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ABSTRACT

This study introduces a framework for learning a low-depth surrogate quantum circuit (SQC) that approximates
the nonlinear, dissipative, and hence non-unitary Bhatnagar-Gross-Krook (BGK) collision operator in the lattice
Boltzmann method (LBM) for the D,Q, lattice. By appropriately selecting the quantum state encoding, circuit archi-
tecture, and measurement protocol, non-unitary dynamics emerge naturally within the physical population space.
This approach removes the need for probabilistic algorithms relying on ancilla qubits and post-selection to reproduce
dissipation, or for multiple state copies to capture nonlinearity. The SQC is designed to preserve key physical prop-
erties of the BGK operator, including mass conservation, scale equivariance, and Dg equivariance, while momentum
conservation is encouraged through penalization in the training loss. When compiled to the IBM Heron quantum
processor’s native gate set, assuming all-to-all qubit connectivity, the circuit requires only 724 native gates and oper-
ates locally on the velocity register, making it independent of the lattice size. The learned SQC is validated on two
benchmark cases, the Taylor-Green vortex decay and the lid-driven cavity, showing accurate reproduction of vor-
tex decay and flow recirculation. While integration of the SQC into a quantum LBM framework presently requires
measurement and re-initialization at each timestep, the necessary steps towards a measurement-free formulation are
outlined.

1 | Introduction

Despite decades of study, turbulence remains a central challenge in fluid mechanics, both numerically and theoretically.
Turbulent fluctuations span a large range of length and time scales, differing by several orders of magnitude. The grid
resolution and time-step refinement required for accurate simulations increase steeply with the flow Reynolds number
(Re). In practice, the total number of degrees of freedom in a direct numerical simulation (DNS) scales roughly as Re?,
meaning that fully resolving the flow field has, to date, been feasible only at low-Re numbers and for simple, canoni-
cal geometries [1, 2]. This limitation arises not only from the sheer number of arithmetic operations but also from the
prohibitive memory demands of storing high-fidelity fields throughout the simulation. Moreover, as the historic pace of
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Moore’s Law is predicted to slow down [3], the gap between available classical hardware performance and the require-
ments of high-Re DNS continues to widen. This has prompted growing interest in alternative computing paradigms such
as quantum computing.

Quantum computers exploit superposition and entanglement to perform certain tasks more efficiently than classical com-
puters. For example, Shor’s algorithm computes integer factorization in polynomial time [4], and Grover’s algorithm
searches unsorted databases with a quadratic speedup [5]. Both algorithms thus demonstrate proven theoretical advan-
tages over the best-known classical methods. However, present quantum devices remain in the noisy intermediate-scale
quantum (NISQ) era, with limited qubit counts and shallow circuit depths that preclude their use in real engineer-
ing applications. Nevertheless, ongoing developments in hardware design and error-mitigation techniques are steadily
improving their reliability [6]. Once quantum hardware reaches a mature, fault-tolerant stage, its primary value will be
in solving problems that classical computers struggle with. This potential has fueled sustained interest in developing
quantum algorithms for computational fluid dynamics (QCFD) aimed at overcoming current limitations in resolving tur-
bulence at high-Re numbers. Broadly speaking, these algorithms fall into three categories: methods that seek to solve
the Navier-Stokes equations directly [7-11], quantum lattice-gas cellular automata (LGCA) simulations [12-16] and
quantum versions of the lattice Boltzmann method (LBM). In this work, we focus exclusively on the latter.

Classically, LBM operates at the mesoscopic level, recovering the Navier-Stokes equations in the weakly compressible
limit by streaming and colliding particle distribution functions, often referred to as populations, on a discrete lattice.
Unlike the Navier-Stokes formulation, in which nonlinearity and non-locality are coupled by the convection term, LBM
decouples these effects. The linear streaming step performs non-local transport, while the collision step handles local, non-
linear relaxation of the populations toward their local equilibrium distribution. This separation makes LBM inherently
parallelizable, and GPU-accelerated implementations have demonstrated speedups of one-to-two orders of magnitude
over traditional Navier-Stokes solvers on benchmark cases [17]. The same parallelism suggests a natural fit for quan-
tum computing, since encoding the populations into the amplitudes of superposed quantum states allows a quantum
implementation of the LBM to update an exponentially large configuration space in the same number of steps required
classically for a single configuration.

However, the development of an end-to-end quantum LBM (QLBM) algorithm has thus far encountered a major bottle-
neck. The collision step in LBM is a nonlinear and dissipative relaxation process and is therefore inherently non-unitary.
This inherent non-unitarity is fundamentally incompatible with the unitarity of quantum operations. Consequently, early
QLBM research has focused exclusively on the streaming step. Todorova and Steijl [18] implemented this transport as a
quantum walk using multiple controlled-NOT (CNOT) gates. Schalkers and Moller [19] later reduced the total number of
CNOTs and introduced an object-encoding scheme with robust boundary conditions in their quantum transport method
(QTM). In subsequent work [20], they developed an efficient technique for computing observables, such as the force
acting on an object, by using a quantum version of the momentum-exchange method from classical LBM simulations.

In recent years, various algorithms have been proposed to implement the collision step in a QLBM simulation. Many
of these algorithms truncate the equilibrium distribution at first order in the macroscopic velocity, thereby discarding
the quadratic nonlinear terms in the velocity [21-23]. The result is a fully linear collision operator such that the full
Navier-Stokes equations can no longer be recovered. This confines QLBM to low-Re number regimes. Furthermore,
despite its linearity, the collision operator remains non-unitary due to its dissipative nature. The common solution to
deal with the non-unitarity is to use the linear combination of unitaries (LCU) technique [24]. With LCU, a non-unitary
matrix can be implemented as a weighted sum of unitaries. This, however, comes at the cost of an extra ancilla qubit
and the need to perform mid-circuit measurement and post-selection on the ancilla qubit. Since post-selection succeeds
only probabilistically, each QLBM time step may require re-initializing and repeating the circuit several times until the
desired outcome is obtained. This severely undermines any quantum advantage of a QLBM simulation over a classi-
cal LBM simulation, especially for long simulation times where the success probability reduces with each additional
time step.

Kumar and Frankel [25] follow a slightly different approach and express the QLBM algorithm as a matrix-vector product.
The vector represents the populations, and the matrix represents the linear collision and streaming operators. As this
matrix is non-unitary, they perform classical singular-value decomposition to break it down into a sum of unitary matrices
that can be simulated using LCU. The main advantage of their algorithm is that, compared to earlier implementations of
LCU, the number of unitaries needed is fixed (eight per time step) and does not depend on the problem size. Nevertheless,
when these unitaries are decomposed into elementary gates, it results in a large circuit depth of O(10°) per time step.
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Xu et al. [26] propose an ancilla-free algorithm for the D, Q5 and D,Q; lattices that uses only two registers, d and ¢,
and implements the linear collision as a series of local unitary operations. This greatly reduces resource requirements
compared to the LCU approach. However, the algorithm remains probabilistic and is driven by measurements on register
gq. A successful outcome on q collapses d into the correctly normalized state for the next iteration, while a failed outcome
simply re-runs the same constant-depth circuit on (g, d). Since each re-run does not require re-encoding d, the algorithm
is significantly less costly than LCU-based methods.

Alternative algorithms use Carleman linearization to handle the nonlinear collision by introducing a new variable for each
monomial in the equilibrium distribution, resulting in a linear but infinite-dimensional system. Itani and Succi [27] map
each monomial into a bosonic Fock space and truncate the expansion at a chosen total occupation number, discarding
all higher order terms. This creates a trade-off between accuracy and qubit count. They show that both collision and
streaming can then be implemented unitarily, with qubit requirements scaling only logarithmically in the Re number.
However, a complete circuit design has yet to be demonstrated. Sanavio and Succi [28] instead assemble the truncated
collision into a global relaxation matrix and simulate it via an LCU-based approach. This results in a very deep circuit
scaling like (N Q)* in the number of two-qubit gates, where N is the number of lattice points and Q the number of discrete
lattice velocities. They also show results for a single time-step collision circuit that is independent of the lattice size but
that still requires on the order of 30,000 two-qubit gates. To reduce circuit depth, Sanavio et al. [29] apply block-encoding
techniques for sparse operators to embed both the collision and streaming operations into a single unitary. While this
lowers the circuit depth, their algorithm still relies on ancilla post-selection, with the overall success probability falling
off as the inverse of the fourth power of the number of discrete velocities.

A hybrid approach introduced by Wang et al. [30] replaces the LBM collision with the linear collision operator used in
LGCA simulations. They demonstrate accurate simulations of vortex pair merging at Re = 350 and 2D decaying homo-
geneous isotropic turbulence at Re = 51. However, their method requires a corrective step at each iteration to maintain
near-equilibrium, which demands significant qubit resources and therefore negates any quantum advantage. Therefore,
developing a unitary collision operator that preserves the classical collision’s nonlinear, dissipative relaxation dynamics,
eliminates probabilistic post-selection, and requires only a low-depth circuit implementation remains an open challenge.

The motivation behind our current study is to approach the modeling of the collision operator from a new perspective. As
discussed above, previous works have mainly focused on reproducing the operator’s dissipative behavior through prob-
abilistic algorithms that require ancilla qubits and post-selection, and are therefore inherently limited by their success
probability. Moreover, these works have not directly attempted to model the operator’s nonlinearity. In contrast, our aim
is to explore whether both dissipation and nonlinearity can be captured, at least partially, within a framework that avoids
probabilistic algorithms as well as techniques such as introducing copies of the quantum state to reproduce the nonlin-
earity, which would incur additional costs in the number of copies required to perform multiple time steps. In the present
formulation, nonlinearity and dissipation are not imposed directly at the level of the quantum state. Instead, they emerge
in the classical population space from the combined effects of data encoding, unitary evolution, and the measurement
protocol. The proposed formulation provides a low-depth circuit that is independent of lattice size and capable of approx-
imating more than a linear relaxation toward equilibrium, using a circuit depth several orders of magnitude shallower
than previous formulations in literature. It is important to note that this formulation still requires measurement and
re-initialization at each time step. However, we outline the steps needed to extend it toward a measurement-free frame-
work, where measurement is performed only at the end of the simulation. Although this approach does not yet offer a
complete solution to the collision modeling problem, it introduces a new way to conceptualize how non-unitary operators
can be realized within the inherently unitary framework of quantum computation.

Building on this motivation, we design and classically train a surrogate quantum circuit (SQC) that approximates the
collision operator. Specifically, we focus on the Bhatnagar-Gross-Krook (BGK) collision operator on the D,Q, lattice,
although the method extends naturally to other lattices and collision models. To ensure physical fidelity, we embed mass
conservation, scale equivariance, and symmetry preservation, formulated here as Dg equivariance, directly into the cir-
cuit design and momentum conservation in the learning objective. This approach encourages the SQC to approximate the
classical BGK collision operator faithfully. During the development of this work, a related approach was independently
presented in the doctoral thesis of Itani [31], who also investigated learning a quantum circuit for the BGK collision opera-
tor. In their formulation, Dg equivariance is introduced through additional ancilla qubits or by averaging outputs over Dy
transformed copies of the data. Furthermore, their proposed circuit does not explicitly ensure mass conservation. In con-
trast, our framework incorporates these physical invariances into the circuit design and achieves Dy equivariance without
requiring ancilla qubits or data augmentation, resulting in a more compact and physically consistent approximation of
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the collision process. Moreover, we demonstrate that the proposed framework can partially reproduce the nonlinear and
dissipative behavior of the BGK collision operator.

Our approach to designing and learning the SQC builds on recent work on data-driven modeling of LBM collision oper-
ators. Bedrunka et al. [32] introduced a neural formulation for the multi-relaxation-time (MRT) collision model, where
a neural network learns to map local velocity moments to the non-hydrodynamic relaxation times, improving stability
and accuracy compared to the classical MRT operator. Horstmann et al. [33] adopted a similar framework focused on the
relaxation times associated with bulk viscosity, showing that a locally adaptive bulk viscosity can stabilize weakly com-
pressible flows and reduce Galilean invariance errors. Corbetta et al. [34] then established a general learning framework
for LBM collision operators, focusing on the BGK operator on the D,Q, lattice. Their work demonstrated that embedding
mass and momentum conservation, scale equivariance, and Dy equivariance directly in the network architecture and
training procedure is essential for obtaining physically consistent approximations of the true collision dynamics. Their
Dy equivariance enforcement through group averaging proved effective in two dimensions but scales poorly in higher
dimensions. Ortali et al. [35] addressed this shortcoming by introducing lattice equivariant neural networks with built-in
symmetry constraints, enabling efficient and scalable equivariant learning in three dimensions.

For the construction and learning of the SQC, the framework of Corbetta et al. [34] serves as the foundation, with mass
conservation and scale equivariance enforced directly at the circuit level, and momentum conservation promoted through
the training objective. Following Ortali et al. [35], symmetry preservation is embedded in the architecture by designing
each layer to be fully equivariant, thereby achieving D, equivariance without relying on group-averaging strategies. Train-
ing is performed within a modified version of the quantum circuit learning (QCL) framework introduced by Mitarai et al.
[36], which enables the approximation of complex functions with minimal circuit depth.

The remainder of this paper is structured as follows. Section 2 introduces the LBM framework, outlines the main
properties of the BGK collision operator, and reviews the QCL approach. Section 3 describes the design of the SQC,
followed in Section 4 by the training setup and results. Section 5 discusses how nonlinearity and dissipation emerge
within our framework, while Section 6 evaluates the performance of the SQC on the Taylor-Green vortex decay and
lid-driven cavity benchmark cases. Finally, Section 7 summarizes the main findings and discusses possible directions for
future work.

2 | Background and Theory

In this section we cover the theoretical background that our study is based on. We start with a short overview of the LBM
and focus primarily on its collision process. Readers seeking a more comprehensive overview of LBM may refer to [37]. We
then introduce the fundamentals of QCL and explain how we will use QCL to learn an SQC for the BGK collision operator.
We assume that readers already have a working knowledge of quantum computing principles and standard operations.
For a more detailed introduction to these topics please refer to [38].

21 | LBM

LBM is a mesoscopic fluid-simulation approach in which discrete particle populations evolve on a Cartesian lattice in
space and time. Each population f;(x, ) represents the probability density of particles moving with a discrete velocity e;
at position x and time #. In two dimensions, the most common lattice is based on the D,Q, stencil. This stencil consists
of nine populations with nine corresponding discrete velocities: a resting state e, = (0, 0), four axis-aligned velocities
e, ; =(x1,0)and e, , = (0, 1), and four diagonal velocities es  ; 3 = (£1,+1). At each time step At, the method proceeds
in two stages:

1. Collision: Populations at each lattice node relax toward their local equilibrium distribution, according to a collision
operator Q:
ffx D= fixH+Qx1), i=0,..,8. @)

2. Streaming: Each post-collision population f7(x,?) propagates from its current lattice node x to the neighboring
node atx + e; At:
fi(x+e At t+At) = frx,1), i=0,...,8. (2)
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The simplest collision operator is the BGK operator:
1 .
Qi,BGK(X’ t) = _;(fi(x?t)_f[eq(x’ t))» 4 =O,~..,8, (3)

where 7 is the relaxation time that governs how quickly the populations approach the local equilibrium distribution
f73(x, 1). The kinematic viscosity v of the fluid is directly related to z by:

v=c(c-3), @)

with ¢, denoting the lattice speed of sound (for D,Q,, ¢, = %). The equilibrium distribution follows from a second-order

Hermite expansion of the Maxwell - Boltzmann distribution:

e -uxt) (e uxt) —c uxt-uxt)
D =w, px, 1) |1+ = i )& s , i=0,...,8. 5)
28
Here, w;, are the lattice weights, which for the D,Q, lattice are given as follows:
g, i=0,
wy =45 i=1,...4, (6)
o =5

The macroscopic density p(x, r) and momentum p(x, t)u(x, #) are obtained from the zeroth and first moments of the pop-
ulations:

8 8
P =Y [0, px DU =Y fix1) e )
i=0 i=0

The BGK operator depends on the equilibrium distribution fieq(x, t), which in turn depends on the flow velocity u(x, )
both linearly and quadratically, as shown in Equation (5). This quadratic dependence makes the BGK operator inher-
ently nonlinear. The operator also introduces dissipation through the relaxation timescale z, which is related to the
kinematic viscosity v by Equation (4). The combined effects of nonlinearity and dissipation render the BGK opera-
tor non-unitary. The relaxation timescale r further determines how strongly the system approaches equilibrium. For
0 < 7 < 1, the pre-collision state contracts towards equilibrium, while for = > 1 it overshoots it. When = = 1 the operator
becomes a full projection onto the equilibrium state.

In this study, we focus on the case 7 = 1, such that the post-collision populations satisfy f(x,1) = ffq(x, t). This choice
simplifies the design of the SQC, as the post-collision state is fully determined by the equilibrium distribution. In contrast,
for 7 # 1 the algorithm would need to represent varying degrees of contraction and over-relaxation while maintaining
information about the pre-collision state and coherently combining it with the equilibrium state. This is considerably more
challenging than directly mapping the system onto equilibrium. The implications of fixing = = 1 for QLBM simulations
are discussed in Section 3.4.1.

2.2 | Properties of the BGK Operator

To ensure that the learned SQC accurately approximates the BGK operator, we require it to preserve the same symmetries
and conservation properties as the original operator, which are summarized in the following sections.

2.2.1 | DgEquivariance

The ability of LBM to recover the weakly compressible Navier-Stokes equations relies on choosing a lattice whose dis-
crete velocities and weights enforce full rotational invariance of both second- and fourth-order moments. This invariance

ensures that the pressure tensor and the viscous stress tensor are isotropic. In two dimensions, the D,Q, stencil achieves
this by being invariant under the dihedral group Dy, the full symmetry group of a square. Dy is generated by a 90° rotation
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If

f, f, fs
(1Y) (0,1) (1,1)

(-1,0) (1,0 st

f, f,
(-1-1) (0,-1) (1,-1)
f7 f4 f.8

FIGURE1 | Action of the dihedral group Dg on the D,Q, populations, highlighting the transformations of the axial f; (blue) and
diagonal f (red) under each group element. Here r is a 90° anti-clockwise rotation about the origin, and s is a reflection across the
horizontal axis.

r about the origin and a reflection s across one of the square’s symmetry axes (vertical, horizontal, or diagonal). Every
symmetry operation in Dg can be written as r or rks for k = 0, 1, 2, 3, giving the eight group elements:

Dy =[I,r,r%, 1, s,rs,r%s,rs]. (8)
Figure 1 demonstrates how each of these symmetry operations rotates or reflects the D,Q, discrete velocity vectors and
their corresponding populations. Both the streaming and collision steps in LBM commute with these operations. This

property is known as Dy equivariance and can be written as follows for the BGK operator:

Qpox(o - f) = 0 Qpe®), Vo e Dy, 9)

where o - f denotes the action of the symmetry operation ¢ on the local population vector f = [f,, f1, ..., f5]”.

2.2.2 | Scale Equivariance

The BGK operator is homogeneous of degree one. This means that if all pre-collision populations are scaled by the same
positive factor 4 > 0, the post-collision populations scale by the same factor:

Qpox(Af) = AQper (), V 1>0. (10)
This property ensures that a uniform change of scale, such as a change of units (lattice units, SI units, etc.), in the magni-
tudes of the pre-collision populations does not affect the relative magnitudes of the post-collision populations.
2.2.3 | Mass and Momentum Invariance

The BGK operator exactly conserves mass and momentum during the collision process:

8 8
DS - fix D) =0, D (£~ fix.D)e; =0, (an
i=0 i=0

23 | QCL

QCL is a hybrid classical-quantum framework first proposed by Mitarai et al. [36]. In QCL, each input x; is encoded into a
low-depth parametrized quantum circuit U (x;, ) with parameters 6. After applying the circuit, the expectation value of a
chosen observable O is measured. A classical function F ({(O(x,-, 0))}) then produces the output y; = y(x;, §). A classical
optimizer adjusts the parameters 6 to minimize a loss function L(h(x;), y(x;,)), where h(x,) is the target function.
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A typical parameterized circuit alternates layers of single-qubit rotation gates with layers of CNOT gates. A rotation on a
single qubit about axis x, y or z is defined by:

U,0) = exp(—igan), (12)

where o, is the corresponding Pauli operator (o,, ¢, or 6,). Applying such rotations in parallel to all N' qubits introduces
N continuous free parameters per layer. Each qubit is independently mapped to a chosen point on its Bloch sphere,
determined by its individual rotation angle and axis. After this layer, the global state becomes a tensor product of N
single-qubit states. A subsequent layer of CNOT gates then entangles the qubits by flipping each target qubit whenever its
control qubit is in state |1). This operation introduces correlations that cannot be expressed as a simple product state. By
repeating these single-qubit rotation and entangling layers one obtains a universal gate set, meaning that any multi-qubit
unitary operation can be approximated to arbitrary precision using only these two types of layers.

In practice, however, the precision of such approximations is constrained by the trainability of the circuits. Increasing
circuit depth or the number of qubits often leads to regions known as barren plateaus, characterized by gradients that
vanish exponentially with system size or depth, as demonstrated by McClean et al. [39]. To avoid these plateaus, one must
use few qubits and use a shallow but expressive circuit that incorporates the symmetries of the problem [40]. Under these
conditions, QCL offers a promising direction for learning an SQC for the BGK operator. We refer to this approximation as
a SQC to emphasize that it does not reproduce the exact BGK collision but instead serves as a low-depth, quantum circuit
approximation of it.

3 | SQC Design

In this section, we present the construction and training framework of the SQC. The circuit is designed and trained to

.. . .. . ~eq ~eq .
map the pre-collision populations f;(x,7) to the post-collision populations f,"(x,7), such that f,"(x,7) closely approxi-
mate the true post-collision populations fl.eq(x, t) computed using the BGK operator. The trainable circuit architecture is
constructed to satisfy the properties of the BGK operator outlined in Section 2.2. This section details the quantum state
encoding procedure, the design of the SQC architecture, the measurement protocol and the training routine.

3.1 | Quantum State Encoding

To encode the pre-collision populations into the quantum state, we use a modified version of the rooted-density encoding
introduced by Schalkers and Moller in [20]. This encoding maps the square root of each population to a corresponding
quantum amplitude and uses a position register and a velocity register to represent the lattice node positions and the
discrete velocity directions, respectively. The quantum state is thus prepared as:

1
|W> = fi(x9 t) |ej> ® |X>7 M = fi(xa t)a (13)
s Z

where the normalization factor \/ﬂ equals the square root of the total mass of the system, obtained by summing all
population f;(x,7) over every lattice site x and discrete velocity direction e;. Since unitary operations preserve vector
norms, the quantum evolution conserves this total mass during both the streaming and collision steps, ensuring mass
conservation throughout the QLBM simulation. The streaming step is a nonlocal operation that can be implemented
as a unitary transformation permuting the position basis states in a manner consistent with the velocity discretization,
without altering the quantum state amplitudes [18, 19].

In contrast, the collision step is purely local, meaning that the BGK operator acts independently and identically at each
lattice site. To mirror this structure, the SQC is designed to act only on the velocity register, thereby enforcing the same
locality principle. As a result, the global collision unitary is block diagonal in the position basis, with each block equal to
the same SQC unitary acting on the velocity subspace of a single lattice site. The SQC is trained on the locally normalized
quantum state of a single site (see Equation (14)), ensuring unit norm within each velocity subspace. When these identical
SQC unitaries are embedded in the global collision operator and applied to the globally normalized state (Equation (13)),
they act independently and identically on each lattice site. Since the relative amplitudes within each local velocity sub-
space are unchanged by the global normalization, the resulting post-collision populations coincide with those obtained
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TABLE1 | Mapping of the nine discrete lattice velocities e; to four-qubit basis states |e;).

Population Discrete velocity Velocity basis state
fi €; le;)
fo (0,0) |0000)
fi (1,0) |0001)
5o (0,1) |0010)
/3 (-1,0) |0100)
Sfa 0, -1) |1000)
Ss (1,1) |0011)
fe (-1,1) |0110)
fa (-1,-1) 11100)
f3 1, -1) |1001)

from the locally trained SQC. Consequently, training on locally normalized states yields consistent predictions under
global normalization and preserves both local and global mass through unitarity. Appendix E provides a formal proof of
this equivalence, supported by a small numerical experiment.

1
) = —— Y VA& Dle) pxn =3 fix0. (14
\/p(x,t)zz' Z

To encode the nine discrete velocity vectors e;, we use four qubits spanning a 16-dimensional Hilbert space. Table 1 shows
the mapping from the discrete velocities e; to the corresponding four-qubit basis states stored in the velocity register. Nine
of these basis states represent the discrete velocities e; of the D,Q, lattice, while the remaining seven are left unoccupied
(initialized with zero amplitude). The SQC acts on the entire Hilbert space and can couple the occupied and unoccupied
basis states, leading to a small transfer of amplitudes into the latter. To reduce this transfer, the circuitis trained using a loss
function that penalizes it, as described in Section 3.4. However, this procedure does not guarantee zero amplitude transfer,
and discarding the amplitudes in the unused states would lead to mass loss at each simulation time step. To address this
issue, after measurement the probability associated with the additional seven basis states is treated as contributing directly
to the f,(x, t) population when computing macroscopic quantities such as density and momentum. Concretely, we assign
them the same discrete velocity as the rest population, e; = (0, 0), so their contribution is effectively absorbed into f,,(x, t)
in the calculations. During a QLBM simulation, any amplitude that transfers into these states is kept at each time step
and not re-initialized to zero, ensuring strict mass conservation. Although other ways of treating these additional states
are possible, this approach performs well in our study.

As already discussed in Section 2.2.1, the D,Q, lattice is invariant under the dihedral group Dg. The eight rotations and
reflections that constitute Dg (see Equation (8)) act by permuting the discrete lattice velocities. Because each velocity is
now represented in Hilbert space by a four qubit basis state, every symmetry element o € Dy is realized on the basis states
by a unitary U, that permutes those qubits exactly as o permutes the velocities. For example, a 90° physical rotation is
implemented as the cyclic permutation of the four qubits by the unitary U,. A physical reflection across a chosen axis
is implemented as a swap of one specific pair of qubits that leaves the other two unchanged by the unitary U,. Figure 2
illustrates this arrangement, where the symmetries of the problem are visualized by placing the four qubits at the vertices
of a square. The square symmetry of the D,Q, lattice is thus replicated in Hilbert space through the square arrangement
of the qubits.

To give a concrete example, consider the discrete velocity (1, 1), which we embed as the basis state |0011). Under a 90°
anti-clockwise rotation, the physical velocity becomes (-1, 1), and embedding it gives |0110). Equivalently, if we start from
|0011) and then cyclically permute the four qubits through the unitary U, that applies the 90° anti-clockwise rotation in the
Hilbert space, we arrive at |0110) directly. In other words, embedding first and then applying the unitary representation
U, of the rotation, gives the same result as performing a physical rotation first and then embedding. A similar analysis
can be made for a reflection operation. This perfect one-to-one correspondence proves that the encoding is equivariant
with respect to the Dg group.
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FIGURE2 | Mapping of lattice symmetries to permutations of qubits in the velocity register: (Center) the original four qubit
basis state |Q;0,0,0,), (left) the reflection induced by U, across the horizontal axis permutes qubits 3 < 1 (leaving 2 and 0 fixed)
giving |0, 0,050,), (right) the 90° anti-clockwise rotation induced by U, cyclically permutes the qubits 0 - 1 — 2 — 3 — 0, giving
10,0,0,0;)-

3.2 | SQC Architecture Construction

To design an SQC architecture expressive enough to approximate the BGK collision operator, we embed the operator’s
equivariances and invariances directly into the circuit design. As discussed in the previous section, mass conservation
follows naturally from our encoding and from the unitarity of the quantum operations. Furthermore, since unitary trans-
formations are linear and homogeneous of degree one, the scale equivariance of the collision operator is inherently
preserved. Momentum conservation is more challenging to impose and is instead encouraged through a penalization
term in the circuit’s loss function, as described in Section 3.4.2. Finally, full Dy equivariance, equivalent to invariance
under conjugation by the group representation, is enforced by requiring that each layer of the SQC satisfy the following
commutation condition:

l@%&@ﬂ@:U&&& Y o € Dy. (15)

Here, Us(gc denotes a generic parametrized layer of the circuit, and U, is the unitary that implements the action of a Dy
symmetry operation in Hilbert space. This relation follows standard formulations of group-equivariant quantum circuits
and quantum neural networks (see, for example, [40, 41]) and forms the basis for enforcing Dy equivariance in our SQC
architecture. To satisfy the condition in Equation (15), the circuit is constructed using single-qubit rotation layers and
two-qubit entangling layers. In principle, more complex multi-qubit entangling operations could also satisfy this require-
ment, but we exclude them here, as the chosen combination of single- and two-qubit layers is sufficient to enforce the
symmetry constraints while maintaining good learning performance. Exploring such multi-qubit entangling schemes

remains an interesting direction for future work.

3.2.1 | Single-Qubit Rotation Layers

The single-qubit rotation layers implement uniform single-qubit rotations that act identically on all four qubits, preserving
the Dy symmetry by construction. Each layer applies a rotation by angle 8 about a fixed axis n € {x, z}:

0 \1*

U, = [exp<—150n>] , (16)
where ¢, = o, or ¢, denotes the Pauli operator acting on a single qubit.! Because the same unitary acts on every qubit,
the unitaries U, (0) and U,(6) commute with all Dy symmetry operations. Consequently, each rotation layer satisfies the
equivariance condition in Equation (15):

U,U,0)U! =U,9), Vo€ Ds. (17)

For notational simplicity, we denote U () and U,(0) simply by X and Z for the remainder of this paper.

3.2.2 | Two-Qubit Entangling Layers

To ensure Dy equivariance in the two-qubit entangling layers, we must identify which entangling gates and qubit
couplings among the four qubits of the SQC preserve the equivariance condition in Equation (15). This requires
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understanding how both the gates and the coupling structure transform under the symmetry operations of the Dg group.
An entangling layer is Dg-equivariant if and only if it commutes with all unitaries representing the group’s symmetry
operations:

UweUl=wy= [[ Wy, Voebs (18)

lijleE

Here, W denotes the layer obtained by applying a two-qubit gate W/; to each coupled qubit pair {i, j} in the set E. Each
unitary U, permutes or swaps the qubit indices in the velocity register according to the corresponding symmetry operation
o, as discussed in Section 3.1. Conjugating W by U, thus relabels the qubit indices in every two-qubit gate:

UWeUl = [ Wotrou» Yo €Dy (19)
{ijl€E

Therefore, the gate originally acting on the qubit pair {i, j} is mapped to one acting on {o(i), 6(j)}. For the equivariance
condition in Equation (18) to hold, the conjugated layer must reproduce the original layer exactly:

I %oiorr= [] Wi» VoeDs (20)

{i,j}EE {ij}EE
This imposes two conditions on the design of the layers:
1. Connectivity invariance: The coupling set E must be invariant under all symmetry operations of the Dg group:
{i,j} € E=> {o(i),0(j))} € E, Vo€ D (21)
This condition means that if a given pair of qubits {i, j} is coupled through a two-qubit gate, then every other pair

of qubits obtained from it by applying any Dy symmetry operation must also be coupled. In other words, all qubit
pairs related by a D operation must appear together in E.

2. Gate uniformity: All two-qubit gates acting on such symmetry related pairs, as defined in the condition above,
must be identical. This means W;; = W for all {i, j} € E. Otherwise a Dy operation could exchange nonidentical
gates and violate Equation (18).

To satisfy the first condition, consider once again the four-qubit system arranged on the vertices of a square with vertex
set V = {0,1,2,3}. The Dg group acts on the set of unordered qubit pairs:

E = {{0,1},{1,2},{2,3},{3,0},{0,2},{1,3}}, (22)
by rotating or reflecting the square and thereby permuting or swapping the vertex labels. This geometric action corre-
sponds to the same Dy symmetry operations discussed earlier in the context of the rooted-density encoding, illustrated in

Figure 2. The Dy action partitions the set of pairs into orbits, where each orbit collects all pairs that can be transformed
into one another by some D operation. Formally, the orbit of a pair {i, j} under the Dy symmetry operations is defined as:

O({i.j}) = {{e().c())} | V 6 € Dg}. (23)

Two pairs belong to the same orbit if a D¢ operation maps one pair onto the other. Under this action, the six possible qubit
couplings in Equation (22) fall into exactly two distinct orbits:

1. The axial orbit consisting of the four nearest-neighbor pairs:
Oaxjalz {{091}9{192}9{293}9{390}} (24)
2. The diagonal orbit consisting of the two opposite-corner pairs:

Odiagz{{o’z}’{1’3}}' (25)
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FIGURE3 | Dg-invariant coupling sets on the square qubit configuration: (Left) axial coupling pattern O, , =
{{0,1},{1,2},{2,3},{3,0}}, corresponding to the nearest-neighbor pairs along the edge of the square; (right) diagonal coupling
pattern Odiag = {{0,2}, {1, 3}}, connecting opposite corners.

To satisfy the connectivity invariance condition in Equation (21), the coupling set E must remain unchanged under all
D, symmetry operations. This means that if one pair {7, j} isincluded in E, then all pairs related to it by any D operation
must also be included. Because each orbit already collects all such symmetry related pairs, any Dg-invariant coupling set
must be composed of entire orbits (never partial ones). Consequently, there are only two distinct Dg-invariant coupling
sets: one formed from the axial orbit O,;,;, and one from the diagonal orbit Og,,. These are visualized in Figure 3. In
our circuit construction, each layer corresponds to one of these invariant coupling sets, an axial layer or a diagonal layer,
ensuring that the connectivity pattern respects the square’s D; symmetry. These layers therefore take the following form:

Woaxial = H VI/U and Wodiag = H I/‘[/lj’ (26)

{i.j} eOalxia\l {i.J }Eodiag

Next, we analyze which two-qubit gates satisfy the gate-uniformity condition and therefore preserve Dg-equivariance
when applied across one of the invariant coupling sets. The commonly used CNOT gate provides a useful counterexample.
For a qubit pair {i, j} the gate takes the following form:

Wi, = Usidr = 1001, ® I; + [1)(1], ® NOT,, 27
which acts asymmetrically on its two tensor factors, using qubit i as the control and j as the target. Applying the unitary
U, that implements the reflection symmetry operation of the Dy group in Hilbert space, by swapping the indices of the
two qubits in the velocity basis states, results in:
=) prt _ prU—0 (i=J)

US UCNOJTUS - UCJNOT ;é UCNOJT' (28)
Therefore, even if identical CNOT gates are placed on every edge of the square to form an axial CNOT layer corresponding
to the invariant coupling set O

axial*

_ @i—))
Woaxial - H UCNOT’ (29)
(1.7} €Oyl

this layer fails to commute with the Dy symmetry operations:

axial O CNOT
{1,/ } €001

Uuw, Ul= T[] v&or™ #W,,,. VoeDs (30)

The asymmetry between control and target qubits breaks the exchange symmetry of each pair, violating the
gate-uniformity condition and hence Equation (18). An axial layer of CNOT gates therefore does not form a Dg-equivariant
entangling layer.
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By contrast, the two-qubit Ising gate, denoted as:
. 0
W, = UlNO) = exp[ 0',”6,”] (31)

where o, ; denotes a Pauli operator (o, or ¢,) acting on qubit i, is symmetric under exchange of its two qubits, since
U,Fj”)(e)) UJ(”)(G) Because the Ising gate depends only on the product of identical single-qubit Pauli operators, it remains
invariant under all D¢ symmetry operations. A full Ising layer composed of such two-qubit gates is written as:

Wi = [ UL®). (32)

{i,j}€E

Under the symmetry operation implemented by U_, the layer transforms as:

U I/VIsmg c H U:(’,))g(n = H U,(]n)(e) = I/VIsing’ Voe DSs (33)

{i,j}eE {i,j}eE

which shows that the layer is fully Dg-equivariant and satisfies the commutation relation in Equation (18). For conve-
nience, we introduce shorthand notation for Ising layers defined on the two invariant coupling sets:

XXA = U, zz*= U2 (0), (34)
{1,/ }€Oaial {1,/ 1 €01
for the axial layers, and
xxP= ] vre. zz°= [ vfo. (35)
{i.j }eodiag {iﬂj}eodiag

for the diagonal layers. The complete SQC architecture is obtained by alternating the single-qubit rotation gate layers
and two-qubit Ising gate layers described above. The exact ordering and number of layers that make up the final SQC
architecture are analyzed in Section 4.

3.3 | Quantum State Measurement

The SQC is trained to evolve the pre-collision quantum state into its corresponding post-collision state. For the
pre-collision quantum state described by Equation (14), the amplitudes take the form a;(x, 1) = 1/ f;(X,1)/p(X, t). Let the
SQC circuit be represented by the unitary operator USQC, defined by its sequence of single-qubit and entangling layers.
The post-collision amplitudes are then given by:

fi(Xst) .
a(xt)—ZUSQCa(XI) Z Usec e j=0,...,15. (36)

Here, UjsiQC denotes the (j, i)th matrix element of the unitary USQe, representing the contribution of the ith pre-collision
amplitude to the jth post-collision amplitude. The indices i and j span the full basis of the velocity register, including the
nine discrete velocities and the seven additional basis states introduced by the quantum encoding.

When we train the SQC, we interpret it as evolving the pre-collision quantum state into a post-collision quantum state,
whose amplitudes encode the predicted post-collision populations f jq(x, 1). These amplitudes can therefore be written
equivalently as:

v, j=0,..,15. (37)

Each amplitude a;(x, 1) is expressed in polar form, since any complex number ¢ = a + ib € C can be written as ¢ = lc|e',
where |c| = V/a? + b* is the magnitude and ¢ = arctan(b/a) the phase. In this representation, the magnitude |a;(x,1)|
encodes the square-root-normalized predicted post-collision population f jq(x, 1), while the phase ¢; arises from the

single-qubit rotation and Ising gates within the SQC layers and reflects interference effects introduced by the quantum cir-
cuit. The significance of these phases for the expressivity of the SQC and for the overall QLBM algorithm will be further
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discussed in Section 5. Furthermore, we introduce seven fictitious populations f’ ;ils(x, 1) that correspond to the addi-
tional seven basis states. As explained in Section 3.1, these fictitious populations essentially contribute to the f gq(x, t) rest
population when computing macroscopic quantities such as mass and momentum.

To recover £ jq(x, 1) from the quantum state, we perform a projective measurement in the computational basis:

fen

< j=o0,..,15, (38)
p(X, 1)

p(x.1) = |a;(x,0)|* =

where p;(x,1) is the probability of measuring the basis state |e;). The post-collision populations are then obtained by
de-normalizing these probabilities:

qu(x, 1 =px,0p;x.1) j=0,..,15. (39)

This establishes a direct correspondence between the populations recovered in physical space through measurement and
the normalized populations encoded in the quantum amplitudes.

3.4 | SQC Training Procedure
3.4.1 | Training Dataset

To ensure that the SQC learns a general representation of the BGK operator rather than biasing toward any single flow
case, we generate a fully synthetic dataset following the procedure introduced in the study of Corbetta et. al [34].2 First, we
uniformly sample density —velocity pairs (p, uw) from p € [0.95,1.05] and |u| € [0, 0.01]. To ensure an isotropic sampling of
velocity directions, for each sampled velocity magnitude |u|, we draw a random angle 6 € [0, 27) and define the velocity
components as:

u, = |ulcosd, u,=|ulsing. (40)

For each training sample, we first compute the equilibrium populations fl.eq.3 To prevent the pre-collision populations
from equaling their equilibrium values and thus making the BGK collision step trivial, we introduce a non-equilibrium
contribution f;"“. The pre-collision populations are then obtained from:

L=+ i=0,....8, (41)
where each fineq is obtained from zero-mean Gaussian samples with standard deviation Oneq € [0, 5 x 10~*], followed
by a moment projection step that enforces zero density and momentum contribution. We then apply the BGK collision
operator (Equation (3)) with a relaxation timescale of = 1, to obtain the ground-truth post-collision populations fieq.
Repeating this procedure N times yields a training dataset {(f;, fieq)fg:0 } r’:’: 51. Seven additional fictitious populations are
appended to each sample to match the 16-dimensional structure of the quantum state encoding (see Section 3.1). These
extra pre-collision and post-collision values are set to zero, ensuring that the SQC learns to avoid transferring amplitude
into the corresponding basis states during training. The final dataset thus takes the form {(f;, fieq)}zso }f:’: 51. A complete
summary of the parameter settings used for the data-generation, together with a visualization of the resulting dataset, is
provided in Appendix A.

The parameter choices used for dataset generation warrant further explanation. The density range was set to p €
[0.95,1.05] in accordance with the weakly compressible assumption of LBM. In standard LBM formulations, a reference
density p, = 1 is used, and only small perturbations p = p, + 6p with |6p| < 1 are allowed. Such small variations ensure
that the pressure p = c¢?p remains nearly linear in p and that compressibility effects are negligible. Limiting density fluc-
tuations to within +5% corresponds to low-Mach number flows (Ma = U /¢, < 0.1), for which LBM reduces, to leading
order, to the incompressible Navier-Stokes equations.

Next, we discuss the choice made for the velocity range. In LBM, the effective nonlinearity of the collision process is
governed by the Mach number rather than the Re [42]. This decoupling is one of the main advantages of LBM and is
particularly relevant for quantum implementations, where reproducing nonlinear dynamics remains a major challenge.
In the Navier -Stokes equations, the nonlinear advection term scales with the Re, so high-Re flows become intrinsically
more nonlinear and therefore more difficult to simulate. In contrast, in LBM the degree of nonlinearity increases with the
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Mach number. While higher lattice velocities strengthen nonlinear effects, the low-Mach number constraint keeps these
velocities small. It is worth emphasizing that these lattice velocities correspond to much larger dimensional velocities
once rescaled, such that the low-Mach number requirement does not restrict the physical Re number regime that can be
represented.

Training the SQC over the full velocity range typically used in LBM would require sampling |u| € [0, 0.1]. Near the upper
end of this interval, however, the equilibrium populations become strongly nonlinear, making the BGK relaxation con-
siderably more difficult for the SQC to reproduce accurately. This is because, while the SQC can partially capture the
nonlinearity of the relaxation, it cannot fully reproduce it as explained further in Section 5. To avoid this strongly nonlin-
ear regime, we restrict the training data to the smaller velocity range |u| € [0, 0.01]. Within this interval, the flow remains
only weakly nonlinear and the circuit can learn the relaxation dynamics more effectively.

This also motivates the choice made for the standard deviation range o, € [0,5 X 1074] used when generating the
non-equilibrium component fineq. The range is chosen to keep the system close to equilibrium and avoid strongly
out-of-equilibrium states, which are difficult for the SQC to learn because the associated relaxation becomes strongly
nonlinear and requires much higher effective dissipation. Empirically, these parameter settings provided the most stable
and accurate training conditions.

Since we fix ¢ = 1, which in turn fixes the lattice viscosity, and the velocity range is constrained by the low-Mach number
condition, the only remaining way to increase the Re is by refining the spatial discretization. This refinement increases the
total number of lattice sites. For LBM simulations executed on classical hardware, the total computational cost scales lin-
early with both the number of lattice sites N and the number of discrete velocity directions Q, resulting in a computational
complexity of O(NN Q). In contrast, the rooted-density encoding described in Equation (13) provides an exponential com-
pression of the state representation. The position and velocity registers jointly encode the spatial and velocity information
of all lattice populations within a single quantum state. Since the position and velocity registers require only [log, N|
and [log, O] qubits respectively, the total number of qubits scales as O(log, N + log, Q). This encoding thus achieves
exponential compression in memory requirements, embedding the entire lattice configuration within a single quantum
superposition. The resulting superposition allows unitaries implementing the streaming and collision steps to act coher-
ently across all sites and directions, offering a new intrinsic type of parallelism not present in classical implementations.
Therefore, while fixing = = 1 imposes a major constraint on classical LBM simulations, a quantum implementation can
exploit the exponential compression of the lattice state to overcome this limitation.

3.4.2 | Training Conditions

The SQC is trained on classical hardware using standard mini-batch gradient descent. We emphasize that every aspect
of training, including all gradient evaluations, is performed entirely on classical processors and thus avoids the extra cost
of running the optimization loop on a quantum computer. Training is performed in batches of size B = 5. This batch
size allows training to proceed in mini-batches while keeping the compilation cost of training the circuit within practical
limits.

The loss function used for training is a mean-squared error (MSE) loss between the SQC’s predicted post-collision pop-
ulations f ?q and the reference populations fieq from the BGK operator, including the seven fictitious populations. By
incorporating these additional populations in the loss, the SQC is explicitly penalized for transferring amplitude into
basis states that should remain unoccupied. Formally, the MSE is defined as:

B-10+6

_ cab) _ pea (b)
MSE = (Q+7)B§Z<fq ) (42)

where Q = 9 is the number of discrete velocities in the D,Q, lattice.

For each training run, we compute an accuracy metric that measures the fraction of post-collision population predictions

falling within a prescribed error tolerance. Let N be the number of samples in the test (or validation) set, and for each

peq,(n)

sample n and population index i let fieq’(") nd f denote the true and predicted values, respectively. We declare a

prediction accurate whenever
eq,(n) 2eq,(n)
f i - f i <g,

1

14 of 40 International Journal for Numerical Methods in Engineering, 2026

85L8017 SUOWWOD BA 81D 3|ded||dde ayy Aq peusenob afe sspoiie YO ‘@SN JO S8 1o} Akeiqi 8U|UO AB]1/\ UO (SUOTPUOD-PUB-SLUIBYWI0D" A 1M ARe.q)1)BUI|UO//SARY) SUORIPUOD Pue SWIB | 84} 88S *[9202/20/02] Uo Areiqiauliuo A8 |1M ‘HeA N1 Aq 9820L 8WU/Z00T OT/I0p/Wod A8 | 1M Arelq 1 Bul|uo//SdnY Wwolj papeojumod ‘7 ‘920 ‘2020260T



where the tolerance is chosen as € = 107>, Using the indicator function

| ~eq,(n) 1, if the prediction error is below ¢,
L - 7 < e} = ,
0, otherwise.

the average accuracy for population i is simply the fraction of samples whose prediction is accurate within the given
tolerance:

(Accuracy(f,)) = Zl{|feq(”) eq( )| < e}, i=0,...,15.

Since momentum conservation cannot be enforced exactly via the quantum state encoding or the circuit architecture, we
add a penalty term to the MSE loss function that quantifies deviations from the exact conservation. For each batch sample
b we compute the true momenta:

15 15
(b (b
pib) — Zfieq( ) e p(yb) — Zfieq( ) e, (43)
i=0 i=0
and the predicted momenta
15 15
A 2eq,(b) A 2eq,(b)
pi) = Zfl ei,x’ p;) = Zf’ ei’y. (44)
i=0 i=0

The momentum penalty loss is then defined as:

B—

—

1 ® _ 50) ® _ x»\
Ln=3 [ +<py —py> : (45)

b=0

The final loss function combines these terms:
L=MSE+a L, (46)

where «a is a regularization weight that increases the relative strength of the momentum penalty over the training itera-
tions. A schematic of the complete training loop is given in Figure 4.

Repeating Parametrized SQC Architecture

Encoding , -~~~ """ ooooToommmmmmmmmmmmmmnm Measurement
: 5 - A
T w [
: 5
’ A RG)R.(6) _@
........................................... f

=
Lo,’oia(‘mmﬂm) < i

Classical Gradient Descent

fi

FIGURE4 | End-to-end training loop for the SQC. The pre-collision populations f; are first encoded into the quantum state. The
. .. . .. .. aeq .

SQC then acts on this state to generate the post-collision state, from which the post-collision predictions f " are obtained after measure-

ment in the computational basis. These predictions are evaluated using the combined loss L = MSE + a L,,, and the circuit parameters

0, are updated via classical gradient descent.
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4 | Training Results

In this section, we perform several experiments to determine the optimal circuit architecture for the SQC and its best
training configuration. Section 4.1 compares several architecture designs to determine which arrangement of single-qubit
rotation layers and two-qubit Ising entangling layers results in the most accurate SQC for the BGK operator. Building on
these findings, Section 4.2 presents a circuit depth analysis that quantifies the balance between collision accuracy and
total gate count. In Section 4.3, we investigate whether including a momentum penalty in the loss function guides the
training towards learning an SQC that better conserves momentum. A complete list of the fixed training parameters used
in the above sections is provided in Appendix Sections B-D, summarized in Tables A1-A4. Finally, Section 4.4 specifies
the SQC architecture and training parameters that we use to benchmark the SQC on the LBM test cases in Section 6.

4.1 | Optimal Circuit Architecture

The number of possible SQC architectures is too large to explore exhaustively, therefore we focus on designs built from
identical blocks that consist of two successive single-qubit rotation layers (X and Z), and either one or two successive
Ising entangling layers drawn from { X X4, X XP, ZZ4, ZZP}. Since X and Z do not commute, the order of the rotation
layers matters. We therefore evaluate each design in both orders, X — Z and Z — X. When two Ising entangling layers
are included, only the pairs (X X4, ZZP)and (X X P, Z Z*) fail to commute. In total, combining the two possible rotation
orders with the four available Ising entangling layers and accounting for the two non-commuting entangler pairs, each
of which must be tested in both possible sequences, results in 24 distinct circuit blocks for constructing the SQC.

Each architecture is configured to have the same total number of trainable parameters. If one circuit has more free param-
eters than another, any observed performance gain might simply result from its greater number of degrees of freedom
rather than from its specific gate arrangement. To enforce an equal number of parameters, circuits with a single Ising
entangling layer use seven repeating blocks, while those with two Ising entangling layers use five blocks plus an addi-
tional single-qubit rotation layer at the end. That extra rotation layer restores the missing degree of freedom so that every
design, regardless of its Ising entangling layer count, maintains an identical learning capacity.

For each architecture, we perform three independent training runs and report the average test-set MSE loss (excluding
momentum penalization), along with the average test-set accuracy for the following three predicted post-collision pop-
ulation groups: the rest population f’ Zq, the averaged axial populations (f i‘i 4+)» and the averaged diagonal populations
(f ?is)' Figure 5 shows, for each Ising entangling layer configuration, the lower of the two MSE losses obtained under the
X — Z or Z — X rotation orders, arranged from highest loss on the left to lowest loss on the right. Figure 6 displays,
for the same configurations, the higher of the two test-set accuracies obtained for each of the three population groups
under both rotation orders. The configurations are arranged from left to right in order of increasing combined accuracy.
The best performing architecture is the one in which the repeating blocks follow the sequence {X, Z, X X4, ZZP}. It
achieves both the lowest average test-set MSE and the highest combined accuracy across the three population groups. We

mm X-Z
107
g
[m
%2
=
107¢ -
» » » o 0 o 0 o » o
(R | N R R N (A N 14
g e v o o ) » »
4 & g + 2
Entangling Layer(s)
FIGURE5 | Average test-set MSE loss for each Ising entangling layer configuration, showing only the rotation order variant (X —
Z or Z — X) that achieved the lowest loss.
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FIGURE6 | Average test-set accuracy for the predicted post-collision rest population f Zq, the averaged axial populations (f ii 4
and the averaged diagonal populations {f :‘18), obtained for each Ising entangling layer configuration. Shown is only the rotation order
variant (X — Z or Z — X) that achieved the highest accuracy.

therefore select this SQC architecture for all subsequent training experiments. For reference, this architecture is exactly
the one shown in the training loop in Figure 4.

Across all analyzed architectures, a clear trade-off exists between the accuracy attainable for the post-collision population
f gq and that for the axial and diagonal populations. This behavior can be understood from the analytical form of the
rest equilibrium distribution fgq. Since its associated discrete lattice velocity is e, = (0, 0), its equilibrium distribution is
given by:

(47)

-2

2c?
N

This functional form differs fundamentally from those of the axial and diagonal equilibria, implying that the circuit must
learn two distinct functional relationships. First, foe 9 lacks both the linear term in the velocity (e; - u) and the directional
quadratic term (e, - u)?, that appear in the equilibria of the other populations (see Equation (5)). Second, foe 4 depends only
on the magnitude of the velocity and not on its direction, whereas the other equilibria vary with directional projections
through the inner products (e; - u). Therefore, f; 4isisotropic since its value remains the same for all flow directions, while
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the axial and diagonal equilibria are anisotropic, showing direction-dependent behavior. The circuit must therefore repre-
sent two qualitatively different behaviors: an isotropic quadratic dependence for fg 4, and directionally varying responses
for the axial and diagonal equilibria. Because the latter constitute the majority of the lattice directions, achieving high
accuracy for these anisotropic equilibria provides a more representative measure of the circuit’s overall predictive capa-
bility than optimizing solely for fg 9. The chosen SQC architecture ({ X, Z, X X4, Z ZP}) attains the best overall accuracy
when this weighting toward the axial and diagonal equilibria is taken into account.

Architectures with two Ising entangling layers generally outperform those with a single layer, particularly when the layers
differ in orientation (one axial and one diagonal) and in type (one X X and one Z Z). Combining different Ising entangling
layers in this way, allows these circuits to correlate amplitudes across basis states more effectively and to explore a larger
portion of Hilbert space via rotations about multiple axes. Several architectures that achieve high population accuracies,
such as those relying on the entangling layer configurations X X4, ZZ? — X X4 and XX4 — ZZ4, do so at the cost of
larger MSE losses. Recall that the MSE loss is computed over all 16 basis states (see Equation (42)), including those with
zero target amplitudes. An architecture can lead to misleading results by transferring amplitude to the seven basis states
which should remain unoccupied. This inflates the accuracies of the other nine basis states while penalizing the MSE
loss. Our chosen SQC architecture avoids this trade-off entirely, resulting in both a low MSE loss and high population
accuracies.

4.2 | Circuit Depth Analysis

To evaluate how the SQC performance varies with circuit depth, we build SQC circuits with 5, 15, and 25 repeating blocks
based on the best architecture design ({ X, Z, X X4, Z Z?}) identified in the previous section. For each circuit depth we
conduct three independent training runs. Figure 7a shows the validation-set MSE loss as a function of the training step,
with values averaged over all runs. Figure 7b presents the corresponding test-set accuracy for all nine populations, also
averaged across runs.

These results confirm that increasing circuit depth reduces the validation-set MSE loss and improves the average test-set
accuracy across all nine post-collision populations. The final MSE loss decreases from 2.1 x 1073 for 5 blocks to 1.7 x 10710
for 15 blocks, while a further increase to 25 blocks results only in a slight reduction to 8.9 x 1071, The mean accuracy
across all nine populations rises sharply from 0.13 for 5 blocks to 0.80 for 15 blocks, with a modest gain to 0.83 for 25
blocks. The improvement from 5 to 15 blocks is therefore much larger than that from 15 to 25, indicating that the circuit’s
expressivity effectively saturates beyond this depth.

During training, the gradient norms decreased as the MSE loss approached its minimum. For 5 blocks, they typically
fluctuated around 1 x 10~ and reached minima near 1 x 10~%, while for 15 and 25 blocks they fluctuated around 1 x 107°
with minima close to 1 x 1077, This moderate decrease with depth indicates that parameter updates become smaller as
the circuit depth increases. However, the gradient norms remain well above the level associated with barren plateaus. The
slower improvement beyond 15 blocks is therefore primarily due to the limited increase in circuit expressivity rather than
the onset of barren plateaus. Beyond this depth, adding more layers does not significantly enhance the circuit’s ability to

‘ —— 5 blocks 0.8
\ 15 blocks 5
----- 25 blocks 0.6
\ 15
el 0.4
1079
0 25 1% % K & * & * K & 0.2
10—11

,_‘
o
&

,d
o
&
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(MSE)vaIidation
b=
4
(Accuracy test

0.0 0.5 1.0 1.5 2.0 123456789
Training Step (x10°) Population Index
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FIGURE 7 | Training results for SQC circuit depth experiments. (a) Average validation-set MSE loss versus training step for the
different circuit depths. (b) Average test-set population accuracy for different circuit depths. A star marks the highest accuracy attained
across all depths.
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reproduce the dynamics of the BGK operator, as it cannot fully approximate the quadratic nonlinearity of the equilibrium
distribution (further discussed in Section 5).

The SQC gate set {X, Z, X X4, ZZP} includes gates that are not all native to current quantum hardware. To obtain
a realistic estimate of the actual circuit depth, we compiled the 15-block and 25-block SQC circuits into their corre-
sponding unitary matrices and subsequently transpiled these unitaries using Qiskit’s transpiler [43] into the native
gate set of IBM’s Heron quantum processor. This native gate set is {RZ,SX,CZ}, where CZ is the only two-qubit
gate [44]. Transpilation was performed at Qiskit’s highest optimization level, assuming full all-to-all qubit connectiv-
ity. This setting allows the compiler to merge and cancel redundant rotations across layers, resulting in a globally
optimized estimate of the native gate counts. The 25-block circuit transpiles to 733 native gates, while the 15-block
circuit requires 724, meaning that the total native gate count increases by only about 1.2% despite adding ten addi-
tional blocks. In both cases, the number of two-qubit CZ gates is 95. The nearly identical native gate count indicates
that, once compiled into a full unitary, the transpiler no longer distinguishes between the nominal circuit depths. The
decomposition cost depends primarily on the algebraic complexity of the overall unitary rather than on the number
of layers used to construct it. Thus, increasing the number of blocks does not necessarily result in a more complex
unitary.

Although the 25-block circuit attains slightly lower MSE losses during training, the 15-block circuit already achieves
comparably low values and high population accuracies. Because training becomes increasingly expensive with cir-
cuit depth, the shorter circuit is preferable for testing different configurations and conducting detailed analyses.
For these reasons, the 15-block circuit is used for all subsequent training experiments and simulations presented
in Section 6.

43 | Momentum Loss Penalization

To evaluate whether the penalty term in the loss function (see Equation (46)) helps the SQC learn to better conserve
momentum during training, we perform a series of experiments with the penalty enabled. Starting from an initial regu-
larization weight @ = 10~#, we increase « every 10,000 iterations as follows: in Experiment 1 up to « = 0.25, in Experiment
2 up to a = 0.5, in Experiment 3 up to a = 1.0.

We conduct three independent training runs for each experiment. Figure 8a and b shows the average validation-set MSE
loss and the average test-set population accuracy, respectively, each computed over the three runs. For comparison, both
plots include the 15-block SQC trained without a momentum conservation penalty (¢ = 0) as a baseline. As we increase
the penalty weight from @ = 0 to @ = 0.5, the validation-set MSE loss shows a modest decrease during training, while the
test-set accuracy remains essentially unchanged or improves slightly in populations f Zq and f ;‘i 4 Over the same range,
the average relative momentum loss on the test-set drops from 0.0028 at « = 0 to 0.0021 at « = 0.5, as shown in Table 2.
Raising a further to 1.0 continues to lower the momentum loss to 0.0019, but at the cost of increased validation-set MSE

\ — a=0

10734 —=: a=0.2 o
s | 5
= i —- a=0.5 o =
210-5 ‘. ..... a=1 = b
© ] ©
c. |\ = S
0 1077 A 3 S

1079 Y

00 05 1.0 15 20 0123456178
Training Step (x10°) Population Index
(a) (b)
FIGURE 8 | Training results for momentum penalty loss experiments. (a) Average validation-set MSE loss versus training step for

different regularization weights a. (b) Average test-set population accuracy for different regularization weights a. Star indicates the
highest accuracy across all experiments.
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TABLE2 | Average test-set relative momentum loss for different regularization weights a.
a Average relative momentum loss
0.0 0.0028
0.2 0.0027
0.5 0.0021
1.0 0.0019

TABLE 3 | Best-performing SQC training configuration.

Training configuration Setting
Architecture (X,Z,XXA,ZZP)
Number of blocks 15
Optimizer JAX gradient descent
Learning rate 0.05
Training iterations 750,000

Batch size (B) 5
Momentum conservation penalty ON
Regularization weight («) 0.5
Parameter initialization (9) Uniform on [—r, 7]

loss and reduced accuracy across all populations. This result indicates that a penalty weight of 1.0 overconstrains the learn-
ing process. Although the SQC trained without the penalty term (« = 0) achieves the highest overall accuracy for most
populations (f° iq and f :(18), the configuration with a = 0.5 offers the best balance, improving momentum conservation
with only a minimal impact on accuracy.

4.4 | Optimal Training Conditions

Based on the experiments conducted throughout this section, we can now specify the best-performing training configu-
ration and architecture for the SQC. These are summarized in Table 3.

5 | Emergence of Nonlinearity and Dissipation in the SQC Framework

In this section, we show that the SQC framework, which combines the rooted-density encoding, the SQC itself, and mea-
surement in the computational basis, can approximate more than a purely linearized relaxation towards equilibrium, even
though the circuit’s evolution is strictly unitary and therefore linear in Hilbert space. More specifically, we demonstrate
that this framework can partially capture the nonlinear and dissipative behavior of the BGK operator. The nonlinearity
arises from the nonlinear mapping between the classical populations and the quantum amplitudes that encode them,
together with the measurement step that converts those amplitudes back into populations in physical space. The appar-
ent dissipation originates from the same measurement process, which collapses the quantum state and thereby induces
an irreversible relaxation toward equilibrium in physical space. In the remainder of this section, we explicitly derive these
effects and discuss their implications for extending the framework to avoid measurement and re-initialization at every
time step when applied within a QLBM algorithm.

5.1 | Nonlinear Relaxation Towards Equilibrium
To evaluate the SQC framework’s ability to reproduce the nonlinear relaxation behavior of the BGK operator, we test the

trained SQC on a new synthetic dataset generated according to the procedure described in Section 3.4, using the optimal
training configuration summarized in Section 4.4. The evaluation spans the full velocity magnitude range |u| € [0,0.1]
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usually encountered in LBM simulations. The velocity components* are defined as u, = |u| cos(9) and u, = |u|sin(0),
with 6 = = /4.

Each pre-collision population f; in the synthetic dataset is generated with a fixed density p = 1 and includes a small
non-equilibrium perturbation drawn from a zero-mean Gaussian distribution with standard deviation ¢,,.q = 5 X 1074,
For each velocity magnitude in the range |u| € [0,0.1], we compute three sets of post-collision populations: the nonlin-
ear equilibrium populations f[eq defined by Equation (5), the predicted populations f’ fq obtained from the SQC, and a
linearized reference fl.““ obtained by truncating the LBM equilibrium to first order in the velocity u, thereby removing al

quadratic nonlinear terms:
s, o1+ 228 0,8 48
;= w; p + 2 R 1=0,...,0. ( )

s

Figure 9 compares the three sets of post-collision populations over the velocity magnitude range |u| € [0, 0.1]. Unlike the
linearized equilibrium, both the nonlinear equilibrium and the SQC results show clear curvature, indicating a nonlinear
dependence on u. The SQC predictions follow the nonlinear equilibrium closely across the entire velocity range, accu-
rately reproducing both the curvature and the relative scaling between populations. The different shapes of the population
profiles come from how the discrete velocities in the D,Q, lattice are oriented relative to the diagonal flow direction at
0 =r/4

Population f; and f; are associated with the discrete velocity vectors e, = (—1,1) and eg = (1, —1) respectively, which
are perpendicular to the flow direction at # = z /4. This means that the linear and quadratic terms (e; - u) and (e, - u)?
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FIGUREY9 | Comparison of post-collision population profiles obtained from the nonlinear LBM equilibrium f,.eq, the SQC predic-
tions f fq, and the linearized equilibrium fl.“" for velocity magnitudes in the range |u| € [0,0.1].
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are both equal to zero in their respective equilibrium distributions. Consequently, their equilibrium distributions depend
only on the purely quadratic term (u - u). This explains why the curvature of their corresponding post-collision values
appears more pronounced in the figure. A similar argument holds for the f,, population, whose equilibrium distribution
also depends only on the quadratic term (u - w), since the other two terms vanish due to its discrete lattice velocity vector
being e, = (0, 0). Populations f; and f, have discrete velocity vectors e; = (1,1) and e, = (-1, —1), which are aligned and
anti-aligned, respectively, with the flow direction at & = x /4. Therefore, their equilibria include contributions from both
the linear and quadratic terms, resulting in less curved profiles in the figure. Finally, for a flow direction at 6 = 7 /4 the
axial populations have relatively large and symmetric projections on u, such that their equilibria are dominated by the
linear term (e; - u) and their post-collision populations have nearly linear profiles.

Altogether, these results confirm that although the SQC itself implements a unitary and therefore linear evolution, the
overall SQC framework can partially reproduce the nonlinear relaxation behavior of the BGK operator.

5.2 | Origin of Nonlinearity and Dissipation in the SQC Framework

In this section we analyze in detail how the SQC framework can partially reproduce the nonlinear and dissipative relax-
ation behavior of the BGK operator. At first glance this behavior appears counterintuitive. The SQC performs a unitary
and therefore linear transformation in Hilbert space, yet the resulting mapping between pre- and post-collision popula-
tions shows a partially nonlinear dependence, as demonstrated in the previous section. This apparent contradiction can
be understood by noting that the nonlinearity does not arise from the unitary evolution itself, but from how the classi-
cal populations are connected to the quantum state through the encoding and measurement steps. The rooted-density
encoding and the measurement in the computational basis are both nonlinear operations that link the classical and
quantum descriptions. The encoding introduces a nonlinear relationship between the classical populations and the
amplitudes of the quantum state, while the measurement converts the evolved amplitudes back into populations in
physical space. This measurement step also breaks unitarity by collapsing the quantum state, introducing an effective
relaxation process that mimics the dissipation of the BGK operator. Together, these elements preserve the linearity of
the circuit evolution while giving rise to the effective nonlinearity and apparent dissipation observed in the measured
outputs.

To make this precise, we start by examining the rooted-density encoding, which maps the classical populations in physical
space into the amplitudes of the quantum state:

15 15

1

ly) = —=) VSfix.Dle), px.1=) fi(X1). (49)
Vo, 1) Z:? Z:?

Here, only the first nine populations are nonzero, so the remaining seven amplitudes (i = 9, ..., 15) are initialized to zero.
The amplitude associated with each velocity basis state is therefore a,(x, 1) = 1/ f;(X,#)/p(x, 7). These amplitudes depend
nonlinearly on the classical populations through the square-root mapping f;(x,t) = 4/ f;(x, ). This nonlinearity is con-
fined to the encoding stage, after which the quantum state evolves linearly under the SQC and produces the post-collision

amplitudes:
15
_ sqc [ Jix,1)
a;(x,1)= ) U D)
i=0 ’

=0,...,15. (50)

As shown in Section 3.3, we can also express these amplitudes in the following form:

j=0,...,15. (51)

Finally, the measurement in the computational basis defines a nonlinear mapping between the populations f jq(x, 1)
present in the quantum state and their classical counterparts in physical space. According to the measurement procedure
described in Section 3.3, Equations (38) and (39) together define:

fi@n = pxnla;@ P, j=0.....15, (52)
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which makes the nonlinearity explicit, since the measured populations are obtained from the squared magnitudes of the
amplitudes. Substituting Equation (50) into Equation (52), we obtain:

2
15

90,1 = plox, 1| P UseC, [ LX)
i=0

p(X,1)
15 15
(X, 1 X,
= p(x, 0| D URC Jixn DUy S0 , j=0,..,15. (53)
= ) = p(X, 1)
Here, (UJ.S]?C)* denotes the complex conjugate of the matrix element UJ.SI?C. We now separate the diagonal terms (i = k)

from the off-diagonal terms (i # k):

15
Flen = YIUSCP i
i=0

15 15

+ Y P URUS) VAN, j=0.....15. (54)

i=0 k=0
k#i

Since f jq(x, 1) represent post-collision populations which are by definition real quantities, it is convenient to symmetrize
the off-diagonal sum:

15
Flen = YIUSEP £
i=0

—_—
linear
15 k-1
+ 2229{<U;QC(UJ.S]?C)*)\/f,.(x, nf.x0, j=0,..,15. (55)
k=1 i=0

nonlinear
Here, R(-) denotes the real part of a complex number. The final expression in Equation (55) contains two distinct con-
tributions. The first is a linear redistribution term, in which each pre-collision population f;(x,) contributes linearly
to the post-collision population f jq(x, 1), with weights given by the squared magnitudes of the unitary matrix elements.
The second, nonlinear term represents interference between populations f;(x, ) and f,(x,?), as it depends on the prod-
uct 4/ f;(x, 1) f,(x, ). This interference is controlled by the relative phase between the matrix elements UJ.SiQC and (UJSI?C)*,

which determines whether the contribution to jq(x, t) is constructive or destructive.

The structure of Equation (55) closely mirrors that of the nonlinear LBM equilibrium in Equation (5), which also
combines linear and nonlinear terms. The difference lies in the mathematical form of the nonlinear coupling. In the
LBM equilibrium, the quadratic dependence on velocity generates terms proportional to f,(x, ) f,(X,?), whereas in the
SQC-derived expression the coupling enters through 1/ f;(x, ) f,.(%, t). This square-root dependence arises directly from
the rooted-density encoding. This is why the SQC predictions shown in Figure 9 reproduce the same qualitative nonlinear
behavior as the LBM equilibrium, but not its exact functional form.

Furthermore, the measurement step acts as an effective dissipative process. Projecting the post-collision quantum ampli-
tudes onto the classical populations in physical space is inherently non-unitary, as it collapses the superposed ampli-
tudes into definite outcomes. This collapse leads to an apparent relaxation of the measured populations toward an
equilibrium-like distribution as shown in Equation (55). The effect is analogous to the dissipative action of the BGK
collision operator, which irreversibly drives the system toward the local equilibrium.

The SQC framework therefore shows that a strictly linear quantum evolution can give rise to both effective nonlinearity
and dissipation in the measured classical populations. The nonlinear encoding and measurement mappings, together
with phase-dependent interference between amplitudes, generate the observed nonlinear dependence in physical space,
while the projection inherent to measurement introduces the effective dissipation associated with relaxation toward equi-
librium. As a result, the SQC framework reproduces the essential features of the BGK collision process, even though the
underlying circuit evolution remains strictly unitary.
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5.3 | Multi-Time Step Extension

As shown in the previous section, the rooted-density encoding, together with the unitary evolution implemented by the
SQC and the measurement in the computational basis, produces an effective nonlinearity and dissipation in physical
space that partially reproduces the relaxation toward the LBM equilibrium. It is important to clarify what this means for
a multi-time step QLBM simulation, in particular when we want to avoid measurement and re-initialization after every
time step. If Equation (51) is substituted into Equation (52), the following relation is obtained:

2
Fed X, 1)
@0 = px.1) \/ £ ¢ v, j=0,..,15 (56)
/ p(X,1)

where the left-hand side represents the measured post-collision populations in physical space, while the right-hand side
represents the same quantities encoded in the quantum state. Equation (56) shows that these two quantities are identical.
The post-collision populations in physical space are precisely those already contained in the quantum state before mea-
surement. Measurement therefore simply retrieves the post-collision populations from the amplitudes of the quantum
state. If we were to measure and immediately re-encode, we would recover the same quantum state as before measure-
ment, up to the relative phases.

This equivalence explains why measurement may not be required after every time step. The nonlinear and dissipative
relaxation that appears in physical space is not a separate process applied after each collision. It is the classical descrip-
tion of a unitary transformation that has already taken place in Hilbert space. The SQC evolves the encoded amplitudes
coherently, and the apparent relaxation arises only when these amplitudes are interpreted as populations through the
nonlinear mapping defined by the encoding and measurement. From this perspective, the same evolution can be viewed
in two complementary ways. In Hilbert space, it is a strictly linear and unitary transformation of amplitudes. In physical
space, it appears as a nonlinear and dissipative relaxation of populations toward equilibrium. The effective dissipation and
nonlinearity are therefore properties of the mapping between the two descriptions and not of the underlying quantum
evolution.

The subsequent streaming operation simply permutes the basis states and therefore leaves the amplitudes unchanged. It
does not alter their magnitudes or relative phases, but only reassigns them across lattice sites according to their discrete
velocities [19]. As a result, the overall unitary evolution of the circuit remains intact, and it is reasonable to hypothesize
that multiple time steps could be carried out coherently, with measurement performed only at the end of the simulation.
However, it must still be shown explicitly that the combined application of the SQC and streaming over several coherent
time steps can reproduce the same form of nonlinear relaxation that the BGK operator produces when coupled with
streaming in the classical setting. An additional consideration concerns the introduction of relative phases. As discussed
in the previous section, these phases play an important role because they expand the range of interference patterns the
SQC can represent and thereby tune the effective nonlinearity it can model.

If, at the next time step, the input state to the SQC already contains relative phases, the circuit’s predictions will change
significantly. The SQC was trained only on real amplitudes, so additional phases in the inputs modify the interference pat-
terns it has learned to reproduce. Extending the framework to a measurement-free, fully coherent evolution over multiple
time steps would therefore require either a circuit capable of handling complex amplitudes or one that remains entirely
real and prevents the introduction of phases. A purely real circuit, however, would lose the interference capability of the
current SQC and would need to be designed to recover the missing degrees of expressivity. Designing such circuits lies
outside the scope of the present study. What is demonstrated here is that by constructing a framework that reproduces
nonlinearity and apparent dissipation in physical space while maintaining strictly unitary evolution in Hilbert space, it
is possible to realize a low-depth circuit that provides a good approximation of the BGK operator.

6 | SQC Evaluation

In this section, we compare the collision predictions obtained using the SQC with those from the BGK operator for the
Taylor-Green vortex decay case in Section 6.1 and the lid-driven cavity flow case in Section 6.2. For simulations that
use the SQC to predict collisions, the streaming and boundary conditions are handled classically, while the collision step
at each grid point is performed by the SQC. Both flow cases are simulated at Reynolds numbers Re = 10 and Re = 50,
using a characteristic velocity of U = 0.05. This velocity is significantly higher than those encountered during training,
allowing us to evaluate the SQC’s ability to extrapolate and accurately predict collisions when nonlinear terms in the LBM
equilibrium distribution become dominant. All flow variables in this section are expressed in lattice units.
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6.1 | Taylor-Green Vortex Decay

The Taylor-Green vortex decay case models the decay of perfectly symmetric counter-rotating vortices in a fully peri-
odic domain. In LBM the streaming step simply propagates populations between neighboring lattice nodes, introducing
no physical dissipation. Vortex decay is therefore driven entirely by the collision process, which relaxes populations
toward the local equilibrium and, in so doing, injects exactly the viscous dissipation that gives rise to the Navier-Stokes
viscous-stress tensor in the continuum limit. Without a properly formulated collision step, the flow remains effectively
inviscid and the vortices never decay. For each Re (Re = 10 and 50), we run two simulations on a two-dimensional periodic
square domain with sides of length L. Specifically, we use L = 34 for Re=10and L = 168 for Re =50 and set Ax = Ar = 1.
In one simulation, the collision step is carried out using the classical BGK operator, while in the other the SQC is used.
Both simulations are initialized with a uniform density p = 1 and the velocity field:

u,(x, y) = uy sin(k,x) cos(k,y),

u,(x, y) = —ug cos(k,x) sin(k, y), (57)

where the initial velocity amplitude is 4, = 0.05 and wave-numbers are k, = 2z/L, k, = 2z /L. Each simulation is run
up to a non-dimensional time * = 0.1, defined as * = tu, /L.

The velocity magnitude fields obtained at #* = 0.1 for the two SQC simulations at Re = 10 and Re = 50 are shown in
Figure 10a and b, respectively. The SQC preserves the symmetry of the vortices throughout their decay process due to

0.04
0.020
0.03
0.015
= =
0.010 0.02
0.005 0.01
0.000 0.00
1.0 0.00030 0.00090
0.8 0.00024 0.00075
0.6 — 0.00060 ___
' 0.00018 —— _
i i 0.00045 i
0.4 0.00012 —— ~
0.00030
0.2 0.00006 0.00015
0'%.0 0.2 0.4 0.6 0.8 1.0 0.00000 0.0 0.2 0.4 0.6 0.8 1.0 0.00000
z/L x/L
(c) (d)
FIGURE 10 | Comparison of velocity magnitude fields and streamlines obtained from the SQC simulation with the corresponding

absolute error fields in velocity magnitude between the SQC and BGK simulations for the Taylor - Green vortex decay case at t* = 0.1, for
Re =10 and Re = 50. (a) Velocity magnitude field, |u|, and streamlines for the SQC simulation at Re = 10. (b) Velocity magnitude field,
|u|, and streamlines for the SQC simulation at Re = 50. (c) Absolute error in velocity magnitude between SQC and BGK simulations,
|Alu]|, at Re =10. (d) Absolute error in velocity magnitude between SQC and BGK simulations, |A|u||, at Re = 50.
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FIGURE11 | Comparison of centerline velocity profiles obtained at #* = 0.1 for the SQC and BGK simulations of the Taylor-Green
vortex decay case at Re = 10 and Re = 50. (2) Profiles of the normalized horizontal velocity, u, /u,, and normalized vertical velocity, u,, /u,
along the domain mid-line at Re = 10. (b) Profiles of the normalized horizontal velocity, u, /u,, and normalized vertical velocity, u, /u,,
along the domain mid-line at Re = 50.

its Dg-equivariant design and adapts well to the different dissipation levels associated with the two Reynolds numbers.
For the simulation at Re = 10, the maximum velocity amplitude decays to u,,, = 0.023, while at Re = 50 it remains
higher at u,,,, = 0.043. The slower decay at Re = 50 results from the reduced effective viscosity associated with higher
Reynolds numbers. This shows that the SQC can adjust its relaxation strength across different Re regimes, which explains
the excellent agreement between the centerline horizontal and vertical velocity profiles shown in Figure 11.

Figure 10c and d shows the corresponding absolute error fields in velocity magnitude between the SQC and BGK sim-
ulations. The largest errors are concentrated near regions of strong velocity gradients, mainly along the separation lines
between adjacent vortices (approximately at x/L = 0.25,0.75 and y/L = 0.25,0.75). Since the SQC can only partially
reproduce the nonlinear terms of the LBM equilibrium, it cannot fully represent the higher-order moments that are
needed to recover the viscous stresses in the Navier—Stokes equations. As a result, its predictions are less accurate in
these regions of strong velocity gradients. Nevertheless, the absolute errors in the velocity magnitude fields remain small
in both cases, with maximum values of |A|u||,,, = 3.0 X 10~* for Re =10 and |A[u]|,,,, = 9.2 X 10~* for Re = 50. This is
noteworthy given that the SQC is extrapolating in large parts of the domain due to the relatively high velocities at which
the simulations are run. At Re = 10, although all vortices decay at the same rate, the absolute error field shows an alternat-
ing pattern between the four quadrants of the domain. This pattern arises because the vortices are counter-rotating, such
that the direction of the local velocity gradients changes from one quadrant to the next, producing alternating regions
of higher and lower error. At Re =50, this alternating pattern is still present but less pronounced, as the overall error
increases more uniformly across the domain. Although the SQC can adapt its damping strength across the two Res, the
higher errors at Re = 50 indicate that this adjustment is not perfect.

To better understand the errors in the prediction of each post-collision population during the course of the simulation,
Figure 12 shows the domain-averaged time evolution of the absolute error between the SQC-predicted post-collision
populations, f fq(x, t*), and those computed using the BGK operator, fl.eq(x, t*), for the simulations at Re = 10 and Re = 50.
The magnitudes of the error curves are consistently higher for the Re =50 case than for Re =10, in agreement with the
trends previously observed in the absolute error fields of the velocity magnitude. The magnitudes of the error curves
follow a clear three-level hierarchy: the rest population shows the largest error, followed by the axial populations, and
finally the diagonal populations. This ordering results from several factors, one of which is the relative magnitude of the
equilibrium distribution that is used to compute each post-collision population. As given in Equation (6), in the D,Q,
lattice, the rest population equilibrium foe 4 has the largest lattice weight (w, = 4/9), which is four times that of the axial
population equilibria (w,_, = 1/9) and sixteen times that of the diagonal population equilibria (w;_g = 1/36). As aresult,
similar fractional deviations between the SQC and BGK predictions appear as progressively smaller absolute errors when
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FIGURE 12 | Time evolution of the domain-averaged absolute errors between the post-collision populations obtained during the

SQC and BGK simulations of the Taylor-Green vortex decay case at Re =10 and Re = 50. (a) Time evolution of the absolute errors
between the post-collision populations predicted by the SQC, ?q(x, t*), and those computed using the BGK operator, fl.ecl (x,1*), averaged
over the entire domain Q, for the Re =10 simulation. (b) Time evolution of the absolute errors between the post-collision populations
predicted by the SQC, f ?q(x, t*), and those computed using the BGK operator, fieq(x, 1*), averaged over the entire domain Q, for the
Re = 50 simulation.

moving from the rest to the diagonal populations. Another contributing factor is the SQC circuit architecture itself, which
is inherently less accurate for the rest population, as discussed in Section 4.1.

Furthermore, the equilibrium distribution for the rest population depends only quadratically on the velocity through the
term (u - u) (see Equation (47)), unlike the other equilibria, which also contain the term (e, - w) which is linear in the
velocity. Because the SQC cannot fully reproduce this nonlinear dependence, the resulting discrepancy is strongest for
this population. The slightly higher errors observed in the axial populations compared with the diagonals can be explained
by the structure of the velocity field. Along the x and y directions, the velocity components u, and u, vary significantly,
which produces the strongest velocity gradients along the lines separating adjacent vortices. The axial populations have
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discrete velocity vectors oriented along these same directions, so they are more sensitive to small mismatches in how
accurately the SQC captures the local velocity gradients. Along the diagonal directions, the flow varies more smoothly,
and the velocity components u, and u,, often act in opposite directions due to the counter-rotating vortices. These opposing
contributions partially cancel, leading to smaller overall errors in the diagonal populations.

Figure 12 also shows that, for both Re =10 and Re = 50, the absolute error magnitudes for all populations decrease over
time. This happens because, as the flow decays, the overall velocity in the domain decreases. Consequently, the nonlinear
terms in the LBM equilibrium distribution become less significant compared with the linear term. Since the SQC cannot
fully reproduce these nonlinear terms, the reduction in nonlinearity during the decay naturally leads to smaller prediction
errors. The gradual rise and fall of the absolute error magnitudes reflects the evolution of the strain and vorticity fields
during the vortex decay. As the flow evolves, kinetic energy is transiently redistributed between the velocity components,
while the total energy decreases monotonically due to viscous dissipation. This redistribution produces small fluctuations
in the local error amplitudes during the early stages, even though the overall decay of kinetic energy remains smooth and
continuous. As a result, the apparent oscillations in the error curves are progressively damped, with the decay occurring
more rapidly at Re =10 than at Re =50, as seen most clearly in the curves corresponding to the rest population. Fur-
thermore, the errors for the axial and diagonal populations are identical within each group. This is a direct result of the
Dg-equivariant design of the SQC and the symmetric structure of the vortices, which together ensure that populations
related by rotations and reflections within the Dy group experience identical local flow dynamics and therefore show
identical errors.

To quantify the mass transfer into the amplitudes associated with the seven additional basis states, Figure 13 shows the
domain-averaged time evolution of the corresponding fictitious post-collision populations, f Z‘ils(x, %), for the Re=10
and Re =50 simulations. As discussed in Section 3.1, these fictitious populations contribute to the evaluation of macro-
scopic quantities such as density and momentum in the same way as the rest population. The results show that the mass
transferred into the amplitudes of these additional basis states is extremely small-on the order of 1 x 10~ for the Re =10
case and 1 x 1078 for Re = 50. The reason for the smaller mass transfer observed at Re = 50 is not entirely clear. Several
factors may contribute to this behavior, such as differences in how the SQC adjusts its predictions to conserve momen-
tum, how it adapts to the effective dissipation level, or how it tries to reproduce the nonlinear terms in the equilibrium
distribution.

Although the flow is transient the profiles level off over time, indicating that the mass transfer into the amplitudes of
the additional basis states tends to plateau after an initial period. This indicates that the exchange of mass between the
amplitudes of the basis states corresponding to the D,Q, populations and those corresponding to the additional basis
states reaches a steady balance. At the start of the simulation, the additional basis states are initialized with zero amplitude.
As the simulation progresses, mass is transferred both into and out of these amplitudes. This exchange continues until an
approximate equilibrium is reached, where the inflow and outflow of mass balance each other, leading to the plateaus in
mass accumulation.

6.2 | Lid-Driven Cavity

The lid-driven cavity case simulates a fluid enclosed in a square cavity with its top lid moving at a constant speed, driv-
ing recirculation within the cavity. For each Re (Re =10 and 50), we run two simulations on a two-dimensional square
domain with sides of length L. Specifically, we use L = 34 for Re=10 and L = 168 for Re=50 and set Ax = Ar = 1. In
one simulation, the collision step is carried out using the classical BGK operator, while in the other the SQC is used.
Bounce-back boundary conditions are applied to the stationary walls, while the moving lid is modeled with a modified
bounce-back condition imposing u;;,4 = 0.05. The flow is initialized with a uniform density p = 1 and advanced in time
until convergence. Convergence is monitored using the relative L, norm of the change in the velocity field between suc-
cessive iterations. The solution is declared converged once this relative L, difference remains below a prescribed tolerance
of 1 x 1078 for several consecutive checks.

The velocity magnitude fields obtained after convergence of the simulations for Re=10 and Re=50 are shown in
Figure 14a and b, respectively. In both cases, the SQC successfully captures the primary recirculating flow within the
cavity and the formation of secondary vortices near the bottom corners of the domain. A comparison of the absolute error
in the velocity magnitude fields between the SQC and BGK simulations, shown in Figure 14c and d, reveals that the
overall errors increase significantly at Re = 50. The maximum absolute errors in the domain are |A|u]|,,, = 1.1 X 1073
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FIGURE 13 | Time evolution of the domain-averaged additional post-collision populations during the Taylor-Green vortex decay

simulations at Re = 10 and Re = 50. (a) Time evolution of the additional post-collision populations, f, ;‘11 s(x,1*), averaged over the entire
domain €, at Re =10. (b) Time evolution of the additional post-collision populations, f ;‘ils(x, 1*), averaged over the entire domain €,
at Re = 50.

for Re=10and |A|u||,, = 5.1 X 1073 for Re = 50. The absolute error distributions indicate that the largest discrepancies
occur directly below the moving lid, where the fluid velocity decreases sharply from u);4 to nearly zero due to the no-slip
boundary condition. Elevated errors are also observed near the top corners, where the moving lid meets the stationary
sidewalls and the flow turns abruptly, generating strong shear and steep velocity gradients. Along the vertical walls, addi-
tional errors arise within the boundary layers, which introduce further variations in the velocity field. In contrast, smaller
errors are found near the bottom corners, where weaker recirculating vortices produce milder velocity gradients.

When the Re increases, the velocity gradients near the moving lid and top corners steepen, and the boundary layers
that develop along the walls become thinner. Flow separation at the corners intensifies, resulting in sharper shear layers
and stronger vorticity. Therefore, the errors for Re = 50 are highest along the right sidewall and in the upper region of the
cavity near the moving lid. As discussed previously for the Taylor-Green case, the SQC cannot fully capture the nonlinear
terms in the LBM equilibrium and therefore cannot reproduce the full Navier-Stokes stress tensor. This limitation leads
to inaccuracies in resolving the velocity gradients that develop in the flow. As the Re increases and the influence of these
gradients becomes more significant, the discrepancy between the SQC and BGK results correspondingly grows, as seen
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FIGURE 14 | Comparison of velocity magnitude fields and streamlines obtained from the SQC simulation with the correspond-

ing absolute error fields in velocity magnitude between the SQC and BGK simulations for the lid-driven cavity case, obtained after
convergence for Re =10 and Re = 50. (a) Velocity magnitude field, |u|, and streamlines for the SQC simulation at Re = 10. (b) Velocity
magnitude field, |ul|, and streamlines for the SQC simulation at Re = 50. (c) Absolute error in velocity magnitude between SQC and
BGK simulations, |A|ua]|, at Re =10. (d) Absolute error in velocity magnitude between SQC and BGK simulations, |A|ul||, at Re = 50.

in Figure 14d. This behavior also explains why the mismatch between the BGK and SQC centerline velocity profiles in
Figure 15 is larger for the Re = 50 case than for Re = 10.

Similar to the Taylor-Green case, we track the time evolution of the prediction errors for each post-collision popu-
lation over the dimensionless time * = tu;;y /L. Figure 16 presents the domain-averaged absolute error between the
SQC-predicted post-collision populations, f fq(x, t*) and those computed using the BGK operator, fieq(x, 1*), for the sim-
ulations at Re =10 and Re = 50. In both cases, the errors increase sharply during the initial stage of the simulation as the
lid begins to drive the flow and strong velocity gradients develop, before leveling off once the recirculating flow becomes
fully developed. This behavior is evident in the rapid rise of the error curves during * < 1, followed by a clear plateau
once the flow reaches steady state.

In the Re =10 case, the highest errors are obtained for the prediction of the rest post-collision population, followed by
the axial and then the diagonal populations, consistent with the behavior observed in the Taylor-Green case. At Re = 50,
however, the largest errors appear in the axial populations. Figure 16 also shows that the largest differences among the
axial populations occur for the f ;q(x, *) and f Zq(x, *) post-collision populations, which are associated with the lattice
velocity directions e, = (0,1) and e, = (0, —1), oriented vertically along the coordinate axis. These populations play a
dominantrole in determining the u, velocity component. Because the SQC struggles to capture the steep velocity gradients
and strong flow turning near the top-right corner and along the right wall, the predicted post-collision populations for

30 of 40 International Journal for Numerical Methods in Engineering, 2026

85L8017 SUOWWOD BA 81D 3|ded||dde ayy Aq peusenob afe sspoiie YO ‘@SN JO S8 1o} Akeiqi 8U|UO AB]1/\ UO (SUOTPUOD-PUB-SLUIBYWI0D" A 1M ARe.q)1)BUI|UO//SARY) SUORIPUOD Pue SWIB | 84} 88S *[9202/20/02] Uo Areiqiauliuo A8 |1M ‘HeA N1 Aq 9820L 8WU/Z00T OT/I0p/Wod A8 | 1M Arelq 1 Bul|uo//SdnY Wwolj papeojumod ‘7 ‘920 ‘2020260T



u, BGK ° u,; SQC Uy BGK "y, SQC
0.8 L0.8
0.6 L0.6
4 g z =
3 04 04 I 3 <)
~ ~ ~ ~
& > 8 >
S 021 o2 S S S
0.0 L0.0
—0.21 r—0.2
00 02 04 06 08 1.0 00 02 04 06 08 1.0
z/L ory/L x/L ory/L
(a) (b)

FIGURE 15 | Comparison of centerline velocity profiles obtained after convergence for the SQC and BGK simulations of the
lid-driven cavity case at Re =10 and Re = 50. (a) Profiles of the normalized horizontal velocity, u, /u;;4, and normalized vertical veloc-
ity, u,/uy;4, along the domain mid-line at Re =10. (b) Profiles of the normalized horizontal velocity, u, /u;;4, and normalized vertical
velocity, u,, /u;4, along the domain mid-line at Re = 50.

these vertical directions show the largest errors. The other two post-collision axial populations, f iq(x, *)and f gq(x, ),
corresponding to e; = (1,0) and e; = (—1,0) and contributing primarily to the u, component, are less affected but still
show increased errors due to the enhanced horizontal shear near the moving lid and in the recirculating region. At Re = 50,
where the velocity gradients are even steeper, the errors in the axial populations become significantly larger and exceed
those of the rest population. This also explains the larger deviations in the u, centerline velocity for the Re =50 case
shown in Figure 15b. The diagonal populations consistently show the smallest errors because they depend on both u,
and u, velocity components. In regions where the two velocity components vary in opposite directions, these opposing
contributions partially cancel, leading to smaller overall errors. Consequently, the diagonal populations are less sensitive
to the steep local gradients that dominate the axial populations.

To quantify the mass transfer into the amplitudes associated with the seven additional basis states, Figure 17 shows
the domain-averaged time evolution of the fictitious post-collision populations, f, Zgls(x, t*), for the Re=10 and Re =50
simulations. The results show that the mass transferred into the amplitudes of these additional basis states is small-on
the order of 1 x 1076 for the Re =10 case and 1 x 1078 for Re = 50. The reason for the smaller mass transfer observed
at Re=50, which was also observed in the Taylor-Green case, is not entirely clear. As previously explained, sev-
eral factors may contribute to this behavior such as differences in how the SQC adjusts its predictions to conserve
momentum, how it adapts to the effective dissipation level, or how it tries reproduce the nonlinear terms in the
equilibrium distribution. Similar to the Taylor-Green case, the profiles level off over time, indicating that the mass
transfer into and out of the amplitudes associated with these basis states reaches a balance over the course of the
simulations.

Overall, the results obtained for both the Taylor-Green and lid-driven cavity cases provide clear insight into the SQC’s
performance. First, the SQC provides accurate predictions even when extrapolating to velocity ranges beyond those
seen during training, where nonlinear terms in the LBM equilibrium distribution become significant. These findings
support the analysis in Section 5.2, which shows that the SQC can partially capture the nonlinear behavior of the
BGK operator. Second, the SQC successfully reproduces the effective dissipative behavior of the BGK operator and
adapts its level of dissipation across different Res, as demonstrated in the Taylor-Green case. Finally, the lid-driven
cavity results show that the SQC is sensitive to the strong velocity gradients that develop in the flow. This limita-
tion arises because the SQC only partially captures the nonlinear terms of the equilibrium distribution and there-
fore cannot fully reproduce the Navier—Stokes stress tensor, leading to larger errors in regions with strong velocity
gradients.
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FIGURE 16 | Time evolution of the domain-averaged absolute errors between the post-collision populations obtained during the

SQC and BGK simulations of the lid-driven cavity case at Re =10 and Re = 50. (a) Time evolution of the absolute errors between the
post-collision populations predicted by the SQC, f fq(x, t*), and those computed using the BGK operator, fieq(x, t*), averaged over the
entire domain €, for Re = 10. (b) Time evolution of the absolute errors between the post-collision populations predicted by the SQC,
f fq(x, t*), and those computed using the BGK operator, f. l.eq(x, 1*), averaged over the entire domain Q, for Re = 50.

7 | Conclusion

This study presented the development and validation of a low-depth SQC for the BGK collision operator on the D,Q,
lattice. The proposed framework combines a rooted-density encoding of the particle populations into the quantum state,
the evolution of that state under the SQC, and a final measurement in the computational basis to recover the post-collision
populations in physical space. Through analytical derivations and numerical validation, we showed that this framework
can partially reproduce both the nonlinear and dissipative behavior of the BGK operator without relying on probabilistic
algorithms such as LCU or on multiple copies of the quantum state. Instead, these effects emerge naturally through the
mapping between the physical and quantum representations.

By enforcing mass conservation, Dg-equivariance and scale equivariance in the circuit design, and encouraging momen-
tum conservation during training, the SQC achieves an accurate and physically consistent approximation of the BGK
operator. The final 15-block architecture, built from alternating single-qubit rotation and two-qubit entangling layers,
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FIGURE 17 | Time evolution of the domain-averaged additional post-collision populations during the lid-driven cavity simulations

at Re =10 and Re = 50. (a) Time evolution of the additional post-collision populations f, Zils(x, t*), averaged over the entire domain Q,
at Re =10. (b) Time evolution of the additional post-collision populations, f, Zils(x, t*), averaged over the entire domain €, at Re = 50.

achieves a substantially lower circuit depth than previous quantum collision circuits while still capturing part of the essen-
tial nonlinear and dissipative effects. When compiled to the native gate set of IBM’s Heron quantum processor (assuming
all-to-all connectivity), the circuit requires only 724 native gates. Moreover, since the collision operation is local, the same
circuit can be applied independently at each lattice site, making the total gate count independent of the lattice size.

The SQC was validated on the Taylor - Green vortex and lid-driven cavity flows at Re = 10 and Re = 50. The results demon-
strate that the SQC generalizes well beyond its training range, accurately predicting flow behavior in regimes where
nonlinear effects in the equilibrium distribution become significant. The SQC also reproduces the dissipative character of
the BGK operator, adapting its effective dissipation with Re. At the same time, the results reveal the SQC’s sensitivity to
strong velocity gradients. Since the SQC can only partially capture the nonlinear dependence of the equilibrium, it cannot
fully reproduce the Navier - Stokes stress tensor, leading to larger errors in regions where the velocity gradients are strong.

To overcome the current need for re-initialization and measurement at every time step, future work should verify that
coherent application of the SQC over multiple time steps, in combination with streaming, can reproduce the nonlinear
relaxation behavior characteristic of the BGK operator in the classical setting. Furthermore, it will be necessary to address
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the accumulation of relative phases that occurs when the SQC is applied repeatedly. This may require training a circuit
that can handle complex amplitudes or designing one that avoids phase buildup altogether while maintaining sufficient
expressivity. Finally, one could explore whether the seven additional basis states, currently used to effectively contribute
to the rest population when computing macroscopic quantities, could be assigned a more physically meaningful role.
Since these states expand the accessible Hilbert space, they may offer a way to capture a larger portion of the dissipation
represented by the BGK operator if used more effectively.
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Endnotes

IRestricting the rotations to the x and z axes is sufficient for expressivity, as any y-axis rotation can be decomposed into a sequence of
x and z rotations.

2All variables in this study are given in lattice units (l.u.).

3Since the training dataset is generated synthetically and does not originate from a spatiotemporal LBM simulation, the populations
are not associated with any physical lattice location x or time ¢. Accordingly, we omit the indices (x, ¢) on all population variables in
the remainder of this section and treat each sample as an independent local state.

4Varying 6 changes the individual population profiles in Figure 9, yet the overall ability to capture the underlying nonlinearity remains
unchanged.
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Appendix A
Data Generations

The parameters used for generating the training dataset are summarized in Table Al. A visualization of the sampled density distribu-
tion, the velocity magnitude distribution together with the associated velocity direction distribution, as well as the L2-norm distribution
of the non-equilibrium components, is provided in Figure Al.
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TABLE A1 | Parameters used in data generation.

Parameter Symbol Value
Number of training samples N 1,000,000
Density p Uniform on [0.95, 1.05]
Velocity magnitude [a] Uniform on [0.00, 0.01]
Std. deviation of non-eq. noise Oneq Uniform on [0.00, 5x 107%]
Relaxation time T 1
Test split fraction Feplit 0.001
Appendix B
Optimal Circuit Architecture Experiments
TABLE A2 | Training parameters used in the circuit architecture experiments.
Training parameter Setting
Optimizer JAX gradient descent
Learning rate 0.05
Training iterations 250,000
Batch size 5
Momentum conservation penalty OFF
Accuracy tolerance 1x107°

Parameter initialization

Uniform on [—rx, 7]

Appendix C

SQC Depth Analysis Experiments

TABLE A3 | Training parameters used in the circuit depth analysis experiments.
Training parameter Setting
Optimizer JAX gradient descent
Learning rate 0.05
Training iterations 250,00
Batch size 5
Momentum conservation penalty OFF
Accuracy tolerance 1x107°

Parameter initialization

Uniform on [—rx, 7]
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Appendix D

Momentum Penalty Experiments

TABLE A4 | Training parameters used in the momentum penalty experiments.
Training parameter Setting
Optimizer JAX gradient descent
Learning rate 0.05
Training iterations 250,000
Batch size 5
Momentum conservation penalty ON
Accuracy tolerance 1x107°
Parameter initialization Uniform on [-x, 7]
Appendix E

Local and Global Mass Conservation

In this section we demonstrate that training the SQC using samples normalized by the local density p(x, ) does not change the predicted
post-collision populations when the same circuit is used within a QLBM simulation, where the quantum state must be normalized by
the global mass M. We first present an analytical derivation establishing the equivalence of the two normalizations under a local
collision operator, and then validate this result with a numerical experiment.

We begin with the globally normalized rooted-density encoding used in QLBM:

1
|¥) = — fix 0 le)®Ix), M=) fix1). (ED)
Vs Z

For a given lattice site x, each amplitude can be factored as:

VD =/px.1) ”f(( = p(X, t)—Zf(x ). (E2)
VX,

By construction, the vector with components 4/ f;(X, )/ 4/p(X, t) is normalized

oo | e t)Zf(x n=1 (E3)

and therefore defines the locally normalized state that we use during training:

1
lyy) = ——= ) VSfix.Dle;). (E4)
Vo, t)Z

Substituting Equation (E2) into the globally normalized state defined in Equation (E1) and grouping terms by lattice sites results in:

1 5 Vi&D
¥) = \/_Z\/ \/,)T e)® [x)

—ZV”“"( Zv T |e>>®|x>
= YV @ . (ES)

The above equation makes explicit that the globally normalized QLBM state is a coherent superposition of locally normalized states,
where each site is weighted by the square root of its local density relative to the total mass.
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The trained SQC is designed to act only on the velocity register, independently at each lattice site. In particular, it does not couple
different spatial locations. Let USQC denote the unitary acting on the velocity register alone. The corresponding global collision operator
acting on the joint velocity-position Hilbert space is then defined as:

U = QUSC @ Ix)(x| = USC @ I, (E6)

X

where I, is the identity on the position register. This representation makes explicit that U, is block diagonal in the position basis and
applies the same velocity-space unitary at every lattice site. Therefore in matrix form this unitary will have the following structure:

Us_t o ... 0
0 USRC ... o
Ucoll = . . . . s (E7)
0 0o ...USc

where each block corresponds to a lattice site and acts on the velocity subspace associated with that site.

Applying U, to Equation (E5) we obtain:

Ueal®) = A/ 205 ) @ 1) (E8)

For each lattice site x, the state USQC|y, ) is a normalized vector in the velocity Hilbert space. Expanding this vector in the velocity basis
{le;)}, we write:

USCly) = D ayx.nle;),  Dlax 02 =1. (E9)
J

J

The amplitudes here denoted by a;(x,t) are equivalent to those given in the main text in Equation (37) that contain the post-collision
populations. Substituting this basis expansion into Equation (E8) gives an explicit expression for the post-collision global state:

Ucoll|\P> = Z V %(Zaj(x, t)|ej>) ® |X>
X J

-y ”(]’\‘4’” a,x,1)e;) ® |x). (E10)
X.J

When the SQC is trained and evaluated on locally normalized samples |y, ), the probability of observing the post-collision population
associated with velocity j at site x after applying USQ€ is:

pix.1) = |a;(x, )| (E11)
To recover the post-collision population, this probability is de-normalized by the local density:
Fix0 = p(x,1) |a;x, 1) (E12)

In the globally normalized QLBM state Equation (E10), the amplitude of the joint basis state |e ) ® [x)is\/p(x, 1)/ M a;(x,1). Therefore,
the joint measurement probability of obtaining outcome (x, j) is:

p(X,1)

2
P(x,j,t):‘ a,x,0| = ”(j’;’” la, (%, D). (E13)

To recover the post-collision population, this probability is de-normalized by the global mass M. The reconstructed post-collision
population is therefore:
7,0 = M P(x,j,1) = p(x,1) |a,(x,1)|. (E14)

Comparing Equations (E12) and (E14), we conclude that:

fj(X, 1) = fj(X’ 1) (E15)

local norm global norm’

which shows that training the SQC on locally normalized samples does not change the predicted post-collision populations when the
circuit is applied to a globally normalized QLBM state.
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FIGUREE1 | Comparison of post-collision populations f ;(x, 1) obtained using local normalization (blue) and global normalization

with an explicit position register (orange) on a 2 x 2 lattice. Each panel corresponds to one of the four lattice sites.

To verify the analytical result above, we perform a small numerical experiment on a 2 x 2 lattice. At each of the four lattice sites,
we initialize a pre-collision state and evaluate the corresponding post-collision populations predicted by the SQC under two different
encodings. In the first experiment, we use the local encoding and do not include the position register. At each lattice site x, we encode the
locally normalized pre-collision state |y, ) and apply the collision unitary USQC directly to obtain the post-collision velocity amplitudes,
from which the post-collision populations are reconstructed by de-normalization with p(x, 7).

In the second experiment, we use the global encoding and explicitly include the position register. Since the lattice has four sites, two
qubits are sufficient to encode the position degrees of freedom. We prepare the globally normalized state over velocity and position and
apply the full collision operator U, = USQ® ® I, which is block diagonal in the position basis. From the resulting state, we extract
the post-collision populations amplitudes and recover the post-collision population by de-normalization with the global mass M.

Finally, we compare the reconstructed post-collision population f,(x,) at each of the four lattice sites obtained from the two exper-
iments in order to verify that both encodings result in identical predictions. These results are displayed in Figure E1. Each panel
corresponds to a lattice site, and the bars show the predicted post-collision population obtained using the local encoding in blue and the
global encoding in orange. For all lattice sites and all discrete velocity directions, the two sets of predictions coincide within numerical
precision, and no systematic discrepancy is observed. This numerical agreement is consistent with the analytical derivation above and
confirms that training the SQC using samples normalized by the local density does not change the predicted post-collision populations
when the same circuit is used within a QLBM simulation, where the quantum state must be normalized by the global mass.
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