [n] (V1, . . . , Vn) =TH0,...,Hn

(fu)[n] ((H0 − i)−1V1, V2 . . . , Vn)

− (H0 − i)−1V1T
H1,...,Hn

f [n−1] (V2, . . . , Vn).

We extend this theorem to relatively bounded arguments as follows. The following 
theorem is a rephrasing of Theorem 14 in the explicit notation (A.1).

Theorem 48 (change of variables, relatively bounded). Let H0, . . . , Hn be self-adjoint. Let 
𝒥 ⊆ {1, . . . , n} be a subset so that Vk is bounded for each k ∈ {1, . . . , n} \ 𝒥 and Vk is 
relatively Hk-bounded for each k ∈ 𝒥 . For each f ∈ W n

|𝒥 |(R) and each j ∈ {0, 1, . . . , n}
(the boundary cases j = 0 and j = n being understood as in Theorem 47) we have

TH0,...,Hn

f [n],𝒥 (V1, . . . , Vn) = TH0,...,Hn

(fu)[n],𝒥\{j}(V1, . . . , Vj−1, Vj(Hj − i)−1, Vj+1, . . . , Vn)

−TH0,...,Hj−1,Hj+1,...,Hn

f [n−1],p−1
j (𝒥 ) (V1, . . . , Vj−1, Vj(Hj − i)−1Vj+1, Vj+2, . . . , Vn),

where pj : {1, . . . , n− 1} → {1, . . . , n} is the order-preserving map whose range excludes 
j.
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Proof. If j / ∈ 𝒥 , then the theorem follows directly from Definition 9 and Theorem 47, 
so we assume that j ∈ 𝒥 . For notational simplicity, we moreover assume that j = 1. We 
write α = (α1, . . . , αn) ∈ {0, 1}n where αl = 1 if and only if l ∈ 𝒥 . We also abbreviate 
Rl := (Hl − i)−1. By definition,

TH0,...,Hn

f [n],𝒥 (V1, . . . , Vn) = TH0,...,Hn

f [n]uα (V1R
α1
1 , . . . , VnR

αn
n ). (A.2)

We note that

f [n](λ0, . . . , λn) = (fu)[n](λ0, . . . , λn)u−1(λ1)− f [n−1](λ0, λ2, . . . , λn)u−1(λ1),

so also, for λ = (λ0, . . . , λn),

(f [n]uα)(λ) = ((fu)[n]u−1
1 uα)(λ)− f [n−1](λ0, λ2, . . . , λn)u−1(λ1)uα(λ),

and u−1(λ1)uα(λ) = uα2(λ2) · · ·uαn(λn). Therefore, denoting α′ = (α2, . . . , αn), we have

(f [n]uα)(λ) = ((fu)[n]uα−δ1)(λ)− (f [n−1]uα′
)(λ0, λ2, . . . , λn), (A.3)

where δ1 = (1, 0, . . . , 0). Note that |𝒥 | = |α|. As f ∈ W n
|α|(R), we have fu ∈ W n

|α−δ1|(R)
and f ∈ W n−1

|α′| (R) by Lemma 4(a). Hence, by (A.2), (A.3), and Theorem 13 we have

TH0,...,Hn

f [n],𝒥 (V1, . . . , Vn) =TH0,...,Hn

(fu)[n]uα−δ1 (V1R
α1
1 , V2R

α2
2 , . . . , VnR

αn
n )

− TH0,H2,...,Hn

f [n−1]uα′ (V1R
α1
1 V2R

α2
2 , V3R

α3
3 , . . . , VnR

αn
n )

=TH0,...,Hn

(fu)[n],𝒥\{1}(V1(H1 − i)−1, V2, . . . , Vn)

−TH0,H2,...,Hn

f [n−1],p−1
1 (𝒥 )(V1(H1 − i)−1V2, V3, . . . , Vn),

which completes the proof. □
A.2. Superscript difference

The following proposition is an extension of Theorem 21 to higher order, and an 
extension of [43, Theorem 4.3.14] to relatively bounded differences A−B, and is a step 
towards its generalization involving general multilinear symbols TH0,...,Hn

f [n],𝒥 .

Proposition 49. Let n ∈ N≥1 and j ∈ {1, . . . , n}. Let H0, . . . , Hn be self-adjoint, let 
V1, . . . , Vn−1 ∈ ℬ(ℋ), and let Vn be a relatively Hn-bounded operator. Let V be symmetric 
and relatively Hj-bounded with Hj-bound < 1 and suppose that Vj is relatively Hj + V
bounded (for instance, if V is a scalar multiple of Vj). Write A = Hj + V , B = Hj. For 
all f ∈ W n+1

2 (R) (i.e. f ∈ Cn+1(R) such that f (n−1), (fu)(n), (fu2)(n+1) ∈ W0(R)) we 
have
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TH0,...,Hj−1,A,Hj+1,...,Hn

f [n],{n} (V1, . . . , Vn)−TH0,...,Hj−1,B,Hj+1,...,Hn

f [n],{n} (V1, . . . , Vn)

= TH0,...,Hj−1,A,B,Hj+1,...,Hn

f [n+1],{j+1,pj+1(n)} (V1, . . . , Vj , A−B, Vj+1, . . . , Vn),

where pj+1 : {1, . . . , n} → {1, . . . , n+1} is the order-preserving map whose range excludes 
j + 1.

Proof. We prove the statement for j = 1 for notational simplicity; the proof for other 
values of j is completely analogous. Similarly we assume n ≥ 2. We shall denote Ṽn =
Vn(Hn − i)−1. It follows from Definition 9 together with the fact that f [n]u(0,...,0,1) ∈
𝔅𝔖(Rn+1) that

TH0,A,H2,...,Hn

f [n],{n} (V1, . . . , Vn)(Hn − i)−1 =TH0,A,H2,...,Hn

f [n]u(0,...,0,1) (V1, . . . , Ṽn)(Hn − i)−1

=TH0,A,H2,...,Hn

f [n]u(0,...,0,1) (V1, . . . , Ṽn(Hn − i)−1)

=TH0,A,H2,...,Hn

f [n],{n} (V1, . . . , Ṽn)

=TH0,A,H2,...,Hn

f [n] (V1, . . . , Ṽn), (A.4)

where the last equality follows from Lemma 10. Since (fu)(n) ∈W0(R), by Corollary 12, 
we have

TH0,A,H2,...,Hn

(fu)[n] (V1(A− i)−1, V2, . . . , Vn)

=
∫︂
R 

∫︂
Δn

eis0xH0V1(A− i)−1eis1xAV2e
is2xH2 · · ·Vne

isnxHn ds dμ(x)

=
∫︂
R 

∫︂
Δn

eis0xH0V1e
is1xA(A− i)−1V2e

is2xH2 · · ·Vne
isnxHn ds dμ(x)

=TH0,A,H2,...,Hn

(fu)[n] (V1, (A− i)−1V2, . . . , Vn), (A.5)

where (fu)(n)(x) =
∫︁
eixydμ(y).

Now by first using the identity (A.4), then using change-of-variables (Theorem 47), 
then using the identity (A.5), then using the second resolvent identity (Lemma 7), we 
obtain (︂

TH0,A,H2,...,Hn

f [n],{n} (V1, . . . , Vn)−TH0,B,H2,...,Hn

f [n],{n} (V1, . . . , Vn)
)︂
(Hn − i)−1

=TH0,A,H2,...,Hn

f [n] (V1, . . . , Ṽn)− TH0,B,H2,...,Hn

f [n] (V1, . . . , Ṽn)

=TH0,A,H2,...,Hn

(fu)[n] (V1, (A− i)−1V2, V3, . . . , Ṽn)

− TH0,H2,...,Hn

f [n−1] (V1(A− i)−1V2, V3, . . . , Ṽn)

− TH0,B,H2,...,Hn

(fu)[n] (V1, (B − i)−1V2, V3, . . . , Ṽn)
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+ TH0,H2,...,Hn

f [n−1] (V1(B − i)−1V2, V3, . . . , Ṽn)

= − TH0,A,H2,...,Hn

(fu)[n] (V1, (A− i)−1(A−B)(B − i)−1V2, V3, . . . , Ṽn)

+ TH0,A,H2,...,Hn

(fu)[n] (V1, (B − i)−1V2, V3, . . . , Ṽn)

− TH0,B,H2,...,Hn

(fu)[n] (V1, (B − i)−1V2, V3, . . . , Ṽn)

+ TH0,H2,...,Hn

f [n−1] (V1(A− i)−1(A−B)(B − i)−1V2, V3, . . . , Ṽn). (A.6)

The second and third term on the right-hand side can be combined as follows. Both 
multiple operator integrals have purely bounded arguments, so when applied to a vector 
ψ ∈ ℋ they can be written as ℋ-valued integrals over a finite measure obtained from the 
Fourier transform of (fu)(n) ∈W0(R). Note that (fu)(n+1) ∈W0(R). Arguing as in the 
proof of [4, Eq. (5.6)], namely by first invoking Corollary 12, then applying the weighted 
Duhamel formula (Lemma 18), and finally using Fubini’s theorem ([4, Lemma 3.8]), we 
obtain for ψ ∈ ℋ that

TH0,A,H2,...,Hn

(fu)[n] (V1, (B − i)−1V2, V3, . . . , Ṽn)ψ

− TH0,B,H2,...,Hn

(fu)[n] (V1, (B − i)−1V2, V3, . . . , Ṽn)ψ

=
∫︂
R 

∫︂
Δn

eis0xH0V1
(︁
eis1xA − eis1xB

)︁
(B − i)−1V2e

is2xH2 · · ·Vne
isnxHn ψ ds dμ(x)

= i

∫︂
R 

∫︂
Δn

eis0xH0V1

(︂ s1∫︂
0 

eitxA(A−B)ei(s1−t)xB dt
)︂

× (B − i)−1V2e
is2xH2 · · ·Vne

isnxHn ψ ds dμ(x)

= i

∫︂
R 

∫︂
Δn

s1∫︂
0 

eis0xH0V1e
itxA(A−B)

× (B − i)−1ei(s1−t)xBV2e
is2xH2 · · ·Vne

isnxHn ψ dt ds dμ(x)

=TH0,A,B,H2,...,Hn

(fu)[n+1] (V1, (A−B)(B − i)−1, V2, V3, . . . , Ṽn)ψ,

where in the third equality, we use that (B − i)−1ei(s1−t)xB = ei(s1−t)xB(B − i)−1. 
Therefore,

TH0,A,H2,...,Hn

(fu)[n] (V1, (B − i)−1V2, V3, . . . , Ṽn)ψ

− TH0,B,H2,...,Hn

(fu)[n] (V1, (B − i)−1V2, V3, . . . , Ṽn)

=TH0,A,B,H2,...,Hn

(fu)[n+1] (V1, (A−B)(B − i)−1, V2, V3, . . . , Ṽn).

Substituting this in (A.6), we find
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X(Hn − i)−1 :=
(︂
TH0,A,H2,...,Hn

f [n],{n} (V1, . . . , Vn)−TH0,B,H2,...,Hn

f [n],{n} (V1, . . . , Vn)
)︂
(Hn − i)−1

= − TH0,A,H2,...,Hn

(fu)[n] (V1, (A− i)−1(A−B)(B − i)−1V2, V3, . . . , Ṽn)

+ TH0,A,B,H2,...,Hn

(fu)[n+1] (V1, (A−B)(B − i)−1, V2, V3, . . . , Ṽn)

+ TH0,H2,...,Hn

f [n−1] (V1(A− i)−1(A−B)(B − i)−1V2, V3, . . . , Ṽn)

= − TH0,A,H2,...,Hn

f [n] (V1, (A−B)(B − i)−1V2, V3, . . . , Ṽn)

+ TH0,A,B,H2,...,Hn

(fu)[n+1] (V1, (A−B)(B − i)−1, V2, V3, . . . , Ṽn)

=TH0,A,B,H2,...,Hn

f [n+1],{2} (V1, A−B, V2, V3, . . . , Ṽn)

=TH0,A,B,H2,...,Hn

f [n+1],{2,n+1} (V1, A−B, V2, V3, . . . , Ṽn)

=TH0,A,B,H2,...,Hn

f [n+1],{2,n+1} (V1, A−B, V2, V3, . . . , Vn)(Hn − i)−1

=:Y (Hn − i)−1,

where the second equality is obtained from the first by applying the change of variables 
(Theorem 47) and using (A.5); the passage from the second to the third equality follows 
directly from Definition 9 together with the identity

f [n+1](λ0, λ1, . . . , λn+1)u(λ2) = (fu)[n+1](λ0, . . . , λn+1)− (f)[n](λ0, λ1, λ3, . . . , λn+1),

while the passage from the third to the fourth equality, as well as from the fourth 
to the last, proceeds analogously to the argument used for (A.4), namely by invoking 
Definition 9 and Lemma 10. As ran(Hn − i)−1 = domHn lies dense in ℋ, and since the 
operators X and Y in front of (Hn − i)−1 on the left-hand side and right-hand side are 
bounded, we obtain the proposition. □

The above proposition serves as the induction basis in the inductive proof of the 
following result, which is an important component in the proof of our main theorems.

Theorem 50. Let n ∈ N and j ∈ {0, . . . , n}. Let H0, . . . , Hn be self-adjoint, and let 
V1, . . . , Vn be operators. Let 𝒥 ⊆ {1, . . . , n} be a subset with n ∈ 𝒥 so that Vk is bounded 
for each k ∈ {1, . . . , n} \ 𝒥 and Vk is relatively Hk-bounded for each k ∈ 𝒥 . Let W be 
symmetric and relatively Hj-bounded with Hj-bound < 1. If j > 0, suppose that Vj is 
relatively Hj + W -bounded (e.g., W = tVj for t ∈ (− 1 

a ,
1 
a )). For all f ∈ W n+1

|𝒥 |+1(R) we 
have

TH0,...,Hj−1,Hj+W,Hj+1,...,Hn

f [n],𝒥 (V1, . . . , Vn)−TH0,...,Hn

f [n],𝒥 (V1, . . . , Vn)

= TH0,...,Hj−1,Hj+W,Hj ,...,Hn

f [n+1],pj+1(𝒥 )∪{j+1} (V1, . . . , Vj ,W, Vj+1, . . . , Vn), (A.7)
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where pj+1 : {1, . . . , n} → {1, . . . , n + 1} is defined by k ↦→ k for k ≤ j and k ↦→ k + 1
for k > j.

Proof. We prove this by induction to the number of elements in 𝒥 . The induction basis, 
𝒥 = {n}, is Proposition 49.

For the induction step, we choose k ∈ 𝒥 \ {n}. Suppose first that k ̸= j. In fact, let 
us assume that k = 1 for notational simplicity, because the general proof is precisely the 
same.

By Lemma 4, from f ∈ W n+1
|𝒥 |+1(R) it follows that fu ∈ W n+1

|𝒥 | (R) and f ∈ W n
|𝒥 |(R). 

Theorem 48 therefore implies

TH0,...,Hj−1,Hj+W,Hj+1,...,Hn

f [n],𝒥 (V1, . . . , Vn)−TH0,...,Hn

f [n],𝒥 (V1, . . . , Vn)

=TH0,...,Hj−1,Hj+W,Hj+1,...,Hn

(fu)[n],𝒥\{1} (V1(H1 − i)−1, V2, . . . , Vn)

−TH0,H2,...,Hj−1,Hj+W,Hj+1,...,Hn

f [n−1],p−1
1 (𝒥 ) (V1(H1 − i)−1V2, V3, . . . , Vn)

−TH0,...,Hn

(fu)[n],𝒥\{1}(V1(H1 − i)−1, V2, . . . , Vn)

+ TH0,H2,...,Hn

f [n−1],p−1
1 (𝒥 )(V1(H1 − i)−1V2, V3, . . . , Vn)

=
(︂
TH0,...,Hj−1,Hj+W,Hj+1,...,Hn

(fu)[n],𝒥\{1} (V1(H1 − i)−1, V2, . . . , Vn)

−TH0,...,Hn

(fu)[n],𝒥\{1}(V1(H1 − i)−1, V2, . . . , Vn)
)︂

−
(︂
TH0,H2,...,Hj−1,Hj+W,Hj+1,...,Hn

f [n−1],p−1
1 (𝒥 ) (V1(H1 − i)−1V2, V3, . . . , Vn)

−TH0,H2,...,Hn

f [n−1],p−1
1 (𝒥 )(V1(H1 − i)−1V2, V3, . . . , Vn)

)︂
(A.8)

We apply the induction hypothesis (two times) to the right-hand side of (A.8), and obtain

TH0,...,Hj−1,Hj+W,Hj+1,...,Hn

f [n],𝒥 (V1, . . . , Vn)−TH0,...,Hn

f [n],𝒥 (V1, . . . , Vn)

=TH0,...,Hj−1,Hj+W,Hj ,...,Hn

(fu)[n+1],pj+1(𝒥\{1})∪{j+1}(V1(H1 − i)−1, V2, . . . , Vj ,W, Vj+1, . . . , Vn)

−TH0,H2,...,Hj−1,Hj+W,Hj ,...,Hn

f [n−1],pj(p−1
1 (𝒥 ))∪{j} (V1(H1 − i)−1V2, V3, . . . , Vj ,W, Vj+1, . . . , Vn)

=TH0,...,Hj−1,Hj+W,Hj ,...,Hn

f [n+1],pj+1(𝒥 )∪{j+1} (V1, . . . , Vj ,W, Vj+1, . . . , Vn),

where we have applied Theorem 48 again in the last step, this time using f ∈ W n+1
|𝒥 |+1(R), 

as |pj+1(𝒥 ) ∪ {j + 1}| = |𝒥 |+ 1.
We now handle the case k = j. We may assume that 𝒥 = {j, n} without loss of 

generality; this can be achieved if in the induction process we remove elements k ̸= j

from 𝒥 \ {n} until we end up with 𝒥 = {j, n}. Again, for purely notational simplicity, 
we assume that k = j = 1.
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In the following, the first identity is obtained by applying Theorem 48 (twice, using 
f ∈ W n

|𝒥 |(R)). The passage from the first to the second identity, and from the second to 
the third, consists of straightforward algebraic rearrangements of the initial expression. 
The transition from the third to the fourth identity follows from Lemma 7 (the second 
resolvent identity). The fourth-tofifth identity is derived using Proposition 49 (using 
fu ∈ W n+1

|𝒥 | (R)) together with Theorem 48 (using f ∈ W n
|𝒥 |(R)). Finally, the last identity 

follows from the fifth by another application of Theorem 48(using f ∈ W n+1
|𝒥 |+1(R)).

TH0,H1+W,H2,...,Hn

f [n],{1,n} (V1, . . . , Vn)−TH0,...,Hn

f [n],{1,n}(V1, . . . , Vn)

=TH0,H1+W,H2,...,Hn

(fu)[n],{n} (V1(H1 + W − i)−1, V2, . . . , Vn)

−TH0,H2,...,Hn

f [n−1],{n−1}(V1(H1 + W − i)−1V2, V3, . . . , Vn)

−TH0,...,Hn

(fu)[n],{n}(V1(H1 − i)−1, V2, . . . , Vn)

+ TH0,H2,...,Hn

f [n−1],{n−1}(V1(H1 − i)−1V2, V3, . . . , Vn)

=TH0,H1+W,H2,...,Hn

(fu)[n],{n} (V1(H1 + W − i)−1, V2, . . . , Vn)

−TH0,...,Hn

(fu)[n],{n}(V1(H1 − i)−1, V2, . . . , Vn)

−TH0,H2,...,Hn

f [n−1],{n−1}(V1(H1 + W − i)−1V2, V3, . . . , Vn)

+ TH0,H2,...,Hn

f [n−1],{n−1}(V1(H1 − i)−1V2, V3, . . . , Vn)

=TH0,H1+W,H2,...,Hn

(fu)[n],{n} (V1(H1 + W − i)−1, V2, . . . , Vn)

−TH0,...,Hn

(fu)[n],{n}(V1(H1 + W − i)−1, V2, . . . , Vn)

+ TH0,...,Hn

(fu)[n],{n}(V1(H1 + W − i)−1 − V1(H1 − i)−1, V2, . . . , Vn)

−TH0,H2,...,Hn

f [n−1],{n−1}(V1(H1 + W − i)−1V2 − V1(H1 − i)−1V2, V3, . . . , Vn)

=TH0,H1+W,H2,...,Hn

(fu)[n],{n} (V1(H1 + W − i)−1, V2, . . . , Vn)

−TH0,...,Hn

(fu)[n],{n}(V1(H1 + W − i)−1, V2, . . . , Vn)

−TH0,...,Hn

(fu)[n],{n}(V1(H1 + W − i)−1W (H1 − i)−1, V2, . . . , Vn)

+ TH0,H2,...,Hn

f [n−1],{n−1}(V1(H1 + W − i)−1W (H1 − i)−1V2, V3, . . . , Vn)

=TH0,H1+W,H1,...,Hn

(fu)[n+1],{2,n+1} (V1(H1 + W − i)−1,W, V2, . . . , Vn)

−TH0,...,Hn

f [n],{1,n}(V1(H1 + W − i)−1W,V2, . . . , Vn)

=TH0,H1+W,H1,...,Hn

f [n+1],{1,2,n+1} (V1,W, V2, . . . , Vn),

concluding the proof. □
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