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ABSTRACT The distribution of high-quality Greenberger—Horne—Zeilinger (GHZ) states is at the heart of
many quantum communication tasks, ranging from extending the baseline of telescopes to secret sharing.
They also play an important role in error-correction architectures for distributed quantum computation, where
Bell pairs can be leveraged to create an entangled network of quantum computers. We investigate the creation
and distillation of GHZ states out of nonperfect Bell pairs over quantum networks. In particular, we introduce
a heuristic dynamic programming algorithm to optimize over a large class of protocols that create and
purify GHZ states. All protocols considered use a common framework based on measurements of nonlocal
stabilizer operators of the target state (i.e., the GHZ state), where each nonlocal measurement consumes
another (nonperfect) entangled state as a resource. The new protocols outperform previous proposals for
scenarios without decoherence and local gate noise. Furthermore, the algorithms can be applied for finding
protocols for any number of parties and any number of entangled pairs involved.

INDEX TERMS Distributed quantum computation, entanglement distillation, Greenberger—-Horne—

Zeilinger (GHZ) states.

I. INTRODUCTION

Quantum computation promises a computational advan-
tage for algorithmic problems in the fields of cryptography,
database searching, simulations of atoms and molecules, and
solving linear equations. There are several approaches and
technologies concurrently investigated for scaling the near
term quantum devices to full-fledged quantum computers.
One of the approaches is distributed or networked quantum
computing [1], [2]. In this approach, multiple computers
holding a small number of qubits are connected via entan-
glement [3].

The promise of distributed quantum computing is the pos-
sibility of building a quantum computer without the difficulty
of engineering a large multiqubit device. In exchange, the
feasibility of such a networked device critically lies in the
availability of high-fidelity entanglement. This is because
entanglement is required for the realization of multiqubit op-
erations between different quantum computers. In particular,
entangled states are necessary for performing error detection
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measurements in error-correction codes executed with dis-
tributed quantum computers.

Using error correction for fault-tolerant quantum compu-
tation relies on encoded data. To correct or track the errors
on the encoded data, it is necessary to periodically perform
joint measurements on different qubits. If the whole encoded
state lies in a single quantum device, these joint measure-
ments can be performed by applying the appropriate multi-
qubit operations and measuring an ancilla qubit. However, in
distributed implementations, the joint measurements become
nonlocal. The ingredient that enables the joint measurements
is Greenberger—Horne—Zeilinger (GHZ) states. By consum-
ing an n-qubit GHZ state, it is possible to perform a nonlocal
measurement between n parties. The challenge of distributed
quantum computation is to produce GHZ states at a fast
enough rate and with high enough fidelity to enable fault-
tolerant quantum computation.

Creating GHZ states is experimentally challenging. A sim-
ple protocol for creating an n-qubit GHZ state consists of
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fusing n — 1 Bell pairs. However, the fidelity of the GHZ
state degrades exponentially with n. This problem can be
overcome by more complicated protocols that distill or purify
either the input Bell states or any of the intermediate states
of a protocol. This generally improves the fidelity of the final
GHZ state, but comes at the price of consuming a larger
number of Bell pairs.

Several physical systems can process quantum informa-
tion and have a coherent optical interface for generating re-
mote entanglement [4]. Some examples are nitrogen-vacancy
centers [5]-[10], silicon-vacancy centers [11]-[14], and ion
traps [15], [16]. Some of these platforms have already
demonstrated the generation of long-lived remote entangle-
ment [17] and even distillation [8]. However, the rate at
which entanglement can be produced is slower than the gate
times. In consequence, the rate at which GHZ states are
produced becomes the bottleneck for the performance of
distributed quantum computer implementations [18]. More-
over, while our motivation stems from distributed quantum
computation, efficient GHZ generation has direct application
in several other applications, including secret sharing [19],
anonymous transmission [20], clock synchronization [21],
and extending the baseline of telescopes [22].

The goal of this article is to minimize the number of Bell
pairs necessary to produce high-fidelity GHZ states. We do
this by searching the protocol space for creating GHZ states
out of Bell pairs. The difficulty of the problem is that given
a number of parties and a number of input Bell pairs, the
number of possible protocols is very large. In fact, it grows
superexponentially with these parameters. Our approach to
deal with the large number of protocols is therefore to take
the heuristic approximation that optimal protocols for some
number of copies of a GHZ state are composed of optimal
protocols for a smaller number of copies or parties. This
heuristic leads to a dynamic program.

Distillation is better understood in the bipartite case [23]—
[26] than in the multipartite case [27]-[35]. In the bipartite
case, it is even known that some protocols achieve an optimal
tradeoff between rate and fidelity [36].

In the context of a distributed implementation of the sur-
face code, Nickerson et al. [37] optimized a family of proto-
cols for generating four-partite GHZ states out of noisy Bell
pairs. To facilitate experimental feasibility, the GHZ distilla-
tion protocols require three qubits per node. The number of
possible protocols in this family, while large, is still brute-
force tractable. Subsequent work optimized a similar family
of protocols in the presence of loss [18]. We leave the ex-
tension of our approach to more realistic settings, including
loss for future work. In contrast with Nickerson et al. [37],
we are interested in more general protocols that minimize
the number of Bell pairs consumed independently of the
size of the required quantum register. This different ansatz
is justified by recent experimental progress with multiqubit
registers [9].

In Sections II and III, we introduce the formalism and
building blocks of the GHZ generation protocols considered.
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TABLE 1. Each Column Shows From Left to Right: The Basis States
|¢%152°3) of the Three-Qubit GHZ Basis, Their Representations in the
Computational Basis, and the Stabilizers of the State

Computational basis X1 XoX3  Z1Z>  ZoZs
[¢+++) | (1000) +[111))/v2 | +1 +1 41
|[¢F+=) | (joo1) + [110))/v2 +1 +1 -1
[¢T=F) | (jo11) +]100))/v2 +1 -1 +1
[¢T==) | (j010) + |101))/v/2 +1 -1 -1
[¢=*+) | (Jo00) — [111))/v2 -1 +1 +1
[¢=*+=) | (joo1) — [110))/v/2 -1 +1 -1
[==*) | (jo11) —|100))/v2 -1 -1 +1
|¢===) | (jo10) — |101))/v2 -1 -1 -1

Note: The signs s1, 52, and s3 describe the relation of the basis state |¢*1°2°3) with
stabilizer generators 51X X2X3, $2Z12Z>, and $32,7Z3.

In Section IV, we show that existing GHZ generation
protocols are included in our search space. In Section V,
we present our dynamic program. In Section VI, we show
the performance of the best GHZ creation protocols founds.
Finally, we draw our conclusions in Section VII.

Il. BELL AND GHZ DIAGONAL STATES
Here, we introduce notation and definitions used in the rest
of this article together with our model for states.

We describe nonperfect Bell and GHZ states in the stabi-
lizer formalism [38]. A stabilizer operator or stabilizer of a
quantum state |1) is an operator O that verifies O|y) = |),
i.e., [{) is an eigenvector of O with eigenvalue +1 and, in
consequence, leaves |y) invariant. An n-qubit pure quantum
state has 2" stabilizer operators. These 2" operators form the
stabilizer group of the state, which is generated by a subset
of n operators. An n-qubit GHZ state (|0)®" 4 |1)®")/v/2 is
described by the stabilizer group generated by the operators
{(Xi1X>...X,, 212>, 2573, ..., 7Z,_1Z,}. The stabilizer group
includes the identity I. We call the 2" — 1 operators in this
group that are not the identity I nontrivial stabilizers of the
state.

We use the stabilizer formalism to define a basis for a
general n-qubit system. In analogy with the Bell basis, we
call this basis the GHZ basis. 1t is also known as the cat
basis [28]. The basis states of the n-qubit GHZ basis are
defined as the 2" states |¢’1°2%3-%) with stabilizer gener-
ators $1X1Xo ... Xy, $2Z212>, $3275, ..., SyZy_1Z,, Where
si€{+1,—1} for all i € {1,2,...,n}. As an example, we
show the eight basis states of the three-qubit GHZ basis in
Table 1. For any n, the basis state |¢™ ") is the n-qubit
GHZ state (|0)®" + |1)®)/ V2. We use the capital ® symbol
to denote the density matrix corresponding to a basis state—
i.e., for a general state in the n-qubit GHZ basis ®*1%2--5n =
|¢s152...sn><¢s132.4.sn|-

For n = 2, the GHZ basis reduces to the Bell basis. We
restrict our attention to states that do not contain off-diagonal
elements in the Bell basis, which we call Bell diagonal states.
This restriction does not reduce the applicability of our meth-
ods, because any bipartite qubit state can be transformed to a
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FIGURE 1. Fusion operation allows to merge Bell diagonal states and GHZ diagonal states, which overlap at one of the network parties. This party
applies the operation depicted on top of the arrow, followed by local Pauli gate corrections that depend on the measurement outcome (not depicted).

Bell diagonal state with the same fidelity via twirling [39], a
procedure that relies on local operations and classical com-
munication.

In the general case, we also restrict our attention to diag-
onal states in the GHZ basis. This is justified because the
operations introduced in Section III take GHZ diagonal states
as input states. Therefore, to track the state of a distillation
protocol with input Bell diagonal states and composed of
these operations, it is sufficient to consider GHZ diagonal
states. For n parties P1> P2y -+ Pn>, WE write these states as

2.

(51,5255 8n)E{+1,—1}"

— §182...5
Ppipae..pn = A5152~~5nd> " (1)

Unless otherwise stated, in the remainder, we use the term
state to denote both Bell diagonal states and GHZ diagonal
states, and call the Ay, , 5, elements in (1) the coefficients of
the state.

We use the shorthand |¢,") for |¢+ ) when we need to
explicitly denote the number of qubits of the state. We define
the fidelity as F = (¢, |p|$;}); it provides a measure of the
closeness between a general n-qubit state p and the pure state
|¢;7). For diagonal density matrices in the Bell or the GHZ
basis, the fidelity equals the value of the A4 ...t coefficient.
We define Fper as the fidelity of a Bell diagonal state |q>;r )

and Fgpz or Fé';_fz as the fidelity of an n-qubit GHZ diagonal
state |¢,").

IIl. OPERATIONS ON BELL AND GHZ DIAGONAL STATES
This section discusses two operations on Bell and GHZ di-
agonal states: fusion operations, which merge two states, and
distillation operations, which consume one state to improve
the fidelity of another state.

A. FUSION

The fusion operation merges two states. The operation takes
an nj-qubit state and an np-qubit state that overlap in one
network node, in the sense that this node holds (at least) one
qubit of each state. The fusion operation consists of a CNOT
gate between one qubit of each state, a measurement in the
Z basis of the target qubit (see Fig. 1), and local Pauli gate
corrections to the qubits of the other state. If the two qubits

VOLUME 1, 2020

5]
Pn Eid

p1 X )= m
P2 X = mg

Pn

X = mn
FIGURE 2. Quantum circuit to measure the nonlocal n-qubit Pauli
operator P, P, . .. P, on a general n-qubit quantum state py, (the main
state). The n-qubit state py, is distributed over n parties p;, p2,..., pn in
such a way that every party has one qubit of p,. The n-qubit state |¢; ),
(the ancillary state), shared over the same n network parties, enables
measuring PP, ... . P, on py. The parties find the measurement outcome
m = [[_, m; combining their individual measurements
(my,my,...,mp,) e {+1,-1)".

involved are qubit i of the n;-qubit state and qubit j of the
np-qubi, we say that we are fusing the n;-qubit state at qubit
i with the ny-qubit state at qubit j. This results in a new
(n1 +ny — 1)-qubit state. The fusion operation is
deterministic.

B. NONLOCAL STABILIZER MEASUREMENTS
A nonlocal stabilizer measurement also involves two states:
a main state and an ancillary state. The ancillary state is
consumed to measure a stabilizer operator on the main state.
In the context of a distillation scheme, the stabilizer op-
erator is one of the stabilizers of some target state. Then,
the nonlocal stabilizer measurement can be understood as
an error-detection scheme. A +1 outcome projects the state
into the corresponding eigenspace compatible with the target
state, whereas a —1 outcome projects the state into the cor-
responding eigenspace orthogonal to the target state. For this
reason, the state is kept when the measurement outcome is
+1 and discarded otherwise.
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In Fig. 2, we see a quantum circuit that measures a
joint Pauli operator PP, ... P, with the aid of an n-qubit
state |¢;F) = (]0)®" 4 [1)®")/+/2. The qubits of the ancil-
lary state are measured out individually in the X basis, and
the network parties use classical communication to calculate
the full measurement outcome, whereas the nonlocal mea-
surement of the stabilizer in Fig. 2 is perfect, in practical
situations, the ancillary state is noisy and the operation is
only carried out approximately.

The n-qubit GHZ state |¢;") has three different types of
stabilizers: ZZ stabilizers of weight 2, combinations of ZZ
operators of weight m (where m < n is always an even num-
ber), and operators of weight n consisting of combinations of
X1X; ... X, and any number of the ZZ operators. Measuring
the latter type, nonlocally requires another n-qubit ancillary
state. The ZZ operators can be measured with a Bell state as
ancillary state. For combinations of ZZ operators of higher
weight m < n, a GHZ state of weight m is required.

IV. GHZ DISTILLATION PROTOCOLS

Many GHZ creation protocols can be described by com-
bining the operations from Section III. In particular, fusion
operations create larger multipartite states and nonlocal sta-
bilizer measurements can be used to increase the fidelity of
the main state. As an example, in the following, we describe
two protocols from Nickerson ef al. [37] for creating and
distilling a GHZ state shared by n = 4 network parties: one
that uses k = 22 Bell states (expedient), and one that uses
k = 42 Bell states (stringent).

Expedient and stringent are the result of a brute-force
search over protocols following a concrete multistep struc-
ture [37]. The first step consists of nonlocal measurements
involving all qubits on two opposite sides of the network (of
the type shown between qubits a and b, and between qubits
c and d in Fig. 3). After that, the two purified Bell pairs are
stored. In the second step, the protocols continue with several
rounds of nonlocal measurements that increase the fidelity of
the two Bell pairs in the other direction (between qubits B and
C, and between qubits A and D in Fig. 3). In the third step,
the four Bell pairs are fused into a four-qubit GHZ state. The
fourth step is analogous to the second one: two Bell pairs are
purified between qubits B and C, and between qubits A and
D. Finally, the purified Bell pairs are used to perform two ZZ
nonlocal measurements to the four-qubit GHZ state.

Fig. 3 shows a schematic representation of both protocols.
The expedient protocol is depicted in the top part of Fig. 3
and consumes 22 Bell states. Steps 1 and 2 create purified
Bell pairs between qubits a and b, and between qubits ¢ and
d. Steps 3 and 4 create purified Bell pairs between qubits B
and C, and between qubits A and D. In step 5, the GHZ state
is created from these Bell pairs. Steps 6 and 7 are repetitions
of steps 3 and 4, and step 8 consists of two ZZ nonlocal
measurements on the GHZ state.

The stringent protocol has the same main structure as the
expedient protocol, but consumes 42 Bell states. The proto-
col is depicted in the bottom of Fig. 3. In comparison with
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FIGURE 3. Two protocols for creating and purifying a four-qubit GHZ
diagonal state out of Bell diagonal states shared between four network
parties [37]. For both protocols, each node (dotted circles) requires three
qubits (solid gray dots). The numbers denote the order in which
individual steps are carried out. Solid lines depict Bell pairs shared
between qubits. (Black arrows) Consumption of a Bell pair—the Bell pairs
at the beginning of the arrow need to be regenerated for the next step.

expedient, stringent consumes an additional number of Bell
states to increase the fidelity of the states that take part in
the fusion step; analogously a larger number of Bell states is
consumed to create the states to perform the final ZZ nonlocal
measurements.
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V. DYNAMIC PROGRAMS TO OPTIMIZE

GHZ GENERATION

In this section, we discuss several algorithms to optimize
GHZ generation. In particular, we consider the problem of
probabilistically generating an n-qubit GHZ state with max-
imum fidelity Fgpyz starting from k isotropic Bell pairs with
fidelity Fgeqi

1 — Fgen
pag = Fpen®™ + Z TCCDS‘SZ- 2)

(51,52)#(+.+)

We do not restrict the number of qubits that the n nodes need
to hold, and we also do not restrict their connectivity.

Ideally, we would consider all possible ways of distribut-
ing the Bell pairs over the network parties, and all possi-
ble combinations of the operations from Section III. Un-
fortunately, the number of these combinations grows super-
exponentially in n (see [40] for a similar argument). This
makes a brute-force approach infeasible for relevant val-
ues of (n, k)—in particular, for the protocols described in
Section IV: (n,k) = (4,22) and (n, k) = (4,42). For this
reason, similar to the approaches in [40] and [41] for Bell
pair distribution in the context of quantum repeater chains,
we propose heuristic dynamic programs for optimizing the
distribution of GHZ states.

The dynamic programs reduce the complexity of the opti-
mization and enable finding good protocols for large values
of n and k. However, the output is not necessarily optimal. In
the following, we first describe a simple dynamic program for
optimizing GHZ generation. Next, we build on this descrip-
tion to present a randomized version of the dynamic program.

A. BASE DYNAMIC PROGRAM

The dynamic program takes as input the problem parameters
Mmax» Kmax» FBell, and a buffer size b. The parameters spec-
ify the size of the final n-qubit GHZ state, the number of
Bell pairs k, their fidelity Fgey, and the number of protocols
b to store at each intermediate step of the algorithm—i.e.,
for each combination of the number of Bell pairs and GHZ
state size. The pseudocode of this algorithm can be found in
Algorithm 1.

The algorithm begins with (n, k) = (2, 1) and proceeds
iteratively combining the solutions for smaller values of n
and k until (n, k) = (nmax, kmax ). More precisely, for each
value of (n, k), the algorithm combines the protocols found
for smaller values of (7, k) in all possible ways to perform
either a nonlocal measurement or to fuse the states, evaluates
the fidelity of the resulting state for each combination, and
stores the b protocols that achieve the largest fidelity. For
(n, k) = (2, 1), the algorithm stores a Bell pair with fidelity
Fyen- Subsequently, the algorithm increases k to (n, k) =
(2,2) and it continues increasing k, until (n, k) = (2, kmax )-
At that point, n is increased by one and k is reset to n — 1.
This process continues until 7p,x and kpyax are reached.

We would like to stress that this is a heuristic approach
and, in general, it does not lead to the optimal algorithms.
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Algorithm 1: Base Dynamic Program to Optimize GHZ
Generation.

Input : ny,x: number of qubits of final GHZ state
kmax: number of isotropic Bell pairs
Fgen: fidelity of isotropic Bell pairs
b: number of protocols to store per step
Output: Protocol to create an n-qubit GHZ state out of
k isotropic Bell pairs.
for {(n, k) |n < Naxy k& < Kipax, kK =n — 1} do
# Try all non-local measurement combinations.
for stabilizer € {stabilizers of |6,}) } do
n' < weight of stabilizer
for ¥ e [n'—1,k—n+1] do
Measure stabilizer on stored (n,k — k') state
consuming the stored (n’, k") state.
Store new state if it has higher fidelity than
one the existing (n, k) states.
If more than b (n, k) states are stored,

remove the one with lowest fidelity.
end

end

# Try all fusion combinations.

for ny € [2,n — 1] do

ny<n—ns+1

for ks € [no — 1,k —n+1] do

]Cl — k— kg

for (i,7) € [0,n1 — 1] x [0,n2 — 1] do
Fuse stored states (ni, k1) at qubit ¢ and
(ng, k’g) at qubit j
Store new state if it has higher fidelity
than the existing (n, k) state.
If more than b (n, k) states are stored,
remove the one with lowest fidelity.

end

end
end

end
return stored (Nygx, kmax) state with highest fidelity

This can be observed in Fig. 4. We plot the fidelity of the
produced Fgyz with respect to the fidelity Fpey of the input
Bell pairs. The fidelity of the produced Fgpz is not always
monotonically increasing. Moreover, as we increase the size
of the buffer b, the program tends to find better protocols.
However, lines with different values of b cross, highlighting
the suboptimality of the output.

B. RANDOMIZED VERSION OF THE DYNAMIC PROGRAM
The base dynamic algorithm allows optimizing GHZ gener-
ation for moderate sizes. Unfortunately, even if faster than
brute force, it still scales exponentially with the size of the
GHZ state, and, for fixed GHZ size, it scales quadratically
with the size of the buffer. In this section, we discuss a ran-
domized version of the base dynamic program. This algo-
rithm scales to larger GHZ sizes and, in practice, finds better
protocols.
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------------ Protocol found for b=3 at Fge =0.8

—— Dynamic program (4, 42), b=1
Dynamic program (4, 42), b=2
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0.992 + | | = !
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Fidelity Fgen of isotropic Bell pairs used

0.994 1

Fidelity Fgpz of final GHZ state

FIGURE 4. Fidelity of the final four-qubit GHZ as a function of the input
Bell pair fidelity for a fixed number of input Bell pairs k = 42. We plot
(black solid line, gray solid line, and dashed black line) the results of the
base dynamic program with a buffer size b = 1, 2, 3 for each input Bell
pair fidelity. We compare the results to the fidelity achieved by two fixed
protocols for all input Bell pair fidelities (dashed red line and dotted blue
line). The fixed protocols correspond with the protocols that the base
dynamic program found for b =1, Fg,; = 0.832 and b = 3, Fg,;; = 0.8.
They achieve approximately the convex hull of the individual protocols
found by the base dynamic program with b = 1 and b = 3, respectively.

The randomized algorithm takes an additional parameter
compared to the base dynamic algorithm. This is the tem-
perature 7' that is used to decide whether or not to keep
intermediate protocols. The randomized algorithm has the
same two loops over (n, k) as the base one. It has an outer
loop over the GHZ state size n starting from n = 1 to np,y
and an inner loop over the number of Bell pairs starting from
k=n—1 to kmax.- The two algorithms differ in how they
construct the pool of protocols for (n, k).

Similar to the base algorithm, the randomized algorithm
fills a pool of b protocols for each combination of (n, k).
For 1 < i < b, the algorithm chooses between nonlocal mea-
surement or fusion with probability one half. Then, it se-
lects uniformly at random a stabilizer to perform a nonlocal
measurement or a fusion scheme to implement. Both the
nonlocal measurement or the fusion scheme combine two
smaller states. The parameters are singled out by the scheme
choice: (n, k — k') and (n,” k) for the nonlocal measurement
or (n—n'+1,k—k) and (n,’k") for fusion. Finally, the
two states are chosen uniformly at random from the b states
stored.

The ith slot of the pool of b states is filled with certainty
with the new state if either it is the first state (i.e., i = 1) or
it achieves a higher fidelity than the previous protocol. If
these conditions are not met, the new state can still prob-
abilistically be accepted with probability e2fonz/T | where
AFguz is the fidelity resulting from the new protocol minus
the fidelity resulting from the previous protocol. If the value
for T is set at a high value, states with a lower fidelity than
the fidelity of the previous protocol are more likely to be
accepted. If the new protocol is not stored, the ith slot is filled
with the (i — 1)th state. This approach makes that protocols
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FIGURE 5. Performance of the randomized dynamic program as a
function of the configuration parameters, for different fixed
temperatures; from top to bottom, 7 = 0.00001, 7 =0.1,and T = 1.

that lead to a high Fgpz end up in multiple buffer slots, and
are therefore more likely to be randomly selected at larger
values of (n, k).

For the randomized algorithm, the value for the buffer size
b is usually set significantly larger than the value for b in
the standard algorithm. This can be understood by realizing
that the standard version of the dynamic algorithm visits all
allowed combinations of states at smaller (n, k), whereas the
randomized version visits exactly b combinations at each
(n, k).

In the following, we investigate the effect of the configu-
ration parameters, the buffer size b and the temperature 7T,
on the performance of the algorithm. In particular, we fix
(n, k) = (4,42) and evaluate the fidelity of the final GHZ
state as a function of the input Bell pair fidelity. We show
the results in three plots in Fig. 5. From top to bottom,

VOLUME 1, 2020



de Bone et al.: PROTOCOLS FOR CREATING AND DISTILLING MULTIPARTITE GHZ STATES WITH BELL PAIRS

@IEEE Transactions on,
uantumEngineering

Q N

s UL AN — —— Random program
N 10 N \ -------- Base program, b=1
= -2 ] \\_' Base program, b=2
E 10 R e R Base program, b =3
E
=10

()
k=l
3 10" 1

N

5 s
L’r 10 7 1
Z10° 7
3

S 7
E 10 1

123 8 15 22 29 36 42
Number of isotropic Bell pairs used (Fgenn =0.9)

FIGURE 6. Fidelity achieved by the protocols from the base and random
dynamic programs as a function of the number of Bell pairs. The fidelity
of the input Bell pairs is fixed to F. = 0.9. From top to bottom, each set
of four lines corresponds to GHZ size n = 4, 3, 2. The lines labeled “base
program” indicate the best protocols found by the base dynamic
algorithm for different buffer sizes b. The black solid line indicates the
best protocol found by the random variant. For the base algorithm, we
used buffer sizes b € {1, 3}. For the random algorithm, we ran the
algorithm 44 times, with 18 different temperatures (between

T =0.00001 and T = 0.0009) per iteration and b = 200.

the temperatures are fixed to 7 = 0.00001, 7" = 0.1, and
T = 1. In each plot, we show four lines corresponding to
four different buffer sizes b € {1, 10, 50200}. We see that, in
general, a lower temperature gives better results. This can be
understood by realizing that for low temperatures, states with
higher fidelity are more likely to be stored in many slots of
the buffer. This also indicates that fidelity is a good measure
for determining the quality of a protocol as a building block
for a larger protocol.

C. COMPARISON BETWEEN THE DYNAMIC PROGRAMS
We end the discussion of the dynamic programs by com-
paring the output of the base dynamic program against the
randomized version. In Fig. 6, we compare the best results
with (n, k) = (4, 42) of the base dynamic program against
the randomized program. For the parameters chosen, the
randomized dynamic program outperforms the base dynamic
program.

V1. RESULTS
In this section, we use the dynamic algorithms to find good
GHZ creation protocols. First, we investigate how the differ-
ent variants of the dynamic program discussed in Section V
compare with each other and what the optimal parameter
configurations are. Then, we use the programs to investigate
scenarios of interest. First, given the importance of the sur-
face code, we study the distribution of four-qubit GHZ states.
Second, we explore how the quality of the GHZ state for the
best protocols scales with the number of parties n.

The source code of the dynamic algorithm can be found
online [42].
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FIGURE 7. Comparison between the expedient and stringent

protocols [37] (see Fig. 3), and the best algorithms found with the
dynamic programs for (n, k) = (4, 14), (n, k) = (4, 22), and

(n, k) = (4, 42). The protocols are found with the randomized version of
the dynamic program, using the settings and parameters discussed in
Fig. 6. The blue lines show the average number of Bell pair generation
steps for each of the protocols (right y-axis ticks). To calculate this
metric, we take the creation of one Bell pair as one time step, and
neglect the duration of all other elements of the protocols. The averages
are calculated by executing the protocols 100 000 times for each fidelity.

A. COMPARISON WITH EXISTING PROTOCOLS FOR
FOUR PARTIES
First, we investigate protocols for n = 4. In Fig. 7, we com-
pare the best protocols that our dynamic algorithms find for
parameters (n, k) = (4, 14), (n, k) = (4,22), and (n,k) =
(4, 42) with the expedient and stringent protocols from Nick-
erson et al. [37]. The figure shows the infidelity (one mi-
nus the fidelity) of the output GHZ state as a function of
the fidelity of the input Bell pairs. We see that under the
conditions considered here, the new protocols create higher
quality GHZ states with the same or even with a smaller
number of Bell states. On the other hand, while expedient
and stringent require three qubits per node, these protocols
typically require more qubits per node. For example, the
(n, k) = (4, 14) protocol found with our dynamic program
requires that two of the nodes have four qubits, as can be
seen in Fig. 8. The best (1, k) = (4, 22) protocol found by the
random dynamic program can be performed if all four nodes
have four qubits (see Fig. 8), and the best (n, k) = (4,42)
found can be achieved with five qubits per node (see Fig. 8).
Let us now investigate to which degree the new protocols
achieve these higher fidelities consuming a smaller amount
of resources. We note that k represents the minimum number
of Bell pairs needed to generate a GHZ state. These protocols
are probabilistic, and the success probability depends on the
fidelity of the states, going from one if the states are perfect
to zero if the measured state is a minus one eigenstate of one
of the measurement operators. If the protocol fails at some
step, the step needs to be run again from the beginning. This
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FIGURE 8. Protocols for creating and purifying a four-qubit GHZ diagonal state out of 14, 22, and 42 Bell diagonal states shared between four network
parties, found with the randomized version of the dynamic program presented in this article. See Fig. 3 for more information about the notation.

means that the average number of Bell pairs might be very
different from k.

A related figure of merit that might be more relevant in
practice is the average number of entanglement generation
steps. For this, we assume that network nodes can generate
a Bell pair deterministically with one other node over some
unit time step. Hence, different pairs of nodes can generate
entanglement in parallel over some unit time step. For in-
stance, the two left nodes in Fig. 8 can generate entanglement
in parallel to the right nodes. If the duration of the time
step is qualitatively larger than the gate time, the number of
entanglement generation time steps represents to first-degree
approximation the duration of the protocol.

We find that & is a good proxy for the average number of
entanglement generation steps. We see in Fig. 7 that lower
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values of k correspond with a lower average number of gen-
eration steps. Moreover, minimizing k leads to a reduction
in the average number of generation steps. Interestingly, the
average number of generation steps of stringent and expe-
dient cross with some of the new protocols. In particular,
stringent—a (4,42) protocol—crosses with the new (4,42)
protocol, and expedient—a (4,22) protocol—crosses with the
new (4,22) protocol. The reason for this is the higher sym-
metry in the structure of expedient (see Fig. 3) and stringent
(see Fig. 3). In particular, they use the exact same number of
Bell pairs at opposite sites of the network, whereas the new
protocols contain small asymmetries in this respect. For very
high input fidelities, the success probabilities of all distilla-
tion steps are close to one, leading to a lower average number
of entanglement generation steps.
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FIGURE 9. Infidelity (1 — Fguz) of the best protocols found for an n-qubit
GHZ as a function of n and input Bell pair fidelity Fz.;; = 0.9 and k = 80.
The protocols are found with the randomized version of the dynamic
program, using the settings and parameters discussed in Fig. 6.
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FIGURE 10. Number k of isotropic Bell pairs with Fz; = 0.9 needed to
make an n-qubit GHZ state with Fg,z > 0.999 565 as a function of n. This
is the best Fgyz found for an (8,80) GHZ state with the random dynamic
program in all our attempts. The protocols are found with the
randomized version of the dynamic program, using the settings and
parameters discussed in Fig. 6.

B. RESULTS FOR LARGE NUMBER OF PARTIES
Here, we investigate the tradeoffs between the number of
parties and the number of Bell pairs for n > 4.

First, for a fixed number of Bell pairs, we investigate how
the GHZ fidelity drops as we increase the number of parties.
In particular, we fix k = 80 and vary n from two to eight. In
Fig. 9, we show the fidelity Fgpz of the final n-qubit GHZ
state as a function of n for a fixed Bell pair fidelity Fge =
0.9. We see that even for this high number of input pairs, the
output fidelity drops sharply with the number of parties.

Second, we invert the question and we investigate how
many Bell pairs are necessary to achieve a fixed target GHZ
fidelity Fguz = 0.999 565 for a different target number of
parties. This is the best Fgyz found for an (8,80) GHZ state
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with the random dynamic program in all our attempts. In
Fig. 10, we show the number of Bell pairs k with fidelity
Fgenp = 0.9 needed to create an n-qubit GHZ state with fi-
delity Fguz > 0.999 565. We observe that for the available
data points, the number of pairs scales roughly linearly with
the number of parties.

VII. CONCLUSION

In this article, we searched for protocols that generate high-
fidelity GHZ states out of nonperfect Bell states. The goal
was to minimize the number of Bell pairs for creating a
high-quality GHZ state. We did this by using a dynamic
program to search the protocol space, allowing two types of
operations: fusion and distillation.

We found protocols that distill GHZ states with higher
fidelity compared to previously known protocols. Compared
to previous research [37], the protocols found require roughly
half the number of pairs to achieve a similar fidelity. Out
of the different algorithm variants that we implemented, the
randomized version found the best protocols in most regimes.
For n = 2 to n = 8 parties involved, we investigated how the
fidelity of the final GHZ state decreases by increasing the
number of parties with a fixed number of pairs (k = 80), and
calculated how many Bell pairs are needed for the distribu-
tion of an n-qubit GHZ state of a fixed fidelity. Our programs
can be used to find protocols for an arbitrary number of
parties and entangled states involved.

GHZ states are required for implementing error-correction
codes in distributed quantum computing. The distributed im-
plementation of codes beyond the surface code has not been
thoroughly explored. However, the case for the surface code
in distributed implementations is weaker [43]. Richer con-
nectivities than direct neighbors can be achieved with relative
ease. Our tools open the door to implementations of alterna-
tive quantum error correcting codes that require high-quality
GHZ states of weights different than four.

While these results are promising, future work should
quantify the precise effect on the noise threshold for dis-
tributed implementations of the surface code. For this, a start-
ing step will be to evaluate how the new protocols behave in
more realistic scenarios. In particular, it would be interesting
to perform a follow-up of the search for GHZ protocols,
including noise and loss, whereas for the situation considered
here, increasing the number of Bell pairs to perform addi-
tional distillation steps always increases the fidelity of the
final states, this will no longer be the case for scenarios that
include decoherence or gate noise. Hence, for noisy settings,
the quality of the memory will determine whether including
more distillation steps actually leads to an increase in the
fidelity of the final state.
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