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 a b s t r a c t

This study examines the hydrodynamic-acoustic feedback mechanisms responsible for whistling in 
double-neck Helmholtz resonators under bias flow, with emphasis on long-cavity configurations 
representative of human whistling. Combined flow and acoustic experiments were performed us-
ing particle image velocimetry and pressure measurements to characterize vortex dynamics, sound 
generation, and oscillation regimes across a range of Reynolds numbers and geometric parame-
ters. Within the self-sustained oscillation regime, sound pressure levels scale consistently with the 
Strouhal number, exhibiting a peak near 𝑆𝑡 = 0.32. Experimental data collapse is achieved using 
a modified Reynolds number that incorporates cavity-length effects. Moreover, two-point coher-
ence and cross-spectral analyses show that acoustic generation occurs predominantly inside the 
resonator chamber, with maximum sound production located approximately 2.3 diameters down-
stream of the upstream neck. Flow visualization reveals that vortices dissipate before reaching the 
downstream neck, indicating a feedback mechanism distinct from classical hole-tone and Rossiter-
type oscillations. To interpret these findings, an empirical model was developed, consisting of a 
two-degree-of-freedom lumped acoustic system coupled to a nonlinear oscillator representing 
vortex shedding. The model reproduces the onset, lock-in, saturation, and abrupt extinction of 
self-sustained oscillations, capturing the essential coupling that transfers energy from the mean 
flow to the acoustic field. These results provide new insight into long-cavity whistles and offer a 
predictive framework for Helmholtz-type resonators under bias flow.

1.  Introduction

Aerodynamic whistling is a compelling phenomenon that normally emerges from the coupling between shear layer instabilities 
and acoustic fields. From an engineering standpoint, whistling is generally regarded as an undesirable byproduct, as it is associated 
with intense pressure fluctuations in a wide range of systems, including corrugated pipes for mass transportation [1,2], combustion 
chambers [3,4], wind-tunnel test sections [5,6], and buffeting noise of ground vehicles [7,8]. In such contexts, aerodynamic whistling 
is frequently implicated in elevated noise levels, reductions in operational efficiency, and, in severe cases, structural fatigue [9,10].

Apart from its dramatic consequences, whistling also serves as an important means of human communication, functioning as a 
surrogate for spoken language in contexts where an enhanced signal-to-noise ratio is advantageous. By concentrating acoustic energy 
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into narrow frequency bands, it facilitates long-distance communication and improves intelligibility under adverse environmental 
conditions [11,12]. Furthermore, whistling holds cultural significance, appearing in musical traditions, contests, and professional 
performances across diverse regions of the world.

Sondhauss [13] was the first to carry out a formal parametric study of a form of whistling known as the hole tone. This phenomenon 
occurs when two plates, each with an orifice of roughly the same diameter, are placed a short distance apart. Airflow injected through 
the first (upstream) orifice forms a jet, which, under certain flow conditions, produces a single-frequency tone as it passes through 
the second orifice. In his study, a wide variety of jet-edge configurations was considered, including different orifice sizes, shapes, 
edge sharpnesses, and plate spacings. Although results were primarily qualitative, it was observed that whistling frequency was 
proportional to the square root of the driving pressure and inversely proportional to the distance between orifices.

Almost two decades later, Rayleigh proposed the concept of a feedback loop to explain the self-sustained oscillations in whistling, 
or bird calls, produced by the "unaided mouth" [14]. In Rayleigh’s hypothesis, instabilities in the jet formed in the upstream orifice 
propagate downstream until they interact with the second orifice. This interaction generates pressure fluctuations that travel upstream 
at the speed of sound, reinforcing the initial jet instability at the upstream constriction and sustaining the oscillatory process. Rayleigh 
further proposed that the oscillation frequency is determined by the natural frequency of a Helmholtz resonator formed by the necks 
within the orifices and the cavity between them.

The current understanding of whistling encompasses a large range of underlying mechanisms that vary according to the character-
istics of each system. Despite these differences, all mechanisms seem to share a fundamental requirement, which involves the presence 
of a feedback loop to sustain oscillations. Chanaud [15], in one of the first systematic classifications of whistling mechanisms, orga-
nized them in three distinct classes according to the nature of the feedback loop. The first class corresponds to purely hydrodynamic 
feedback, in which vortex formation and maintenance arise solely from flow-obstacle interactions. Aeolian tones generated by bluff 
bodies in a cross flow, such as power lines, airfoils or tree branches are characteristic examples [16–19].

The second class involves the presence of an acoustic feedback, occurring when an unstable jet interacts with a solid object. This 
interaction produces sound of dipole character, which propagates upstream and reinforces the jet instability. Examples include edge 
tones [20–22], hole tones [23–26], ring tones [27,28], pipe tones [29] and Rossiter modes in open cavities, such as found in aircraft 
slats [30–32].

The third class incorporates the presence of a resonator. In this case, the acoustic energy generated by the jet-structure interaction 
is trapped within the resonator’s acoustic modes, whose dominant frequencies drive the jet instability. Typical examples include wind 
musical instruments such as flutes, recorders and the organ pipes [33–36]. An important aspect of this third class is the non-compact 
nature of the resonators involved.

A few years later, Wilson et al. [37] proposed an alternative classification of whistling based on the symmetry of the flow insta-
bility. In this scheme, asymmetric instabilities, such as the von Kármán vortex streets in planar jets, appear in edge tones and wind 
instruments. In contrast, symmetric instabilities, like the vortex rings in circular jets, occur in pipe tones and hole tones.

Building up on Rayleigh’s explanation of hole tones, they hypothesized that human whistling is produced by a cavity formed 
between two smooth orifices: the first (upstream) created by the tongue pressing against the palate, and the second (downstream) 
formed by the lip constriction. This hypothesis was supported by an experimental parametric study using different cylindrical cavities 
separated by two smooth orifices. More recently, MRI and radiographic imaging of human subjects during whistling have confirmed 
this anatomical configuration [38].

However, an intriguing observation made by Wilson et al. [37] is that the jet instabilities, manifesting as vortex rings generated 
downstream of the first orifice, tend to dissipate before reaching the second orifice. In fact, by inserting a metallic wool inside the 
cavity and feeding the system with the same flow conditions, they observed that whistling could still be heard at the same frequency. 
This finding challenges Rayleigh’s feedback-loop explanation, which attributes the phenomenon to the interaction between vortices 
formed at the first orifice and the second orifice, as discussed previously.

Since Wilson et al. [37], only a few studies have examined the specific sound-generation mechanism of human whistling, char-
acterized by symmetric jet disturbances and an acoustically compact resonator. Henrywood and Agarwal [25] investigated a similar 
process in steam kettle whsitles, identifying two regimes depending on the Reynolds number (using the diameter of the orifice as the 
characteristic length). For 𝑅𝑒 < 2000, the whistling frequency was constant, set by the Helmholtz resonance of the whistle’s cavity and 
orifice necks. For 𝑅𝑒 > 2000, the frequency scaled with the flow velocity (constant Strouhal number), determined by vortex shedding 
from the downstream orifice and determined by the flow-dependent resonance of an upstream tube.

In their study, the cavity length-to-orifice diameter ratio, 𝐿∕𝑑, ranged from 2.5 to 4.3, while the orifice diameter-to-plate thickness 
ratio was fixed at 𝑑∕𝑡 = 3. These geometric parameters differ markedly from those observed in human whistling, for which 𝐿∕𝑑 is 
significantly larger (≈ 10) and 𝑑∕𝑡 is much smaller (≈ 0.5), as previously reported [37,38]. Furthermore, human whistling involves 
smooth orifice contours, in contrast to the sharp-edged geometries typical of steam kettle whistles.

Several studies have investigated whistling mechanisms in cavity-orifice systems and related vocal-tract configurations. Vovk 
et al. [39] numerically analyzed a viscous, incompressible flow through a cavity with ducts connected upstream and downstream, 
showing that self-sustained oscillations arise due to recirculation inside the cavity. This recirculating flow establishes a hydrody-
namic feedback loop that generates vortex rings and periodic forcing at the second orifice, with two stable oscillation modes ob-
served at constant Strouhal number. Longobardi et al. [26] examined the role of compressibility in a tone-hole configuration using 
global stability analysis, demonstrating that compressibility significantly increases growth rates and lowers oscillation frequencies, 
even at low Mach numbers. In the context of human whistling, Mori and Fukuda [40] attributed deviations between theoretical 
Helmholtz and whistling frequencies to the glottal opening, which increases upstream inertance. These results align with those 
discussed by Henrywood et al. [25]. Later, Mori et al. [41] investigated the difference between puckered and hollow whistling. 
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Table 1 
Internal parameters of the Helmholtz resonators pre-
sented in Fig. 1a.
 Resonator 𝐿  Volume

 [m]  [m3] 𝑑∕𝑡 𝐿∕𝑑

 A 3.80 × 10−2 80.4 × 10−6  0.5  6.0
 B 6.35 × 10−2 13.4 × 10−5  0.5  10.0
 C 8.89 × 10−2 18.8 × 10−5  0.5  14.0

They found that the former is driven by the vocal tract formants, whereas the latter is governed by the vocal tract’s Helmholtz
resonance.

Despite these advances, the feedback mechanism resulting from the interaction between the bias flow and the acoustic field 
inside the resonator is not yet fully understood. A more comprehensive description of this flow-acoustic coupling is therefore re-
quired to clarify the onset, sustainability and extinction of self-excited oscillations in such systems. The objective of this paper 
is to advance the understanding of the self-sustained oscillation mechanism underlying human whistling by providing a detailed 
description of the associated flow-acoustic feedback loop, including the pressure thresholds for oscillation onset and extinction. 
This is achieved through a combined experimental and analytical approach. The internal flow field in whistle geometries rep-
resentative of the human vocal tract is characterized using particle image velocimetry (PIV), while simultaneous measurements 
of the acoustic field inside and outside the resonator are used to identify the regions and mechanisms responsible for sound
generation.

To complement the experimental observations, a time-domain, analytical lumped-parameter model is developed in which the 
acoustic response of the resonator is coupled to a nonlinear self-excited oscillator of van der Pol type representing the hydrodynamic 
forcing induced by vortex shedding. This empirical model captures the essential features of the feedback loop, including the phase-
dependent energy transfer between the flow and the acoustic field and the nonlinear saturation that limits the oscillation amplitude, 
thereby providing a physical framework for interpreting the experimental results.

This paper is structured as follows. Section 2 describes the whistle geometries investigated and the experimental methodology, 
including the acoustic measurements and the particle image velocimetry setup used to characterize the internal flow field. Section 3 
presents the experimental results, with particular emphasis on the spectral characteristics of the acoustic response and the spatial 
organization of the velocity, vorticity, and coherence fields inside the resonator. In Section 4, an analytical lumped-parameter model 
of the whistle is introduced, coupling the acoustic dynamics of a double-neck Helmholtz resonator with a nonlinear van der Pol 
oscillator representing the hydrodynamic source. The model predictions are then compared with the experimental observations and 
used to interpret the onset, saturation, and extinction of self-sustained oscillations. Finally, Section 5 summarizes the main findings 
and discusses their implications for the understanding of human whistling mechanisms.

2.  Experimental and numerical procedures

2.1.  Physical models

This work builds on the experimental investigation conducted by Wilson et al. [37], which, to the best of our knowledge, remains 
the only study to address the feedback mechanism in human whistling with geometric parameters comparable to those observed in 
human whistling [38].

Accordingly, three resonator geometries analogous to those employed in their study were adopted here. However, unlike the 
original configurations, which featured circular cross sections, the present models were designed with a constant square cross section 
of side ℎ = 46 mm in order to facilitate flow visualization and minimize the refractive parallax effects associated with curved resonator 
walls. The remaining parameters, including the three cavity lengths, 𝐿, the cavity volumes, 𝑉𝑐 , the cross-sectional area, 𝐴 = 21.1 × 10−4

m2, the orifice plate thickness, 𝑡 = 12.7 mm, and the orifice diameter, 𝑑 = 6.35 mm, were identical to those considered by Wilson et 
al. [37]. The geometrical properties of the resonators are summarized in Table 1.

Fig. 1a shows a picture of the physical resonator models considered in the present study, while Fig. 1b provides a schematic 
drawing of the entire plenum/resonator system. To minimize the influence of upstream acoustic resonances, each resonator was 
mounted on a cubic plenum with dimension 𝐷 = 0.1 m, which corresponded to an internal volume of 1.0 × 10−3 m3. In addition, 
the upstream section of the plenum was connected to a divergent diffuser with an internal volume of 6.66 × 10−4 m3, through 
which flow was introduced. The diffuser was lined with an acoustic-absorbing foam (melamine) to reduce sound reflections. 
A metallic rectifying mesh separating the diffuser and the plenum was introduced to reduce turbulent flow upstream from the
resonator.

The back and bottom walls of each resonator, as well as the upstream and downstream plates containing the orifices, were 
manufactured by additive manufacturing using a resin printer with a dimensional precision of 17 µm. The front and top walls were 
constructed from 6mm thick tempered glass. To minimize light reflections during the experiments, all internal walls, except the 
transparent front, were coated with matte black paint. In order to allow the laser light sheet to access the cavity, a longitudinal 
transparent slit was left uncoated on top wall of the resonators, as illustrated in Fig. 1a.
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Fig. 1. Resonators/plenum arrangement. Fig. 1a Helmholtz resonators considered in the experiment; Fig. 1b Longitudinal section representation of 
the plenum/resonator coupling.

2.2.  Experimental setup

Fig. 2 presents a schematic of the experimental apparatus. Time-resolved visualizations of the flow within the resonator cavities 
and at the outlet were acquired synchronously with the acoustic pressure inside and outside the resonator, as well as the static pressure 
within the plenum.

Acoustic measurements were conducted using two 1/4-inch pressure-field microphones (Brüel & Kjær Type 4944A) sampled 
at 8192 Hz. The internal acoustic pressure was measured by flush-mounting the first microphone on the bottom wall of the cavity, 
while the external acoustic pressure was recorded by positioning the second microphone along the sideline of the downstream orifice, 
perpendicular to the issuing jet at a distance of 30mm. At each measurement, the static pressure inside the plenum was monitored 
with a differential pressure transducer (Omega PXM-409-070HGV). Both microphones and pressure transducer were interfaced with 
a data acquisition system (Brüel & Kjær Pulse LabShop, model 21/0/0.567).

Time-resolved particle image velocimetry (PIV) measurements were performed using a high-speed camera (Phantom Miro Lab 
310) equipped with a 100mm macro lens (Zeiss Milvus 2/100mm), synchronized with a pulsed Nd:YLF laser (Litron LDY303). 
Synchronization was achieved via a dedicated timing unit (IDT type XS-TH), which also provided a TTL trigger for the acous-
tic and pressure data acquisition system. The PIV system was controlled using the commercial software Dantec DynamicStudio
(Version 6.9).

The volumetric flow rate was regulated upstream of the seeder with a manual globe valve and monitored downstream using a 
parallel-plate laminar flow meter (Omega FMA-1611A), as illustrated in Fig. 2. The inflow of the plenum was seeded with di-ethylhexyl 
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Fig. 2. Schematics of the experimental setup.

Fig. 3. Finite element model of Resonator A. Fig. 3a Illustration of the FEM mesh; Fig. 3b Longitudinal section of the model depicting the symmetric 
pressure distribution between necks, corresponding to Helmholtz mode at 𝑓𝐻 = 463.3 Hz.

sebacate (DEHS) droplets generated by an atomizer equipped with six Laskin nozzles, producing a nearly uniform spatial distribution 
of tracer particles within the test section. Seeding conditions were adjusted to achieve an average of approximately 15 particles per 
interrogation window, ensuring sufficient image density. The mean particle diameter was approximately 1µm, providing adequate 
flow tracking under the present experimental conditions and negligible inertial effects.

The histories of the velocity field within each resonator cavity were assessed by adjusting the camera frame rate at 4803 Hz, with 
a laser pulse interval between frame pairs of 20, 30 and 40 𝜇s for resonators A, B and C, respectively, delivering 17 mJ per laser 
pulse. To ensure statistical convergence, 8166 image pairs were acquired at each measurement, corresponding to 2 s.

Post-processing was carried out using the PIVlab package (Version 3.09) for Matlab [42]. Each image pair was analyzed within 
a region of interest (ROI) of 361 × 436 pixels, corresponding to an area of 38 × 45.8 mm and an image resolution of 9.5 pixels/mm. 
Using interrogation windows of 16 × 16 pixels and assuming a maximum flow velocity of 14m/s, the setup resulted in an average 
particle displacement of 2.66 pixels.

The images were processed with a multi-pass FFT window-deformation algorithm, employing 50% overlap. Three passes were 
performed to reach the final interrogation window size of 16 × 16 pixels. A velocity-based outlier detection was applied to the resulting 
vector field, yielding a valid detection probability (VDP) of 98.3%.
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2.3.  Finite element model

Before carrying out the experiments described in Section 2, the Helmholtz resonance frequencies, 𝑓𝐻 , of resonators A, B, and C 
under quiescent conditions were computed using finite element simulations in COMSOL Multiphysics. The cavity and neck of each 
resonator were modeled with acoustically rigid walls. Free-field radiation was represented by hemispherical domains attached to each 
neck, with perfectly matched layers (PMLs) applied at their outer boundaries to suppress spurious reflections, following guidelines 
presented in previous studies [43,44]. Fig. 3 illustrate the FEM mesh used to compute 𝑓𝐻  of Resonator A (Fig. 3a), as well as the 
Helmholtz (symmetric) mode of the same resonator at 𝑓𝐻 = 463.3 Hz (Fig. 3b).

Eigenfrequency analyses were performed to obtain the resonance frequencies corresponding to the Helmholtz modes of each res-
onator. The meshes contained approximately 494 elements per wavelength at the highest frequency of interest, with local refinement 
in the neck to resolve steep pressure gradients. Mesh convergence was confirmed, as further refinement produced negligible changes 
in 𝑓𝐻 . The computed Helmholtz frequencies, together with the experimental results discussed later, are summarized in Table 2. 
The computed eigenfrequencies will be compared with the self-sustained oscillation frequencies assessed experimentally and used 
to compute the neck’s end correction based on the analytical model for the eigenfrequencies of double-neck Helmholtz resonators, 
proposed by Papadakis and Stavroulakis [45].

3.  Experimental results

The following experiments were conducted in a laboratory environment with acoustic treatment, rather than in an anechoic 
chamber, with a minimum distance of 1.5m between the resonator and surrounding surfaces. Nevertheless, the high sound pressure 
levels generated during self-sustained oscillations and the short distance between external microphone and the downstream orifice 
ensured a high signal-to-noise ratio throughout the measurements.

Moreover, the analyses presented hereafter rely primarily on spectral peaks, coherence, and cavity pressure measurements, 
which are governed by local resonator dynamics and are therefore expected to be only weakly affected by room reflections. Al-
though reflected waves may slightly influence the measured SPL amplitudes, particularly from microphone 2, they are not ex-
pected to alter the identification of oscillation regimes, scaling relations, or the interpretation of the hydrodynamic-acoustic feedback
mechanism.

Fig. 4 provides the experimental assessments, in black color, of the self-sustained oscillation frequencies measured outside the 
cavity (microphone 2) as a function of the Reynolds number, 𝑅𝑒 = 𝑈𝑗𝑑∕𝜈, for the three resonators examined in this study, where 
𝑈𝑗 denotes the mean velocity of the jet in the upstream orifice and 𝜈 the kinematic viscosity of the air under normal conditions of 
temperature and pressure (NTP, 20 C𝑜 and 1 atm). The results are compared with those reported by Wilson et al. [37] (in gray color), 
who investigated resonators with the same cavity volume, orifice plate geometry, and orifice diameter. The only distinction lies in 
the cavity cross section, which is circular in the latter case and square in the former, to facilitate improved PIV visualization. The 
blue horizontal lines indicate the Helmholtz frequency in the absence of the mean flow, 𝑓𝐻 , obtained with eigenfrequency analyses 
based on the FEM model previously discussed.

Fig. 4. Comparison between current measurements (black) and the results of Wilson et al. (1971, light grey) for detectable frequencies of self-
sustained oscillation as a function of the Reynolds number. The blue dotted lines represent the Helmholtz frequency 𝑓𝐻 computed for each resonator. 
□, ×, and ∗ correspond to resonators A, B, and C, respectively. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)
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Fig. 5. Experimental results of the sound pressure level captured with microphone 2 as a function of the Reynolds number Fig. 5a, and as a function 
of the Strouhal number Fig. 5b. □, ×, and ∗ correspond to resonators A, B, and C, respectively. The red bars in Fig. 5a indicate the Reynolds number 
subregion beyond which the acoustic power decreases to half of its maximum value. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)

The agreement with the experimental results [37] is excellent for resonator C, but the discrepancy increases as the resonators 
decrease in volume. This deviation arises from the experimental procedure employed by Wilson et al. [37], in which the cavity 
volume was adjusted by varying the axial position of the downstream plate relative to the upstream one. For small resonators, this 
adjustment introduced a duct segment downstream of the second orifice, whose length was inversely proportional to the cavity length 
𝐿. The presence of the additional duct segment downstream from the second orifice acts to effectively increase the inertance of the 
resonator neck, thereby reducing the resonator’s characteristic frequency. A similar phenomenon has been reported by Henrywood 
and Agarwal [25] when investigating the influence of an upstream duct on the behavior of kettle whistles. Another expected feature 
of Fig. 4 is that the self-sustained oscillation frequency approximates to the computed Helmholtz frequency 𝑓𝐻  (no flow) in the low 
Reynolds limit for all resonators.

A further insight of the results presented in Fig. 4 can be obtained when comparing them with those depicted in Fig. 5, which 
present the sound pressure level (SPL) measured outside the resonator’s cavity (Microphone 2) as a function of the Reynolds number 
(Fig. 5a) and as a function of the Strouhal number (Fig. 5b). In what follows, the Strouhal number is defined as 𝑆𝑡 = 𝑓𝑑∕𝑈𝑗 , where 𝑓
is the peak frequency of self-sustained oscillation assessed with a discrete Fourier transform (DFT) of the time-domain pressure signal 
captured by Microphone 2.

The results shown in Fig. 5a demonstrate that the average SPL within the self-sustained oscillation region exhibits an inverse 
dependence on the cavity length 𝐿. For each curve in Fig. 5a, a subregion of Reynolds numbers was identified at the half-power 
level (i.e., 3dB below the corresponding peak), beyond which self-sustained oscillations remain detectable, albeit with a pronounced 
decrease in SPL. These regions are indicated with red bars. Furthermore, the width of these half-power regions becomes narrower for 
longer cavities. The exact half-power Reynolds ranges of each resonator are provided in Table 2.

Fig. 5b reveals a clear scaling of the self-sustained oscillation regions with the Strouhal number, 𝑆𝑡, indicating that the character-
istic dimension 𝑑 is the dominant parameter governing the self-sustained oscillation dynamics of the present resonators. These results 
are consistent with the nondimensional analysis reported by Henrywood and Agarwal [25]. Furthermore, all resonators exhibit a 
pronounced peak at 𝑆𝑡 ≈ 0.32, a value that is in good agreement with previous experimental [25,37] and numerical [39] studies.

The dependence of the Strouhal number on the Reynolds number is illustrated in Fig. 6. Although the frequency exhibits an 
approximately linear relationship with 𝑅𝑒 as shown in Figs. 4 and 6a reveals that the Strouhal number varies significantly with 
Reynolds number. This behavor contrasts with those presented by Henrywood and Agarwal [25], who identified two distinct self-
sustained oscillation regimes: at low Reynolds numbers, they found 𝑆𝑡 to be inversely proportional to 𝑅𝑒 (corresponding to a constant-
frequency region), while for 𝑅𝑒 > 2000, the Strouhal number remained approximately constant. In the present experiments, only the 
first regime was observed. This discrepancy is likely related to geometric differences between the whistles analyzed in each study, 
particularly the ratio 𝐿∕𝑑. In the present work, 𝐿∕𝑑 ranged from 6 to 14, whereas in their study it varied between 2.5 and 4.3. In 
this sense, the constant-Strouhal regime reported by Henrywood and Agarwal appears to correspond more closely to that of a hole 
tone [23–26] or that of a pipe tone [29] rather than that of a long-cavity whistle.

An interesting feature of Fig. 6b is that the data collapse onto a single curve when plotted against the modified Reynolds number 
𝑅𝑒𝑚 = 𝑈𝑗

√

𝐿𝑑∕𝜈. This scaling indicates that the characteristic dynamics of the system are not governed solely by the diameter of 
the orifices 𝑑, but rather by a combined geometric length scale proportional to 

√

𝐿𝑑, suggesting a coupled influence of both the 
streamwise development length and the jet thickness on the flow behavior. Physically, this also suggests that the relevant balance 
between inertial and viscous effects is controlled not only by a purely local scale 𝑑, as observed by Henrywood and Agarwall [25], 
but also by how the flow evolves along the cavity or channel.

Based on the data presented in Fig. 6b, an empirical relationship between the global dependence of the Strouhal number on the 
modified Reynolds number was obtained by performing a least-squares polynomial regression using Matlab, yielding the following 
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Fig. 6. Experimental Strouhal number as a function of Fig. 6a Reynolds number and Fig. 6b modified Reynolds number within the self-sustained 
oscillation regime. Symbols □, ×, and ∗ represent resonators A, B, and C, respectively.

Fig. 7. Sound pressure level measured inside the resonator’s cavity (Fig. 7a) and outside the downstream orifice (Fig. 7b). Resonators A, B and C 
are indicated by colors black, gray and light gray, respectively. The blue arrows in Fig. 7a indicate the presence of higher harmonics in each curve. 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

empirical expression

𝑆𝑡 = 697.4𝑅𝑒−0.832𝑚 . (1)

This expression, which holds only for the regions of self-sustained oscillation, will be used to estimate the vortex-shedding fre-
quency of the analytical model discussed in Section 4.

Fig. 7 presents the sound pressure level spectra obtained inside (Fig. 7a) and outside (Fig. 7b) the resonators cavities. The results 
for each resonator correspond to the Reynolds value at which the maximum SPL is detected, according to Fig. 5a. The peak frequency 
and corresponding jet velocity associated to each curve are summarized in Table 2. An interesting feature of the spectra shown in 
Fig. 7a is the appearance of harmonics generated by nonlinear saturation, which naturally distorts the oscillatory waveform and 
transfers energy from the fundamental oscillation to higher-order harmonics. The higher-order harmonics in each curve are indicated 
by blue arrows.

To examine the difference in sound pressure level between internal and external microphones, Fig. 8 presents the sound pressure 
level difference, Δ𝑑𝐵, as a function of the Strouhal number. The results indicate an approximately constant relationship within the 
self-sustained oscillation region (0.3 ≲ 𝑆𝑡 ≲ 0.4), with an averaged value of about 37 dB. This finding suggests that a substantial 
portion of the acoustic energy is generated within the resonator cavity, rather than being dominated by jet instabilities downstream 
of the second orifice, as implicitly assumed in previous works [15,25,27,46]. This interpretation is further supported by PIV results 
discussed in the following.

Fig. 9 presents the differential static pressure inside the plenum, relative to ambient atmospheric pressure, as a function of the 
Reynolds number for each resonator. As expected, the plenum pressure scales quadratically with the incoming flow velocity. Moreover, 
the similarity between the curves, particularly within the Reynolds range for self-sustained oscillation, indicates that the resonator 
geometry does not have a significant effect on the pressure build-up within the plenum, suggesting that the time-averaged pressure 
losses, primarily associated with vortex shedding, viscous dissipation, and acoustic radiation, are largely independent of the resonator 
volume.
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Fig. 8. Sound pressure level difference between internal and external microphones as a function of the Strouhal number within the regions of 
self-sustained oscillation. □, ×, and ∗ correspond to resonators A, B, and C, respectively.

Fig. 9. Differential pressure in the plenum with respect to the atmospheric pressure as a function of the Reynolds number. □, ×, and ∗ correspond 
to resonators A, B, and C, respectively.

To assess the repeatability and reliability of these acoustic measurements, all reported SPL and their respective peak frequency 
values were obtained from averages over 100 independent records, each with a duration of 2 s. This averaging procedure substantially 
reduced the influence of random fluctuations associated with turbulence and background noise, resulting in highly stable spectral 
estimates and frequency identification.

A synthesis of the results obtained so far is summarized in Table 2.

3.1.  Feedback-loop mechanism

The experimental results of the velocity field within the resonators obtained with the PIV technique described in Section 2.2 are 
presented in Figs. 10–12, corresponding to resonators A, B, and C, respectively. The streamwise velocity component, 𝑢, is shown on 
the left columns of each Figure, while their corresponding out-of-plane vorticity fields are displayed on the right. Each velocity map 
includes an inset indicating the instantaneous acoustic pressure phase inside the cavity, as measured by microphone 1.

To isolate the dominant tonal component at the frequency 𝑓 of maximum amplitude, a digital band-pass filter was applied to the 
measured velocity and vorticity signals. The filter was implemented as an 8th-order infinite impulse response (IIR) design, with half-
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Table 2 
Summary of experimental and FEM results.

Resonator

𝐟𝐇
(FEM)
[Hz]

Frequency at
max. SPL
[Hz]

Max. SPL
Mic 1
[dB 𝑝𝑟𝑒𝑓 = 20𝜇 Pa]

Max. SPL
Mic 2
[dB 𝑝𝑟𝑒𝑓 = 20𝜇 Pa]

Plenum
pressure
[Pa]

Mean jet
velocity
[m/s]

Reynolds
range

 A  463.3  505.1  135.0  97.6  123.2  9.99  3422 - 4640
 B  358.1  392.9  133.4  95.7  93.0  8.16  2645 - 3640
 C  302.0  331.6  129.8  91.9  70.0  7.10  2250 - 3102

power cutoff frequencies of ±30 Hz centered around 𝑓 . The filter coefficients were designed to ensure stability and a well-conditioned 
frequency response, and zero-phase filtering (forward-backward processing) was employed to prevent phase distortion. This procedure 
enabled accurate reconstruction of the amplitude and phase of the self-sustained oscillations while effectively suppressing pressure 
fluctuations at other frequencies.

The filtered velocity and vorticity fields clearly reveal the coherent flow structures responsible for the acoustic feedback mecha-
nism. In particular, they highlight the periodic formation and convection of vortical structures in the jet region, which interact with 
the resonator cavity to sustain oscillations and radiate sound.

An important feature observed in Figs. 10–12 is the significant attenuation of vorticity as the vortex rings generated at the 
upstream orifice (orifice 1 - left side) convect toward the downstream orifice (orifice 2 - right side). This decay is particularly 
pronounced in Figs. 11 and 12, corresponding to Resonators B and C, respectively. Although Wilson et al. [37] did not report the 
complete disappearance of vortical structures as they propagated within the resonator, they hypothesized that vortices generated at 
the upstream orifice do not directly interact with the downstream orifice. This hypothesis was based on their experimental observation 
that inserting a metallic wool at the mid-length of the cavity, thereby inhibiting vortex convection, did not suppress the self-sustained 
oscillation. The attenuation observed in the present results is therefore consistent with their interpretation, suggesting a weak or 
negligible hydrodynamic coupling between the two orifices.

These results also suggest that the classical hydrodynamic-acoustic feedback mechanism hypothesized by Rayleigh [14], which 
rely on the interaction of coherent vortical structures with the second orifice, thereby generating pressure fluctuations that would 
reach back the first orifice and reinforce hydrodynamic instabilities, does not apply to the current whistles. Although this mechanism 
has been shown accurate in other whistling systems, such as the hole tone [25,27,46] and Rossiter tones [30–32], it is unlikely to be 
the dominant process in double-neck Helmholtz resonators with elongated cavities (𝐿∕𝑑 > 5) subjected to a low-Reynolds bias flow.

Instead, the feedback loop appears to be governed by a hydro-acoustic interaction localized within the cavity near the first 
orifice. In this case, the feedback loop seems to encompass the following stages: First, bias flow entering through the upstream neck 
develops shear-layer instabilities at the orifice edge, which subsequently roll up into a vortex ring. As this vortex grows and convects 
downstream from orifice 1 (Figs. 10d–12d), it induces an additional unsteady volumetric flow, 𝑄𝑣, into the cavity. This process is 
evidenced by the pronounced red regions near orifice 1 in Figs. 10c–12c, indicating strong inward flow.

The additional flow injection causes the cavity pressure 𝑝𝑐 to increase progressively. As expected from the resonator dynamics, 
the pressure does not reach its maximum simultaneously with the flow injection, but approximately one-quarter cycle later, as 
shown in the insets of Figs. 10e–12e. At this stage, the vorticity immediately downstream of orifice 1 becomes very weak (10f–12f), 
indicating that the vortex-induced unsteady flow has nearly vanished. Consequently, 𝑄𝑣 approaches zero near the orifice, as seen in 
Figs. 10e–12e.

Once the cavity pressure reaches its maximum, the pressure difference between inner and outer domains of the resonator begins 
to drive fluid outward through orifice 1. At the same time, as the initial positive vortex convects further downstream, a negative 
vortex starts to take place near the upstream neck (Figs. 10h–12h). This newly formed vortex induces a negative unsteady flow 𝑄𝑣, 
which further enhances the outward motion through the orifice.

The outward flow through orifice 1 reaches its maximum approximately one-quarter cycle after the pressure peak. This stage is 
evidenced by the pronounced blue regions near the upstream orifice in Figs. 10g–12g, corresponding to strong flow leaving the cavity.

An important feature of this mechanism is the approximately 90-degree phase difference between the cavity pressure 𝑝𝑐 and the 
vortex-induced flow 𝑄𝑣. This behavior is described by the continuity-based relation

𝑑𝑝𝑐
𝑑𝑡

= −𝐾(𝑄2 −𝑄1 +𝑄𝑣), (2)

where 𝑄1 and 𝑄2 represent the instantaneous acoustic volumetric flows through the upstream and downstream necks, respectively. 
These flows correspond to the oscillatory exchange of fluid driven by the acoustic response of the resonator. In contrast, 𝑄𝑣 represents 
the equivalent fluctuating volumetric flow induced by the vortex dynamics near the upstream neck and therefore acts as a hydro-
dynamic forcing term coupling the vortex shedding process to the cavity acoustics. The parameter 𝐾 = 𝜌0𝑐20∕𝑉𝑐 denotes the acoustic 
compliance coefficient of the cavity, where 𝑉𝑐 is the cavity volume.

The resulting pressure fluctuations subsequently reinforce the shear-layer instability near orifice 1, promoting the formation of 
new vortices and thereby closing the hydrodynamic-acoustic feedback loop. Within this framework, self-sustained oscillations are 
maintained when the energy transferred from vortex shedding to the cavity exceeds the combined viscous and acoustic losses of the 
system, including radiation.

The downstream distance from orifice 1, at which the interaction between the acoustic field and the vortical structures is most 
intense can be estimated by adapting the empirical expression originally proposed by Rossiter [47], which defines the feedback-loop 
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Fig. 10. Flow visualizations over one duty cycle for resonator A, obtained with PIV and band-pass filtered around the centre frequency of the 
self-sustained oscillation (505 Hz, ± 50 Hz). The left column shows the horizontal velocity component 𝑢, and the right column the corresponding 
out-of-plane vorticity 𝛚𝐳. Insets in the velocity plots indicate the phase of the acoustic pressure for the corresponding duty cycle.
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Fig. 11. Flow visualizations over one duty cycle for resonator B, obtained with PIV and band-pass filtered around the centre frequency of the 
self-sustained oscillation (393 Hz, ± 50 Hz). The left column shows the horizontal velocity component 𝑢, and the right column the corresponding 
out-of-plane vorticity 𝛚𝐳. Insets in the velocity plots indicate the phase of the acoustic pressure for the corresponding duty cycle.

condition for shallow cavities, given by
𝑛 = 𝑓 (𝑡𝑎𝑐 + 𝑡𝑐𝑜𝑛𝑣) + 𝛾, (3)

where 𝑓 is the frequency of self-sustained oscillation, 𝑛 is an integer representing the shear layer hydrodynamic instability mode 
and 𝛾 is the phase delay associated with vortex formation and scattering. Moreover, 𝑡𝑎𝑐 and 𝑡𝑐𝑜𝑛𝑣 are, respectively, the acoustic and 
hydrodynamic propagation times, given by

𝑡𝑎𝑐 =
𝛿

𝑐0 − 𝑈𝑗
, (4)

and

𝑡𝑐𝑜𝑛𝑣 = 𝛿
𝑈𝑗𝜅

. (5)
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Fig. 12. Flow visualizations over one duty cycle for resonator C, obtained with PIV and band-pass filtered around the centre frequency of the 
self-sustained oscillation (331 Hz, ± 50 Hz). The left column shows the horizontal velocity component 𝑢, and the right column the corresponding 
out-of-plane vorticity 𝛚𝐳. Insets in the velocity plots indicate the phase of the acoustic pressure for the corresponding duty cycle.

In both Eqs. (4) and (5), 𝛿 represents the characteristic distance at which the hydrodynamic-acoustic interaction takes place. 𝜅
in Eq. (5) is the ratio between vortex convection velocity, 𝑈𝑐𝑜𝑛𝑣, and the mean jet velocity, 𝑈𝑗 . Using the previous definition of the 
Strouhal number 𝑆𝑡 = 𝑓𝑑∕𝑈𝑗 , Eq. (3) can be rearranged, so as to obtain the normalized distance 𝛿∕𝑑 by

𝛿
𝑑

=
𝑛 − 𝛾
𝑆𝑡

( 𝑈𝑗

𝑐0 − 𝑈𝑗
+ 1

𝜅

)−1

. (6)

Before calculating 𝛿∕𝑑, a few remarks should be made. First, The phase term 𝛾, is assumed to be zero in the case of a double-neck 
Helmholtz resonator, considering the vortex to be instantaneously formed at the beginning of a duty cycle. The velocity ratio 𝜅 was 
determined directly from the PIV data by tracking the evolution of the vorticity field using a space-time cross-correlation approach 
described by Dellano et al. [48]. The analysis was restricted to the centerline of the upper shear layer, where coherent vortical 
structures are most pronounced. Finally, the nominal distances 𝛿∕𝑑 at which the acousto-hydrodynamic interaction occurs were 
calculated for each resonator using Eq.  (6), which yielded the values of 2.31, 2.30 and 2.28, for resonators A, B and C, respectively.

To augment the discussion involving these results, Fig. 13 present the cross-power spectral densities (CPSD) (Fig. 13a) and the 
two-point coherence (Fig. 13b) between the external acoustic pressure (Mic. 2) and the horizontal component of particle velocity, 
𝑢, measured along the centerline of all resonators at the frequency of maximum SPL, considering the values provided in Table 2. 
Furthermore, Fig. 13c presents the spatial distribution of the vorticity averaged over time and normalized by 𝑈𝑗 .

For all resonators, the maximum CPSD in Fig. 13a occurs at 𝑥∕𝑑 ≈ 2.3, as indicated by the vertical dashed line (in blue). As 
observed in Fig. 13b, the coherence is also notably high around this value. Interestingly, these values coincide with those obtained 
for the normalized distance 𝛿∕𝑑 that defines the feedback loop. These results indicate that most of the acoustic energy is being 

Journal of Sound and Vibration 642 (2026) 119952 

13 



A.R. da Silva et al.

Fig. 13. Cross power spectral density (Fig. 13a) and coherence between external acoustic pressure (mic 2) and horizontal component of the particle 
velocity (Fig. 13b) and normalized average vorticity (Fig. 13c). The vertical dashed line (in blue) in Fig. 13a and b indicate the averaged 𝑥∕𝑑 value 
around which the coherence peak occurs. The velocity values were obtained along the centerline of resonators A (black), B (gray), and C (light gray) 
at their center frequencies corresponding to 505 Hz, 393 Hz and 331 Hz, respectively. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)

produced inside the resonator at the distance 𝑥∕𝑑 ≈ 2.3. The normalized vorticity shown in Fig. 13c suggests that the first vorticity 
peaks occur immediately downstream of the first orifice, which is expected due to the strong shear between the jet and the orifice 
wall. However, second vorticity maxima emerge around 𝑥∕𝑑 ≈ 2.3, coinciding with the regions of maximum acoustic power generation 
shown in Fig. 14b and with 𝛿∕𝑑.

To reinforce the hypothesis that most of the acoustic energy is generated inside the cavity, a similar analysis was carried out 
considering, at this time, a ROI encompassing both the internal and external velocity fields of Resonator A, as shown in Fig. 14.

As in the previous cases shown in Fig. 13 , the CPSD between particle velocity and external pressure attains its maximum within 
the resonator chamber, at approximately 𝑥∕𝑑 ≈ 2.4 from orifice 1. This reinforces the fact that most of the acoustic energy is generated 
inside the resonator rather than externally by coherent structures of the jet, as hypothesized by Chanaud et al. [27], and more recently 
by Henrywood and Agarwal [25].
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Fig. 14. Flow visualization (Fig. 14a), cross power spectral density (Fig. 14b) and coherence (Fig. 14c) between external acoustic pressure (mic 2) 
and horizontal component of the particle velocity along centerline for Resonator A at 𝑓 = 505 Hz and 𝑅𝑒 = 4132.

The corresponding two-point coherence distribution between external acoustic pressure and the horizontal velocity component 
along the centerline is shown in Fig. 13c, which corroborates the CPSD results in Fig. 13b. Although the coherence remains high near 
the downstream regions of both orifices, the CPSD amplitude (Fig. 13b) reaches its highest values at 𝑥∕𝑑 ≈ 2.5.

To assure the repeatability and reliability, the coherence distributions and the corresponding identification of the acoustic source 
location presented above were verified through five independent experimental runs performed under the same operating conditions. 
All experiments produced essentially identical coherence patterns and source localization results, demonstrating a high degree of 
repeatability of the measurements and robustness of the conclusions.

These findings establish the physical framework upon which the subsequent analytical model is formulated, enabling a more 
detailed description of the observed hydrodynamic/acoustic coupling.
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4.  Analytical model

Before entering the description of the model, it is worth mentioning that the present lumped model developed in this work is not a 
first-principles predictive tool. Rather, its purpose is to capture the dominant nonlinear physical mechanisms governing self-sustained 
oscillations in whistle-like Helmholtz resonators driven by vortex shedding, and to rationalize experimental observations within an 
empirical, physically interpretable framework. The vortex dynamics are represented by a van der Pol-type oscillator augmented with 
circulation decay effects, while energy dissipation at the orifices is modeled through a nonlinear quadratic loss term.

The Van der Pol oscillator has been extensively employed to describe vortex-shedding dynamics. It was first introduced to model 
vortex shedding from stationary circular cylinders in cross-flow [49], later extended to represent instabilities in other configurations 
such as conical bodies [50], and more recently applied to capture nonsynchronous vibrations in turbomachinery induced by vortex 
shedding [51].

The present formulation relies on several simplifying assumptions. First, the cavity is considered acoustically compact with respect 
to the wavelength, 𝜆𝐻 = 𝑐0∕𝑓𝐻 , where 𝑓𝐻  is the resonance frequency of the Helmholtz resonator in the absence of mean flow. Second, 
the pressure fluctuation within the cavity, 𝑝𝑐 , is assumed to remain sufficiently small so that the cavity compliance can be treated as 
linear. Third, the flow through the necks is modeled as a quasi-steady incompressible jet, allowing the pressure drop at each neck, 
𝑝𝑑𝑟𝑜𝑝 1,2, to be expressed as a quadratic function of the volume flow, thereby accounting for flow separation and vena contracta effects. 
Finally, the flow injection induced by a vortex ring, 𝑄𝑣, is assumed to be proportional to its circulation, Γ.

Under these assumptions, the double-neck Helmholtz resonator is represented by a two-degree-of-freedom lumped model, whose 
momentum balance equations are given by

𝑀1
𝑑𝑄1
𝑑𝑡

= 𝑝𝑝 − 𝑝𝑐 − 𝑅1𝑄1 − 𝑝drop,1,

𝑀2
𝑑𝑄2
𝑑𝑡

= 𝑝𝑐 − 𝑝0 − 𝑅2𝑄2 − 𝑝drop,2.
(7)

Here, and in what follows, the subscript 𝑖 = 1, 2 refers to the upstream and downstream orifices, respectively. The quantities 𝑄𝑖 denote 
the unsteady volumetric flows through each orifice, while 𝑝𝑝 and 𝑝0 correspond to the prescribed upstream (plenum) and downstream 
(atmospheric) pressures.

The linear viscous losses in the necks with cross-sectional areas 𝐴𝑖, are represented by the viscous damping coefficients 𝑅𝑖. The 
acoustic inertances associated with the air slugs within the resonator necks are given by

𝑀𝑖 =
𝜌0𝐿𝑒𝑖
𝐴𝑖

, (8)

where

𝐿𝑒𝑖 = 𝑇 ∕2 + 𝑎𝑑𝑖, (9)

denotes the effective neck length, 𝑇  is the thickness of the orifice plate, which is halved in Eq. (9) because flow separation occurs at 
the location of maximum orifice constriction in the case of a symmetric bell-mouth-shaped orifice, shown in Fig. 1b.

The end-correction coefficient 𝑎 in Eq. (9) is expressed as a fraction of the orifice diameter 𝑑 and depends strongly on both the 
orifice geometry and the mean flow velocity [52,53]. In the present study, the orifices have identical diameters, so that 𝐴1 = 𝐴2, 
and 𝐿𝑒1 = 𝐿𝑒2 . The parameter 𝑎 was estimated by using the Helmholtz resonance frequencies obtained from the FEM analyses in the 
absence of mean flow, presented in Table 2, with the analytical prediction for a symmetric double-neck Helmholtz resonator proposed 
by Papadakis et al. [45], given by

𝑓𝐻 =
𝑐0
2𝜋

√

2𝐴1
𝑉𝑐𝐿𝑒1

. (10)

This procedure yielded a common value of 𝑎 = 0.72 for all resonators, and is consistent with the values found for tubes terminated by 
flanges [44] and circular horns in the absence of a mean flow [54,55].

Assuming a quasi-steady, incompressible jet through each neck, the nonlinear pressure drop associated with jet formation and 
shear-layer instabilities is modeled as

𝑝drop,𝑖 =
𝜌0

2𝐶2
𝑑𝑖
𝐴2
𝑖

𝑄𝑖|𝑄𝑖|, (11)

where the discharge coefficients 𝐶𝑑𝑖  are set to 0.98, as expected for circular orifices featuring rounded inlet and outlet edges [56].
The cavity pressure, 𝑝𝑐 , in Eq. (7) is assessed by resolving the pressure evolution given by Eq. (2), assuming mass conservation 

within the resonator.
As previously mentioned, the vortex-induced flow injection in the cavity is proportional to the vortex circulation, Γ, such that

𝑄𝑣 = 𝐶𝑣Γ, (12)

where 𝐶𝑣 is a proportionality constant that can be interpreted as a characteristic length scale of the region where the vortex circulation 
induces a net volume flow, typically ∼ (𝑑) [57]. Γ is obtained by resolving the time evolution equation given by

𝑑Γ
𝑑𝑡

= 𝛼𝑈𝑗 𝑞̇ −
Γ
𝜏𝑑

, (13)
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Table 3 
Summary of parameter values used in the analytical model.

Resonator
𝑅𝑖

[kg/m4s]
𝐶𝑣

[m]
𝛼
[m]

𝜏𝑑0
[s]

𝛾
[Pa−1]

𝜇
[1/s]

𝜅
[m/kg]

𝛽
[s.m−1]

 All  1.0 1.3 × 10−3 1.27 × 10−2 5.0 × 10−3  0.09  3.1  1  0.3

where 𝑞̇ represents the vortex velocity in generalized coordinates, 𝛼 is a scaling factor linking the vortex velocity 𝑞̇ with circulation 
Γ, and 𝜏𝑑 is the circulation decay time. The scaling factor 𝛼 ∼ (𝑈𝑗𝑑) has a crucial role at determining the intensity of the feedback 
loop between the vortex and the cavity. A larger 𝛼 corresponds to a stronger driving force due to the vortex flow injection, leading 
to stronger self-sustained oscillations.

The circulation decay time 𝜏𝑑 characterizes the timescale over which the vortex loses circulation due to viscous diffusion and 
secondary dissipative mechanisms, such as three-dimensional breakdown and vortex-cavity interactions. It depends on both the flow 
state 𝑄1 and the cavity pressure 𝑝𝑐 . Larger values of 𝑄1 correspond to stronger shear, faster entrainment, and consequently smaller 
𝜏𝑑 . Similarly, stronger acoustic oscillations within the cavity enhance unsteady shear and entrainment, also reducing 𝜏𝑑 . Based on 
these considerations, the circulation decay time is modeled as

𝜏𝑑 =
𝜏𝑑0 exp(−𝛾|𝑝𝑐 |)
1 + 𝛽|𝑄1∕𝐴1|

, (14)

where 𝜏𝑑0 ∼ (𝑑∕0.5𝑈𝑗 ) is the baseline circulation decay time, 𝛽, and 𝛾 are empirical coefficients characterizing flow dependence, 
and pressure sensitivity, respectively.

The vortex velocity 𝑞̇ in Eq. (13) is obtained by solving the forced van der Pol oscillator Equation, given by
𝑞 − 𝜇(1 − 𝑞2)𝑞̇ + 𝜔2

𝑣𝑞 = 𝜅𝑝𝑐 . (15)

Eq. (15) describes the periodic oscillation of the shear layer and the associated formation of vortex rings. The right-hand side represents 
the feedback from the cavity pressure 𝑝𝑐 on the vortex motion. The nonlinear damping term −𝜇(1 − 𝑞2)𝑞̇ changes sign with the 
instantaneous value of the state variable 𝑞(𝑡). For |𝑞| < 1, the damping term −𝜇(1 − 𝑞2)𝑞̇ becomes negative, injecting energy into the 
system, whereas for |𝑞| > 1, it becomes positive, dissipating energy. The vortex frequency 𝜔𝑣, is extracted from the Strouhal number 
𝑆𝑡 = 𝜔𝑣𝑑∕2𝜋𝑈𝑗 , using the empirical expression given by Eq. (1).

The RHS of Eq. (15) represents the forcing of the hydrodynamic oscillator by the acoustic field given by the cavity pressure 𝑝𝑐 . 
The parameter 𝜅 represents the strength of acoustic forcing on the hydrodynamic oscillator. It quantifies the sensitivity of the inlet 
shear layer to cavity pressure fluctuations and governs the conversion of acoustic energy into oscillatory jet motion, thereby closing 
the aeroacoustic feedback loop responsible for self-sustained oscillations.

Combining Eqs. (12) and (15) results in a coupled system that captures the bidirectional interaction between the cavity pressure 
𝑝𝑐 and the vortex-induced flow 𝑄𝑣. As a result, 𝑝𝑐 accounts for the influence of the acoustic field on the vortex dynamics, while 𝑄𝑣
represents the reciprocal effect of vortex motion, through Eq. (12), on the acoustic pressure in the cavity, 𝑝𝑐 .

Table 3 summarizes the single set of model parameters adopted in this study. These parameters were determined empirically by 
calibrating the model predictions of the maximum SPL as a function of the Reynolds number against the corresponding experimental 
data. The calibration was performed only for Resonator B, after which the resulting parameter values were used as the single set 
for all resonators. Although identified empirically, each parameter corresponds to a distinct and physically meaningful mechanism 
governing vortex formation, convection, and decay, as well as their coupling with the acoustic field, as described previously. The 
obtained values lie within physically plausible ranges and exhibit consistent scaling with the relevant geometric and flow parameters.

The system of ODEs, namely Eqs. (2), (7), (13) and (15) was integrated in time domain using MATLAB’s variable-step stiff ODE 
solver ode15s, which is based on backward differentiation. This method was chosen to ensure numerical stability and accuracy in the 
presence of the multiple time scales inherent to the problem, particularly the separation between the acoustic oscillation period and 
the slower circulation decay dynamics. The relative and absolute tolerances were set to 10−8 and 10−19, respectively, to guarantee 
convergence of both the fast and slow components of the solution. Each simulation was initialized by prescribing the atmospheric 
pressure 𝑝0 = 0 Pa and the plenum pressure, 𝑝𝑝, according to the range of values measured for each resonator, as presented in Fig. 9. 
Moreover, the initial values of 𝑄1, 𝑄2, 𝑞, 𝑞̇ and Γ were set to zero at 𝑡 = 0.

The following Section compares analytical results with experimental data and discusses aspects of the feedback-loop mechanism 
based on the outcomes of the model.

5.  Analytical results and discussion

Fig. 15 presents the results obtained with the analytical model, considering Resonators A, B and C at their maximum self-oscillation 
amplitude, which were achieved by imposing the plenum pressures presented in Table 2, while the atmospheric (downstream) pres-
sure, 𝑝0, was set to zero.

The left column of Fig. 15 illustrates the predicted time histories of the cavity pressure, 𝑝𝑐 , normalized by the plenum pressure, 
𝑝𝑝, for Resonators A (Fig. 15a), B (Fig. 15c), and C (Fig. 15e). The results illustrate the capability of model at capturing the transient 
and steady-state regimes, which is achieved after a short period of time, when the system response reaches saturation. Furthermore, 
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Fig. 15. Results for the cavity pressure, 𝑝𝑐 at the maximum oscillation regime for Resonators A, B and C, according to the values presented in 
Table 2. Left column presents the predicted time histories of the normalized pressures for Resonators A (a), B (c) and C (e). The right column 
compares the SPL spectra for Resonators A (b), B (d) and C (f) obtained analytically (black) and experimentally (blue). (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

in all cases, the normalized pressure values indicate that the steady component of the cavity pressure is always half of the plenum 
pressure 𝑝𝑝.

The right column of Fig. 15 shows the cavity sound pressure level spectra (black curves) for Resonators A (Fig. 15b), B (Fig. 15d), 
and C (Fig. 15f). The spectra were obtained by applying a discrete Fourier transform to the corresponding time histories displayed in 
the left column, after removing the transient portions. The experimental results (blue curves) were obtained for the same resonators, 
using identical pressure conditions as those assumed in the model, namely Δ𝑝 = 𝑝𝑝 − 𝑝0.

The close agreement between the predictions and the experimental data demonstrates that the model accurately captures the 
resonator dynamics during self-sustained oscillations. Another noteworthy feature is the presence of secondary peaks in both the pre-
dicted and measured spectra, which are likely associated with harmonic generation arising from nonlinear saturation. Such nonlinear 
effects naturally distort the waveform and transfer energy from the fundamental oscillation to higher harmonics.
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Fig. 16. Comparison between analytical and experimental results for the maximum SPL as a function of the modified Reynolds number 𝑅𝑒𝑚 between 
oscillation onset and extinction (symbols: experiments; lines: analytical). Resonator A (16a), B (16b), and C (16c).

In the analytical model, this behavior is represented by the nonlinear hydrodynamic feedback introduced through the van der Pol 
oscillator. The appearance of similar secondary peaks in the experimental spectra supports the physical relevance of this mechanism 
and indicates that the model captures the essential nonlinear dynamics governing the self-sustained oscillation.

The overprediction of the secondary peaks by the analytical model in Fig. 15b, d, and f can be attributed to the fact that the 
model concentrates the nonlinear behavior into an idealized deterministic saturation term. In contrast, the real system involves 
additional dissipative and decoherence mechanisms, including turbulence, viscous and radiation losses, vortex irregularities, and 
spatial averaging effects, that preferentially attenuate higher-frequency components and redistribute part of the harmonic energy 
over a broader spectral range.

To evaluate the ability of the model to accurately capture both the onset and extinction of self-sustained oscillations, analytical 
predictions are compared with experimental results in Fig. 16 in terms of maximum SPL as a function of the Reynolds number, 
covering the range between the onset and extinction of self-sustained oscillations observed experimentally.
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Fig. 17. Analytical results for Fig. 17a phase between 𝑄𝑣 and 𝑝𝑐 and Fig. 17b average power 𝑃 = 𝑄𝑣𝑝𝑐 , as functions of the modified Reynolds 
number 𝑅𝑒𝑚. Resonators A, B and C are indicated by colors black, gray and light gray, respectively.

The results indicate that the model is able to capture the Reynolds-number thresholds corresponding to the onset and cessation 
of self-sustained oscillations for all resonators examined in this study. In all cases, a consistent trend composed of three regimes is 
observed. First, at low Reynolds numbers, an increase of 𝑅𝑒 leads to a gradual rise in the cavity pressure 𝑝𝑐 . As the Reynolds number 
is further increased, the second regime is achieved, where the cavity pressure remains approximately constant over a finite Reynolds-
number range. The system enters the third regime when the Reynolds value crosses a critical limit, in which case 𝑝𝑐 undergoes 
an abrupt decrease, indicating the cessation of self-sustained oscillations. This characteristic behavior can be interpreted using the 
analytical framework developed in the present model, as discussed in the following analysis.

First, a steady solution of Eq. (13) is obtained by assuming a harmonic forcing term of the form 𝑞̇ = ̂̇𝑞𝑒𝑖𝜔𝑣𝑡, which yields

Γ̂ =
𝛼𝑈𝑗 ̂̇𝑞

𝑖𝜔𝑣 +
1
𝜏𝑑

, (16)

where Γ̂ and ̂̇𝑞 are the complex representations of Γ and 𝑞̇, respectively. The magnitude of Γ̂ is given by

|Γ| =
𝛼𝑈𝑗 |𝑞̇|

√

𝜔2
𝑣 +

(

1
𝜏𝑑

)2
. (17)

At low Reynolds number, the vortex shedding frequency 𝜔𝑣 is moderate and the circulation decay time 𝜏𝑑 is reasonably large, 
allowing Eq. (17) to be approximated as

|Γ| ≈
𝛼𝑈𝑗 |𝑞̇|
𝜔𝑣

. (18)

Although 𝜔𝑣 is proportional to 𝑅𝑒, its effect on the circulation amplitude |Γ| remains moderate at low Reynolds values because 𝑈𝑗
grows at a much higher rate than 𝜔𝑣. This allows Γ to grow steadily with the Reynolds number. Since the volumetric flux 𝑄𝑣 injected 
into the cavity is proportional to Γ, the acoustic forcing 𝑝𝑐 also increases progressively with 𝑅𝑒, as shown in Fig. 16.

As the Reynolds number approaches a critical range, 𝜔𝑣 approximates to the acoustic eigenfrequency of the Helmholtz resonator 
in the absence of flow. In this regime, governed by Eq.  (17), 𝑄𝑣 and 𝑝𝑐 assume a phase difference of ≈ 𝜋∕2, as seen in Fig. 17a. This 
condition facilitates the sustained transfer of acoustic energy from the flow to the acoustic field, as illustrated in terms of averaged 
acoustic power 𝑃 = 𝑄𝑣𝑝𝑐 in Fig. 17b. In fact, the maximum power is generated in the region where 𝜙 ≈ 𝜋∕2 radians, corresponding to 
𝑅𝑒𝑚 ∼ 1.1 × 104. This phase behavior agrees with the experimental data shown in the left columns of Figs. 10, 11, which correspond 
to the self-sustained oscillations of Resonators A, B and C at their maximum acoustic generation.

Further increases in flow velocity simultaneously enhance the vortex production term 𝛼𝑈𝑗 |𝑞̇| and the shedding frequency 𝜔𝑣, 
while decreasing 𝜏𝑑 . These opposing trends balance one another, maintaining Γ on a nearly constant amplitude, resulting in an 
approximately constant cavity pressure.

Beyond a critical Reynolds number, the term 1∕𝜏𝑑 increases much more rapidly than 𝜔𝑣, implying that Eq. (17) can be approximated 
as

|Γ| ≈ 𝛼𝜏𝑑𝑈𝑗 |𝑞̇|. (19)

Because the circulation amplitude scales with a rapidly decreasing 𝜏𝑑 , the hydrodynamic forcing decreases, despite the increase in 
flow rate 𝑈𝑗 . Simultaneously, detuning between the vortex shedding dynamics and the Helmholtz resonator eigenfrequency degrades 
the phase relationship required for efficient energy transfer. The combined effects lead to a sudden reduction in net acoustic power 
input, causing the self-sustained oscillation to collapse and the cavity pressure to drop abruptly.
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6.  Conclusions

The present study aimed at providing further insight into the feedback loop between acoustic and flow fields underlying whistling, 
with particular emphasis on systems characterized by long cavities and small orifices, represented by double-neck Helmholtz res-
onators subjected to a bias flow. The analysis focused on configurations within the parameter range 6.0 ≤ 𝐿∕𝑑 ≥ 14, which is typical 
of human whistling.

Initial analyses based on combined flow and acoustic measurements revealed new scaling relations in terms of Reynolds and 
Strouhal numbers. Within the self-sustained oscillation region, the sound pressure level measured with an external microphone 
scaled with the Strouhal number, exhibiting a consistent peak at 𝑆𝑡 ≈ 0.32 for all resonators. Furthermore, a collapse of the data from 
different geometries was achieved when the Strouhal number was plotted as a function of a modified Reynolds number given by 
𝑅𝑒𝑚 = 𝑈𝑗

√

𝐿𝑑∕𝜈. This result indicates that the interplay between viscous and inertial effects is governed not only by the local orifice 
diameter 𝑑, but also by the development of the flow along the cavity length 𝐿.

Experimental analyses based on two-point coherence and cross-power spectral density between particle velocity (obtained from 
PIV) and acoustic pressure indicated that the dominant acoustic generation occurs inside the resonator chamber rather than in the 
issuing jet, in contrast to assumptions commonly reported in previous literature. The measurements further show that the region of 
maximum acoustic production is located approximately 2.3𝑑 downstream of the upstream orifice.

PIV measurements revealed that vortices generated at the upstream orifice during self-sustained oscillations dissipate before 
reaching the downstream orifice. This observation is consistent with the findings of Wilson et al. [37], who reported that inserting 
metallic wool into similar resonators did not suppress oscillations, and supports the view that long-cavity whistles do not operate 
through the classical Rayleigh feedback mechanism originally proposed for hole tones.

In contrast to hole tones, pipe tones, ring tones, and Rossiter-type oscillations, where sound generation and feedback rely on the 
interaction of coherent vortices with a downstream edge or obstacle [23–29,31–33,58], the present results indicate that the dominant 
feedback mechanism is governed by localized hydrodynamic-acoustic coupling within the resonator cavity. These findings extend the 
conclusions of Wilson et al. [37] and complement the studies of Henrywood and Agarwal [25] and Vovk et al. [39], demonstrating 
that long-cavity Helmholtz whistles constitute a distinct class of self-sustained oscillator whose dynamics are controlled primarily by 
cavity-flow interaction rather than by downstream vortex impingement.

To investigate the onset and extinction of self-sustained oscillations, an empirical model was developed based on a two-
degree-of-freedom lumped acoustic system coupled to a nonlinear van der Pol oscillator representing vortex shedding at the up-
stream neck. Acoustic dynamics were described in terms of neck volumetric flows and cavity pressure, while hydrodynamic ef-
fects were incorporated through a circulation variable that introduces a fluctuating volumetric injection into the cavity. The cav-
ity pressure feeds back into the oscillator, forming a nonlinear hydrodynamic-acoustic loop, which was capable of reproducing 
the onset, saturation, lock-in, and collapse of oscillations, with good agreement between analytical predictions and experimental
observations.

Although several model parameters were identified empirically, each retains a clear physical interpretation associated with vortex 
formation, convection, decay, and hydrodynamic-acoustic coupling. The calibrated values remain physically plausible and consistent 
with geometric and flow scaling. Importantly, a single parameter set reproduces multiple independent experimental features, including 
onset, saturation, lock-in, and abrupt extinction, demonstrating that the model captures the essential underlying physics.

Nevertheless, the proposed model is presently capable of capturing only the self-sustained oscillation mechanism observed 
in Helmholtz resonators with long cavities, i.e., for configurations satisfying 𝐿∕𝑑 > 3. In addition, variations in the 𝑑∕𝑡 ra-
tio or in the orifice geometry, for example, sharp-edged orifices instead of the smooth circular geometry considered in the 
present manuscript, are expected to modify the end-correction parameter, 𝑎. Therefore, for the model to accurately predict self-
sustained oscillations in configurations with different orifice geometries, the corresponding end correction must first be determined
independently.

Analyses based on the model and experimental data suggested that self-sustained oscillations arise from the coupling between 
vortex shedding at the upstream neck and the acoustic response of the cavity-neck system. The bias flow generates shear-layer 
instabilities that produce vortices, which inject unsteady flow into the cavity and excite Helmholtz-type pressure oscillations. In 
turn, the resulting cavity pressure modulates the jet dynamics and subsequent vortex formation, establishing a closed hydrodynamic-
acoustic feedback loop. When the shedding frequency approaches the acoustic eigenfrequency and the phase between injected flow 
and cavity pressure is favorable, energy is transferred from the mean flow to the acoustic field, sustaining oscillations. Otherwise, 
detuning and losses weaken the coupling and the oscillations decay.

Future work should extend the present model to include predictions of far-field sound radiation and the influence of the difference 
between downstream and upstream orifice diameters.
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