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Friedkin-Johnsen Model is Distributed
Gradient Descent

Orhan Eren Akgün , Áron Vékássy , Graduate Student Member, IEEE , Luca Ballotta ,
Michal Yemini , Member, IEEE , and Stephanie Gil , Member, IEEE

Abstract—The Friedkin-Johnsen (FJ) model describes
how agents adjust their opinions through repeated inter-
actions while accounting for the influence of agents who
are partially stubborn. In this letter, we demonstrate that
the FJ model is stepwise equivalent to solving the average
consensus problem via distributed gradient descent. This
perspective provides a unifying framework that bridges
opinion dynamics and optimization, enabling the appli-
cation of well-established results from the optimization
literature. To illustrate this, we examine the recently
proposed FJ model with diminishing stubbornness and
extend prior results that were concerned with fixed com-
munication graphs to time-varying and jointly connected
communication graphs. We derive convergence guaran-
tees and analyze convergence rates under these relaxed
assumptions. Finally, we present numerical experiments
on random graphs to showcase the impact of diminishing
stubbornness dynamics on convergence in both static and
time-varying settings.

Index Terms—Agents-based systems, modeling,
optimization.

I. INTRODUCTION

THE FRIEDKIN-JOHNSEN (FJ) model is widely studied
in opinion dynamics for modeling how a network of

interacting agents updates their opinions under persistent
influences, referred to as “stubbornness” [1], [2]. Originally
developed as a modification to the DeGroot consensus dynam-
ics [3] to account for disagreement, the model has been
generalized to a range of settings [2], [4], [5], [6], and
has recently been used in the design of resilient control
algorithms [7], [8]. In this letter, we study the FJ model
from an optimization perspective, showing that it corresponds
to solving a distributed optimization problem with quadratic

Received 17 March 2025; revised 12 May 2025; accepted 1 June
2025. Date of publication 20 June 2025; date of current version
11 July 2025. This work was supported by AFOSR under Award
FA9550-22-1-0223. Recommended by Senior Editor I.-C. Morarescu.
(Corresponding author: Orhan Eren Akgün.)

Orhan Eren Akgün, Áron Vékássy, and Stephanie Gil are with
the School of Engineering and Applied Sciences, Harvard University,
Cambridge, MA 02138 USA (e-mail: erenakgun@g.harvard.edu;
avekassy@g.harvard.edu; sgil@seas.harvard.edu).

Luca Ballotta is with the Delft Center for Systems and Control,
Delft University of Technology, 2628 CD Delft, The Netherlands
(e-mail: l.ballotta@tudelft.nl).

Michal Yemini is with the Faculty of Engineering, Bar-Ilan University,
Ramat Gan 5290002, Israel (e-mail: michal.yemini@biu.ac.il).

Digital Object Identifier 10.1109/LCSYS.2025.3581718

costs via distributed gradient descent (DGD) [9]. This formal
connection establishes a fundamental link between the FJ
model and distributed optimization methods, which we use to
derive new convergence results for the FJ dynamics.

The FJ model is studied in the literature through dif-
ferent lenses, each providing a unique perspective. The
opinion dynamics literature typically studies the convergence
of the model with given parameters [1], [2], [10], [11], and
has explored multi-dimensional opinions [4], [12], random
graphs [5], and noisy environments [6], [13]. In game the-
ory, the FJ model is the best response of selfish agents
myopically optimizing quadratic costs that favor partial coop-
eration [10], [14], [15].

Our work is closely related to recent studies of the FJ
model for multi-agent control [7], [8], [16].The works [7], [8]
treat the stubbornness parameter in the FJ model as a tunable
design variable to enhance resilience of consensus, while
the analysis in [16] focuses on convergence guarantees and
rate in settings with diminishing stubbornness. Also, closely
related is this letter [17], where the DeGroot-Friedkin model
is shown to be equivalent to a centralized mirror descent
algorithm, where each dimension of the state vector represents
an agent’s opinion. However, analyzing the FJ dynamics
using standard consensus tools is nontrivial [16] and the
centralized optimization perspective in [17] does not capture
the decentralized nature of independent agents, such as the
critical role of communication graphs in shaping the dynamics.

Our established equivalence complements the previous liter-
ature by connecting the FJ model to distributed optimization.
Particularly, treating the stubbornness parameter as a stepsize
aligns with the optimization and control focus on strate-
gically designing parameters to enforce a desired converge
behavior [9], [18], supporting the design of FJ-inspired algo-
rithms, e.g., for resilient consensus [8]. Further, this link
paves the path to extending current results on the FJ model
to new settings, since DGD has been analyzed under a
wide range of setups including noise, malicious agents, and
non-quadratic costs.

In addition to establishing the equivalence between the DGD
and the FJ model, we make the first steps towards fully lever-
aging this new perspective. Our novel contributions are: 1) to
derive a necessary condition for consensus with time-varying
FJ dynamics using a fixed-point analysis of the correspond-
ing DGD iterates; 2) to establish convergence of the FJ
model under time-varying graphs with uniformly diminishing
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stubbornness; 3) to provide convergence rate results for a
commonly used stepsize sequences in optimization; and 4) to
discuss alternative model structures and noise, supported by
numerical studies.

II. TIME-VARYING FRIEDKIN-JOHNSEN MODEL

In this part, we present the time-varying Friedkin-Johnsen
(FJ) model [2]. We consider a problem with n agents com-
municating over a possibly time-varying directed graph Gt =
(V, Et), where V with |V| = n denotes the set of agents and
Et denotes the communication edges at time t. We assume
that (i, i) ∈ Et for all t ≥ 0. Existence of the edge (j, i) ∈ Et
indicates that agent j sends information to agent i at time t.
Each agent i ∈ V stores a state variable xi(t) ∈ R at time t
with initial value xi(0). We consider the time-varying Friedkin-
Johnsen (FJ) model with the following dynamics [2]:

xi(t + 1) = λi(t)xi(0) + (1 − λi(t))
∑

j∈V
wij(t)xj(t), (1)

where wij(t) are the non-negative weights agent i assigns to
agent j’s opinions such that wij(t) ≥ 0 and wij(t) > 0 if
and only if (j, i) ∈ Et. We make two small modifications
to the formulation in [2]. For the sake of simplicity, we set
prejudices ui in [2] to xi(0). Allowing for arbitrary ui has
interpretation in social networks, however, it does not affect
the analysis. Furthermore, λi(t) ∈ [0, 1] in our formulation
represents competition or stubbornness of agent i at time t
where a larger λi(t) corresponds to a more stubborn agent as
in [16]. The susceptibility in [2] corresponds to 1−λi(t) in our
case. Letting λi(t) ≡ λi > 0 corresponds to the standard FJ
model [19] and λ(t) ≡ 0 corresponds to the DeGroot model [3]
and classical consensus algorithms in networked multi-agent
control [20]. Moreover, imposing uniform stubbornness across
all agents such that λi(t) = λ(t) ∀i ∈ V with fixed weights
wij over static graphs corresponds to the competition model
studied in [16].

In the next section, we show that the iterates of the FJ
model given in (1) correspond to solving a specific dis-
tributed optimization problem using a variant of the distributed
(sub)gradient descent (DGD) algorithm proposed in [9].

III. THE FRIEDKIN-JOHNSEN MODEL AS DISTRIBUTED

GRADIENT DESCENT

First, we introduce a variant of the DGD algorithm proposed
in [9], in its full generality. Later on, we show its connections
to the time-varying FJ model.

A. Distributed Gradient Descent

In the DGD algorithm, we let each agent i store a
d−dimensional state vector xi(t) ∈ R

d, initialized at xi(0) ∈
R

d. Agents have continuously differentiable private cost func-
tions fi : R

d → R with gradients ∇fi(x). We make the
following assumption on the cost functions:

Assumption 1: For all agents i ∈ V , function fi has
L-Lipschitz continuous gradients, i.e., ‖∇fi(x) − ∇fi(y)‖ ≤
L‖x − y‖ for some L > 0 and for all x, y ∈ R

d. Moreover,
fi are μ-strongly convex such that 〈∇fi(x) − ∇fi(y), x − y〉 ≥
μ‖x − y‖2, for all x, y ∈ R

d for some μ > 0.

Each agents’ goal is to find an optimal solution to the
following problem using only local gradient information and
by exchanging state variables with its neighbors:

x∗ ∈ arg min
x∈Rd

∑

i∈V
fi(x). (2)

In the DGD algorithm, agents update their values following
the iterates:

υi(t + 1) =
∑

j∈V
wij(t)xj(t) (3)

xi(t + 1) = υi(t + 1) − λi(t)∇fi(υi(t + 1)). (4)

We denote the weight matrix with elements wij(t) by W(t).
The convergence propensities and fixed points of this algo-
rithm depends on the choices of weights W(t) as well
as the stepsizes λi(t). Here, we intentionally use λi(t)
to denote the stepsize since subsequently we will show
its equivalence to the stubbornness parameter in the FJ
model.

Note that the dynamics of the form (4) is commonly
studied for the case of constrained distributed optimization (for
example, see [18]). In the constrained setting, agents’ goal is
to solve the optimization problem (2) subject to the constraint
x ∈ X , where X ⊆ R

d is a closed and convex set. To also
take advantage of the results in the constrained optimization
literature to analyze the FJ model, we introduce the dis-
tributed projected gradient (DPG) algorithm, as proposed
in [18]:

xi(t + 1) = PX [υi(t + 1) − λi(t)∇fi(υi(t + 1))], (5)

where PX [υ] denotes the projection of vector x to the closed
convex set X and υi(t+1) is the same as in Eq. (3). In the next
part, we establish the equivalence between the DGD dynamics
in (4) and the projected gradient dynamics in (5) with the
FJ model, under appropriately chosen cost functions fi(x) and
constraint set X .

B. Equivalence of the FJ Model and DGD

In this section, we present our main result that estab-
lishes the formal equivalence between the DGD algorithm
and the time-varying FJ model introduced in the previous
sections.

Theorem 1: For each agent i, let fi(x) = 1
2 (x − xi(0))2.

Define the constraint set X � conv(x1(0), . . . , xn(0)), which
is the convex hull of agents’ initial values. Then, the following
hold true:

1) The DGD algorithm in (3)–(4) is equivalent to the time-
varying Friedkin-Johnsen model in (1) for all λi(t) ∈ R.

2) If the weight matrix W(t) is row-stochastic and λi(t) ∈
[0, 1] for all t ≥ 0, then the DPG algorithm in (5)
is equivalent the time-varying Friedkin-Johnsen model
in (1).

Moreover, both the unconstrained problem in (2) and its
constrained counterpart with x ∈ X have a unique solution
given by x∗ = 1

n

∑
i∈V xi(0).

Proof: For each fi(x) = 1
2 (x − xi(0))2, we have the gradient

∇fi(x) = x − xi(0).
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Proof of 1) We rewrite the update rule in (4) for these
choices of cost functions:

xi(t + 1) = υi(t + 1) − λi(t)(υi(t + 1) − xi(0))

=
∑

j∈V
wij(t)xj(t) − λi(t)(

∑

j∈V
wij(t)xj(t) − xi(0))

= λi(t)xi(0) + (1 − λi(t))
∑

j∈V
wij(t)xj(t), (6)

which is equivalent to the time-varying Friedkin-Johnsen
dynamics in (1).

Proof of 2) Generally, the gradient step in distribution
optimization schemes such as [9] can take us outside the
set X , and thus the projection operator is needed to ensure
obeying to the constraint set X . However, we next show
that for (5) the projection operator is not activated. Let
us define zi(t + 1) � λi(t)xi(0) + (1 − λi(t))

∑
j∈V wij(t)xj(t),

which is the expression inside the projection operator in (5)
as shown in Eq.(6). Our goal is to prove that zi(t + 1) ∈ X
for all t ≥ 0, therefore, PX [zi(t + 1)] = zi(t + 1). We
have xi(0) ∈ X = conv(x1(0), . . . , xn(0)) by definition. For
any zi(t + 1), if the weight matrix W(t) is row-stochastic,
then

∑
j∈V wij(t)xj(t) ∈ X . Furthermore, if λi(t) ∈ [0, 1], it

follows that z(t + 1) ∈ X . Therefore, for all t ≥ 0, we have
PX [zi(t+1)] = zi(t+1), and the DPG update in (5) is identical
to the DGD update rule in (4), which we have already shown
to be equivalent to the time-varying FJ dynamics in (1).

Finally, the local cost functions fi(x) are quadratic and
strongly convex with μ = 1. Therefore, the unconstrained
optimization problem in (2) with this choice of fi(x) has a
unique solution x∗ = 1

n

∑
i∈V xi(0). Since x∗ ∈ X , it is also

the solution to the constrained optimization problem.
Theorem 1 shows that the FJ model can be interpreted as

a network of agents running the DGD (or DPG) algorithm
with possibly uncoordinated and time-varying stepsizes λi(t).
The stubbornness parameters in the FJ model correspond
exactly to the stepsizes of DPG. Given this equivalence, we
use the terms “stubbornness” and “stepsizes” interchangeably
throughout the rest of this letter. Since the equivalence holds
under a precise choice of quadratic costs, we consider this
case in the following.

Assumption 2: For each agent i ∈ V , the local cost function
is given by fi(x) = 1

2 (x − xi(0))2. Moreover, the constraint set
is defined as X � conv(x1(0), . . . , xn(0)).

The functions in Assumption 2 satisfies Assumption 1 with
μ = L = 1. Notably, the game-theoretic formulation of the FJ
model considers different local cost functions of the form

fi(x) = (xi − ui)
2 +

∑

j∈V
wij(t)(xi − xj)

2

where ui = xi(0) in our case; see [10], [15]. The first term
penalizes deviation from the agent’s belief, while the second
encourages cooperation. Minimizing this cost with respect to xi
at time t produces the FJ iterate (1). Coupling terms are absent
in our formulation as they are enforced by the cooperative
DGD and DPG update rules in (4) and (5), respectively.

C. Variants of DGD

The variant of DGD we use here is sometimes referred
to as Combine-then-Adapt (CTA) strategy, since agents first

calculate their average (combine) then evaluate and apply
the gradient step (adapt) [21]. Other distributed optimization
algorithms can be used to solve the minimization problem
in (2) [22], [23], [24]. However, these algorithms do not
produce iterates that are equivalent to the FJ model. For
example, the original algorithm in [9] follows an Adapt-then-
Combine (ATC) strategy, where the gradient is evaluated at
the value before averaging, i.e., at xi(t). As we discuss in
Section V-B, the update rule of the ATC strategy does not
correspond to the FJ model.

IV. ANALYSIS OF THE FJ MODEL

It is well-known that the DGD with fixed stepsizes does
not converge to a consensus in general [25]. The following
result shows that analyzing the behavior of DGD with fixed
stepsizes yields a necessary condition for consensus with the
FJ model.

Proposition 1: Suppose Assumption 1 holds true, and con-
sider the DGD update rule in (4) whose weights satisfy∑

j∈V wij(t) = 1 where wij(t) ≥ 0 all i ∈ V and for
all t ≥ 0. Suppose further that both the stepsizes and the
iterates of the algorithm converge, i.e., limt→∞ λi(t) = λ̄i and
limt→∞ xi(t) = x̄ for some x̄ ∈ R and λ̄i ∈ [0, 1] for all
i ∈ V . Then, we have λ̄i∇fi(x̄) = 0 for all i ∈ V . Moreover,
if Assumption 2 holds true and the agents start from distinct
initial values xi(0) �= xj(0) for all i, j ∈ V , then the limit
condition λ̄i > 0 holds for at most one agent in V .

Proof: Taking limits on both sides of (4) and using
Assumption 1 to interchange limit and gradient yield

x̄ =
∑

j∈V
wij(t)x̄ − λ̄i∇fi

⎛

⎝
∑

j∈V
wij(t)x̄

⎞

⎠

x̄ = x̄ + λ̄i∇fi(x̄).

Therefore, we have λ̄i∇fi(x̄) = 0. When we choose fi(x) =
1
2 (x−xi(0))2 with different xi(0) for each agent, this condition
implies that either ∇fi(x̄) = 0 or λ̄i = 0 for each agent. Since
we can have x̄ = xi(0) for at most one agent due to distinct
initial values, every other agent must have λ̄i = 0.

Proposition 1 uses fixed-point analysis from optimization
theory to show that a necessary condition for consensus in the
FJ dynamics is that at most one agent is stubborn in the limit.
Similar results are established in the FJ literature with constant
stubbornness parameters rather than at the limit, e.g., [2].

In the rest of this section, we primarily provide sufficiency
conditions or existence guarantees for convergence and con-
vergence rate, for the homogeneous (coordinated) stepsize case
where λi(t) = λ(t) for all i ∈ V . Note that these results are
not intended to be exhaustive as we do not cover all possible
optimization approaches that could be applied to the FJ model.

A. Assumptions

In the optimization literature, stepsizes are often times
shared (coordinated) across all the agents. This corresponds
to having the same stubbornness parameter for all agents in
the FJ model, which we refer to as uniform stubbornness.
The uniform stubbornness case is also studied in the FJ
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literature [5], [16].1 Therefore, in our results, we consider
the uniform stubbornness case where we have λi(t) = λ(t)
for all i ∈ V . For the ease of exposition, we present our
results for doubly stochastic weight-matrices W(t). However,
these results can easily be extended to the cases with only
row-stochastic matrices over static graphs. In these cases, the
iterates converges to

∑
i∈V φixi(0) where φ is the Perron vector

of the static weight matrix W corresponding to eigenvalue
1 such that φᵀW = φᵀ, instead of the average point
1
n

∑
i∈V xi(0) (See [26, Th. 1] for this kind of analysis).

Assumption 3 (Doubly Stochastic Weights): Assume that
the weights wij(t) are compatible with graph Gt, i.e., wij(t) > 0
if and only if (j, i) ∈ Et. Since (i, i) ∈ Et for all i ∈ V , it
follows that wii(t) > 0 always holds. Moreover, the weight
matrices W(t) are doubly stochastic, i.e., for all t ≥ 0, we
have

∑
i∈V wij(t) = 1 for all j ∈ V and

∑
j∈V wij(t) = 1 for

all i ∈ V .
Assumption 4 (Lower Bound on Non-Zero Weights):

Assume that for all agents i, j ∈ V and any time t ≥ 0,
non-zero weights are always bounded below by a constant
0 < w < 1, i.e., wij(t) ≥ w if wij(t) > 0.

Assumption 5 (Infinitely Often Connectedness): There exist
time-intervals defined by the infinite sequence t0, t1, . . . with
t0 = 0 and 0 < ts+1 − ts ≤ T for all s ∈ Z and some positive
integer T ∈ Z

+ such that the union of graphs in the interval
[ts, ts+1)

⋃ts+1−1
k=ts

Gk is strongly connected.
Asssumption 3 ensures that agents can reach consensus

on the average of their initial values while following the
connectivity conditions imposed by the graph. Asssumption 4
and Asssumption 5 together ensure that agents interact with
each other infinitely often, and the impact of these interactions
does not diminish over time. Now, we can state our first result.

B. Convergence Guarantees

Proposition 2: Let Assumptions 2–5 hold true. Assume that
the stepsizes λ(t) satisfy

∑∞
t=0 λ(t) = +∞ and

∑∞
t=0 λ(t)2 <

+∞. Then, the sequence {xi(t)} generated by the iterates (5)
converges to 1

n

∑
i∈V xi(0) for all i ∈ V .

Proof: We show this result by using [26, Th. 2] and verifying
that the constraint set X satisfies its assumptions. Note that
the algorithm studied in [26] is the PGD in (5). As we
show in the proof of Theorem 1 and under Assumption 2,
the sequence {xi(t)} always stays within the set X and the
projection operator is the identity. Moreover, X is a compact
and convex set. It only remains to show that X has a non-
empty interior. Note that the consensus point xi(0) = xj(0) for
all i, j ∈ V is a fixed point of (5). Therefore, if agents start at
consensus, i.e., xi(0) = xj(0) for all i, j ∈ V , then they always
stay at consensus. If there exists at least a pair of agents i, j ∈
V such that xi(0) �= xj(0), then, X has a non-empty interior.
By [26, Th. 2], we obtain the claim.

This result extends the convergence guarantees in [16] to
time-varying uniformly strongly connected graphs from fixed
graphs. It is worth remarking that the lenses of DGD allow
us to establish convergence properties of FJ dynamics with
relatively low effort, while the ad-hoc analysis in [16] is

1In [5], stubborn agents share the same stubbornness parameter but there
are some possibly non-stubborn agents with λi(t) = 0.

rather convoluted even with constant communication graphs.
Proposition 2 proves that the stepsizes λi(t) need not remain
within the interval [0, 1] at all times, unlike in the classical FJ
dynamics (1). However, it requires that λi(t) → 0 as t → ∞,
implying that the stepsizes must eventually lie within [0, 1].
Furthermore, if λi(t) ≈ 1 at any time t, the update rule in (1)
effectively resets the dynamics since in that case xi(t + 1) ≈
xi(0).

With our next result, we characterize the convergence rate
for a specific sequence of stepsizes λ(t).

Proposition 3: Let Assumptions 2 and 3 hold true. Let the
communication graph Gt ≡ G be fixed, strongly connected,
and let the matrix W(t) = W be fixed. Choose λ(t) =
min{1, 4

(t+2)
}. Then, the sequence {xi(t)} generated by (5)

converges to 1
n

∑
i∈V xi(0) for all i ∈ V at a rate O(1/T).

Proof: The proof follows from [27, Th. 1] with similar
arguments to the proof of Proposition 2.

Propositions 2 and 3 show that convergence to the average is
guaranteed with non-negative, monotonically non-increasing,
square summable λ(t). However, [16, Theorem 1] shows that,
in the case of the FJ model, limt→∞ λ(t) = 0 for λ(t) ∈ [0, 1]
is both a necessary and sufficient condition for convergence
and the summability conditions of λ(t) in Proposition 2 are
not necessary. To understand this more, we look at the cost
functions in the optimization formulation of the FJ model.
DGD is a consensus based optimization algorithm. With
general cost functions fi, it uses the variable υi from (4) to
ensure that the agents reach consensus, and uses the gradients
of the local cost functions to guide this consensus toward
the optimal solution x∗. For the FJ model, x∗ is the point
to which the process would converge to without the gradient
updates, i.e., if we have no stubbornness, λ(t) = 0 uniformly
across all agents. Thus, the gradient step does not alter where
the process converges. We formalize this intuition with the
next result.

Proposition 4: Assume that the communication graphs Gt
are fixed, strongly connected, and the matrices W(t) = W are
fixed over time. Additionally, assume that W is row-stochastic
with the Perron vector φ such that φᵀW = φᵀ. Let x(t) denote
the state vector with elements xi(t), i ∈ V . Then, the weighted
average φᵀx(0) ∈ R is an invariant of the iterates in (4), i.e.,
φᵀx(t) = φᵀx(0) for all t ≥ 0.

Proof: We will use induction to prove this.
Base case t = 1:

φᵀx(1) = φᵀ
[
λ(0)x(0) + (

1 − λ(0)
)
Wx(0)

]
= φᵀx(0).

Inductive hypothesis: φᵀx(t) = φᵀx(0) at iteration t.
Inductive step:

φᵀx(t + 1) = φᵀ
[
λ(t)x(0) + (1 − λ(t))Wx(t)

]

= λ(t)φᵀx(0) + (1 − λ(t))φᵀx(t)

= λ(t)φᵀx(0) + (1 − λ(t))φᵀx(0) = φᵀx(0).

It follows that φᵀx(t) = φᵀx(0) for all t ≥ 0.
Proposition 4 implies that the gradient step in (4) does not

affect the convergence point as long as convergence happens.
This result in turn implies that limt→∞ λ(t) = 0 guarantees
convergence with fixed graphs as shown in [16, Th. 1].
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Nonetheless, the gradient step becomes particularly useful in
recovering from some disturbances to the consensus process.
We will explore this in more detail in the next section.

V. DISCUSSION

A. Impact of Noise and Adversaries

In the previous section, our analysis focused on what
happens to the FJ dynamics in the absence of external
perturbations. In this part, we discuss the impact of noise
and adversarial perturbations. Both noisy communications and
stochastic gradients are well studied in the optimization litera-
ture, whereas noise is typically neglected in opinion dynamics.
We reformulate the DGD dynamics in (4) to incorporate
additive communication noise and gradient noise:

υi(t + 1) =
∑

j∈V
wij(t)xj(t) +

∑

j∈V\{i}
wij(t)ξij(t) (7)

xi(t + 1) = υi(t + 1) − λi(t)∇̃fi(υi(t + 1)), (8)

where ∇̃fi(υi(t + 1)) = ∇fi(υi(t + 1)) + εi(t). Here, ξij(t) is
the communication noise in the channel from agent j to i and
εi(t) is the gradient noise. This setting is commonly studied
in the optimization literature, e.g., [28]. Under Assumption 2,
after a few steps of algebraic manipulation we can get:

xi(t + 1) = λi(t)(xi(0) + εi(t))

+ (1 − λi(t))

⎛

⎝
∑

j∈V
wij(t)xj(t) +

∑

j∈V\{i}
wij(t)ξij(t)

⎞

⎠. (9)

Here, εi(t) can be interpreted as having noisy access to ini-
tial opinions. Notice that allowing for λi(t) → 0 as we studied
in the last section amplifies the impact of the communication
noise while reducing the influence of the gradient noise εi(t).
Without the gradient noise εi(t), the dynamics in (9) is similar
to the noisy FJ dynamics studied in [6], [13]. Therefore,
results from the DGD literature that address communication
and stochastic noise, such as [28], can be leveraged to derive
theoretical insights into noisy FJ dynamics, including models
like [6].

The noise model in Eq. (7) is general enough to capture
the impact of adversaries, a widely studied topic in distributed
optimization. In particular, if the additive noise term ξij(t)
is not random but deliberately chosen by an adversary, the
dynamics capture scenarios with malicious agents, such as
those studied in [7]. While adversarial behavior is difficult
to analyze directly in the FJ framework, the optimization
perspective help us gain further insights. For example, Eq. (8)
shows that the gradients “correct” disturbances caused by
malicious agents by steering the state xi(t) toward the local
minima of fi(x). Moreover, we can apply results from the
optimization literature, such as those in [27], to derive new
convergence guarantees for FJ dynamics with adversaries, as
in the setting studied in [7].

B. Adapt-Then-Combine Strategies

In this section, we consider a more commonly studied DGD
variant proposed in [9] that follows the Adapt-then-Combine
(ACT) strategy. In this version, agents follow the update rule:

xi(t + 1) =
∑

j∈V
wij(t)xj(t) − λi(t)∇fi(xi(t)). (10)

Notice that the gradient is evaluated at xi(t) instead of∑
j∈V wij(t)xj(t) as in the CTA strategy in (4). By employing

this algorithm to solve the minimization problem in (2) with
quadratic costs fi(t) = 1

2 (xi(t) − xi(0))2 and following steps
similar to the proof of Theorem 1, we obtain:

xi(t + 1) = λi(t)xi(0) + (wii(t) − λi(t))xi(t) (11)

+
∑

j∈V\{i}
wij(t)xj(t).

This update rule is similar to the time-varying FJ model in (1),
except that the weights assigned to xi(t) are now wii(t)−λi(t)
instead of (1 − λi(t))wii(t) and the average of the neighbors
values

∑
j∈V\{i} wij(t)xj(t) is not multiplied by (1 − λi(t)).

Therefore, agents can potentially assign negative weights to
themselves (i.e., when wii(t) − λi(t) < 0), depending on their
choice of wii(t) and the stubbornness λi(t). This model still
achieves convergence with diminishing uniform stepsizes as
shown in [9]. Moreover, this model has been analyzed in
various settings, and we believe that similar techniques can be
applied to analyze the DGD variant using the CTA strategy
in (4), which is equivalent to the FJ iterates.

VI. NUMERICAL STUDIES

To showcase our analysis, we conduct two experiments
over an Erdos-Rényi graph with n = 100 agents and edge
probability p = 0.6. The graph was generated using the
networkx package in Python with all the random seeds set
to 42. The matrix W is computed with each agent assigning
equal weights to its neighbors. The stubbornness parameters
are identical for all agents at each timestep. The agent’s initial
values are drawn from U([0, 1]). In both experiments, we plot
the mean absolute distance of the agents from φᵀx(0) as an
error metric, where φ is the Perron-vector of the weight matrix
W.

A. ATC and Unconventional Stepsizes

In this part, we study the impact of stepsizes starting from
λ(0) > 1 and the ATC update rule in (10) on a static graph.
In Figure 1(a), we observe that λ(0) > 1 causes the agents to
deviate further from φᵀx(0). However, as the stepsize decays,
the dynamics still converge as predicted by Proposition 2, at
a rate consistent with Proposition 3. In the case of the ATC
update, we see that the gradient is zero at the first step, leading
to a sharp decrease in error due to the pure consensus update.
After this initial step, both ATC and CTA schemes converge
to the same values.

B. Convergence in Time-Varying Graphs

In the second experiment, we study the FJ model on time-
varying graphs. While the underlying graph is the same as
in Section VI-A, here the edges intermittently fail with some
probability at each timestep. For half of the edges the failure
probability is pf = 0.2, and for the other half it is pf = 0.5.
The graphs generated in the experiment satisfy Asssumption 5.
Agents assign equal weights to their neighbors and themselves
at each timestep, ensuring that W(t) is row-stochastic.

Figure 1(b) shows the average distance of agents from
φᵀx(0) for these time-varying graphs. For comparison, we
included the corresponding curves for the same graph and
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Fig. 1. Average distance of n = 100 agents running FJ from φᵀx(0) against time.

stepsizes, without the edges failing. The experiment aligns
with our optimization-based insights, demonstrating that a
stubbornness parameter decaying as 0.5

t converges to φᵀx(0).
Additionally, we highlight that when stubbornness decays
geometrically, the summability of the sequence results in
insufficient weight on the gradient-step, preventing it from
counteracting imbalances introduced by the graph topology.
Consequently, the process does not converge to φᵀx(0) under
time-varying graphs. On the other end of the spectrum, the
constant stepsizes do not allow the effect of the gradient steps
to vanish. Therefore, while the process does not converge to
consensus with a fixed stepsize, it still recovers the fixed point
from our first experiment, despite the time-varying topology.

VII. CONCLUSION

In this letter we formally established the equivalence
between Combine-then-Adapt Distributed Gradient Descent
with quadratic costs and the Friedkin-Johnsen model. We
leveraged analysis tools in the distributed optimization litera-
ture to derive new results about the Friedkin-Johnsen model
with coordinated and diminishing stubbornness parameters on
fixed and time-varying graphs. Also, we discussed how to
include noise and use other algorithms. Finally, we validated
our analysis in simulations, providing insight to multi-agent
control.
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