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SUMMARY

Multi-axis additive manufacturing is a set of advanced technologies that leverage robotic
systems capable of rotational and translational motion in additive manufacturing pro-
cesses. These systems enable dynamic adjustments to the build direction and deposition
plane, offering ultimate flexibility for fabricating intricate structures using curved layers.
Such systems are well-suited for processes such as fused deposition modeling (FDM) for
polymers and wire arc additive manufacturing (WAAM) for metals.

In this dissertation, an optimization framework is developed for multi-axis additive
manufacturing, with a particular emphasis on WAAM. The framework aims to address
key challenges, such as residual stress and thermal-induced distortion, by investigating
two critical aspects for additive manufacturing: structural design and process planning.

At the core of the framework is the concept of space-time topology optimization. Un-
like conventional workflows that treat the above two aspects as separate steps, this frame-
work enables concurrent optimization of the structural layout and the fabrication se-
quence. It incorporates a pseudo-density field to represent the structural layout and a
pseudo-time field to encode the fabrication sequence. This dual-field optimization pro-
vides comprehensive information about the structural geometry and the layer-by-layer
manufacturing process. In addition, the framework can also be adapted for pure fabri-
cation sequence optimization when the structural layout is set as fixed.

To better align with manufacturing realities, the space-time topology optimization is
first regularized using a heat equation. The monotonic additive manufacturing process
is conceptualized as a heat conduction process starting from the surface upon which a
component is constructed layer by layer in a forward progression. Instead of being opti-
mized explicitly, the pseudo-time field is derived implicitly by solving the heat equation.
Due to the physics it resembles, the regularized pseudo-time field is continuous and free
of local minima, which complies with manufacturing principles.

On this basis, a layer geometry control scheme is further developed to improve the
uniformity of layer thickness within each layer and to ensure that every layer’s thickness
remains within a feasible range. The method also promotes convex layer curvatures lo-
cally, reducing the risk of collisions during manufacturing. It monitors and adjusts layer
shapes by leveraging both the gradient and the Hessian matrix of the pseudo-time field.
The method is validated within the space-time optimization framework and is focused
solely on fabrication sequence optimization. These improvements in geometric consis-
tency further contribute to ensuring the manufacturability.

Furthermore, we demonstrate the feasibility of reducing residual stresses and distor-
tions in WAAM through both pure fabrication sequence planning and the concurrent op-
timization of the structural layout and sequence. The inherent strain method is adopted
as a simplified process simulation model to predict stresses and distortions accumu-
lated during manufacturing. To address these challenges, local residual stresses are ag-

XI



XII SUMMARY

gregated using a p-norm function, which is integrated as a constraint into the distortion
minimization framework. Numerical examples demonstrate that the optimized non-
planar fabrication strategies can significantly reduce these thermal-induced issues.

Last but not least, we further explore the possibility of incorporating additional char-
acteristics of multi-axis additive manufacturing into the framework. In WAAM, material
anisotropy arises from the deposition process. To integrate this into space-time topology
optimization, the material deposition direction is directly derived from the pseudo-time
field, where the local material orientation is perpendicular to its gradient. Numerical
examples demonstrate that the optimized fabrication sequences rationally align deposi-
tion orientations to take advantage of the stiffer direction of materials, thereby improv-
ing mechanical performances.

In summary, this dissertation advances the space-time topology optimization frame-
work to improve its compatibility with practical manufacturing scenarios. It inspires the
exploration and utilization of the innovative potential offered by multi-axis manufactur-
ing strategies.



SAMENVATTING

Meerassig 3D printen is een groep van geavanceerde productie technologieén, die in het
3D printproces gebruik maken van robot systemen, met de capaciteit om roterende en
translerende bewegingen te maken. Deze systemen maken dynamische aanpassingen
aan de printrichting en het afzettingsvlak mogelijk, wat ultieme flexibiliteit biedt in het
fabriceren van complexe structuren. Dit soort systemen zijn zeer geschikt voor proces-
sen als fused deposition modelling (FDM) voor polymeren en wire arc additive manu-
facturing (WAAM) voor metalen.

In dit proefschrift wordt een optimalisatiemethode kader voor meerassig 3D printen
ontwikkeld, met een specifieke nadruk op WAAM. Het kader is gericht op het aanpakken
van belangrijke uitdagingen, zoals restspanningen en thermische vervormingen, door
twee cruciale aspecten van additieve fabricage te onderzoeken: structureel ontwerp en
procesplanning.

De kern van het kader is het concept van ruimte-tijd topologie-optimalisatie. In tegen-
stelling tot conventionele werkwijzen, waarin deze twee aspecten als afzonderlijke stap-
pen worden behandeld, maakt dit kader het mogelijk om tegelijkertijd de fabricagevolg-
orde alsook het structurele ontwerp te optimaliseren. Het gebruikt daarvoor een pseudo-
dichtheidsveld om het structurele ontwerp te beschrijven en een pseudo-tijdsveld om
de fabricagevolgorde te coderen. Dit twee-velden optimalisatieproces biedt uitgebreide
informatie over de structurele geometrie en het laagsgewijze fabricageproces. Deze me-
thode kan ook vereenvoudigd worden om alleen de fabricagevolgorde te optimaliseren
als het structurele ontwerp al bekend is.

Om beter aan te sluiten bij de praktische realiteit van het fabricageproces, wordt de
ruimte-tijd topologie optimalisatie eerst geregulariseerd door middel van een hitte ver-
gelijking. Het monotone 3D printproces wordt gemodelleerd als een warmtegeleidings-
proces dat begint bij het vlak waarop de component laagsgewijs gebouwd wordt in een
voorwaartse richting. In plaats van dat deze expliciet wordt geoptimaliseerd, wordt het
pseudo-tijd veld impliciet afgeleid door het oplossen van de warmtevergelijking. Door
het fysische proces dat gemodelleerd wordt, is het geregulariseerde pseudo-tijd veld
continu en zonder lokale minima, wat voldoet aan de fabricageprincipes.

Op basis hiervan is een methode voor controle over de laaggeometrie verder ontwik-
keld om de gelijkmatigheid van de laagdiktes in elke laag te verbeteren en om te verze-
keren dat de laagdiktes binnen een uitvoerbaar bereik blijven. Deze methode bevordert
ook lokaal convexe laagkrommingen, waardoor het risico op botsingen tijdens de pro-
ductie wordt verminderd. De methode bewaakt en past de laagvormen door gebruik te
maken van zowel de gradiént als de Hessiaanse matrix van het pseudo-tijdveld. De me-
thode is gevalideerd binnen het ruimte-tijdoptimalisatiekader en is uitsluitend gericht
op de optimalisatie van de fabricagesequentie. Deze verbeteringen in geometrische con-
sistentie dragen verder bij aan de productiemogelijkheden.
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XIV SAMENVATTING

Verder demonstreren we de haalbaarheid van het verminderen van restspanningen
en vervormingen in WAAM door én alleen planning van de fabricagevolgorde én het
tegelijkertijd optimaliseren van het structurele ontwerp en de fabricagevolgorde. De
inherente-rekmethode wordt gebruikt als een gesimplificeerde simulatie van het proces
om spanningen en vervormingen te voorspellen die accumuleren tijdens fabricage. Om
rekening te houden met restspanningen, worden deze samengevoegd door middel van
een p-norm functie, die de basis vormt voor de formulatie van een numerieke methode
voor de optimalisatie. Numerieke voorbeelden demonstreren dat de geoptimaliseerde
en niet vlakke fabricagestrategieén deze thermisch veroorzaakte problemen sterk kun-
nen verminderen.

Ten slotte onderzoeken we de mogelijkheid om aanvullende karakteristieken van meer-
assig 3D printen op te nemen in het kader. In WAAM komt materiéle anisotropie voort uit
het depositieproces. Om dit te integreren in ruimte-tijd topologie-optimalisatie wordt de
materiaaldepositierichting direct afgeleid van het pseudo-tijdveld, waarbij de lokale ma-
teriaaloriéntatie loodrecht staat op de gradiént ervan. Numerieke voorbeelden demon-
streren dat de geoptimaliseerde fabricagevolgordes rationeel de materiaaldepositierich-
tingen uitlijnen om te profiteren van de stijvere richting van het materiaal, waardoor de
mechanische prestaties verbeteren.

Samengevat bevordert dit proefschrift het ruimte-tijd topologie optimalisatie kader
door de comptabiliteit met praktische fabricagescenario’s te verbeteren. Het inspireert
het verkennen en gebruiken van de innovatieve mogelijkheden die geboden wordt door
meerassig fabricage strategieén.



INTRODUCTION

This research focuses on addressing challenges in additive manufacturing from a
design perspective. Its primary scope encompasses structural design and process
planning for multi-axis additive manufacturing. This chapter provides an overview of

the research background and the key challenges, followed by an outline of the thesis
structure.



2 1. INTRODUCTION

1.1. RESEARCH BACKGROUD
1.1.1. MULTI-AXIS ADDITIVE MANUFACTURING

DDITIVE manufacturing, commonly referred to as 3D printing, is a transformative
Atechnology that redefines conventional notions of how structures can be built or
manufactured. In contrast to conventional subtractive manufacturing methods that
involve intensive material removal, additive manufacturing constructs components
layer by layer directly from digital models, promoting more sustainable production
practices. It also offers greater design and manufacturing flexibility, enabling the
fabrication of complex geometries that would be difficult or even impossible to
achieve using conventional techniques.

An emerging advancement in additive manufacturing is multi-axis additive
manufacturing [155]. In traditional additive manufacturing, the process follows a
fixed build direction: the printer head moves horizontally to create each planar layer,
then raises to form the next layer, a technique often referred to as 2.5D printing. In
contrast, multi-axis additive manufacturing uses either a rotating build plate or a
flexible printing head, allowing the material deposition direction to be dynamically
adjusted throughout the manufacturing process. This can provide greater fabrication
flexibility. Multi-axis techniques have been developed for both metal [44, 71, 135,
171] and polymer fabrication [38, 198]. As shown in Fig. 1.1, multi-axis setups
are available for processes like direct energy deposition (DED), including wire arc
additive manufacturing (WAAM), and material extrusion, including fused deposition
modeling (FDM).

WAAM is the main application scenario for the research conducted in this
dissertation. @ WAAM wuses an electric welding arc as the heat source and a
metal wire as feedstock. The desired object is manufactured by stacking welding
beads layer-by-layer with the aid of a welding robot [44, 71, 135, 171]. It is
particularly effective for manufacturing large metallic components, making it ideal
for applications across various industries, as can be seen in Fig. 1.2.

Figure 1.1.: Multi-axis additive manufacturing setups. (a) Wire arc additive manufacturing
(Courtesy MX3D). (b) Fused deposition modeling (Courtesy ISM Universitdt
Stuttgart [35]).
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Figure 1.2.: Components manufactured using WAAM. Top leftt A WAAM produced
engineering component (Courtesy MIGAL). Top right: World’s first metal
additively manufactured bridge [59, 82] (Courtesy MX3D). Bottom left: A marine
propeller is under construction using WAAM (Courtesy RAMLAB). Bottom
right: Artistic illustration of a self-support robotic manufacturing bridge (Courtesy
MX3D).

However, there are several challenges that remain to be solved for multi-axis
additive manufacturing, which mainly result from the complex manufacturing
process. For instance, effective slicing and toolpath planning strategies need to be
developed to prevent collisions and manage process-dependent loads [54, 188, 189,
200]. Additionally, material anisotropy should be accounted for, as the manufacturing
process inherently exhibits anisotropic and heterogeneous characteristics [14, 66, 74,
78, 80, 93, 172, 208]. In metal-based techniques, issues such as residual stress and
distortion arise due to the significant energy input [27, 172, 181]. This research aims
to address multiple process-specific challenges in multi-axis additive manufacturing
from a design perspective, as will be elaborated later.

1.1.2. DESIGN FOR ADDITIVE MANUFACTURING

Additive manufacturing has revolutionized the construction of complex systems,
necessitating updates in design methodologies to fully exploit its new possibilities
and opportunities [106, 156]. This section examines two critical aspects of designing
for additive manufacturing: structural optimization and process planning.

A typical workflow for additive manufacturing can be seen in Fig. 1.3. In
this workflow, structural design is followed by process planning, carried out in a
sequential manner. The component is then fabricated, with post-processing steps
performed subsequently to prepare the part for its intended application. While this
linear approach is widely adopted, the advanced fabrication flexibility of multi-axis
additive manufacturing offers new possibilities, allowing engineers to innovate in
both structural design and manufacturing processes.
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Figure 1.3.: Workflow of multi-axis additive manufacturing.

STRUCTURAL DESIGN THROUGH TOPOLOGY OPTIMIZATION

Structural design is an important aspect of design for additive manufacturing. The
fabrication flexibility of additive manufacturing makes it ideal for creating intricate
structures, such as multi-scale design [176], multi-material components [121], and
geometries with high complexity [1], offering a vast design space for innovation.

Topology optimization is one of the most advanced structural design methods,
which has been developed rapidly during the last few decades [12, 13]. What sets
topology optimization apart from other structural optimization techniques is its ability
to generate entirely new topological configurations. Various approaches have been
developed for topology optimization [146], including density-based approaches [11,
147], level-set approaches [6, 161, 167], geometry projection methods [65, 123],
discrete approaches [186], and others. Topology optimization has been extensively
employed to design optimal structures tailored for additive manufacturing [100, 101,
207]. The ultimate design freedom offered by topology optimization complements the
capabilities of additive manufacturing, which eliminates many geometric constraints
through its layer-by-layer material deposition or solidification processes.

A wide range of topics has been discussed regarding the integration of topology
optimization and additive manufacturing [100, 207]. Most of them can be divided
into two categories: one is to design cost-effective multiscale / hierarchy structures
that are suitable to be additively manufactured, such as porous infill [105, 174,
175, 177] and functionally graded material [31]. The other is to take manufacturing
constraints into account in topology optimization to achieve product design and
manufacturing integration. For example, to handle overhang structures in topology
optimization, support slimming or overhang-free topology optimization [86, 87,
158-160] has been developed. Methods like the virtual temperature method [95,
104, 108] have been proposed for the restriction of enclosed voids in additive
manufacturing. Besides, the feature sizes of the design should be ensured to be
compatible with the manufacturing technique [57, 58, 90]. In addition to geometric
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considerations, the structural design process can also account for several key physical
phenomena in additive manufacturing [9], such as local overheating [133], residual
stresses [5, 190] and distortion [113], and microstructure evolution [112].

For multi-axis additive manufacturing, some of the challenges mentioned above
become less significant. For example, multi-axis additive manufacturing is able
to deposit overhang features by changing the build direction. This inherent
advantage mitigates the need for support structures, which is a major consideration
in traditional additive manufacturing. Consequently, a fundamental rethinking of
structural design approaches is required to fully leverage the unique capabilities and
increased fabrication freedom offered by multi-axis additive manufacturing.

MANUFACTURING PROCESS PLANNING

Manufacturing process planning is another important aspect of design for additive
manufacturing, encompassing all the necessary steps to convert a digital CAD
model into a physical part. It spans a broad spectrum of tasks, including build
orientation selection, slicing into layers, toolpath planning, and the selection of
process parameters [41]. Each of these decisions plays a vital role in ensuring the
quality, efficiency, and reliability of the final product.

Slicing is the procedure of dividing the component into a series of 2D layers
to be manufactured sequentially [114, 188]. Conventional additive manufacturing
commonly employs a planar layer-by-layer strategy, often referred to as 2.5D printing.
In this method, the slicing pattern is determined by the selected build orientation
and layer thickness. Minor adjustments, such as adaptive variations in the layer
thickness, can be applied to enhance the surface quality. Therefore, selecting an
appropriate build orientation becomes a critical preliminary step for planar slicing,
as it helps reduce the need for support structures while improving printing efficiency
and quality.

In contrast, multi-axis additive manufacturing enables the use of more sophisticated
and efficient slicing techniques, such as multi-directional slicing [45, 68, 148] or
free-form slicing [54, 55, 76, 97, 137, 185, 202]. These techniques go beyond the
traditional planar slicing used in conventional AM systems. In particular, free-form
slicing enables the generation of curved layers, fully leveraging the fabrication
flexibility of multi-axis systems. This brings multiple benefits, including enhanced
mechanical performance, improved manufacturing quality, and the elimination of
support structures. However, this also presents new challenges, such as increased
complexity in process planning, the need for effective collision avoidance strategies,
and the requirement for precise control over the manufacturing process.

After slicing, a series of toolpaths need to be generated on each sliced 2D plane
to guide the movement of the 3D printer. Toolpath planning governs the finer
details of how the material is deposited. It plays a critical role in determining the
final part quality and structural integrity. Various path-planning algorithms have
been developed to improve manufacturing quality [15, 42, 43, 46, 97, 206]. These
algorithms generally address two primary aspects: geometrically, they aim to avoid
collisions, ensure smooth tool movement, and align anisotropic materials with the
load paths; physically, they seek to minimize process-dependent loads or thermal
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effects through rational planning. Through such strategies, toolpath planning acts as
a bridge between slicing and physical printing, directly impacting both the efficiency
and quality of the printed component.

In addition, the selection of process parameters is also important, as they are
closely related to the layer bead geometry, energy input, and resulting mechanical
performances. Taking WAAM as an example, the geometric dimensions of its layer are
dependent on various process parameters, including the wire feed rate, travel speed,
arc discharge time, and others [3, 85, 163]. Besides, variations in these parameters
lead to different thermal histories, which significantly influence the accumulation of
residual stresses [24] as well as the formation of microstructures [112].

It is important to note that these process planning procedures above are often
interdependent, with each step potentially influencing the others, making iterative
design and refinement difficult to avoid. Aside from the procedures mentioned
above, post-processing steps such as surface polishing and heat treatment should
also be planned ahead of time to improve the manufacturing quality.

In summary, optimizing process planning that provides efficient and defect-free
deposition is key for additive manufacturing. This dissertation focuses on a critical
aspect of process planning: the fabrication sequence planning, aimed at addressing
several process-induced challenges. The potential integration of other aspects of
process planning will be discussed in the outlook.

1.1.3. SPACE-TIME TOPOLOGY OPTIMIZATION

Although Structural design and process planning are commonly dealt with as two
separate tasks when designing for additive manufacturing, they are in fact deeply
interconnected. Process planning needs to be tailored to the geometric features of
the component, while structural design should be compatible with the constraints
and capabilities of the manufacturing process. Addressing these two aspects in a
sequential manner [77, 136] fails to capture the coupled interactions between them,
potentially leading to suboptimal outcomes.

Recognizing this interdependence, recent research is increasingly shifting towards
integrating manufacturing process planning directly into the structural design
phase [9]. This enables a comprehensive consideration of both geometric and
physics-based manufacturing constraints, leading to more robust and feasible designs.
For example, topology optimization combined with toolpath planning has been
studied to enhance structural performances by making use of anisotropic material
properties [102, 103, 191, 192], to control temperature during manufacturing [16],
and to mitigate residual stress and distortion [26].

A systematic approach known as space-time topology optimization has been
introduced to unify structural design and process planning into a single optimization
process [168]. This method was initially motivated by the need to account for
process-dependent loads, such as the self-weight of intermediate structures and
thermomechanical loads, within the structural design phase [7, 22, 67, 77]. In
space-time topology optimization, the spatial and temporal distributions of materials
are optimized simultaneously, allowing designers to determine not only where but
also when material should be deposited throughout the manufacturing process. As
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illustrated in the upper left part of Fig. 1.4, the structural layout is described using
a pseudo-density field, following the principles of classical density-based topology
optimization. In parallel, a pseudo-time field is introduced to encode the fabrication
sequence. Layer divisions can be derived by combining the two fields, enabling a
numerical representation of the entire manufacturing process.

The versatility of space-time topology optimization has been demonstrated across
various application scenarios [168], addressing the self-weight of the intermediate
structures, process-dependent loads from an attached moving manufacturing
platform, and time-dependent material properties. Additionally, a pure fabrication
sequence optimization aimed at minimizing thermal distortion in the WAAM process
has also been studied [169] within the same framework. It is important to highlight
that multi-axis additive manufacturing allows full freedom for the planning of the
fabrication process in contrast to conventional 2.5D additive manufacturing methods,
making it well-suited for the implementation of space-time topology optimization.

1.2. CHALLENGES AND RESEARCH SCOPE

The main content of this dissertation is summarized in Fig. 1.4, including
the development of the space-time topology optimization framework tailored for
compatibility with additive manufacturing, the integration of manufacturing features
such as material anisotropy into the framework, and the application of this
framework to tackle challenges associated with WAAM.

Space-time topology optimization has shown significant potential in improving the
quality of multi-axis additive manufacturing processes. However, the original method
exhibits several critical limitations that often lead to impractical or unmanufacturable
results. One major issue lies in the generation of local extrema in the pseudo-time
field, which leads to unrealistic fabrication sequences, as can be seen in the bottom
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Figure 1.4.: Illustration of the main content of this dissertation. Courtesy: material anisotropy
(Kyvelou et al. 2020 [83]), cracks generation (Chen et al. 2022 [28]), thermal
distortion (Xu et al. 2018 [187]).
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left part of Fig. 1.4. Specifically, local minima in the time field correspond to
isolated parts that lack sufficient support from previous layers. These results can
not be manufactured unless additional supports are added, which is not favored by
multi-axis additive manufacturing. On the other hand, local maxima compel the
manufacturing process to backtrack to earlier layers, which is often infeasible in the
context of three-dimensional fabrication.

Another significant limitation is the lack of uniformity in the geometric dimensions
of the resulting layers. Considerable variations in layer thickness are observed both
within individual layers and across successive layers in the original method. These
inconsistencies present major manufacturing challenges, as they require continuous
adjustment of process parameters during fabrication. For practical application, it is
essential that each layer maintains a relatively consistent thickness, remaining within
the operational limits of the chosen manufacturing technique. Moreover, concave
layer shapes are undesirable, as they increase the risk of collisions between the end
effector and the structure. Addressing these issues is critical for bridging the gap
between numerical optimization and practical implementation, thereby enabling the
effective use of space-time topology optimization in real-world scenarios.

Afterwards, the space-time topology optimization framework is employed to
address the specific challenges associated with the WAAM process. The direct energy
deposition process of WAAM undergoes steep temperature gradients, as the material
is melted and deposited layer by layer to create a component. The complex thermal
conditions result in uneven expansion and contraction, along with frequent phase
transformations, which in turn cause substantial residual stresses and distortions in
the fabricated parts. Such issues have a pronounced impact on both the structural
integrity and the dimensional accuracy of the final product, as illustrated in the
bottom right part of Fig. 1.4. Although residual stresses and distortions can be
alleviated to some extent using treatments such as preheating, interpass cooling,
and annealing [27, 135], this dissertation approaches the problem from a design
perspective. Specifically, we explore the possibility of mitigating residual stress and
distortion through fabrication sequence planning and its combination with structural
design. The space-time topology optimization framework is adopted as the basis of
the numerical methodology.

In addition, some multi-axis additive manufacturing techniques, such as WAAM
and FDM, exhibit anisotropic material behavior, particularly in mechanical properties
like elastic modulus and tensile strength. This anisotropy originates from the layer-by-
layer deposition process inherent to these techniques, resulting in notable differences
in material performance along the deposition direction versus across layers.
Recognizing and accounting for material anisotropy opens up opportunities to tailor
material properties through process planning and to incorporate direction-dependent
behavior into computational design frameworks for improved performance and
reliability of the final product. Given that these anisotropic properties are inherently
linked to the fabrication sequence, they are naturally associated with the time field
in space-time topology optimization. This provides an important opportunity to
explore the potential integration of process-induced material anisotropy into the
optimization framework.
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In summary, the main research objective of this PhD dissertation is to further
develop the space-time topology optimization framework for multi-axis additive
manufacturing, with a particular focus on WAAM. This framework aims to integrate
structural design and process planning, either concurrently or in a decoupled
manner, while considering various manufacturing-related requirements.

The main research questions that will be addressed in this dissertation are:

(i) What are the flaws and limitations of the original space-time topology
optimization? How to get rid of them efficiently in the numerical algorithm?

(ii) Is it possible to reduce residual stress and thermal distortion simultaneously
in WAAM through fabrication sequence planning? Does the concurrent
optimization of structural layout and fabrication sequence outperform a
decoupled sequential optimization strategy?

(iii) How can space-time topology optimization account for process-induced
material anisotropy? What are the advantages does this offer?

1.3. OUTLINE

This dissertation builds upon multiple peer-reviewed journal papers, with each
chapter designed to be read independently. Minor adjustments have been made
to mathematical notations and layouts to ensure consistency across chapters.
Consequently, some introductory content and mathematical formulations may be
repeated. The outline of this dissertation is as follows:

Chapter 2 introduces a regularization scheme based on the heat equation to
address the local minima problem in space-time topology optimization. We
conceptualize the monotonic additive manufacturing process as a virtual heat
conduction process starting from the surface upon which a component is
constructed layer by layer. In this new formulation, we use local virtual heat
conductivity coefficients as optimization variables to steer the temperature field and,
consequently, the fabrication sequence. The inherent smoothness of the virtual
temperature field, driven by its physical analogy, mitigates local minima issues. The
physical implications of fabrication sequences on manufacturing-induced distortions
are explored in depth. This chapter lays the groundwork for the enhanced methods
developed in subsequent chapters.

Building on this basis, Chapter 3 further advances the space-time optimization
framework by including a layer geometry control scheme to ensure manufacturability.
This approach maintains nearly constant layer thickness, reducing the need for
frequent and abrupt adjustments to processing parameters such as move speed. In
addition, a curvature control scheme is introduced to mitigate the formation of
concave layers that may be inaccessible during manufacturing due to collision risks.
Numerically, the layer thickness is approximated by the gradient of the pseudo-time
field, while the curvature is computed from its Hessian matrix. Integrating the
geometry control scheme into the fabrication sequence optimization yields more
uniform layers while still effectively suppressing manufacturing-induced distortion.
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In Chapter 4, we demonstrate the feasibility of reducing residual stresses and
thermal-induced distortion simultaneously in WAAM through space-time topology
optimization. Local residual stresses are aggregated using a p-norm function,
which is integrated as a constraint into the distortion minimization problem.
Numerical examples demonstrate that optimizing the time field alone can effectively
reduce both residual stresses and distortions through fabrication sequence planning.
Furthermore, space-time topology optimization facilitates the design of complex
components with restricted residual stresses and thermal-induced distortion by
concurrently optimizing the structure and fabrication sequence. A comparative
study of optimizing these factors concurrently versus sequentially is also conducted,
highlighting the interplay between structural and sequence optimization.

In Chapter 5, we extend the framework to address manufacturing-induced
material anisotropy in multi-axis additive manufacturing. In order to model
process-induced material anisotropy within the space-time topology optimization
framework, we derive the material deposition direction from the gradient of the
pseudo-time field according to an orthogonal relationship. This integration enables
the effective utilization of material anisotropy to enhance the performance of
intermediate structures during fabrication and the final structural properties. By
aligning material properties with fabrication sequences, this chapter broadens the
applicability of space-time topology optimization to handle manufacturing-induced
material anisotropy.

Finally, Chapter 6 concludes the key findings of the dissertation, providing a
comprehensive summary of the PhD project. It also discusses common themes
across chapters, linking the methods and insights into a cohesive framework.
Future research directions are recommended, offering a perspective on the potential
extensions and broader applications of the proposed methodologies.



REGULARIZATION IN SPACE-TIME
TOPOLOGY OPTIMIZATION

In additive manufacturing, the fabrication sequence has a large influence on the
quality of manufactured components. While planning of the fabrication sequence
is typically performed after the component has been designed, recent developments
have demonstrated the possibility and benefits of simultaneous optimization of both
the structural layout and the corresponding fabrication sequence. This is particularly
relevant in multi-axis additive manufacturing, where rotational motion offers
enhanced flexibility compared to planar fabrication. The simultaneous optimization
approach, called space-time topology optimization, introduces a pseudo-time field to
encode the manufacturing process order, alongside a pseudo-density field representing
the structural layout. To comply with manufacturing principles, the pseudo-time field
needs to be monotonic, i.e., free of local minima. However, explicitly formulated
constraints proposed in prior work are not always effective, particularly for complex
structural layouts that commonly result from topology optimization.

In this chapter, we introduce a novel method to regularize the pseudo-time field
in space-time topology optimization. We conceptualize the monotonic additive
manufacturing process as a virtual heat conduction process starting from the surface
upon which a component is constructed layer by layer. The virtual temperature field,
which shall not be confused with the actual temperature field during manufacturing,
serves as an analogy for encoding the fabrication sequence. In this new formulation,
we use local virtual heat conductivity coefficients as optimization variables to steer the
temperature field and, consequently, the fabrication sequence. The virtual temperature
field is inherently free of local minima due to the physics it resembles.

Parts of this chapter have been published in Computer Methods in Applied Mechanics and Engineering
431, 117202 (2024) authored by Weiming Wang, Kai Wu, Fred van Keulen and Jun Wu, under
the title Regularization in Space-Time Topology Optimization for Multi-Axis Additive Manufacturing.
Author statement of Kai Wu: Writing — original draft, Methodology, Funding acquisition.
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2.1. INTRODUCTION

HE past few years have seen tremendous progress in computational design

for additive manufacturing [64] and topology optimization approaches in
particular [18, 195]. In topology optimization, structural design is formulated as
an optimization problem of distributing a limited amount of material in a design
domain to maximize its performance, for example, load-bearing capacity. The
highly optimized designs often have complex geometry, which makes them difficult
to produce. While the flexibility of additive manufacturing makes it possible to
produce geometrically complex components, it is not without challenges. In the past
decade, a focus in topology optimization has been on the incorporation of additive
manufacturability, to avoid optimized designs that cannot be 3D printed directly
or need costly post-processing [100]. The additive manufacturability is commonly
characterized by geometric features such as the overhang angle [60, 86, 130, 158]
and enclosed voids [49, 104].

A recent development in topology optimization for additive manufacturing has
been on the integration of the physics involved in the layer-by-layer additive
process into design optimization [9]. This means simulating the physics, such as
self-weight and thermomechanical loads, acting on intermediate structures during
the fabrication process. Allaire et al. [4] proposed one of the first approaches in
this emerging direction, addressing overhang constraints, which had typically been
treated as a geometric criterion [60, 86, 130, 158]. By restricting the deformation
of intermediate structures due to their self-weight, the final optimized structure
exhibits fewer overhanging features, reducing the need for auxiliary supports during
fabrication. The self-weight of intermediate structures was considered similarly
by Amir and Mass [7], Bruggi et al. [22], and Haveroth et al. [67]. Starting
from self-weight, more sophisticated and computationally demanding physics in the
fabrication process has been incorporated in topology optimization, particularly for
mitigating undesired effects due to thermomechanical loads [5, 110, 113, 128]. These
process-informed topology optimization approaches, by incorporating a model of
the layer-by-layer manufacturing process in design optimization, provide a more
detailed level of quality control compared to focusing on geometric (and topological)
features of optimized designs.

In the aforementioned topology optimization approaches, the structural layout
is optimized to generate high-performance components. In addition to structural
design, the fabrication sequence, according to which the component is produced
line-by-line and layer-by-layer, significantly influences the manufacturability and
the quality of the fabricated components. In wire and arc additive manufacturing
(WAAM), for example, substantial distortion may occur during fabrication as well
as after cutting off the build plate [171]. The distortion is largely influenced by
the fabrication sequence. Typically, the fabrication sequence is planned after the
structural layout has been designed. This sequential workflow results in a gap
between the quality of digital designs and their physical counterparts. Earlier
work tackled this problem by assuming a prescribed fabrication sequence, e.g.,
considering factors like material anisotropy due to a prescribed toolpath strategy in
the optimization of the structural layout [39, 102]. More recent efforts have started
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optimizing the toolpath for powder bed fusion [15, 16] and layers for multi-axis
additive manufacturing [168, 169]. Boissier et al. [15, 16] represented the toolpath as
a continuous curve, formulating it as a shape optimization problem.

Our work is motivated by emerging robotic-assisted multi-axis additive manufac-
turing (e.g., WAAM), where the rotation of robotic arms offers more flexibility than
traditional 3D printing, allowing not only translational but also rotational motion.
Rotation facilitates the creation of non-planar layers. This brings benefits such as
turning an overhanging feature into a self-supporting one, by appropriately rotating
the build plate [38]. In the recently proposed space-time topology optimization
framework [168, 169], the fabrication sequence was encoded by a pseudo-time
field, where a larger pseudo-time indicates that the corresponding location is to be
materialized later in the fabrication process. Iso-contours of the pseudo-time field
segment the structural layout into (curved) layers. This parameterization is akin to
density-based topology optimization in the sense that each location in the design
domain carries an optimization variable, opening up the solution space of fabrication
sequences. This parameterization also enables the simultaneous optimization of the
structural layout and the fabrication sequence, i.e., by optimizing the density and
time field concurrently.

Although parameterizing the fabrication process by a pseudo-time field opens
up a huge solution space, the sequence represented by the iso-contours of the
pseudo-time field is not guaranteed to be manufacturable. It is thus necessary to
regularize the pseudo-time field to ensure that the optimized fabrication sequence
meets manufacturing requirements. A critical requirement that we focus on in this
chapter is the continuity of fabrication: material can only be deposited on the
already produced portion of the part, besides directly on the build plate. In the
pseudo-time field, the violation of this requirement can be characterized by local
minima, i.e., the surrounding points are associated with larger time values, and thus
have not been materialized yet. A local minimum may present inside the domain or
on the boundary of the domain. Both are undesirable, except it is adjacent to the
build plate. An illustration of these violations is illustrated in Fig. 2.1.

In the prior work [168, 169], these violations have been addressed by introducing
explicitly formulated constraints. While these constraints function well in most
cases, their effectiveness depends on the initialization of the pseudo-time field.
In this chapter, we present a novel regularization method to implicitly handle
these constraints. Our starting point is to initiate the pseudo-time field using
geodesic distances. Unlike Euclidean distances, geodesic distances are dependent
on the structural layout and free of local minima. This initialization strategy works
for fixed structural layouts, but is not directly applicable to space-time topology
optimization, where the structural layout and the fabrication sequence are optimized
concurrently. As the structural layout evolves over iterations, and is not well defined
during optimization, i.e., grey elements as encountered in density-based topology
optimization. To solve these problems, we reformulate this initialization strategy
using a partial differential equation, a heat equation in particular. This equation
enables us to encode intermediate densities and evolving structural layouts in its
parameters.
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Figure 2.1.: (a) Ilustration of a component and a pseudo-time field, with a smaller value
indicating that the corresponding point is materialized earlier in fabrication. (b)
The isolines of the pseudo-time field segment the part into a set of consecutive
layers. (c) A series of intermediate structural layouts during the fabrication
process. Note that, in stages 1 to 3, a patch of material, corresponding to
a local minimum in the pseudo-time field, is in isolation from the rest of the
component. This renders the fabrication sequence infeasible.

The remainder of this chapter is organized as follows. In Section 2.2, we present
a simplified setup of space-time topology optimization where the structural layout
is fixed. This problem is solved by initializing the fabrication sequence based
on geodesic distances. In Section 2.3, this solution to the simplified problem
setup is extended to address problems in space-time topology optimization where
the structural layout and the fabrication sequence are optimized concurrently.
The effectiveness of the proposed approach is evaluated in Section 2.4 for
design optimization in 2D and 3D under process-dependent self-weight and
thermomechanical loads. In Section 2.5, we conclude the chapter with some ideas
for future work.

2.2. FABRICATION SEQUENCE OPTIMIZATION

In this section, we consider a simplified version of space-time topology optimization.
Here, the structural layout is prescribed, and we optimize the fabrication sequence
to produce it. This reduced problem is intended to illustrate the problem of
local minima, demonstrate the effects of the initial sequence in optimization, and
highlight the efficacy of a novel initialization strategy. These insights inspire our
approach to solving the problem in the full space-time topology optimization.

2.2.1. SEQUENCE PARAMETERIZATION

We parameterize the fabrication sequence to produce a component using a
pseudo-time field defined over the domain of the component. The component is
discretized using a Cartesian grid, resulting in quadrilateral elements in 2D and
hexahedral elements in 3D. To mimic the additive manufacturing process, each
element e is associated with a scalar value ¢,, indicating the pseudo-time at which
the material associated with the element is added to the structure. Thus, an element
with a larger pseudo-time indicates that this element is materialized later than an
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element with a smaller one. For simplicity, we also refer to the pseudo-time field as
the time field.

The time field ¢ serves as design variables in sequence optimization. It is bounded
to be between 0 and 1. The iso-contours by 7; = %, with j=0,...,N, thus partition
the component into N layers. The partition is illustrated in Fig. 2.2. Each layer
consists of elements whose time value belongs to the corresponding time interval.
For instance, the j-th layer is denoted as
{j}:{{enee[rj_l,rj)}, j=12,..,N-1, o

felteeltn-1,11}, j=N.

We note that the time field is a continuous scalar field, mimicking the progressive
additive manufacturing process. The iso-contours of the time field, and the resulting
layers between two consecutive iso-contours, are not restricted to be planar but can
be curved.

We describe the intermediate structures during fabrication by a series of
pseudo-density fields (or density fields, for simplicity), p'/!, with j=0,1,..,N. Two
successive intermediate structures are illustrated in Fig. 2.2. The superscript {j}
indicates the j-th stage during fabrication, i.e., layers from the first up to the j-th
have been fabricated. j =0 refers to the start of fabrication, p!” =0, Ve, while j =N
refers to the completion of fabrication, pi,N V= 1, Ve.

The evolving intermediate structure is derived from the time field. Let 1 denote the
density field of a prescribed, solid component. Assuming that the density field and
time field are discretized using the same Cartesian grid, the intermediate structure
at the j-th stage is described by an entry-wise multiplication between the density
and the time field,

p =108, j=1,.,N. 2.2)
Here £ is a function of the time field ¢. It converts time values less than 7 to 1 and

time values greater than 7 to 0, in a differentiable manner. It is implemented using
a smoothed Heaviside function, a commonly employed approach in density-based
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Figure 2.2.: Schematic of curved layers for fabricating an L-shaped component. Two
successive intermediate structures during fabrication are illustrated on the left
and right.
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topology optimization [166],

tanh(B,7) + tanh(B:(t — 7))
B tanh(B,7) +tanh(B,(1-1))’

i=1

(2.3)

where ; is a positive number to control the projection sharpness. A continuation
scheme is applied to increase this sharpness parameter after a certain number of
iterations.

2.2.2. SEQUENCE OPTIMIZATION
The sequence optimization is generically formulated as

minimize:  c(f) = fieM@),...p" @), ...p"NM @), 2.4)
subject to: . =2min{t;|i €N}, Vee A \Ty, (2.5)
te <max{t;|i e Ng},Vee H\T, (2.6)
to€10,1],Ve. 2.7)

The objective concerns the evolving structure during fabrication p'/!, which is a
function of the time field (cf. Eq. 2.2). In Eq. 2.5 and Eq. 2.6, N, denotes the set
of elements adjacent to element e. Eq. 2.5 requests the time value of each element
to be larger than the minimum among its adjacent elements. This requirement
applies to all elements in the component (#), except those designated as the start
region for fabrication (I'g = {e|t, = 0}), i.e., on the build plate. An element where this
condition is violated indicates that the element needs to be materialized in midair,
i.e., before any of its adjacent elements have been produced. Similarly, Eq. 2.6
requests the time value of each element to be smaller than the maximum among
its adjacent elements. This requirement applies to all elements in the component
(), except those on the boundary of the component (I'). An element where this
condition is violated indicates that the element needs to be materialized within an
enclosed region, i.e., all of its adjacent elements have been produced. Both Eq. 2.5
and Eq. 2.6 are essential for the validity of a fabrication sequence.

The challenges to solving this formulation are twofold. Firstly, the constraints
(Eq. 2.5 and Eq. 2.6) involve min and max functions, which are non-differential.
Secondly, the number of constraints is large, since both Eq. 2.5 and Eq. 2.6 apply to
all elements in the component. In previous work [168, 169], these constraints were
reformulated using approximation and aggregation schemes. For instance,

——— Y |Ite—mean;en, (1)11* <e, (2.8)
n(dﬂ)egﬂ e 1€Ne L4

where n denotes the number of elements in a set. The mean function calculates
the average of time values of adjacent elements, i.e., mean;en, () = #NQ)ZKNQ ti. €
is a small constant for numerical stability (e.g., € = 1075). While this approximation

works well in most cases, its efficacy depends on the initialization of the fabrication
sequence.
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Figure 2.3.: Comparison of the Euclidean and the geodesic distance field as the initialization
of the time field for fabrication sequence optimization. (a) A 2D component. The
Euclidean distance and the geodesic distance from location p to the build plate
at the bottom are shown by the green line and the black polyline, respectively.
(b) The Euclidean distance field. (c) The geodesic distance field. (d) The
optimized time field using (b) as initialization. (e) The optimized time field using
(c) as initialization. The sequences corresponding to the time fields in (d) and
(e) are shown in (f) and (g), respectively.

2.2.3. INITIALIZATION OF FABRICATION SEQUENCE

The initialization of the fabrication sequence greatly influences the validity of
optimized sequences, especially when the structural layout is complex. Distance
fields serve as a good option for initialization as they can mimic the progression of
additive manufacturing. A distance field is a scalar field, representing the minimal
distance from each point in the domain to a certain shape, i.e., the build plate.
Depending on the distance metric, the distance field has quite different features.
Fig. 2.3 compares the effects of two distance metrics as initialization for sequence
optimization. The component is illustrated in Fig. 2.3(a), where a horizontal build
plate is located at the bottom'. The two distance metrics under comparison are
the Euclidean distance and geodesic distance. The Euclidean distance measures
the shortest path (i.e.,, a straight line) between a point and the build plate. The
Euclidean distance is irrespective of the shape of the component. In contrast, the
geodesic distance measures the shortest path, within the component, from a point
to the build plate. The shortest Euclidean path and geodesic path for a single
point are illustrated in Fig. 2.3(a). The corresponding distance fields, together with
iso-contours, are visualized in Fig. 2.3(b) and (c). Both distance fields are normalized
by dividing the distance values over the corresponding largest distance. In Fig. 2.3(b),

lIn multi-axis additive manufacturing, the build plate is not necessarily flat nor located at the bottom.
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the iso-contours of the Euclidean distance field are planar. On the right-hand side
of the domain, there is an overhanging feature, and there the iso-contours are
separated by the void region. In contrast, in Fig. 2.3(c), the geodesic distance field is
free of local minima. The iso-contours of the geodesic distance field in the top-right
of the component are curved. The optimized fabrication sequences starting from
these two initial sequences are shown in Fig. 2.3(d) and (e), while the corresponding
layered fabrication processes are shown in (f) and (g), respectively. It can be seen in
Fig. 2.3(f) that during fabrication, an isolated layer appears at stage 6. This shows
that the optimization is incapable of eliminating the local minimum inherited from
the initial field. While this violates the constraint in Eq. 2.5, it numerically satisfies
the approximated version (Eq. 2.8). Setting a smaller threshold (¢) proves to be
ineffective. Even though the approximated constraint is not precisely satisfied, the
optimization is incapable of steering the location of the local minimum such that it
disappears. This experiment shows the importance of a valid initial sequence that
can mimic the progression of additive manufacturing and is free of local minima.
The geodesic distance field fulfills these requirements.

The geodesic distance field is free of local minima. This can be explained as
follows: consider an arbitrary point in the component that is not on the build plate.
The geodesic distance field represents the shortest path from this arbitrary point
(denoted by A) to the build plate (denoted by B). Any point on this shortest path,
known as the geodesic path, is by definition within the component. As a point
moves along the shortest path from A to B, its geodesic distance to B decreases
monotonically. Therefore, in the vicinity of point A, there always exists a point
on the geodesic path from A to B with a geodesic distance smaller than that of
A. Consequently, any point A does not represent a local minimum in the geodesic
distance field.

2.3. REGULARIZATION OF SPACE-TIME TOPOLOGY
OPTIMIZATION

As discussed in the previous section, using the geodesic distance field to initialize the
time field is promising for optimizing the fabrication sequence when the structural
layout is fixed. However, it is not directly applicable to space-time topology
optimization, where the structural layout, including its topology, evolves during the
optimization process.

In this section, we present a novel approach to regularize the time field in order
to avoid the occurrence of local minima in the context of space-time topology
optimization. Specifically, we relate the time field to the solution of a heat equation,
i.e., a temperature field. The temperature field is monotonic along its propagating
direction and free of local minima. Furthermore, the heat equation is defined on the
structural layout, and the resulting temperature field is sensible to changes in the
structural layout. The monotonicity and the sensibility to shape changes are essential
features of the geodesic distance field. Furthermore, by adapting the parameters in
the heat equation we can accommodate intermediate density values as encountered
during optimization. Our adoption of the heat equation is inspired by advancements
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in computer graphics, where research has demonstrated that the heat equation offers
a computationally efficient means for calculating an approximate geodesic distance
field [36]. In topology optimization for additive manufacturing, heat equations were
previously used for identifying enclosed voids and consequently avoiding them [104,
108].

2.3.1. OPTIMIZATION WORKFLOW

The workflow of space-time topology optimization using heat equations for
regularizing the time field is illustrated in Fig. 2.4. We employ a density field (p,
Pe €10,1]1) to represent the complete structure and a time field (¢, f, €[0,1]) to
encode the fabrication sequence. While the density field eventually converges to
either 0 or 1, the time field is continuous. The product of p and ¢ is projected
into a series of intermediate structures, using increasing threshold values 7; = %,
with j=0,..,N and N being the prescribed number of layers. Rather than taking
p and t as design variables, we introduce two auxiliary fields, ¢ and p. The
density field p is computed from design field ¢, following a density filter (¢) and
a smoothed Heaviside projection (¢p). This process (¢ — ¢ — p = ¢p) is commonly
used in density-based topology optimization, and thus not included in the workflow
illustration.

The novel element in the workflow is the transformation from p and p, through
T, to t. We use a heat equation to obtain a monotonic time field defined on an
evolving structural layout p with heterogeneous thermal diffusivity u. The solution
of the heat equation is a virtual temperature field T. It is important to note that this
virtual temperature field shall not be confused with the temperature field coming
from the thermal process involved in metal additive manufacturing. Here the heat
equation is meant to create a monotonic field, rather than predicting the actual
temperature distribution during fabrication. Conceptually, it works as follows. An
artificial heat source is placed on the build plate (at the bottom of the domain), from
where the heat diffuses through the structure. This creates a continuous temperature
distribution within the structure. The heat source has a constant temperature of 1.
At a location in the structure further away from the heat source, its temperature
approaches 0. The time field, ascending from the build plate, is defined as t=1-T.

2.3.2. HEAT EQUATION
To obtain a monotonic temperature field, we construct the following heat equation,

V- (yVT)—arT =0. 2.9)

Here V is the vector differential operator. This partial differential equation
represents steady-state heat conduction within a heterogeneous medium, featuring
spatially-varying thermal diffusivity y(x,y), and a drain term arT, where at denotes
a constant drain rate. The introduction of the drain term serves a crucial purpose.
In the absence of this term, achieving a steady-state temperature distribution with
spatial variation would necessitate employing an inhomogeneous Dirichlet boundary
condition. However, when dealing with a structure that evolves during space-time
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Figure 2.4.: The workflow of deriving a series of intermediate structures p/} from the
thermal diffusivity field p and density field p.

topology optimization, there is no clear rationale for determining the ideal location
of a heat sink. An alternative approach to achieve a spatially-varying temperature
distribution is to resort to transient heat conduction, and calculate the temperature
distribution at a specific time [36, 197].

The heat equation is subject to the following boundary conditions: At the
boundary adjacent to the build plate I'y, the temperature is constant, T|F0 =1. Other
boundary segments of the structure are thermally insulated, (VT-T’[)|F\F0 =0. Here

VT represents the spatial gradient of the temperature field, and 77 denotes the
normal direction on the boundary of the structure.

The solution of the heat equation, and the corresponding time field together
with fabrication sequences, are illustrated in Fig. 2.5. In this example the thermal
diffusivity field y(x,y) is homogeneous. The temperature field and, consequently,
the fabrication sequence are determined by the thermal diffusivity field. To allow
the optimization of the fabrication sequence, the thermal diffusivity field is related
to design variables u, augmented by the unitless pseudo-density p,

X=PH. (2.10)

The multiplication by the pseudo-density field constrains heat conduction within
the structural layout, excluding void regions from the fabrication sequence planning.
Additionally, this allows pseudo-densities to take intermediate values during the
optimization process, thereby facilitating gradient-based numerical optimization.

We note interesting similarities and large differences to the filters based on
Helmholtz-type partial differential equations (PDEs) [89]. In our formulation, the
optimization variables (thermal diffusivity) in the PDE and the solution of the
PDE (virtual temperature) have different physical interpretations. The desirable
characteristic of the PDE is to attain a monotonic scalar field. In contrast, in the PDE
filter [89], the optimization variables and the solution both represent density fields.
The intention behind it is to get a smoothed scalar field, avoiding checkerboard
patterns.
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Figure 2.5.: Heat conduction on a given component (a). The start points are the nodes
on the bottom boundary. The generated virtual temperature field by solving
Equation (2.11) is shown in (c). The light yellow indicates the largest temperature,
and the dark blue indicates the smallest virtual temperature. The corresponding
time field is shown in (c). The sequence generated with the time field shown in
(d) which is composed of 10 layers.

We discretize Eq. 2.9 using the finite element method, resulting in a linear form,
K:T=b, (2.11)

where T is the nodal temperature vector. b is the thermal load vector corresponding
to the boundary condition. Kt is the global system matrix:

Kr=) Ki+) K¢ (2.12)

Here the symbol ) stands for matrix assembly. The first element matrix corresponds
to the thermal diffusivity. It is derived from the shape functions N; and N; by using
the variational principle:

K¢ = f (aNi ON; , BN ON; (2.13)
T7Jo,*\ox 8x 9y oy ’ ’
The second element matrix corresponds to the drain term:
Kg:f a’TN,-deQ. (2.14)
Q.

In our implementation, instead of calculating a consistent matrix K¢ from the shape
functions using Eq. 2.14, we adopt a lumped matrix for simplicity, assuming that the
drainage is lumped at the nodes.

The nodal temperature distribution from solving Eq. 2.11 is transformed into an
elemental temperature field using bi-linear interpolation. Afterwards, the time field
is computed by t=1-T.

PARAMETER ANALYSIS

The constant drain rate ar is a key parameter in the heat equation. Alongside
the thermal diffusivity y, this parameter plays a significant role in determining the
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temperature distribution. To be able to generate layers of comparable size, the
temperature distribution shall be smoothly varying between 0 and 1. Fig. 2.6 shows
that a too small or large drain rate results in layers with significant variations in size.
The domain is homogeneous in terms of thermal diffusivity y, taking a value of 0.1.
The heat source, with a constant temperature of 1, is placed on the bottom of the
domain. If the drain rate is large, the temperature rapidly decreases to 0, as shown in
Fig. 2.6(d). After the transformation ¢ =1-T, and with uniformly sampled thresholds
Tj= %, the layers are squeezed to the bottom. Reversely, a small drain rate also leads
to uneven layers, see Fig. 2.6(b). The segmentation in Fig. 2.6(c) is more uniform,
providing a good starting point for the optimization of the thermal diffusivity field
towards the desired segmentation of the domain into layers of equal size. To ensure
numerical convergence, the thermal diffusivity variable p is constrained within the
range of 0 to 1, matching the range of the density variable ¢.

The temperature distribution is also affected by the size of the design domain. We
introduce a size-independent parameter to help choose an appropriate drain rate.
This parameter, denoted as S, relates the drain rate (at) to the characteristic length
of the design domain (l;),

ar =B/ (2.15)

The unit of the drain rate is m™2, while the unit of the length is m. Thus g is
non-dimensional. We choose the longest path of heat diffusion in the design domain
as its characteristic length.

In Fig. 2.6(e) we compare the temperature distribution under five different f
values. When f =1, the resulting temperature smoothly decreases from 1 on the left,
to close to 0 on the right. From numerical tests we observed good convergence in
the optimization of g and ¢ with f€[0.1,1]. Slight derivation from this range does
not lead to dramatic convergence issues. It is robust for different domain sizes and
volume fractions. In the results section, = 0.1 is consistently used for all examples.

2.3.3. FORMULATION OF SPACE-TIME TOPOLOGY OPTIMIZATION

To summarize, the space-time topology optimization using the heat equation is
generically formulated as follows.

minimize: f= fo(p)+ ﬁ wjfj(p{j}), (2.16)
én j=1
subject to: K(p)U=F, (2.17)
KW (phut=F7, j=1,.,N, (2.18)
Kr(p, )T = b, (2.19)
8(P)=)_peve—Vy <0, (2.20)
gj(p{j}):Zpéj}Ve—%VOSO, ji=1,.,N, @.21)
0<¢p.<1,Vee ., (2.22)

O<spue<1l,Vee . (2.23)
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Figure 2.6.: The influence of the drain rate on the temperature distribution. (a) A rectangular
component with a homogeneous thermal diffusivity. The virtual heat source with
a fixed temperature of 1 is located at the bottom of the domain. (b, ¢, d) Virtual
temperature distributions with =0.1, 1, and 10, respectively. The black lines
represent the iso-contours of the temperature fields at temperature values of 0.2,
0.4, 0.6, and 0.8, which are intended to segment the component into 5 layers of
comparable size. (e) Temperature distributions along a vertical line in the middle
of the component, with five different 8 values.

The objective function f is composed of two parts. fy accounts for the performance
of the final overall structure, while f; is related to each intermediate structure during
the fabrication process. The different objectives are balanced by the weighting
factors w;. The overall structure and intermediate structures all have their governing
mechanical equation, i.e., Eq. 2.17 and Eq. 2.18, respectively. These mechanical
equations are independent of each other, and thus can be solved in parallel. K
and U are the global stiffness matrix and displacement vector corresponding to
the overall structure, respectively, and F is the external force. The global stiffness
matrix K'/! of intermediate structures is determined by both the density variables
¢ and the diffusivity variables yu. The load vector FU! may also be dependent on
these variables, e.g., process-dependent thermomechanical loads. Eq. 2.19 is the
heat equation for obtaining a monotonic temperature field, as introduced in the
previous subsection. The overall material usage is constrained in Eq. 2.20, while an
even amount of material for each intermediate structure is described by Eq. 2.21 to
ensure a constant fabrication speed.

Here, we present the general formulation of space-time topology optimization.
For a more in-depth exploration of objective and constraint functions in specific
application scenarios, such as structural compliance and thermal-induced distortion
during fabrication, readers can refer to [168, 169]. When considering the entire
density field as fixed, the optimization model described above simplifies into the
formulation outlined in Section 2.2.2, focusing solely on sequence optimization.

We solve the optimization problem using the method of moving asymptotes
(MMA) [153]. MMA is a gradient-based optimization method commonly used to
solve large-scale, non-linear programming problems, particularly those arising from
topology optimization. Its core concept involves transforming a complex, non-linear
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optimization problem into a series of simpler, convex sub-problems that are easier to
solve. In each iteration, MMA approximates the original nonlinear objective function
and constraints with convex, separable functions, using dynamically adjusted
asymptotes to ensure stability and convergence.

The general procedure for the calculation of the sensitivity / gradient is consistent
with those described in [168, 169]. The primary distinction arises from the fact
that the time field is no longer a direct design variable; it functions as an implicit
variable dependent on both density ¢ and diffusivity y. An adjoint analysis step is
needed, as can be found in the appendix A.1.

2.4. RESULTS AND DISCUSSION

In this section, we first demonstrate that the effectiveness of the proposed method
is independent of the initialization of the optimization variables, in contrast to prior
formulations with explicit constraints (Section 2.4.1). We then evaluate our method
for different application scenarios, including the minimization of gravity-induced
distortion of intermediate structures during construction (Section 2.4.2), and
minimization of thermal-induced distortion of fixed structural layout (Section 2.4.3)
and by concurrent optimization of the structural layout and fabrication sequence
(Section 2.4.4). Lastly, we test the proposed method for space-time topology
optimization of 3D structures (Section 2.4.5). In all experiments, the Young’s modulus
was fixed at 1.0, and the Poisson’s ratio was fixed at 0.3. Unless stated otherwise,
in all 2D tests, we set 20 layers and a volume fraction of 0.6. The method was
implemented in Matlab.

2.4.1. VALIDATION OF AVOIDING LOCAL MINIMA

The first example is intended to validate that our new formulation avoids the
appearance of local minima in the time field. The test is performed on a
cantilever beam, as illustrated in Fig. 2.7. The design domain is discretized into
a regular quadrilateral mesh with the resolution of 210 x 140. The objective is to
reduce the compliance of the entire component, under a load on the top-right
corner. Process-dependent loads on intermediate structures are not considered in
this test, by setting w; in Eq. 2.16 to zero. To test the robustness of the new
formulation, we run space-time topology optimization with different initializations
of the optimization variables. We study in particular different initializations of the
thermal diffusivity field p. For the density-related field ¢, we initialize it with a
uniform density of the target volume fraction.

Figure 2.8 compares the results obtained using the original formulation [168]
and the proposed new formulation, under different initializations. All results were
generated with 500 optimization iterations. The three initializations are shown in
the first column, from top to bottom, random, monotonic, and uniform. The
second and third columns visualize the optimized time field and corresponding
fabrication sequence, respectively, obtained using the original formulation where the
optimization variables are the time field [168]. Under random as well as uniform
initialization of the time field, the optimized time fields exhibit multiple local minima
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Figure 2.7.: lllustration of the problem setup. Left: the build plate (green) is placed at
the bottom of the design domain, meaning the structure is to be constructed
from the bottom upwards. Right: the boundary condition of the structure in its
intended use scenario.

and maximum. Only the monotonic initialization results in a clear fabrication
sequence. The last two columns visualize the optimized results with the proposed
regularization. Here, regardless of the initialization of the thermal diffusivity field p,
the optimized time fields are monotonic. The time values increase, within the shape
of the optimized structural designs, from the bottom which is prescribed as the
build plate, to the up boundary of the domain. The areas outside of the optimized
structural designs take a time value of 1, i.e,, the upper bound of time values.
The monotonic increase of the time field is also clearly visible from the optimized
sequence shown on the right-hand side. In all tests, the compliance values are
comparable. This is because the time field in this example is only used to segment
the evolving structural layout into layers of equal areas, and no sequence-dependent
loads are applied.

Fig. 2.9 plots the convergence curves of the objective function (left) and volume
constraint per layer (right), corresponding to the optimization with a uniform
thermal diffusivity field. The optimization stabilizes after about 200 iterations. A
continuation is applied to the projection parameter 3; in Eq. 2.3. From these curves,
we can see that the objective function converges well and all volume constraints are
satisfied. Fig. 2.10(left) shows the history of the difference in the objective function
between two successive iterations. After about 200 iterations, the difference becomes
smaller than € =0.001. Fig. 2.10(right) plots the maximum change in the two sets of
optimization variables during the design update in each iteration. A move limit of
0.05 was prescribed for both the density variable ¢ and thermal diffusivity variable
u. After 200 iterations the maximum change in ¢ drops from the move limit of 0.05
to less than 0.005 and then stabilizes.

2.4.2. SPACE-TIME TOPOLOGY OPTIMIZATION UNDER GRAVITY LOADS

Our next example is the concurrent optimization of the structural design and
fabrication sequence under gravity loads, a problem that has been studied in
Ref. [168]. During fabrication, the self-weight of the intermediate structure may
result in large deflection. The weight of the intermediate structure increases as the
fabrication progresses, and it is dependent on the fabrication sequence. In this
example, the objective function consists of two parts. The first part is the compliance
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Figure 2.8.: Comparison of space-time topology optimization with the time field as
optimization variables [168] and using the proposed regularization. The three
different initializations are, from top to bottom, random, monotonic, and
uniform. When using the time field as optimization variables, the time field is
initialized, while in our proposed method, the initialization is applied to the
thermal diffusivity field p. Using the proposed regularization, the optimized time
field is monotonic, regardless of the initial values.
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Figure 2.9.: The convergence curves of space-time optimization with regularization. Left: the
objective function. Right: the per-layer volume constraints.

of the final structure, under the boundary condition as illustrated in Fig. 2.7(right).
The second part is the sum of the compliance values of intermediate structures
under self-weight. These two parts are integrated with a weighting factor a in
Eq. 2.16. We note that the boundary condition for simulating the effects of gravity
on the intermediate structure is different than that for simulating the load-bearing
capacity of the complete structure.

Fig. 2.11 shows the optimization results with five different weighting factors. From
left to right, 0.0, 0.1, 2.0, 5.0 and 10.0. The first row shows the optimized time fields.
The second row shows the optimized structure as well as the fabrication sequence
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Figure 2.10.: The history of the difference in the objective function between two successive
iterations (left), and the maximum change in the optimization variables during
the design update of each iteration (right).

according to the time field. In all five cases, the fabrication sequence starts from
the bottom of the domain where the build plate is located, and gradually moves
upwards. Comparing the five results from left to right, as the weighting factor for
intermediate structures increases, the optimized structure exhibits a progressively
larger contact region with the build plate and concentrates more material in its
lower part.

With this example, we compare the results of concurrent optimization of the
structural layout and fabrication sequence with those from a sequential optimization
approach. The sequential approach involves first designing the structural layout
using classic topology optimization and then optimizing the fabrication sequence.
Fig. 2.12(a) shows the structural layout designed with classic topology optimization,
using the design domain and boundary conditions shown in Fig. 2.7(right).
Subsequently, we optimize the sequence for this fixed geometry, minimizing the sum
of the compliances of intermediate structures induced by gravity. The optimized
sequence is shown in Fig. 2.12(b). For comparison, the structural layout and
fabrication sequence obtained by the concurrent optimization method shown in
Fig. 2.11 (with the weighting factor set as w; =0.1) is included in Fig. 2.12(c).
Fig. 2.12(d) compares the compliance of each intermediate structure from both
methods. For all 20 intermediate structures, the compliance of the concurrent
optimization is consistently less than that of the sequential optimization. For
example, at the last stage of fabrication, the gravity-induced compliance is 2.688
versus 0.753, a reduction of 71.99%. This significant reduction in compliance
during fabrication is achieved with only a slight increase in the compliance of the
total structure under its intended use scenario, with values of 36.04 for sequential
optimization and 37.06 for concurrent optimization. This comparison demonstrates
the benefits of concurrent optimization of the structural layout and fabrication
sequence.

2.4.3. FABRICATION SEQUENCE OPTIMIZATION FOR MINIMIZING
THERMAL-INDUCED DISTORTION

In the third set of numerical experiments, we validate our method in fabrication
sequence optimization for minimizing the distortion induced by process-dependent
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Figure 2.11.: Space-time topology optimization with gravity loads on intermediate structures.
From left to right, the weighting factor for intermediate structures increases
from 0.0 to 10.0. Top: the optimized time fields. Bottom: optimized structural
layouts with the corresponding fabrication sequence.
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Figure 2.12.: Comparison of results from concurrent optimization (c) and sequential
optimization. Sequential optimization involves first designing the structural
layout using classic topology optimization (a) and then optimizing the
fabrication sequence (b). The compliances of intermediate structures from both
methods are shown in (d).

thermomechanical loads. Manufacturing-induced distortion is a critical challenge in
metal additive manufacturing. It is caused by the intense energy input and large
temperature gradients that occur during fabrication process, which lead to uneven
thermal expansion and contraction within the material. In a previous work [169], the
time field was directly optimized to minimize the distortion accumulation during
manufacturing. As shown in Fig. 2.3, the feasibility of the optimized sequence
depends on the initial values of the time field.

We test the proposed regularization on fabrication sequence optimization for three
components, shown in Fig. 2.13. The green line at the bottom of each component
indicates the build plate. The objective is to minimize thermal-induced distortion.
In (a) the distortion is represented by the flatness of the blue edge, measured by
the relative vertical displacements of nodes on the edge. In (b) the distortion is
represented by the flatness of a horizontal and a vertical edge, both indicated by
blue lines. In (c) the distortion is represented by the relative vertical displacements
of two nodes on the top edge, indicated by blue dots. The distortion due to
process-dependent thermomechanical loads is simulated using the inherent strain
method, which will be explained in detail in the following chapter.
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The optimized results are visualized in Fig. 2.14. From left to right, the optimized
time field, corresponding fabrication sequence, and resulting distortion. The
optimized time field of each component shows a continuous increase from the
bottom of the domain to an edge that is furthest. This continuous change can
also be observed in the optimized fabrication sequence. In all three examples, the
measured distortion values are very small. From the enlarged figures on the right, it
can be seen that the intended flatness of the edges is effectively achieved.

2.4.4. CONCURRENT STRUCTURE AND SEQUENCE OPTIMIZATION WITH
CONSTRAINTS ON THERMAL-INDUCED DISTORTION

To further demonstrate the effectiveness of the proposed method, we concurrently
optimize the structural layout and fabrication sequence. The test was performed
on the design domains shown in Fig. 2.13(a) and (c). The objective is to minimize
the compliance of the final structure under the boundary condition as illustrated.
The optimization is subject to a bound on the thermal-induced distortion. The
measurement of distortion follows the previous subsection. The target volume
fractions of the two components are 0.5 and 0.6, respectively.

Fig. 2.15 visualizes the optimized structural layouts, time fields, fabrication
sequences, and manufacturing-induced distortions. Despite the complexity of the
optimized geometries, the time fields remain continuous throughout the solid
regions. The absence of local optima in the time fields highlights the effectiveness of
the proposed method.

2.4.5. SPACE-TIME TOPOLOGY OPTIMIZATION OF 3D STRUCTURES

The proposed regularization method is also tested on space-time topology
optimization of 3D structures. The design domain and boundary condition are
illustrated in Fig. 2.16(a). The left side of the domain is fixed, while a distributed load
is applied on the top-right edge. The objective is to minimize compliance under this
boundary condition. This is subject to a constraint on thermal-induced distortion,
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Figure 2.13.: Illustration of the three components used in fabrication sequence optimization.
The build plate (green) is located at the bottom of each domain. The objective
is to minimize the thermal-induced distortion, measured on the geometric
features marked in blue.
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Figure 2.14.: Results of fabrication sequence optimization for distortion minimization. From
left to right: the optimized time field, fabrication sequence, and simulated
displacement field.
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which is represented by the flatness of the edge where the external load is applied,
i.e., the relative displacement of nodes on this edge along the x- and z-axis due
to process-dependent thermomechanical loads. The constraint on thermal-induced
distortion is set as

_ 1 Y Sy N
= iezy((xl 0%+ (2 -2 -0.01<0.0, 2.24)

8d
where .# is the set of nodes on the edge of interest. n(.#) is the number of nodes
in this set. x; and z; and are the displacement of the i-th node in the x- and z
axis, respectively. X and z are the average of displacements in the x- and z axis,
respectively. The build plate is situated at the bottom of the domain, meaning the
construction of the structure will proceed from the bottom up. The design domain
is discretized into hexahedral finite elements with the resolution of 60 x 20 x 30. The
volume fraction is 0.2, and the number of layers is 10.

The optimized time field is shown in Fig. 2.16(b), while the optimized structure
under thermal-induced distortion is visualized in (c). The flatness of the target edge
is clearly visible. Also shown in (c) are the segmented layers, indicated by the
varying colors. A simulation of the fabrication sequence is shown in (d). Additionally,
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Figure 2.15.: Results of space-time topology optimization under constraints on thermal-
induced distortion. From left to right: the optimized time field, fabrication
sequence, and simulated displacement field.

\
A

\

(c) Optimized structure and sequence

Stage 9 R Stage 1707 o

(d) Simulation of the distortion in the structure during an additive manufacturing process

Stagegiiii Stage;ii?i Stage 87

Figure 2.16.: Space-time topology optimization of a 3D structure. (a) The design domain
and boundary conditions. (b) The optimized time field. (c) Simulation of the
distortion in the optimized structural layout with the corresponding fabrication
sequence. (d) Simulation of intermediate structures during the fabrication
process.

Fig. 2.17 shows the convergence curves of the objective function and the constraint
on thermal-induced distortion. The optimization stabilizes after about 250 iterations.
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Figure 2.17.: The convergence curves of the objective function (left) and the distortion
constraint (right) of the 3D example in Fig. 2.16. The blue reference line
indicates that the distortion constraint function is approaching zero.

2.5. CONCLUSIONS

In this chapter, we present a novel method for regularizing the time field in
space-time topology optimization. Instead of directly treating the time field as
optimization variables, we employ a static heat equation with a drain term to derive
a monotonic pseudo-temperature field. We then consider spatially varying thermal
diffusivity in the heat equation as optimization variables. This approach effectively
prevents local minima from appearing in the optimized time field, regardless of the
initial values used in optimization. This approach is easily extendable to deal with 3D
components. We demonstrate its effectiveness in additive manufacturing scenarios,
which involve process-dependent loads such as gravity and thermomechanical loads
on intermediate structures.

A monotonically progressing time field is fundamental for ensuring the viability
of the interpreted fabrication sequence. This work thus lays a solid foundation
for further advancements in space-time optimization for multi-axis additive
manufacturing. As part of our future work, we are exploring methods to regularize
the thickness of curved layers. While multi-axis additive manufacturing facilitates
curved layers, approaching nearly uniform thickness remains a desirable goal.



LAYER GEOMETRY CONTROL IN
FABRICATION SEQUENCE
OPTIMIZATION

Multi-axis additive manufacturing enables dynamic adjustments in build direction,
opening new possibilities for manufacturing complex structures. To explore its
flexibility, curved slicing algorithms have been developed. These algorithms typically
focus on geometric aspects such as surface quality and collision avoidance. However,
the physical implications of fabrication sequences, including residual stresses and
distortions, are often overlooked. The space-time optimization framework has been
proposed for fabrication sequence optimization to minimize manufacturing-induced
structural distortion. This framework parameterizes the fabrication sequence using a
pseudo-time field, with layers being segmented using the isosurfaces of the scalar field.
Despite its promise, the layers produced by the optimization framework often exhibit
significant geometry variations, rendering them impractical for manufacturing. To
address this issue, this chapter introduces a layer geometry control scheme to improve
the thickness uniformity within each layer. It also ensures that the thicknesses of all
layers remain within feasible limits. In addition, the curvatures of the layer boundaries
are controlled in order to mitigate concave shapes that are prone to collision. The
scheme evaluates the layer thickness based on the gradient of the pseudo-time field,
and the local curvature is calculated using the Hessian matrix. Numerical results
have demonstrated that the proposed method improves layer geometry uniformity,
demonstrating its effectiveness in optimizing for multi-axis additive manufacturing.

Parts of this chapter is in preparation to be submitted to a journal.

33
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3.1. INTRODUCTION

Y adding material layer upon layer, additive manufacturing offers great flexibility

for producing components with complex geometries, many of which are
impossible or cost-prohibitive with traditional manufacturing. Its integration with
robotic arms has increased the manufacturing flexibility even further, which opens
up the possibility of depositing material along curved layers by continuously varying
the orientation of the end effector in relation to the baseplate. Such multi-axis
additive manufacturing systems have been developed to print with both polymers
and metals: material extrusion for polymers [38, 198] and wire arc additive
manufacturing (WAAM) for metals [44, 135, 171].

Slicing [71, 114, 188] is a crucial step in additive manufacturing. It refers to
the process of converting the digital model into a series of 2D layers that the
printer can sequentially build up to create the physical object. In conventional
additive manufacturing using planar layers, the printing direction is constrained by
the orientation of the component. In contrast, multi-axis additive manufacturing
enables curved printing [54, 55, 137, 185, 202], where structures can be sliced along
free-form surfaces. Curved slicing allows for localized adjustment of the printing
direction, providing greater flexibility in the fabrication process. This capability has
significantly transformed the way structures can be manufactured.

A variety of slicing algorithms have been developed to segment the designed
part into curved layers. These algorithms often use a scalar field to represent the
fabrication sequence [168]. The scalar field is typically optimized by incorporating
manufacturing requirements such as support-free and collision-free constraints [38],
mechanical reinforcement through anisotropic material strength [55], or balancing
multiple fabrication objectives simultaneously [97, 200]. To achieve a continuous
fabrication sequence, the scalar field can also be derived implicitly from the geodesic
distance [189], or by mimicking a virtual physical process such as heat transfer [141,
170] and wave propagation [158-160].

However, the above research primarily focuses on creating curved layers that meet
geometric constraints, while the physical consequences of the resulting fabrication
sequences are overlooked. In additive manufacturing, the sequence in which layers
are deposited, commonly referred to as the fabrication sequence, plays a critical role
in determining the manufacturing quality [7, 67, 117]. For example, studies have
shown that the accumulation of thermal-induced distortion during manufacturing is
significantly affected by the fabrication sequence [169].

To explicitly address the influence of fabrication sequencing, a space-time
optimization framework [168, 170, 193] has been proposed. In this framework, the
fabrication sequence is encoded as a pseudo-time field, allowing a continuous and
adaptive representation of layer division. This pseudo-time field can be coupled with
a pseudo-density field that defines the structural layout, enabling the extraction and
analysis of intermediate structures throughout manufacturing. By modeling both
spatial and temporal aspects of manufacturing, this framework provides a powerful
tool to evaluate and optimize the entire manufacturing process. In this chapter, we
focus on a pure fabrication sequence optimization under the space-time topology
optimization framework by fixing the structural layout for simplicity.
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However, a critical challenge of the original space-time optimization framework
lies in the manufacturability of the resulting layer geometry. As can be seen
in Fig. 3.1(a), the resulting layers exhibit irregular variations in layer thicknesses
both within individual layers and across different layers. Although some variation
in the layer thickness is necessary to create curved layers, excessive irregularities
pose serious manufacturing challenges. For polymer-based additive manufacturing,
the adaptation of the layer thickness can be implemented by controlling the feed
rate of material extrusion [54, 149]. However, for metal applications such as
WAAM, dynamically modifying process parameters to adjust layer thickness requires
advanced control systems [3, 46, 85, 99, 116, 163, 184, 203] and adds significant
complexity. Therefore, it is generally preferable for each layer to maintain a relatively
uniform thickness within the capabilities of the manufacturing system [124].

In response to these manufacturability challenges, this chapter introduces a
layer geometry control scheme to improve layer geometric consistency within the
space-time optimization framework. The proposed approach consists of two key
components. First, a layer thickness control method is developed to limit variations
and promote uniform thickness across and within layers, as shown in Fig 3.1(b).
Building on this, a curvature control method is introduced to enforce the convexity
of layer boundaries to avoid collision, further enhancing geometric regularity (see
Fig. 3.1(c)). These objectives are embedded into the regularized optimization
framework from the previous chapter through the addition of dedicated objective
terms and geometric constraints.

The proposed method is applicable to generating curved layers for both FDM
and WAAM. In this study, we choose WAAM as the target application to investigate
a key trade-off: whether the ability to reduce thermal-induced distortion through
fabrication sequence planning is compromised by the introduction of layer geometry
control. To simulate the process-induced distortion efficiently, the inherent strain
method [119, 129, 140, 157] is adopted as a simplified process simulation model.
This approach captures the essential thermo-mechanical behavior by prescribing
inelastic strains that are incrementally activated layer by layer, thereby condensing
the complex thermal history into a computationally tractable form.

This chapter is organized as follows. Section 3.2 provides a detailed explanation
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Figure 3.1.: Fabrication sequence optimization for minimizing thermal-induced distortion.
(a) Without any layer geometry control. (b) With layer thickness control. (c) With
layer thickness control and curvature control.
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of the proposed method. In Section 3.3, we demonstrate the effectiveness of the
proposed method using 2D and 3D examples. Finally, Section 3.4 summarizes the
conclusions and outlines the directions for future work.

3.2. METHODOLOGY

In this section, we begin by describing the parameterization of the fabrication
sequence using a pseudo-time field. On this basis, we introduce a new set of
uniformity objective functions and layer thickness constraint functions to control
layer geometry. We then provide a detailed explanation of the simplified process
simulation model, specifically the inherent strain method. Finally, the space-time
optimization framework with integrated layer geometry control is established.

3.2.1. PARAMETRIZATION OF FABRICATION SEQUENCE OPTIMIZATION

In space-time topology optimization, the fabrication sequence is paramterized using
a scalar field, referred to as the pseudo-time field (or simply, time field). This time
field is defined over a finite element discretization of the component, with each
element assigned a scalar value f,, representing the order in which it is fabricated.
The time values vary continuously between [0.0,1.0], with smaller values indicating
elements that materialize earlier in the manufacturing process. The concept of
the pseudo-time field for encoding fabrication sequences was initially proposed
in space-time topology optimization, which concurrently optimizes the structural
design and fabrication sequence [168, 170, 180]. Fabrication sequence optimization
can be achieved by assuming a fixed structural design in space-time topology
optimization [169].

A series of intermediate structures, corresponding to the layer-by-layer manufac-
turing process, is derived from the time field. We denote the intermediate structure
that has been built up to the time point 7 by p!™:

{r} _
e

1.0, iftp<T,
(3.1

0.0, otherwise.

Elements with time values smaller than 7 have been manufactured and are thus
assigned a value of 1.0, while the other elements have not yet been manufactured
and are indicated by 0.0. Since this binary classification is not differentiable and
does not comply with gradient-based optimization, a smoothed Heaviside function
is adopted:
W tanh(B,7) + tanh(B; (t. — 7))
€ tanh(B,7) +tanh(B,(1-1))

where f; determines the sharpness of the Heaviside function. The smoothed
Heaviside projection introduces grey values (between 0.0 and 1.0) in intermediate
structures. These grey values are analogous to those in density-based topology
optimization. To steer the grey values towards either 0.0 or 1.0, we apply a
continuation scheme by increasing the projection parameter ; every 50 iterations
in optimization.

(3.2)
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From the series of intermediate structures, the layers are extracted by calculating
the difference between two successive intermediate structures. — Suppose the
fabrication consists of N layers, and assume an evenly-spaced time points, 7; = %
The j-th layer corresponds to the time interval [z, 7;], and is calculated by

n{j} — p{Tj} _p{Tj—l}. (3.3)

The first and last layers are treated slightly differently. The structure at 79 =0 is fully
empty (p'” =0), and the structure at 7)y =1 is fully solid (p'"! =1); the smoothed
Heaviside function is not applied to 7 =0 or 1.

TIME FIELD REGULARIZATION

To reflect realistic fabrication sequences, the pseudo-time field must satisfy certain
fundamental requirements. First, the time field should be spatially continuous;
otherwise, the manufacturing process becomes overly discrete and impractical
to implement. Additionally, the time field should be free of local minima, as
these represent dangling parts during manufacturing, which would require support
structures.

In order to ensure continuity while avoiding local minima on the time field, a
regularization method has been introduced in chapter 2. Instead of being directly
used as the optimization variables, the time field is obtained from a virtual heat
diffusion process:

V(uVT)—-arT =0, (3.4)

here p is a spatially varying heat diffusivity field. T is a virtual temperature field.
V is the vector differential operator, and at denotes a constant drain rate. When
solving the equation, the boundary of the component adjacent to the baseplate is
set to a fixed temperature of T =1, while the other boundaries of the component are
zero-Neumann boundaries. The time field ¢ is derived from the virtual temperature
field T by t=1-T. By using the element-wise heat diffusivities p as optimization
variables, the time field ¢ is optimized indirectly. In order to obtain a spatially
smoother time field, an averaging-based filtering scheme [17, 23] is adopted for the
heat diffusivity:

fio = ZlENeH(xl)Nl, 3.5)

Yien, H(x;)

where N, is the neighborhood set of element e within a given radius R. The
weighting function H (x;) is defined by a linearly decaying function measured by the
distance between elements:

H(x;) = R—[lx; — x| (3.6)

The filtered heat diffusivity fi, will be used in Eq. 3.4, replacing p.. This filtering
procedure smoothes the heat diffusivity field, leading to a smoother time field. This
is beneficial for obtaining a more uniform gradient of the time field in this research,
as will be discussed in the following sections.

Fig. 3.2 illustrates the workflow of fabrication sequence optimization. The
geometry (a) is discretized into a finite element model (b), enabling the definition
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of element-wise variables. The design variable p represents a spatially varying heat
diffusivity field (c). Solving Eq. 3.4 yields the temperature field, which is then
transformed into a time field (d) that encodes slicing information (e). After slicing
the structure into layers, a layer-wise process simulation is performed to evaluate
process-dependent properties such as distortion (f).

3.2.2. LAYER GEOMETRY CONTROL METHOD

The time field derived from the above heat equation is continuous and free from
local minima. However, as can be seen in Fig. 3.1(a), the isolines of the time
field are highly irregular and curved with significant fluctuations, making the layers
quite nonuniform in geometry. The thickness within each single layer varies
significantly, and there are substantial differences in the average thickness between
layers. Moreover, the non-smooth layers with sharply inward curves (concavity)
can easily cause collision during manufacturing, whereas outward layer boundaries
(convexity) are generally preferred for smoother and more continuous fabrication. In
this section, a novel method is proposed to reduce the variations of layer geometry
in the fabrication sequence optimization framework.

Fixed V

Build-Plate

(a) Discretized geometry model (b) Virtual diffusivity field (c) Virtual temperature field

-

y
3 ,
\\\ \/

(d) Segmented layers (e) Distortion

Figure 3.2.: Workflow of fabrication sequence optimization. (a) The geometry component
to be sliced, discretized using finite elements in preparation for element-wise
variable definition. (b) Element-wise defined heat diffusivities, acting as
optimization variables. (c) The temperature field solved from Eq. 3.4, its
complement is the time field. (d) Slicing the component using the isosurfaces
of the time field, indicating the fabrication sequence. (e) The manufacturing-
induced structural distortion, influenced by the fabrication sequence planning.
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THICKNESS UNIFORMITY INSIDE EACH LAYER

In most additive manufacturing techniques, dynamically adjusting layer thickness
during continuous layer deposition is challenging. However, for free-form curved
slicing on components with flat edges, slight variations in layer thickness are needed
to achieve effective curvature formation. Therefore, it is crucial to carefully maintain
a relatively uniform layer thickness within each layer in slicing. While computing
the exact thickness at each point of a free-form layer is a complicated task, the time
field in space-time optimization offers a straightforward way to approximate layer
thickness by analyzing its gradient.

On a structured mesh, the gradient of the time field can be calculated using the
shape function,

Vie=| gclo golo oo
7 |ox e’ay ¢ 9z'e
.
oN; oN;
—5, Y —| (3.7)
lgé ;‘3 dy ! lgé 9z

where % and aa_zx;,« are the spatial derivative of the shape functions evaluated at the

centroid of element e. i is the node belonging to element e, and #; is the nodal time
value.

The gradient field’s magnitude represents the local progression rate of the scalar
time field, which is related to the spacing between consecutive layer boundaries.
The magnitude of the gradient is computed using the Euclidean norm:

Vi, = (ﬂ| )2+(ﬂ| )2+(@| )2 (3.8)
7\ \ox'e dy'e 9z'¢) '

Similar magnitudes of the gradients over the length of the layer will result in
similar thicknesses. To control the thickness uniformity of each single layer, the
following formulation is incorporated into the objective function to be minimized:

faeo = Z 3 (IVte |Vt|{”) 3.9)

j=1e

This objective function resembles the variance function commonly used in statistics.
77{(,»]} is the density value of element e in the j-th layer as in Eq. 3.3. By reducing

the variance of the gradient magnitudes within the layers, the variation in thickness

within each layer is reduced. Here IVtI{] ' is the average of the gradient magnitudes
within the j-th layer, being calculated as:

{J} Zerl |Vte|

Vi
{j
Yend

(3.10)

A lower bound epin =1x 107> is added to n{] ! to avoid singularity when calculating
the average gradient magnitude.
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THICKNESS UNIFORMITY ACROSS LAYERS

The above objective function is applied to improve the geometric uniformity inside
each single layer. However, the geometric uniformity between layers are not ensured
yet. It is possible that the geometric dimensions between different layers vary from
each other. This requires the printer to adjust its process parameters every time
a new layer is deposited, which is indeed applicable. However, the possible layer
thickness for a certain additive manufacturing process should be within a certain
limit [dmin, dmax], in order to ensure a consistent manufacturing quality.
Based on the uniform layer thickness controlled by Eq.3.9, the thickness of the
j-th layer can be approximated using:
V| V|

AT =7;—7;_1 is the interval of time points. The quantified layer thickness d; should
be restricted to the permissible limit according to the choice of manufacturing
techniques and process parameters:

Amin < dj < dmax. (3.12)

It is important to note that d; does not always serve as an accurate approximation
of the actual layer thickness, as demonstrated later in Section 3.3.1. Nevertheless,
these constraints can offer an effective and efficient approach for layer thickness
control within the space-time optimization framework.

CONTROL CURVATURE OF LAYER BOUNDARIES

The layer thickness control methods discussed above do not ensure well-defined
layer boundaries. As illustrated in Fig. 3.1(b), some boundaries exhibit concave
shapes, curving inward towards the previously manufactured part. Such concavities
increase the risk of collisions between the print head and the existing structure.
Moreover, they require abrupt changes in printing direction, which can lead to
inconsistent material deposition and the formation of local defects. In this section,
we introduce a curvature control method to prompt the formation of convex layer
boundaries in the fabrication sequence optimization framework.
The curvature of a scalar field can be calculated locally according to the following
formulation [62]: -
*
Ke = w (3.13)
Vi3
H; is the adjoint of the Hessian matrix that contains the second derivative
information:

9%t 9%t
H = v2 Lyx —v2 [xy 3x2 le _6x6y|e (3.14)
e — _v2t th _ a2t aZI‘ . .
rx YV le dyoxle dy?le

Convex regions, where the isoline curves outward, are identified by a positive
curvature k. >0, whereas concave regions, where the isoline curves inward, are
characterized by a negative curvature x, <0.



3.2. METHODOLOGY 41

For C-continuous elements, where second derivatives are not directly available, a
finite difference scheme can be used to approximate them. Specifically, the gradient
(first derivative) computed at the element centroid is first extrapolated to the nodes.
Then, the second derivatives within each element are approximated based on these
nodal gradient values.

On this basis, we introduce another objective function to penalize concave
curvatures of the time field:

Seurve =210g(1 +e_P0Ke), (3.15)
e

where coefficient Py determines the steepness of the penalization and should be set
to a moderate value, such as Py =10, to prevent numerical overflow. Concavity with
negative curvature «, is thus penalized in a tunable and differentiable way.

3.2.3. SIMPLIFIED MANUFACTURING PROCESS SIMULATION

In this research, the main objective of fabrication sequence optimization is to
minimize the thermal-induced distortion during the additive manufacturing process.
To achieve this, the entire manufacturing process should be simulated layer by layer
to calculate the accumulation of the total distortion. The inherent strain method
is chosen as a simplified process simulation model because of its computational
efficiency and its success in similar applications in the literature [16, 26, 113].

In the inherent strain method, the mechanical effects resulting from the complex
manufacturing process of thermal cycles and phase transformations are simplified
as an inelastic strain field that remains in material. Taking a single element as
an example, a strain tensor is assigned to it after its deposition, denoted as:
€)= [Exx,eyy,exynyyyszszx]T- An equivalent nodal force acting upon the nodes of
the element can be calculated as:

F.=D'Ce}, (3.16)

where D is the strain-displacement relation matrix, and C denotes the elasticity
matrix.

A simple illustration of the inherent strain method is shown in Fig. 3.3. It operates
at the part scale, assuming that each individual layer is deposited in a single step.
Supposing the whole structure is sliced into N layers for additive manufacturing, the
accumulation of the thermal-induced distortion is obtained by conducting a set of
N linear mechanical analyses formulated as:

KA =FJ j=1,..,N, (3.17)

where AUY is the nodal displacement increment vector associated with the addition
of the j-th layer. K'Y is the stiffness matrix of the intermediate structure with j
layers already manufactured. FU! is the force vector assembled from the equivalent
nodal forces of the inherent strains of elements in the j-th layer. According to the
linear assumption [119], the total residual distortion Uinerma) after finishing the whole
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manufacturing process is the summation of all the layer-by-layer distortion AUU!:

Uthermal = Z AUV, (3.18)
J

Due to the smoothed Heaviside projection used to segment the time field in
Eq.3.2, some elements have grey values because they do not fully belong to one
specific layer yet. To assemble the stiffness matrix K'/!, the idea of Solid Isotropic
Material with Penalization (SIMP) model from topology optimization is adopted. For
calculation, the element stiffness matrix of these grey elements is scaled according
to their grey values through:

Ké]} p{erj}) = (Emin + (Ep — Emin)pgj}p) Ko, (3.19)
where Kj is the base element stiffness matrix for solid element. p is a penalization
factor, typically set as 3 to increase the stiffness contrast between solid and grey
elements.

Similarly, the forcing vector FU! associated with the j-th layer deposition is
assembled from each element’s equivalent nodal force vector:

Fil =Y p/"F,. (3.20)
e

A penalization term p is also needed to reduce the effect coming from grey elements
at each layer.

3.2.4. OPTIMIZATION FRAMEWORK FOR FABRICATION SEQUENCE
PLANNING WITH LAYER THICKNESS CONTROL

The main objective of our research is to minimize the thermal-induced distortion
through fabrication sequence planning. This is achieved by defining an objective

material shrinkage due to
inherent strain

(@ (b)

Figure 3.3.: lllustration of the inherent strain method. (a) The inherent strain is applied to
the j-th layer upon deposition. (b) The application of inherent strain causes an
increment in structural distortion.
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function fgis that quantifies the magnitude of local or global structural distortion.
For a global measurement, the thermal-induced compliance can be used:

T
fdis = Cthermal = UthermaIKUthermal, (3.21)

where K is the overall stiffness matrix. The physical meaning of the thermal-induced
compliance cgermal is the total elastic strain energy needed to distort the whole
structure into the current deformation shape.

It is also possible to minimize the distortion of specific nodes by defining a sparse
matrix Q. Q is symmetric, with only diagonal entries corresponding to the selected
nodes set to 1. The objective function is written as:

fdis = UtTherma]QUthermal- (3.22)

In summary, the fabrication sequence optimization with layer thickness constraints
is formulated as follows:

Minilr‘nize: Jo= w1 fais + W2 fgeo + W3 feurve (3.23)
Subject to: K/'AUY =FY, j=1,2,.,N, (3.24)
KT =b, (3.25)
g = dj—dmax <0, j=1,2,..,N, (3.26)
g = dmin—d; <0, j=1,2,.,N, 3.27)
Umin < He < 1. (3.28)

The total objective function f; contains three parts with their individual weight
coefficient: w; for the process related thermal-induced distortion fyis, wo for the
thickness uniformity fgeo, and ws for the curvature control feurve. Since these three
objectives may differ by orders of magnitude, we scale them to a value of 10 using
their values from the first iteration. Eq. 3.25 is the discretized form of the heat
equation in Eq. 3.4. u;,in =0.001 is the lower bound of the heat diffusivity to avoid
singularity.

In the current formulation, there is no constraint on the volume of individual
layers, leading to varying amounts of material across layers. With a constant material
deposition speed, the manufacturing time for each layer will differ. Consequently,
the time points associated with the iso-values of the pseudo-time field do not
linearly related to the actual manufacturing time.

The optimization problem can be solved using a gradient-based numerical method,
specifically the Method of Moving Asymptotes (MMA) [153]. The sensitivity analysis
of the functions related to layer thickness uniformity is included in the appendix A.2.

3.3. NUMERICAL EXAMPLES

In this section, we verify the feasibility of the proposed method using numerical
examples. We perform the fabrication sequence optimization on two 2D components
with different geometries. The proposed method is also validated for 3D cases by
taking advantage of high-performance computing based on PETSc [2, 8].
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3.3.1. A 2D COMPONENT WITH OVERHANG REGION

The first example is a 2D component with a 45° overhang region, as shown in
Fig. 3.4(a). The component is fully fixed at the bottom during manufacturing, and the
fabrication process starts from the bottom baseplate. The height of the component is
100mm in total, and the target layer thickness is 2mm. The layer thickness is allowed
to be varied between 1.6mm and 2.4mm. The optimization starts with an initial
maximum of 50 layers. In this analysis, we aim to minimize the overall structural
distortion by using the thermal-induced compliance as the objective function. The
inherent strain value used is: £ = [€xx,€yy,€xy]" = [~0.00375,-0.00375,0]".

We first make a comparison between space-time optimization with and without
layer thickness control, while the curvature control method is switched off. As can
be seen in Fig. 3.4(b), without integrating layer thickness control into the fabrication
sequence optimization, the resulting layer division becomes disorganized. Certain
regions have stacked layers, while others necessitate a substantial increase in layer
thickness. Although each layer contains the same material volume, the lack of layer
geometric uniformity poses challenges for manufacturing. In contrast, fabrication
sequence optimization with layer thickness control can give out a rather smooth
time field, as shown in Fig. 3.4(c). The isolines of the time field slice the structure

2 100 mm

(®) ©
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Figure 3.4.: Fabrication sequence optimization for a 2D component. (a) The sizes of the 2D
component. (b) The optimized time field without any layer geometry control, its
isolines segment the component into layers. (c) The optimized time field with
layer thickness control, the layers are more uniform. (d) The trivial fabrication
sequence with planar layers, serves as a reference. (e) The total structural
distortion accumulated during the whole manufacturing process using planar
layers. (f) The total structural distortion of the optimized curved fabrication.
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into layers with improved layer thickness uniformity. While the thickness within each
layer is more consistent, slight variations are still allowed to enable the formation of
curved layers.

Moreover, the optimizer has the flexibility to reduce the number of layers when
appropriate. With no constraints on the volume of each layer, the optimizer can
adjust the amount of layers by allowing certain layers to diminish. The final result in
Fig. 3.4(c) consists of only 49 layers as the volume of the 50-th layer is zero.

In order to quantitatively assess the effectiveness of the method, we introduce a
geometric measurement of the layer thickness. It involves picking up a series of
sampling points on each layer boundary. At each sampling point on the current layer
boundary, the geometric layer thickness is calculated by finding the shortest distance
to the points on the subsequent layer boundary. In order to minimize errors caused
by the length differences between the adjacent two layer boundaries, the shorter
one is always taken as the reference. Although the geometric layer thickness is not
entirely accurate on its own, it offers an independent measurement distinct from the
approximated layer thickness derived using the gradient as in Eq. 3.11.

As can be seen in Figure 3.5 (a), the approximated layer thickness of each layer
stays within the range between 1.6mm and 2.4mm, confirming that all constraints
are satisfied at the end of the optimization. Overall, the geometric layer thicknesses
are consistent with the approximated ones. However, some discrepancies mainly
arise in the final few layers, where the length of each subsequent layer is considerably
shorter than the previous one. This amplifies the error caused by excluding domain
boundaries in the calculation of geometric layer thickness. Besides, Figure 3.5 (b)
presents histograms of point-wise geometric layer thicknesses for the 10th, 20th,
30th, and 40th layers. It shows that the geometric layer thicknesses are primarily
concentrated within [1.6mm,2.4mm] in most cases. Some deviations in the thickness
distribution indicate the presence of local variations in layer thickness.

In addition, structural distortion induced by manufacturing is significantly
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Figure 3.5.: Statistics of layer thickness for the result shown in Fig. 3.4(c). (a) Comparison
between the geometric layer thicknesses and the approximated layer thicknesses.
(b) Distribution of geometric layer thickness data for the 10th, 20th, 30th, and
40th layers.
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minimized through fabrication sequencing planning. As can be seen in Fig. 3.4(d-f),
compared to the fabrication sequence using planar layers, the accumulation of
structural distortion can be greatly suppressed by adopting the optimized curved
layers. As listed in Table 3.1, the thermal-induced compliance corresponding to the
planar fabrication sequence is 1.910 x 10° mJ, while the thermal-induced compliance
is reduced to 6.661 x 10*m]J by using the optimized curved layers. This finding
remains consistent when shifting from a differential layer representation (Eq. 3.2)
to a binary description (Eq. 3.1), which provides more accurate process simulation
results.

INCORPORATING CURVATURE CONTROL METHOD

Although the layer thickness control method improves the uniformity of layer
thickness, it does not guarantee their curvature shape. For example, the regions
marked with red circles in Fig. 3.4(c) are concave shapes, which may cause
manufacturing difficulties. By switching on the curvature control method, convex
layers are promoted, as shown in Fig. 3.6(a).

Fig. 3.6(b) and (c) compare their curvature distributions, showing that the addition
of curvature control effectively suppresses negative curvature values in the time
field, which correspond to layer concavities. With curvature control, the minimum
curvature increases from —0.569 to —0.222. These remaining negative values are
primarily concentrated near the corners of the V-shaped component in the final
layers, likely due to boundary effects.

Another interesting observation is to compare the thermal-induced distortion for
sequence optimization with and without layer gemoetry control. As can be seen in
Table 3.1, their thermal-induced compliances do not differ much under the binary
layer description. The design flexibility to minimize thermal-induced distortion is
not reduced by enforcing uniform layer thicknesses and curvature constraints.

PARAMETER STUDY OF THE WEIGHT COEFFICIENTS

Next, we examine how the ratio of the three weight coefficients in the objective — w;
(thermal-induced distortion), w» (thickness uniformity) and ws (curvature control)
affect the results. We perform a parameter sweep by fixing w; =1 while varying

Table 3.1.: Structural distortion with different fabrication sequences

W Differential Binary
Sequences

Planar layers (reference) 1.910 x 10° mJ 1.556 x 10° mJ

Without layer geometry control 5.797 x 10* mJ 5.822 x 10* mJ

With layer thickness control 6.661 x 10* mJ 6.080 x 10* mJ

With layer thickness and curvature control 6.377 x 10* mJ 5.931 x 10* mJ

Refine from 10 to 50 layers 7.749 x 10* mJ 6.833 x 10* mJ
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Figure 3.6.: Comparison of curvature distribution. (a) The optimized time field with layer
thickness control and curvature control, layers are more convex. (b) The local
curvature distribution of the result optimized with curvature control. (c) The
local curvature distribution of the result optimized without curvature control.

wo and ws from 1 to 8. Fig. 3.7 presents the results obtained using different sets
of weight coefficients, including their thermal-induced compliances, average layer
thickness variances, and minimum curvatures.

As can be seen from these surface graphs, increasing the weight of thickness
uniformity objectives w, results in more uniform layers, albeit at the expense of
higher thermal-induced compliance. The positive aspect is that, even with the most
uniform layer geometry, thermal-induced compliance remains significantly better
than that of planar layers. This underscores the feasibility and importance of
optimizing the fabrication sequence. Conversely, increasing the weight of curvature
control w3 has a smaller impact on the thermal-induced distortion and thickness
uniformity but increases the minimum curvature value of the time field, helping to
reduce concavities.

OPTIMIZATION USING FEWER LAYERS

Given that the obtained time field and its gradient are highly uniform, the time field
progresses monotonically from one layer boundary to the next. This suggests that
the structure can be sliced into even more layers directly from the current time field

x10* %10

(b

Figure 3.7.: Results obtained with varied weight coefficients w» and ws3. (a) Thermal-induced
compliance. (b) Average thickness variance. (c) Minimum curvature.
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while maintaining uniform layer thicknesses.

To validate this, we first do a sequence optimization on the same component
as in Section 3.3.1 but with only 10 layers. The optimized time field is shown in
Fig. 3.8, demonstrating good uniformity. On this basis, we can refine the number of
layers/isolines on the same time field as a post-processing step. As shown in Fig. 3.8,
the refined layers remain highly uniform, indicating that the optimization yields a
consistent pseudo-time field.

We further compare its layer thickness statistics with the result optimized using 50
layers in Fig. 3.6(a). As shown in the left of Fig. 3.9, most of the approximated and
geometric layer thicknesses fall within the target range in both cases. The right of
Fig. 3.9 demonstrated the variances of layer thicknesses within each layer. In general,
the result optimized with 10 layers exhibits less variation, suggesting improved
thickness uniformity. The reason is that the reduced amount of layers in the
optimization increases the weight of each layer in the thickness uniformity objective,
and this uniformity is maintained during refinement. Additionally, reducing the
number of constraints simplifies the optimization problem, allowing the optimizer
to more easily locate better local optima.

However, as listed in Table 3.1, the thermal-induced distortion for the fabrication
sequence obtained from layer refinement is noticeably larger. With fewer layers
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Figure 3.8.: Layer refinement in a post-processing step, the time field is initially optimized
with 10 layers and subsequently segmented to 24 and 49 layers.
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Figure 3.9.: Statistics of layer thickness for optimization using different numbers of layers.
Left: average layer thicknesses. Right: thickness variation within each layer.
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considered in the optimization, the thermal-induced compliance is increased. This
is due to the coarser optimization granularity resulting from the reduced number of
layers. In addition, the improved uniformity of layer thickness restricts the flexibility
to further reduce the distortion.

The above observations suggest that the proposed method can serve as a
decomposition approach by initially using a reduced number of layers in the
optimization process. Once the optimized coarse-grained fabrication sequence is
determined, the slicing procedure can be refined in a post-processing step.

3.3.2. A TOPOLOGY OPTIMIZED COMPONENT

We then validate the method on a topology-optimized component, as shown in
Fig. 3.10(a). The structure is optimized for static compliance under a single load case
applied on the right side. The structural layout is used as the prefixed component
for fabrication sequence optimization. The component is optimized using 20 layers
and then sliced into around 80 layers in post-processing. All three objectives are
included in the optimization. The inherent strain value used is the same as that in

the above section: &) = [exx,eyy,exy]T =[-0.00375,-0.00375,0]7.

240mm
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Figure 3.10.: Fabrication sequence optimization for a topology optimized structure. (a) The
structural layout and sizes of the component. (b) The optimized time field,
its isolines segment the component into 20 layers. (c) Segment the time field
into 80 layers in a postprocessing step. (d) The trivial fabrication sequence
with 20 planar layers, serves as a reference. (e) The total structural distortion
accumulated during the whole manufacturing process using planar layers.
(f) The total structural distortion accumulated during the whole manufacturing
process using the optimized curved layers.

As can be seen from Fig. 3.10(b) and (c), the proposed layer geometry control
scheme consistently achieves layers with uniform thickness, even when applied
to structures with highly complex topologies. This demonstrates the robustness




50 3. LAYER GEOMETRY CONTROL IN FABRICATION SEQUENCE OPTIMIZATION

and adaptability of the method in handling geometrically intricate components,
maintaining its effectiveness across a wide range of configurations.

However, it should be noted that some concavities still appear in the time field
despite the use of the curvature control method. As highlighted by the red circles
in Fig. 3.10(c), these concavities typically form at intersections where multiple
branching features intersect. In such regions, isolines originating from different
branches tend to bend inward towards each other, resulting in a saddle-shaped
region. To preserve uniform layer thickness, the succeeding isoline must also take
on a concave profile, conforming to the local geometric constraints.

In comparison with a planar slicing pattern as in Fig. 3.10(d), the optimized
curved layers contribute to minimizing the accumulation of structural distortion
during manufacturing, as shown in Fig. 3.10(e-f). The thermal-induced compliance
of the planar slicing pattern is significantly worse than that of the optimized result.
Using the optimized curved slicing reduces the thermal-induced compliance from
2.281 x 10°m]J to 8.526 x 10*mJ.

3.3.3. 3D COMPONENT WITH OVERHANG REGION

The 3D structure with the overhang region is an extrusion of the 2D component
in Section 3.3.1. As shown in Fig. 3.11(a), the component is also fully fixed at the
bottom during manufacturing, and the fabrication process starts from the bottom
baseplate. The dimension of the component is 2 x 1 x 2 in the x, y, z direction, and is
discretized with 80 x 40 x 80 elements. The target layer thickness is set to 0.05, and is
allowed to be varied between 0.045 and 0.055. The prescribed number of layers is
set to a maximum of 40. In this analysis, we emphasize on minimizing the structural
distortion of the top-right edge of the structural layout, as shown in acquamarine in
Fig. 3.11(a). The nodal distortion measurement in Eq. 3.22 is used as the objective
function. The inherent strain value used is: €; = {-0.01,-0.01,-0.01,0.0,0.0,0.0}".
To accelerate computations, the optimization framework is implemented using C++
based on the PETSc library for parallel computing.

The optimized time field and the corresponding slicing result are shown in
Fig. 3.11(b) and (c). The final optimized solution consists of a total of 39 layers.
The thickness of each layer is constrained within specified upper and lower limits,
allowing minimal variations within layers to achieve curved layer shapes. The
layers close to the geometry boundary are less uniform due to the boundary effect
introduced by the zero Neumann boundary condition in the heat equation. In this
3D case, only the layer thickness control method is currently implemented, while
the curvature control method has not yet been integrated.

In addition, the effectiveness of the proposed fabrication sequence optimization in
reducing process-induced structural distortion is clearly illustrated in Fig. 3.11(d) and
(e). Compared to conventional planar layer fabrication, the optimized curved-layer
fabrication sequence decreases the distortion objective by two orders of magnitude
from 7.0x 107! to 2.0 x 1073,

Finally, a detailed overview of 10 manufacturing stages extracted from the
optimized fabrication sequence is shown in Fig. 3.12. These snapshots provide
insight into the progressive buildup of the entire structure.
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Figure 3.11.: Fabrication sequence optimization for the 3D structure with overhang. (a) The
structural layout of the component, with the base plate indicated in red, and
the nodes considered for the distortion objective indicated in aquamarine
color. (b) The optimized time field. (c) The optimized fabrication sequence
extracted from the optimized time field. Structural deformation due to
manufacturing effect, with the orange grid representing the undeformed shape:
(d) Manufacturing using the optimized fabrication sequence. (e) Manufacturing
using 40 planar layers, for comparison.
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Figure 3.12.: The optimized curved layer fabrication process for the 3D component, with
only 10 manufacturing stages shown for simplicity.
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3.4. CONCLUSION

In this research, we develop a layer geometry control scheme for fabrication
sequence planning within the space-time optimization framework. The proposed
method has been validated through both 2D and 3D numerical examples,
demonstrating its effectiveness and applicability. =~ The obtained layers achieve
improved uniformity, which is essential for the additive manufacturing process. The
design flexibility of fabrication sequence planning is preserved, as the optimizer
can adjust layer thickness within permissible limits, with minor variations inside
each layer remaining acceptable. The optimization framework has proven effective
in minimizing manufacturing-induced structural distortion by arranging the slicing
pattern rationally.

The layer thickness control method enhances the uniformity of the pseudo-time
field within the optimization framework. A post-processing step can be employed
to generate additional layers beyond those predefined in optimization, while still
maintaining uniform layer thicknesses. This approach allows for a reduced number
of layers during the optimization process for computational efficiency, followed by
a finer slicing procedure in the post-processing step to produce the actual layers
required for manufacturing.

Furthermore, the method provides flexibility to balance competing objectives by
tuning the weight coefficients in the objective function. This allows users to trade
off between minimizing thermal-induced distortion and enhancing layer thickness
uniformity based on specific manufacturing requirements. For techniques that allow
greater variation in layer thickness, the optimization framework can exploit this
flexibility to reduce distortion. Conversely, for additive manufacturing processes
with stringent requirements on layer thickness uniformity, the method can be
adapted to include stricter constraints, ensuring uniform layers while maintaining its
effectiveness.



RESIDUAL STRESS-CONSTRAINED
SPACE-TIME TOPOLOGY
OPTIMIZATION

Residual stresses and distortions are major barriers to the broader adoption of wire
arc additive manufacturing. These issues are coupled and arise due to large thermal
gradients and phase transformations during the directed energy deposition process.
Mitigating distortions may lead to substantial residual stresses, causing cracks in the
fabricated components. In this chapter, we propose a novel method to reduce both
residual stresses and distortions by optimizing the fabrication sequence. This approach
explores the use of non-planar layers, leveraging the increased manufacturing
flexibility provided by robotic arms. Additionally, our method allows for the concurrent
optimization of the structural layout and corresponding fabrication sequence. We
employ the inherent strain method as a simplified process simulation model to predict
residual stresses and distortions. Local residual stresses are aggregated using a p-norm
function, which is integrated into distortion minimization as a constraint. Through
numerical examples, we demonstrate that the optimized non-planar fabrication
strategies can effectively reduce both residual stresses and distortions.

Parts of this chapter have been published in Computer Methods in Applied Mechanics and
Engineering. 440, 117913 (2025) authored by Kai Wu, Fred van Keulen and Jun Wu, under the title
Residual Stress-constrained Space-time Topology Optimization for Multi-axis Additive Manufacturing.
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4.1. INTRODUCTION

DDITIVE manufacturing has advanced rapidly in the past two decades. An
Aimportant recent advancement is the introduction of robotic arms for 3D
printing, which enables the production of large parts. In contrast to a fixed build
orientation in Cartesian-type 3D printing, robotic arms provide rotational motion,
further increasing manufacturing flexibility. By continuously adjusting the build
orientation, robotic systems enable the deposition of material along non-planar
layers, offering the possibility to avoid supports and improve manufacturing quality.
These robotic systems have been employed for printing with both polymers
and metals—using material extrusion for polymers [38, 198] and directed energy
deposition techniques like wire arc additive manufacturing (WAAM) for metals [44,
106, 171]. WAAM, also known as wire arc directed energy deposition (WA-DED) [34,
120], combines traditional welding methods with modern additive manufacturing
principles. It typically uses an electric arc as the heat source to melt a metal wire
and deposit it layer by layer to build 3D components. It offers a cost-effective and
efficient solution for producing large, customized metal parts, often with complex
geometries that are impractical to achieve with conventional manufacturing.

However, the adoption of WAAM in critical industries is hindered by several
challenges, particularly residual stresses and distortions [27, 172, 181]. As a
directed energy deposition process, WAAM involves high energy input, large thermal
gradients, multiple phase transformations, and repeated heating and cooling cycles.
These factors result in significant residual stresses and distortions in the fabricated
components. The residual stresses can lead to cracking [28] and large deflections
during fabrication as well as upon unclamping [135]. Consequently, residual stresses
compromise the reliability of the parts, while distortions often render them unusable
without extensive and costly post-processing.

From a manufacturing perspective, various strategies have been employed to
mitigate residual stresses. These include adjusting process parameters such as
scanning speed, cooling rate, and welding mode [71], as well as implementing in situ
temperature control to reduce temperature gradients [135]. Additionally, post-process
treatments such as annealing and rolling [53, 63, 69, 142] are also commonly used.
However, these measures often require significant upgrades to the entire system,
which can be impractical due to the large scale of the parts and the constraints of
existing manufacturing setups.

Residual stresses are closely related to the structural design. Design guidelines
to avoid excessive distortions and residual stresses have been proposed for
relatively simple geometries [106, 109, 124]. For complex continuum structures,
structural optimization has been pursued to address these issues, primarily for
Cartesian-type 3D printing based on powder beds. Allaire and Jakabcin [5] proposed
a thermo-elastic model to predict the accumulation of residual stress and distortion,
and integrated it into shape and topology optimization. Similarly, Misiun et al. [113]
minimized thermal-induced distortion through structural optimization to avoid
recoater collisions and build failures, adopting an inherent strain method for process
simulation. Furthermore, Xu et al. [190] included constraints on residual stresses
in topology optimization. Besides structural optimization, residual stresses can be
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mitigated through support structure optimization [32, 33, 201]. Bruggi et al. [20]
concurrently optimized the structural layout and constant build orientation to design
lightweight structures, accounting for the material anisotropy in WAAM [21, 84, 180].

In this chapter, we propose optimizing the fabrication sequence to mitigate
residual stresses and distortions in multi-axis additive manufacturing. In traditional
Cartesian-based 3D printing, the layers are planar, and they are determined by a
fixed build orientation. In multi-axis additive manufacturing, however, the rotational
motion allows to deposit material along curved layers. By fabrication sequence in
multi-axis additive manufacturing, we refer to a decomposition of the component
into curved layers with varying orientations that are fabricated one upon another. It
thus can be viewed as curved slicing, which, however, has been typically treated
as a geometric problem, focusing on generating smoothly varying layers that the
robotic arms can execute without collisions [38, 42, 43, 46]. In curved slicing,
the material anisotropy due to curved layers has been taken into account [200].
However, the critical impact of curved fabrication sequences on residual stresses is
an open research question, with optimization largely unexplored. This challenge
requires simulating the additive manufacturing process and its underlying physics.
Research from the related field of robotic welding has shown that the joining
sequence significantly impacts residual stresses and distortions [10, 173]. Building on
these insights, Wang et al. [169] demonstrated numerically that fabrication sequence
optimization provides a viable and effective way to minimize thermally induced
distortions. However, the reduction of distortions may be accompanied by increased
residual stresses, making it a critical next step to limit residual stresses in fabrication
sequence optimization.

While the fabrication sequence for residual stresses in the context of multi-axis
printing has not been studied, it is worth mentioning a few papers that deal
with scanning path optimization in Cartesian-based 3D printing. Chen et al. [26]
proposed a scanning path optimization method based on level-set functions. The
material anisotropy from the 2D scanning path is explored to reduce residual
stresses. Boissier et al. [15] proposed scanning path optimization based on shape
optimization theory, incorporating the simulation of the manufacturing process to
minimize overheating and thus avoid excessive thermally induced residual stresses.
This was later integrated with structural optimization to concurrently optimize the
shape and the 2D scanning path [16].

Our method for reducing residual stresses and thermal-induced distortions is
based on space-time topology optimization [168, 170]. Its core idea is to represent
curved layers using isolines of a scalar field. This scalar field, which is optimized
in an iterative process, defines the pseudo-time at which each spatial point is
materialized. From the pseudo-time field, a series of intermediate structures
can be derived, representing the additively fabrication process. This optimization
focuses on analyzing the residual stresses and distortions that arise from the
intermediate structures. This pseudo-time field can also be optimized concurrently
with the structural layout, represented by a pseudo-density field as in conventional
density-based topology optimization. In this concurrent optimization, structural
performance is considered alongside residual stresses and distortions.
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A key element in the optimization is to predict residual stresses efficiently. The
inherent strain method has gained popularity as a simplified process model to
predict distortions and residual stresses [98, 119, 129, 140, 157]. The inherent
strain method simplifies the complex thermo-mechanical interactions as an inelastic
inherent strain field, which can be calibrated from experimental tests. It is
an attractive alternative to high-fidelity methods for its computational efficiency.
This is particularly useful for optimization problems that require repeated process
simulations. For simplicity, in this research, we assume that the inherent strain field
is homogeneous and isotropic and its value does not change with respect to different
fabrication sequences. These assumptions serve the purpose of demonstrating the
effectiveness of the presented workflow. We expect more accurate process models
[47, 48, 107, 118] can be integrated as well, albeit with the trade-off of more
demanding computation. After obtaining the accumulation of residual stress layer
by layer from the inherent strain method, we formulate the residual stresses as a
constraint function in the optimization framework.

To incorporate residual stresses into optimization, we refer to general approaches
dealing with stress constraints in topology optimization. Topology optimization
with stress constraints has been extensively studied over the past decades, leading
to the development of effective solutions for overcoming key challenges. The
first challenge is the local nature of stress, resulting in a large number of
constraints. A typical approach to managing a large number of local constraints
is to aggregate them into a single global constraint using either p-norm or
p-mean [50] or Kreisselmeier-Steinhauser function [194]. An alternative to this is
based on augmented Lagrangian formulations [37, 196], which transform the original
constrained optimization problem into a sequence of unconstrained subproblems.
The second challenge is the ‘singularity’ problem: the feasible solution space of a
stress-constrained problem contains degenerate subspaces with a lower dimension.
This makes it difficult to find the global optimum using gradient-based algorithms.
Relaxation of the stress constraints using e-relaxation [29] or gp-approach [19, 91]
has proven effective in alleviating this problem. In addition, Verbart et al. [164] has
demonstrated that aggregating the local constraints using a lower bound aggregation
function also effectively relaxes the feasible space. In this research, we build on
these established methods for dealing with the local residual stresses. Specifically,
local residual stresses are relaxed using the gp-approach and then aggregated into a
global constraint using the p-norm function.

The remainder of this chapter is organized as follows. Section 4.2 elaborates the
mathematical model of the proposed method in detail. Section 4.3 validates the
effectiveness of the proposed method with a series of numerical examples. Lastly,
Section 4.4 summarizes the key findings and conclusions.

4.2, METHODOLOGY

In the methodology section, we first introduce the basis of space-time topology
optimization, where the fabrication sequence is optimized, optionally together with
the structural layout. We then present the evaluation of residual stresses and
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distortions in additive manufacturing, using an inherent strain method. Building on
these key ingredients, we formulate a constraint function to restrict the maximum
residual stress. Finally, we elaborate on the formulation of space-time topology
optimization incorporating the residual stress constraint.

4.2.1. SPACE-TIME PARAMETERIZATION

In space-time topology optimization, the 3D printing sequence for fabricating a
component is optimized simultaneously with the component’s structural design. The
fabrication sequence is represented by a scalar field, referred to as the pseudo-time
field (or simply time field), which is defined over a finite element discretization of
the component. This element-wise representation is analogous to density-based
topology optimization, where each element is assigned a pseudo-density value.
However, unlike the ideal binary density values (p. € {0,1}) that indicate whether an
element is solid or void, the time field is continuous (¢, € [0.0,1.0]), with smaller time
values corresponding to elements materializing earlier in the manufacturing process.

From the density and time fields, one can derive a series of intermediate structures
during fabrication. This is essential for simulating the additive manufacturing
process and the physics involved in fabrication. Fig. 4.1 illustrates the calculation
of intermediate structures. Fig. 4.1(a) shows the density field, representing the
structural design of a component, while Fig. 4.1(d) illustrates a continuous time
field, whose isolines represent the fabrication sequence. An intermediate structure
from this fabrication sequence is shown in Fig. 4.1(e). Fig. 4.1(b)-(c) represent
intermediate steps for computing the time field, and will be explained shortly. At a
time point 7, elements with time values smaller than 7 have been fabricated, while
elements with time values larger than 7 have not. The intermediate structure at time
point 7, denoted by p!™, thus consists of

pm _ {pe, if t,<7, @1

€ 0, otherwise.

To facilitate gradient-based optimization, this conditional equation is replaced by an
element-wise multiplication of the density field and a modified time field,

ol = p, il 4.2)

Specifically, the time field is modified by converting time values smaller than the
threshold value 7 to 1, and conversely, time values larger than 7 to 0. This is
implemented using a smoothed Heaviside function,

tanh(B,7) + tanh(B;(t. — 1))
B tanh(B,7) + tanh(B,;(1-1))

i=1 4.3)

where ; determines the sharpness of the step function. A continuation scheme is
applied to B; during optimization. It starts with a low value for reduced nonlinearity
and gradually increases to achieve distinct layer segmentation by the end of the
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Figure 4.1.: lllustration of representations in space-time topology optimization. (a) The
structural layout, represented by a density field p. (b) A pseudo thermal
diffusivity field, serving as optimization variables. For illustration purposes only,
a random thermal diffusivity field is shown here. (c) The temperature field T
obtained by solving the heat equation. (d) The time field ¢ obtained from the
temperature field using £=1-T. Its isolines partition the component into 20
layers. (e) The 12-th intermediate structure during the manufacturing process,
i.e., 12 layers have been manufactured and 8 layers are yet to be manufactured.

optimization process. Later in the results section, we compare simulation results
using the differential formulation (Eq. 4.2) and binary classification (Eq. 4.1).

To simulate the additive manufacturing process, a series of intermediate structures
is computed. Let the fabrication of the component consist of N layers, where N
is specified by the user. The component is divided by time points that are evenly
spaced over the interval [0,1], 7; = 4, where j=0,1,..,N. We use p'// to indicate the
Jj-th intermediate structure, i.e., corresponding to the time point 7;. For example,
the intermediate structure shown in Fig. 4.1(e) is p!'¥, where the total number of
layers is N = 20. The intermediate structure p'/! for j=1,..,N—1 is calculated using
Eq. 4.2, while p'®» =0, and p'V! = p.

It is worth noting that instead of directly optimizing the time field and thus the
fabrication sequence, it is solved through a partial differential equation (PDE), where
the coefficients in the equation are optimization variables, as discussed in chapter 2.
This approach avoids discontinuities in the time field that could arise from direct
optimization. Specifically, this PDE describes the heat diffusion from the baseplate
where the fabrication starts. The element-wise thermal diffusivity (u) determines the
temperature distribution (T),

V(ppVT)-arT =0. (4.4)

Here V is the vector differential operator. ar denotes a constant drain rate. The
boundary of the component adjacent to the baseplate is set as the heat source with
a constant temperature of T =1, while the other boundaries of the component are
insulted. This heat equation is introduced to obtain a scalar field that monotonically
varies from the baseplate toward the distant boundary of the component. It should
not be confused with the thermal process in metal additive manufacturing. The
heat equation takes into account the evolving structural layout during iterative
optimization by including the density field p. The optimization variables u are
restricted between 0 and 1. The constant drain term is selected such that the
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temperature field smoothly varies from 1 to 0. After solving the heat equation, the
temperature field is transformed by:

t=1-T, (4.5)

to obtain a pseudo-time field ¢. By this transformation, elements adjacent to the
baseplate, with a constant temperature of T =1, are assigned ¢ =0, correctly serving
as the starting point of fabrication.

4.2.2. RESIDUAL STRESSES CALCULATION USING THE INHERENT STRAIN
METHOD

The inherent strain method is a computationally efficient approach to predict
deformations and residual stresses in metal components produced by additive
manufacturing. It simplifies the complex thermo-mechanical phenomena in additive
manufacturing by decoupling the thermal and mechanical problems, focusing on
deformation without performing a full thermal analysis. For computational efficiency,
the inherent strain method is often applied layer by layer by assigning inherent
strain values to each newly deposited layer, and predicting the deformation of the
component due to the equivalent mechanical load acting on this layer.

In this study, we adopt the assumptions of geometric and material linearity to
ensure computational efficiency in calculating the mechanical response. While
nonlinear analysis could improve simulation accuracy under significant residual
stresses and distortions, we find it computationally prohibitive for optimization
purposes. The premise of our approach is that by optimization we will reduce
residual stresses and distortions to a level where linearity assumptions remain valid.
As pointed out by Munro et al. [119], under the linearity assumptions, the total
deformations and residual stresses of the entire component are the superposition of
all increments due to the deposition of each layer.

Uthermal = Z AU{j}v (4.6)

J
a=) Ad'l. (4.7)
j

Here the superscript {j} indicates the increment in the displacement or residual
stress due to the deposition of the j—th layer. We explain the calculation of the
increments in the following.

In space-time topology optimization, a newly added layer is identified by the
difference between two consecutive intermediate structures,

g =pW - plU=l =12, N. (4.8)

By activating the inherent strain in each new layer, the incremental deformation and
residual stress on the intermediate structure can be calculated. This is illustrated in
Fig. 4.2. Fig. 4.2(a) shows an intermediate structure pt/~!, with j—1 layers already
manufactured. The intermediate structure is already deformed due to previous
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manufacturing steps. Fig. 4.2(b) highlights the deposition of a new layer. The
inherent strain of this new layer is then activated, creating equivalent nodal forces
on each element within this new layer,

F,= f B De*dQ,, 4.9)
Qe
where B is the strain-displacement matrix, D is the constitutive matrix, &€* is
the inherent strain vector. In this study, we use an isotropic inherent strain to
simplify the analysis by disregarding directional effects resulting from fabrication
sequences. This approach ensures that the inherent strain field is independent
of fabrication sequences, providing a consistent basis for comparing the effects of
different sequences. While anisotropic inherent strain could be integrated into the
framework—by deriving local material deposition orientation from the gradient of
the time field—we focus on the role of fabrication sequence in this work, leaving the
exploration of anisotropic effects as a natural extension for future studies.
The nodal forces on each element are then assembled to obtain a global force
vector for the entire component,

Fi =Y n9"F, (4.10)
e

where } represents the assembly over all elements. Note that the forces are scaled

by a facetor that depends on the new layer 5. This is because in space-time topology
optimization, the structural layout, represented by the density field, is optimized
along with the sequence optimization. To account for this, the density distribution
is factored in as a scaling factor with a penalization p, in line with the power law
relation between the stiffness and density in SIMP (Solid Isotropic Material with
Penalization) [11]. This power law reduces the equivalent forces from elements with

Inactive Inactive

Inherent

(®)

Figure 4.2.: lllustration of the inherent strain method in space-time topology optimization. (a)
The 12-th intermediate structure, with deformation resulting from manufacturing
the first 12 layers. (b) When the 13-th layer is deposited, the inherent strain field
on this new layer is activated from its stress-free state. (c) The activation of
the strain field on this new layer results in further deformation of the current
intermediate structure. The inactive layers that haven't been manufactured yet
stay undeformed.
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intermediate densities that appear in the optimization process before convergence.
In this research, we choose p = 3.

The incremental displacement of the entire domain induced by the inherent strain
of the j-th layer is calculated by solving the linear elastic equation,

KD Ayl = pUY. (4.11)
Consequently, the residual stress corresponding to this displacement is calculated by
Ao = " DBAD, Y -1V De”. (4.12)

The residual stress consists of two parts. The first corresponds to the stress
associated with the deformation induced by the new layer. It affects the intermediate
structure p'/!. The second accounts for the release of the inherent stain. It mainly
concerns the new layer 5'/!.

It should be noted that the layers that have not been produced yet are also
included in the analysis for calculating the distortion. Elements in the inactive layers
are assigned a small density or Young’s modulus to avoid the stiffness matrix from
becoming singular. During manufacturing, each new layer is added in a stress-free
state. To account for this stress-free initial state of a new layer, the first part in
the residual stress (Eq. 4.12) is scaled by the density, with a power law relation in
consistency with that for the inherent strain.

The above formulations are applied to simulate the component and fabrication
sequence illustrated in Fig. 4.1. Fig. 4.3 shows the accumulated deformations and
residual stresses in a series of intermediate structures. To enhance visibility, a
scaling factor is applied to exaggerate the displacements. Individual elements in the
intermediate structures are colored by their von Mises residual stress. Significant
residual stresses are observed at the bottom of the component, particularly on
both sides, where it is attached to the baseplate. Additionally, a smaller stress
concentration is noticeable around the right-angled corner in the middle of the
component.

4.2.3. RESIDUAL STRESS CONSTRAINT

We formulate residual stresses in a constraint in space-time topology optimization.
Specifically, we consider the residual stress distribution after the entire component
has been fabricated in this research. As our simulation results will show later, the
residual stress during the manufacturing process will not significantly exceeds the
final residual stress value. For future work, it also makes sense to further include
layer-wise residual stresses constraints.

We follow established methods for handling the ‘singularity’ and large number of
stress constraints in topology optimization. ‘Singularity’ refers to the situation where
the global optimum is located in a lower dimensional subspace within the solution
space, and cannot be reached using gradient-based optimization [29]. To cope with
this problem, the idea is to relax the stress definition and thus the solution space. In
our work, we adopt the gp-relaxation [19, 91]:

6=plo, (4.13)
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Figure 4.3.: Simulation of the layer-based manufacturing process, with the accumulation of
residual stresses and distortions.

where ¢ is the relaxed stress. ¢ is the residual stress as calculated from Eq. 4.7. g is
a relaxation parameter, and is set as g =0.5.

We use the von Mises stress as the yielding criterion. For general plane stress
condition, the von Mises stress (Gym,e) is evaluated at each element

~ _ ~2 ~2 A2 A ~
OyM,e = \/011,8 +05),+ 3012’8 - 011,602, (4.14)

where 611,622,612, are components of the relaxed stress tensor. This equation is
rewritten in matrix format to simplify sensitivity analysis:

1/2
)

e = (GLVae) (4.15)

where &, is the vectorized residual stress tensor of element e, and matrix V is
defined as:

1 -1/2 0
V=|-1/2 1 of. (4.16)
0 0 3

Stress is a local measure and thus a constraint on stress shall be applied to each
element. To reduce the large number of stress constraints, we use the p-norm to
aggregate the residual stresses into one single global value oy p:

1

P
OvM,P = (Zé'gM,e) = Olim» (4.17)
e

where P is the aggregation parameter. oy, is the stress limit, e.g., the yield stress
of the material. A large P value leads to a more accurate approximation of the



4.2. METHODOLOGY 63

maximum stress. However, it also implies a high nonlinearity. In this research,
we choose P =10 as a trade-off between ensuring adequate smoothness for good
performance of the optimization algorithm and an adequate approximation.

To improve the approximation accuracy between the maximum stress and the
p-norm, we adopt the normalization procedure as suggested by Le et al. [91]. A
normalization parameter A’ is defined as follows,

maxéym,e

Al=q +1-a)Al (4.18)

OvyM,P
where a is a control parameter, chosen as 0.5 in this research. The parameter
Al, with the superscript indicating the I-th iteration, is updated at every iteration,
partially using the information from the last iteration (I —1). The constraint on the
normalized residual stress is written as

gs=Alowp — 0lim < 0. (4.19)

We note that A’ is non-differentiable and treated as a constant in each iteration. As
the optimization advances, the changes in the design between successive iterations
diminish. As a result, the normalization parameter A’ tends to stabilize.

4.2.4. RESIDUAL STRESS-CONSTRAINED SPACE-TIME TOPOLOGY
OPTIMIZATION

The constraint on residual stresses is incorporated into two optimization settings.
In the first setting, only the fabrication sequence is optimized, while the structural
layout of the component remains fixed. This is typical in the manufacturing industry,
where component designs are provided externally. In the second setting, both the
structural layout and the fabrication sequence are optimized simultaneously. This
approach reflects a more integrated design and fabrication process, offering greater
design flexibility.

SEQUENCE OPTIMIZATION

The fabrication sequence optimization is formulated as follows, where p is the only
set of design variables:

Minilrtnize: Jo = w1 Cthermal + @2 fgeo (4.20)
Subject to: KY'AUY =FY!, j=1,2,.,N, (4.21)
KT =b, (4.22)
g —Zp{e]}ve——V0<0 j=12,..,N, (4.23)
8= AIUVM,P —01im =0, (4.24)
0<pe<1. (4.25)

The objective function comprises two terms, scaled by weight coefficients w;
and wy. The first term evaluates the deformation of the component caused by
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the successive release of layer-wise inherent strains. For demonstration purposes,
we take inspiration from the static compliance used in conventional compliance
minimization problems, and define this term as:

T
Cthermal = UthermalK Uthermal, (4.26)

where K is the stiffness matrix of the complete component. Ugermal is the
accumulated displacement vector as defined in Eq. 4.6. This measure accounts
for the deformation of all elements, and thus can be viewed as a global metric.
Alternative distortion measures, such as the flatness of edges or surfaces that are
important for assembly, can also be employed [169, 170].

The second term in the objective function concerns variations in the layer
geometry. The layers in the optimized fabrication sequence are typically curved, with
a large variation of height (or thickness) within each layer. The large variation is less
favorable from a manufacturing perspective. The term fg, measures variations in
each layer, by

& P {jh?
feo= Y. Xnd"” (Ve -val"), (4.27)
j:l e

where |Vt,| is the magnitude of the gradient of the time field at an element, and
vV tl{] " is the averaged magnitude of gradients within the j-th layer, i.e.,

P
{j} _ Zenej Vi,

Vil .
{jIP
Yend

(4.28)

It should be noted that fgeo does not guarantee a uniform layer thickness. In fact,
variations in layer thickness offer the flexibility needed to form non-planar curved
layers.

The optimization problem is subject to two sets of PDEs, both of which are
discretized using finite element methods. Eq. 4.21 analyzes the incremental
displacement of the intermediate structure under the equivalent load of inherent
strains in each newly deposited layer. The number of such equations corresponds to
the number of layers being analyzed, which constitutes the primary computational
bottleneck. Eq. 4.22 is the discretized version of the virtual heat equation (Eq. 4.4).
In addition to the PDE constraints, g; is the volume constraint for each layer,
assuming a constant manufacturing speed — the same amount of material volume
is processed at each time interval. 1} is the total material volume. g; is the global
residual stress constraint as discussed in Section 4.2.3.

CONCURRENT OPTIMIZATION OF STRUCTURAL LAYOUT AND FABRICATION
SEQUENCE

In the concurrent optimization setting, the structural layout is optimized as well.
Here we consider design optimization of lightweight load-bearing structures. The
structural performance and total material consumption are added to the formulation
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as constraints.

Subject to: KU =F, (4.29)
gc=U'KU - ¢y, <0, (4.30)
8= peVe— Vo =0, (4.31)
0<¢e=<1. (4.32)

Eq. 4.29 is the static equilibrium equation for the complete structure under
external loads in its service condition. g. sets an upper bound for the mechanical
compliance, ¢jj,. Alternatively, this constraint can also be added into the objective
function, with an additional weight coefficient. Lastly, go is the global volume
constraint, which limits the total amount of material used for the entire structure.

It should be noted that the pseudo-density field, p, is not directly treated as
design variables. Instead, we adopt the three-field approach commonly used in
density-based topology optimization [166]. The design variables are represented by
the design field ¢, which is then smoothed through a convolution filter to obtain a
filtered field, ¢p. This filtering prevents the occurrence of checkerboard patterns in
the optimized structure. The filtered field ¢ is subsequently transformed using a
smoothed Heaviside function to promote a black-and-white design. This yields the
pseudo-density field p = ¢, which is used in the structural analysis that follows. For
details about the transformations of optimization variables, readers are referred to
chapter 2.

Both optimization problems are solved using gradient-based methods, specifically
the method of moving asymptotes (MMA) [153]. A detailed sensitivity analysis for
the residual stress constraint is provided in the appendix A.3.

4.3. NUMERICAL EXAMPLES

In this section, we validate the proposed method using multiple numerical
examples. We start with fabrication sequence optimization on an L-shaped
component (Section 4.3.1) and a bracket (Section 4.3.2). Following that, we extend
to simultaneous optimization of the structural layout and fabrication sequence,
allowing for more flexibility (Section 4.3.3). The material used in these examples
is titanium, with Youngs modulus E =110GPa and Poisson’s ratio v =0.3. The
residual stress limit is set as ojj, = 1200MPa, while the inherent strain value is
g5 = [exx,eyy,exy]T = [-0.00375,-0.00375,0]T, unless otherwise specified. The method
is implemented in MATLAB, and the code has not been specifically optimized for
computational efficiency. All simulations were executed on a single CPU core of a
workstation equipped with an Intel Xeon E-2630v4 processor and 256 GB of RAM.

4.3.1. FABRICATION SEQUENCE OPTIMIZATION FOR A V-SHAPED
COMPONENT

The first example for fabrication sequence optimization is a V-shaped component,
shown in Fig. 4.4(a). The resolution of the background mesh is 100 x 100 elements.
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The baseplate for fabrication is located at the bottom of the component. In the
manufacturing process simulation, the component is fixed at the bottom. The
prescribed number of layers is 40. On average, each iteration in the optimization
process takes 275.2 seconds.

Fig. 4.4(top) presents simulation results for the component manufactured using
planar layers. Fig. 4.4(b) displays the von Mises stress distribution of the total
residual stresses in the final structure. It reveals a maximum residual stress of
Omax = 2551.1MPa, which is 112.6% above the limit. The corresponding structural
distortion is shown in Fig. 4.4(c), with a total thermal-induced compliance of
1.565 x 10°mJ. By comparison, the optimized fabrication sequence (Fig. 4.4, bottom)
employs curved layers to mitigate these effects. The maximum residual stress is
reduced to Omax = 1200.4MPa, numerically satisfying the stress constraint, while
distortion decreases significantly to 8.327 x 10*m)J, a 46.8% reduction in compliance
compared to the planar case.

From the residual stress distributions, high residual stresses can be observed at
the two ends of the bottom and around the right-angled corner in the middle
(marked as P;, P,, and P; in Fig. 4.4(a)). The histories of residual stresses at
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Figure 4.4.: Comparisons between planar and non-planar fabrication of a V-shaped
component. (a) The dimensions of the V-shaped component. (b) The resulting
residual stresses from planar fabrication. Elements with stresses exceeding the
limit (ojj, = 1200MPa) are colored in black. (c) The corresponding structural
distortion. (d) The optimized time field. Its isolines segment the component into
curved layers. (e, f): Using curved fabrication, the resulting residual stresses (e)
and distortion (f).
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these three locations are plotted in Fig. 4.5, with the horizontal axis indicating the
increasing number of layers during the manufacturing process. The subfigure on
the left represents fabrication with planar layers, while the one on the right shows
fabrication with optimized curved layers. When the component is manufactured
using planar layers, the residual stresses at Point 1 and Point 2 increase gradually,
both exceeding the stress limit of 1200MPa after 5 layers. The stress at Point 3
appears after 19 layers and stops increasing at around 940MPa until the end of
fabrication. In contrast, when manufactured using optimized fabrication sequences,
the increases of residual stresses at Point 1 and Point 2 are suppressed. The residual
stress at Point 1 remains below the stress limit, with a margin of 40MPa. While the
residual stress at Point 2 increases to slightly over the stress limit after 20 layers,
it returns to the limit onwards. The stress at Point 3 appears after 21 layers and
reaches around 750MPa at the end of fabrication.

The above observations demonstrate the effectiveness of the residual stress
constraint. We note that this constraint is applied to the residual stresses at the
completion of fabrication (i.e., after 40 layers). During the manufacturing process,
the maximum residual stress does not significantly exceed the limit, so the residual
stress history is currently not included in the optimization. However, in principle,
it could be included, though at the cost of increasing the number of residual stress
constraints by considering the stresses of all intermediate structures.
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Figure 4.5.: The accumulation of residual stresses at three sampling points during the
manufacturing process. Left: fabrication according to the planar layers. Right:
fabrication according to the optimized curved layers shown in Fig. 4.4(b).

We further analyze the effects of approximating discrete manufacturing processes
with a differential formulation that facilitates gradient-based optimization. To this
end, we perform a post-optimization analysis of the optimized sequence, adopting
the binary layer description defined in Eq. 4.1. The maximum residual stresses
and thermal-induced compliances in the optimization and the post-analysis are
summarized in Table 4.1. Specifically, for the optimized layers, post-analysis reveals
an increase in the maximum residual stress from 1200.4MPa to 1276.0MPa, i.e., an
increase of 6.30%. The thermal-induced compliance is increased from 8.327 x 10*m]
to 8.396 x 10*m]J, i.e., an increase of 0.83%. A similar trend is observed for the planar
layers, which in the continuous formulation were defined by a height field, i.e.,
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o= y—;, where y, is the y-coordinate of the element’s centroid, and Y is the height of
the component. The difference between the differential and binary layer descriptions
comes from grey elements in the intermediate structures p'/!. The discrepancies are
small, thanks to the continuation scheme for the projection parameter §; in the
smoothed Heaviside projection. To account for the unavoidable discrepancies due to
the continuous approximation of a discrete manufacturing process, one could set a
tighter residual stress limit in the constraint, i.e., reducing o}, to e.g., 1100 MPa.

Table 4.1.: Results of the L-shaped component with planar and curved fabrication.

Optimization result with differential layers

Maximum stress Thermal compliance
N =40 Planar layers 2551.1 MPa 1.565 x 10° m]J
- Optimized curved layers 1200.4 MPa 8.327 x 10* mJ
Post-analysis with binary layers
Maximum stress Thermal compliance
N =40 Planar layers 2709.3 MPa 1.435 x 10° mJ
B Optimized curved layers 1276.0 MPa 8.396 x 10* mJ

4.3.2. FABRICATION SEQUENCE OPTIMIZATION FOR A BRACKET

The second example is a bracket, shown in Fig. 4.6(a). The resolution of the
background mesh is 200x88. During manufacturing, the component is fully
fixed at the bottom, where the fabrication starts. Fig. 4.6(b) and (c) show the
resulting residual stress and distortion, respectively, if the component is fabricated
with 30 planar layers. The maximum residual stress in the final structure is
Omax = 1950.5MPa, exceeding the stress limit by 62.54%. The thermal-induced
compliance is 6.786 x 10*mJ. The bottom row of Fig. 4.6 shows, from left to right, the
optimized curved layers, corresponding residual stress distribution, and distortion.
The curved layers are optimized to minimize the thermal-induced compliance under
a constraint on residual stresses. With the curved layers, the maximum residual
stress is reduced to omax = 1199.6 MPa.

To help understand how the curved layers avoid high residual stresses, Fig. 4.7
presents the sequence of the first 8 layers. As observed in the first layer, the
printing process begins from the two bottom corners. This approach is in contrast
to a conventional planar first layer, which typically involves a longer, continuous
deposition path. By shortening the deposition length at these critical regions, the
curved-layer strategy effectively reduces residual stress accumulation, particularly at
the left and right corners where stress concentration is more likely to occur.

It is noticed that while the residual stress is effectively constrained by the
curved layers, the corresponding thermal-induced distortion increases by 7.38%, to
7.287 x 10*m]. It is worth noting that the bracket is well-suited for planar fabrication



4.3. NUMERICAL EXAMPLES 69

05
04
03

1200
1000
800
600
400
200

57 88 02

 hoa

" — o

1200 05

1000 0.4

03

02
iow
0

(CY ®

Figure 4.6.: Comparisons between planar and non-planar fabrication on a symmetric bracket,
with 30 layers. (a) The geometry of the bracket. (b, ¢): Using planar fabrication,
the resulting residual stresses (b) and distortion (c). (d) The optimized time
field. Its isolines segment the component into curved layers. (e, f): Using curved
fabrication, the resulting residual stresses (e) and distortion (f).
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Figure 4.7.: Tllustration of the first 8 layers in manufacturing the bracket according to the
optimized fabrication sequence.

due to its symmetric geometry and the presence of only a minor overhang at the top
of the inner ring. In planar fabrication, the bracket exhibits significantly less thermal
distortion compared to the L-shaped component. This is because the symmetry
of the brackets allows the distortion from the opposite sides to be canceled out.
However, this suppression of distortion through symmetry results in high residual
stresses that must be mitigated. Curved fabrication offers an effective solution to
reduce these stresses.

The left subfigure of Fig. 4.8 plots the history of residual stresses at three critical
points when the component is fabricated with the curved layers. The locations of
these three points are marked in Fig 4.6(a). The residual stresses at all three points
monotonically increase during manufacturing, with the point on the end at the
bottom showing the highest residual stress. In addition, the convergence history of
the objective function and the constraint functions are shown in the right subfigure
of Fig. 4.8. All the constraint functions converge to zero, and the objective function
converges stably. The initial time field is solved from a uniform heat conductivity
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field, leading to a low objective value but significant violations of the constraints. As
the constraints are gradually satisfied, the objective value increases. Notably, abrupt
changes in the convergence curve occur every 50 iterations, which are due to the
continuation scheme applied to the projection parameter f;.

Table 4.2.: Results of the bracket with planar and curved fabrication.

Optimization result with differential layers

Maximum stress Thermal compliance
N =30 Planar layers 1950.5 MPa 6.786 x 10* m]
B Optimized curved layers 1199.6 MPa 7.287 x 10* m]
N=10 Planar layers 1649.3 MPa 5.313 x 10* mJ
B Optimized curved layers 1201.0 MPa 5.592 x 10* m]J

Post-analysis with binary layers

Maximum stress Thermal compliance
N =30 Planar layers 1997.1 MPa 6.147 x 10*m]J
B Optimized curved layers 1250.8 MPa 7.119 x 10* mJ
N=10 Planar layers 1655.6 MPa 5.097 x 10* mJ
B Optimized curved layers 1251.5MPa 5.124 x 10* mJ

To investigate the influence of the number of layers, we also optimized the
fabrication sequence with a reduced number of layers, i.e., from 30 to 10.
Consequently, the average computation time per iteration is reduced from 228s to
84s, achieving a 2.7-fold speedup, which aligns with the three-fold reduction in the
number of mechanical analyses. The simulation results of the planar layers and
the optimized curved layers are shown in the top and bottom rows of Fig. 4.9,
respectively. The maximum residual stress and thermal-induced compliance are
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Figure 4.8.: Data analysis for the bracket component. Left: the accumulation of residual
stresses at three sampling points during manufacturing. Right: convergence of
the objective function (dotted line in light blue) and the constraint functions.
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summarized in Table 4.2. With 10 planar layers, both the maximum residual
stress and the thermal-induced compliance were reduced, in comparison to 30
planar layers. The optimized curved fabrication, with 10 layers, is again effective
in restricting the maximum residual stress. However, when the number of layer
divisions decreases, the design freedom for fabrication sequence is restricted. The
entire bottom edge has to be built within the first single layer, as there are only
10 layers in total. The appropriate number of layers shall be chosen based on the
experimental setup, particularly considering the layer thickness.

4.3.3. CONCURRENT STRUCTURAL AND SEQUENCE OPTIMIZATION FOR
THE L-SHAPED COMPONENT

In the last example, we validate the concurrent optimization of the structural
layout and the fabrication sequence, and compare it with a decoupled sequential
optimization strategy. The design domain is defined by the L-shaped component
shown in Fig. 4.10(a). The domain is discretized using a grid of 180 x 120 elements.
In structural optimization, the material volume ratio is restricted to 0.5, and an
external force is applied on the top right corner. As the total amount of material is
reduced by half, less energy is introduced into the structure during fabrication, and
thus small residual stresses and distortions. To demonstrate the effectiveness of the
optimization, we doubled the inherent strain value in order to amplify the resulting
residual stresses: 88‘ = [exx,eyy,exy]T = [—0.0075,-0.0075,0]F. In the manufacturing
process simulation, the component is fixed at the bottom, consistent with its
intended application condition. The total number of layers is prescribed to 20. The
average computation time per iteration is 240s.

Figure 4.10 (b) shows the structural layout obtained from space-time topology
optimization. As a reference, the layout from the standard topology optimization
(i.e., no consideration of the manufacturing process) is shown in Fig. 4.10(c). Both
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Figure 4.9.: Comparisons between planar and non-planar fabrication on a symmetric bracket,
with 10 layers. (a) The planar layers. (b, c): Using planar fabrication, the
resulting residual stresses (b) and distortion (c). (d) The optimized time field.
Its isolines segment the component into curved layers. (e, f): Using curved
fabrication, the resulting residual stresses (e) and distortion (f).
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Figure 4.10.: Structural optimization of the L-shaped component. (a) The design domain and
boundary condition of the L-shaped component. (b) The optimized structure
when the structural layout and fabrication sequence are simultaneously
optimized. (c) The optimized structure from standard topology optimization.

optimizations lead to clear structural layouts. The external boundaries of both
designs are quite similar; however, the internal structures resulting from standard
topology optimization are noticeably less complex, despite the use of the same
filtering radius for the density field. In standard topology optimization, the objective
is to minimize compliance, which is reduced 2170.4m] in this case. Taking this
value as a reference, the compliance limit is set to 2200.0m] in space-time topology
optimization, in which compliance is treated as a constraint (Eq. 4.30). This
constraint function is numerically satisfied in the optimization process, leading to a
compliance of 2202.8m]J.

The corresponding fabrication sequence optimized from space-time topology
optimization is shown in Fig. 4.11(g). For comparison, two planar fabrication
sequences for the same structural layout are included: horizontal layers (a), and
layers inclined at 45° (f). The residual stress distributions for all three sequences
(horizontal, inclined, and optimized) are shown in the middle column of each
row, while thermal-induced distortions are illustrated on the right. As summarized
in Table 4.3, both horizontal and inclined layers result in the maximum stress
above the limit, while by the optimized curved layers the maximum is reduced
to 1211.1MPa. Converting the grey values in the differentiable layer formulation
to binary layers, the maximum residual stresses are 1352.3MPa, 1410.9MPa and
1189.0MPa for the three fabrication sequences respectively. The optimized sequence
reduces the maximum residual stress by more than 12%. More pronouncedly,
the thermal-induced distortion is reduced from 5.207 x 10°m]J to 2.168 x 10°m]J, a
reduction of 58.36%.

An additional comparison is conducted using the structural layout from the
standard topology optimization, as shown in Fig. 4.10(c). The first two rows show
results for horizontal and inclined layers ( 45°). The bottom row shows the outcome
of applying fabrication sequence optimization to the topology-optimized structure—
performed sequentially after the structural optimization rather than concurrently.
Compared to planar manufacturing strategies, the optimized fabrication sequence
effectively reduces both the maximum residual stress and the thermal-induced
distortion, aligning with the trends observed in earlier examples. This highlights the
importance of considering sequence planning even after structural design.
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Figure 4.11.: The simultaneously optimized structure (Fig. 4.10(b)) and sequence are
compared to the same structure but with planar layers. (a) The horizontal
planar layers. (b, c): Using horizontal layers, the resulting residual stresses (b)
and distortion (c). (d, e, f): The inclined layers and corresponding stresses and
distortion. (g, h, i) Curved layers from the simultaneously optimized time field,
and the corresponding stresses and distortion.

An interesting observation arises from comparing the sequential optimization
(Fig. 4.12, bottom) with the concurrent optimization (Fig. 4.11, bottom). The
numerical values for these two scenarios, summarized in Table 4.3, differ only
marginally, which was somewhat unexpected but not entirely surprising. This can be
attributed to the large number of variables involved in sequence optimization, which
results in a vast solution space even when the structure is fixed. Additionally, the
search within the even larger solution space in concurrent structural and sequence
optimization is mathematically more complicated. Furthermore, structural and
fabrication sequence optimizations have distinct objectives, which are integrated
into the concurrent optimization in a mixed approach—structural compliance in a
constraint, while distortion is part of the objective.

Lastly, the convergence history in the concurrent optimization for the L-shaped
beam is plotted in Fig. 4.13. To illustrate the design evolution during optimization,
the structural layouts at the 100-th, 200-th, 300-th, 400-th iterations are shown.
The structural layout gradually converges to a clear black-and-white design after
about 300 iterations. All constraint functions approach zero. Although the objective
function exhibits fluctuations due to the parameter continuation strategy discussed
earlier, it shows an overall decreasing trend.
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Figure 4.12.: Comparisons between horizontal (top), inclined (middle), and curved layers
(bottom), tested on the structure from standard topology optimization
(Fig. 4.10(c)). From left to right: layers, residual stresses, and distortions.

The layer-by-layer manufacturing process of the optimized L-shaped component
is displayed in Fig. 4.14.
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Figure 4.13.: Convergence of the objective and constraint functions in simultaneous
optimization of the structural layout and fabrication sequence. The evolving
structural layouts at the 100-th, 200-th, 300-th, 400-th iterations are included.
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Table 4.3.: Results of the L-shape component with different structural layouts and fabrication
sequences, N =20

Maximum stress
Differential Binary

1324.7 MPa 1352.3 MPa

Compliance fabrication sequence

Horizontal layers

Simultaneous .
optimization 2202.8m]J Inclined layers 1308.4 MPa 1410.9 MPa
Curved layers 1211.1 MPa 1189.0 MPa
. Horizontal layers 1369.2 MPa 1410.6 MPa
Sequential ;
A 2170.4m]j Inclined layers 1263.1 MPa 1359.5 MPa
optimization
Curved layers 1200.1 MPa 1200.8 MPa
fabrication sequence Thermal compliance
4 Differential Binary
Simultaneous Horizontal layers 5.819 x 10° mJ 5.207 x 10° mJ
; 5 5
optimization Inclined layers 3.204 x 10° mJ 2.794 x 10° m]J
Curved layers 2.284 x 10° m] 2.168 x 10° mJ
. Horizontal layers 6.041 x 10° mJ 5.422 x 10° m]J
Sequential . 5 5
L Inclined layers 2.831 x10°m]J 2.592 x 10° m]J
optimization

Curved layers

2.139x 10° mJ]

1.957 x 10° m]J
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Figure 4.14.: Illustration of the fabrication process of the optimized structure with curved
layers. For simplicity, only odd-numbered layers are included.

4.4, CONCLUSION

This chapter introduces a novel method for reducing residual stresses in wire arc
additive manufacturing. Our method optimizes the fabrication sequence, represented
as isolines of a pseudo-time field. The optimization integrates residual stresses as a
constraint while minimizing thermally induced distortions. The resulting sequences
are predominantly curved, with smoothly varying orientations. —Compared to
traditional planar layers, the optimized curved layers significantly reduce distortion
and effectively control excessive residual stresses. Additionally, the method allows
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for simultaneous optimization of both the fabrication sequence and the structural
layout, offering valuable insights into how these factors influence residual stresses.

This work introduces fabrication sequence optimization as a new approach for
enhancing the quality of WAAM and opens up several avenues for future exploration.
Firstly, the inherent strain model could be replaced with high-fidelity process models
to enhance the accuracy of residual stress and distortion predictions. Additionally,
application-specific criteria (such as the Tsai-Wu failure criterion instead of von
Mises stresses, or distortion metrics targeting critical geometric features like the
flatness of assembly surfaces) could refine optimization outcomes. Furthermore,
future work could explore tailoring the residual stress distribution, to improve the
component strength under in-service mechanical loads. Last but not least, a key
next step is the transition from numerical simulations to experimental validation,
which is critical for industrial adoption. While the numerical results demonstrate
considerable promise, practical realization through robotic systems for curved layer
fabrication presents new challenges. For instance, while layers with varying thickness
can be achieved by adjusting manufacturing process parameters, manufacturing
practice favors curved layers with minimal thickness variation to ensure consistent
print quality. Furthermore, the varying process parameters need to be incorporated
into the process model. By addressing these challenges, this framework holds the
potential to advance WAAM as a robust and reliable technology, enabling innovative
applications across industries.



SPACE-TIME TOPOLOGY
OPTIMIZATION FORANISOTROPIC
MATERIALS

Wire and Arc Additive Manufacturing (WAAM) has great potential for efficiently
producing large metallic components. However, like other additive manufacturing
techniques, materials processed by WAAM exhibit anisotropic properties. Assuming
isotropic material properties in design optimization thus leads to less efficient material
utilization. Instead of viewing WAAM-induced material anisotropy as a limitation,
we consider it an opportunity to improve structural performance. This requires
the integration of process planning into structural design. In this chapter, we
propose a novel method to utilize material anisotropy to enhance the performance
of structures both during fabrication and in their use. Our approach is based
on space-time topology optimization, which simultaneously optimizes the structural
layout and the fabrication sequence. To model material anisotropy in space-time
topology optimization, we derive the material deposition direction from the gradient
of the pseudo-time field, which encodes the fabrication sequence. Numerical results
demonstrate that leveraging material anisotropy effectively improves the performance
of intermediate structures during fabrication as well as the overall structure.

Parts of this chapter have been published in International Journal of Mechanical Sciences 284, 109712
(2024) authored by Kai Wu, Weiming Wang, Fred van Keulen and Jun Wu, under the title Space-time
Topology Optimization for Anisotropic Materials in Wire and Arc Additive Manufacturing.
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5.1. INTRODUCTION

OPOLOGY optimization is essential in structural design for additive manufacturing.

By topology optimization, structural design is transformed into an optimization
problem of determining the optimal material distribution to maximize structural
performance, such as creating lightweight structures with high load-bearing
capacity [146, 161]. It has been widely applied across engineering disciplines,
including aerospace, automotive, civil and biomechanical engineering. Additive
manufacturing, also known as 3D printing, fabricates components layer-upon-layer
from digital models. In the manufacturing process, the material is added
precisely where needed, allowing for complex geometries, customization, and
reduced waste compared to traditional manufacturing methods [183].  The
design freedom provided by topology optimization complements the manufacturing
flexibility of additive manufacturing, allowing for the creation of components with
exceptional performance [151, 162]. However, the complex geometries resulting
from topology optimization often pose production challenges, even with advanced
additive manufacturing techniques. Consequently, integrating additive manufacturing
constraints into structural design optimization has been a key research area over
the past decade. Important issues that have been addressed include overhang
limitation [86, 87, 158], local overheating [133], support structures [31, 177], and
residual stresses [5, 190]. We refer to the review articles [9, 100, 207] for a
comprehensive overview of developments in topology optimization for additive
manufacturing.

Beyond structural design, the manufacturing process itself greatly influences
the quality of additively produced components. For example, in wire and arc
additive manufacturing (WAAM) [3, 71, 171], substantial distortion may occur
during fabrication and after cutting off from the build plate. An essential aspect
of manufacturing process planning is the fabrication sequence, which dictates the
layer-by-layer construction of the structure. In traditional 2.5D printing, where
each layer is planar and parallel to each other, the layer-wise sequence is uniquely
defined by the orientation of the structure on the build plate. Topology optimization,
combined with build orientation optimization for 2.5D printing, has been explored
in several studies [20, 25, 88, 96, 125, 165]. However, advancements in multi-axis
printing using robotic arms, capable of rotational and translational movements, allow
for material deposition along non-planar layers [38, 55, 75, 155]. This capability
expands the solution space for fabrication sequence planning. Optimizing the
fabrication sequence can significantly enhance the quality of fabricated components.
For instance, it reduces structural distortions caused by high temperature gradients
and phase transitions in WAAM [169].

Fabrication sequences are typically planned after the structure has been designed,
leading to insufficient consideration of the manufacturing process during the
design phase. This disconnect results in discrepancies between digital designs and
their physical counterparts. Recent studies aim to close this gap by integrating
manufacturing process planning into structural design optimization [7, 22]. Achieving
optimal structural performance necessitates a holistic approach that concurrently
optimizes both the structural layout and the fabrication sequence [16, 168].
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Known as space-time topology optimization [168], it introduces a pseudo-time field
alongside the pseudo-density field used in conventional topology optimization. The
pseudo-time field encodes the fabrication sequence, facilitating the planning of the
sequence as the structural layout evolves during optimization. The isolines of the
pseudo-time field divide the structural layout into an ordered sequence of curved
layers, enabling the analysis of intermediate structures that emerge during the
manufacturing process.

Previous implementations of the space-time topology optimization framework have
generally assumed isotropic material properties. However, in additive manufacturing,
material properties such as elastic modulus, tensile strength, and yield strength
are significantly influenced by the manufacturing process, leading to anisotropic
behavior [14, 66, 74, 78, 80, 93, 172, 199, 208]. Assuming isotropic material properties
in design optimization thus leads to suboptimal performance [79, 94, 134, 143, 182].
In WAAM, material anisotropy is particularly prevalent in components fabricated
from materials like austenitic stainless steel [83] and Ti-6Al-4V [115], primarily due to
rapid and uneven solidification during manufacturing [83]. It is therefore important
to take material anisotropy into account when designing for WAAM [111, 132].

In this chapter, we propose a novel method to utilize material anisotropy to
enhance the performance of structures both during fabrication and in their use.
By considering the effects of material anisotropy in the concurrent optimization
of structural design and process planning, we aim to reduce the gap between
digital designs and their physical counterparts, ultimately enhancing the quality of
produced components.

The consideration of material anisotropy in structural topology optimization dates
back to the 1980s. Early research was driven by the anisotropic properties of
laminated and fiber-reinforced composites [131, 150, 154, 204, 205]. Pedersen [126,
127] established that the optimal orientations of orthotropic materials for maximizing
structural stiffness align with the principal stress directions. This foundation led to
stress-based methods [30, 40, 52, 55, 61, 138, 152] where the material reinforcement
direction is derived from principal stress directions. For structures subjected to
multiple load cases, the arrangement of local material orientation is treated as
an optimization problem, with material orientation defined as either a discrete or
continuous variable, represented using the polar angle [72, 73] or a vector in the
Cartesian coordinate system [92, 122]. This approach has been integrated with
topology optimization to simultaneously optimize structural layout and material
orientation [72, 73, 92, 122, 139]. However, these methods are not directly applicable
to design for additive manufacturing, as they either derive material orientation from
stress fields or treat local material orientation as independent optimization variables.
The resulting optimized anisotropic material orientation may not be achievable
through an additive manufacturing process.

Recent studies have incorporated material anisotropy in structural optimization for
additive manufacturing, coupling material orientation with structural design based on
material deposition toolpaths in manufacturing processes. Level-set-based topology
optimization [161] is particularly well-suited for this purpose, where iso-value level
set contours are interpreted as deposition toolpaths, with material orientations
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aligned accordingly (26, 56, 103, 191]. While this typically results in toolpaths that are
quasi-parallel to the optimized shape’s boundary, it does not allow for more complex
patterns, such as zig-zag toolpaths. Vibhas et al.[111] proposed a method to optimize
structural design for WAAM by integrating material anisotropy, with deposition
toolpaths manually derived from the optimized orientation in a post-processing step.
Automated extraction of toolpaths from specialized topology optimization methods
has also been explored, such as the phase-field de-homogenization approach [70]
and the streamline algorithm [51]. However, it is important to note that in both
these methods and others, the toolpaths are static and do not determine the printing
order. Our work differs by specifically analyzing the printing order of toolpaths, an
investigation made possible through space-time topology optimization [168-170].

In space-time topology optimization, the fabrication sequence is represented by
a pseudo-time field, and it is optimized concurrently with the pseudo-density field
representing the structural layout. To integrate material anisotropy into space-time
topology optimization, a differentiable relationship between material anisotropy and
the fabrication sequence should be established. In this chapter, we will illustrate that
the anisotropic material orientation can be implicitly derived from the pseudo-time
field. Furthermore, the printing order can also be derived from the pseudo-time
field, allowing us to predict its consequence on printing quality. This research
demonstrates the feasibility and benefits of incorporating manufacturing-induced
material anisotropy in space-time topology optimization.

The remainder of the chapter is organized as follows. Section 5.2 details the
mathematical model underlying our method. Section 5.3 presents a series of
numerical examples, validating the effectiveness of the proposed method. Lastly,
Section 5.4 summarizes the key findings and contributions.

5.2. METHOD

In this section, we first introduce the parameterization of the structural layout and
fabrication sequence, specifically the space-time parameterization using pseudo-
density and pseudo-time fields (Section 5.2.1). Next, we discuss the anisotropic
material model, emphasizing the relationship between material anisotropy and the
pseudo-time field (Section 5.2.2). The computational steps involved in space-time
topology optimization are detailed in Section 5.2.3. Finally, Section 5.2.3 presents the
mathematical model for space-time topology optimization with anisotropic materials,
along with the pseudo-code summarizing the solution process.

5.2.1. SPACE-TIME PARAMETERIZATION

Here we review the parameterization for space-time topology optimization, which
forms the foundation of our current work. In space-time optimization, both
the structural layout and the corresponding fabrication sequence are optimized
concurrently. The structural layout is represented using a pseudo-density field p,
as in classic density-based topology optimization. Simultaneously, the fabrication
sequence is encoded through a pseudo-time field £. For simplicity, the pseudo-
density and pseudo-time fields are referred to as density and time fields, respectively.
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These fields are defined in the domain of the 2D or 3D component.

Applying the same discretization to both density and time fields, each element is
assigned two variables, p, and t.. In a discrete setup, the density p, assumes values
of either 0 or 1, where p, =0 indicates void and p. =1 represents solid material. To
avoid solving a binary optimization problem, this binary design variable is relaxed,
allowing densities to take intermediate values. Correspondingly, the elastic modulus
associated with intermediate density values is determined by a commonly used
material interpolation model, i.e., SIMP (Solid Isotropic Material with Penalization).

Unlike the intended binary representation of the density field, the time variable ¢,
assumes continuous values between 0 and 1. A higher time value indicates that an
element is to be built later in the manufacturing process. Specifically, a time value
of 0 denotes the beginning of manufacturing, while 1 indicates that the element is
produced at the very end of the manufacturing process.

As illustrated in Fig. 5.1, from the continuous time field, a series of intermediate
structures is derived. Fig. 5.1(a) shows the structural layout, represented by a density
field. Fig. 5.1(b) visualizes the time field on the structure using a colormap. The
isolines of the time field partition the component into a series of layers. The
iso-values are 7; = %, j=0,1,..,N, with N being the prescribed number of layers.
The elements with a time value belonging to the interval [7;-1,7;], j=1,.., N, are
part of the j-th layer. Fig. 5.1(c) and (d) illustrate the intermediate structure at two
consecutive stages during the manufacturing process. The intermediate structure at
time 7 is composed of elements with a time value equal to or less than 7. Elements
with a time value larger than 7 have not been produced and thus are assigned a
density value of zero,

ol = {Pe, ifte=7, 5.1)

e .
0, otherwise.

To facilitate gradient-based optimization, this conditional equation is approximated
using a smoothed Heaviside function,

pl! = petl”, (5.2)
with

_ tanh(p,7) + tanh(B, (te — 7))

(=1 :
¢ tanh(g,7) + tanh(B,(1 - 1))

(5.3)

Here, B; determines the sharpness of the step function. This function converts, in
a differentiable manner, a time value smaller than the threshold value 7 to 1, and,
conversely, a time value larger than 7 to 0.

5.2.2. MATERIAL ANISOTROPY

From the time field that encodes the fabrication sequence, the direction of
material deposition can be derived accordingly. In this subsection, we present the
computation of local material deposition directions, followed by the constitutive
model of anisotropic material in space-time topology optimization.
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Figure 5.1.: [llustration of space-time parameterization and the orthogonal relationship
between the gradient of the time field and the local material orientation. Top
row: (a) A structural layout, represented by a density field. (b) The structure
color-coded by a time field, with the isolines partitioning the structure into
12 layers. (c,d) Two successive intermediate structures during fabrication, in
which 8 or 9 layers have been produced. Bottom row: (e) The time field in a
rectangular domain. (f) The normalized gradient (blue arrow) of the time field.
(g) The local material deposition direction (red) is perpendicular to the gradient
vector element-wise. The local material orientation is denoted by angle 6.

The direction of material deposition correlates with the gradient of the time field,
as depicted in the bottom row of Fig. 5.1. Shown in Fig. 5.1(e) is the time field,
visualized by a colormap, along with the isolines, which segment this component
into curved layers. In Fig. 5.1(f), the gradient of the time field (blue arrow) is
visualized, while Fig. 5.1(g) additionally displays the tangent of the time field, which
defines the material deposition direction (red line). Although the tangent direction is
a vector, we do not differentiate whether the material is deposited along the positive
or negative direction of the vector, as this has little influence on material anisotropy.
We represent the local material deposition direction using the angle formed between
the tangent of the time field and the horizontal axis. As shown in Fig. 5.1(g), the x—y
axes are the global reference axes pointing in horizontal and vertical directions. The
local material axes x'—y' are aligned with the local material deposition direction,
represented by angle 8, which is confined within the range of —90° to 90°.

The local material deposition direction is orthogonal to the gradient of the time
field (V1),

Vit|,-8,=0, (5.4)

where Vt| Rt the gradient vector of the time field on element e, and

ée = [cosB,, sinf,]" is the vector form of the local material deposition direction 6.
On a structured mesh, the gradient of the time field can be computed by making
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use of the shape functions,

Ny < oN; |
vil|,= Y —Y —tl| , (5.5)
¢ ice 0x ice ay
where % and 66_1\; are the spatial derivative of the shape functions evaluated at the

centroid of element e. i is a node of element ¢, and t; is the nodal time value. The
local material deposition direction, restricted to the range of [-90°,90°], is calculated
by

ON; .
6, = arctan (—%) . (5.6)
ice By i
The generalized Hooke’s law of an orthotropic material can be found in the
appendix B. After obtaining the local material deposition direction 8, the elasticity
tensor D in the global reference axes (x—y) is related to Dy in the local material
axes (x' —y') by a transformation [111]:

D©®)=R"(O)DoR(0), (5.7)
the transformation matrix is
cos?0 sin%0 sinf cosf
R©) = sin?0 cos?0 —sinfcosf |. (5.8)

—2sinfcosf 2sinfcosh cos?O —sin?6

Eq. 5.7 describes the elasticity tensor for a solid element (p, = 1) with anisotropic
material. For elements with an intermediate density (p. € [0.0,1.0]), we apply the
SIMP interpolation scheme to anisotropic material,

D.(pe,0.) =R (0.) Do (pe) R(O)

(5.9)
=[e+(1-€)pt|RT (0.) DoR (0,),

where € is a very small stiffness assigned to void elements to prevent the stiffness
matrix from becoming singular. p is a penalization of intermediate densities to
promote a black-and-white design (typically p = 3).

MATERIAL ANISOTROPY IN WAAM

Materials processed by metal additive manufacturing exhibit distinctive anisotropic
behavior. Here we focus on stainless steel, one of the most common materials used
in WAAM. Fig. 5.2(a) illustrates a thin-walled structure manufactured layer-by-layer
using WAAM. The material behavior is measured on samples taken in three
directions: along the horizontal layer (a = 0°), perpendicular to the layer (a =90°),
and with an angle of 45°. According to the experimental data reported by Kyvelou
et al. [83], the Young’s modulus (slope of the curves) of these samples is different,
revealing the anisotropic elasticity. Specifically, the Young’s modulus along the
layer (a =0°) is very close to that perpendicular to the layer (a =90°); 143.3GPa
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and 139.6 GPa, respectively. In contrast, with a Young’s modulus of 219.5GPa, the
samples along the 45° direction are significantly stiffer. We note that this anisotropic
material behavior differs from the anisotropy in material extrusion 3D printing or
fiber-reinforced 3D printing [51], where the material is often stiffest in the deposition
direction.

Figure 5.2(b) and (c) visualize the modulus in reference axes for finite element
analysis, when the material is deposited at different angles (0). The plots in
Fig. 5.2(b) correspond to the WAAM-produced stainless steel. Considering the
nearly identical values of the Young’s modulus along and perpendicular to the layer
(143.3 GPa and 139.6 GPa, respectively), we simplify by setting Eyx and Ej to the same
value, Ey= Ey=141.45GPa, indicating a cubic orthotropic material. The Poisson’s
ratio in this context is vy, = vy, =0.30. The shear modulus of this material reaches
its peak when the material is deposited along the horizontal reference axis (6 =0°).
The stiffest direction of this material appears at 6 = +45° with Ej45 =219.50GPa,
conforming to Fig. 5.2(b).

As a comparison, Fig. 5.2(c) plots the Young’s modulus and shear modulus of a
different material for various material deposition directions. At 8 =0°, this material
shares the same Young’s modulus (E = 141.45GPa) as with the material in Fig. 5.2(b).
However, its shear modulus is minimal at 8 =0°. This material is stiffer along (and
perpendicular to) the deposition direction 8 =0° than along other directions. While
such behavior differs from that observed in WAAM-processed metals, we employ it
in our results section for a comparative study investigating the influence of material
properties on fabrication sequence optimization.

By incorporating these two distinct types of anisotropic materials, we can enable
a comparative analysis of how varying material properties affect the optimized
fabrication sequences and resulting structural layouts. This investigation helps to

==Youngs modulus: ==Youngs modulus
==Shear modulus ==Shear modulus
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Figure 5.2.: Anisotropic elasticity in WAAM-processed material. (a) Test samples with different
orientations relative to layer print direction. (b) Polar plot of Young’s modulus
and shear modulus measured in the horizontal axis when the WAAM-processed
stainless steel is deposited at different angles (6). The highest Young’s modulus
is achieved when the material is deposited at +45°. (c) Polar plot of another
cubic orthotropic material, whose highest Young’s modulus is achieved along or
perpendicular to the material deposition direction.
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evaluate the sensitivity of the optimization framework to material anisotropy and
offers valuable insights into the design considerations.

5.2.3. COMPUTATIONAL WORKFLOW

This section presents key steps in the computational workflow of space-time topology
optimization, including the regularization of the time field (Section 5.2.3) and the
filtering and projection procedures (Section 5.2.3).

Figure 5.3 depicts the computational workflow of space-time topology optimization,
with the integration of the anisotropic material model. We employ the space-time
optimization framework recently proposed by Wang et al. [170]. Rather than directly
taking the time field as optimization variables, this framework introduces auxiliary
variables g and a partial differential equation to implicitly define the time field,
avoiding local minima that may appear when the time field is directly optimized.
Specifically, as will be elaborated in Section 5.2.3, the time field ¢ is computed by
solving a heat equation, based on the density field p that represents the structural
layout, and a thermal diffusivity field fi. The density and thermal diffusivity fields
are filtered versions of optimization variables ¢ and u, respectively. The filtering
procedure is common in density-based topology optimization, and thus omitted
in the illustration but will be explained in Section 5.2.3. From the time field,
the material deposition direction is calculated, accordingly to Section 5.2.2. By
combining the density and time fields, intermediate structures are computed, as
introduced in Section 5.2.1. Afterward, the stiffness matrix of intermediate structures
is calculated, taking the material anisotropy into account (Section 5.2.2). This is
then used to analyze the response of intermediate structures. Based on the response
functions, as well as the sensitivities, the optimization variables are updated.

REGULARIZATION OF THE TIME FIELD

As discussed in Section 5.2.1, we use a time field to encode the fabrication sequence,
with a larger time value indicating that the corresponding location is intended
for fabrication at a later stage. Isolines of this scalar field divide the structural
layout into curved layers. This parameterization of the fabrication process opens
up a huge solution space. However, the sequence represented by the isolines does
not guarantee manufacturability. Ensuring fabrication continuity is crucial among
the manufacturability constraints: material should only be deposited on already
produced parts or directly onto the build plate. This requires the time field to be
free of local minima.

To address this issue, a regularization method based on a heat equation has been
proposed in chapter 2. Assuming a virtual heat source (with a constant temperature
of 1) at the build plate, this creates a virtual temperature field that gradually
decreases. The temperature field (T) is continuous and free of local maxima. Its
inverse is interpreted as the time field,

t=1-T. (5.10)

It is important to note that the virtual heat source is introduced solely to generate a
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Figure 5.3.: Workflow of space-time topology optimization considering material anisotropy.
(a) The heat diffusivity field. (b) The physical density field. (c) The pseudo-time
field obtained from solving the heat equation Eq. 5.11. (d) Material orientation
field obtained through the orthogonal relationship as in Eq. 5.4. (e) The j-th
intermediate structure represented as in Eq. 5.2. (f) The mechanical properties
of the intermediate structure. (g) The mechanical analysis of the intermediate
structure.

continuous scalar field and should not be mistaken for the actual thermomechanical
processes involved in additive manufacturing.

The virtual temperature field is determined by locally varying thermal diffusivity
() across the domain, treated as optimization variables to steer the fabrication
sequence. It is further coupled with the density field to reflect the influence of the
structural layout. The heat equation takes the form of

V(piiVT)—arT =0. (5.11)

Here V is the vector differential operator. p is the density, obtained from the design
variable ¢ €[0.0,1.0]. fi represents the pseudo thermal diffusivity. It is obtained from
a new set of optimization variables p € [0.0,1.0]. @t denotes a constant drain rate.
Using the finite element method, the heat equation is discretized into a linear
form,
Kr(p,p)T=b, (5.12)

where Kt is the thermal stiffness matrix. T denotes the nodal temperature vector. b
represents the thermal load vector specifying the virtual heat source, corresponding
to the region where manufacturing is prescribed to start. Bi-linear interpolation is
used to obtain the temperature field on the elements.
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The thermal stiffness matrix consists of two parts,

aN; ON; 9N; ON;
K¢ (0, fi :f i (_l_] —1 IV da
T (0, A1) o, PP\ ox ax T oy oy )

(5.13)
+f OCTN,'deQe.
Q.

The first part corresponds to the thermal diffusivity, while the second part represents
the drain term. N; and N; are the shape functions.

FILTERING AND PROJECTION

Filtering of the design variables is important in density-based topology optimization
to avoid checkerboard problems for low-order elements [144]. We use the convolution
filter as introduced in [17, 23] for the density field:

- Lien, H(x) i

= ) 5.14
7 Yien, Hx) 619

where N, is the neighborhood set of element e, including elements whose distance
to element e is less than a given radius R.. x; denotes the centroid of element i.
The weighting factor of an element linearly decreases according to its distance to x,,

H(x;) = Re — [l x; — xell. (5.15)

The filtering is followed by a projection to promote a black-and-white design. We
use the tanh function [145, 166]:

- tanh(B4n) +tanh(Ba(de — 1))
- tanh(B4n) + tanh(Bs(1-m)

e =

(5.16)

This function projects values larger than 7 to one, and those less than 7 to zero. 7
is set to 0.5. The parameter f; controls the sharpness of projection. A continuous
is applied in optimization; the optimization starts with a small 8; and gradually
increases it after a fixed number of iterations. The obtained physical density p is
used in the structural analysis and the heat equation Eq. 5.11.

Filtering is also necessary for the second set of optimization variables, y. We use
the same filtering technique as for the density field, but note that the filter radius
and weighting functions for p and p are not necessarily the same:

ieN, H (%) W
fe= M. (5.17)
2 ien, H (%)
The filtering of the thermal diffusivity field is important to increase the smoothness
of the time field, which contributes to the smoothness of the local material
orientation.
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SPACE-TIME TOPOLOGY OPTIMIZATION FOR ANISOTROPIC MATERIAL

In space-time topology optimization, the objective includes performance measures
of both intermediate structures during fabrication and the final structure. It
should be noted that the intermediate structures and the final structure can
have different boundary conditions and load cases. The boundary conditions of
the intermediate structures correspond to the manufacturing process, whereas the
boundary conditions for the final structure relate to its intended use scenario. The
optimization problem is formulated as follows:

N
min fo=co+ ) wijcj, (5.18)
o.u j=1
s.t. K(p,0)U=F, (5.19)
K7 (p,0) U =6, j=12,..N, (5.20)
g0=) Pele< Yo, (5.21)
gi=Y pv, < —vo, i=1,2,..,N, (5.22)
0<pe <1, (5.23)
0<pe<l, (5.24)

where N is the prescribed number of layers or intermediate structures. co=U' KU
is the compliance of the final structure, and ¢; = (U)" KW U is the compliance
of the j-th intermediate structure. The compliances are weighted by w;.

Eq. 5.19 and 5.20 describe the governing equations of the final structure and
intermediate structures, respectively. F is the external load for the final structure.
G is the load applied on the j-th intermediate structure, such as the structure’s
self-weight, the weight of the robotic arm, or thermal-induced loads. The stiffness
matrices of intermediate structures are a function of p'/} and 0. p'/! is the material
distribution of the j-th intermediate structure, corresponding to the time point 7;.
It is obtained by re-writing Eq. 5.2 in a vector form, pY' = po #7i!, with o denoting
the Hadamard product of two vectors. 0 is derived from the time field (Eq. 5.6).

Eq. 5.21 and Eq. 5.22 prescribe the volume of the entire structure and intermediate
structures, respectively. Vp is the total material budget, and v, is the volume of
each element. Assuming a constant material deposition rate, the volume increase
per layer is constant, i.e., %V().

The optimization includes two sets of variables, each ranging between 0.0 and 1.0.
By fixing the density field and excluding it from the design update, the formulation
is simplified to optimize only the fabrication sequence.

We solve the optimization problem by using the method of moving asymptotes
(MMA) [153]. The sensitivity analysis is detailed in the appendix A.4. Algorithm
1 details the optimization process. The optimization stopping criteria is either the
design change A is smaller than a certain value, e.g., €jj, = le—5 or the number of
total iterations reaches the maximum iteration step Itmax.
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Algorithm 1 Space-time topology optimization for anisotropic materials

Input: Total material volume V;, and number of layers N
Output: Optimized density field p and time field ¢
1: Design variables initialization ¢ = ¢, = po

2: Iteration index itr =0
3: Design change A =1.0
4: Projection parameters ; =10.0,4=1.0
5: while A =€, and itr < Ity do
6: itr=itr+1
7. p=¢—¢d— ¢ via Eq. 5.14 and Eq. 5.16
8: fi— p via Eq. 5.17
9: Kt — p, 1 via Eq. 5.13
10: t=1-T via solving Eq. 5.12
11: Vit —t via Eq. 5.5
122 @ —Vtvia Eq. 5.4
13: K —p,0 via Eq. 5.9
14: U — K via solving Eq. 5.19
15: c— KU
16: %%, %i;l’ as formulated in Appendix A.4.
17: for j=1to N do
18: pY' —p,t via Eq. 5.2
19: KUY — pl} @ via Eq. 5.9
20: U — K via solving Eq. 5.20
21: cj— K{j}, s
22: 2_2’ %—;j as formulated in Appendix A.4.

23: end for o 8
0cy Ocy cj ocj .
24: ([),p«—a—(’()’,a—ﬂ,a—(’ﬁ,a—’i via MMA solver

25: A = maxy, (| (Pé”—(l)fg”_l |’|/~t2”_ué”_l |)
26: if mod (itr,50) =0 then

27: B:=pB:+10.0

28: Ba=PBax2

29: end if

30: end while
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5.3. NUMERICAL EXAMPLES

In this section, we validate the proposed method through multiple numerical
examples. We start by comparing the fabrication sequences optimized with different
types of material anisotropy, using a simple geometry (Section 5.3.1), followed by
fabrication sequence optimization of a mechanical component (Section 5.3.2). We
then proceed to validate the effects of material anisotropy in space-time topology
optimization, considering the self-weight of intermediate structures (Section 5.3.3)
and the weight of a mobile robotic platform on intermediate structures (Section 5.3.4).
All examples are in 2D and under the plane stress condition. Each optimization
involves 600 iterations.

5.3.1. ANISOTROPIC MATERIALS

To investigate the effects of material anisotropy on design optimization, we consider
two simple load cases where a rectangular shape is under pure tension or shear
stress, as illustrated in Fig. 5.4(a) and Fig. 5.5(a), respectively. We optimize the
fabrication sequence to produce this rectangular shape, i.e., the density field is
kept constant and excluded from optimization, while the time field is to be
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Figure 5.4.: Comparison of optimized fabrication sequences for anisotropic materials with
high-shear and low-shear modulus, tested for uniaxial tension condition. (a) A
rectangular component under uniaxial tension. (e) The optimal orientation of the
stiffest direction of the material (major principal stress direction) is horizontal.
For anisotropic materials with high-shear modulus: (b) The optimized time
field with isolines, representing the optimized fabrication sequence, (c) The
gradient direction of the time field (blue arrows) and the corresponding
material orientation (red lines), (d) The two orthogonal stiffest directions of the
anisotropic material. In the same order, (f-h) depict the results for anisotropic
materials with low-shear modulus.
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Figure 5.5.: Comparison of optimized fabrication sequences for anisotropic materials with
high-shear and low-shear modulus, tested for pure shear stress condition. (a) A
rectangular component under pure shear stress. (e) The optimal orientation
of the stiffest direction of the material (major principal stress direction) is
at +45° to the x-axis. For anisotropic materials with high-shear modulus:
(b) The optimized time field with isolines, representing the optimized fabrication
sequence, (c) The gradient direction of the time field (blue arrows) and the
corresponding material orientation (red lines), (d) The two orthogonal stiffest
directions of the anisotropic material. In the same order, (f-h) depict the results
for anisotropic materials with low-shear modulus.

optimized. The objective is to minimize the compliance of the shape as it is fully
fabricated. No performance characteristics of intermediate structures are included in
the objective. The compliance of the entire shape depends on the orientation of the
anisotropic material, which is governed by the fabrication sequence. The fabrication
is prescribed to start from the bottom of the domain, and finish with 10 layers. The
domain is discretized into a regular grid of 40 by 40 finite elements.

We test sequence optimization with two anisotropic materials, as previously
introduced in Section 5.2.2 and illustrated in Fig. 5.2. The material properties are
summarized in Table 5.1. Material-1 has a high shear modulus. Its stiffest direction
is at 45° to the layer orientation, i.e., 8 = £45°. In contrast, the shear modulus of
Material-2 is low. Its stiffest direction is along and perpendicular to the layer, i.e.,
60 =0° and 6 =90°.

In the uniaxial tension case (Fig. 5.4), the major principal stress is horizontal,
shown in (e). The fabrication sequences, optimized with Material-1 and Material-2,
are shown in the first row (b, c, d) and second row (f, g, h), respectively. With the
high-shear material, the layers are oriented at +45° to the x-axis (b, c). In contrast,
with the low-shear material, the layers are horizontal (f, g). However, with both
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Table 5.1.: Material properties of two anisotropic materials. The unit of elastic modules is
GPa.
Ey Ey Gxy Vxy
Material-1 | 141.45 141.45 120.10 0.3
Material-2 | 141.45 141.45 12.01 0.3

materials, the stiffest material direction is primarily along the x- and y-axis (d, h), in
agreement with the major principal stress direction (e).

An alignment of the stiffest material direction to the major principal stress is also
observed in the case of pure shear stress (Fig. 5.5). In the first row, corresponding to
the high-shear material, the optimized layers are horizontal (b, c), resulting in the
stiffest material direction at +45° to the x-axis (d). In the second row, with the
low-shear material, the optimized layers are curved, and mostly at +£45° to the x-axis
(f, ), leading to the stiffest material direction at +45° to the x-axis (h).

5.3.2. FABRICATION SEQUENCE OPTIMIZATION

The third example of fabrication sequence optimization is a bracket shown in
Fig. 5.6. The bracket is clamped at its bottom, on the left and right. It has two
alternating loads on its inner circle, pointing upwards and downwards. The objective
is to minimize the compliance of the component subject to both loading conditions.
Similar to previous examples, the fabrication is prescribed to start from the bottom.
The prescribed number of layers is 20.

(®)

NP
= =

(d)

Figure 5.6.: Fabrication sequence optimization for a bracket. (a) The bracket and boundary
conditions for its intended use scenario. (b) Planar fabrication process as a
reference. (c, d) Optimized time field and isolines, representing the optimized
fabrication sequence, obtained using the anisotropic material with (c) high-shear
modulus, Material-1 and (d) with low-shear modulus, Material-2.
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The optimized fabrication sequence using Material-1 is shown in Fig. 5.6(c). It
is symmetric due to the symmetric boundary conditions and structural layout.
For comparison, the planar fabrication sequence is illustrated in Fig. 5.6(b). The
component manufactured using planar layers has the compliances of ¢; =98.85 and
¢y =92.59 for the two loads, while according to the optimized fabrication sequence
in Fig. 5.6(c) it has the compliances of ¢; =91.75 and c¢; =88.61. The smaller
compliances confirm that by optimizing the fabrication sequence, the mechanical
capabilities of the final structure can be enhanced through the effective utilization
of material anisotropy.

We note that the improvement in structural performance through fabrication
sequence optimization depends on the extent of material anisotropy. When repeating
the fabrication sequence optimization with Material-2, the improvement in structural
performance compared to planar layers is more significant. The optimized sequence
is illustrated in Fig. 5.6(d). In most areas, the layer orientation differs from that
of Material-1 by +45°. The component manufactured using planar layers with
Material-2 has compliances of ¢; =321.0 and ¢, =336.1 for the two loads. In
contrast, the component produced with the optimized fabrication sequence shown
in Fig. 5.6(d) has compliances of ¢; = 163.6 and ¢, = 154.2. This optimization reduces
the sum of compliances by 51.64%.

Material-2 has its stiffest direction aligned with the material deposition direction.
For single-load cases, arranging the material along the principal stress distribution
results in a stiff structure. For two load cases, aligning the material direction
according to the principal stress of one load case improves the stiffness for that
specific load but leaves the performance under the other load unoptimized. In
this example, aligning the material deposition direction with the principal stress
direction of the first load case, F, results in structural compliances of ¢; = 142.9 and
¢y =195.3. Conversely, using the principal stress directions of the second load case,
F,, yields compliances of ¢; =197.9 and c; =137.6. The sums of these compliances
are 6.42% and 5.57% higher, respectively, than those achieved with the optimized
sequence considering both loads simultaneously.

The examples above have demonstrated that the optimized fabrication sequence is
influenced by the anisotropic characteristics of the material. In the following section,
we will continue with the high-shear material model (Material-1), which corresponds
to WAAM-processed austenitic stainless steel.

5.3.3. SPACE-TIME OPTIMIZATION FOR SELF-WEIGHT

After demonstrating the impact of fabrication sequence on material anisotropy and,
consequently, on structural performance, we proceed to showcase the importance
of incorporating material anisotropy in space-time topology optimization. The
structural layout and fabrication sequence will collectively exploit the anisotropic
characteristics of material stiffness.

This example concerns a vertically oriented beam, as shown in Fig. 5.7(a). The
rectangular design domain is discretized into 100 x 400 finite elements. The objective
is to minimize the compliance of the entire structure in its intended use scenario
(co) and the compliance of intermediate structures during fabrication (¥ ¢;). In
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Figure 5.7.: Space-time topology optimization of a vertical beam. (a) Design domain of a
vertical beam, consider the self-weight of the structure during fabrication, and an
external load (F) on the fully fabricated structure. The optimization is performed
in four different setups. Top row (b-g): N =20, with anisotropic material (b, c,
d) and isotropic material (e, f, g). Bottom row (h-m): N =40, with anisotropic
material (h, i, j) and isotropic material (k, I, m). For each setup, from left to right:
Optimized structural layout, optimized structure color-coded by the optimized
time field, and gradient directions and the corresponding material orientations.

the use scenario, i.e., after the beam has been fully fabricated, it is fixed at its
bottom and supports a horizontal load at its top. The fabrication process starts from
the bottom, assuming the bottom of the beam is fixed on a horizontal baseplate.
Throughout fabrication, the intermediate structure supports the gravitational load of
its own weight. This load is dependent on both the structural layout and fabrication
sequence. The total weight of the structure equals the magnitude of the external
force F applied during its use scenario.

Some key parameters for optimization are outlined below: The entire structure
is segmented into N =20 or 40 layers for manufacturing. The weight coefficients
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assigned to compliances of intermediate structures in the objective function are
set to w;=1/N. The volume fraction of the entire structure is fixed at 0.5. The
filter radius for the density and heat conductivity fields is set to 3 times the length
of a single element. The material property corresponding to the WAAM-produced
stainless steel (Material-1) is utilized.

The optimized results with N =20 layers are visualized in Fig. 5.7(b-d). Fig. 5.7(b)
shows the optimized structural layout, represented by the physical density field. In
Fig. 5.7(c), the structural layout is color-coded according to the time field, illustrating
the fabrication sequence. The isolines of the time field, indicated by the black
lines, outline the boundaries of layers. The layers are sequentially stacked from the
bottom. In Fig. 5.7(d), the gradient direction of the optimized time field and the
material orientation are depicted, which are orthogonal. The material orientations
are observed to generally align with the layer boundaries, as in all examples.

Table 5.2.: Mechanical performances of a vertically oriented beam, considering the self-weight
of intermediate structures.

Optimization result

Compliances (scaled) Co X fo=sat+Xwjc;
N =20 Optimized with anisotropic material 98.76 1.00 98.81
a Optimized with isotropic material 138.55 1.21 138.62
N =40 Optimized with anisotropic material 99.82 1.68 99.86
B Optimized with isotropic material 140.52 2.14 140.57
Analysis with anisotropic material
Compliances (scaled) Co Xcj co+tXwjcj
N =20 Optimized with anisotropic material 98.76  1.00 98.81
- Optimized with isotropic material 134.19 1.19 134.25
N =40 Optimized with anisotropic material 99.82 1.68 99.86
a Optimized with isotropic material 134.48  2.09 134.54

The compliance of the final structure under the external force is ¢y = 1825.85,
and the sum of compliances of intermediate structures under their own weight is
> c¢j=18.49. For an easy comparison to variations later on, we scale these values
by dividing ¥ c;, leading to cp =98.76 and } c; =1.00. The same scaling factor is
applied to other designs in this section. As a comparison, if the optimized structure
is to be manufactured using planar layers, the compliances become ¢y = 131.62 and
> ¢j = 1.31. Both are larger in comparison to the design with optimized curved layers
and material orientations. This confirms the advantage of optimizing the fabrication
sequences along with the structural design using space-time topology optimization.

In a further comparative study, we optimize the beam using an isotropic
material to reveal the differences in structural layout and fabrication sequence
with and without material anisotropy. The property of the isotropic material is
set as: Ey =141.45GPa, Ey, = 141.45GPa, vy, = 0.30, Gyy = Ex/2(1 +v) = 54.40GPa. The
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orientation of the isotropic material has no effect on structural performance. The
optimized results are shown in Fig. 5.7(e-g). The optimized structural layout
displayed in Fig. 5.7(e) is rather similar to that in Fig. 5.7(b), while the optimized
fabrication sequences differ more. The whole structure’s compliance is ¢y = 138.55,
and the sum of intermediate structures’ compliances is } ¢; =1.21. For a fair
comparison, we conduct a post-analysis on the optimized structural layout and
sequence, using the anisotropic material in replacement of the isotropic one. The
results are summarized in Table 5.2. The compliances resulting from the optimization
using the anisotropic material are 26.54% smaller than those using the isotropic
material. Both the compliance of the final structure and that of intermediate
structures are improved when material anisotropy is included in optimization.

The same conclusion holds when the structure and sequence are optimized with
40 layers. The optimized results using anisotropic and isotropic materials are shown
in the second row in Fig. 5.7, and their corresponding structural performances
are included in Table 5.2. Compared to the results obtained with N =20, the
optimization with N =40 layers results in slightly increased compliances. This
increase can be attributed to the more stringent constraints introduced by the finer
granularity of the fabrication sequence.
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Figure 5.8.: Convergence curves of the objective function and constraints. Top: for the
design optimized using anisotropic material shown in Fig. 5.7(c). Bottom: the
design optimized using isotropic material shown in Fig. 5.7(f).
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In addition, Fig. 5.8 shows convergence curves of the objective function and
constraint functions corresponding to the results in Fig. 5.7(c) and (f). In both
scenarios, the objective function (red dotted line) stably decreases, and all the
constraint functions converge to zero. The slight discontinuities in the curves, which
occur every 50 iterations, are due to the continuation scheme of the projection
parameters ; and f;. The designs at the 100-th, 200-th, and 300-th iteration
are included in the figures. Both scenarios show comparable convergence, with
the isotropic scenario converging somewhat faster, suggesting added complexity
introduced by the anisotropic material. The objective function with the anisotropic
material converges to a smaller value than with the isotropic material.

5.3.4. SPACE-TIME OPTIMIZATION FOR A MOBILE ROBOT

Our last example is the construction of a large cantilever beam using a mobile robotic
platform, inspired by an artistic illustration from MX3D. The artistic illustration
and the simplified model for space-time optimization are shown in Fig. 5.9(a,b).
Similar to the previous example, the objective is to minimize the compliance of the
entire structure (cp) and compliance of intermediate structures (3 c;). However, for
intermediate structures, rather than the self-weight of the structure, we consider the
weight of the mobile robot. The full structure is anchored on the left and supports
an external load on the right (F =5000N). The fabrication is prescribed to start from
the clamped edge on the left. During fabrication, the intermediate structure need to
provide support to the mobile robotic platform, which moves from left to right. It is
assumed that the robot moves at a constant speed and its weight is also constant
(G =1000N). At the i-th stage in fabrication, the robot is located at a distance of
i_Tle to the left edge, where N is the number of stages and L, = 160 represents the
length of the domain. The key optimization parameters remain the same as in the
previous example.

The results optimized using both the anisotropic and isotropic material are shown
in Fig. 5.9. As can be seen from (c,f), the optimized structural layouts using the two
different materials are quite similar. Although the overhang feature in the top right
of the domain might not seem intuitive, it is created to support the last location
of the robotic platform during the fabrication process. On the other hand, the
fabrication sequences differ for the two types of materials. For example, in regions
of the structure primarily subjected to tension (marked by the red box), the layer
shapes differ notably between the two. With the anisotropic material, the layers
are more curved, strategically aligned to exploit the material’s stiffer directions. In
contrast, for the isotropic material, the layers remain nearly planar, as there is no
directional stiffness to influence the sequence design.

Comparisons of mechanical performances between the results optimized using
anisotropic and isotropic materials are included in Table 5.3. The compliance values
are scaled for clarity. The overall performance, measured as ¢y +) wjcj, of the
result optimized using the anisotropic material is smaller, which again confirms the
benefit of incorporating manufacturing-induced material anisotropy into space-time
topology optimization. This performance gain is primarily due to the improved
performance of the entire structure (100.00 vs 125.28).
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: Space-time topology optimization of a cantilever beam. (a) Artistic illustration of

building a bridge with a robot moving on top of it (Courtesy MX3D). The bridge
under construction shall support the mobile robotic platform at all intermediate
stages. (b) Simplified design domain of the cantilever bridge, consider the weight
of a robotic platform during fabrication, and an external load (F) on the fully
fabricated structure. (c-h) The optimization results for anisotropic material (c-e)
and isotropic material (f-h). From left to right: Optimized structural layout
(c,f), optimized structure color-coded by the optimized time field (d,g), gradient
directions and the corresponding material orientations (e,h).

Table 5.3.: Mechanical performances of a cantilever beam, considering the weight of a
mobile robot on intermediate structures.
Optimization result
Compliances (scaled) Co Y fo=c+Xwjcj
N =30 Optimized with anisotropic material ~ 100.00  57.22 101.97
B Optimized with isotropic material 134.58  72.22 137.07
Analysis with anisotropic material
Compliances (scaled) Co Y cj Co+Xwjcj
N =30 Optimized with anisotropic material ~ 100.00  57.22 101.97
B Optimized with isotropic material 125.28  64.92 127.52
Figure 5.10 shows the manufacturing process according to the optimized fabrication
sequence in Fig. 5.9(d). The positions where the mobile robot is located during

manufacturing are marked in red bricks on the top boundary. It is evident that the
evolving intermediate structure not only forms the final geometry but also serves as
a functional support platform for the mobile robot throughout the process. This
highlights the importance of combining structural design and sequence planning.
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Figure 5.10.: Illustration of the manufacturing process according to the optimized fabrication
sequence in Fig. 5.9(d), the locations of the robotic platform on the top of the
domain are marked in red bricks.

5.4. CONCLUSIONS AND FUTURE WORK

In this chapter, we have introduced a space-time topology optimization method
that accounts for elastic anisotropy in WAAM-processed material. We utilize a
pseudo-density field to represent the structural layout and a pseudo-time field
to encode the fabrication sequence. The orientation of anisotropic materials is
determined from the pseudo-time field, with the local material deposition direction
orthogonal to the gradient of the time field. Our numerical study focuses on
anisotropic stiffness, and we anticipate that extending this approach to consider
anisotropic strength is feasible since the anisotropic direction has already been
derived from the optimization variables.

Our results prove the possibility and benefits of incorporating material anisotropy
into structural design and process planning. Firstly, by examples of fabrication
sequence optimization, we have shown that leveraging elastic anisotropy can enhance
mechanical performance. Unlike planar fabrication sequences in conventional 2.5D
printing, optimized fabrication sequences align material deposition orientations to
take advantage of the stiffer direction of materials. It was observed that the
anisotropic characteristic (high-shear vs low-shear modulus) significantly influences
the optimization results. Secondly, incorporating material anisotropy into space-time
topology optimization also yields distinct structural layouts and fabrication sequences
compared to those based on isotropic materials. Leveraging material anisotropy
proves to be an effective approach to enhancing the performance of intermediate
structures as well as the overall structure.

The work presented in this chapter provides a strong foundation for exploring
the full potential of robot-assisted additive manufacturing. @ However, further
advancements are necessary to achieve experimental validation of the innovative
fabrication sequences proposed. One of the primary challenges lies in accurately
producing layers with significant thickness variations, even when utilizing multi-axis
printing. To address this, it is essential to limit these variations within the
computational design method and implement adaptive adjustments to process
parameters during manufacturing, to account for the impact of the curved
fabrication on the geometry of layer beads. Additionally, incorporating advanced
models of the WAAM process, including factors such as metal transfer modes and
intermediate cooling processes, would enhance the accuracy of predictions regarding
mechanical properties and manufacturing precision. = However, this approach
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demands intensive computational resources, as performance predictions are required
at each iteration of the optimization process. Lastly, our current method is primarily
for the manufacturing of thin-walled structures. Extending this approach to bulkier
3D components will necessitate the development of toolpath planning within each
layer. These aspects represent our ongoing research efforts, which are part of the
broader and exciting direction initiated by this study.



CONCLUSIONS AND OUTLOOK

This chapter presents a comprehensive summary of the key findings and conclusions de-
rived from the PhD research. It also provides a reflective discussion on potential avenues
for future work, highlighting opportunities for further exploration and development based
on the results of this study.
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6.1. CONCLUSIONS

The conclusions of each chapter have been presented in detail individually. Here, we
summarize the general conclusions and contributions of the dissertation by answering
the main research questions outlined in Section 1.2:

o What are the flaws and limitations of the original space-time topology optimiza-
tion? How to get rid of them efficiently in the numerical algorithm?

Manufacturability is the primary concern in space-time topology optimization, as the
method is intended to serve multi-axis additive manufacturing. However, the original
method encounters two key challenges in this regard. First, local minima can appear in
the generated time field, leading to unrealistic fabrication sequences in which isolated
parts are produced without support from earlier layers. Second, the resulting layers of-
ten exhibit non-uniform geometric dimensions, which complicates the manufacturing
by necessitating frequent and impractical adjustments to processing parameters. These
issues result in designs that are not readily applicable to manufacturing.

The local minima problem is addressed in Chapter 2, where a novel regularization
method for space-time topology optimization is proposed. The time field is regularized
by using a PDE equation that resembles a heat transfer process. A monotonically pro-
gressing time field can thus be obtained. This approach effectively prevents local min-
ima from appearing in the optimized time field, regardless of the initial values of the time
field used in optimization. This work lays a solid foundation for further advancements
in space-time optimization for multi-axis additive manufacturing.

On this basis, a layer geometry control scheme is further developed for fabrication
sequence planning within the space-time optimization framework in Chapter 3. This
scheme makes use of the gradient of the time field to approximate the layer thickness
and its uniformity. The obtained layers achieve greater geometric uniformity, which is
essential for the additive manufacturing process. More importantly, the design flexibility
of fabrication sequence planning is still maintained, as the optimizer can adjust layer
thickness within allowable limits on a layer-by-layer basis. Additionally, this research
promotes convex layer shapes to reduce the risk of collisions during fabrication.

* Isitpossible to reduceresidual stress and thermal distortion simultaneously in WAAM
through fabrication sequence planning? Does the concurrent optimization of struc-
tural layout and fabrication sequence outperform a decoupled sequential optimiza-
tion strategy?

The feasibility of mitigating residual stresses and distortion through fabrication se-
quence planning has been validated in Chapter 4. However, the effectiveness of the op-
timization approach depends on the structure itself and its boundary conditions during
manufacturing. In some cases, simultaneously mitigating residual stresses and thermal-
induced distortions is challenging. This difficulty arises because the release of accumu-
lated stresses can itself cause deformation or distortion in the part.

Furthermore, our method allows for simultaneous optimization of both the fabrica-
tion sequence and the structural layout. The structural layout obtained from space-time
topology optimization differs from that produced by standard topology optimization. In
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space-time optimization, the fabrication sequence and the structural layout are intrin-
sically aligned with each other, effectively reducing residual stress and thermal-induced
distortion caused by the manufacturing process.

However, space-time topology optimization does not always outperform a decoupled
strategy, where the structural layout and fabrication sequence are optimized separately
in a sequential manner. The limitation arises from the inherent complexity of fully ex-
ploring the expanded design space that space-time topology optimization introduces. It
requires the optimizer to manage two different sets of design variables simultaneously.
This increases computational burden and makes it more challenging to effectively navi-
gate the design space, often leading to suboptimal solutions compared to the decoupled
approach. Overcoming these challenges will require advancements in optimization al-
gorithms and computational strategies to better handle the coupled nature of the design
variables.

* How can space-time topology optimization account for process-induced material
anisotropy? What are the advantages does this offer?

In Chapter 5, we demonstrate the feasibility of incorporating manufacturing-induced
material anisotropy into the space-time topology optimization framework. Given that
material anisotropy is inherently related to the manufacturing process, the orientation
of anisotropic materials can be directly derived from the pseudo-time field, with the local
material deposition direction orthogonal to the gradient of the time field. Numerical re-
sults demonstrate the possibility and benefits of incorporating material anisotropy into
structural design and process planning. Leveraging material anisotropy proves to be an
effective approach to enhancing the performance of intermediate structures as well as
the overall structure.

6.2. OUTLOOK

The space-time topology optimization framework in this dissertation is developed on
the basis of several foundational assumptions, some of which can be overly idealized
for practical manufacturing applications. Nevertheless, despite these limitations, the
framework offers exciting opportunities for innovation and further investigation. This
study lays a promising groundwork that can motivate the manufacturing industry to ex-
plore and potentially capitalize on novel multi-axis additive manufacturing techniques.
There is considerable potential for future research, including but not limited to the fol-
lowing directions:

EXPANDING THE SCOPE OF PROCESS PLANNING

Fabrication sequence planning is just one important aspect of process planning. Other
topics, including tool path planning and selection of process parameters, are also im-
portant to be considered. For example, layer slicing and toolpath planning could be
optimized together to minimize residual stress for WAAM: slicing offers coarse-grained
insights into layer-wise heat generation and stress accumulation, while toolpath plan-
ning provides fine-grained details inside each layer. The potential of mitigating residual
stress through process planning can be fully realized by integrating both aspects.
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However, toolpath planning on curved planar surfaces itself is a challenging topic,
particularly in terms of collision avoidance and the selection of appropriate deposition
strategies. Although the space-time optimization framework offers a promising direc-
tion by embedding sequence planning into structural design, its current formulation
requires further expansion to incorporate additional aspects of process planning. Ef-
fectively bridging these process planning elements is crucial for achieving truly manu-
facturable 3D designs in multi-axis additive manufacturing.

HIGH-FIDELITY PROCESS SIMULATION

In this dissertation, residual stress and thermal-induced distortion are calculated us-
ing the inherent strain method without accounting for the interactions between fabrica-
tion sequences, manufacturing parameters, and thermo-mechanical loads. The inher-
ent strain values are predefined, which may oversimplify the process and fail to capture
the actual material response, particularly in the context of multi-axis additive manufac-
turing. Notably, process parameters should be dynamically adjusted during the process
to generate curved layers, which in turn affect thermal input, temperature history, and
the accumulation of residual stresses. As a result, the inherent strain method requires
appropriate calibration to address these complexities.

For future work, adopting high-fidelity simulation models will be insightful to gain
a comprehensive understanding of the manufacturing process, which spans multiple
lengths and time scales. For instance, the current approach relies on linear elastic analy-
sis and does not account for material plasticity. Incorporating plastic deformation would
enable more accurate prediction of stress accumulation. However, the use of high-fidelity
models comes with a trade-off, as it substantially increases computational demands.
Additionally, the integration of such models into the space-time topology optimization
framework requires further exploration to ensure compatibility and feasibility.

COMPUTATIONAL EFFICIENCY

Space-time topology optimization involves intensive computation. The main reason is
that each intermediate structure during manufacturing is analyzed to supervise the en-
tire manufacturing process. The number of intermediate manufacturing steps to be an-
alyzed thus determines the number of system equations to be solved. For large-scale
structures with fine-granularity layer division, this results in a substantial computational
burden for the equation solver. As discussed above, the computational demands will in-
crease even further if a more precise process simulation model is integrated into the
optimization to enhance the accuracy of process predictions. Moreover, the current
gradient-based optimization solver adopted in the framework needs to update the den-
sity field and the time field simultaneously, requiring more inner iterations for conver-
gence and increasing computation time.

Although a parallel computing platform based on PETSc has been developed in this
research, additional acceleration techniques could potentially be integrated to further
improve computational efficiency. For instance, under the assumption of linearity, in-
termediate structures could theoretically be solved in parallel. However, this can cause
aload imbalance issue in parallel computing, as the sparsity of stiffness matrices varies
between different intermediate structures.
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Aside from handling the computational complexity by adopting more efficient pro-
gramming languages or computing architectures, the computational efficiency could
also be improved by reformulating the problem itself. In our current approach, the den-
sity field and the time field are defined on the same scale, using the same discretization
mesh. However, this uniform resolution is not always efficient. For instance, when con-
structing a large-scale structure with many detailed features, a high-resolution mesh is
required to define the density field accurately for fine geometric representation. While
distinguishing the fabrication sequence of every small feature can be unnecessary, as
their influence on the overall structure is minimal. In such cases, defining the time field
on a coarser scale or mesh reduces the computational effort by narrowing the solution
space. Conversely, when a simpler geometry with few detailed features is preferred but
a detailed layer division is essential to capture precise manufacturing sequences for ma-
terial chunks, defining the time field at a finer resolution than the density field becomes
beneficial. The above strategy, referred to as multi-resolution space-time topology op-
timization, adapts the resolution of the density and time fields to the specific require-
ments of the problem, is beneficial for improving computational efficiency.

EXPERIMENTAL VALIDATION

Last but not least, while the theoretical foundation of space-time topology optimiza-
tion is well established, experimental validation remains a crucial next step, especially
for WAAM. For initial testing of curved-layer implementation, polymer-based multi-axis
techniques, such as FDM, offer a more accessible and straightforward path. Multi-axis
FDM systems are already available, though further improvements in manufacturing ac-
curacy are still needed. While the space-time optimization framework can be adapted to
generate curved layers in FDM, some of its primary objectives should be re-evaluated,
such as thermal effects. This is because polymers generally undergo less thermal distor-
tion and residual stress than metals.

On the other hand, implementing curved-layer fabrication in WAAM presents signif-
icantly more complex challenges. Unlike polymer-based processes, the WAAM process
involves the deposition of molten metal under intense heat input, accompanied by rapid
melting and solidification cycles, as well as dynamic molten material flow. These con-
ditions create complex thermo-mechanical interactions, making it particularly difficult
to maintain precise deposition along predefined curved paths. To address these chal-
lenges, a highly responsive and adaptive manufacturing system is required that can per-
form real-time monitoring and control of the process parameters.

Ultimately, a successful demonstration of the production of optimized structures with
curved layers, particularly in real industrial environments, would be a major milestone.
Any discrepancies observed between simulation and fabrication will provide critical in-
sights into practical limitations and guide future refinements to the current optimization
framework. Close collaboration with industry partners will be essential to translate the-
oretical advances into real-world applications, driving a wave of innovation in additive
manufacturing.
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SENSITIVITY ANALYSIS

A.1. SENSITIVITY ANALYSIS FOR CHAPTER 2

The general procedure for sensitivity calculation is consistent with those outlined in
[168, 169]. Here we focus on the primary distinction that arises from the fact that the
time field is no longer a direct design variable; rather, it functions as an implicit variable
dependent on both density ¢ and diffusivity p.

Sensitivity w.r.t design variable u Take the objective function f; as an example, the
sensitivity is calculated using the adjoint method by adding an augmented Lagrangian
term:

fi=fi+A" (KrT-b), A1)

where A is the Lagrangian multiplier. Without loss of generality, if f; has no explicit
component of the diffusivity design variable ., the derivative of f; with respect to i, is
given by:

Uiy i +;LT( L ) (A.2)

= —_— T + K;
e =, 81; By, BLte T e

Rewrite the above equation in vector form while using the inverse relation between the
time field and nodal temperature field £t =1 - GT, G is a sparse transformation matrix
for converting nodal values to elemental values:

ofi ofi\"
i=—(ﬁ) GaT +AT(6KTT+KT6T)
Opte ot Opte Opte Opte A3)
afj\" + \dT 10Ky '
=|-{= Kr|— T.
( (at) G+ A Ky aﬂe+/1 ote

To directly calculate the derivative of the temperature field with respect to the thermal
diffusivity, the Lagrangian multiplier A is chosen to eliminate the first term:

(&

.
G+ATKp=0. (A.4)
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The derivative of f; regarding to y, can thus be rewritten as

%z;ﬂaﬁ

T. (A.5)
O, O,

Lagrangian multiplier A In order to solve for the Lagrangian multiplier in Eq. A.4, the
derivative of f; with respect to the time field ¢ needs to be calculated. Since fj is the
function of p/', from the chain rule:

0f; _0f; 07

= — . A.6
0t, 0t O0te (A6

where 97, /91, is calculated from the Heaviside projection of Eq. 2.3. In most of the cases,
fj contains terms related to U U}, thus another adjoint analysis is needed:

of; _ ai .\ Ta(K{j}U{j} -FJ)

87, o5 Y oz,
- aprti U i
_0f U T(aK_] gt 4 i 3 (A7)
Ul i, 0f, e
:( i TK{f})a—U-{]} )
i ot, ot,

Here y is the Lagrangian multiplier related to the mechanical equilibrium equation of
intermediate structure, which is solved from:

8f;

T e} —
sy Y K=o (A.8)

The equation above simply assume that there is no explicit term about %, in f}, and the
external loads FY! is independent on the design p'/!. These are not necessary true, for
example, design-dependent load like self-weight can also be considered by making slight
modifications on the sensitivity analysis.

Sensitivity w.r.t design variable ¢p The derivative of f; with respect to the density de-
sign variable ¢, can be obtained using the chain rule, which aligns with the filtering and
projection procedure:

Ofi _  dfi Bpi 3¢
0. &, dpi 0¢p; dpe

(A.9)

The derivative of f; regarding the physical density p. is also calculated using the adjoint
method. However, it should be noted that since the objective function has multiple com-
ponents that contains p, implicitly. As indicated in Eq. 2.10, the time field obtained from
the heat equation is also dependent on the density field. We thus divide the sensitivity of
fj into two parts. The first part is independent of the time field #, while the second part
is related to the time field ¢.
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df; o af; or;
A ;| 5 O 0u (A.10)
dpe ape iew 0t 0pe
Similar to Eq. A.3, the above equation is written into an augmented form:
dfj 98f; (9f;\"
fi :i ( f]) GT AT(aKTT KTE)T)
dp. 0pe ot ape 9pe 9pe A1D)
0 ofi ’
Sfi | (i) Goa k| 2T A7 OKT
Gpe ot 8 De ape

By using the same Lagrangian multiplier as solved from Eq. A.4, the above equation is
simplified into

dfy _8f;  rokr,

(A.12)
dp. Ope 0p.

The first part is directly related to ¢,, and can also be calculated by using adjoint analysis:

of; dfj TB(KU'}UU'}—FU})

dpe ape Ty 0pe
N\ syt )
:( 8fi TK{]})BU oy 8 (A.13)
Ul 9pe dpe
1)
0pe

Here y is same the Lagrangian multiplier as in Eq. A.8.
The sensitivity analysis of these volume constraint functions gy and g; is a simpler ver-
sion of the analysis above, as they only have explicit parts related to their corresponding

p{]}.
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A.2. SENSITIVITY ANALYSIS FOR CHAPTER 3

A.2.1. SENSITIVITY ANALYSIS FOR THE OBJECTIVE FUNCTION

The objective function fge, is determined by the optimization variables p via an inter-
mediate field £ using a heat equation. The sensitivity of the objective function in relation
to the filtered thermal diffusivity fi can be calculated from a chain rule:

afgeo afgeo ot

= —_— A.14
om0t o (A19)

Directly calculating the sensitivities can be computationally expensive, an adjoint method
is thus adopted based on the governing heat equation Eq. 3.25:

0 a
f%eo _ fgeo 6~t +AT( a? 3 aIfTT—KT oT
0f; ot df; 0i;  Of o)’
0 T
:_(@ +ATK ) a~ PRSP (A.15)
ot o o |

where A is the vector of Lagrange multiplier. By setting the Lagrange multiplier according

to the equation:
afgeo

+ATKr =0, A.16
“or T= (A.16)
the sensitivity of the objective function is simplified to:
0
Joeo | 570Kt (A.17)
Ofi aﬂt

The sensitivity in relation to the original optimization variable y is computed using the

chain rule:
afgeo _ Z afgeo %
Ope ;& Ofti Ope

(A.18)

Lagrangian multiplier A To solve for Lagrange multiplier A in Eq. A.15, the derivative
of the objective function with respect to the nodal time field is needed:

afgeo Zazen{” (thel IVtI{]})

= ot

>y

=1

)

{J}K

dIVL,| a|w|“})]

{]}) (U} {]}
Vi, Vit +2 Vi, Vi
(Iveel - 971 n(|e|||(at -

.

(A.19)

The derivative of the gradient average |V | v with respect to the nodal time field is:

—{j 629 e |Vie| i} {j1x aze
ove” _ S AL (Zend™) - (Zenl " Vel ) gl
ot {j}Kz

e'le

1%

(A.20)
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The derivative of the magnitude of the gradient [Vz,| with regard to ¢; is derived from
Eqn. 3.8, 8|V z,| /0 tj is non-zero only if node j belongs to element e:

0|Vl _ (Zzee ax tl) T +(Zz€e 5 tl) (Zzee aZl tl) 0= . (A.21)

M e ) (e B ) + (T B

A.2.2. SENSITIVITY ANALYSIS FOR THE CURVATURE CONTROL OBJECTIVE
FUNCTION

Similarly, the derivative of the curvature control objective furve With respect to the nodal
time field can be derived from Eq.3.15:

810g(1 + e‘PO"e)

)

afCLll’V(i‘ Z

e
—Poe Poxe 61(

The derivative of the elemental curvature x, with respect to the nodal time field can be
derived from Eq.3.13:

vt] H,Vt,
e _"TVLP
ot or
(V1,3 te _ 5G4, 27T B, v, AT%l
= : (A.23)
IVte|®
among which:
oV, H,V1 ovt, 0H,
ea—t” =2vVt, H, Gte +VteTa—tthe. (A.24)

A.2.3. SENSITIVITY ANALYSIS FOR THE CONSTRAINT FUNCTIONS

Similarly, the sensitivity of the layer geometry constraint function in relation to the fil-
tered thermal diffusivity fi can be calculated from a chain rule:

ag;‘?‘” = ag;‘?“ ot (A.25)
op; ot ofy’ ‘

By adopting adjoint method, the sensitivity can be written as:

geo

0g;
= - —T-K ,
0m; ot Oy 0m  om O

g5 T 9K
== | ARy | — AT I (A.26)
ot au apl

08 ot g (ab 0K:, . 0T
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By setting the Lagrange multiplier according to the equation:

geo
% ATKe=0 A.27)
+ =0, .
ot '
the sensitivity of is simplified to:
agg.eo oK
L AT IT (A.28)
0fi Of;

Lagrangian multiplier A To solve for Lagrange multiplier A in Eq. A.26, the derivative
of the constraint function with respect to the nodal time field is needed:

At ——1J
o ouy % s owi” 29
ot ot ot —i2 ot .

Vel

The derivative of the gradient average IVIIU J with respect to the nodal time field can be
found in Eq. A.20.
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A.3. SENSITIVITY ANALYSIS FOR CHAPTER 4

A.3.1. SENSITIVITY ANALYSIS OF THE RESIDUAL STRESS CONSTRAINT

The residual stress constraint g5 is determined by optimization variables ¢ and p via two
intermediate fields, the density field p = ¢, and the time field ¢

g (o 1) =g (p. tp,m). (A.30)

The time field depends on both the density field p and the thermal diffusivity field g by
solving the heat equation.

Sensitivity w.r.t design variable ¢¢ The design field ¢ is filtered and then projected to
obtain the density field p. According to the chain rule, we have

08; _ 5~ d8:0¢: 0 (A31)

0pe ey, dpi 0ch; O¢pe

The sensitivity regarding the filtering and projection operations is routine. We focus on
the derivative of the constraint function g; with respect to the density p.

The residual stress constraint g contains p explicitly, as well as implicitly through the
time field. The density field is involved in defining the time field using a heat equation.
An adjoint analysis is thus performed:

T
g O 050 (00 Ky OT)

dp; dp; ot dp; "\dp; 9dp;  0pi)

] ]
:ﬁ_ﬁa_T+/1¥( aKTT KTaT)
0p; ot 0p; 0p; dp;
0 0 oT oK,
B (AT AT tT (1.32)
0p; ot 0p; 601
The Lagrange multiplier At is solved from
]
ag“ + ALKy =0. (A.33)

The calculation of ag& will be presented shortly. With that, the sensitivity of the con-

straint function is 51mp11ﬁed into

dgs _0gs ,70Kr

dp; dp; ' dp;

(A.34)

The residual stress contains the accumulation of AU}, which is solved from the linear
equation of each intermediate structure as in Eq. 4.21. A set of adjoint analyses is needed

accordingly for the calculation of 3 ag‘

gs=gs+y A ( KU Ay — F{j}). (A.35)
i
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Its derivative with respect to the density of the i-th element p; is:

{J} {J} {j}
% - ags ZA{]} (aK U{]} {]} 0AUY aF ! ) (A.36)
dpi 9p; 7 9p; 9p; 9p;
Substituting g using Eq. 4.24 gives
3 5 86
08s I AP ~P—1 90vM,e
=A , A.37
on, = (Zo0ne] (R wam
where 2ie a p 2 is derived according to Eq. 4.15
ATy 00,
o eV 30;
OuMe _ ¢ i (A.38)
aPi OyM,e
Here the relaxed stress &, is calculated according to Eq. 4.13, and thus
86, 0 dpa
Te _0epdsPeg, (A.39)

0pi apipe 0pi

The next key step is to calculate the derivative of the stress o, with respect to the den-
sity p;, according to Eq.4.12 and Eq.4.7,

00, _Z Ac !
Op; T 9pi

GAU{]} 1 0Rg(p!! ,ORg(nY
—Z 9Ue b0l + DBy REP Dy« ORBUI ) )

(A.40)
dp; ° dp; 0p;

By summarizing the above equations, Eq. A.36 can be rewritten:
1-P

a=n(oh) " T

9pi e

RE(p“})JrBAU;”—E(pe )

“P-2
e dp; dpi

UVM,

6.VD) |B
j

et «ORp (77{]})
9p;

(aK{j} AU 4 K AUV F}
0p; 0p; 0p;

(A 41)

9 q
)pZ +6lve, aPe
i

B2
J

aAU{]} 0

ORE(
Re(p {j} EP

0pi

pd-6lvD (B )+ BAU,

=A! (ZGVM e)PP

aRB(TI{]}
0p;

)l{]}( AU{]}
Z %

(ZUVM e)PP )y

) q
6P ZATVae Pe )
> 0

vMe e i
i

(A.42)

{j}aAU{j} aF{j})
9pi 9pi )
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There are N Lagrangian equations to be solved in total:

AI(ZavMe) (ZavMepZRE(p“}) AEVDB)+/1U}KU}=O. (A.43)

After calculating the Lagrangian multipliers A}, Eq. A.36 is further simplified,

% (sohe) TE o

0pi e

{Jj}
P2 oA, ATVD(BAUU}BRE('O ) _.ORg (nj))]
vMe e

0pi 9p;
(A.44)
12 oF}
s Al Zﬁ‘le'e) Z(é\I:Mze ATVa,e )_'_Z;LU}( Ul }_a_p')' (A.45)
1

e e

dpi

Sensitivity w.r.t design variable u  The sensitivity analysis of the pseudo heat diffusivity
variable p is similar to that of the density field. An adjoint analysis is also needed for the
heat equation,

s 08 O (O BHiy o7

oui ot op; T \dw o ow)
dgs .+ ) 8T 73Kt
AT K| — -2 A.46
(at ou, 7T 6#; (A46)

The Lagrangian multiplier At is the same as that in Eq. A.32.

Lagrangian multiplier A In order to solve for the Lagrangian multiplier At in Eq. A.32
and Eq. A.46. The derivative of the residual stress constraint with respect to the time field
is needed. By substituting g, using Eq. 4.24, we get

1-P
98s _ ifsap | T v [sP2 a1y, 00
ot =A (Z Owm e) Z sze V ate peq ’ (A.47)
l e e 1
aa”" is obtained according to Eq.4.12 and Eq.4.7,
3o ) ) 8Re(e) L BRpm.)
=)' |D RE(p ")+ DBAU, ———— - De* ———|. (A.48)
at, ] a l atl
The sensitivity of the time field can also be rewritten in an augmented form:
98s _ 1 5P-2 )0 5T oau,” i 1 9Re(p)
5, = (200 ZZ FuiePe GeVD|B— = Re(p) + BAU, —0-

- 0z (1) {]}( 0L o 0AUY 9F
B0 a4 g 000 . A4
0t; ZA ort; UrrK 0t; at; (A.49)
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Therefore, by using the same Lagrangian multipliers as in Eq. A.43, the above equation
is simplified,

10Re(pd) L oRp(my’
&{;Mzepg' 6TVD BAUY E(pe )_8 B(Ne )
or; 01;

eea(ron) Ty

e

aF) )

+Y AU (—AUU} -
%" ot or;

(A.50)

A.3.2. SENSITIVITY ANALYSIS OF THE OBJECTIVE FUNCTION

The objective function consists of two parts: the thermally induced distortion cermal,
and variations in the layer geometry fgeo. The sensitivity analysis of the first part can be
found in [170]. We here focus on the second part. Similar to the stress constraint, fgeo is

also related to optimization variables ¢ and p via the density field p = (7), and the time
field ¢.

Sensitivity w.r.t density p The sensitivity of fge, in relation to density is

d fgeo _ afgeo + 0 fgeo 2 AT (% B aﬁ _KTG_T
dp;  0p; ot 9p; dp; Op; 0pi )’
_ afgeo _ (afgeo 1K ) oT _ a7 9Kt aKT
9p; ot 0pi apz

(A.51)

The calculation of the sensitivity of the objective function fge, is also divided into two
parts. The first part fge, is explicitly related to the density field by treating the time field
t as constant, while the second part fgeo is related to the density field through the time
field. The mathematical formulations of fgeo and fgeo are the same as fgeo. With the
formulation of fgeo in Eq. 4.27, the first part of the above equation is calculated as

{J}
0fgeo X azen{]} (|Vte| IVtIJ)

i o dp; '
N gnth? oo
e () 4 n oIV
= V|-Vt 2 Vi, Vit —I. A.52
J;;[apl(||||)+n(|e|||)api1 (A52)

The derivative of the gradient average Ith{] } with respect to the density p; is derived
from Eq. 4.28:

P

— (j} 9% e IVte (P (1P aze ax.n
ove” _ 8t (Zend”) = (Zend" 195l Egl—

0p; Zeﬂ{]}pz

(A.53)
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Sensitivity w.r.t design variable u  The sensitivity of fge, in relation to the filtered ther-
mal diffusivity p is calculated by using the adjoint analysis as well:

ou; ot Oy ou; Ou; - Taﬂi '
(g Oy

-A
ot Opi O

d fyeo _afgeogMT(ab 0Ky, 0T
(A.54)

Lagrangian multiplier A To solve for the Lagrange multiplier A, the derivative of fgeo
with respect to the nodal time field is needed,

P =l
afgeo _ azen{]} (|Vte| [V / )

ot o ot '
N {J}’” i
ut ke 1, [0IVEe] 0V
= Vi, \%3 +2 Vi, A\ .
;Z (|e|||)n(|e|||)(at -

(A.55)

Here the derivative of the gradient average |V tl{] } with respect to the nodal time field is
given by

(1P

i aY.nJ " IVt, {j1P (1P 6):e 0 ene
gt S ) - (o v 2
ot {j1p2

e'le

(A.56)
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A.4. SENSITIVITY ANALYSIS FOR CHAPTER 5

We here focus on the sensitivity of the objective function related to the material anisotropy.
The objective function is determined by optimization variables ¢ and p via two inter-
mediate fields, the density field p = ¢, and the time field . The time field, according
to Eq. 5.11, is determined by both the density field p and the thermal diffusivity field .
Re-writing the objective function by

the sensitivity of the objective function with respect to p and fi are, respectively,

B _8fo 8fo 8fo 8t

) (A.58)
ape ape ot 0p.
and 0 dfy ot
o 0
—_— == A.59
8 0t Of, a5

Sensitivity w.r.t design variable ¢ The augmented form of the objective function is
written as:
0=fo+AT (b-KrT), (A.60)

where A is the vector of Lagrange multipliers. The sensitivity of the objective function in
relation to the density is:

0
B 00 (B Oy OT)
0p. Ope Ot Ope 0pe 0Ope 0p.

0
_ %% 3/ 8T MT( Ky KTBT),
ape a t ape ape ape
0 0 orT 0K
_ s _ ( Jo )LTKT) -AT =T (A.61)
dp. |\ ot 0pe Gpe
By setting the Lagrange multiplier according to the equation:
0
af Y4 ATKr =0, (A.62)
the sensitivity of the objective function is simplified to
0 ] oK;
0 _ O _,r0Ke, (A.63)

dpe  Ope 9p,

Substantiating the objective function, fo = ¢, + Z wjc; , the first part of the above

equation is calculated as
af, 08, XN . Oc i

+Y wi—

=— , (A.64)
9pe Bpe 4 ' 8p.



A.4. SENSITIVITY ANALYSIS FOR CHAPTER 5 139

where the adjoint method should again be used, resulting in
dcy, dUTKU T 0K
- - ygT—y, (A.65)
0pe 0pe 9p.

and

% _ a(u) kg

’

9pe 9pe 0 0 (A.66)
=2“ﬂﬂTaG1_{UﬁUTaK]lﬂﬂ
0p. 0p.

Here the external load on intermediate structures G'/! can be design dependent, e.g.,
self-weight.

Lastly, by using the chain rule, the sensitivity of the objective function in relation to
the optimization variable ¢ can be computed using:

B a0 apl 0pi
6¢e ieN, apl agb, 6¢’e

(A.67)

Sensitivity w.r.t design variable p The sensitivity of the objective function in relation
to the thermal diffusivity fi is calculated by using the adjoint method as well:

T
0 300 (8 0Ky 0T

dfic Ot dfte dfic Ofte Ofic)
+A'K -2 A.68
( ot ) 8ie aue (A.68)
The sensitivity in relation to the original optimization variable p is computed using
the chain rule: 3 8F 8
20 ﬁ i (A.69)

e &, Ot O

Lagrangian multiplier A Eq. A.61 and Eq. A.68 have the same Lagrange multiplier A.
To solve for A, we need the derivative of the objective function with regard to the nodal
time field: v
0 0 Oc;
ﬁ = ‘0 =+ Z ]

- (A.70)
8, 3y o “ide
Again by using the adjoint method we obtain:
dcy _ OUTKU TaK L
——=U U U e A71
9t ot Z ¢ 9t (A71)
ac; a(U{j})T Kiyh
at,- at,- (A.72)

1\ TOGY! NTOKY
- {j} _ {j} e {j}
z(U ) T ;(Ue ) U
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The derivative of the stiffness matrices in relation to ¢; is obtained using Eq. 5.9:

OKe =[e+01- E)pe]f BTMDOR(HQ)B
ot Q or; (A.73)
+B'RT (He)DO (ee) ]dQe,
i
i
oK. a(pe )
=(1-¢ f B'R" 6,)DyR 6,) BdQ
at, ati . e 0 e e
[.€+(1 e) “} ] f BT aRat(ee) DoR6,) B (A.74)
+B"R" (0,) D, aR(ee)B] dQ,.
i

The derivative of the rotation matrix R (6,) with regard to ¢; is calculated using the

chain rule:
OR(0.) OR(H.) 06,

e T e e A.75
ot 00, Ot ( )
80, /0t; is non-zero only if node i belongs to element e. From Eq. 5.6 we get
ON; anN; ON;
% (Z]Ge T ) (Z]Ee ax] t]) ay (A.76)

0t; AN
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GENERALIZED HOOKE’S LAW OF
ORTHOTROPIC MATERIAL

The generalized Hooke’s law of an orthotropic material in the Voigt notation is
0o = Do €9, (B.1)

where gy and o denote the stress and strain tensor, respectively. Dy represents the elas-
ticity tensor. For plane stress problems with infinitesimal strain, and with the horizontal
axis denoted as x and the vertical axis as y, the elasticity tensor is expressed as

1 E, VyxEx 0
D() = ﬁ nyEy Ey 0 y (B2)
Xy yx 0 0 Gxy(1=VxyVyx)

where Ey and E) are the Young’s modulus along the reference axes, and Gy is the shear
modulus. vy, vy, are the Poisson’s ratio, satisfying vy, Ey = vyxEx.
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