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Abstract

Data-Driven Predictive Control (DDPC) has emerged as a promising alternative to Model
Based Control (MBC), enabling direct control using Input-Output (I/O) data without re-
quiring explicit model identification. This thesis advances DDPC by bridging the gap be-
tween theoretical developments and real-world implementation. The study focuses on four
algorithmic variants: Subspace Predictive Control (SPC), Closed Loop Subspace Predictive
Control (CL SPC), Recursive Closed Loop Subspace Predictive Control (R-CL SPC), and
Constrained Recursive Closed Loop Subspace Predictive Control (CR-CL SPC), to enhance
adaptability and ensure real-time feasibility.

A key insight in computational efficiency is the R-CL SPC algorithm, which updates system
parameters online using recursive least squares estimation combined with Givens rotations.
This reduces computational complexity by avoiding large-scale matrix inversions at each time
step. Additionally, the CR-CL SPC variant introduces constraint handling via a Quadratic
Programming (QP) solver, enabling input and output constraints.

These algorithms’ performances were evaluated through simulation studies and real-time ex-
periments on a piezo-actuated beam setup, where the control objective was to suppress the
first two natural vibration modes. The R-CL SPC algorithm demonstrated a strong bal-
ance between computational efficiency and control performance, achieving execution times
below 0.2 ms while maintaining effective vibration damping. Meanwhile, though at a higher
computational cost, CR-CL SPC validated constraint enforcement capabilities.

This thesis demonstrates that adaptive SPC algorithms can be successfully implemented
on real-world hardware. The results contribute to the growing knowledge on direct DDPC
strategies and provide a foundation for their broader application in real-time, constrained
control systems.
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Chapter 1

Introduction

This first chapter introduces Data-Driven Predictive Control (DDPC) and emphasizes its
importance, obstacles, and applications. First, it highlights DDPC’s contribution to the field
of control systems, how it distinguishes itself by employing data directly for control, and how
it moves beyond conventional Model Based Control (MBC). Afterward, the focus shifts to the
challenges of implementing DDPC, aiming to provide a rounded perspective on its advantages
and improvements. Lastly, DDPC’s application across different fields shows the potential and
what has already been done. A research question with multiple subquestions is formulated
based on these challenges, potential state-of-the-art solutions, and applications.

1-1 Introduction to data-driven control

One of the most substantial steps towards what is currently known as MBC was taken due to
Kalman'’s introduction of the parametric state-space model and optimal control in 1960 [1, 2].
With MBC, the first step of the process is modeling or identifying the plant into a parametric
representation (System Identification (SysID)) and then designing a (optimal) control policy
accordingly. In the upper part of Figure 1-1, the architecture of the MBC method is shown.

Identifying the plant or model can be approached in several ways. For example, by applying
physical laws (first principles modeling), by using observed or gathered Input-Output (I/0)
data (black box modeling), or through a combination of both (grey box modeling) [3]. The
latter two methods are considered ‘data-driven’, due to their reliance on the path from I/0
data to a resulting control policy.

Currently, several data-driven solutions exist to perform SysID, such as Prediction Error
Method (PEM), Neural Network (NN), and Subspace Identification Methods (SIM). These
methods will be further elaborated on in subsection 1-2-1. These algorithms help to create
an accurate model but have some shortcomings, such as high computation times (especially
for the NN and PEM methods) [4] or not being able to manage nonlinear systems (PEM and
SIM) [5].

Master of Science Thesis R. Schouten



2 Introduction

In MBC, a significant challenge arises when aiming to model as accurately as possible at a
high model order. Although a higher-order model could yield greater accuracy, a practical
need often arises to reduce the order or simplify the model for designing a feasible control
system [6]. Higher-order control systems are not always suitable in practice for multiple
reasons, such as high costs and poor reliability [7]. In contrast, designing a controller based
on an inaccurate model may lead to poor performance or even instability in the resulting
Closed Loop (CL) system [8].

Since there is an increase in the availability of data, storage capacity, and computational
power, new methodologies have arisen that are mainly designed to manage large-scale data.
Consequently, technological advancements have transformed the field of control theory, lead-
ing to a shift toward a more data-driven approach [3].

These technological advances eventually led to the research of less model-dependent, more
direct control approaches. The more direct approach is shown in the lower part of Figure 1-
1. The direct approach eliminates the explicit model creation step and achieves a control
policy directly from the I/O data. This type of control allows for optimal control of complex
networks with minimal knowledge of their dynamics, even with noisy data and in nonlinear
environments [9]. Examples of direct DDPC methods include Subspace Predictive Control
(SPC), a framework inspired by subspace identification techniques and introduced by [10],
as well as Data-Enabled Predictive Control (DeePC), which is based on behavioral systems
theory and formulated within a receding horizon optimal control framework, as presented
in [11].

Model

Data Direct Data-Driven Design > Control

Figure 1-1: Architecture of MBC theory on the top, where the first step is to identify the system
and then control is applied, and on the bottom of direct DDPC where receding horizon optimal
control is achieved directly from 1/0 data, inspired by [3].

The term Data-Driven Predictive Control (DDPC) may be ambiguous as it encompasses all
data-driven predictive control methods. A distinction is made between methods that obtain
an explicit parametric model, which is referred to as an indirect method, and those that do
not require such a model, which are direct methods.

Each control method, whether indirect or direct, has its advantages and disadvantages in
practice. Indirect methods are mostly superior when accurate models are available because
systematic design and analysis tools are widely available. At the same time, direct methods
perform better when the plant models are unavailable or too complex to model. However,
they have less systematic designing procedures and means of analysis available [8].

Elokda et al. [12] emphasizes the role of model accuracy in control performance. Through
a quadcopter simulation, they demonstrate how the model mismatch between the assumed
and actual model, caused, for example, by linearization around an incorrect operating point
or by the limitations of modeling complex dynamics, can negatively impact control. Their

R. Schouten Master of Science Thesis



1-2 Indirect Data-Driven Predictive Control 3

results show that the direct DDPC approach, specifically the DeePC algorithm, exhibits a
notable degree of robustness to such model mismatches. In contrast, the Model Predictive
Control (MPC) method, which relies on an explicit model, suffers from significant deviations
when the model is inaccurate.

1-2 Indirect Data-Driven Predictive Control

This section presents the indirect methods of DDPC, which involve a two-step process con-
sisting of system identification followed by optimal control. An example of such an approach is
SPC, which can be interpreted as a combination of a subspace identification method—specifically
SIM (e.g., N4SID [13])—and receding horizon optimal control. Together, these components
form a DDPC strategy. For clarity, the components of the indirect method are discussed sep-
arately in this section, with the aim of providing an overview of various system identification
techniques and optimal control strategies.

1-2-1 Identification Methods

As explained in section 1-1, indirect DDPC entails an identification step, which can be exe-
cuted using different methodologies like PEM, NN, and SIM. This subsection elaborates on
the strengths and weaknesses of these different identification methods.

Prediction Error Method

The first method is the Prediction Error Method (PEM), a widely used system identification
approach. It minimizes the error between the measured and predicted outputs of the (to
be) identified model [14]. PEM has advantages due to its flexibility in handling a lot of
different model structures and its robustness when dealing with noisy data. However, it
can be computationally intense, especially for large and complex systems [15]. Due to the
non-convex optimization problem, the performance highly depends on the initial guess of the
model parameters, meaning some model characteristics must be known to converge to the
best local minimum [16].

Neural Networks

Another identification method is a Neural Network (NN), which is a powerful tool for modeling
complex nonlinear systems due to its ability to approximate any continuous function by adding
multiple (nonlinear) functions [17]. The main strength of a NN is the adaptability to various
data types and structures and the capacity to capture nonlinear relationships without prior
knowledge about the system’s dynamics [18]. However, previous knowledge could improve
training results [19]. On the downside, a NN is very delicate and can be prone to overfitting
and underfitting, especially with limited training data [20]. Furthermore, training a NN
requires careful selection of architecture, learning rate, and other hyperparameters, which can
be a non-trivial and time-consuming task [21]. Lastly, creating a NN is a computationally
heavy task and certainly unsuitable when it must be done at every time instant [16, 22].

Master of Science Thesis R. Schouten



4 Introduction

Subspace Identification Methods

The third identification method involves Subspace Identification Methods (SIM), such as
Numerical Algorithms for Subspace State Space System Identification (N4SID) [13] and
Multivariable Output Error State Space (MOESP) [23], which offer an efficient way to identify
state-space models from I/O data. SIM is particularly beneficial for complex but linear sys-
tems [24] and can provide parametric models that are easily usable for conventional (optimal)
control design, such as Linear Quadratic Regulator (LQR) and MPC. The most essential
advantage of SIM is the ability to use large data sets with less computation time [25]. How-
ever, the accuracy of SIM is sensitive to the selection of the subspace dimension and may be
suboptimal for systems characterized by strong nonlinear behavior [26].

1-2-2 Optimal Control Methods

After identifying the parametric model, conventional optimal control is applied to complete
indirect DDPC. Two widely adopted optimal control strategies are LQR and MPC, both
aiming to enhance control performance, though they differ in their methodologies. LQR
operates over an infinite horizon with a fixed control law, whereas MPC uses a receding
horizon strategy, solving an optimization problem at each time step.

Linear Quadratic Regulator

The first optimal control method is LQR, which is an infinite-horizon control method [27]
that minimizes a quadratic cost function balancing state deviation and control effort [28]. It
is computationally efficient and provides robust performance against model uncertainties and
disturbances [29]. However, its primary limitation is its restriction to linear systems [30].

Model Predictive Control

Another optimal control method is MPC, which optimizes control actions over a finite receding
horizon [31], allowing it to handle constraints on inputs, states, and outputs [32]. This
method minimizes a cost function similar to LQR but incorporates a terminal cost to ensure
stability [33]. Unlike LQR, MPC is adaptable to both linear and nonlinear systems [34, 35].
However, it remains computationally demanding, especially for nonlinear systems, making
real-time implementation challenging [36]. Additionally, its performance depends on the
accuracy of the identified model [37].

1-3 Direct Data-Driven Predictive Control

Having addressed indirect methods in the previous section, this section now turns to direct
methods. As explained in section 1-1, direct DDPC skips traditional SysID by directly
utilizing system I/O data for control action [38]. This method, with methodologies like
SPC and DeePC, focuses on predicting and optimizing control inputs and outputs without
an explicit parametric model. This bypass of the parametric model allows it to enhance

R. Schouten Master of Science Thesis



1-3 Direct Data-Driven Predictive Control 5

adaptability to nonlinear or time-varying environments [39]. The benefit of merging this
identification step with an optimal control method is that optimizing for the best model,
state, and control policy at every timestep is possible [11]. This makes it a highly promising
approach for real-time and adaptive control applications. The remaining part of this section
explains the two methodologies for direct DDPC, which are SPC and DeePC and their CL
variants.

1-3-1 Subspace Predictive Control (SPC)

The first direct DDPC method is Subspace Predictive Control, which integrates concepts
from SIM, specifically N4SID [13], and a receding horizon optimal control method (MPC).
As previously explained, direct DDPC relies solely on I/O data without explicitly identifying
a parametric model of the system dynamics.

Favoreel introduced SPC and provided his algorithm [10]. One could argue that this version of
SPC is indirect, as it implicitly estimates key system matrices, such as the observability ma-
trix I', the reversed extended controllability matrix K, and the block-Toeplitz matrix H g p).
However, since these matrices are not explicitly parameterized, but rather estimated as com-
posite terms—namely 'K and H 1;7 p)y—which do not necessarily conform to a parametric
state-space model, SPC is classified as a direct method.

A key limitation of Favoreel’s [10] algorithm is the lack of explicit constraints on inputs, states,
and outputs—features that are typically incorporated in a MPC scheme. Instead of relying
on an analytical optimal solution as done in this paper, introducing an optimization-based
approach could enable the integration of such constraints within SPC.

Furthermore, SPC assumes that the collected data is Persistance of Excitation (PE), ensuring
that it contains sufficient information to capture the full system dynamics [40]. A data set is
said to be PE of order N if the data matrix constructed from input-output pairs over a time
span of IV steps has full row rank, allowing for the identification of the system’s dynamics up
to that order. The effectiveness of SPC thus heavily depends on the quality and richness of
the data used, as inadequate excitation could lead to incomplete system representation and
suboptimal control performance [41].

Closed Loop Subspace Predictive Control

A different version of the standard SPC algorithm is the Closed Loop Subspace Predictive
Control (CL SPC) algorithm. A key advantage of CL. SPC as described by Dong et al. [42] is
its efficient implementation, which involves estimating predictor-form Markov parameters and
using them to compute the innovation-form Markov matrices required efficiently. The one-
step-ahead predictor also allows CL SPC to avoid problems associated with CL identification
bias, making it quick to implement and effectively manage dynamic systems with possible
real-time adaptability requirements [43].

1-3-2 Data-Enabled Predictive Control (DeePC)

Another direct method is Data-Enabled Predictive Control, which takes a more direct ap-
proach than SPC by utilizing I/O data to compute control actions without explicitly modeling

Master of Science Thesis R. Schouten



6 Introduction

system dynamics (i.e., T'C and H(p p)). Instead, DeePC relies solely on the slack variable
g to determine control inputs. The algorithm is based on behavioral systems theory, which
approaches dynamic systems without requiring a predefined parametric model [11].

A key advantage of DeePC is its ability to incorporate input and output constraints naturally
within its optimization framework, which also solves for the best possible system. As shown in
Equation 1-1, the optimization problem is formulated to minimize tracking error and control
effort while ensuring feasibility constraints on the system outputs and inputs.

. Ip+
minimize Z;::g: (”yk - (Tf)k:Hzg + Huk”%)

g7u7y
Uz',p,N U%,p,1
Y 5 Y:
subject to N g = wplo }
U, 1.5 U; 11 (1-1)
}/ip’sz Kp,f,l

A

up € U,k € {ip, ... ip+ f},
yr € Y,Vk € {ip,...,1p + f}.

Similar to SPC, DeePC relies on sufficiently PE data to ensure that the collected I/O data
fully captures the system dynamics [11]. This requirement is essential for the optimization
problem to generate effective control inputs.

Despite its advantages, DeePC can be computationally expensive since the optimization
problem must be solved with a Quadratic Programming (QP) solver at each time step, and
there are more decision variables [44].

Equivalence SPC and DeePC

In Fiedler et al. [45] and van Wingerden et al. [46], a relationship and equivalence between SPC
and DeePC is found. The investigation of Fiedler et al. [45] reveals that at their core, SPC
and DeePC employ the same implicit linear least squares techniques to inform predictive
control. The research of van Wingerden et al. [46] shows that DeePC, when augmented
with Instrumental Variables (IV), shares a direct equivalence with SPC. Although these
investigations highlight apparent methodological differences, they also reveal a fundamental
equivalence in how both approaches utilize data to inform control decisions.

Closed Loop-Data-Enabled Predictive Control

The analysis of CL-DeePC by Dinkla et al. [47] is an extension to the original DeePC algo-
rithm. The usage of sequential one-step-ahead predictors gives a possibility to use DeePC in
CL. The significant advantage of CL-DeePC is that it avoids problems associated with CL
identification bias [48].

1-4 Challenges of direct data-driven control

Several challenges arise when looking at the previously described direct DDPC methods.
This section elaborates on these challenges and potential solutions, which include dealing
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1-4 Challenges of direct data-driven control 7

with nonlinear or time-varying systems, ensuring persistency of excitation, noise mitigation,
and real-time feasibility.

1-4-1 Dealing with nonlinear or time-varying systems

One challenge related to direct DDPC is dealing with nonlinear or time-varying systems.
Many DDPC methods in literature construct block Hankel data matrices Y% FN Uim FN
Ui pn+ Y;pn offline and then use them to control the system online (see Figure 1-2). To
improve robustness in time-varying or strongly nonlinear systems, Wegner [49] introduced the
idea of using adaptive Hankel matrices. An example timeline of the data used for adaptive

Hankel data matrices is given in Figure 1-3.

Uip o Yipm Viwtr Yiuon
. ,—%
r 1
| ] €---------
i+tp—1 i+N—-f-1 in —1
| | | Y| | o | |
I I E— 1 g I — > !
% i+ p(=ip) in— D=1, in
Samples
ple [ | ')
L J L J
Al Al
Uipt800 Yo, 1.5 Ui 1 Yin 1

Figure 1-2: Visualisation of data of non-adaptive method, where the data on the left is computed
offline, and the data on the right online, inspired by [46]

Ui Yipw Uip ¥

i,p,1? 7 i,p,1
J & A

r 3 r 3
| ] €---------

itp—1 i+N—-f-1 i+N-—1
l L1 l l S|
I 1 1 1 > | q|
% i+ p(=1p) i+ N—p(=1) i+ N(=1p)
Sampl
amples I === === =———-- >

L J L J
RE RE
Uiy 1.5 Yy 1.5 SR A

Figure 1-3: Visualisation of data of adaptive method where all data is utilized online, inspired
by [46]

To address the inefficiencies inherent in the use of adaptive Hankel matrices, van der Veen [50]
proposes a potential solution. This research introduces a recursive least squares scheme to
update the SysID implicitly. This recursive CL SPC method is initiated with the potential to
enhance the model’s fault tolerance. The methodology shows promising results in overcoming
the non-linearities and time-varying dynamics of, in this case, wind turbines by recursively
updating the control strategy using real-time data to reflect the wind turbine’s current state.

1-4-2 Ensuring persistency of excitation

One of the most significant issues when applying adaptive Hankel matrices, as explained in
subsection 1-4-1, lies in addressing the challenge of PE, which is needed to identify the whole
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dynamics of the model [40].

To overcome this challenge, the system can be excited with additional perturbations, which
may lead to undesired output responses. These perturbations must be kept to a minimum
while still ensuring PE. Van der Veen [50] addresses this by proposing a square-root covariance
filter with directional forgetting of past information. This method provides a safer alternative
to traditional recursive least-squares algorithms in terms of PE, as it selectively forgets only
the information orthogonal to the current excitation, preserving the parallel components. Di-
rectional forgetting maintains the boundedness of the covariance matrix while retaining the
algorithm’s adaptivity. A recursive CL SPC framework with this directional forgetting algo-
rithm was applied to two realistic experimental setups, where one involves a piezo-actuated
beam.

1-4-3 Noise mitigation strategies

In the context of DDPC, handling noise in the data used for control design and implementa-
tion is another critical challenge. Noise can significantly degrade control performance, making
employing effective noise mitigation strategies essential. This subsection discusses some reg-
ularization and decomposition techniques based on insights from the literature.

Regularization One strategy to mitigate noise is regularization. Regularization techniques
add penalties to the control problem formulation, helping attenuate noise’s effects on the
control action. The application of weighted Tikhonov regularization [51] and Lasso regular-
ization [52] facilitates the incorporation of prior knowledge or assumptions about the system
or control action, thereby enhancing the robustness of the predictive control solution against
noise [53]. Regularization can be particularly useful when the data is highly noisy or the
system dynamics are poorly understood by imposing some prior knowledge [54].

Decomposition Techniques Another strategy for noise mitigation is the use of decompo-
sition methods, such as Dynamic Mode Decomposition (DMD) and Singular Value Decom-
position (SVD). These methods offer a way to handle noise by decomposing the data into
modes associated with specific dynamic behaviors [55]. This technique allows for identify-
ing and separating noise-dominated modes from those capturing the essential dynamics of
the system [56]. Implementing decomposition within DDPC, with an emphasis on the rele-
vant dynamic modes, can significantly improve control performance, even in the presence of
noise [57].

In conclusion, effectively handling noise in DDPC requires a multifaceted approach, leverag-
ing one or a combination of methods such as regularization and decomposition techniques.
Sasella’s work discusses more strategies [53, 55]. They provide a comprehensive toolkit to
enhance the performance of direct DDPC systems in noisy environments.

1-4-4 Real-time feasibility

Another key challenge associated with direct DDPC is ensuring real-time feasibility. While di-
rect DDPC strategies present promising solutions for managing complex systems through the
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1-5 Applications of Direct Data-Driven Predictive Control 9

direct use of I/O data, their practical deployment in real-time scenarios is often constrained
by substantial computational demands—particularly when online adaptation of data matrices
is required. Both SPC and DeePC can involve large-scale computationally demanding opti-
mizations, whereas DeePC even has more optimization variables because slack variable g is
also completely free. Real-time application of these controls requires efficient computational
strategies to handle the extensive data. In this subsection, possible solutions are introduced
to reduce the computational times.

Matrix Decomposition Techniques One solution to enhance real-time feasibility is the in-
troduction of matrix decomposition techniques. Firstly, DMD and SVD decompositions, as
described earlier, are used to mitigate noise. Still, other large datasets decomposition tech-
niques, such as an RQ/LQ decomposition [58], can be applied to break the optimization
problems into smaller parts that can be solved with less computational effort [59]. Although
the decomposition process is computationally expensive due to the requirement of row-wise
processing of the original data matrix [58], efficient updates can be achieved using Givens ro-
tations [60]. This improves efficiency and scalability, enabling the application of direct DDPC
methods in more extensive and complex systems.

An example of the application of matrix decomposition is found in v-DDPC, which utilizes
an LQ decomposition of the Hankel data matrices to reduce the size of the optimization
variable [61].

Potential MPC-inspired solution Real-time feasibility can also be obtained by using an
MPC-inspired solution. As explained in section 1-2-2, MPC also faces computational chal-
lenges due to solving an optimization problem at each time step [62]. To address this, various
strategies, such as sparse dynamic programming and explicit MPC have been developed.
Sparse dynamic programming reduces computational complexity by exploiting the sparsity of
the optimization problem, allowing for more efficient solutions by breaking the problem into
smaller, computationally manageable subproblems [34]. Explicit MPC, on the other hand,
pre-computes control laws offline and stores them as piecewise affine functions, enabling real-
time implementation without solving an optimization problem online [35]. These techniques,
initially developed for MPC, can also be extended and applied to direct DDPC methods.

1-5 Applications of Direct Data-Driven Predictive Control

Indirect DDPC has been widely applied across various domains, including Power Electron-
ics [63], Heating and Ventilation [64], and Agriculture [65]. In contrast, real-life implementa-
tions of direct DDPC remain relatively scarce [50].

This section presents several examples of direct DDPC applications, illustrating both their
practical potential and inherent limitations. These cases highlight successful implementations
while also revealing the remaining challenges in real-world deployment.
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10 Introduction

1-5-1 Nuclear Reactor

In Vajpayee et al. [66], a SPC methodology for a nuclear reactor is introduced. This paper
considers time variations in the process by recursively updating the control parameters with
the arrival of new data (assuming that this new data is persistently exciting). To minimize
computational cost, an efficient recursive updating procedure is used from [67]. This approach
efficiently leverages an algorithm that avoids computing a full QR decomposition at each time
step, a process that is computationally intensive, by instead employing a weighted scheme
based on the Givens rotations method [60]. Limitations of this study are its exclusive reliance
on simulations, without validation through real-world applications, and the lack of reported
computational times.

1-5-2 Piezo-Actuated Beam

In van der Veen’s work [50], an experiment was performed on a physical beam structure
equipped with piezoelectric transducers. The goal of the control algorithm was to actively
dampen the first two vibration modes while remaining responsive to changes in the system
dynamics. To evaluate its adaptability, a structural modification was introduced midway
through the experiment by clamping the free end of the beam, requiring the algorithm to
adjust to the altered dynamic behavior.

A key challenge in this experiment was ensuring that the collected data remained persistently
exciting (PE) even after the system dynamics changed. The experiment was implemented on
a real-life setup, with the control algorithm running at a rate of 200 Hz, corresponding to a
computational time of less than 5 ms per iteration.

1-5-3 Excavator

The results of Wegner [49] confirm the ability to control strongly nonlinear mechanical real-
world systems with DeePC using a high-fidelity simulation of a 2 degrees of freedom and
4 degrees of freedom Excavator. They state that data collection is crucial, especially for
real-world applications with substantial noise and delay.

The block Hankel matrices (Y £ U, £ U,  yandY, ) arecomputed offline, and control
Pt Pid 717, T’P7

is performed online. An implementation with adaptive Hankel matrices was tried but was

unsuccessful due to the inability to achieve real-time capability at 20 Hz.

Because of the significant presence of noise, future work is suggested to look into a method
to quantify data fitness to speed up the workflow in collecting data and approaches that can
reduce solving time.

1-5-4 Autonomous Vehicle Path Following

In Hromatko et al. [68], a comparison between a DeePC and a classic MPC with the true
system model is made. The controllers were tested by performing a maneuver (double lane
change) at an 80 km/h speed as quickly as possible. The results indicate that the nominal
MPC and the DeePC perform similarly, with a slightly larger solve time for DeePC with a
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mean and a maximum solver time of, respectively, 4 ms and 8 ms. This means that real-time
control (under 50 ms) is still achieved.

1-5-5 Quadcopter

The quadcopter application in Elokda et al. [12] demonstrates that real-life real-time control
can be achieved using DeePC, with performance comparable to MPC when a linearized first-
principles model is available. In particular, DeePC shows potential for applications where
obtaining an accurate parametric model is either impractical or infeasible. However, when a
well-identified model is available, MPC still outperforms DeePC regarding control precision
and efficiency.

The study also highlights that the optimization problem in DeePC is solved efficiently, with
computation times of 4.14 ms for three outputs and 6.66 ms for five outputs. The real-time
implementation was executed at 25 Hz, corresponding to a 40 ms control period.

1-5-6 Overview of applications

Table 1-1 provides an overview of the discussed applications, specifically indicating the type
of direct DDPC method employed, whether a real-life application is included, whether an
adaptive approach is used, and what the reported computational times are.

Table 1-1: An overview of selected direct DDPC applications, looking at theDDPC algorithm
used, whether the experiment was conducted on a real-life setup, if an adaptive method was used,
and the computational times.

DDPC | Real-Life | Adaptive method Cf)mputatlon
Time
Nuclear Reactor SPC v -
Piezo Actuated Beam | SPC v v < b ms
Excavator DeePC < 50 ms
Vehicle Path Following | DeePC < 8 ms
Quadcopter DeePC | v 4.14 - 6.66 ms

This overview supports existing observations in the literature, which conclude that DDPC is
rarely applied to real-life systems [50, 69], particularly in the context of adaptive methods.
However, the computation times reported for other applications are sufficiently low to control
a real-life system.

1-6 Research Question

This chapter initially presented the foundational concepts and methodologies associated with
indirect control approaches. Multiple identification and optimal control methods were given
to create an overview of the possibilities of the known methodologies. It then transitioned
to a detailed examination of direct DDPC, with particular emphasis on the comparison to
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indirect control methods. As part of this discussion, two of the most widely adopted direct
DDPC strategies, SPC and DeePC, along with their CL variants, were introduced.

Subsequently, the chapter elaborated on several critical challenges associated with direct
DDPC, such as managing strongly nonlinear or time-varying systems, ensuring PE, mit-
igation noise, and achieving real-time feasibility. Potential solutions to these issues were
provided, including the use of adaptive Hankel matrices, various noise mitigation strategies,
and computational techniques such as matrix decomposition methods and approaches derived
from the MPC framework.

Next, an overview of existing applications, summarized in Table 1-1, revealed that only a
limited number of real-world implementations successfully address all the identified challenges.
Given the availability of experimental infrastructure at the DCSC laboratory, the piezo-
actuated beam setup has been selected as the basis for this research.

This research primarily focuses on SPC-based techniques, as they support handling con-
straints with the receding horizon optimal control method. In contrast, DeePC often entails
a significantly larger number of optimization variables, complicating real-time implementa-
tion [44]. Accordingly, SPC is selected in this work for its advantageous balance between
computational efficiency and practical feasibility.

This all resulted in the following research question:

How can an adaptive direct data-driven predictive controller be designed to enable
constrained, real-time vibration control of a real-world piezo-actuated beam setup?

To address this research question, the following subquestions are formulated:

1. How can the adaptivity of the algorithm be incorporated?

The theoretical framework for adaptive implementations is considered in this research.
However, the piezo-actuated beam setup is not suitable for fully demonstrating the
benefits of adaptivity due to hardware limitations. The added value of an adaptive
approach is expected to be more evident in systems that are not already approximately
Linear Time-Invariant (LTT).

2. How can computational time be reduced to achieve real-time feasibility?

Achieving real-time feasibility is a key objective, particularly when constraints are in-
cluded. The impact of decreasing optimization variables by implementing CL. SPC and
matrix decomposition techniques to be able to update the SysID recursively is investi-
gated while also analyzing which parts of the algorithms are the bottleneck theoretically
and practically.

3. How do the proposed controllers perform compared to each other?

The effectiveness of the controllers is evaluated by comparing their performance against
each other. The advantages and disadvantages of the proposed approach are analyzed,
considering computational efficiency and control performance.
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4. How can vibration control be effectively implemented?

The research is focused on integrating hardware and software for vibration control. The
controller is designed to dampen the first two resonance modes of the piezo-actuated
beam while ensuring system stability.

The structure of this thesis is as follows. Chapter 2 introduces and analyzes four adaptive
direct DDPC algorithms, which are standard SPC, CL SPC, Recursive Closed Loop Subspace
Predictive Control (R-CL SPC), and Constrained Recursive Closed Loop Subspace Predictive
Control (CR-CL SPC). Chapter 2 furthermore presents the theoretical formulation of each
method and discusses their computational properties, particularly focusing on real-time feasi-
bility. Chapter 3 outlines the simulation methodology used to evaluate the algorithms, while
Chapter 4 presents and interprets the simulation results, including performance comparisons
and computational times. Following the simulation-based evaluation, Chapter 5 describes the
implementation of the control strategies on a real-world piezo-actuated beam setup, covering
both hardware and software aspects, and also examines the starting point for the baseline
model. The stability analysis of the internal controller and the CL system, the methodol-
ogy, and the results of the experimental tests are presented in Chapter 6, where the real-life
performance is assessed. Finally, Chapter 7 summarizes the findings, answers the research
questions, discusses limitations, and provides recommendations for future work.
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Chapter 2

Theoretical Background of Subspace
Predictive Control Algorithms

This chapter lays the theoretical foundation for all direct Data-Driven Predictive Control
(DDPC) algorithms discussed in this thesis, with a particular emphasis on their formulation
and computational efficiency expressed in terms of Floating Point Operations (FLOPS). The
chapter begins by introducing the necessary preliminaries and mathematical background, pro-
viding the foundation for the subsequent methods. This is followed by a detailed exposition
of the standard Subspace Predictive Control (SPC) algorithm. The Closed Loop Subspace
Predictive Control (CL SPC) variant distinguishes itself by leveraging a parametric model
in predictor-form to improve performance. The Recursive Closed Loop Subspace Predic-
tive Control (R-CL SPC) method further reduces the computational burden by employing
recursive updates. Finally, the Constrained Recursive Closed Loop Subspace Predictive Con-
trol (CR-CL SPC) approach extends this framework by incorporating constraint handling
through the use of a Quadratic Programming (QP) solver.

These algorithmic developments directly contribute to answering the research questions by
introducing adaptiveness across the SPC variants and evaluating real-time feasibility through
a FLOPS-based analysis. A Floating Point Operation is a single arithmetic computation,
such as addition, multiplication, or division, performed on floating point numbers [70]. As a
machine-independent metric of computational complexity, FLOPS serve as a suitable relative
performance indicator for assessing computational time requirements [71].

2-1 Preliminaries

This section begins by elaborating on the necessary preliminaries required to understand the
subsequent algorithms. A Single-Input Single-Output (SISO) Linear Time-Invariant (LTT)
system is considered in both innovation-form and predictor-form, as defined in Equation 2-1
to 2-2 and Equation 2-3 to 2-7, respectively.
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16 Theoretical Background of Subspace Predictive Control Algorithms

The innovation-form state-space equations are defined as:
Tpy1 = Axg + Buy + Key, (2-1)

Yk = Czp + Duy, + ex, (2-2)

where uy € R represents the system input, y; € R the system output, and z; € R™ the state
vector. The term e;, € R is a zero-mean white noise process, and K € R™! is the Kalman
gain. The system matrices are defined as follows: A € R™ ™ is the system state transition
matrix, B € R™! maps the control input to the states, C € R™™ maps the states to the
output, and D € R represents the direct feedthrough term from input to output.

The predictor-form state-space equations are given as:
Trr1 = Az + Bug + K(yk — Cuxy, — Duk) (2—3)
yr = Cxp + Duy, + (yr, — Crg, — Duy,) (2-4)

Rearranging these equations, the system can be rewritten as:

Tht1 = (A—KC).’I}k—i- (B—KD)uk—i—Kyk (2—5)
Try1 = Azy, + Buy + Kyj, (2-6)
yr = Cxy + Duy, (2-7)

the system is now expressed in measured outputs rather than explicitly modeling the noise
terms.

2-2  Subspace Predictive Control (SPC)

The initial algorithm employed in this study is the standard SPC algorithm with the incorpo-
ration of adaptive features. This algorithm serves as the baseline for subsequent extensions.
As explained earlier, this approach was chosen over Data-Enabled Predictive Control (DeePC)
due to its reduced number of optimization variables and the potential for a complete analyt-
ical solution. By eliminating the need for an explicit optimization scheme and a QP solver in
the initial stages, SPC provides a foundation, allowing for a gradual increase in complexity if
needed.

To enhance its adaptability, a modification is introduced compared to the standard SPC
formulation as shown in [10]. This modification includes dynamically updating the Hankel
matrices at each time step and thereby avoiding the offline approximation of the system. As a
result, the algorithm now consists of four main steps that are executed at every control step:

1. Constructing the block Hankel matrices.
2. Solving a least squares problem.

3. Constructing the controller vector.

4

. Analytically calculating the first input.

This section explores the modified standard SPC algorithm and identifies its computationally
demanding components. The computational complexity is estimated using FLOPS to provide
a theoretical quantitative assessment.
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2-2 Subspace Predictive Control (SPC) 17

2-2-1 Mathematical Foundation

The observability matrix [' and the reversed extended controllability matrix IC are given in
Equation 2-8, and the block Toeplitz matrices Hpg p) and H ) are defined as shown in
Equation 2-9.

C
CA . . .
r= , . K=[Aa1B, A»2B. ..., B (2-8)
cAf1
With B = [B K}
D 0 0
CB D 0
Hp py = : : L (2-9)
CAf2B CAf3B ... D

Where p € Ng and f € Ny. The observability matrix I' € Rf*"  where n is the system order.
The reversed extended controllability matrix I € R™*?P represents the system’s response to
past inputs and disturbances. The matrices Hp p) € Rf*f and Hirn € Rf*f are block
Toeplitz matrices, representing the effect of future inputs and disturbances on the system.

The block Hankel matrices are defined as presented in Equation 2-10, while the past data
matrix W; is specified in Equation 2-11.

Uj Uit1 - U N
Ui+l Ui42 - Uit N
Ui,pJV = : : . : , (2-10)
Witp—1 Uitp ' UipNyp2
U~
W; = | PN (2-11)
i,p,N

Using these matrices, the following expression is obtained:

Yip:faN = FICVI/Z + H(B»D) U’pvaN + H(Kvl)E’LP’ny (2_12)

7

Where Yim N € RN s the output matrix over f time steps, W; € R?P XN g the past input-
output data matrix, Ul-p’ N E RF*N is the input matrix over f time steps, and Eip’ #N € RS *N
represents the effect of process noise over f steps.

Since the noise is assumed to be zero-mean white noise, Eip fN I8 approximated as a zero
matrix. This approximation allows the term H g, I)EZ-% sn to be omitted from the equation,
resulting in Equation 2-13.
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18 Theoretical Background of Subspace Predictive Control Algorithms

Y, sn =TKWi+ Hp U s § (2-13)

P

This simplification reduces the system equation to an expression where the future output
data (Y; [ y) are modeled as a function of past Input-Output (I/O) data (U; , y and Y; , 5)

3
and future input data (U y) which are all known.

2-2-2 Block Hankel Matrices

The first step involves constructing the block Hankel matrices from the data sequence, as
described in [13], and considering the variables shown in Figure 1-3.

Ensure that Uip v and Yo N have u; and y; as their first elements, respectively, as shown in
Equation 2-10. Similarly, Uim N and Y;p’ N should have w;, and y;, as their first elements,
where i, = ¢ + p, as shown in Figure 1-3. The block Hankel matrices consist of either p or f

block rows and N columns.

Since there are no matrix multiplications in creating the Hankel matrices, it is difficult to
express the amount of FLOPS. However, since every multiplication or addition is a FLOP,
it is assumed that the time required to create the matrix is correlated with the size of the
created Hankel Matrices. This means two times a p x N matrix and two times a f x N matrix,
which adds up to approximately (2(p + f)N) FLOPs.

2-2-3 Least Squares

The second step involves solving a least-squares problem. As shown in Equation 2-13, this
formulation enables the least-squares problem defined in Equation 2-14 to be solved for the
estimation of the variables I'C and H(p py. This problem can be solved analytically using a
pseudo-inverse, as presented in Equation 2-15, and yields a unique solution if the Persistance

U,
PN
of Excitation (PE) conditions are satisfied, such that [ Yo N ] is full row rank.

Uipzva
2
Ui,p,N ]

min }/%f’N — ( 'K Hg,p) ) [ Yo N

(2-14)
FIC,H(ByD> U ~
ipmva F

T
Ui,p,N
(TK Hgpop) ) =Y, ;5| | Yips (2-15)
Uz'p,f,N

The computation of this Pseudo-inverse takes a certain amount of FLOPS, which are explained
below:
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o Step 1: Matrix Pseudo-inverse using Singular Value Decomposition (SVD)

t
Ui,p,N
Yo N ] : The matrix is decomposed as A = UXVT where U and V are or-
Uz’p, f.N
thogonal matrices with size N x N and (2p + f) x (2p + f), and ¥ is a diagonal rect-
angular matrix of N x (2p + f) containing 2p + f singular values. The pseudo-inverse
is obtained as AT = VXTUT where Xt is computed by inverting its nonzero singular
values. The computational cost of SVD is approximately (N2(2p + f) + (2p + f)?)
FLOPs, while inverting the nonzero singular values also adds an additional approxi-
mately (2p+ f) FLOPS. Furthermore, a sparse matrix product of VT of approximately
(2(2p + f)) FLOPS and a matrix matrix product of this result times U’ of approxi-
mately (N (2p+ f)?) FLOPs. This totals the whole pseudo-inverse to approximately be
(2 + /(N> + N@2p+ f) + (2p+ f)? + 3)) FLOPs.

.I.
Ui,p,N
e Step 2: Matrix Multiplication Yip’ N Yo n : The matrix multiplication
) ) Uip..5 )
of an f x N matrix with a N x (2p + f) matrix costs approximately (2fN(2p + f) —
f2p+ f)) FLOPs

In total this equation takes approximately ((2p+ f)(N2+N(2p+ f)+(2p+f)2+2fN — f+3))
FLOPs.

2-2-4 Constructing Controller Vector

The third step involves constructing the controller vector wj,. This requires first forming the
two vectors of size p, U;7p71 and Yi,p,p as defined in Equation 2-16 and illustrated in Figure 1-
3. These vectors are structured as such due to the SISO assumption made earlier. The first
elements of these vectors are u; and y;, respectively. With t =i+ N — p. The final controller
vector w), is obtained by vertically concatenating Ui,p,l and Y%,p,p as shown in Equation 2-17.

T
Ui,p,l = (u; Ui u%+p—1) ) (2-16)
T 7 \7T
= (U%,p,l Y%,p,l) (2-17)

2-2-5 Calculate the First Input

Finally, the future input sequence U;p 71 can be computed with all the constructed variables.
The calculation of this input depends on the choice of the cost function. Two different cost
functions are discussed in the following subsections.
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Simple Cost Function

The first cost function considered is the Simple cost function, as defined in Equation 2-18.
In this formulation, @ typically represents the weight matrix applied to the tracking error,
penalizing deviations of the state x from the reference of the states r;, with @ > 0. However,
since only the output y of a SISO system is considered in this context, @) reduces to a scalar
weight. Similarly, R is the weight matrix applied to the control input wu, penalizing the
magnitude of control actions, with R > 0 typically assumed. Given the SISO setup, R also
becomes a scalar in this case.

J(y,u) = (y—r)"Qy—r)+u"Ru (2-18)

Minimizing this cost function is the same as minimizing Equation 2-20 at every timestep.
This ensures that the system output follows the reference signal while keeping the control
inputs from going to extreme values. This cost function ultimately leads to the expression in
Equation 2-21, which provides an analytical solution for calculating the future input sequence.
The analytical solution introduces diagonal matrices R and Q, with R € R/*/ and Q € R/*/
with the scalars R and @) on the diagonal, respectively. Additionally, Equation 2-20 and
Equation 2-21 involve the reference vector 7y shown in Equation 2-19, with ﬁp =i+ N as
shown in Figure 1-3.

T
Ty = (Tip Tip1 77" r%ﬁf—l) (2-19)
T/ T B
J(Yép,f,lv U%,,,f,1) = (ng,m —ryf) Q(Yz},m —rf)+ Uip,fJRU%p,f,l (2-20)
~ T ~ -1 T ~
gl = (R + H(B,D)QH(B,D)> Hip )@ (ry — TKwy) (2-21)

The computation of U;p 1 involves several steps, each contributing to the total number of
FLOPs:

e Step 1: Matrix Multiplication H(TB D)Q: This step is a f x f times a diagonal f x f
matrix multiplication which requires a approximately (0.5f2 + 0.5f) FLOPs.

e Step 2: Matrix Multiplication H(:%,D)QH(RD): Here the created f x f matrix is
multiplied with a f x f matrix and requires a approximately (22 + f2) FLOPs.
. ~ -1
e Step 3: Matrix Inversion (R + H(:%,D)QH(B,D)) : The inversion of a f x f matrix
typically costs approximately (f3 4 2f) FLOPs.

o Step 4: Matrix-Vector Multiplication I'Cw),: The multiplication of a f X 2p matrix
is multiplied with a 2p vector and requires a approximately ((8fp — f) FLOPs.

e Step 5: Matrix-Vector Multiplication H(:% D)Q (rf —'Kwyp): The created f x f
matrix times a f vector requires approximately (2f2 — f) FLOPs.
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e Step 6: Final Matrix-Vector Multiplication: The final f x f on the left side
multiplicated with f vector costs approximately (22 — f) FLOPs.

Summing these contributions, the total computational cost is dominated by approximately
(3f3 45524 (8p — 0.5)f) FLOPs.

Adapted Cost Function

The second cost function, as shown in Equation 2-22, is an adapted formulation that modifies
the input penalty term to penalize changes in the control input, Awu, rather than the input
itself. The matrix (or scalar) ) continues to weight the tracking error, penalizing the output
y deviations from the reference r. In contrast to the previous formulation, a new weighting
term R, is introduced to penalize the rate of change in the control input, Auw.

J(y,u) = (y — r)TQ(y —r)+ Aul Ry Au (2-22)

Minimizing this adapted cost function ensures that the system output closely follows the
reference signal while keeping the control input change small by adding integral action [37].
Furthermore, it discourages large fluctuations in the control inputs over time.

To find the analytical solution to this problem, two matrices, Sp and Sy, are introduced, as
shown in Equation 2-23. These matrices define the change in control inputs, AU@, £ The

specific method for obtaining AUEP 7.1 is given in Equation 2-24 [72].

I o --- 0 I 0 --- 0

I I oL 0 ... ..
Sa = L s So=1 L (2-23)

With I € R, Sx € RM*/ and Sy € RF*?P_ where Sy contains a single I at the p-th position
in the first row.

AUip,f,l = Sowp + SAUfp,f,l (2-24)

Integrating this equation eventually leads to a more rigorous cost function Equation 2-25 and
to the analytical solution in Equation 2-26 [72].

J(sz,f,p Uip,fg) = (Ytz'p’f,l - Tf)TQ(Y{'p,fJ - Tf) + (Spr + SAU;p,ﬁl)TRA(Spr + SAUzp,fJ)
(2-25)

. - -1 - -
U5p7f71 - (SKRASA T H(:%’D)QH(BD)) (H(:CB,D)Q (ry — TKwp) — SZRASOUJP) (2-26)
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Since the added matrices are sparse, quantifying the impact of these matrix multiplications
in terms of FLOPS is challenging, but their computational cost remains minimal, due to this
sparsity. Similarly, SKRASA contain the two sparse matrices (S£ and Sa) and a diagonal
matrix (Ra) and the same holds for SKRASpr with two sparse matrices (S} and Sp) and a
diagonal matrix Ra.

Similar to the simple cost function, the dominant cost remains in matrix inversion and multi-
plications. Therefore, the adapted cost function is slightly more computationally heavy, but
the difference may be negligible due to the sparse matrices, depending on the specific problem
size and context.

2-2-6 Improvements

As shown in the amount of FLOPSs, the (pseudo) inverse computation is identified as a
significant bottleneck in the process, as illustrated in Equation 2-15. Reducing reliance on
this operation could lead to notable efficiency improvements.

One possible approach to reducing computational complexity is leveraging the known struc-
ture of the system, which allows for estimating fewer parameters and decreasing the overall
computational burden. CL SPC exploits this structural insight by utilizing the predictor-
form Markov parameter matrix, under the assumption that A = A — KC is stable, leading
to CAP = 0, as shown in Equation 2-27 [73].

This assumption reduces the size of the (pseudo)inverse calculation, as only the first row of
the matrix needs to be estimated. The remaining rows can be constructed using the values of
the first row, significantly reducing the computational effort required to solve the system [73].

Furthermore, the CL SPC has an improvement to the standard SPC algorithm because it
prevents the Closed Loop (CL) identification bias by only estimating only a single-step-ahead
predictor [47]. The next section continues on this CL SPC.

2 CA'B CAP2B ... CA/B ... CB
= 0 CAP-1B ... CAr-It'BR .. CAB
C = . . . : . . (2-27)
= 0 . 0 CAP'B ... CAI'B

mmé:@ ﬂ.

2-3 Closed-Loop Subspace Predictive Control (CL SPC)

While the previous section described the standard SPC algorithm, this section presents an
enhanced version: the CL SPC algorithm. This approach improves upon the standard SPC
by exploiting a parametric model of the system. The CL approach enhances performance by
leveraging the predictor-form Markov parameters to approximate the system dynamics more
effectively. This reduces the number of optimization variables that must be estimated in the
Least Squares step, improving computational efficiency [73].

R. Schouten Master of Science Thesis



2-3 Closed-Loop Subspace Predictive Control (CL SPC) 23

To implement the CL approach, several modifications to the SPC algorithm, as described in
section 2-2, are required. The first two steps, which involve constructing the Hankel matrices
and solving a reduced Least Squares problem, remain largely unchanged. However, the key
distinction of the CL SPC method lies in transforming the system’s predictor-form Markov
parameters back into the needed innovation-form Markov parameters. This transformation
is based on the methodology outlined in [74, 75]. Once the system’s Markov parameters are
updated, the final step of computing the first input remains identical to that in the standard
SPC approach. By integrating these enhancements, CL. SPC improves computational effi-
ciency while also being able to work with the CL identification bias. The remainder of this
section outlines the modifications and similarities across the four main steps, followed by a
discussion of potential improvements.

2-3-1 Block Hankel Matrices

In the first step for the CL variant of the SPC algorithm, the matrices U; , 5 and Y, , 5

as defined in Equation 2-10 are still required. However, different from the standard SPC,
two vectors are needed instead of matrices: Uiva 5 and Y;pl &> as shown in Equation 2-
28. Since the same two p x N matrices are used, but the two f x N matrices are replaced
with two N-dimensional vectors, this step results in a direct reducting in computational
complexity compared to the standard SPC. Specifically, it requires (2(p + 2)N) FLOPs

instead of (2(p + f)N) FLOPs.
U. 1,]\7 = [ ’U/L'p uip+1 tee uZp+N—1 :| y (2—28)

2-3-2 Least Squares

Ui,p,N

i,p,N
given by Equation 2-29. When A = A — KC is stable and p is sufficiently large, it can
be assumed that C'A? = 0. Based on this assumption, Equation 2-31 (and Equation 2-33
for D # 0) are derived, which can be solved using the Least Squares approach as shown in
Equation 2-30 and 2-32.

Following Dong et al. [73], the relation between Yz'p,l, y and [ ] in predictor-form is

Y, 18 = CAPX; + =,

U, 5
LN (2-29)
i,p,N

Assuming D =0

When the assumption is made that D = 0, it holds that B = B — KD = B. Therefore,
Equation 2-30 can be used to estimate the Predictor-form Markov Parameters:

= 2 [C/lp—lB ... CB CArIK ... CK}.

(2-30)
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This least squares problem can be solved using a pseudo-inverse, as shown in Equation 2-31,

U .~
and has a unique solution if the PE conditions hold, such that l Z’p’]y ] is full row rank.
,p,N
.I.
= _ Uz »,N
Zo=Y, 1§ [ Y, n (2-31)

This least squares algorithm is calculated using the same previous steps (subsection 2-2-3)
and is approximately ((2p)(N?+ N(2p)+ (2p)?+2Np+3)) FLOPs. The complete calculation
of FLOPs is shown in Appendix A-2-1.

When D #0

In addition to D ## 0, an estimation for D needs to be found. This is accomplished by append-

Uip.N

i,p,N
the Predictor-form Markov Parameters are defined:

5, 2 [CAP—lé ... CB CAP 'K ... OK D]

ing Uip,l, 5 to the existing matrix ] , as formulated in Equation 2-32. Consequently,

This also incorporates the estimation of D.

2
o Ui,p,N
min|[Y, v~ | | Yipw (2-32)
=0 U _
ip,1,IN F
This least squares problem can be solved with Equation 2-33, and has a unique solution if
Usp,§
the PE conditions hold, such that | Y, 5 is full row rank.
Uiz)vLN
T
N UipN
E0=Y, 1§ Yip (2-33)

Uz‘p,l,N

This formulation introduces additional complexity due to the augmented row in the pseudo
inverse calculation and totals up to approximately ((2p + D(N?2+N2p+1)+(2p+1)2+
2N(p+ 1)+ 3)) FLOPs. The complete FLOPS calculation is provided in Appendix A-2-2.

2-3-3 Building the Innovation Markov parameters

The next step is building the innovation-form Markov parameters. The predictor-form Markov
parameters obtained in the previous step must be converted to their innovation-form counter-
parts. This transformation can be achieved either through a matrix inversion, as described in
Houtzager et al. [76], or via a recursive formulation found in van der Veen [74] and Dong [75].
Given the high computational burden associated with matrix inversion, the latter approach
was adopted for implementation.

R. Schouten Master of Science Thesis



2-3 Closed-Loop Subspace Predictive Control (CL SPC) 25

Assuming D =0

Assuming D = 0, the matrix in Equation 2-27 can be constructed, which enables the com-
putation of ¥; and A;, as defined in Equation 2-34 and Equation 2-35, respectively [74, 75].
Given that the system is SISO, the overlined components reduce to scalar values that are
already known, as they correspond to entries of Zy or Zy obtained in the preceding step.

i—1 _ .
U =5+ Y CATIK .U, =5, (2-34)
7=0

7j—1
Aj=CAI-'1B+Y CAI—™1K-A;, A =CB, Ay=0 (2-35)

T=1

The number of FLOPS needed to calculate the full ¥ and A is approximately (2pf? + 2pf)
and (@), respectively. The calculations of these numbers are shown in Appendix A-2-3

(4p+1)f(f+1)>_

and A-2-4, respectively. These two combined lead to a total of approximately ( 5

When D # 0

When the assumption that D # 0 holds, =y needs to be split into two parts, as shown in
Equation 2-36. After Zo and D are obtained, a matrix similar to Equation 2-27 (Now B # B)
can be constructed, allowing for the computation of ¥; and A; using the slightly adjusted
formulas Equation 2-37 and 2-38.

So=[& Dl=[cA'B...CB CAT'K ... CK D, (2-36)
. i—1 [ .
U =5+ Y CATIK U, Ty=5,, (2-37)
7=0
Aj=CAI-1B+CAI-IKD +Y CAi—"1K-A,, A =CB+CKD, Ay=D (2-38)
T=1

In comparison with Equation 2-34 and 2-35, the only addition is CA/~1KD and the initial
condition CB + CKD which are needed to go from predictor-form B to innovation-form
B. This also introduces a slight increase in computational complexity, as demonstrated in
. : ; f(f+1)
Appendix A-2-5. The total cost of constructing A amounts to approximately (T + 2 f)
(4p+1)f22+(2p+5)f ) _

Consequently, the overall amount of FLOPS increases to approximately (
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Construction of ¥ and A

The complete form of the matrix ¥ is provided in Equation 2-39:

T
v=[ol ol 9l .. \If?ff_l] ~TK (2-39)

Once all components A; have been determined, the matrix A can be assembled as shown in
Equation 2-40:

Ao
Ay Ao

A=1. S ~ H(p p) (2-40)
Ajoy Apy - Ag

2-3-4 Calculating the first input

The final step is calculating the first input. This step is identical to that of the standard
SPC algorithm, as detailed in subsection 2-2-5, and is therefore not further elaborated in this
subsection.

2-3-5 Improvements

Although the computational burden of the least-squares problem has been reduced in the
CL SPC algorithm compared to the standard SPC formulation, it remains the primary bot-
tleneck in terms of FLOPS. Because of this, the next chapter considers a recursive option.
This approach utilizes a recursive least squares algorithm, which updates the predictor-form
Markov Parameters with the new incoming data instead of estimating these parameters at
every control step. Which will decrease computational complexity even more.

2-4 Recursive Closed-Loop Subspace Predictive Control (R-CL SPC)

As discussed in section 2-2 and section 2-3, the computational cost of calculating the large
(pseudo)inverse remains a significant bottleneck. To address this, a recursive method is
introduced to update =y, reducing the computational burden.

In contrast to the standard SPC and CL SPC algorithms, the R-CL SPC method does not
directly construct Block Hankel matrices, as described in subsection 2-2-2 and subsection 2-3-
1. Instead, it recursively updates the least squares estimate using newly collected data vectors,
thereby reducing computational complexity. However, although this approach significantly
reduces computational overhead, it may introduce performance trade-offs due to its reliance
on incremental updates rather than full recomputation.

Despite these modifications, constructing the innovation-form Markov parameters and calcu-
lating the first control input remains identical to the process outlined in section 2-3. Mean-
while, the least squares step is completely removed and replaced by the recursive update.
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2-4-1 New Data

A new data timeframe is introduced as shown in Figure 2-1. Within this time frame, a new
vector vy, is constructed (see Equation 2-42), comprising the vectors Uy_, ;1 and Yi_, 51,
which represent the previous p data points (with k_, = k — p), as illustrated in Figure 2-1,
along with scalar ug, corresponding to input of the current time.

Uk,p,p,l ’ }fk—pvlhl

o
r R
(— ____________
p k
| S N
I 111 1
k-p=k_, k-1 ktl=k
_______ I;------)
L J

Uk 115 Yoy, 10

Figure 2-1: Visualization of data for the recursive method, inspired by [?]
T
Ukp’pvl = (uk*P uk—p+1 T uk—p+P—1> (2_41)

T
f}/k:(Ulzp,p,l ijlp,p,l uk) (2_42)

2-4-2 Recursive solution

The most straightforward approach to deriving a Recursive Least Squares (RLS) algorithm
with exponential forgetting involves the use of the covariance matrix P at k and the expo-
nential forgetting factor Aexp, which discounts past data by a factor of 1 — ey, at every time
step, where Aexp < 1 [77]. Equation 2-43 is used to calculate Py and afterwards the new éok
is calculated using Equation 2-44.

1
Py =

T -1 7
y Py — Po_17k (Aexp + Vi Pk—l’)/k) Vi Pr—1 (2-43)
exp

A

SIS éokq — Prvk (yk’ - VEéOk,l) (2-44)

The normal RLS algorithm, as previously described, is seldom used in practice due to nu-
merical instability. Instead, a more robust alternative, commonly referred to as square root
RLS, or the inverse QR algorithm, is often employed [50]. This approach utilizes the lower
triangular Cholesky factor Ry of the covariance matrix, such that P, = RkRg. A sequence
of Givens rotations is then applied, as illustrated in Figure 2-2 and further detailed in Ap-
pendix B-2 [60]. In this context, the Givens rotations effectively perform an inverse QR (or
LQ) matrix decomposition.
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Covariance Update

|:\/ Aezp 7]{ka1

1
0 Ao

pre-array

[ ; : }

— Ry

(::k 12k —>
N———

post-array

Figure 2-2: Performed Givens rotations for exponential forgetting algorithm, inspired by [50]

From the found values by means of the Givens rotations, Equation 2-45 is used to calculate
the new value for =g, [50].

[1D

0 = Z0,_, + V AexpGra™ (yx — 2 Zo,_,) (2-45)

The calculations for the amount of FLOPS can be found in Appendix A-2-6 and is approxi-
mately (16p> + 48p? + 60p + 23) FLOPs.

To estimate the amount of historical data used, Equation 2-46 provides an approximation of
the effective window length using Aexp [50]. This value is of the same order of magnitude as

the Hankel matrix width N. Therefore, N is introduced for future comparison purposes.

1
= 2-46
1 — Aexp ( )

:Ejl>

2-4-3 Markov Parameters and First Input

The calculation of the Markov Parameters and the first input follows almost the same pro-
cedure as the CL SPC, as discussed earlier in section 2-3. However, there is a slight differ-
entiation in the definition of w, due to the introduction of the new time frame as shown in
Equation 2-47 and 2-48.

T
Uk_prip1 = (uk—m—l Uk_piz " “’f) ) (2-47)

T
T T
Wp = (kapﬂ,pvl kapﬂdhl) (2-48)

2-4-4 Improvements

Although the computational burden is significantly reduced for R-CL SPC, there could still
be some improvements. Since the analytical solution is used, system constraints cannot be
explicitly accounted for. To account for this, a QP solver must be introduced, which uses an
optimization scheme to find the best possible input. This enhancement is further described
in the next chapter.
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2-5 Constrained Recursive Closed-Loop Subspace Predictive Con-
trol (CR-CL SPC)

This chapter extends the R-CL SPC approach from section 2-4 by incorporating a QP solver
to handle system constraints. The solver used in this implementation is ForcesPro [78, 79]
because it works with the available hardware. While this integration enables constraint en-
forcement, it also introduces additional computational complexity.

The CR-CL SPC algorithm largely follows the structure of the R-CL SPC approach outlined
in section 2-4, with a key modification: the analytical method previously used to compute
the first input is replaced by an optimization-based approach. This change allows the system
to enforce the suggested setup’s possible input and output constraints, ensuring feasibility
within operational limits. However, introducing a QP solver also affects real-time feasibility.

By integrating constraint handling into the R-CL SPC algorithm, CR-CL SPC seeks to create
a viable approach for real-time applications where constraint satisfaction is critical.

2-5-1 First Input

The only difference from the R-CL SPC algorithm is the calculation of the first input with
the help op an optimisation scheme. The optimization scheme uses the same time horizon as
shown in Figure 2-1, incorporating the vector w,, which corresponds to the historical data
vector introduced in Equation 2-48. The predicted future inputs and outputs are denoted as
Uk,,f,1 and Yy, 11, respectively, and are defined in Equation 2-49:

T
Ukl,f,lz(ukl Uk 41 uk1+f71) ) (2-49)

The optimization problem is presented in Equation 2-50. The problem minimizes a cost
function that combines tracking performance, input magnitude, and input smoothness by
integrating both the simple and the adapted cost functions introduced earlier in Equation 2-18
and 2-22. The objective is to follow a reference trajectory while respecting system constraints
and minimizing unnecessary or abrupt control actions.

f=2
minimize > (0.5]lyk, +i — 7iv1 B + 05wy illk + 05wk ivr — wry gl )
=0

+0.5]lykr -1 = 71sllG + 05wk -1 1R (2-50)
subject to Yy, r1 = Yw, + AUy, 11,
Umin < Uky, 7,1 < Umax,
Ymin < Yy 71 < Ymax-

In this optimization scheme, the term () assigns a penalty to the tracking error, encouraging
the output y to follow the reference trajectory r closely. The term R penalizes the magnitude
of the control input u, discouraging excessive actuation effort. The term R penalizes changes
in the control input. The matrices ¥ and A define the data-driven model, which maps past
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30 Theoretical Background of Subspace Predictive Control Algorithms

information w, and future control inputs Uy, r1 to the predicted output sequence Yy, 1.
The first constraint enforces adherence to this model, while the remaining constraints ensure
that both control inputs and predicted outputs stay within specified bounds throughout the
prediction horizon.

To solve this optimization problem, a QP solver called ForcesPro [78, 79] is employed. The
use of this solver introduces nonlinear dependencies and additional computational complexity.
As a result, it is not feasible to explicitly express the number of FLOPS required for this
computation.
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Chapter 3

Simulation Methodology

Whereas the previous chapter provided a theoretical description of the algorithms, this chapter
presents the simulation methodology used to evaluate the performance and computational
efficiency of the various Subspace Predictive Control (SPC) algorithms. It begins with a
description of the simulated system and its parameters, followed by the implementation of
the SPC algorithms across several simulation scenarios. All simulations were performed on a
laptop with an Intel(R) Core(TM) i7-7700HQ CPU @ 2.80Ghz processor.

The initial set of simulations focused on tuning key algorithmic parameters to enable a perfor-
mance comparison and assess computational complexity while comparing the computational
times with the estimated Floating Point Operations (FLOPS). Additional simulations investi-
gated the effect of different cost functions, analyzed the influence of including the feedthrough
matrix D, and introduced a methodology to assess the role of the exponential forgetting factor
Aexp under varying noise conditions and nonlinear system behavior.

These simulations aimed to validate the earlier theoretical developments while offering practi-
cal insights into how adaptivity and computational constraints impact controller performance.
They directly address the research questions concerning real-time feasibility, adaptiveness, and
control effectiveness.

3-1 System Description and Parameters

This section describes the system used for the simulations and other possible parameters. All
simulations were performed on a simple second-order system, which is given in Equation 3-1
(from [50]). The system was selected for its simplicity, allowing the focus to remain primarily
on evaluating the control methodology. The noise added was band-limited white noise with
variance 0,2 = 0.01. The chosen sampling time was 0.1s.

0.522

Y= 203 104"

(2) +v(2) (3-1)
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All SPC variables, such as the future and past window (p and f) and the width of the Hankel

matrices (V) or the exponential forgetting factor (Aexp), which implicitly defines the effective

window length (IV), are considered tunable variables. The (near) optimal values for these
parameters were determined in the initial set of simulations.

3-2 Implementation of SPC Algorithms in Simulation

Now that the simulated system is known, this section aims to describe all the simulations
performed. First, a structured tuning procedure was applied to determine the optimal past
and future window sizes (i.e., p and f), Hankel matrix width (N), and exponential forgetting
factor (Aexp). The computational complexity of each SPC variant was analyzed by comparing
simulation results to estimated FLOPS. Additional simulations investigated the impact of cost
function choices, the role of the feedthrough matrix D, and the influence of the exponential
forgetting factor Aexp under varying conditions.

The following subsections detail the methodology for parameter tuning and other performance
evaluations.

3-2-1 Parameter tuning

Because of there are a lot of possible combination with three tuning parameters, a variation
of a greedy algorithm was applied to determine a near-optimal combination of tunable pa-
rameters p, f, and N (or Aexp)- This significantly reduces the number of simulations that
must be performed while still being able to find near-optimal values [80].

The process began with a simulation where p = f was varied, while N (or Aexp) were kept

constant at a sufficiently high value, in this case: N = 400 and Aexp = 0.9975 (N = 17)1\exp =

400). Once the optimal value for p = f was identified, another simulation was conducted in
which this value was used as a fixed future window f, and p was varied independently.

After determining the optimal value of p, a simulation was performed where p was held
constant at the found optimal value, and f was varied, determining the optimal value for f.
Finally, after the values of p and f were found, another simulation was performed to optimize

N (or N) by varying its value. This iterative procedure yields a near-optimal combination of

the parameters p, f, and N (or N). The mean of 10 simulations with different noise seeds
was taken to mitigate the outliers.

The cumulative stage cost is the performance metric to determine the near-optimal variables.
It represents the sum of the costs calculated at each time step concerning the current input
and output based on the cost function Equation 2-22.

A 300-seconds reference trajectory was followed in all simulations, as illustrated in Figure 3-1.
During the initial five seconds, white noise with a variance (02 = 5) was applied at a sampling
interval of 1 second to initialize the SPC controller. Following this initialization phase, the
controller became active. To allow the controller sufficient time to stabilize, data collection
for performance evaluation began at 50 seconds.
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3-2 Implementation of SPC Algorithms in Simulation 33

As previously mentioned, the system operated with a sample time of 0.1 seconds. The penalty
on output deviation, denoted by @, was set to 1. The penalty on the absolute control input
R was set to 0, and the penalty on the rate of change in the control input R was set to
1. These parameter values were selected based on their ability to yield robust and reliable
simulation performance.

Reference Signal
150 T T T T T

100 .

ot

(e} (e}
1 T
1 1
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|
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T

-100 |- 1

Reference
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Time (s)

Figure 3-1: The Reference signal used for simulations consists of two sine waves and a square
wave. Including the square wave ensures that the signal possesses a broad frequency spectrum,
which is needed to ensure Persistance of Excitation (PE).

Furthermore, the results of all simulations were utilized to analyze the computational times
associated with the individual components of the different SPC algorithms. These components
include the construction of the Hankel Matrices, the solution of the least-squares problem, the
update of the covariance matrix, the construction of the innovation-form Markov Parameters,
and the calculation of the first input.

These computational times were subsequently compared to the estimated computational com-
plexity, expressed in terms of FLOPS, as previously calculated in chapter 2. For clarity and
reference, an overview of these estimates is provided in Table 3-1, in terms of p, f and .

Table 3-1: Computational Complexity of different steps of different SPC Variants where the
not used steps are indicated with a '-' and the calculation of the first input of the Constrained
Recursive Closed Loop Subspace Predictive Control (CR-CL SPC) is indicated with '?" due to
the nonlinear way it is calculated.

Create Hankel Matrices | Solving Least Squares Update Covariance Constructing Parameters | Calculate Input
SPC 2(p+ HN o+ NN+ @+ 2N+ P + 120+ pf >+ P+ 2p+ [ - 1) | - - 317+ 5577+ (Bp—05)]
CL SPC 2(p+2)N (2p+ 1)N2 + (4p> + 6p+ 2)N + (8p° + 12p% + 6p+ 1) R Upt D)+ 5] 3345502+ (8p—0.5)f
R-CL SPC | - - 16p* + 48p° + 60p + 23 > 3f3+ 552+ (8p—0.5)f
CR-CL SPC | - - 16p° + 48p% + 60p + 23 | UptDHCpin)] 2

3-2-2 Cost function comparison

To compare the simple cost function with the adapted cost function, a simulation was con-
ducted on the system in Equation 3-1 with 62 = 0.01 to evaluate the performance of the
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simple cost function against the ‘Adapted’ cost function. The standard SPC algorithm was
used. The simulation parameters were set as follows: past window size (p) and future win-
dow size (f) both equal to 10, sample time at 0.1 seconds, penalty on state deviation (@) at
10, and penalty on control effort (R or Ra) at 1 and the width of the Hankel Matrices are
capped at N = 400. These values were chosen as they provided robust and reliable simulation
performance. In contrast, the higher value for ) compared with previous simulations gave a
more reasonable steady-state error for the simple cost function.

During the first phase of five seconds, white noise with a variance (02) of 5 was given at a
sampling time of 1 second to activate the SPC controller. Following this phase, the controller
was engaged, and a step reference 20 was introduced at the 20-second mark.

3-2-3 Use of Feedthrough Matrix D

To find if the feedthrough matrix can be assumed to be zero or not, three simulations were
performed on the system in Equation 3-1 using 02 = 0.01 and a sampling time of 0.1s to
confirm the performance using the feedthrough matrix. The Closed Loop Subspace Predictive
Control (CL SPC) algorithm was analyzed both with the feedthrough matrix D and for the
case where D = 0.

In the simulations, a reference signal of 600 seconds was followed, utilizing the same functions
as previously shown in Figure 3-1. During the initial phase of five seconds, white noise with a
variance (02) of 5 was applied at a sampling time of 1 second to initialize the SPC controller.
After this initialization phase, the controller was engaged. As previously mentioned, the
sampling time was set to 0.1 seconds, the penalty on output deviation (@) was set to 1, the
penalty on absolute control input (R) was set to 0, and the penalty on the change in control
input (Ra) was set to 1. These values were chosen as they provided robust and reliable
simulation performance. To reduce ambiguity, the test was performed using three different
noise seeds.

3-2-4 Influence of ).,

To get some initial understanding of how Acy, influences the simulation results, two simula-
tions were performed to investigate further the influence of Aexp.

The first simulation examined the effect of Acxp in the presence of a higher noise level. This
simulation was conducted with the same kind of simulation as previously in subsection 3-2-
1, but with the system in Equation 3-1 and using 02 = 5. In this scenario, the Recursive
Closed Loop Subspace Predictive Control (R-CL SPC) algorithm was employed with p = 2
and f = 23, attempting to follow the reference trajectory shown in Figure 3-1. The sample
time was set to 0.1 seconds, the penalty on output deviation (Q) was set to 1, the penalty
on absolute control input (R) was set to 0, and the penalty on change in control input (Ra)
was also set to 1. These values were chosen as they provided robust and reliable simulation
performance.

The second simulation investigated the effect of Aexp when the system exhibits nonlinear
behavior. In this case, the system switched from the system shown in Equation 3-1 to the
system shown in Equation 3-2 at t = 1505, with a noise variance of 02 = 0.01 and a sampling
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time of 0.1s. The system followed a 600s reference trajectory, as shown in Figure 3-1. The
penalty parameters were maintained as follows: Q = 1, R = 0, and Rao = 1. These values
were chosen as they provided robust and reliable simulation performance.

—0.522

fa(2) = 224092 + O.9u

(2) +v(z). (3-2)

This chapter outlines the methodologies used. The results of the simulation methodologies
described are presented in the next chapter.
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Chapter 4

Simulation Results

This chapter presents the simulation results used to evaluate the performance and computa-
tional efficiency of the implemented Subspace Predictive Control (SPC) algorithms. It begins
with a parameter tuning procedure, where key variables such as the past and future window
sizes (p and f), the Hankel matrix width (), and the exponential forgetting factor (Aexp)
were optimized for each algorithm. To assess real-time feasibility, the computational complex-
ity of the different SPC variants has been evaluated by comparing measured computational
times with the corresponding theoretical Floating Point Operations (FLOPS) estimates.

Subsequent simulations investigated the influence of different cost function formulations, the
inclusion of the feedthrough matrix D, and the behavior of the algorithms under varying noise
levels and nonlinear dynamics through the role of Aexp.

In the last section of this chapter, some concluding remarks on the simulation results are
given, including the found optima, FLOPS accuracy, and a discussion on the choice of cost
function, feedthrough matrix, and exponential forgetting factor.

These results provide quantitative insights into the adaptability, computational demands, and
control performance of each SPC variant, directly supporting the research questions regarding
real-time feasibility, adaptive capability, and comparative controller performance.

4-1 Parameter Tuning

To ensure optimal performance, the key parameters of the SPC algorithms were systematically
tuned. These include the past window size p, future window size f, and either the Hankel
matrix width N or the exponential forgetting factor Aexp- The tuning process was performed
iteratively, aiming to improve control accuracy based on simulation results.

This approach also enabled the analysis of computational complexity in relation to the theo-
retical FLOPS estimations shown in Table 3-1. In each subsection, the analysis is simplified
to isolate and highlight the effect of the varied parameter.

Master of Science Thesis R. Schouten



38 Simulation Results

4-1-1 Varying past and future window

The first step in identifying near-optimal parameters involved determining the optimal value
when the past and futAure window lengths were equal, that is, p = f = k. A sufficiently
large value for N (or N) was selected and set to 400 to avoid limitations due to insufficient
data. Table 4-1 provides an overview of the estimated number of FLOPS required under the
condition p = f = k with N = 400.

Table 4-1: Computational Complexity of different steps of different SPC Variants for p = f = k
and N = 400. The not used steps are indicated with a '-' and the calculation of the first input
of the Constrained Recursive Closed Loop Subspace Predictive Control (CR-CL SPC) is indicated
with '?" due to the nonlinear way it is calculated.

Create Hankel Matrices | Solving Least Squares Update Covariance Constructing Parameters | Calculate Input
SPC 1600k 8k3 + 4012x% + 800007+ — 1 - - 3K° + 5.5K% 4 T.5K
CL SPC 800k + 1600 8k3 + 1612k% + 322406k + 160801 | - 263 + 2,552 + 2.5k 3K + 5.5k + 7.5k
R-CL SPC - 1653 + 48k2 + 60k + 23 | 265 + 2.5x2 + 2.5k 3k + 5.5k% + 7.5k
CR-CL SPC | - - 1655 + 48k2 + 60k + 23 | 265 + 2.5x2 + 2.5k ?

For the standard SPC algorithm, it was observed that when s ranged between 10 and 30,
the creation of Hankel matrices increased linearly, requiring approximately 10> FLOPS, as
indicated by the term 1600« in Table 4-1. In the least-squares step, although the expression
contains cubic and quadratic components, the large coefficient of the linear term made it
numerically dominant in this range, resulting in an estimated cost around 107 FLOPS. The
computation of the first input was governed primarily by the cubic term 3x3, but remained
relatively low in cost, at approximately 10* FLOPS.
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Figure 4-1: Impact of varying window size (p = f) on simulation time and cumulative stage
costs for the Simple SPC.

These FLOPS estimates align with the trends shown in Figure 4-1a, where a linear increase
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4-1 Parameter Tuning 39

is visible in the computational effort for matrix construction and solving the least-squares
problem. A smaller yet steeper increase was observed in the input computation step.

Regarding control performance, as shown in Figure 4-1b, the best results were achieved at
p = f = 15. Beyond this point, further increases in window size led to a gradual decline in
performance.

For the Closed Loop Subspace Predictive Control (CL SPC) algorithm, when s ranged be-
tween 10 and 30, the computational effort of the creation of Hankel matrices increased linearly,
requiring approximately 10> FLOPS. This was consistent with the expression 800x 4 1600
in Table 4-1. The dominant computational step remained the solution of the least squares
problem, which incurred between 10° and 107 FLOPS. However, this cost was slightly re-
duced compared to the standard SPC due to a smaller problem formulation and the presence
of lower-order terms in the expression.

The computation of the first input was governed by a cubic expression but remained relatively
inexpensive, requiring approximately 10* FLOPS. An additional step in CL SPC involved the
construction of innovation-form Markov parameters, which introduced further computational
load. This step scaled with 3 in theory and contributed to the order of 10° operations within
the tested range.
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Figure 4-2: Impact of varying window size (p = f) on simulation time and cumulative stage
costs for the CL SPC.

These FLOPS trends are clearly reflected in Figure 4-2a, where both Hankel matrix creation
and least squares solving show a linear increase with window size. The cost of computing the
first input exhibits a steeper rise, and the added parameter construction step also contributes
noticeably to the total computation time, although not in a strictly cubic manner.

As shown in Figure 4-2b, the best control performance was achieved at p = f = 15, where the
cumulative stage cost was minimized. Beyond this point, increasing the window size led to a
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40 Simulation Results

gradual performance decline. Overall, the behavior of CL SPC closely resembled that of the
standard SPC, with modest improvements in computational efficiency and a more structured
model formulation.

For the Recursive Closed Loop Subspace Predictive Control (R-CL SPC) algorithm, when
k was between 10 and 30, the computational complexity changed significantly compared
to standard SPC and CL SPC. The creation of Hankel matrices was no longer required,
eliminating an estimated 10> FLOPS. Likewise, the least squares problem was not solved at
each time step, removing the dominant computational burden of approximately 10 FLOPS.

Instead, the algorithm relied on a recursive covariance matrix update, which became one of the
most computationally demanding steps, requiring between 10° and 10® FLOPS, depending on
the window size. The construction of innovation-form Markov parameters was also retained
and contributed a similar computational load. Meanwhile, the calculation of the first input
remained comparable in complexity to previous variants, at approximately 10* FLOPS.
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Figure 4-3: Impact of varying window size (p = f) on simulation time and cumulative stage
costs for the R-CL SPC.

As shown in Figure 4-3a, this restructuring for the R-CL SPC algorithm leads to a clear
reduction in computational cost. Removing the explicit least squares step significantly de-
creased overall execution time, and the recursive update steps dominated the computational
profile. Input computation remained the least expensive component, though it increased more
sharply with larger window sizes.

Regarding control performance, Figure 4-3b indicates that the optimal performance occurred
at p = f = 23, which is higher than in the previous algorithms. In contrast to SPC and
CL SPC, increasing the window size beyond this point did not lead to a degradation in
performance.

The computational complexity of the CR-CL SPC algorithm closely followed that of the
R-CL SPC algorithm, with one key distinction: the incorporation of a Quadratic Program-
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4-1 Parameter Tuning 41

ming (QP) solver to handle input and output constraints. While the core structure remained
unchanged, eliminating the need for explicit Hankel matrix construction and least squares
solving, adding the QP optimization step introduced a potential computational burden.
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Figure 4-4: Impact of varying window size (p = f) on simulation time and cumulative stage
costs for the CR-CL SPC.

As shown in Figure 4-4a, the QP solver quickly became one of the dominant contributors
to computation time as the window size p = f increased. In contrast to the R-CL SPC
algorithm, where the input calculation step was relatively inexpensive, the constraint handling
in CR-CL SPC substantially increased the computational time of this component.

Regarding performance, Figure 4-4b shows that the optimal window size remains consistent
with that of the R-CL SPC algorithm, with p = f = 23 yielding the lowest cumulative stage
cost. Notably, no performance degradation was observed for larger window sizes.

Overall, CR-CL SPC retained most of the computational advantages of its recursive counter-
part while enabling the handling of constraints, making it well-suited for real-world applica-
tions with critical input and output limits.

4-1-2 Varying Past Window Size

The next step in the parameter tuning process involved determining the optimal value for the
past window size p, while keeping the future window size fixed. For the SPC and CL SPC algo-
rithms, the future window size was set to f = 15, whereas for the R-CL SPC and CR-CL SPC
algorithms, it was set to f = 23, as established in the previous section. A suﬂ?ciently large

Hankel matrix width and effective window length were maintained, with N = N = 400.

Table 4-2 provides a detailed overview of the estimated computational complexity across
different algorithm components for various values of p. This allows for an informed analysis
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42 Simulation Results

of how increasing the past window size influences the overall computational cost in each SPC
variant.

Table 4-2: Computational Complexity of different steps of different SPC Variants for N = 400,
where f = 15 for SPC and CL SPC, and f = 23 for R-CL SPC and CR-CL SPC. The not used
steps are indicated with a '-" and the calculation of the first input of the CR-CL SPC is indicated
with '?" due to the nonlinear way it is calculated.

Create Hankel Matrices | Solving Least Squares Update Covariance Constructing Parameters | Calculate Input
SPC 1600p + 12000 8p3 + 180p? + 345352p + 2583389 | - - 120p + 10125
CL SPC 1600p + 3200 8p° + 1612p% + 320406p + 160801 | - 450p? + 275p + 135 120p + 10125
R-CL SPC | - - 16p° + 48p% + 60p + 23 | 2116p> + 1046p + 264.5 | 176p + 38151
CR-CL SPC | - - 16p° + 48p% + 60p + 23 | 2116p> + 1046p + 264.5 ?

For the standard SPC algorithm, Table 4-2 shows that when p ranged from 2 to 16, a linear
increase in computational cost was expected for creating the Hankel matrices, described by
the expression 1600p + 12000, with a total of approximately 10> FLOPs. The most compu-
tationally intensive step remained solving the least squares problem, which involves a cubic
expression in p. However, due to the large coefficient of the linear term in the expression
8p® + 180p? + 345352p + 2583389, the growth appeared nearly linear in this range, resulting
in a total cost between 106 and 10” FLOPS. The calculation of the first input grew linearly
with p and remained relatively inexpensive, at around 10* FLOPs.
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Figure 4-5: Impact of past window sizes on simulation time and cumulative stage costs for the
Simple SPC.

As seen in Figure 4-5a, the measured computational time aligned with these FLOPS expec-
tations. The creation of Hankel matrices exhibited a steady linear increase, and solving the
least squares problem dominated the total time, increasing predictably with p. In contrast,
the input calculation remained the least demanding among the three components.

Figure 4-5b further illustrates the improvement in control performance as p increases. A
sharp decrease in cumulative stage cost is observed up to p = 3, after which performance
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4-1 Parameter Tuning 43

trend becomes more gradual and steady. Beyond p = 6, additional increases in p yield no
further performance gains.

For the CL SPC algorithm, Table 4-2 showed computational trends similar to those of stan-
dard SPC. The creation of Hankel matrices grew linearly with p, and the calculation of the
first input remained relatively small, with a linear cost of approximately 10* FLOPS. The
least squares step, while structurally similar to SPC, contained a slightly lower constant and
linear term, resulting in a marginally lower computational cost in the tested range of p. How-
ever, the difference was not substantial, and both algorithms incurred between 10° and 107
FLOPs for this step.

An additional step in CL SPC was the construction of the innovation-form Markov param-
eters, which introduced a quadratic cost with respect to p, amounting to approximately 10°
FLOPs.
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Figure 4-6: Impact of past sizes on simulation time and cumulative stage costs for the CL SPC.

As shown in Figure 4-6a, the observed computational times aligned with the theoretical
expectations. The total computational time remained slightly lower than that of standard
SPC, largely due to a lower overall constant offset in the least squares computation.

In Figure 4-6b, the cumulative stage cost follows a similar trend to SPC, reaching an optimum
at p = 5. Beyond this point, increasing p yielded no improvements in performance.

When examining Table 4-2, the R-CL SPC algorithm exhibited a cubic increase in compu-
tational complexity for the covariance matrix update, with FLOP counts starting in the 10%
range and approaching 10° as p increased. The construction of the innovation-form Markov
parameters contributed an additional quadratic cost, growing into the 10° FLOP range for
typical values of p. The calculation of the first input remained relatively minor, with a linear
dependence on p and a lower overall cost than the other components.

As shown in Figure 4-7a, the covariance update dominated the computational time, increasing
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rapidly with p, while the Markov parameter construction also required significant computa-
tional effort, though not as steeply. These observations confirmed the trends predicted by
the table. The input calculation continued to contribute only a small portion of the total
computational load.
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Figure 4-7: Impact of past sizes on simulation time and cumulative stage costs for the R-CL SPC.

From a performance perspective, Figure 4-7b shows that the optimal past window size was
smaller than in previous algorithms, with p = 2 yielding the best results. This outcome was
consistent with expectations, as the value of p implicitly defines the model order, and the
simulated system had an order of two. Increasing p beyond this point led to a noticeable
degradation in performance, which then remained relatively stable at a lower level.

The results in Table 4-2 for the CR-CL SPC algorithm were largely comparable to those of
the R-CL SPC algorithm, with the notable exception that the number of FLOPS required for
the input calculation step could not be specified due to the use of a QP solver.

As shown in Figure 4-8a, the introduction of constraints significantly changes the computa-
tional profile. The QP solver becomes the dominant contributor to total runtime. Although
its theoretical complexity is not constant, it appeared relatively flat over the tested range of
p. The recursive covariance update and the construction of innovation-form Markov param-
eters contributed similarly to their roles in the R-CL SPC algorithm. However, their relative
impact was reduced due to the added overhead introduced by the QP solver.
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Figure 4-8: Impact of past window sizes on simulation time and cumulative stage costs for the
CR-CL SPC.

Despite the increased computational cost, Figure 4-8b confirms that the optimal past window
size remains at p = 2, as in the unconstrained case.

4-1-3 Varying Future Window Size

The next step in the parameter tuning process focused on determining the optimal value for
the future window size f, while keeping the past window size p fixed. Based on the previous
analysis, the past window was set to p = 6 for the SPC algorithm, p = 5 for CL SPC, and
p = 2 for both the R-CL SPC and CR-CL SPC algorithms. A sufficiently large Hankel matrix

width and effective window length were maintained, with N = N = 400.

Table 4-3 summarizes the estimated computational complexity for each SPC variant across
varying values of f. This table provided insight into how the prediction horizon was expected
to impact the computational components in each algorithm during the simulation results
analysis.

Table 4-3: Computational Complexity of different steps of different SPC Variants for N = 400,
where p = 6 for SPC, p = 5 for CL SPC, and p = 2 for R-CL SPC and CR-CL SPC. The future
horizon f remains free. The not used steps are indicated with a -’ and the calculation of the first
input of the CR-CL SPC is indicated with '?" due to the nonlinear way it is calculated.

Create Hankel Matrices | Solving Least Squares Update Covariance | Constructing Parameters | Calculate Input
SPC 1600 f + 9600 413 4+ 132f% 4+ 6640 f + 960000 | - - 3f3 4+ 5524+ 47.5f
CL SPC 1600 f + 8000 413 4106 % + 6600 f -+ 800000 | - 10/2 +30f 3f3+5.5f24+39.5f
R-CL SPC |- - 152 42 +9f 3f3 4+ 5524+ 15.5f
CR-CL SPC | - - 152 42+ 9f ?

In the range 10 < f < 30, a small linear increase of approximately 10* FLOPS was expected
for the SPC algorithm in terms of Hankel matrix creation, as given by the expression 1600 f +
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9600. Solving the least squares problem, governed by a cubic expression 4f2 + 132f2 +
6640 f 4+960000, was theoretically expected to grow—dominated by the f2 and f? terms—but
remained numerically around the 105 FLOPS level due to the large constant term. The
computation of the first input was primarily driven by the f3 term and grew rapidly with
increasing f, though it remained relatively minor compared to the least squares step.
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Figure 4-9: Impact of future window size on simulation time and cumulative stage costs for the
Simple SPC.

As seen in Figure 4-9a, the expected linear increase in Hankel matrix creation is clearly visible.
While the least squares step was theoretically cubic, its growth trend appeared closer to linear
within the tested range, likely due to the dominance of constant and linear terms. The input
computation remained a smaller component but increased sharply at higher values of f.

From a performance standpoint, Figure 4-9b follows a trend similar to that observed when
p = f, with optimal performance achieved at f = 15. Beyond this point, performance
gradually declined, suggesting that longer prediction horizons do not necessarily improve
control quality.

When examining Table 4-3, in the range 10 < f < 30, a small linear increase of approximately
10* FLOPs was expected for the CL SPC algorithm in terms of Hankel matrix creation,
similar to the trend seen in standard SPC. The solving of the least squares problem remained
the dominant computational step, with theoretical complexity scaling with f2, and total
FLOPs in the order of 10%, this step was expected to grow rapidly. In contrast to SPC,
CL SPC included an additional step for constructing innovation-form Markov parameters,
which increased quadratically with f but contributed a much smaller share of the total cost.
A cubic term primarily governed the computation of the first input, and while it grew quickly
with f, it remained less significant than the least squares step in this range.

As shown in Figure 4-10a, the observed computational trends did not fully align with the the-
oretical expectations, particularly regarding the least squares component. While the Hankel
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matrix creation step increased only slightly, as expected from its linear complexity, and the
Markov parameter construction showed a gradual rise consistent with its quadratic scaling,
the input computation exhibited a sharp increase at higher values of f, in line with its cubic
dependence. However, the least squares step, despite being theoretically dominated by a cubic
term, appeared to remain relatively constant across the evaluated range. This suggested that
the large constant term in the expression was possibly masking the expected growth within
the tested values of f.

The optimal performance achieved at f = 15 was similar for both SPC and CL: SPC, as can be
observed in Figure 4-10b and Figure 4-2b. Beyond this point, performance steadily declined.
This behavior was also observed in the SPC variant. It confirmed that the added complexity
of Markov parameter construction in CL SPC had a limited impact on the optimal future
window size.
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Figure 4-10: Impact of future window size on simulation time and cumulative stage costs for
the CL SPC.

In the range 3 < f < 25, the computational complexity of the R-CL SPC algorithm differed
significantly from that of the standard SPC and CL. SPC algorithms. Since recursive updating
replaces explicit least squares solving, the dominant computational step is avoided. Instead,
the recursive covariance update remained constant in cost, requiring only 152 FLOPS, regard-
less of the future horizon length. The construction of innovation-form Markov parameters
increased with f2. The computation of the first input remained driven by a cubic term
in f, making its impact more prominent now that other steps were computationally more
lightweight.

Figure 4-11a shows that these improvements were clearly observed. The recursive covariance
update contributed to a fixed but still significant computational cost. Markov parameter
construction increased quadratically with f, consistent with theoretical expectations. The
cost of computing the first input grew steeply with f and became more significant in the total
runtime.
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Figure 4-11b reveals that the optimal future window size shifted to f = 23, in contrast to
the fixed f = 15 observed in the non-recursive variants. This shift suggests that R-CL SPC

benefits from longer prediction horizons.
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Figure 4-11: Impact of future window size on simulation time and cumulative stage costs for

the R-CL SPC.
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Figure 4-12: Impact of future window size on simulation time and cumulative stage costs for

the CR-CL SPC.

The computational complexity of the CR-CL SPC algorithm with respect to the future hori-
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zon f closely followed that of the R-CL SPC algorithm. The recursive covariance update
remained constant at 152 FLOPS, and the construction of innovation-form Markov param-
eters grew quadratically with f, following the expression 4f2 + 9f. The key difference was
observed in the additional computational burden introduced by the use of a QP solver to
enforce input and output constraints.

As shown in Figure 4-12a, the impact of the QP solver became increasingly evident as f
grew, dominating the overall computational time. While the complexity of this step was not
explicitly defined in Table 4-3, it clearly outweighed the cost of other components for larger
horizons. Despite this, the recursive structure still offered substantial efficiency gains over
SPC and CL SPC, which involved costly least squares computations.

From a performance perspective, Figure 4-12b shows similar behavior as the R-CL SPC al-
gorithm, with the optimal future window size again found at f = 23.

4-1-4 Varying Hankel Matrix Width or Effective Window Length

The final parameter to be analyzed is the Hankel matrix width N, which determines the
number of past data points available for constructing the Hankel matrices. In the case of
R-CL SPC and CR-CL SPC, N was not used, but instead, the values for the effective window

length ]<7 are compared.

Table 4-4 presents the estimated computational complexity for varying values of N. This table
showed that for both SPC and CL SPC, the dominant computational cost lay in solving the
least squares problem, which scales quadratically with N. In contrast, the cost of constructing
Hankel matrices was expected to increase linearly with N, thus contributing a significantly
smaller portion to the overall complexity.

For the recursive variants, R-CL SPC and CR-CL SPC, the computational complexity was

expected to remain constant with respect to N, as these methods do not rely on explicit
Hankel matrices. Instead, their complexity was fixed in this comparison.

Table 4-4: Computational Complexity of different steps of different SPC Variants where p =
6, f =15 for SPC, p =5, f = 15 for CL SPC, and p = 2, f = 23 for R-CL SPC and CR-CL SPC.

The Hankel matrix width N remains free. The not-used steps are indicated with '-', and the
calculation of the first input of the CR-CL SPC is indicated with '?" due to the nonlinear way it
is calculated.
Create Hankel Matrices | Solving Least Squares | Update Covariance | Constructing Parameters | Calculate Input
SpPC 42N 27N? + 1980N + 17208 | - - 10845
CL SPC 14N 11N2 4+ 1080N + 10101 | - 1155 10687.5
R-CL SPC - 344 2212.5 38503
CR-CL SPC | - - 344 2212.5 ?

When analyzing Figure 4-13a, the predicted quadratic increase in solving the least squares
problem was not distinctly evident. Instead, the growth appeared to be closer to linear. The
linear increase in Hankel matrix creation was also observed, although it contributed only
a relatively minor portion of the overall computational cost compared to the least-squares
step. Similar trends can be seen in Figure 4-14a. This figure shows that adding the Markov
parameter construction introduced a modest computational overhead. Nevertheless, solving
the least squares problem remained the dominant contributor to total complexity.
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Simulation Results

In terms of performance, Figure 4-13b and Figure 4-14b show that increasing N beyond a

certain threshold yields only small improvements.

A moderate Hankel matrix width was

sufficient to capture the relevant system dynamics while avoiding unnecessary computational
cost. In both SPC and CL SPC, the optimal value in terms of cumulative stage costs was

found at N = 1400.
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Figure 4-13: Impact of Hankel matrix width N on simulation time and cumulative stage costs

for the Simple SPC.
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Figure 4-14: Impact of Hankel matrix width N on simulation time and cumulative stage costs

for the CL SPC.
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For the recursive methods, Figure 4-15a and Figure 4-16a confirm that computational time

remained nearly constant across different values of the effective window length N, as was
expected from the theoretical expressions.
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Figure 4-15: Impact of effective window length ]\2/' on simulation time and cumulative stage costs
for the R-CL SPC.
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Figure 4-16: Impact of effective window length N on simulation time and cumulative stage costs
for the CR-CL SPC.

From a performance standpoint, the results for R-CL SPC and CR-CL SPC, shown in Fig-
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ure 4-15b and Figure 4-16b, revealed an interesting and somewhat counter-intuitive trend:

lower values of N resulted in better control performance.

Further concluding remarks on these results are presented at the end of this chapter in sec-
tion 4-5. That section provides a summary and interpretation of the identified optimal pa-
rameter values and a discussion explaining why theoretical FLOP estimates do not always
perfectly match observed computational times. Furthermore, additional findings, such as the
near-equivalence in control performance between the R-CL SPC and CR-CL SPC algorithms
and the significant peak in cumulative stage cost for CL SPC for lower values of N are dis-
cussed at the end of this chapter. The next section shows the comparison results between the
different cost functions.

4-2 Cost function comparison

This section describes the results of the comparison between the simple and adapted cost
functions. As shown in Figure 4-17, the simple cost function resulted in faster settling,
reaching a steady state in approximately 1 second. In contrast, the adapted cost function
required around 2 to 3 seconds to settle. However, the adapted cost function demonstrated
superior steady-state behavior.

o5 Cost function comparison
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Figure 4-17: Simulation with step reference of two different cost functions, where the controller
is engaged at 5s and the measurements and plot starts at 15s

The cumulative stage cost of output deviation, shown in Figure 4-18, indicated that the
adapted cost function stabilized over time, whereas the simple cost function continued to
increase after the step input.
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Figure 4-18: Comparison of cumulative output deviation costs for the 'Simple’ and 'Adapted’
cost functions using (a) linear scale and (b) logarithmic scale.

Further analysis and remarks on the choice of the cost function are provided in the final
section of this chapter (section 4-5). The next section, section 4-3 provides the results related
to the use of the feedthrough matrix.

4-3 Use of feedthrough matrix

To show the importance of the feedthrough matrix Figure 4-19 shows that when D = 0
was assumed, the simulation initially struggled, then performed reasonably well during the
mid-phase, and deteriorated again toward the end. In contrast, the version with D # 0
demonstrated a consistent and more robust performance. This was probably caused by the
fact that the simulated system (Equation 3-1) had a direct feedthrough of D = 0.5. The full
state space matrices are shown in Equation 4-1.

A= l_o'?’ _0'4] ., B= H . C= [—0.15 —0.2} ., D=05 (4-1)

For this reason, the configuration with D # 0 was selected for further research. Additional
simulations—although yielding better results than the one presented here—also supported
this decision and are presented in Appendix C-1.
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Figure 4-19: Visualization of output data for the R-CL SPC algorithm for the version where
D # 0 in yellow and D = 0 in green.

Further analysis and remarks on the choice of using the feedthrough matrix D are provided
in section 4-5.

4-4  Influence of )\,

This chapter has shown the results of parameter tuning, cost function comparison, and the
use of a feedthrough matrix. The final part displays the results related to the influence of Aexp.
Previously, subsection 4-1-4 showed that lower values of Aex, led to lower mean cumulative
cost. However, Figure 4-20, which is the same simulation under increased noise with o2 = 5,
shows that lower values of Ay, were unable to converge to the correct system as quickly as
previously observed, due to the increased influence of noise. The results indicate that when
higher levels of noise are present, a greater amount of historical data (i.e., a higher Aeyp) is
required to achieve accurate convergence.

In the nonlinear system simulation, as visualized in Figure 4-21, two different values of the
forgetting factor, Aexp = 0.99 and Ay, = 1, were tested. The results indicate that after an
initial phase where the system does not immediately recognize the switch, the simulation
with a lower forgetting factor exhibits significantly faster reference tracking recovery than the
case where Aexp = 1. However, once sufficient new data was accumulated, the system with
Aexp = 1 converged to the reference.

Further analysis and remarks on the choice of Aexp can be found in the next section.
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Figure 4-21: Simulation of R-CL SPC algorithm where the system transitions from f;(z) to
f2(z) at t = 150s, where the performance for two Aeyp, values are compared.
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4-5 Concluding remarks on simulation results

This section discusses the simulation results in detail, highlighting key insights into parame-
ter optimization, computational efficiency, and performance trade-offs across the implemented
SPC algorithms. The discussion begins with an evaluation of the optimized parameters, an-
alyzing how different choices for p, f, and N influence both control performance and compu-
tational cost.

Further analysis investigated the role of the cost function, illustrating trade-offs between
reference tracking performance and control effort. The influence of the feedthrough matrix
D was assessed, as well as the adaptability enabled by the exponential forgetting factor Aexp
in the presence of noise and nonlinearity.

Finally, this section addresses several notable observations, such as unexpected trends in the
Hankel matrix width and the effect of constraint activation in CR-CL SPC. These findings
offer practical insights into the implementation, adaptability, and real-time feasibility of the
proposed SPC variants, reinforcing their relevance to the overarching research questions.

4-5-1 Found Optima

Table 4-5 provides an overview of the identified (near) optimal values for the SPC, CL SPC,
R-CL SPC, and CR-CL SPC algorithms. However, several key observations must be high-
lighted when analyzing these results.

Table 4-5: Comparison of controllers with their best-performing parameter combinations, in-
cluding performance metrics in terms of computational time and cumulative cost for the different
SPC algorithms.

Metric SPC CL SPC R-CL SPC | CR-CL SPC
Optimal p 6 ) 2 2
Optimal f 15 15 23 23
Optimal N or N 1400 1400 100 100
Minimum Mean

Computational Time 3.33 ms 1.40 ms 0.11 ms 0.51 ms
per Sample

Minimum Mean

Cumulative Cost 1.2602 x 10° | 1.2602 x 105 | 1.7501 x 10° | 1.7501 x 10°
per Simulation

The first observation drawn for this table is that simulations where the prediction horizon p
was set equal to the future horizon f generally followed the same trend as those where only
f was varied. This observation suggests that the choice of f has a more significant influence
on performance than the choice of p. However, the decision to simulate only a second-order
system may have affected these results.

Another observation is that distinct optima could be identified for the choice of f in the case
of the SPC and CL SPC simulations. It was observed that increasing f beyond a certain
point resulted in performance degradation. This phenomenon could be attributed to a well-
known issue in traditional Model Predictive Control (MPC): The estimated model, derived
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from data, is inherently imperfect. As the prediction horizon extends, the mismatch between
the estimated and actual models becomes more pronounced, which can lead to a decline in
control performance [81, 82].

Furthermore, a clear optimum was found for p for the R-CL SPC and CR-CL SPC simula-
tions. This observation coincided precisely with the system order and is quite intuitive, as the
system order corresponds to the order of the Auto-Regressive with eXogenous input (ARX)
model implicitly estimated within the control framework. By aligning p with the system
order, the algorithm effectively captured the system dynamics while avoiding unnecessary
complexity.

In all other simulations, an asymptotic decrease in performance was observed. While an
optimum was identified across the investigated parameter ranges, further increases in these
parameters did not yield significant improvements beyond a certain point. This trend sug-
gests difficulty in quantifying the trade-off between computational effort and performance.
Although selecting the parameter values that minimize cumulative stage cost may seem opti-
mal, practical considerations regarding computational efficiency must also be considered. Be-
yond a certain threshold, increasing computational burden without substantial performance
gains may not be justified.

4-5-2 FLOPs

In some simulations, the estimated amount of FLOPS was not in line with the results, espe-
cially if large matrix-matrix multiplications were used. For example, in the test where the
Hankel matrix width was varied for the SPC algorithm in subsection 4-1-4. A N? increase
was expected, but only a N was shown. The reason is that the number of FLOPS does not
always directly correspond to the computational time.

This can be explained by the notion that most FLOPS are executed using optimized Basic
Linear Algebra Subprograms (BLAS) libraries since the introduction of LAPACK/BLAS in
Matlab in 2000 [83]. These libraries make use of techniques such as Strassen’s method [84]
for fast matrix multiplication, which becomes particularly advantageous for larger matrices
(matrix width > 100) [85]. Additionally, BLAS libraries are tailored to specific hardware
architectures and are designed to optimize performance through techniques like cache and
register blocking and the use of Single Instruction, Multiple Data (SIMD) instructions [86].

Due to these optimized BLAS libraries, the simulation time is more strongly influenced by
memory references and cache utilization than by the number of FLOPSs [83]. As a result, the
number of FLOPS alone cannot fully represent the computational time on modern architec-
tures, especially for larger matrix multiplications used in this research. For this reason, the
tested computational times are leading.

4-5-3 Choice of cost function

The comparison between different cost functions in the simulations highlighted important
trade-offs in control performance. Results indicate that the adapted cost function consistently
outperformed the simple cost function regarding steady-state error. This difference arose
because the simple cost function seeks an optimal balance between minimizing the output
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error and input magnitude. Consequently, this optimization did not necessarily lead to the
complete elimination of steady-state error, which could be preferable if small offsets in the
output may be preferred over large control efforts.

One notable drawback of the adapted cost function is that it does not penalize the absolute
value of the input directly. As a result, in scenarios where a significant offset is present, the
control input can theoretically increase indefinitely. In practical applications, this behavior is
undesirable, as it may lead to excessively large control actions, which could be infeasible or
even damaging to the system.

Interestingly, the issue of steady-state error does not arise when tracking a reference of zero.
In such cases, the steady-state condition naturally aligned with the point where both the
input and output reached zero, corresponding to the cost function’s minimum. This ensures
that the simple cost function performs adequately in terms of steady-state error under these
conditions.

The observations, as demonstrated in Figure 4-17, conclude that the adapted cost function is
generally preferable when precise reference tracking is the primary objective. However, when
tracking a zero reference, where steady-state errors are not an issue, and minimizing the
magnitude in control effort is also desired, the simple cost function may be the better choice.
It inherently avoids excessive control actions while still maintaining stable performance.

4-5-4 Choice of feedthrough matrix

Including a feedthrough matrix D in the algorithm significantly influenced its performance,
particularly in cases where the system exhibited this direct input-output coupling. The results
comparing simulations with and without a feedthrough matrix in Figure 4-19 highlight a
clear advantage when D # 0. This improvement arose due to the presence of a significant
feedthrough term (D = 0.5) in the simulated system. When the feedthrough term was
omitted (D = 0), the algorithm incorrectly assumed that input at a given time step had no
immediate effect on the system. Consequently, the control strategy failed to account for the
direct influence of the input at that specific time step. Instead, it only considered its effect
on subsequent time steps. This resulted in suboptimal control decisions and a degradation in
performance.

Conversely, assuming a nonzero feedthrough term when the system has D = 0 can also lead
to issues. If the algorithm incorrectly estimates D, it may introduce significant overcom-
pensation or undercompensation in the resulting control actions. However, this potential
problem is naturally mitigated by the algorithm’s ability to infer D ~ 0 when the true sys-
tem exhibits no direct feedthrough. This estimation capability minimizes significant errors in
control performance due to an incorrectly assumed feedthrough term.

These findings suggest that unless it is definitively known that D = 0, it is generally prefer-
able to use the version of the algorithm where D # 0. Including the feedthrough matrix
introduces only a limited computational overhead while providing robustness against incor-
rect assumptions. This ensures that the control algorithm can effectively handle cases where
direct input-output interactions exist, leading to improved performance and reliability.
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4-5-5 Choice of )\,

The choice of the exponential forgetting factor, Aexp, is crucial in determining the algorithm’s
performance under different noise conditions and system characteristics.

In the initial simulations, where the noise variance was set to 02 = 0.01, a clear trend was
observed: lower values of Aexp led to better performance. This indicates that when noise is
minimal, the system requires only a limited amount of historical data to estimate the system
dynamics accurately and remove the issues of the initial guess which is wrong. As a result, a
lower forgetting factor allows the algorithm to react more quickly to new information, leading
to improved control performance.

However, when the noise variance was increased to o2 = 5, a more intuitive asymptotic
reduction in performance was observed as Aeyp increased. This suggests that more historical
data is required to obtain a reliable system estimation in the presence of significant noise. The
algorithm must rely on a longer history of past data to mitigate the noise, which explains
partly why higher values of Aexp are beneficial under noisy conditions. However, further
research is necessary to assess robustness under higher noise conditions.

For the nonlinear case, it was demonstrated that when Aey, = 1, the algorithm could still
adapt if enough relevant new historical data was introduced. However, the adaptation process
occurred with diminished speed compared to when Aexp = 0.99. This observation highlights
a fundamental trade-off: while a higher forgetting factor retains more past information and
ensures stability, it reduces the rate at which the algorithm can respond to changes in the
system.

Furthermore, in scenarios where Aexp, = 1, it is expected that the longer the system operates
under one configuration (e.g., system A), the longer it will take to adapt when transitioning
to a different configuration (e.g., system B). In contrast, with Aexp = 0.99, the adaptation
process will occur over a more consistent timespan, ensuring that the algorithm remained
responsive to system changes.

These findings confirm that choosing a higher value for Aexp or even setting Aexp = 1 is
generally preferable, especially when dealing with a system that is known to be Linear Time-
Invariant (LTT) and does not undergo further changes. However, higher values enhance sta-
bility and long-term accuracy but also reduce adaptability. If the system is expected to evolve
over time, lower values of Aexp should be considered to enable more rapid adaptation. Further
research is required to understand this balance better and potentially optimize it for certain
system properties.

4-5-6 Notable Results

The simulation results reveal an intriguing observation concerning CL. SPC and the influence
of the Hankel matrix width (N) on the cumulative stage cost. A distinct peak in cumulative
cost was detected when N was set between 200 and 400. This suggests that the algorithm
performs better for very low values of N than for slightly higher values. This phenomenon
was consistently observed across multiple simulations where different noise seeds were applied.
While the underlying cause of this behavior needs more research, it is important to note that
larger values of N yielded even better results. Since higher values did not exhibit this anomaly
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and generally led to improved performance, no further investigation was conducted into this
effect.

Furthermore, the performance outcomes for the CR-CL SPC algorithm were equivalent to
those of the R-CL SPC. The results can be attributed to the input constraints not being
reached during the simulations, combined with the use of identical noise seeds were used for
both methods. In practical applications where input constraints are rarely exceeded or not
exceeded, the use of R-CL SPC in combination with a simple saturation mechanism may
suffice.

However, if the control limits had been reached, the CR-CL SPC algorithm would have ac-
tively enforced these constraints, leading to a more complex optimization problem at each
time step. This would result in an increased computational burden, as the QP solver (Force-
sPro [78, 79]) would need to handle additional constraints, extending the computation time
per iteration. Consequently, real-time feasibility could be affected even more, particularly in
systems with stringent timing requirements.

This suggests that, unless strict enforcement of constraints is required, the additional com-
putational complexity introduced by CR-CL SPC may not be necessary, making R-CL SPC
a more efficient alternative in such cases.

R. Schouten Master of Science Thesis



Chapter 5

Piezo Actuated Beam Setup

The preceding chapters have presented various Subspace Predictive Control (SPC) algorithms,
both theoretically and through simulations. These results now form the basis for a real-life
experiment using a piezo-actuated beam as the test system. This chapter starts with a de-
tailed description of the piezo-actuated beam setup, including both the hardware components
and the software framework used to enable real-time controller deployment. The second part
focuses on model estimation and potential internally stable controller, establishing a base-
line model for controller performance analysis. This was achieved using the built-in System
Identification (SysID) capabilities of the Recursive Closed Loop Subspace Predictive Con-
trol (R-CL SPC) algorithm. While similar functionality exists in other SPC variants, this
algorithm was selected due to the best computational feasibility needed for real-time con-
trol as described in chapter 4. The final part of this chapter presents an analytical Closed
Loop (CL) stability assessment to identify which controllers can operate on the experimen-
tal setup. This chapter is critical for addressing the research questions related to real-world
implementation.

Figure 5-1: Photograph of the piezo actuated beam, which is encased in a glass box due to
safety measures
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62 Piezo Actuated Beam Setup

5-1 What is a Piezo Actuated Beam (Hardware)

The piezo-actuated beam is a one-sided clamped metal beam approximately 1 meter long,
encased in a glass box for safety reasons, with three pairs of piezos along its length, as shown
in Figure 5-1. The piezos are connected to an amplifier that amplifies the signals of the
dSPACE MicroLabBox to the needed voltages. This section describes the setup of the piezos,
amplifier, piezo I/O box, and dSPACE MicroLabBox, which form the hardware of the beam.
The final part of this section describes the beam’s dynamic behavior.

Piezos

In this setup, the actuators and the sensors are flexible Macro Fiber Composite (MFC)
devices, type M&8528, from Smart Material Corp. The piezos have an operational range of
-500 to 1500 Volts and can be used as actuators or sensors. The piezos respond to electrical
inputs by mechanically deforming, introducing a bending moment. This enables control over
mechanical movement. When used as a sensor, the piezo has an operation range of -10 to 10
Volts and has a measurement noise assumed to be white noise with variance o—;iezo =3x1075.
A photograph of a piezo in shown in Figure 5-2.
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Figure 5-2: Photograph of a piezo used in this thesis, the beam has three pairs of these piezos

Amplifier

The system amplifier can output voltages from -700 to 700 volts. Therefore, it is essential
to scale the low-voltage signals of the dSPACE MicroLabBox up to a level that effectively
activates the piezo.

Figure 5-3: Photograph of the amplifier used in this thesis.
Because the piezo has an operational range of -500 to 1500 V and the amplifier can output
-700 to 700 V, the inputs were constrained between -500 and 700 V. A photograph of the

amplifier is shown in Figure 5-3
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Piezo 1/0 box

To connect the amplified signals to the piezo actuators and the signals of the piezo sensors
to the data acquisition system, a piezo Input-Output (I/O) box was used. It is an interface
between the amplifier, piezos, and data acquisition system, ensuring signal transmission and
simplifying the wiring. A photograph of the I/O box is shown in Figure 5-5.

Figure 5-4: Photograph of the piezo /O box used in this thesis.

dSPACE MicroLabBox

The dSPACE MicroLabBox is a compact, real-time data acquisition system used primarily in
laboratory settings for rapid control prototyping. It offers I/O capabilities and provides the
computing power of this setup.

Figure 5-5: Photograph of the MicroLabBox of dSPACE used in this thesis.

5-1-1 Beam Dynamics

This subsection explores the dynamic behavior of the piezo-actuated beam, including how
the piezo actuators influence the beam’s movement and stability while also considering its
resonant frequencies.

A flexible beam can exhibit nonlinear behavior under large applied forces [87]. However, it
is assumed that the forces in the setup are sufficiently small to keep the material within the
linearly elastic deformation range [88].
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In theory, the beam exhibits an infinite number of vibration modes, with the lowest-frequency
modes typically having the least intrinsic damping [50]. This intrinsic damping means that
the internal transfer of kinetic energy to other forms of energy is higher for higher vibration
modes, resulting in faster (autonomous) damping [89]. Therefore, the most interesting modes
to look into are the lower vibration modes, which are shown in Figure 5-6.
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Figure 5-6: Schematic top view of the beam configuration with the associated natural vibration
modes [90], where it is shown that the two input channels (u; and ug) are located close to the
clamped side. The first two output channels (y; and y2) are located approximately at the middle
and the last two outputs (y3 and y4) at the free side of the beam. Furthermore all the even
numbers are on one side and the odd numbers on the other. Inspired by [50].

The beam that was used for this research had approximately the following properties:

L =0.95 m (Length of the beam)
B =0.035 m (Width of the beam)

D = 0.004 m (Thickness of the beam)

E =69 GPa (Young’s modulus of aluminum)

p = 2700 kg/m? (Density of aluminum)

o« I = 311:2)3 =2.00 % 10719 m* (Inertia of rectangle [90])

m = pLBD = 0.359 kg (Mass of the beam)

Given these properties, the first three natural vibration modes are approximately f; = 3.71
Hz, fo = 23.27 Hz, and f3 = 65.16 Hz.

5-2 How does the Piezo Actuated Beam Work (Software)

In addition to the hardware of the beam, software was used to control its operation, which
is described in this section. The software consists of Simulink and dSPACE. In addition to
those, the QP solver is described.

5-2-1 Simulink
Simulink was used to design and simulate the control systems for the piezo-actuated beam.
It provided a MATLAB based graphical environment for modeling, simulating, and analyzing

dynamic systems, enabling a clear understanding of the system’s response.
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5-2-2 dSPACE

The dSPACE software interfaces seamlessly with the MicroLabBox to efficiently deploy the
compiled code of the Simulink models onto real-time hardware. This integration allows for
direct manipulation and observation of the beam’s behavior under controlled conditions, en-
abling iterative development and refinement of the control system.

5-2-3 Quadratic Programming (QP) solver

ForcesPro [79, 78] was employed as a custom optimization solver to address the QP problems
that arise in the control applications for the piezo-actuated beam. It provides a fast and
reliable means to optimize control actions based on predefined criteria and constraints. This
solver is particularly important for achieving input and output constraints and is supported by
an engineering license and a software testing license to work with the dSPACE environment.

5-3 Data-Driven Model Estimation

All the analyzed algorithms in this thesis are characterized by their ability to estimate models
at each time step rather than relying on fixed models. This section investigates the model
estimation of the R-CL SPC algorithm. In this section, several Auto-Regressive with eXoge-
nous input (ARX) models are compared with one another and with the ground truth, which is
represented by the frequency response function. The objective is to identify a baseline model
that can subsequently be used for stability analysis.

5-3-1 Frequency Response function

To determine the frequency response function that would serve as the ground truth for evalu-
ating the model estimations, a white noise signal with a variance of > = 10° and a duration of
100 seconds was applied to input u;, using a sampling time of 0.005 seconds. The frequency
response function was constructed using the measured data from u; and y; (see Figure 5-
6) and is shown in Figure 5-7. The resulting frequency response aligns with the calculated
natural frequencies based on the beam’s properties as shown in subsection 5-1-1. The experi-
mentally identified natural frequencies of the real system corresponded well, although slightly
higher with values at f; = 3.78 Hz, fo = 23.97Hz, and f3 = 66.86 Hz.

5-3-2 Estimated ARX model

To compare the ground truth with the model estimate, a model representation must first be
defined. Therefore, an ARX model was constructed with the estimated the predictor-form
Markov parameters. The ARX representation was chosen to facilitate analysis and comparison
within a familiar polynomial framework, enabling the description of the system as a rational
transfer function [91]. The resulting ARX model is presented in Equation 5-1, and the full
derivation can be found in Appendix B-3.
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0 Frequency Response from ul to yl

66.86 Hz

Magnitude (dB)
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Figure 5-7: Frequency response from the first input to the first output of the real system, With

peaks shown on f; = 3.78 Hz, fo = 23.97Hz, and f3 = 66.86 Hz, corresponding to the natural
frequencies of the piezo actuated beam setup.

D+ CBz™' ... + CAP- 1Bz P! )+ 1 (2) (5-1)
= _ u(z - e(z) (5-
1-CKz1 ... —CAr-1Kzp-1 1-CKz=1 ... —CAr-1Kzp-1

y(2)

5-3-3 ARX Model estimations

To adjust the performance of the ARX model estimation, two key parameters can be tuned:
the exponential forgetting factor Aexp and the model order, which is implicitly defined by the

past window size p. This section analyzes these parameters’ influence on the model estimation
quality.

Exponential Forgetting Factor

A real-life experiment was conducted to analyze the influence of the exponential forgetting
factor. A 100-second Pseudo-Random Binary Sequence (PRBS) signal with an amplitude
of 200 was applied to the first input u; of the system in an open-loop configuration with
the controller deactivated, and the output signal of the first output signal y; was used (see
Figure 5-6). The impact of six different values of the exponential forgetting factor was inves-
tigated, while the model order parameter p was kept fixed at 20.

R. Schouten Master of Science Thesis



5-3 Data-Driven Model Estimation 67

Real and Identified Systems at Different Time Points, Ae, = 0.9
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Figure 5-8: Comparison of ground truth Frequency Response Function and estimated systems
when Aexp = 0.9 at different points in time
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Figure 5-9: Comparison of ground truth Frequency Response Function and estimated systems
when Aexp = 0.9995 at different points in time

As anticipated, lower values of ey, < 0.995 resulted in significant variations in the estimated
system models, as shown in Figure 5-8. In contrast, for values greater than Ay, > 0.9995,
the system estimates exhibited high consistency, as illustrated in Figure 5-9.

While a lower Aexp enhances adaptability, which is an advantage in time-varying or nonlinear
systems, this benefit is less relevant in the present case, as the system is approximately Linear
Time-Invariant (LTT). Therefore, ensuring that enough historical data is retained to satisfy
the Persistance of Excitation (PE) conditions became the primary objective. Based on this
reasoning, a value of Aexp = 0.99995 was selected.
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ARX Model Order

Another parameter that was tuned is the ARX model order, implicitly defined by p. To
tune this parameter, the same experiment as described previously was conducted. In this
experiment, a 100-second PRBS signal with an amplitude of 200 was applied to the system,
and the first input w; and output y;, as shown in Figure 5-6, were considered. In this
case, however, the exponential forgetting factor was fixed at the previously selected value of
Aexp = 0.99995, and different values of p were tested.

Real and Identified Systems with different values for p

0~
Real System
Estimation p = 20
— 20 - Estimation p = 25
M Estimation p = 30
:9, Estimation p = 35
) -40 Estimation p = 40
e}
=]
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g -60 ——— RS
§ /
80 L
\I
-100 . H H R T R
10° 10!

Frequency (Hz)

Figure 5-10: Comparison of real and estimated systems with different values for the past window
size p, obtained after 100 seconds.

Figure 5-10 presents the estimation results for p = 20,25, 30,35, and 40 at the 100-second
mark in a single plot. Additional figures illustrating system estimates at various time steps,
as well as results for lower model orders p = 5,10, and 15, are provided in Appendix C-2.

These results demonstrate the successful identification of the first two natural frequency peaks.
However, variations can be observed in the lower and higher frequency regions, indicating the
estimation’s sensitivity to the chosen model order. From these results, it is difficult to quantify
definitively which model order yielded the best overall performance. Therefore, all considered
model orders were retained for further analysis.

The following chapter presents a detailed stability analysis of the analytical controller. To
determine the appropriate baseline model in terms of the past window size p, the configura-
tion yielding the most consistently stable internal controllers was identified. In addition, the
influence of key parameters, including the future window size f, the penalty on output devi-
ation @, and the penalty on control effort R, was investigated to understand their impact on
overall CL stability and lastly some frequency and time domain experiments are performed.

R. Schouten Master of Science Thesis



Chapter 6

Experimental Results:
Subspace Predictive Vibration Control
of Piezo Actuated Beam

Real-life experiments were conducted on the setup described in chapter 5, still considering
p = 20, 25,30, 35, and 40. To find the best value for p and, therefore, the best baseline model.
The model order with the most internally stable controllers of the Recursive Closed Loop
Subspace Predictive Control (R-CL SPC) algorithm is chosen in the first part of this chapter.
In the second part, Closed Loop (CL) stability of the internally stable controllers together
with the found baseline model is analyzed. Finally, this chapter presents both time-domain
and frequency-domain results, beginning with a description of the experimental methodology
followed by the results.

The experiments serve as a theoretical and practical validation of the proposed controllers,
confirming their stability and assessing their effectiveness in damping the first two vibration
modes. These results directly contribute to identifying the best-performing controller and
support the research goals related to real-world implementation and performance comparison.

6-1 Controller Tuning and Analysis

For the analytical solution in the R-CL SPC algorithm, the controller can be characterized
with an Auto-Regressive with eXogenous input (ARX) model, which forms the focus of this
section. To gain a comprehensive understanding of the controller’s behavior, the resulting
ARX model of the controller was analyzed. The simple cost function was chosen, as the
objective is to track a zero reference. This choice resulted in no steady state error, as discussed
in subsection 4-5-3, and therefore, the analysis focused on varying the tuning parameters @,
R, and the prediction horizon f. The control penalty was set to R = 1 everywhere, as the
relative weighting between ) and R was most influential in the controller’s behavior.
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Controller ARX model

The formula of the controller for the future input sequence was inferred from the analytical
solution. Starting from Equation 2-21, the expression used to calculate the input sequence is
given in Equation 6-1:

~ T ~ —1 T ~
U g1 =~ (R + H(B,D)QH(B,D)) H{p p)QUKwy (6-1)

From this expression, a ARX model representation of the controller can be derived, as shown
in Equation 6-2. Here, the matrix « is defined as:

~ ~ —1 ~
o0 =— (R + Hly ) QHp, D)) Hl 1) QTK

The MATLAB indexing convention was used to reference the elements of a. The full deriva-
tion is provided in Appendix B-4.

a(l,p)zt+ - +a(l,1)z7? 1

- —y(2)+ i —e?)
1—o(l,2p)z7t—---—a(l,p+1)z7P 1—a(1,2p)z7t = - —a(l,p+1)z7P

(6-2)

u(z) =

Controller Structure

Figure 6-1 illustrates that the controller consists of two distinct components: a part that
depends on the last p values of the output y, denoted by G, and a part that depends on the
previous p values of the input u, denoted by G,. These two components are mathematically
defined in Equation 6-3 and Equation 6-4, respectively.

y’UCC My {
U,
vec Mu {
>» G,
u A
+ L
Plant y »

> G,

Figure 6-1: Block diagram of the SPC controller. The red box represents the controller, which
includes a component dependent on the last p values of y (G,) and a component dependent on
the last p values of u (G,,).

Gy=a(l,p)z '+ +a(l,1)27P (6-3)

R. Schouten Master of Science Thesis



6-1 Controller Tuning and Analysis 71

Gu=0a(l,2p)z7 ' +- +a(l,p+1)z7? (6-4)
This structure reveals a feedback loop over the past values of u, which may have introduced
internal instability in the controller. In the following part of this section, the poles of ﬁ

will be analyzed to ensure the internal stability of the controller.

6-1-1 Internal Stability of Controllers

As discussed before, the controller’s ARX model can be used to analyze its internal stability.
This part of the section evaluates the stability characteristics of various controller configura-
tions which are defined by the parameters p, f, @), and R, by explicitly examining the poles
of 1= G . The models after 100 seconds of Pseudo-Random Binary Sequence (PRBS) signal
with amphtude 200, and Aexp = 0.99995 were considered.
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(a) Map of the poles of —z— for different
past window sizes p, with flxed =25 Q=
1 x 10° (R = 1). The crosses mark unstable
poles. (Configurations with p = 30 and 35
have unstable poles)

(b) Map of the poles of ;= for different
past window sizes p, with f|xed =25 Q=
1 x 10° (R = 1). The crosses mark unstable
poles. (All onfigurations have unstable poles)

Figure 6-2: Poles of ; for varying p, with fixed f = 25 and R = 1. (a) Q = 10°, some
stable controllers. (b) Q = 106 all unstable.

Figure 6-2a shows the stability analysis of the controller for various past window sizes p,
using a fixed future horizon f = 25 and output penalty @ = 1 x 10°. The results reveal
that the controller with p = 30 exhibited one unstable pole pair, while the controller with
p = 35 showed two unstable pole pairs located outside the unit circle. All other configurations
remained stable. This suggests that setting @ = 1 x 10 (and R = 1) is a reasonable starting
point for the output penalty in the R-CL SPC framework.
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Further examination of the stable controllers as shown in Figure 6-2b for p = 20,25, and
40 shows that increasing @ to 1 x 109 caused all three controllers to become unstable. This
highlights that excessive penalization of output deviations, although potentially improving
performance, can lead to degraded controller behavior due to internal instability.
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Figure 6-3: Pole movement of controllers for varying future window f, with p = 20 and Q =
1 x 10%. The crosses mark unstable poles. Stability is regained at f = 40.
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(b) Zoom on the second unstable pole, which

becomes stable at f = 35.
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Figure 6-4: Zoomed-in view of the unstable poles of ﬁ for varying future window f, with

p =20 and Q =1 x 105. Where the unstable pole in (a) becomes stable when f = 40 and the
unstable pole in (b) becomes stable at f = 35.
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Figure 6-3 explores the effect of increasing the prediction horizon f, particularly for the
unstable configuration with p = 20 and @ = 1 x 10°. The results indicate that increasing f
to 40 restored stability. The pole trajectories are further examined in Figure 6-4, where it is
shown that one of the unstable poles became stable at f = 40 (Figure 6-4a), while the other
already stabilized at f = 35 (Figure 6-4b).

For p = 40 and Q = 1 x 105, stability was also restored at f = 30. However, for p = 25,
the controller remained unstable for all investigated choices of the future window size f.
These results suggest that increasing the future horizon f can sometimes compensate for
instabilities introduced by more aggressive controllers. Nonetheless, considering real-time
feasibility, significantly increasing f is not always practical. Figures containing the results for
p = 25 and p = 40 are included in Appendix C-3.

Based on these findings, internally stable controllers can be identified. In the next section,
the focus shifts from the internal stability of the controller to analyzing the stability of the
complete CL system. This analysis is based on configurations with p = 20, which most
consistently yielded stable controller performance while maintaining real-time feasibility. This
configuration, with an exponential forgetting factor of Aexp, = 0.99995 after 100 seconds of
PRBS excitation, will be referred to as the baseline model. Although configurations with
p = 40 also produced stable controllers, they were excluded due to their higher computational
burden and potential problems with real-time feasibility.

6-1-2 Closed-Loop Stability

To analyze the CL stability of the system, the evaluation focused on the Gain Margin (GM),
Phase Margin (PM), the maximum of the sensitivity function (Mg) (or modulus margin ﬁs),
and the Nyquist criterion applied to the loop transfer function L(z), as defined in Equation 6-
5. This loop transfer function incorporated one of the internally stable controllers derived
previously, denoted as C(z), and formulated in Equation 6-2. The controller’s negative was

considered to ensure a negative feedback system.

The baseline model was used as the plant model, G(z), which corresponded to the identifica-
tion result for p = 20 and Aexp = 0.99995 after 100 seconds of PRBS excitation, as discussed
at the end of the previous section. The structure of G(z) followed the same formulation as
presented in Equation 6-2 and was found to have no unstable poles.

L(z) = C(2)G(2) (6-5)

The GM and PM of the system were assessed to ensure compliance with the rule of thumb
presented in Equation 6-6 [92]. The GM indicates how much the system’s open-loop gain
can increase before the CL system becomes unstable. While the PM represents how much
additional phase lag can be introduced before instability occurs. Together, they provide
insight into the robustness to stability of the CL system [93].

PM > 30°,GM > 2 (6-6)

Because gain and phase perturbations can occur simultaneously [94], the infinity norm of the
sensitivity function Mg was also examined, as shown in Equation 6-7. This norm provides a

Master of Science Thesis R. Schouten



74 Experimental Results: Subspace Predictive Vibration Control of Piezo Actuated Beam

robust measure of the worst-case amplification of disturbances or model uncertainties within
the CL system. The modulus margin ( MLQ quantifies the shortest distance from the Nyquist
curve of L(z) to the critical -1 point [95]. Specifically, the sensitivity function S(z) is defined
as:

1
S(z) = ———
(2) 1+ L(2)
The sensitivity function characterizes how output disturbances and reference tracking er-
rors propagate through the system. A smaller magnitude of S(z) generally indicates better
disturbance rejection and tracking performance [96].

The infinity norm of S, denoted Mg, is the maximum magnitude of the sensitivity function
over all frequencies:

Mg = max|S(e’™)] = ||Sl (6-7)

Using the value of Mg, conservative lower bounds for the GM and PM can be computed, as
shown in Equation 6-8 [92]. This offers a more complete overview of the CL robustness:

M, 1
%, PM > 2arcsin (2%) (6-8)

GM >

Given the relationships in Equation 6-8 and the Rules of thumb in Equation 6-6 it follows

that the modulus margin ﬁs must approximately be greater than 0.5 to achieve the wanted
margins. This gives a practical benchmark for evaluating whether a controller design satisfies

typical robustness criteria.

A more formal and comprehensive method for verifying CL stability is to apply the Nyquist
Criterion, as shown in Equation 6-9 [97]. Unlike gain, phase, and modulus margins, which
offer conservative robustness indicators, the Nyquist criterion directly evaluates the CL pole
locations by analyzing the loop transfer function L(z).

Z=N+P (6-9)

Here, Z denotes the number of unstable CL poles, N is the number of clockwise encirclements
of the critical point —1 in the complex plane, and P is the number of unstable poles in the
open-loop system. For a system to be stable, the Nyquist plot must satisfy this relation such
that Z =0 [97].

Varying the future window size f

In Figure 6-5, the influence of varying the future window size f is illustrated. A slight
decrease in the GM was observed as f increases. However, the GM remained above the
threshold defined by the rule of thumb in Equation 6-6. Despite a negative PM, the CL
system remained stable for all three values of f.
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Figure 6-5: Nyquist plots showing the stability characteristics for different future window values
f, with p = 20 and @ = 1 x 10°. Subfigure (b) provides a zoomed-in view of the same results
shown in (a), focusing on the region near the —1 point while showing only the positive frequencies

This can be explained using the Nyquist criterion described in Equation 6-9. Since the Nyquist
plot of L(z) did not encircle the critical point —1 (N = 0), and the open-loop system L(z)
had no unstable poles (P = 0), the criterion yielded Z = N + P = 0. Thus, the CL system

had no unstable poles and was, therefore, stable.

The reason a negative PM is reported, despite the absence of encirclements and unstable
poles of L(z), is further clarified in Appendix B-5, which provides an illustrative example of

how this can occur due to how the PM is conventionally computed.
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Figure 6-6: Gain and Phase margins, as well as ﬁs plotted as functions of the future window
size f, for two different values of Q. Red markers indicate unstable closed-loop systems; stable
systems are marked in blue. It can be seen that the value ﬁs often reflects the PM more
accurately than the phase margin itself, especially in cases where the PM is incorrectly reported

as negative. Additionally, it can be observed that the system is unstable when J\/% =0.
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To further analyze the PM, GM, and ﬁs when varying the prediction horizon f, Figure 6-6a
and Figure 6-6b illustrate the evolution of the stability margins for f = 2 to f = 200, with
Q =1x10° and Q = 1 x 10%, respectively. In these plots, unstable CL systems are indicated
with red dots, while stable systems are marked with blue dots.

The results suggest that, despite negative phase margins, a stability threshold existed. Beyond
this threshold, all controllers remained stable—approximately at f = 20 for Q = 1 x 10° and
at f =40 for Q = 1 x 10%. Beyond this point, the value of ﬁs stabilized around 0.3, which,
although indicative of stability, did not satisfy the robustness guidelines defined by the rules
of thumb in Equation 6-6.

Varying the output penalty ()

Figure 6-7 presents a Nyquist diagram for three different values of @, revealing some fluc-
tuations in the stability margins. The GM remained above the threshold of 2 for all tested
values of Q. However, negative PM values were observed for Q =1 x 10° and Q = 1 x 10°.

Despite the negative phase margins, the Nyquist criterion confirms that the CL system re-
mained stable. This is attributed to the absence of any encirclement around the critical point
at —1, which, when combined with the fact that all the considered loop transfer functions
have no unstable poles, ensures that the number of unstable CL poles remains zero.

To determine an appropriate value of ) that ensures CL stability, Figure 6-8a and Figure 6-8b
depict the stability margins as functions of @ for future window sizes f = 25 and f = 40,

respectively. In Figure 6-8a, when @ exceeds 2.8 x 10°, the GM significantly declines and MLS

begins to decrease rapidly, leading to instability only when the ﬁs reaches approximately

zero at Q = 3.7 x 10°. A similar trend is observed in Figure 6-8b, where for f = 40, the GM
decreases and ﬁs decreases rapidly at a much higher threshold, Q@ = 1.2 x 10°.
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Figure 6-7: Nyquist plots illustrating the stability characteristics for different values of @, with
p =20 and f = 40. Subfigure (b) provides a zoomed-in view of the same results shown in (a),
emphasizing the behavior near the —1 point while showing only the positive frequencies.
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Interestingly, a slight increase in the GM was observed in both cases just before the sharp
decline. Furthermore, it was observed that to satisfy the robustness guidelines defined by the
rules of thumb—specifically that ﬁs > 0.5—a value of @ around 10* was required.
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(a) Stability margins versus Q for f = 25. (b) Stability margins versus @ for f = 40.

Figure 6-8: Gain and Phase margins, as well as ﬁs plotted as functions of @ for f = 25 and

f = 40. Red markers indicate unstable closed-loop systems; stable systems are marked in blue.

The value ﬁ often reflects the PM more accurately than the phase margin itself, especially in
S

cases where the PM is incorrectly reported as negative. Additionally, it can be observed that the

system becomes unstable when 11— = 0.
S

The stability analysis provides a comprehensive overview of the system’s gain and phase
margins across various controller configurations, offering valuable insights into ensuring CL
robustness. However, while these theoretical results are essential, practical validation is criti-
cal to account for discrepancies between the identified model and the actual system behavior.
Therefore, the next sections present real-life time-domain and frequency-domain experiments
conducted on the piezo-actuated beam setup.

6-2 Time Domain Experiments

This section outlines the methodology and experiments in the time domain. It includes a
description of the algorithms and controllers applied, the experimental setup, the character-
istics of the input signals used during testing, and the performance measures used. Together
with the results of the described tests.

6-2-1 Time Domain Experiment Methodology

First, the system’s performance is analyzed in the time domain. A simplified block diagram of
the experimental setup is shown in Figure 6-9. The experiment began with a 40-second PRBS
signal applied to the control input channel u (u; in Figure 5-6) to initialize the controller. This
was followed by a 10-second settling period, during which the controller was activated and
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the system was allowed to stabilize. At the 50-second mark, a block wave with an amplitude
of 400 was applied to the second input channel, denoted as d (ug in Figure 5-6). At the
same time, the controller continued to operate on the input u. The system response was
measured at the first output, denoted as y (y; in Figure 5-6). The objective was to suppress
the vibrations induced by the block disturbance as quickly as possible.
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SPC Controller >
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Figure 6-9: Block scheme of the experimental setup, where u is w1, d is us, and y is y; from
Figure 5-6.
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An initial test was conducted in which a block wave was applied to the second input channel
without any active control, serving as a baseline for performance evaluation.

Subsequently, a series of controlled experiments were performed to evaluate the effect of the
prediction horizon f. In these tests, f was varied in increments of 5 while keeping p = 20,
Aexp = 0.99995, and Q = 10° constant. The lower bound of f = 15 was selected due to
poor performance observed at f = 10, confirming the instability found in subsection 6-1-2.
In contrast, the upper limit was set to f = 40 due to real-time feasibility constraints.

In addition, another experiment was carried out with p = 20, Aexp = 0.99995, and f =
40, motivated by the stability observed in subsection 6-1-2 for higher values of Q). In this
experiment, Q was varied across 10%, 10°, and 10% to gain insights into the effect of output
penalty weighting on control performance.

The experiments were compared based on two metrics: the cumulative stage cost, which
reflects how effectively the cost function is minimized, and the cumulative absolute error,
which quantifies the output performance and provides insight into the controller’s vibration
suppression capabilities.

The experiments were initially conducted using the Constrained Recursive Closed Loop Sub-
space Predictive Control (CR-CL SPC) algorithm. However, the input and output constraints
were rarely activated during testing. This is primarily because, when the output exceeds a
value of 10, it is clipped, resulting in distorted output signals under aggressive inputs. Such
distortion negatively affects the accuracy of the System Identification (SysID) process, as the
measured outputs no longer represent the actual system behavior. In practice, this imposed
an implicit input limitation that is more restrictive than system constraints. Additionally,
explicitly enforcing output constraints at 10 did not improve performance, as the control ob-
jective already minimized the output and implicitly tried to avoid reaching this limit. When
the output reached 10, the clipping again compromised identification, resulting in unwanted
behavior.
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Due to these factors, the R-CL SPC algorithm demonstrated similar performance. Further-
more, because of real-time feasibility issues observed for f > 30 in the CR-CL SPC algorithm,
it was decided to present only the results of the R-CL SPC, while still reporting the compu-
tational times of both algorithms for completeness.

6-2-2 Time Domain Experiment Results

The first time-domain result is the baseline test, presented in Figure 6-10, where the block
disturbance was applied without active control. This served as a reference for evaluating the
performance of the controllers and shows that when no control was applied, the system was
unstable.

No Control - Block Wave Disturbance

Output

-3 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8

Time (s)

NeJ
—
e}

Figure 6-10: Time-domain response of the system without control, serving as a benchmark and
showing that the system is unstable with no control.

Subsequently, the effect of varying the prediction horizon f was tested while keeping p = 20,
Aexp = 0.99995, and Q) = 10° constant. The time-domain responses for several values of f are
shown in Figure 6-11.

As shown in Figure 6-11, all controllers were able to stabilize the system in response to the
block wave disturbance, with overall damping behavior remaining consistent across different
values of f. To evaluate performance more quantitatively, Figure 6-12 presents the cumulative
stage cost, which reflects how well the cost function was minimized, showing overall controller
performance. Additionally, Figure 6-13 shows the cumulative output error, capturing the
quality of output tracking and implicitly how well the introduced vibrations were damped.

The cumulative stage cost analysis in Figure 6-12 shows relatively small differences across the
values of f since the input costs are more significant than the output costs. However, when
focusing only on the output performance, as shown in Figure 6-13, it is clear that f = 25
yielded the lowest cumulative error, indicating the best performance in terms of vibration
suppression.
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Figure 6-11: Time-domain response for different values of prediction horizon f, with Q = 10°,
R =1, and p = 20.
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Figure 6-12: Cumulative stage cost for different values of f, with @ = 10°, R =1, and p = 20.
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Figure 6-13: Cumulative output error for different values of f, with Q = 10°, R = 1, and
p=20.
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To complement the performance evaluation, the average and maximum computational times
for both the R-CL SPC and CR-CL SPC algorithms were recorded for each value of f. These
results are summarized in Table 6-1. While the mean computational times for the CR-CL SPC
algorithm were only slightly higher than those of the R-CL SPC, results show that the max-
imum computational times represent the bottleneck for real-time implementation.

Table 6-1: Mean and maximum computational times (in seconds) for different values of f. Look-
ing at the R-CL SPC algorithm and the CR-CL SPC algorithms. When p = 20 the CR-CL SPC
algorithm becomes unfeasible for f > 30

R-CL SPC CR-CL SPC
/ Mean Max Mean Max
15 | 0.0006 0.0006 | 0.0006 0.0007
20 | 0.0011 0.0011 | 0.0012 0.0013
251 0.0016 0.0016 | 0.0017 0.0020
30 | 0.0025 0.0025 | 0.0025 0.0034
35 | 0.0036 0.0036 Not Feasible
40 | 0.0045 0.0045 Not Feasible

To evaluate the influence of the output penalty weighting @), a second series of tests was
conducted with a fixed prediction horizon of f = 40, while varying @ across 10%, 10°, and
105. The results are presented in Figure 6-14. Computational times are not explicitly reported
here, as the value of ) does not affect execution time, resulting in consistent computational
times of approximately 0.45 ms across all tests.
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Figure 6-14: Time-domain response for three values of @, with f =40, R =1, and p = 20.

While a visual inspection of the responses suggests improved performance when increasing
@, further analysis using the cumulative stage cost and output error offers more insight, as
shown in Figure 6-15 and Figure 6-16, respectively.

Master of Science Thesis R. Schouten



82 Experimental Results: Subspace Predictive Vibration Control of Piezo Actuated Beam
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Figure 6-15: Cumulative stage cost for three values of @, with f =40, R =1, and p = 20.
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Figure 6-16: Cumulative output error for three values of @), with f =40, R =1, and p = 20.

As shown in Figure 6-15, lower values of @ (e.g., @ = 10%) resulted in a smaller cumulative
stage cost, but this did not directly translate into better output performance. In contrast, the
output error resulted in Figure 6-16 show that @ = 10° yielded the best output performance
and, therefore, was more effectively damping the disturbance.

While the time-domain tests provided valuable insights into control effectiveness and compu-
tational feasibility, they did not fully capture the system’s behavior in the frequency domain,
especially with respect to the suppression of the first two vibration modes. Therefore, the
following section continues the evaluation using frequency-domain analysis.

6-3 Frequency Domain Experiment

This section presents and analyzes the methodology and results of the frequency-domain
experiments. The methodology describes the applied controllers, the experimental setup,

R. Schouten Master of Science Thesis



6-3 Frequency Domain Experiment 83

and the characteristics of the input signals during testing, and the results analyze how much
the natural vibration peaks are attenuated. Due to the similarity of the results in the time
domain, the computational times are not presented in this section.

6-3-1 Frequency Domain Experiment Methodology

This part of the section analyzes the system’s performance in the frequency domain, beginning
with the used methodology. The experiment began with a 40-second white noise signal with
variance o2 = 2 x 103 applied to the control input channel u to initialize the controller. This
was followed by a 10-second settling period, during which the controller was activated, and
the system was allowed to stabilize.

At the 50-second mark, a white noise signal with the same variance was applied to the
disturbance input channel d for 100 seconds, while the controller continued to operate on the
input w. The system response was measured at the first output channel y. The objective was
to suppress the first two vibration modes excited by the disturbance.

A baseline test without active control was first conducted to establish a reference for com-
parison. In this case, the white noise disturbance was applied to d while keeping the control
input fixed at u = 0, allowing the open-loop frequency response from d to y to be obtained.

Subsequently, a series of controlled experiments were carried out to evaluate the effect of the
prediction horizon f. In these tests, f was varied in increments of 5, while keeping p = 20,
Aexp = 0.99995, R =1, and () = 10° constant. The lower and upper bounds for f were chosen
to match those used in the time-domain experiments.

In addition, a separate set of tests was performed using the best-performing controller from
the f-variation tests and the only stable configuration with a higher weighting @ = 106.
During the frequency-domain analysis, the controller with f = 40, R = 1 and @ = 10° was
unstable under the given conditions. To restore stability, the forgetting factor was increased
to Aexp = 1. This adjustment was also applied to the best-performing controller from the
f-variation tests to ensure a consistent basis for comparison.

The controllers’ performance was quantified by evaluating the attenuation of the first two
vibration modes, measured by the peak magnitude reduction near their respective frequencies,
and by calculating the cumulative absolute error, which reflects the overall output performance
of each controller configuration.

6-3-2 Frequency Domain Experiment Results

After the baseline experiment was conducted, the first frequency-domain test experiment,
which is the test for varying values of f, is performed. The results of this experiment are
presented in Figure 6-17. The figure shows that all controllers effectively attenuated the
second natural frequency, achieving approximately 30 dB of damping. The first natural
frequency was also significantly suppressed, with attenuation levels of around 8 dB for f = 20,
11 dB for f = 30, 13 dB for f = 40, and 15 dB for both f = 25 and f = 35. The corresponding
computational times are not explicitly reported here due to their strong similarity to the
results shown in Table 6-1.
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Figure 6-17: Frequency domain response from d to y for different values of prediction horizon
f. Q=10° R=1, and p = 20.

The cumulative output error analysis in Figure 6-18 shows that the controller with f = 35
initially performed comparably to the others but deteriorated more rapidly after the first 5
seconds, while the controller with f = 40 exhibited a steeper overall increase in cumulative
error. This behavior may point to potential SysID issues caused by insufficient Persistance
of Excitation (PE) and limited robustness in stability. These issues were likely caused by
the unknown white noise signal introduced through the second input d, which is not explic-
itly accounted for by the algorithm. As a result, more historical data may be required to
compensate for the disturbance. Due to the limited robustness in CL stability, as shown
in subsection 6-1-2, it is likely that a change of the model estimate can destabilize the CL
system.
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Figure 6-18: Cumulative output error in the frequency domain for varying f. Q = 10°, R =1,
and p = 20.

The controllers with f = 25 and f = 30 demonstrated the best overall performance, with a
slight advantage for f = 30 in terms of cumulative output error. These results are consistent
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with the time-domain analysis, where the configuration with f = 25 was previously identified
as the best-performing setup.

To further investigate performance under more aggressive tracking, the only stable configu-
ration with a higher weighting on output error, @ = 105, was revisited using p = 20, f = 40.
However, this configuration exhibited similar instability to what was observed in the earlier
f =35 and 40 tests.

To address the observed stability issues, which are potentially caused by degradation in system
identification, a higher exponential forgetting factor of Aexp = 1 was applied. The same
adjustment was also made to the best-performing controller from the varying f tests (f = 25)
to ensure a fair comparison. The resulting frequency responses of both modified controllers
are presented in Figure 6-19.
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Figure 6-19: Frequency response of the two best-performing controllers compared to the ground
truth. R =1, and p = 20.

The controller with @ = 10% and f = 40 demonstrated improved attenuation at the first
natural frequency, achieving a reduction of 19 dB, an improvement of 4 dB compared to the
controller with @ = 10° and f = 25. However, performance slightly decreased at the second
natural frequency, with attenuation reduced to 31 dB, representing a 1 dB drop.

As shown in Figure 6-20, the cumulative output error indicates that the higher @ configuration
performs worse in terms of overall output suppression despite its localized frequency-domain
advantage.

While both controllers show strengths, the configuration with Q = 10°, f = 25 offered the best
overall trade-off between performance and robustness. Although the controller with Q = 106,
f = 40 provided slightly better attenuation at the first resonance peak, it performed worse in
terms of cumulative output error, and it exhibited reduced damping at the second resonance.
Additionally, it suffered from stability issues unless a high value of Aexp was used.

In contrast, the controller with f = 25 delivered consistent performance across both vibration
modes, maintained stability more reliably, and is therefore considered feasible for implemen-
tation with the CR-CL SPC algorithm. This makes it the most practical and effective choice
overall.
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Figure 6-20: Cumulative error of frequency response tests for the two best-performing controllers.
R =1, and p = 20.
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Chapter 7

Conclusion

This final chapter reflects on the research presented throughout the thesis. It synthesizes the
insights gained from theoretical development, simulation results, and real-world implementa-
tion. The goal of this work was to develop a subspace predictive vibration control strategy
that not only meets real-time performance requirements but is also capable of handling con-
straints and adapting to changes in system behavior. By grounding the work in practical
challenges encountered in the vibration control of a piezo-actuated beam, this thesis aimed
to bridge the gap between data-driven control theory and real-world applicability. The main
research question that drove the research:

How can an adaptive direct data-driven predictive controller be designed to enable
constrained, real-time vibration control of a real-world piezo-actuated beam setup?

To answer this overarching question, the research was structured around four guiding sub-
questions: how to incorporate adaptivity into the algorithm, how to reduce computational
time for real-time feasibility, how different controllers perform in comparison, and how vibra-
tion control can be practically implemented on a real-world system.

This chapter summarizes the findings in relation to these sub-questions and reflects on the
contributions, limitations, and directions for future research.

7-1 Summary of Findings

The thesis findings are structured around the four sub-questions that framed the research.
Each subsection below directly addresses one of these sub-questions, outlining the key insights
and results obtained.
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7-1-1 Sub-question 1: How can the adaptivity of the algorithm be incorporated?

This sub-question was addressed by implementing adaptive capabilities within the Subspace
Predictive Control (SPC) framework through adaptive Hankel matrices or a recursive System
Identification (SysID) update. These enhancements allowed the controller to adjust to chang-
ing system dynamics in simulation environments. Although hardware limitations prevented
full validation on nonlinear or time-varying real-world systems, preliminary simulation results
indicated the potential of these adaptive techniques.

7-1-2  Sub-question 2: How can computational time be reduced to achieve real-
time feasibility?

To answer this sub-question, the thesis focused on overcoming the computational burden
of repeated pseudo-inverse calculations in standard SPC algorithm (3.33 ms). The solu-
tion involved reducing the optimization problem for Closed Loop Subspace Predictive Con-
trol (CL SPC) (1.40 ms) and employing recursive SysID updates in the proposed Recursive
Closed Loop Subspace Predictive Control (R-CL SPC) and Constrained Recursive Closed
Loop Subspace Predictive Control (CR-CL SPC) algorithms. As a result, execution times
were drastically reduced to 0.11 ms and 0.51 ms per sample, respectively, maintaining bet-
ter computational performance even when incorporating input constraints via a Quadratic
Programming (QP) solver.

7-1-3 Sub-question 3: How do the proposed controllers perform compared to
each other?

To address this question, the thesis compared SPC, CL SPC, R-CL SPC, and CR-CL SPC
controllers using the cumulative stage cost and computational times. The analysis revealed a
trade-off: while SPC and CL SPC offered better control performance, the proposed R-CL SPC
and CR-CL SPC significantly improved execution speed, a crucial requirement for real-time
applications. Furthermore, CR-CL SPC demonstrated the capability to handle constraints,
although in the tested cases, constraints remained inactive, and performance resembled that
of R-CL SPC.

7-1-4 Sub-question 4: How can vibration control be effectively implemented?

This final sub-question was addressed through experimental implementation on a real-world
piezo-actuated beam setup. The R-CL SPC and CR-CL SPC controllers were deployed to
dampen the first two resonance modes while operating at a sampling frequency of 200 Hz.
Despite some feasibility issues at higher future window sizes (p = 20 and f > 30) with
CR-CL SPC, both controllers effectively suppressed vibrations. Time-domain tests showed
suppression of a step input within 2.5 seconds, while frequency-domain analysis revealed
reductions of 15 dB and 30 dB at the first and second natural frequencies, respectively.
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7-2 Key Contributions
The key contributions of this work include:

e Introduction of adaptive capabilities into the SPC algorithms using adaptive Hankel
matrices or recursive SysID updates.

e The implementation of computationally efficient R-CL SPC and CR-CL SPC algorithms
suitable for real-time control.

¢ A comprehensive performance comparison of different SPC algorithms, highlighting
trade-offs between accuracy and speed.

¢ Successful real-time implementation of adaptive controllers on a physical piezo-actuated
beam setup, validating their practical feasibility for vibration suppression.

7-3 Limitations and Future Work

While the results presented in this thesis are promising in terms of computational efficiency
and real-time feasibility, several areas warrant further investigation—either due to limitations
of this work or because they represent valuable directions for future research:

e SISO-Only Evaluation: All algorithms were developed and tested for Single-Input
Single-Output (SISO) systems. Extending these methods to Multi-input Multi-output
(MIMO) settings could be essential for some practical applications and presents addi-
tional challenges regarding feasibility and performance.

e Simplified Simulation Model: All simulations were conducted on a second-order
linear system to isolate and evaluate the algorithmic behavior. While this approach
offered clear insights into computational efficiency and control performance, the results
may not fully generalize to more complex systems, such as those with higher-order
dynamics, time delays, or coupled interactions.

o Impact of Model Estimation: Since the algorithms depend on real-time SysID,
their sensitivity to estimation errors or model mismatch deserves further investigation.
Studying how uncertainty in estimated Markov parameters affects stability and control
performance would be an important step toward robust deployment.

¢ Robustness to Noise and Disturbances: Although one simulation was performed
with a higher noise variance to evaluate the influence of noise on controller performance,
a more systematic robustness analysis was not conducted. Future work could investigate
how different levels of measurement noise or external disturbances affect performance
and stability.

e Input Constraints Rarely Active in Practice: Although the CR-CL SPC algo-
rithm was designed to handle constraints, they were almost unactivated during the
simulations and real-time experiments. As a result, the added value of constraint en-
forcement could not be fully assessed. Further simulations or experiments with tighter
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constraint margins would be beneficial in investigating the added value of constraint
enforcement.

« Handling Time-Varying and Nonlinear Systems: While initial simulations have
provided insight into time-varying system behavior, further research, extensive simu-
lation studies, and experimental validation are necessary. Establishing the algorithm’s
effectiveness on nonlinear or time-varying systems is essential for confirming its practical
relevance and broader applicability.

e Validation on Different Real-World Systems: Applying the proposed algorithms
to other real-world systems would help validate their performance and robustness. A
slow system may favor the use of standard SPC or CL SPC, while systems with strict
constraints may highlight the strengths of the CR-CL SPC, furthermore a nonlinear or
time varying system could show the added value of the adaptive nature of all algorithms.

e Improved QP Solvers: The QP solver in CR-CL SPC proved to be computation-
ally demanding, particularly as the prediction horizon increases. Exploring alternative
solvers to ForcesPro or implementing warm-start strategies could enhance real-time
feasibility in constrained applications.

e Comparison with Other Control Techniques: While this thesis focused on com-
parisons between multiple SPC variants, future work could benchmark the proposed
algorithms against other control strategies, such as Data-Enabled Predictive Control
(DeePC) or Model Predictive Control (MPC), to position their advantages and limita-
tions better.

¢ Evaluation of Directional Forgetting: The directional forgetting scheme described
by van der Veen [50] may enhance Persistance of Excitation (PE) conditions under
adaptive conditions. However, this thesis did not explore its integration and therefore
further investigation is required to assess stability, convergence, and practical benefits
of the directional forgetting scheme.

7-4 Final Remarks

Although this thesis has limitations and highlights several directions for future work, it demon-
strates that SPC can be effectively adapted and implemented for constrained, real-time vi-
bration control of a piezo-actuated beam setup. Adaptivity was achieved using recursive
system identification and adaptive Hankel matrices, enabling the controller to respond to
time-varying or nonlinear dynamics. Constraints on input and output were handled within
the CR-CL SPC formulation, ensuring safe and feasible operation. Incorporating recursive
estimation techniques significantly reduced computational demands, allowing both R-CL SPC
and CR-CL SPC to operate at real-time sampling rates on practical hardware. Experimental
results confirmed the effective suppression of the beam’s first two resonance modes, thereby
validating the approach. This work contributes to developing adaptive and direct Data-Driven
Predictive Control (DDPC) strategies suitable for real-world applications.
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Appendix A

FLOPs

This appendix provides a detailed analysis of the computational complexity of key components
within the proposed control algorithms. In particular, it quantifies the number of Floating
Point Operations (FLOPS) required to perform common matrix operations, solve least squares
problems, and recursively update estimates and system representations.

A lookup table summarizing the FLOPS costs of standard matrix and vector operations is first
presented to aid this analysis. This table serves as a reference for subsequent calculations.

The remainder of the appendix is dedicated to the explicit derivation of FLOPS counts for:

¢ Solving least-squares problems in both constrained and unconstrained settings, with
and without feedthrough terms.

o Constructing matrices such as ¥ and A, which are central to the predictive control
formulations.

e Recursively updating system parameters using techniques such as Givens rotations.
These complexity assessments are important for evaluating the proposed algorithms’ real-time

feasibility. By explicitly quantifying the cost of each operation, this appendix supports the
claims made in the main body of the thesis regarding algorithmic efficiency.
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A-1 Lookup Table

A e R™" B e R and C € R™ ! are arbitrary matrices. D € R™*" is a diagonal matrix,
L € R™ "™ ig lower triangular, a, b € R", ¢ € R™, and R € R"*" is positive definite.

‘ Expression ‘ Description ‘ Products ‘ Summations ‘ FLOPs ‘
Basic Vector and Matrix Operations
aa Vector Scaling n — n
aA Matrix Scaling mn — mn
afb Inner Product n n—1 2n —1
acl Outer Product mn — mn
Matrix Multiplications
Ab Matrix-Vector Prod. mn m(n —1) 2mn —m
AC Matrix-Matrix Prod. mnl mi(n —1) 2mnl —ml
AD Diagonal Matrix Prod. mn - mn
LD Matrix-Matrix Prod. %ng + %n 0 %n2 + %n
LC Matrix Product ”721 @ n?l
Factorizations and Decompositions
L Cholesky R = LL (Gaxpy version) # "55"2 % + %nQ + %n
LD Cholesky R = LDL¥ non’ _ L g - Tl -4
UDV7” SVD A =UDVT mn? +n3 [98]
BLT QR decomposition A; = A,LT 3mn? — n3 [60]
Inverses
Lt Inverse of Triangular # - %3 + ”72 +3
R! Inverse of Pos. Definite n® + % # n® 4+ 2n
L~'C L~ unknown "72[ # n?l

Table A-1: Table of Expressions, Products, Summations, and FLOPs, inspired by [70]

A-2 CL SPC FLOPs

A-2-1 Least Squares With D =0

FLOPSs calculation of: :
~ Ui N
Z0o=Y, 18 [ y’p’N ] (A-1)

Ui,p,N

i,p,N
Singular Value Decomposition (SVD) to compute the pseudo-inverse. The matrix is
decomposed as A = UXVT where U and V are orthogonal matrices of sizes N x
N and (2p) x (2p), respectively, and ¥ is a diagonal rectangular matrix of N x (2p)
containing 2p singular values. The pseudo-inverse is obtained as AT = VXTU”, where
¥ is computed by inverting its nonzero singular values. The computational cost of
SVD is approximately (N2(2p) + (2p)?), while inverting the singular values adds an

additional (2p) FLOPs. Furthermore, a sparse matrix product of VX1 requires (2(2p)),

and a matrix-matrix multiplication with U7 costs (N (2p)?). This sums to ((2p)(N? +

N(2p) + (2p)? + 3)) FLOPs.

e Step 1: Pseudo Inverse Since the matrix is not square, we use the
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B B Lp,N |
cation of a N vector with a N X 2p matrix typically costs (2Np) FLOPs.

T
U. &
e Step 2: Vector-Matrix Multiplication Yip,l,N [ Yz,p,N ] : The matrix multipli-

This totals up to ((2p)(N? 4+ N(2p) + (2p)? + 2Np + 3)) FLOPs.

A-2-2 Least Squares with D # 0

FLOPSs calculation of:

B T
N 4,p,N
o= Y;,,J,N Yz’,p,]\_f (A-2)
Uz‘p,l,N
T
Uip,&
e Step 1: Pseudo Inverse Yi,p, N : Since the matrix is not square, we use

ip,1,N -
SVD for the pseudo-inverse. The computational cost of SVD is (N?(2p+1)+ (2p+1)3),
with additional costs for inverting singular values (2p+ 1), sparse matrix multiplications
of VET at (2(2p + 1)), and a matrix-matrix multiplication with U7 at (N(2p + 1)?).
This results in a total cost of ((2p + 1)(N? 4+ N(2p + 1) + (2p + 1)? + 3)) FLOPs.

T

Ui,p,N

e Step 2: Vector-Matrix Multiplication Y;p,l,N Yo N
~ ~ Uip,l,N ~
tiplication of a IV vector with a N x (2p+ 1) matrix typically costs (2N (p+1)) FLOPs.

: The matrix mul-

This totals up to ((2p + 1)(N2 + N(2p+ 1) + (2p + 1)2+2N(p + 1) + 3)) FLOPs.

A-2-3 Construction of V¥

Each term in the summation:
CA-T-1K . ¥, (A-3)

involves multiplying a scalar by a 2p x 1 vector. This requires:

(2p) FLOPs. (A-4)

Summation Over 7

Since the summation runs from 7 = 0 to ¢ — 1 with ¢ = f, we have f such terms. The total
cost of summation is:

(f-2p) = (2pf). (A-5)
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Addition with =,
Since E; is also a 2p-dimensional vector, adding two vectors of size 2p requires:

(2p) FLOPs. (A-6)

Total FLOP Count
For computing a single ¥;, the total number of FLOPs is:

(2pf + 2p) (A-7)

Since all ¥; vectors are stacked to form a 2p x f matrix, the total FLOPs for computing the
entire matrix is:

(f - (2pf +2p)) = (2pf* + 2pf). (A-8)

Conclusion
Thus, the overall computational complexity for constructing the full ¥ matrix is:

(2pf* + 2pf) (A-9)

This indicates that the FLOP count scales quadratically with f and linearly with p.

A-2-4 Construction of A without feedthrough

Each term in the summation:
CAI=™1K - A, (A-10)

involves multiplying two scalars, which requires:

(1) FLOP. (A-11)

Summation Over 7
Since the summation runs from 7 =1 to 5 — 1, we have j — 1 such terms. The total FLOP
count is:

(=1 (A-12)

Addition with CAi-1B

Adding two scalars requires:
(1) FLOP. (A-13)

R. Schouten Master of Science Thesis



A-2 CL SPC FLOPs 95

Total FLOP Count for a Single A;

(G- +1)=0) (A-14)
Since the entire vector A consists of f such values, summing over all j =1,..., f gives:
f f
=27 (A-15)
j=1 j=1
Using the formula for the sum of the first f natural numbers:
Lo fr+
Yoi= , (A-16)
; 2
7j=1
we obtain: )
(f(f+ ))_ (A-17)
2
Conclusion

Thus, the overall computational complexity for constructing the full A vector is:

¢ U 1)> . (A-18)

This confirms that the FLOP count scales quadratically with f.

A-2-5 Construction of A with feedthrough

Each term in the summation: _
CAI-—T-1K . A, (A-19)

involves multiplying two scalars, which requires:
(1) FLOP. (A-20)
Additionally, the presence of the feedthrough term introduces an extra scalar multiplication:
CAI-1KD, (A-21)

which also requires:
(1) FLOP. (A-22)

Summation Over 7
Since the summation runs from 7 =1 to 5 — 1, we have j — 1 such terms. The total FLOP
count is:

(J—1). (A-23)
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Additional Scalar Multiplications

The additional term:
CAI-1B (A-24)

is another scalar that needs to be added, contributing;:

(1) FLOP. (A-25)

Addition with CAi-1B + CAi-1KD

Since we are adding three scalars together, we have:

(2) FLOPs. (A-26)
Total FLOP Count for a Single A;
Summing all operations for one A;:
(GJ—14+14+142)=(j+2). (A-27)
Since the entire vector A consists of f such values, summing over all j = 1,..., f gives:
f f f
SN+ =>i+> 2. (A-28)
j=1 j=1 j=1

Using the formula for the sum of the first f natural numbers:

f f
d.i= f(f; D yoaooy, (A-29)
j=1 J=1
we obtain:
(B ). (A-30)
Conclusion

Thus, the overall computational complexity for constructing the full A vector with feedthrough
is:

(f(f;l) + 2f) : (A-31)
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A-2-6 Updating Covariance

Updating the covariance contains two steps, the givens rotation or LQ factorization of a
(2p+2) x (2p +2) takes (2(2p +2)3) and Zo, = Zo,_, + VAeapGra " (yx — pE=0,_,)-
» Step 1: Square root of scalar \/Ac;p: This step takes (1) FLOP.

o Step 2: Scalar-vector Multiplication /Ac;,Gj: Here the calculated scalar is mul-
tiplied to 2p 4+ 1 vector Gy, and requires a (2p + 1) FLOPs.

« Step 3: Inverse of scalar a~!: This step takes (1) FLOP.

e Step 4: Vector-Scalar Multiplication \/)\mkaa_lz The multiplication of a 2p + 1
vector is multiplied with a scalar and requires a (2p + 1) FLOPs.

o Step 5: Inner Product @;}Féok,li Of two 2p + 1 vectors is (2(2p + 1) — 1).
« Step 6: Substition (y; — ¢} =0, ,): The substitution of 2 scalars (1) FLOP.

e Step 7: Vector-Scalar Multiplication \/)\exkaa_l(yk — goféok_l): The multiplica-
tion of a 2p + 1 vector with a scalar is (2p + 1) FLOPs.

o Step 8: Addition of 2 vectors éo,%l + \/)\exkaa_l(yk — @%éok,l)i The addition of
two 2p + 1 vectors is (2p + 1) FLOPs.

Which totals up to (12p + 7) FLOPs for éok—l + VAeapGra™ (yr — gozéok_l) and in total for
the whole covariance update we get: (16p3 + 48p% + 60p + 23)
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FLOPs
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Appendix B

Additional Theoretical Details and
Calculations

This appendix provides supplementary theoretical insights and derivations that support de-
veloping and understanding the proposed control framework. While the main chapters focus
on implementation, performance, and experimental validation, this section delves deeper into
several core components’ mathematical underpinnings.

First, the concept of directional forgetting is explored, including its mathematical formulation
and its role in recursive parameter estimation, as well as an efficient implementation using
Givens rotations. Next, additional details are provided on the mechanics of Givens rotations,
a numerically stable technique widely used for matrix factorization and covariance updates.

Furthermore, this appendix presents derivations of the Auto-Regressive with eXogenous input
(ARX) models that underlie the system and controller structure.

Finally, an illustrative example explains how a negative phase margin may still be consistent
with closed-loop stability, addressing a common point of confusion when using frequency-
domain stability metrics such as those computed in MATLAB.
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B-1 Directional Forgetting

In the work of Cao and Schwartz [99], a directional forgetting algorithm is introduced that
operates on the decomposition of the information matrix Z, which is the inverse of the
covariance matrix Pj. At each time step, this information matrix is partitioned as follows:

T, =T + 1.

Van der Veen presents an alternative and insightful derivation in [50]. Given a regressor
vector g, we define the following orthogonal projection matrices:

T T
PLPr 1 PPy

M, — Tt =71, =1 - .
el o ooy

These projections satisfy:
1L
Htpké- || Pk, H¢k£ 1 Pk,

for any arbitrary vector {. Hence, II,, projects vectors (or matrices) onto the direction of
vk, while ij projects onto the orthogonal complement.

The core idea behind directional forgetting is to apply the forgetting factor Ag;,. exclusively
to the component of the information matrix aligned with ;. This strategy ensures that
historical information is only discounted in directions where new information is introduced.
As aresult, the need for strong persistence of excitation is relaxed, making the method efficient
and robust for recursive parameter estimation.

The resulting decomposition of the information matrix becomes:

I, =1 Hik +AdirZi Hsﬁk . (B—l)
~~ ~
Lok llx

To avoid directly computing the inverse of Z; at every iteration, Van der Veen proposes a
numerically efficient method using two successive Givens rotations [50]. The second Givens
rotation mirrors the covariance update depicted in Figure 2-2, but with A¢yp = 1.

Let the covariance matrix be decomposed as P, = RkRg, where Ry is the lower-triangular
Cholesky factor. A scaling factor ay, is computed as:

o = 1— )\dir . 1 )
o

(B-2)

Using these Givens rotations (illustrated in Figure B-1), the updated Cholesky factor Ry can
be efficiently obtained, allowing the recursive update of the estimate =y as previously defined
in Equation 2-45.
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Directional Forgetting Covariance Update
0 0 0 0 _ 1 TRy a 0
Ry { 1|Q1 = [ — } Ry P e Q2 = [ } Ry,
—» |V Rp 0 Ry > 0 R Gy Ry —>
N—— N—_——— N———
pre-array post-array pre-array post-array

Figure B-1: Sequence of Givens rotations used in the directional forgetting algorithm, adapted
from [50]

B-2 Givens Rotations

A Givens rotation introduces a zero in a specified matrix position while preserving its struc-
ture. This method is widely used in numerical linear algebra, particularly in QR decomposi-
tion and recursive least squares problems. The implementation follows the approach described
in [60].

B-2-1 Overview

The operation is performed on a selected two-column submatrix:

e The first column serves as the reference column that remains after rotation.
e The second column contains the element that must be eliminated.

o A specific row index is selected where the elimination occurs.

B-2-2 Algorithm Description

The Givens rotation is computed as follows:

1. Extract values: Two elements from the matrix are selected, one from each column.

2. Compute rotation parameters: The rotation coefficients are determined numerically
stable, ensuring that division by small numbers is avoided.

3. Construct the rotation matrix: A small 2 x 2 orthogonal matrix is formed based
on the computed parameters.

4. Apply the transformation: The selected columns are modified using the rotation
matrix, ensuring that the targeted element is set to zero while preserving numerical

stability.
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B-3 Guess of System (CL SPC)

B . Ui,/p,N
Y in=CAPXi+ 50 | Yipn (B-3)

Uz‘p,uv
Assuming CAPX,; = 0 and 5 = {CAP’IB ... CB CAP 'K ... CK D}

U.
- - - _ 2,p, N
Y, = |[CATB - CB CATK - CK D] | Y5 (B-4)

(2

U ip, 1N
Taking the first only the first column of the data matrices

Y, 1y = [CAB - CB|U,

3 3

pn D+ [CATIK - CK Y, 5 ()4 DU, 5 (1) (B-5)

2

Taking the z-transform

y(z) = CAP 'Bu(2)z P~ -« + CBu(2)z '+ CAP ' Ky(2)2 P71 - + CKy(2)z~ + Du(z)

(B-6)
All terms with y(z) to the left
y(z) —CAP ' Ky(2)z P71 ... —CKy(2)z™' = CAP 'Bu(2)2P7! ... +CBu(2)z"' 4+ Du(z)
(B-7)
Factor out y(z) and u(z).
(1-CAP K771 .. —COKzYy(z) = (CAP'BzP71 ... + CBz7' + D)u(z) (B-8)
CAr=1B;=r=1 ... 1 CB2z"'+ D
y(z) = 1 —CAr-1Kz—p-1 ... —CKz"1 ulz) (B-9)
D+CBz7' .. + CAP 1 Byp!
v(x) =12 CKz=1 ... — Cflp—le—p—lu(z) (B-10)
B-4 Guess of Controller
. ~ -1 ~
U, 1= (R+ Hlp p)@Hp.p))  Hipp)Q(rs - TKwy) (B-11)
T is a zero vector.
_ - -1 -
U j1=— (R +HE, D)QH(B,D)) HE; 1, QrKw, (B-12)

Simplify with:
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~ ~ —1 ~
a=— (R + Hs 1) QHp, D)) H; 1) @TK (B-13)

U, p1 = Qwp (B-14)

psJs

We focus mainly on the first row because this is the only input we give to the system:

upt1 = a(1, )wy (B-15)

upt1 =a(l,1:p)Y; ; +a(l,p+1:2p)U;

1,p,1 1,p,1 (B_]‘G)

If we take the z transform:

v=a(l,DyzP 1+ +a(l,pyzt +a(l,p+ Duz P+ +a(l,2p)uz"t  (B-17)

All terms with u to the left:

—a(l,p+Duz Pt — . —a(l,2p)uz = a(l,Dyz P+ +a(l,pyzt  (B-18)

Factor out u:

(1—a(l,p+1)zPt— . —a(1,2p)z Hu=(a(l,)zP +... +a(l,pz )y (B-19)

a(1,1)z7 P~ 4+ 4 a(l,p)z™

U = Ty e T =~ a(1,2 ) —1v(%) (B-20)
a(l,p)z=t+ - 4+ a(l,1)z7P1
uE) = a((l, 2pp))z—1+— o 04((1,13—1— DEER (B-21)

B-5 Negative Phase Margin

Due to the way MATLAB calculates the Phase Margin (PM), it is possible to obtain a
negative phase margin even when the system remains stable. This does not necessarily imply
instability, as stability is ultimately determined by the Nyquist criterion rather than the phase
margin alone.

Figure B-2 presents a simple illustrative example demonstrating how a system can have a
negative PM while still being stable—i.e., the Nyquist plot does not encircle the critical point
—1. In this example, both the green and red curves exhibit similar overall stability margins,
even though the red curve is associated with a negative phase margin according to MATLAB’s
convention.
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Figure B-2: lllustrative example showing a Nyquist plot with a positive phase margin (green)
and a negative phase margin (red), both having approximately the same overall stability margins.
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Appendix C

Additional Results

This appendix presents supplementary results that support and extend the findings discussed
in the main chapters. These results provide deeper insight into specific theoretical and em-
pirical aspects of the work. The appendix is structured into three sections:

e Closed-Loop SPC with or without Feedthrough: A comparison of control per-
formance with and without the feedthrough term D in the system model, highlighting
its effect under different noise realizations.

e Model Estimation Results: Visualizations of time-varying system identification re-
sults using different past window sizes p illustrate the model order’s influence on esti-
mation quality and variability.

¢ Controller Estimation Results: Stability analysis of estimated controllers, showing
pole locations under various tuning parameters and demonstrating the sensitivity of
Closed Loop (CL) stability to design choices.
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C-1 Closed-Loop SPC with or without Feedthrough

Comparison with or withouth Feedthrough NoiseSeed = 1
T T T

300

150 T .
i Reference
100 \ ——— Withouth Feedthrough | _|
M “ With Feedthrough
/ T
o 50F f ‘ \ A
' |
E A / |
2 0 \ ) 1
2 '
< -50 - |
|
-100 / i
-150 L | 1 1 |
0 50 100 150 200 250
Time (s)

Figure C-1: Comparison of closed-loop control simulations for systems with and without a
feedthrough matrix (D = 0 vs. D # 0). Results shown for the first noise seed.

Comparison with or withouth Feedthrough NoiseSeed = 2
T T T

300

200 -

Amplitude

-100

100

T

1

T

Reference
——— Withouth Feedthrough
With Feedthrough

-200

150

Time (s)

200 250

Figure C-2: Comparison of closed-loop control simulations for systems with and wi
feedthrough matrix (D = 0 vs. D # 0). Results shown for the second noise seed.
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Comparison with or withouth Feedthrough NoiseSeed = 3
T T T

400 ‘ y
Reference
——— Withouth Feedthrough
200 - jIJ ‘ I | With Feedthrough B
= { ,IL \ ( f X
5 o b Dapoa - DN |
= L a \ /|
- I
Z 200 :
-400 - :
-600 Il Il Il Il Il
0 50 100 150 200 250 300
Time (s)
Figure C-3: Comparison of closed-loop control simulations for systems with and without a
feedthrough matrix (D = 0 vs. D # 0). Results shown for the third noise seed.

C-2 Model Estimation Results
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Real and Identified Systems at Different Time Points, p = 5
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Figure C-4: Time-varying estimated system response for window size p = 5, evaluated at 10
distinct time instances.
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Figure C-5: Time-varying estimated system response for window size p = 10, evaluated at 10
distinct time instances.
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Figure C-6: Time-varying estimated system response for window size p = 15, evaluated at 10
distinct time instances.

Master of Science Thesis



C-2 Model Estimation Results

109

Real and Identified Systems at Different Time Points, p = 20
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Figure C-7: Time-varying estimated system response for window size p = 20, evaluated at 10

distinct time instances.
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Figure C-8: Time-varying estimated system response for window size p = 25, evaluated at 10

distinct time instances.
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Real and Identified Systems at Different Time Points, p = 30
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Figure C-9: Time-varying estimated system response for window size p = 30, evaluated at 10
distinct time instances.

Real and Identified Systems at Different Time Points, p = 35

0r-
Real System
Estimation at 10s
90 Estimation at 20s
Estimation at 30s
a Estimation at 40s
= Estimation at 50s
~ -40 + Estimation at 60s
,_%’ Estimation at 70s
= Estimation at 80s
= ,
a -
g 60
=
-80
-100 L L T S S S S | L L T S S S S S |

10° 10! 102
Frequency (Hz)

Figure C-10: Time-varying estimated system response for window size p = 35, evaluated at 10
distinct time instances.
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Real and Identified Systems at Different Time Points, p = 40
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Figure C-11: Time-varying estimated system response for window size p = 40, evaluated at 10
distinct time instances.

C-3 Controller Estimation Results
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Figure C-12: Pole map of estimated controllers for varying window size p, with fixed @ = 1x109,
f =25, and R = 1. Crosses denote unstable poles. All controllers in this set are unstable.
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Pole Movement G, for p = 25
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Figure C-13: Pole map of estimated controllers for varying control horizon f, with fixed Q =
1x108, p =25, and R = 1. Crosses denote unstable poles. All controllers in this set are unstable.
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Pole Movement G, for p = 40
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Figure C-14: Pole evolution of controller G,, for increasing values of control horizon f, with
fixed @ =1 x 105, p =40, and R = 1. A previously unstable pole becomes stable at f = 30.
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Figure C-15: Zoomed view of pole evolution in controller G, showing stabilization of a previously
unstable pole at f = 30, for Q = 1 x 10%, p = 40, and R =1.
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List of Acronyms

ARX Auto-Regressive with eXogenous input
BLAS Basic Linear Algebra Subprograms
CL Closed Loop

CL SPC  Closed Loop Subspace Predictive Control

CR-CL SPC Constrained Recursive Closed Loop Subspace Predictive Control
DDPC Data-Driven Predictive Control

DeePC Data-Enabled Predictive Control

DMD Dynamic Mode Decomposition
FLOPs Floating Point Operations
GM Gain Margin

I/0 Input-Output

v Instrumental Variables

LTI Linear Time-Invariant

LQR Linear Quadratic Regulator
MBC Model Based Control

MFC Macro Fiber Composite
MOESP  Multivariable Output Error State Space
MPC Model Predictive Control

MIMO Multi-input Multi-output

N4SID Numerical Algorithms for Subspace State Space System Identification
NN Neural Network

PE Persistance of Excitation

PEM Prediction Error Method
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PM Phase Margin

PRBS Pseudo-Random Binary Sequence
R-CL SPC Recursive Closed Loop Subspace Predictive Control
RLS Recursive Least Squares

SIM Subspace Identification Methods
SIMD Single Instruction, Multiple Data
SISO Single-Input Single-Output

SPC Subspace Predictive Control
SVD Singular Value Decomposition
SysID System Identification

QP Quadratic Programming

List of Symbols

r Observability matrix
Aexp Exponential Forgetting Factor
o

Variance

N Hankel Matrix Width

N Effective Window Length

K Reversed Extended Controllability matrix
f Future Window Size

H

(B,D) Block-Toeplitz matrix
P Past Window Size
P Covariance matrix at time k
Q Penalty on state deviation
R Penalty on control effort
Ry, Lower Triangular Cholesky factor of the Covariance matrix at time k
RA Penalty on control deviation
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