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Abstract

This study addresses the dynamic stability of a moving mass suspended electromagnetically from a flexible beam that is
supported periodically by discrete elastic springs. The stability is generally determined by the interaction of the wave-
induced and electromagnetic instability mechanisms. Both are related to a potentially destabilizing force: the controlled
electromagnetic force and the reaction force of the guideway (beam-foundation system). The former is destabilizing if the
control is inappropriate, and the latter when sufficiently energetic anomalous Doppler waves are excited in the guideway that
feedback energy into the vehicle vibration. Using a generalization of Hill’s method, the stability boundary is determined in the
plane of electromagnetic-control parameters. The obtained boundary is roughly triangular, like for the equivalent non-periodic
system. The left, straight boundary marks the emergence of a divergence instability. The right boundary generally marks the
emergence of an oscillatory (flutter-type) instability, but specific, elliptical indentations are related to parametric resonances.
The divergence instability is always electromagnetics induced, but the oscillatory instability and parametric resonances can
be either wave or electromagnetics induced, although the latter are often electromagnetics induced. Wave-induced instability
takes place mostly for large speeds and only for small values of the control parameters. The stability boundary locally bends
back there, reducing the size of the stable zone considerably. Next to the 7 and 27 parametric-resonance indentations, the
right boundary has a significant amorphous indentation compared to that of the non-periodic system. Furthermore, the 2T
parametric resonance ellipse is very significant in size when the inhomogeneity of the periodic guideway is relatively strong.
Interestingly, the amorphous indentation is related to the occurrence of an evanescent wave in the periodic guideway, but
parametric resonance appears to be not uniquely related to a single wave type. Although the current study is fundamental
in nature, the findings do pave the way towards the design of safe and cost-effective Maglev and Hyperloop infrastructure
as well as of electromagnetic-suspension controllers. We emphasize that the wave-induced instability mechanism, and more
generally speaking the influence of the periodic guideway, is also relevant in the context of other (than the simple PD) control
strategies as well as for different Maglev and Hyperloop suspension/levitation systems such as the electrodynamic, the hybrid
and the superconducting magnet suspensions.
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1 Introduction

Hyperloop is a potential new transportation mode that is
currently under development [1-4]. Maglev technology is
advancing at the same time [5-9]. The very high target speeds
of the guided vehicles pose a unique challenge regarding the
stability of the vibration of the vehicle and the guideway. For
vehicle suspensions involving an electromagnet, the vehicle-
guideway system stability is essentially determined by the
interaction of three potentially destabilizing state-dependent
forces: the electromagnetic force, the aeroelastic force, and
the reaction force of the flexible guideway. Thorough under-
standing of this interaction is paramount for the effective
design of the infrastructure, which is one of the most costly
elements of the Maglev and Hyperloop systems [1, 4, 10,
11]; the infrastructure should be lightweight to cut costs, but
safety and comfort should be guaranteed.

The electromagnetic suspension force is inherently unsta-
ble and needs to be controlled. When the control is chosen
properly, the stability of an electromagnetically suspended
mass can in principle be guaranteed [5, 7, 12—15]; assessment
of the electromagnetic instability mechanism for high-speed
Maglev vehicles in several studies [e.g.,5, 7, 11]. It is also
well-known that the aeroelastic force acting on a moving
object can be destabilizing depending on the change of
the aeroelastic coefficients with the angle of attack [16];
assessment of the aeroelastic instability mechanism for mov-
ing high-speed vehicles has been done in numerous studies
[e.g.,17]. The least well-known is that instability can be
induced by the reaction force of a flexible guideway. Early
studies considering a mass moving on a beam supported
by a distributed elastic foundation showed that the critical
speed beyond which the vibrations of the mass-beam system
become unstable is the minimum phase velocity of waves in
the beam (the critical speed is larger if the foundation includes
damping); the beam’s reaction force then feeds back the
energy of excited so-called anomalous Doppler waves into
the vehicle vibration [18-20]. More comprehensive mod-
els assessed the importance of this wave-induced instability
mechanism for conventional and high-speed guided trans-
portation modes [21-25].

The separate instability mechanisms have been investi-
gated in quite some detail, and it is more or less known when
to expect stability problems. However, the interaction of the
instability mechanisms has only been investigated to a limited
extent. Different aspects of the interaction of the electromag-
netic and aeroelastic forces have been addressed [15, 26-28];
the aeroelastic load essentially changes the system character-
istics (i.e., the damping) of a high-speed Maglev train, which
may lead to a self-excited vibration when the control of the
electromagnetic force accounts insufficiently for this change
in the system [27]. The interaction of the electromagnetic and
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guideway’s reaction forces has still many open questions; the
current paper addresses some of those.

Studies into vehicle-structure interaction for (electro)
magnetically levitated/suspended vehicles either typically
consider guideways of finite length [11, 13, 29-34] or apply
the concept of moving system boundaries to mimic an infi-
nite guideway [14, 35]. In such models, the wave-induced
instability mechanism can either not occur at all or will
be disturbed by entrance and exit effects of the moving
vehicle. The models are therefore inappropriate or not well
suited for studying the interaction of the wave-induced and
the electromagnetic instability mechanisms. The first stud-
ies into this interaction considered the model of a moving
mass suspended electromagnetically from an infinite beam,
which is supported by a distributed foundation having con-
stant support stiffness and damping (i.e., a Winkler-type
foundation) [36, 37]. Results show that when the control
system is properly tuned, ensuring the electromagnetic force
has a stabilizing character at small speed, the critical speed
beyond which the vibrations of the vehicle and guideway can
become unstable is larger than the minimum phase velocity
of waves in the beam (like for moving-mass-on-beam-with-
damping problem addressed above [19]). In many situations,
the energy input by the guideway’s reaction force cannot be
dissipated by the (controlled) electromagnetic force; in other
words, the stable domain shrinks drastically in size above the
critical speed.

The assumption of distributed constant support stiffness
adopted by Fardgau et al. [37] is in fact a simplification, and
the question is at what speed the vibration becomes unsta-
ble if the periodic character of the foundation is accounted
for; Maglev and Hyperloop infrastructures are typically sup-
ported by periodically placed piers. Studies into purely
mechanical systems show that instability due to parametric
resonance can occur at relatively small speed when the sup-
port conditions are periodic, both for discrete (i.e., consisting
of localized springs) and non-discrete foundations [22, 38—
41]. The current study therefore addresses the stability of a
moving mass suspended electromagnetically from a beam
that is supported periodically by discrete elastic springs,
thus incorporating both the reaction force of the periodically
supported beam (unlike Ref. [37], where the support stiff-
ness was considered constant) as well as the electromagnetic
force.

This paper contains a comprehensive stability analysis
and reveals several instability types for the considered sys-
tem — divergence, oscillatory (i.e., flutter-type) instability
and parametric resonance — and discusses their importance;
early studies already indicated their existence for magneti-
cally levitated objects/vehicles (the so-called EDS system)
subject to an oscillating base or in contact with a flexible
guideway [10, 42, 43]. Furthermore, the relation between
the instability types and the underlying instability mecha-
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Fig.1 Model of a moving mass
suspended electromagnetically
from an infinite Euler-Bernoulli
beam that is supported by
discrete, periodic springs. The
solid red line indicates an

arbitrary deflection shape of the

beam, which is relevant for the
definition of the air gap A(?)

pA, EI

w(x,t)

nisms (wave-induced, electromagnetic) is addressed using an
energy analysis that identifies which of the forces is destabi-
lizing along different parts of the stability boundary [37]. The
paper clarifies how the stability is modified by the periodic
nature of the foundation through comparison of the obtained
results with those of the continuously supported beam with
constant stiffness [37], and relates the differences to the wave
dynamics beam-foundation system. All in all, the paper paves
the way towards design of lightweight and safe Maglev and
Hyperloop infrastructure.

It is important to note that the current paper is different
from rather recent works on parametric resonance of beams
excited by periodically passing moving oscillators/masses
[44-46]. Those studies consider finite beams with a large
or infinite number of passing objects. The current study is
not only different in the definition of the contact force (i.e.,
electromagnetic instead of viscoelastic or inertial), the dif-
ference is more fundamental; it considers a single moving
mass that continuously interacts with an infinite beam that
has infinitely many periodic supports.

The paper is organized as follows. Section?2 presents the
problem statement, including the governing equations. Sec-
tion 3 addresses the steady-state response of the considered
system. Then, Sect. 4 contains the linearized equations (about
the steady-state response) for the stability analysis, and the
way to find the stability boundary is presented in Sect.5.
Equations for the energy analysis are presented in Sect.6.
Results are shown and discussed in Sect.7. Section8 con-
tains the conclusions of the paper.

2 Problem statement

In the paper, we investigate the stability of the free vibra-
tion about the steady-state response observed in the model
consisting of a moving mass suspended electromagnetically
from an infinite Euler-Bernoulli beam that is supported by
discrete, periodic springs; see Fig. 1. The moving mass M
has (prescribed) constant translational velocity/speed V, and
its vertical position is denoted z(¢). The beam has mass per

2(1) =

unit of length pA and bending stiffness E I, while kg is the
stiffness of the discrete foundation springs and L is their spac-
ing. w(x, t) is the deflection of the beam, where x denotes the
longitudinal coordinate of a non-moving reference system,
and ¢ denotes time. The electromagnetic interaction force,
which is modeled as a (moving) point load, is denoted F(¢),
and A(¢) is the air gap between the beam and the moving
mass. The system is subject to the gravity (with constant g),
but the self-weight of the beam is ignored (the beam is ini-
tially assumed to be perfectly straight) to study the effect of
the foundation-stiffness variation in pure form.
The equation of motion of the beam reads as follows:

A82w+Ela4w+k i 5(x —nlL)
—_— _— X —nNn w
P2 oxt T
n=—0oo
= F@)§(x — Vi), (1

where §(...) is the Dirac delta function; from this point
onwards, the time (and space) dependence of the variables is
left out for brevity, unless there is a need to keep it for clarity.
The equation of motion of the (point) mass is more simple:

d?*z

M_
dt?

— _F+ Mg )

The nonlinear electromagnetic interaction force is defined as

12

FZCP,

3
where C is constant that depends on the electromagnet prop-
erties [5, 7, 34], I = 1(¢) is the current of the electromagnet,
and A = z — w, is the air gap; here, w.(t) = w(x = V1,1)
is the beam’s deflection at the contact point (see Fig. 1). The
current depends on the voltage U = U (¢) applied to the
electromagnet as well as on the air gap through Kirchhoff’s
voltage law [5, 7, 14, 34, 47]:

d [2C
U=RI+—|[—1 <
dt \ A
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d1+A R 2CA I—AU 4)
dt  2C A2)" T a2

Here, the overdot represents differentiation with respect to
time. The voltage consists of a steady-state part Uss = Ugs(?)
(the subscript “ss” stands for steady state) and a transient
part which is activated by the PD controller as soon as the
actual air gap and/or its time derivative start to differ from
the desired steady-state counterparts (defined in Sect. 3):

U =Us+Kp (A —Ag) + Kq (A — Ag). o)

Here, K, and K4 are the proportional and derivative gains of
the controller. Note that the PD controller operating on the air
gap is chosen for simplicity; the objective of the current paper
is to investigate the interaction between the wave-induced
and electromagnetic instability mechanisms, not advanced
control strategies of the electromagnetic force.

3 Steady-state response

The steady-state response is defined as the response of the
system subject to the (moving) gravity force Mg (which is
the only external force) and is generally time dependent due
to the varying support stiffness; this is different from the sit-
uation in Féaragdu et al. [37], where the steady-state response
is time independent due to the support stiffness being con-
stant in space. Note that the PD controller is not active in the
steady state as A = Ag; hence, U in Eq. (4) is equal to Ug
(and Eq. (5) is redundant in that situation).

From the equations governing the steady state (i.e., Egs.
(1)-(4)) it is clear that the amount of dependent variables and
the amount of equations do not match; the amount of depen-
dent variables is five — wgs (which includes we ss), Zss, Fsss
Iss, Ugs — while the amount of equations is four. Hence, one
of the variables has to be chosen, which allows determining
the other ones based on that.

From the practical perspective of avoiding vehicle vibra-
tions, the following choice is made:

Zgs = constant. (6)
The magnitude of the constant can be chosen based on the
desired air gap red (see below). From Eq. (2) it follows that, if
Zgs 18 constant, the interaction force is constant too and equal
to the gravity force:

Fos = Mg. (7
The beam’s deflection at the contact point w¢ s induced by

the moving gravity force can be determined semi-analytically
[48, 49] and consists of a constant part and a time-periodic

@ Springer

part, where the fundamental frequency is the support-passing
frequency associated with the period T = V /L:

o0
; 2
We,ss(1) = Mg Z cpe?, wp = P (3)

p=—00

Expressions for the coefficients ¢, are given in Appendix A.
The steady-state current is subsequently determined using

Eq. (3):

[Mg
I(2) = ?ASSv Ags(t) = 2ss — wc,ss(t)- )

Finally, the steady-state voltage is obtained from Eq. (4):

d [ I
Uss = Rl + ZCZ (A—s) = Rl. (10)
It is important to note that all steady-state variables in the
latter equation are time-varying. The term involving the
time derivative vanishes as Fg; = constant (Eq. (7)), which
implies that ISZS/ Ags = constant (see Eq. (3)) and hence
Iss/ Ags = constant.

Clearly, to control the magnitude of the (mean of the)
steady-state air gap Ag for a given system (i.e., mass, bend-
ing stiffness, etc.), the magnitude of the steady-state vehicle
position zgs should be chosen (see Eq. (9); note that we g
cannot be influenced when the system is given). The steady-
state current and voltage needed to enable this steady-state
position and air gap follow accordingly using Eqgs. (9) and
(10).

4 Linearised equations

In this section, we derive linearised equations describing the
small-amplitude free vibration about periodic steady state.
In order to linearize the set of equations (Egs. (1)-(5)), we
introduce a perturbation relative to the steady state for every
dependent variable as follows:

w(x, 1) = we(x, 1) + we(x, 1), an
z(1) = zss + 2 (1), (12)
F(1) = Fes + Fu (1), (13)
I(t) = I (t) + I (2). (14)

where the superscript “tr”” stands for transient. By substi-
tuting the expressions into Egs. (1)-(5), applying a multi-
dimensional Taylor series expansion about the steady-state
variables and retaining terms up to and including first order,
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we find the following set of equations:

Aazw” + Ela4wtr Lk i 5(x —nlL)
P 972 Py s X — L)Wy
n=—0oo
= Fy8(x — V1), (15)
d?z

M=% = ~Fr, (16)
Fy = fi(D 1y — fo(0) Ay, (17)
dl .
d; + 5Oy = fa)(KpAy + KaAy)

— (fs() Ay — foAw), (18)

where Ay = z¢ — We ¢ and

2C I Mg
t) = =2 , 19
fi(0) A2 i (19)
2C12 M
At = =5 =\ |2 h), (20)
SS
RAZ —2CA
f) = — TS 21
() CAL 1)
A
falt) = —, (22)
2C
I Ass Mg Ass
H=2"S2= 25 23
B0 = 3 Ay C Ay 3)

Is  [Mg
T A c @4

Egs. (15)-(18) form a set of three linear differential equa-
tions (1 PDE and 2 ODEs) and one algebraic equation, all
having time-periodic coefficients, with four unknowns: z,
wy (Which includes we ), Fir and Ii;; note that the equation
of motion of the beam would also have a time-periodic coef-
ficient if it was written in the reference system that moves
with the load. Also note that we could have eliminated Fi,
immediately by combining Eqs. (16) and (17), but we do so
at a later stage.

Finally, we emphasize that w; = 27 /T (defined in Eq. (8))
is the fundamental frequency of oscillation in the periodic
coefficients of the equations.

5 Method of solution

In this section, we present the solution method used to find the
stability boundary. In essence, we search for the existence of
quasi-periodic/periodic solutions for the field variables in the
plane of the control parameters K}, and Kg4. The case of oscil-
latory instability, on the one hand, and those of divergence
and parametric resonance on the other are treated separately.

5.1 Oscillatory instability

In order to find the stability boundary, we formulate expres-
sions for the variables based on Floquet’s theorem as the
product of periodic functions P,(t) = P,(t + T), P,(t) =
Py +T), Pr(t) = Pr(t+T)and P;(t) = Pi(t + T),
respectively, and an exponential function:

2w = P(1)e, (25)
Wer = Py (1)e’, (26)
Fy = Pp(t)e'™, 27)
I = Pr(1)e, (28)

with the constraint that the Floquet/characteristic multiplier
¢'?T has magnitude 1 [50, 51]; this implies that the Floquet
exponent i€2 is purely imaginary and the unknown 2 is real-
valued.

The periodic functions are straightforwardly written as
Fourier series:

oo
P.= )" Zie, (29)
k=—00
oo .
Py = Z Weint (30)
m=—o0
OO .
Pp= Y Fe™, 31
k=—00
oo .
P = Z I (32)
k=—o0

Py, is formulated with a different counter, but it is expressed
in terms of the Fourier coefficients Fj of the interaction
force below; wy and w,, are defined as in Eq. (8). It is
noted that the expressions in Eqgs. (25)-(28) represent quasi-
periodic functions since €2 is generally incommensurate with
the frequencies wy and wy,. As a result, the solution method
described in this section is essentially a generalization of
Hill’s method [50] which employs strictly periodic functions
with € known and commensurate with wy, like in the specific
cases described below (Sect.5.2).

To simplify the analysis, we reduce the number of
unknowns as much as possible. To start with, we express Py,
in terms of the Fourier coefficients Fj. When doing so, we
should realize that the deflection at the contact point w¢ ¢ k
(note the additional subscript k) induced by a moving (single)
harmonic load Fre'®! where & = Q + wg, is composed
of multiple harmonics spaced with the support-passing fre-
quency (associated with the period T = V /L), as shown in

@ Springer
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Appendix A:

o
e 2
Weurk = Fi ) he @O =1 (33)

[=—00

Summing over all the force components k, we obtain an
expression for w ¢ in terms of Fy:

e¢]

o
wew= Y Fi Y hue @t (34)

k=—o00 |=—00

Introducing m = k + [ and w,, = wy + w;, we now obtain
the following expression for Py, (¢):

9] oo
Pu(t)= ) Fi ) hue @t

k=—00 I=—00
[ee)
= Y Wue' . Wy= > Fihu (35)
m=—o0 k+l=m

Clearly, the lowest oscillation frequency w,, is equal to 277 /T
(fork = landl = O or k = 0 and = 1), and thus P,
is periodic with period T, in correspondence with Floquet’s
theorem. We note that the equation of motion of the beam
(Eq. (15)) is essentially solved now (the expression for we ¢
is its solution evaluated at the contact point), which implies
that we are left with a set of two ODEs and one algebraic
equation to solve (i.e., Egs. (16)-(18)).

To further reduce the number of unknowns, the Fourier
coefficients Fj are written in terms Zi. Substituting Eqgs.
(25) and (27) into Eq. (16), we easily find that

F = i M Zy. (36)

Now, the solutions (Egs. (25)-(28)), written in condensed
form and expressed in terms of Z; where possible, read

oo
=y Zie™, (37)
k=—00
(0.¢] oo
Wew= Y OAMZp Y hye @, (38)
k=—00 l=—00
(e.¢]
Fo= ) @{MZe™, (39)
k=—00
0.¢]
Iy = Y Lel™. (40)
k=—00

Clearly, the remaining unknowns are Zi, [ and 2; the
remaining equations to be solved are Eqgs. (17) and (18).

@ Springer

The expressions shown in Egs. (37)-(40) are now substi-
tuted into the remaining equations, resulting in

Y Mz = fi(t) Y e

k=—00

oo o0
- H0 Y L (eiwkf—cb%M > hkzeiw“’>, (41)

k=—o00 l=—00

k=—00

S . s .
Z icf)klkelwkt-i-f}(t) Z [ ek

k=—o00

= (fs0Ky = f50))

3 (= -aim 3 e

k=—o00

k=—o00 |=—00
+ (fsKa+ f5)
e . S .
. Z Zi (i(?)kelwkt — _]%M Z i&)klhklelwklt> ,
k=—00 [=—00

(42)

where wy; = @i + w; and wy; = wy + w;. Note that the factor
"% has been dropped as it is common to all terms in the equa-
tions. Equations (41) and (42) form a system of two equations
with one plus two sets of infinitely many unknowns.

The equations can be solved in an approximate manner
by truncating the Fourier series (i.e., summations over k and
[ then run from —N to N, where N is a finite number) and
projecting both equations onto the complex conjugates of
all harmonics involved in the periodic functions, that is, onto
et withn = {—N, ..., N}. The resulting system of 4N +2
equations reads

N
Z (I)/%M(Snkzk
k=—N
N
= > (Al,nklk — (A2 nk — Bz,nk)Zk), (43)
k=—N
N N
> (i@kSnklk + A3,nk1k) = > (Kp(A4,nk
k=—N k=—N
— Bynk) Zi — (Asnk — Bs.uk) Zi + Ka(idox Ag ik
— Cout) Zi + (n Aok — Coni) 71 ). (*4)

where 8, represents the Kronecker delta. The system is
rewritten in matrix—vector form:

Ay =D+ A - By)z, (45)
(E+A2)y = Kp(As — Bz + (Ka(AsE — Co)
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— (As — Bs) + AGE — cﬁ)z. (46)

Here, y and z are vectors containing [y and Zj, respec-
tively, and the matrix entries are defined as follows, with
Jj = 1{1,...,6} (not all j are relevant for A; ,x, Bj nx and
Cj,nk):

1T
Aj,nk = _[ f/,el(wk—a)n)l dl, (47)
-2 T N
w; M .
Bj,nk = kT f/ Z hklel(wkl—a)n)t dt, (48)
0 I=—N
) T N
wr M .
Cimk = kT fi Y iaghye e dr, (49)
I=—N
Dy = & My, (50)
Enk = i(I)k‘snk- (51)

The matrix entries involving fs # fe(f) can be simplified;
the relevant ones are

Ae.nk = f6duk- (52)
N
Conk = @p Mfs Z 10~ S 1)
=N
= OF M fo6ik -ty hkn—k)- (53)

Egs. (45) and (46) are now combined to eliminate the vector
y. The resulting equation constitutes an eigenvalue problem:

Gz = Kz, (54)
where

G= (As—By) 'E+ApA]!
-(D+ A2~ B2 - AI(E+A9)"'H), (55)

with
H = Kq(A4E — C4) — (A5 — Bs) + AgE — C. (56)

To find the stability boundary in the plane of control gains
K and Kg, the values of €2 (relevant for all matrices except
the A ;) and K4 (relevant for H) are looped over, allowing to
find the eigenvalues K, numerically using a standard algo-
rithm for each 2, K4 pair. Whenever an obtained eigenvalue
is real-valued, a quasi-periodic solution of the governing
equations (Egs. (15)-(18)) is found; hence, that specific K
value is used to form the stability boundary together with
other real-valued K, values found for the same and other
Q, Kq pairs (see, for example, Fig. 2). Initial guesses for the

latter variables, in the vicinity of which we search, are for-
mulated based on the findings for the system with a fixed
support, which are known analytically [15]. The value of 2
is limited to the principal value obtained from the Floquet
multiplier el thatis0 < Q < w1, as oscillation frequen-
cies outside this range are automatically incorporated due to
the multiplication of e** with the periodic functions (Eqs.
(29)-(32)).

It is noted that the numerically computed eigenvalues are
never strictly real-valued due to the fixed grid of Q2 and
K4 values applied in the search and due to small numerical
inaccuracy. However, the imaginary part of the eigenvalues
selected is typically several orders of magnitude smaller than
those of the ones that are rejected, which makes the selec-
tion of the eigenvalues unambiguous. In addition, sensitivity
studies of the obtained eigenvalues to the chosen grid (2 and
K4) have been conducted for the results presented in Sect. 7,
which ensures that these are accurate and complete (within
the search range).

Itis also noted that the method presented in the current sec-
tion does not necessarily yield the actual stability boundary.
A real-valued K}, found for a specific 2, Kq pair indicates
the existence of a bounded, non-decaying solution, but that
does not guarantee stability. Other solutions that exist for
the specific combination of €2, Kq and K}, can in principle
be unstable. A transient analysis employing a FEM-based
numerical solution (simplified version of that presented in
Ref. [52]) has therefore been used to check the actual behav-
ior left and right of the obtained quasi-periodic solutions in
the plane of control gains (see Sect.7) to judge whether or
not they are part of the stability boundary. It can be verified
that the transient responses clearly decay and increase to the
left and right of the actual boundary, respectively. The vali-
dation has been conducted for small speeds only, as the FEM
code of Ref. [52] needs optimization to handle high speeds.
We note, however, that the results for small speeds in fact
validate the methodology presented in the current section.

In the general case of 2 being non-zero and not equal
to %a)l, the stability boundary marks the emergence of an
oscillatory or flutter-type instability [50, 51]. The mentioned
specific cases are related to divergence and parametric reso-
nance, as discussed next.

5.2 Divergence and parametric resonance

Motivated by findings for the continuously supported beam
and rigid-base systems where part of the stability boundary
relates to a divergence instability [15, 37], we consider the
specific case of 2 = 0 and only the constant parts of the
periodic functions included in the solution. In that case, the
governing equations (Egs. (15)-(18)) can be solved exactly.
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Fig.2 Stability boundaries of
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Assuming
2t = Zo,
We, tr = Wo,
Ftr = FOa
Iy = Io, (57

where other components Fj (with k # 0) that do contribute
to Wy are excluded as these would render w, ¢ and zi non-
constant, we find based on Eq. (36) that Fy = a)%M Zo=0
because wy = 0. Thus, Wy = Fohoo = 0 too (see Eq. (39)),
which implies that the beam is not loaded at all. Equation
(17) then yields (using Eq. (9))

— 1. (58)

Substituting this expression into Eq. (18) and using Eq. (21)
leads to

I
(Kp - Ri> Iy =0, (59)
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from which the following expression is obtained (as Iy # 0):

Kp:RﬁzR @. (60)
Ags C

Eq. (9) was used for the last step. Clearly, the part of the
stability boundary described by Eq. (60) is fully governed by
the electromagnetic system, the flexible beam has no influ-
ence at all (which is to be expected as Wy = 0). The result
is the same as that of the system with rigid support as well
as that of the system having a flexible beam with distributed,
constant support stiffness [15, 37]. As stated, for these sys-
tems the instability observed by crossing the boundary (to
the region K, < R/Mg/C) is a divergence instability. It
was demonstrated that the controller becomes to weak then,
so that small perturbations relative to the steady state lead
to mass falling down/collide with the beam [37]. The same
divergence instability being observed for the current system
is related to the steady-state position of the mass being con-
stant, which leads to the time-periodicity of the system (i.e.,
of the coefficients in the governing equations) dropping when
the solution composed of constants (Eq. (57)) is substituted
(as shown in Eqs. (58) and (59)).

For the specific case of T parametric resonance, €2 is
known a priori and can be equated to 0 [50], as the fact of the
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response being periodic with period T is already accounted
for by the periodic functions (Egs. (25)-(28)). In this case, the
solution method presented in the previous section essentially
reduces to Hill’s method. The part of the stability boundary
related to 7 parametric resonance can be found by solving the
eigenvalue problem (Eq. (54)), but we only need to loop over
K4 in this particular situation. Furthermore, as the specific
case of 2 = 0 with only the constant parts of the periodic
functions included in the solution can be considered sepa-
rately (see previous paragraph) and leads to another part of
the boundary which is unrelated to parametric resonance, the
terms associated with the constants of the periodic functions
(i.e., Zp and Iy, and thus Fy as well as the part of W) related
to Fp) can be left out from the Eqgs. (41) and (42) in com-
posing the eigenvalue problem (Eq. (54)) for T parametric
resonance; in fact, the two sets of equations turn out to be
completely decoupled.

For the specific case of 2T parametric resonance, €2 is also
known a priori and can be equated to %wl = /T [41, 50],
which leads to a periodic solution with period 2T (see Eqgs.
(25)-(28)). In this case, the solution method is again Hill’s
method, and the part of the stability boundary related to 2T
parametric resonance can be found by solving the eigenvalue
problem (Eq. (54)) by looping over K. Note that the constant
parts of the periodic functions do have to be included in this
case; when combined with the exponential function el they
capture the fundamental oscillation with period 27T .

6 Energy analysis

The method presented in Sect. 5 is rather straightforward and
(when combined with a transient analysis) yields the stabil-
ity boundary, but it fails to differentiate between the two
instability mechanisms, that is, between the wave-induced
and electromagnetic instability mechanisms related to the
guideway’s reaction force and the electromagnetic force,
respectively (see Sect.1). Consequently, defining effective
mitigation strategies to stabilize the system remains impossi-
ble. To identify the energy input by the two forces separately,
we here present an expression for the energy balance of the
moving mass, similar to that of Fardgau et al. [37]. The lin-
earized equations of motion are used.

The variation of the kinetic energy (Ev = %M z'tzr) of the
moving mass can be obtained by multiplying both sides of
the equation of motion of the discrete mass (Eq. (16)) by its
velocity zy. Through manipulation of the left-hand side, the
following expression is obtained:

—Epq = —Ftr—t. (61)

Adding and subtracting the term Fi ¢ ¢ on the right-hand
side, the energy variation law can be written as follows:

dwc,tr
dt dt

= Pem + Paw- (62)

Integration Eq. (62) over the time interval [fg, 1] yields the
energy balance:

n

Em(t) — Em(t) = /

to

= Wem + Wgw- (63)

n
Pem dt + / Py dt
to

Eq. (63) shows that there are two main contributions to the
(kinetic) energy variation En(t1) — Em(fo) of the mass: (i)
the energy input/work done by the electromagnetic force
(Wem) and (ii) the energy input/work done by the guideway’s
reaction force (Wyy ), respectively. Positive input represents
energy added to the mass vibration, while negative input
represents energy dissipation. Since both forces can be sta-
bilizing or destabilizing, they either extract energy from or
input energy into the vehicle vibration. Note that, since the
responses are generally quasi-periodic, the oscillation period
(to integrate over) is not well defined. Therefore, in the
numerical analyses (Sect.7), fo is chosen equal 0 and the
energy inputs are plotted for running #; to reveal the trends.
Furthermore, we note that the two contributions to the energy
balance (on average) cancel at the stability boundary. For
Wew > 0, the guideway’s reaction force inputs energy into
the mass-suspension system, which is then dissipated by the
electromagnetic force: Wey, < 0. For W, > 0, the electro-
magnetic force inputs energy into the mass vibration, which is
then dissipated by the beam through radiation damping (and
some viscous damping if considered): Wgy, < 0. Finally,
we note that the (positive) energy input by guideway’s reac-
tion force essentially originates from the (horizontal) force
needed to maintain the movement of the mass at constant
speed V [37, 53].

The energy analysis requires real-valued response quanti-
ties as input to be meaningful. However, the solution used for
determining the stability boundary (Eqgs. (25)-(28)) is gener-
ally complex-valued. To overcome this, another solution is
determined with the exponential function being the complex
conjugate of the original one (i.e., with e %), and it is added
to the original solution. As not all Fourier coefficients con-
tained in the vectors y and z can be determined from the
eigenvalue problem in Eq. (54) (and subsequently applying
Eq. (45) or Eq. (46)) —note that only the eigenvector is known
— unit values are chosen for the first entry of z for both solu-
tions.
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7 Results and Discussion

In this section, we present the obtained numerical results
graphically, formulate relevant observations and relate those
to the wave dynamics in the beam-foundation system. We
consider two cases, one weakly inhomogeneous (periodic)
system and one strongly inhomogeneous (periodic) system.
The difference lies in the value of the non-dimensional
parameter ksL3/E I (equals 73.4 for the former, 367 for the
latter) that characterizes the inhomogeneity of the beam-
foundation system [54]. All parameter values have been
taken/derived from Ref. [37]: EI = 25 - 10° kNm?, pPA =
1400 kg/m, M = 7650 kg, C = 0.05 Nm?/A%, L = 16 m,
ks = 44.8 - 10* kKN/m? and Ay = 15 mm. They are the
same for both cases, except the bending stiffness (five times
smaller in the second case). Results for the periodic systems
are compared to those of the equivalent non-periodic system
having a continuously supported beam with constant support
stiffness. The distributed-support stiffness kq of the latter
system is obtained by smearing the discrete-spring stiffness:
kg = kg/L. Results for the non-periodic system have been
obtained using the method presented in Ref. [37]. For ease
of comparison, the critical speed (for resonance) V, used to
formulate the relative speed (V /V,) of the mass is defined
based on the non-periodic system (without damping; i.e., the
minimum phase velocity). It is also used when presenting
results for the periodic system, although it is not an actual
critical speed of the latter.

For practical relevance, viscous damping has been added
to the supports and the beam by introducing complex stift-
nesses: ks — ks+iwcs = ks(1+iw¢) and E — E(1+iwl).
Here, c; is the viscous-damping coefficient of the discrete
supports, and ¢ denotes the (viscous) damping ratio; for sim-
plicity the damping ratios of the supports and the beam have
been assumed identical. The support-damping value has been
derived from Ref. [37] by lumping: ¢s = cqL, where cq is the
viscous-damping coefficient of the distributed support. The
obtained ¢ =7 - 10~4, which is clearly not small.

For the numerical results presented below, N = 5 has
been chosen in the truncation of the Fourier series (Sect. 5).
It can be verified that this leads to converged results. More
specifically, the relative error in the eigenvalues (K, loca-
tions) compared to those obtained using N = 10 is in the
order of 10~ (at most) for all analyses.

7.1 Weakly inhomogeneous system

Stability boundary

Figure?2 presents the lines along which quasi-periodic
solutions are found in the plane of the control parameters
K, and Kg, for both the periodic and non-periodic systems
and for increasing relative speed V/ V.. Note that all K}, Kq
pairs associated with real-valued eigenvalues are depicted,
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while not all of them are part of the actual stability bound-
ary, as discussed in Sect.5. The transient analysis allowed
identifying the stable and unstable zones; the zone between
the left straight line and the leftmost part of the curved line
on the right (that contains loops and/or ellipses) is the stable
zone. Obviously, the interface between the stable and unsta-
ble zones is the actual stability boundary.

Figure 2 clearly shows similarities and differences between
the results for the periodic and non-periodic systems. First of
all, both systems share the same left boundarys; it is related to
the divergence instability discussed in Subsection 5.2, and it
is found at the K, value shown in Eq. (60). Furthermore, the
overall shape of the stable zone for both systems is roughly
triangular, like for the 1.5 DOF system analysed by Paul
et al. [15] (i.e., system with rigid base). For small relative
velocity (V /V. = 0.3), the line of quasi-periodic solutions
on the right has a small loop at small K, K4 for both sys-
tems, although the exact locations differ. For large V / V., the
right boundary ‘bends back’ (i.e., has an S-shape) locally
at small K}, Kq4 for both systems cutting the stable zone in
two parts, although the speed at which this happens differs:
appr. V/V. = 1.25 for the non-periodic system and appr.
V / V. = 1.4 for the periodic system.

One of the important differences between the periodic and
non-periodic systems is the occurrence of elliptical indenta-
tions of the right Stability boundary of the former, related to
T and 2T parametric resonances. For small relative speed,
the elliptical indentations are very small in size, but for large
speed their sizes become larger, although the relative sizes
(compared to the local width of the stable zone) seem hardly
affected. They also shift upward, which is reasonable as the
basic frequency of parametric excitation (w1 ) increases with
increasing speed and, for parametric resonance to occur, it
needs to match a frequency of free oscillation of the sys-
tem, which typically increases along the right boundary [15,
37]. In addition to the parametric resonance zones, there is
significant amorphous indentation for the periodic system;
see V/V. = 0.3 and V/V, = 0.8 (Fig.2). This indentation
moves upward with increasing speed; for V /V. = 0.8, it is
only partially present in the chosen K, Kq window.

For very large vehicle speed (not shown), the inertia and
bending effects will dominate the response of the beam, and
hence the specific nature of the foundation will no longer be
influential. Therefore, all indentations (also the ones related
to parametric resonance) will be very minor and the stability
boundaries of the periodic and non-periodic systems will be
very similar.

Regarding the type of the instability, we note that the parts
of the right stability boundary unrelated to parametric res-
onances mark the emergence of an oscillatory/flutter-type
instability, as €2 is non-zero and not equal to %a)l (see also
Sect.5). This is also true for the amorphous indentation.



Instability of a moving mass suspended electromagnetically... Page 110f21 266
Fig.3 Energy inputs Wem (a)- VIV ,=0.2 (b)- VIV, =1.4
(blue) and Wy, (orange) for s Point A in Fia. 4 3 Point A in Fig. 2d
- . 3 | | 1g.
V/V. = 0.2 (panel a) and 5»X1O omAnTe 1 x1¢ 9
V /V. = 1.4 (panel b), for the = 0 ; 0
weakly inhomogeneous system = -1k
-5 «10™ Point B in Fig. 2d
2f 30 1
= =
=, -4t =
= - ; %1074 Point C in Fig. 2d
5 %10 Point C in Fig. 4 N 0
= 10t Point D in Fig. 2d
> 0 2
q
5 g 0 ‘
%108 Point D in Fig. 4 D) ] _
2 T T %«107° Point E in Fig. 2d
= =5 ’ :
x 0 S0
2 R . . n 5 R R R n
0 10 20 30 40 50 0 10 20 30 40 50
Time [s] Time [s]

4
5 ><I10 ' '
45}t :
4t / 1
a5l ® 3 |
E Ll / |
g 1.7 1.8
o5t %105
k‘o
2r B ° 1
10000
1.5t ﬁ°§
9800
1r 2.5 3 7
05 l ) ) ) x10%
0 0.5 1 15 2 25
K, [V/m] %10°

Fig. 4 Stability boundary of the weakly inhomogeneous system for
V/V.=02

Energy analysis

The energy inputs shown in Fig.3 (corresponding sta-
bility boundary is shown in Figs.2 and 4) for points along
the right stability boundary reveal that it is mostly the elec-
tromagnetic force that destabilizes the periodic system for
small relative speeds, like for the non-periodic system [37].
This can be inferred from the fact that the energy input by
the electromagnetic force (Wep ) is positive and the energy
input by the guideway’s reaction force (W) is negative (see
Sect. 6). The contributions balance each other at the stability
boundary, but just to the right of it the force with positive
energy input will cause instability; for simplicity, we there-
fore write that the instability is electromagnetics induced

(or wave induced in the opposite case). We encountered one
exception, at small relative speed V / V. = 0.2; see Fig.4. As
shown in Fig. 3, the 2T parametric resonance for this speed is
wave induced, but along the rest of the boundary, including
the T parametric resonance, the instability is electromag-
netics induced. For other small relative speeds investigated
(e.g., Fig.2), the 2T parametric resonance is electromag-
netics induced too. Clearly, the anomalous Doppler waves
which feedback energy into the vehicle vibration (see Sect. 1)
— in contrast to the non-periodic system, a moving load does
excite waves (incl. anomalous Doppler waves) even at small
relative speeds in the periodic system (see wave analysis
below) — are not that strong, meaning that the guideway reac-
tion force is usually dominated by the regular Doppler waves
which extract energy from the vehicle vibration (i.e., provide
radiation damping).

At large relative speed, for example at V/V, = 1.4 (see
Fig.3), the energy inputs provide a picture for the periodic
system that is again generally similar to that of the non-
periodic system. There is a clear distinction between regions
of wave-induced (small K, Kq) and electromagnetic (large
Kp, Kg) instability [37]. Furthermore, it turns out that the
bending back of the stability boundary addressed above is
due to the wave-induced instability mechanism; the energy
input by the guideway’s reaction force is apparently so strong
that the electromagnetic force cannot dissipate the energy
for many K, Kq combinations, which leads to a signifi-
cant reduction of the size of the stable domain (compared to
the original size for very small V'), like for the non-periodic
system [37]. The 2T parametric resonance is in this case elec-
tromagnetics induced; this is the case for all other scenarios
analyzed as well (including T parametric resonance), even
for the strongly inhomogeneous system treated in Subsection
7.2.
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Fig.5 Dispersion curve (grey,
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Wave analysis

We now relate the similarities and differences regarding
the shape of the right stability boundary (Fig.2) to the spe-
cific waves excited by the moving mass to provide some
fundamental understanding. Figure5 shows the dispersion
curves of the periodic [55-57] and non-periodic systems;
both curves relate to the undamped system to ensure a clear
distinction between propagating and evanescent waves, but
it should be noted that the actual systems are lightly damped
(see first paragraph of Sect.7). Apart from the stop band
between appr. 150 and 250 Hz for the periodic system (and
the multiple Brillouin zones), the differences between the
curves are not that big; note, for example, that the cut-off
frequencies are very similar. This is reasonable as the peri-
odic system is only weakly inhomogeneous. The kinematic
invariants expressing the frequency-wavenumber content of
the moving oscillatory contact force (see Appendix A, with
the replacements specified at the end), defined as
w=wr+w+kiV=Q4w, +kV, (64)
with m being an integer and w,, = w; + @y (see Sect.5),
are shown in Fig. 5 too, for different V /V, and the Ky values
indicated in Fig.2 (K4 determines €2; see Sect.5). Note that
there are infinitely many kinematic invariants (with spacing
w1) for the periodic system, while there is only one for the
non-periodic system; the kinematic invariant of the latter can
be found by leaving out w,,, but one should realize that the
fundamental frequency of oscillation €2 is in principle differ-
ent for the periodic and non-periodic systems. Intersections
(indicated by red circles) of the kinematic invariants with
the dispersion curve generally indicate the frequencies (w)
and wavenumbers (k,) of the waves that are excited. For
the current wave analysis, considering intersections with the
black line, which is the primary dispersion curve, are suffi-
cient for determining the excited wave types; note that the
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primary dispersion curve is composed of adjacent branches
from neighboring Brillouin zones [58] that will reduce to the
smooth dispersion curve of the non-periodic system when
the inhomogeneity becomes very small.

For the specific, medium Kq4 value indicated in Fig. 2(b),
the values of 2 are very similar for the periodic and non-
periodic systems, and propagating waves are excited having
nearly the same frequency as the dispersion curves are very
similar at the (most important) intersection with the kine-
matic invariants; see Fig. 5(b) (it can be verified that the wave
with lowest w (middle circle) dominates the behaviour of
the periodic system in this specific situation). This explains
the similarity of the shape of the right stability boundary in
Fig.2(b) for V/V, = 0.8 and the medium Ky value. How-
ever, for the relatively large K4 value chosen at the level of
the amorphous indentation (Fig.2(b)), the types of excited
waves are different, as shown in Fig.5(c); the first higher-
order (m = 1) kinematic invariant crosses (middle circle) the
dispersion curve in a stop band (the fundamental one, m = 0,
too: right circle), which implies that one of the excited waves
in the periodic system is evanescent. The dynamic behaviour
is therefore very different from that of the non-periodic sys-
tem. An evanescent wave does not provide radiation damping
as it does not carry energy away from the source, which
results in the much more narrow stable domain (Fig. 2(b)),
even though the system is only weakly inhomogeneous.

The upward shift of the amorphous indentation with
increasing speed addressed above can be understood by com-
paring panels (a) and (c) of Fig.5. For the smaller speed
V/V. = 0.3 (Fig.5(a)), for which the kinematic invariants
have arelatively small slope, the m = 2 invariant crosses (left
circle) the stop band (the m = 1 invariant too: right circle).
For the increased speed V /V, = 0.8, the m = 1 invariant
crosses (middle circle) the stop band (the m = 0 invariant
too: right circle) due to the larger slope and the larger spacing
between the invariants. However, for this kinematic invari-
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ant to cross the stop band, the value of €2 must increase too
from V /V. = 0.3 to 0.8. The larger €2 typically comes with
alarger K4 value [15], and as a consequence, the amorphous
indentation must shift upward as the velocity increases.

Interestingly, parametric resonance is observed for
V /V. = 0.8 when one ore more of the kinematic invariants
cross the dispersion curve at the edge of a pass band. Fig-
ure 6 shows that 7' parametric resonance takes place when the
m = 1 kinematic invariant crosses (left circle) the dispersion
curve at the upper edge of the first pass band (the m = 0
invariant crosses too: right circle), while for 27 parametric
resonance, the m = 0 invariant crosses the dispersion curve
at/very close to the lower edge of the first pass band (i.e., at
the cut-off frequency). At the edge of a stop band, the wave
is a truly standing wave. When the beam dynamics is domi-
nated by a standing wave, the beam just oscillates according
to the standing wave mode and no or hardly any energy prop-
agates, creating a situation which is in some ways similar to
that of a discrete system with oscillating base, where para-
metric resonance also takes place [15]. However, the relation
between parametric resonance and the occurrence of a stand-
ing wave is certainly not general. Considering T parametric
resonance for slightly higher velocity, for example, the slope
of the kinematic invariants will increase while they do not
translate vertically (note that 2 = 0). The crossings with the
primary dispersion curve indicated in Fig. 6(a) will then shift
into the stop band and additional crossings will emerge in
the first pass band, implying that both evanescent and prop-
agating waves are excited in that case but no standing wave.
Furthermore, it should be noted that, in the exceptional case
that parametric resonance is wave induced (as observed for
the 27 resonance when V/V, = 0.2; see Figs.3(a) and 4),
there must be an anomalous Doppler wave (defined below)
that is sufficiently energetic to render the guideway’s reac-
tion force destabilizing. A dedicated in-depth energy analysis
(preferably for a beam without damping) would be required
to confirm this and could generally provide more clarity
regarding the relation between parametric resonance and the
occurring (energetic) wave types, but that is beyond the scope
of the current paper.

Regarding the anomalous Doppler waves, it is impossible
to predict that the instability is wave induced by solely check-
ing the occurrence of such waves. As said, the waves exist
in the periodic system for any non-zero V'; by definition, the
negative-frequency waves (i.e., indicated by crossings of the
kinematic invariants and the dispersion curve) are anomalous
Doppler [37, 53], and such crossings clearly exist always. For
the non-periodic system, as soon as the anomalous Doppler
waves are excited, they typically dominate the guideway’s
reaction force [37]. This is not the case for the periodic
system. Figure7 shows the w, k, graphs with 2 based on
K4 values related to both wave-induced and electromagnetic
instabilities (for V/V, = 1.4; see Fig.2(d)). In both situa-

tions anomalous Doppler waves are excited, and the number
of anomalous Doppler waves in the considered frequency
range is even the same: two crossings in each of the cases.
The above-mentioned in-depth energy analysis could reveal
which of the wave types (anomalous vs. normal Doppler)
is most energetic and dictates the guideway’s reaction force
with varying K4 and even with varying V.

7.2 Strongly inhomogeneous system

Stability boundary

We here discuss the results for the strongly inhomo-
geneous system following the same structure as for the
weakly inhomogeneous system. Figure 8 presents the sta-
bility boundaries in the K}, K4 plane, for both the strongly
inhomogeneous and non-periodic systems and for increasing
relative speed. Clearly, the lines along which quasi-periodic
solutions exist have multiple loops for small relative speeds
(as discussed, these are not part of the actual stability bound-
ary). In contrast to the weakly inhomogeneous system, the
2T parametric-resonance indentation is now very large rela-
tive to the width of the stable zone, even for smaller speeds
(e.g., V/V. = 0.8). This is in line with observations for
the classical Mathieu equation [50], where the size of the
unstable tongues increases with increasing magnitude of the
parametric excitation. The bending back of the right stability
boundary for small Kq (cf. Figure?2) is still observed for the
current system (at V /V, = 1.4). Furthermore, the stable zone
can be significantly more narrow than that of the non-periodic
system at small relative velocity (e.g., V/V. = 0.8). Finally,
the amorphous indentation still exists, although it may inter-
fere with the parametric-resonance indentations, as is clear
for V/V, being 0.8, 1.25 and 1.4.

Energy analysis

As for the energy inputs, the picture is qualitatively the
same as for the weakly inhomogeneous case. For small
relative velocity, for example V /V. = 0.3 (Fig.9(a)), the
instability at the right boundary is electromagnetics induced;
we did not encounter any exceptions like for the weakly
inhomogeneous case (cf. Figures 3(a) and 4), but we cannot
exclude those either. In any case, the instability is mostly elec-
tromagnetics induced. For large relative velocity, for example
V/V. = 1.25 (Fig.9(b)), the instability is wave induced for
lower Ky values, while it is electromagnetics induced for
larger Kq values, like for the weakly inhomogeneous sys-
tem; see cf. Figure 3(b). Finally, we note that all parametric
resonances encountered (also at speeds other than shown in
Fig.9) are electromagnetics induced.

Wave analysis

The dispersion curve (see Fig. 10) confirms that the system
is strongly inhomogeneous. This manifests itself in the lowest
branch displaying anomalous dispersion (not be confused

@ Springer



266 Page 14 of 21

R.van Leijden et al.

Fig.6 Dispersion curve (grey,
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with anomalous Doppler waves), which is typical for strongly
inhomogeneous systems. Clearly, the dispersion curve of the
periodic system is very different from that of the non-periodic
system.

As for the amorphous indentation, we can verify that it
again happens when a kinematic invariant crosses a stop
band, like for the weakly inhomogeneous system; as shown
in Fig. 10(a)), the dispersion curve is even crossed in two stop
bands for V/V, = 0.3.

Figure 10 confirms that parametric resonance is not gen-
erally related to a standing wave in the beam. Although the
m = 0 kinematic invariant crosses the dispersion curve at
the upper edge of the first pass band for 27" parametric reso-
nance (Fig. 10(c)) at the specific speed of V /V, = 0.8, this
will generally not be the case for other speeds (see reasoning
in Subsection 7.1); also, no kinematic invariant crosses the
dispersion curve at the edge of a pass band when T paramet-
ric resonance takes place (Fig. 10(b)) for the current speed.

@ Springer

7.3 Influence of damping

As mentioned in the introductory part of Sect.7, the sys-
tems considered contain viscous damping. A comprehensive
study into the effect of the damping on the stability boundary
is beyond the purpose of the paper, but to get a preliminary
idea, the viscous-damping ratio (¢ ) has been varied by a factor
2 (smaller and larger), for both the weakly and the strongly
inhomogeneous systems and for two values of the relative
speed (small and large). Results are shown in Figs. 11 and
12. Tt can be observed that the left boundary is not affected,
which makes sense as the divergence instability is fully gov-
erned by the electromagnetic system (Sect.5.2). The right
boundary shifts to a more or lesser extent, and the influ-
ence of a change in damping is generally more pronounced
for larger K, and K values. This is reasonable as the fre-
quency of free oscillation of the system increases along the
right boundary [15, 37], which enlarges the influence of the
viscous forces. Note that increasing the damping does not
necessarily imply that the stable zone increases in size; the
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Fig.8 Stability boundaries of
the strongly periodic (red) and
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reason is that a change in damping also affects the dynamic
stiffness of the system, which leads to an overall change in
the energy balance. The amorphous indentation and the loops
(which are not part of the actual stability boundary) are signif-
icantly affected by the changes in damping. The parametric
resonance ellipses mostly shift slightly (i.e., move along with
the rest of the boundary), but hardly change in size. Finally,

Time [s]

in the area where wave-induced instability takes place (small
Kp, K4 range in Figs. 11(b) and 12(b)), the strength of the
bending back of the stability boundary is rather seriously
affected. The viscosity does clearly influence the strength of
the energy feedback associated with the anomalous Doppler
waves, which makes complete sense. Altogether, the find-
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Fig. 10 Dispersion curve (grey,
black) and kinematic invariants
(blue) for V/V, = 0.3 and K4
value indicated in Fig. 8(a))
(panel a), and for V /V, = 0.8
with K corresponding with T
(panel b) and 27 (panel c)
parametric resonance (see
Fig.8(b)). The solid black line
indicates the primary dispersion
curve, and the green line
indicates that of the
non-periodic system. Red circles
indicate intersections between
the primary dispersion curve
and kinematic invariants

Fig. 11 Stability boundaries of
the weakly periodic system for
different magnitudes of the
viscous-damping ratio ¢ and for
two values of the relative speed
V/Ve

Fig. 12 Stability boundaries of
the strongly periodic system for
different magnitudes of the
viscous-damping ratio ¢ and for
two values of the relative speed
V/Ve
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ings underline the importance of proper assessment of the
damping in the guideway for the stability analysis.

8 Conclusions

The current study addresses the dynamic stability of amoving
mass suspended electromagnetically from a flexible beam
that is supported periodically by discrete elastic springs, with
focus on the influence of the periodic nature of the supports
and of the vehicle speed. The stability is governed by the
wave induced and electromagnetic instability mechanisms,
and each of them is related to a potentially destabilizing force:
the controlled electromagnetic force and the reaction force of
the guideway (i.e., the beam-foundation system). The former
is destabilizing if the control is inappropriate, and the latter
is destabilizing if sufficiently energetic anomalous Doppler
waves are excited in the guideway (which feedback energy
into the vehicle vibration). The overall stability is determined
by the interaction of the two forces.

The system of equations governing the stability problem
contains essentially one linear PDE and two linear ODEs, and
all of them have time-periodic coefficients resulting from the
periodically varying steady state defined by the original non-
linear equations of motion (i.e., nonlinearity in the contact
force and in Kirchoff’s law). The paper presents a method
to find the stability boundary in the plane of control gains
Ky, Kq of the PD controller that operates on the air gap; this
simple controller has been chosen to facilitate comparison of
the findings with those of the equivalent non-periodic system,
with distributed support [37]. Formulated based on Floquet’s
theorem, the method searches for quasi-periodic free oscilla-
tions of the field variables, which is a generalization of Hill’s
method as the fundamental frequency of vibration €2 is gener-
ally unknown a priori. Employing a semi-analytical solution
for the response of the periodically supported beam to a mov-
ing oscillatory force, the equations can be reformulated to
an eigenvalue problem that can be solved straightforwardly,
giving the combinations of K, Kq and €2 for which quasi-
periodic free vibrations can exist. Connecting all points in
the K;,, K4 plane and employing a transient analysis for vali-
dation, stable and unstable zones are identified, and with that
the actual stability boundary.

The stability boundary obtained is roughly triangular, like
for the equivalent non-periodic system. The left, straight
boundary, which is even exactly the same, marks the emer-
gence of a divergence instability. The right boundary gen-
erally marks the emergence of an oscillatory (flutter-type)
instability, but specific, elliptical indentations are related to
parametric resonances. The divergence instability is always
electromagnetics induced, but the oscillatory instability and
parametric resonances can be either wave induced or elec-
tromagnetics induced, as revealed by an energy analysis; it

should be noted, however, that the encountered parametric
resonances are mostly electromagnetics induced. Wave-
induced instability takes place mostly for large speeds and
only for small Ky, Kq, like for the non-periodic system. The
right stability boundary locally bends back reducing the size
of the stable zone considerably and cutting it essentially into
two parts. Next to the elliptical indentations related to 7 and
2T parametric resonances, the latter being more pronounced,
the right boundary has a significant amorphous indentation
compared to that of the non-periodic system. The 2T para-
metric resonance ellipse is very significant in size compared
to the width of the stable domain when the periodic inhomo-
geneity of the guideway is relatively strong.

The amorphous indentation is related to the occurrence
of an evanescent wave in the periodic guideway. In that
situation, there is less radiation damping compared to the
non-periodic guideway (that predicts a propagating wave
for the same parameters), which explains why the stable
domain is more narrow. When the parametric resonance is
electromagnetics induced, a standing wave may exist in the
guideway, but that is certainly not generally the case. To get
more insight into the relation between parametric resonance
and the (energetic) wave types excited in the guideway, a
dedicated in-depth energy analysis would be required, prefer-
ably for a guideway without damping. That analysis may also
reveal when (e.g., at what speed) anomalous Doppler waves
become more powerful than the regular Doppler waves to
render the guideway’s reaction force destabilizing.

Although the current study is fundamental in nature and
the adopted model is perhaps too simplistic for detailed
design, the findings do pave the way towards the design of
safe and cost-effective Maglev and Hyperloop infrastruc-
ture as well as of electromagnetic-suspension controllers.
The guideway should preferably be designed such that
wave-induced instability does not occur in the operational
speed range, or it should be counteracted by an effective
controller. Furthermore, even if the instability is electro-
magnetics induced, the periodic nature of the guideway still
significantly affects the shape of the stability boundary (i.e.,
parametric-resonance and amorphous indentations), which
implies that detailed modeling of the guideway is in fact
always necessary for stability assessment. Note that, for
infrastructure and controller design, the aeroelastic insta-
bility mechanism must be incorporated too (next to the
electromagnetics-induced and wave-induced mechanisms;
see Sect. 1) as itinfluences the stability of Maglev and Hyper-
loop vehicles, particularly at high speeds. Including a realistic
amount of damping in the guideway is also important, as
shown in the current paper.

Finally, we emphasize that the wave-induced instabil-
ity mechanism addressed in this paper, and more generally
speaking the influence of the periodic guideway, is also rele-
vant in the context of other (more advanced) control strategies
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[34] as well as for different Maglev and Hyperloop sus-
pension/levitation systems such as the electrodynamic, the
hybrid and the superconducting magnet suspensions [5, 59—
61]. How effective other control strategies/suspensions are
in suppressing the wave-induced instability mechanism and
the different instability types (e.g., parametric resonance)
remains an open question.

Appendix A

In this appendix, we present the derivation of the steady-state
response of an infinite, periodically supported (with discrete
springs) beam to a moving harmonic load with arbitrary fre-
quency @ and amplitude F, which is used for steady-state
response of the nonlinear system (Eq. (8)) as well as for the
stability analysis (Egs. (33) and (34)). The derivation is simi-
lar to that of Hoang et al. [48], but it is extended to the case of
@ # 0. The response is governed by the following equation
of motion:

82w a%w ad
pAW +El+ Z R,(1)8(x — pL)
p=—00
= Fel®§(x — V1), (A1)
where R, (¢) is the reaction force exerted by support p:
Ry(t) = ksw(x = pL,1). (A2)

Following Belotserkovskiy [62], the periodicity condition for
the reaction forces can be obtained, which in the time and
frequency (w) domains reads as follows (Fourier transform
over time defined with e ~1¢7):

R,(1) = R(t — pT)ePT,

Ry(w) = R(w)e @~

(A3)
(A4)

where R(¢) denotes the support reaction at p = 0, the hat
signifies that the variable is defined in the frequency domain,
and7 =L/V.

To solve the problem, the Fourier transform is applied
to Eq. (A1) over time and space (the latter is defined with
e'f+*) An algebraic equation is obtained, which can be solved
straightforwardly [48], resulting in

. 2 1 (F
w(ky, w) = ——— | =3 (ko — k)

EI D(ky, ) \V
I’é 0]
-7 > 8 (kp—ke) | (A5)
=—00
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where k), = (0 — @ — w,)/V, D(w, ky) = ki — p* with
B* = pAw?/EI, and the tilde signifies that the variable is
defined in the frequency-wavenumber domain. Clearly, Ris
still unknown, but an expression for it can be found using Eq.
(A2) for p = 0 (note that Ry = R) written in the frequency
domain:

(A6)

To this end, the inverse Fourier transform over k, is first
evaluated to find the response in the frequency domain. The
result reads

11 e o

wx,0)=————F
EI'V D (kg, w)
11 o0 e*iKp)C
_ - A7
EIL _Z D (kp, ) AP
p=—00
Substituting x = 0, we find
F R
wx =0,0) = — — —, (A)
kbr kbR
where, following [48],
ko.p = EI'V D (ko, w), (A9)
-1
. 11 & 1
ker=| —— _—
PREVETL _Z D (kp, @)
p=—00
_ 4EI/33 sin(BL)
cos(BL) — cos(koL)
B sinh(BL) -1 (A10)
cosh(BL) — cos(koL) '

Secondly, combining Eqs. (A6) and (AS8), the expression for
R is found:

n 1 kekpr
0=

R =é&F, _ =
kp,F ks 4 kp R

(A11)

The time-domain response of the beam under the moving
load is now found by evaluating the inverse Fourier integral
over w. By combining terms, we obtain

0 .
W(x = Vi, w)e do

1
u)(x:Vt,t):z—/
T

—00

o0
=F ) ypel@rent,

p=—00

(A12)
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where y), = y,(®, V) = xdop — np and

1 11 [~ 1

= ——— | —— do, (A13)
2m EI'V J_s D (ko, w)
P11 /00 @ d (A14)
= ——— —— do.
"= BIL ) o D (kp. o)

The expression in Eq. (A12) clearly shows that the response
below the moving point load is quasi-periodic in time and
contains the harmonic oscillation directly induced by the load
itself as well as many other harmonics induced by the peri-
odicity of the system. The integrals in the expressions for x
and 7, can only be taken numerically provided that some
viscous/material damping is introduced into the model; oth-
erwise, the poles of the integrands lie on the real w axis. Note
that for the case of @ = 0 and p = 0 (i.e., w, = 0) the inte-
grals in Eqgs. (A13) and (A14) should be taken together to
avoid a singularity at @ = 0 in both integrands; the singu-
larity is related to a non-physical, unconstrained rigid-body
movement, and it can be verified that it vanishes when the
integrands are combined.

The expression presented in Eq. (A12) is used in Sect. 3 for
the steady-state response of the beam to a moving constant
load; in that case @ = 0, F' = Mg and y,(@ = 0,V) =
¢p (see Eq. (8)). Equation (A12) is also used in Sect.5 for
the response of the beam to a moving harmonic load with
frequency @y; see Eq. (33). In that case, ® = a, F =
Fr, p = [ and yj(wr, V) = hyy; eventually, the index &
is summed over as many harmonic forcing components are
considered, as shown in Eq. (34).

Finally, we note that by combining the Eqs. (A8) and
(Al1), the following expression can be obtained for the
frequency-domain response, written solely in terms of F':

hor 1

—R__°_ F (A15)
kvF ks + kbR

wkx =0,

The denominator kg + Izb,R of the resulting expression, when
equated to zero, gives precisely the intersections of the dis-
persion curves [55] of the periodically supported beam with
the so-called kinematic invariants; the latter express the
frequency-wavenumber content of the moving load and can
be found from the arguments of the Dirac functions in Eq.
(AS): w = @ + w) + k, V. The intersections provide the fre-
quencies (w) of the waves that are excited in the beam (and
lead to peaks in the amplitude spectrum of w(x = 0, w)).
This justifies that the intersections of the dispersion curves
with the kinematic invariants are considered in Sect.7 when
determining the waves excited in the guideway.
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