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ABSTRACT Accurately modeling heterogeneous catalytic systems while maintaining computational efficiency is a persis-
tent challenge, as conventional methods like Density Functional Theory (DFT) offer high accuracy but are computationally
expensive, whereas classical force fields provide efficiency without precision. In recent years, Machine Learning Potentials
(MLPs) have emerged as a powerful tool to bridge the gap between the efficiency of classical force fields and the precision of
first-principles methods. In this study, I assess the accuracy, efficiency, and limitations of MACE MLP-models when applied
to a challenging catalytic system: cationic zirconocene hydride grafted onto an amorphous silica slab model. My results
demonstrate that MACE models, even with minimal training data, achieve impressive accuracy with energy RMSE below
0.05 eV/atom and force errors under 0.2 eV/Å, highlighting the efficiency of foundational models. Nonetheless, challenges
such as a sub-unity slope in energy predictions and dynamically unstable MD simulations due to catastrophic forgetting
remain, even with the application of active learning techniques. A novel multihead replay technique shows promise in
enhancing stability, though additional validation is necessary. Furthermore, thermodynamic reweighting proves effective
in refining bond length distributions, especially with hybrid functionals like PBE0+D3, but its robustness remains sensitive
to model accuracy and bias. Overall, these results demonstrate the potential of MLP-based approaches in accelerating
calculations by orders of magnitude while emphasizing the importance of thorough validation for accurate predictions.
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1
Introduction

The development of efficient and selective catalysts is a central challenge in chemical engineering, with profound im-
plications for energy sustainability and industrial efficiency. Nowadays, computational modeling plays a crucial role in
accelerating catalyst discovery, with Density Functional Theory (DFT) serving as the predominant tool for characterizing
reaction energetics and active site behavior [1–4]. However, despite its success, DFT is inherently constrained by its steep
computational cost and limited scalability, as its calculations scale cubically with the number of electrons [5, 6]. In con-
trast, classical force fields offer a robust and computationally efficient alternative, but they lack the accuracy needed for
applications in heterogeneous catalysis [7–9].

In recent years, Machine Learning Potentials (MLPs) have emerged as a powerful tool to bridge the gap between the effi-
ciency of classical force fields and the precision of first-principles methods [6]. Most modern MLPs are based on Graph
Neural Networks (GNNs), which represent atomic structures as graphs where nodes correspond to atoms and edges en-
code bonds [10]. Through message passing, these networks iteratively exchange information between neighboring atoms,
allowing for a dynamic representation of local atomic environments. Early MLPs relied primarily on interatomic distances
to describe atomic environments, but later developments incorporated higher-order geometric features, such as bond
angles [11] and dihedral angles [12], leading to significantly improved accuracy in capturing local chemical interactions.
State-of-the-art MLP architectures, such as MACE [13] and NequIP [14], further enforce physical symmetries via equivari-
ant representations, allowing them to capture many-body interactions and long-range correlations with higher fidelity.

Apart from the novel message passing scheme, one of MACE’s most significant innovations is the introduction of foun-
dational models, such as MACE-MP-0 and MACE-MPA-0, trained on the MPtrj dataset [15]. Foundational models enable
researchers to fine-tune the model for specific chemical systems using a minimal amount of additional data. This ap-
proach not only extends the applicability of MLPs to a wide variety of chemistries, but also significantly reduces the data
and computational cost required for training compared to developing models from scratch.

Since it was first introduced, MACE has been successfully used to model a wide range of materials and their properties,
including applications in heterogeneous catalysis [16–18]. However, applying MLPs to complex catalytic systems remains
challenging, requiring careful selection of training data and electronic structure methods, construction of an active learn-
ing loop, and validation of their transferability under various conditions [18].

A more out-of-the-box application of MLPs is their integration with thermodynamic reweighting, a technique rooted in
statistical mechanics and traditionally used to correct sampling biases in molecular simulations [19]. This technique be-
comes significantly more powerful when paired with Machine Learning Potentials (MLPs) trained on high-level DFT data.
By reweighting large trajectories from inexpensive functionals, MLPs allow observables to be reconstructed as though they
were sampled from a more accurate reference potential — all without the computational cost of running high-level DFT
simulations directly.

In this work I explore the application of MLPs, active learning loops, and thermodynamic reweighting to model heteroge-
neous catalytic systems. In doing so, I assess the accuracy, efficiency, and limitations of these methods. First, I provide an
in-depth discussion of my methodology, detailing the integration of MLPs with reweighting techniques. Next, I demon-
strate my approach, by applying it to a complex catalytic system, namely cationic zirconocene hydride grafted onto an
amorphous silica slab model. The organometallic core (BuCp)2ZrH2 is a derivative of the initial Ziegler-Natta catalysts [20–
23], and makes the system particularly challenging due to the dynamic interactions between the silica support, the organic
cyclopentadienyl ligands, and the transition metal center. Finally, I assess the broader applicability of my method, define
its limitations, and summarize key findings.
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2
Theory

This chapter describes essential theory needed for my research. It provides a literature overview and is structured in three
parts. In the first part, I will present some theory on the chemical systems I simulated, the second part explores machine
learning potentials, particularly MACE, and the final part provides some background on thermodynamic reweighting.

2.1. Surface Organometallic Catalysts
Surface organometallic catalysts (SOMCs) are a powerful approach to generate single-site catalysts with known coordi-
nation spheres, facilitating the rational design of heterogeneous catalysts. SOMCs consist of two main components: the
organometallic core and the oxide support [24]. In my research, the oxide support of interest is amorphous silica, and the
organometallic core is (Bu Cp)2ZrH2, often used for the polymerization of α-olefins [23]. In this section, I first discuss the
properties of the oxide support and the various models used to simulate it, then elaborate upon the organometallic core.

2.1.1. Amorphous silica (a-SiO2)
Commercial catalysts are often amorphous, lacking long-range order, rather than crystalline materials [25]. This is because
they are typically inexpensive, have more tunable physical properties such as porosity, and exhibit significantly higher ac-
tivities and productivities [26]. Silica itself is generally inert; however, the large surface area of mesoporous silica is ideal
for maximizing catalyst density while maintaining accessibility to reactants. Catalysts can be grafted onto the surface after
preparing the porous material or directly incorporated during synthesis [27, 28].

However, the heterogeneity in composition and structure makes identifying their active sites extremely challenging. Fur-
thermore, a small fraction of surface sites may contribute most of the reactivity [30]. Therefore, computational simulations
are essential to understanding the behavior of catalysts on amorphous materials. Computational investigations of a-SiO2
primarily use two models to approximate the material: cluster models and slab models, as illustrated in Fig. 2.1 [29].

Figure 2.1: (a) A small cluster model, and (b) a slab model, both representing a molybdenacyclobutane attached to amorphous silica
during ethene metathesis (O = red; Mo = pink; Si = yellow; H = white; C = teal; F = light blue) [29].
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Figure 2.2: Schematic illustration of the melt-cleave-quench-functionalize procedure for the generation of silica slab models [27].

2.1.2. Cluster models
Cluster models are created by isolating a small portion of the bulk material to represent the active site and its surround-
ings. The primary advantage of these models is that they require minimal structural assumptions, making them effective
for identifying key local structural features. However, they often neglect important long-range interactions and may not
capture the full diversity of an amorphous material [31, 32]. Utilizing several medium-sized cluster models derived from a
larger amorphous model can mitigate this issue. Nevertheless, statistical analysis indicates that thousands of such models
may be necessary for reliable reactivity predictions [29, 33].

2.1.3. Slab models
Slab models, unlike cluster models, are technically periodic and avoid artificial boundaries and capping atoms. They nat-
urally incorporate long-range electronic and geometric effects, thereby overcoming some limitations of finite-sized cluster
models [32]. However, slab models also have drawbacks. Large supercells are required to minimize artificial interactions
between adsorbates and their periodic images, and sophisticated correction schemes are necessary for charged systems to
achieve size convergence [29, 34].

Amorphous silica slab models are typically created using a melt-quench-cleave process. This involves melting crystalline
silica, quenching it below its melting temperature to form an amorphous solid, and cleaving it to create the desired in-
terface geometry (e.g., planar or cylindrical). This procedure results in a large number of under-coordinated Si and O
atoms, which are then saturated by the addition of OH and H groups, respectively. Finally, the surface atoms are identified,
creating a functionalized surface [27, 35, 36].

2.1.4. Organometallic core
Ziegler and co-workers discovered that mixtures of triethylaluminum and zirconium acetylacetonate polymerize ethylene
to high-density polyethylene under mild conditions in 1953, and two years later Natta reported that TiCl4 and Et2AlCl mix-
tures polymerize propylene to stereoregular products [22]. The organometallic core (Bu Cp)2ZrH2 (where Cp = cyclopenta-
dienykl) is a derivative from these initial Ziegler-Natta catalysts, and is often used for the polymerization of α-olefins. [23].

The combination of the organometallic core and a silica slab model exists in two configurations: "chemically" adsorbed
(CA) and "physically" adsorbed (PA). In the CA scenario, the zirconocene reacts with the silica substrate, releasing a hy-
drogen molecule and creating a covalent Zr-O bond. In contrast, when no chemical reaction occurs, the interaction re-
mains physical, and the core’s attachment to the substrate is maintained by electrostatic forces between the electronega-
tive silanol group and the electropositive zirconocene core (see Fig. 2.3).
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Figure 2.3: Visual representation of the organometallic core (Bu Cp)2ZrH2 and its two configurations. The left hand side shows the CA
configuration, with the core bonded to the silica substrate by a covalent bond, while the right-hand side shows the PA configuration, with
the core’s attachment to the substrate maintained by electrostatic forces.

2.2. Density Functional Theory
Density Functional Theory (DFT) is an essential building block for modern chemistry, particularly in the study of electronic
properties. In DFT, the electron density ρ(r) is used as the fundamental variable instead of the many-body wave function.
The use of electron density is much more tractable because it depends on only three coordinate variables, regardless of the
number of electrons N , whereas the many-body wave function is a function of 3N coordinates. This approach has been
justified by the Hohenberg-Kohn theorems [37].

2.2.1. Hohenberg-Kohn Theorems
The first Hohenberg-Kohn theorem proves that a functional of the electron density F [ρ] exists that can be used to solve the
Schrödinger equation. The second defines an important property of the functional: the electron density that minimizes
the energy of the overall functional is the true electron density corresponding to the full solution of the Schrodinger equa-
tion [1].

As such, the Hohenberg-Kohn theorems state a one-to-one correspondence between the ground-state electron density and
the external potential. Consequently, once the ground-state electron density is known, the external potential is uniquely
determined. This implies all physical properties associated with the ground-state wave function, such as the kinetic energy
Eki n [ρ] and the electron-electron interaction energy Eee [ρ], can be unambiguously derived from the electron density [37].

The theorem also gives a variational principle. When the energy functional is defined as in Eq. 2.1

Ev [ρ] = Eki n [ρ]+
∫
ρ(r)v(r)dr+Eee [ρ] (2.1)

for some external potential v(r), the functional satisfies the inequality

Ev [ρ] ≥ Ev [ρ0] = E0 (2.2)

where ρ0 and E0 represent the ground-state electron density and energy, respectively, under the potential v(r). Thus, by
searching for the electron density that minimizes the energy functional Ev [ρ], the ground-state electron density can be
determined.
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2.2.2. Kohn-Sham equations
While the Hohenberg-Kohn theorems state that energy is a functional of electron density, they do not hint how to derive
the electron density. To this end, Kohn and Sham propose a self-consisted scheme to approximate functional Eki n [ρ] using
"orbitals" [37]. The electron density ρ(r ) is now defined in terms of the solution to the Kohn-Sham equations ψ j (r) by

ρ(r ) =∑
j
ψ j (r)ψ∗

j (r) (2.3)

The Kohn-Sham equations are
h2

2m
∇2ψ j (r)+Ve f f (r)ψ j (r) = ϵ jψ j (r) (2.4)

where Ve f f (r) is the effective potential.

The fact that Ve f f (r) itself is a complicated function ofρ(r), makes these equations hard to solve directly. There is a straight-
forward numerical method for solving this problem though, namely by using an iterative strategy:

1. Estimate the overall electron density ρ(r).

2. Use this trial density to define the effective potential.

3. Now solve Eq. 2.4 numerically, defining a new electron density.

4. Repeat this process until the old and new electron densities match closely enough.

Note that a self-consistent solution is reached much more quickly if a better initial approximation is available. For this
reason, it can sometimes be helpful to store the electron density and related information from a large calculation for use
in starting a subsequent similar one. In the next sections I describe approaches to solve the Kohn-Sham problem. Opera-
tionally, I adopted their implementation in CP2K, an open source electronic structure code [38].

The Kohn-Sham approximation has paved the way for Density Functional Theory (DFT) calculations with sufficient ac-
curacy for practical applications. One such application is ab initio Molecular Dynamics (aiMD), where interatomic forces
are computed on-the-fly using DFT. However, the enhanced accuracy and predictive power of aiMD simulations come at
a significant computational cost [39].

2.2.3. Exchange-correlation Functionals
DFT only describes a precisely mathematical problem once the exchange-correlation functional (XC functional) has been
specified. The exact form of the XC functional is unknown though, and various approximations exist. It is crucial to under-
stand the similarities and differences between the various functionals that are commonly used, before actually choosing a
functional to use. One useful classification of functionals is made by John Perdew, called Jacob’s ladder of DFT [40]. The
lower the step of the ladder, the simpler the functional, and, in general, the higher the step, the higher the accuracy of the
functional. The XC functional V XC is the functional derivative of the exchange-correlation energy (XC energy), given by

V XC [ρ] = δE XC [ρ]

δρ
(2.5)

The XC energy E XC is divided in two separate terms, an exchange term E X and a correlation term EC . The former is
normally associated with the interactions between moving electrons of the same spin, while the latter essentially represents
those between electrons of opposite spin [41]

E XC [ρ] = E X [ρ]+EC [ρ] (2.6)

2.2.4. LDA
The first step above the Hartree-Fock earth is the local density approximation (LDA). This is the simplest approach to
represent the XC functional and assumes that the XC energy at any point in space is a function of the electron density at
that point in space only. The local XC potential in the Kohn-Sham equations (Eq. 2.4) is defined as the XC potential for the
spatially uniform electron gas with the same density as the local electron density, namely

V LD A
XC (r) =V

electr ong as
XC [n(r)] (2.7)

Some of the most commonly used LDA functionals are those developed by Slater, Perdew, and Wang (SPWL) [42] [43],
Vosko, Wilk, and Nusair (VWN) [44], Perdew and Zunger (PZ81) [45], and the Padé approximation of the latter (PADE)
[46]. The LDA is surprisingly accurate for a method this simple, notwithstanding some typical deficiencies, such as the
inadequate cancellation of self-interaction contributions. LDA’s limitations become particularly evident in systems where
precise energy differences are critical, such as in chemical reactions and small molecules with steep density gradients. In
such cases, its inherent deficiencies, such as inadequate treatment of self-interaction and poor handling of van der Waals
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Figure 2.4: Jacob’s ladder for the five generation of DFT functionals, according to the vision of J. Perdew [40] with indication of some of the
most common DFT functionals within each step [41].

interactions, lead to significant inaccuracies, making it unsuitable for many chemical applications, including heteroge-
neous catalysis [3].

LDA is suitable for systems having slowly varying densities, but occasionally good results for systems with relatively large
density gradients have also been observed. A partial explanation for this success lies in the systematic cancellation of
errors. In fact, LDA typically underestimates E X but overestimates EC , sometimes resulting in unexpectedly good E XC

values [41].

2.2.5. GGA
The next approximation to the Kohn-Sham functional is the General Gradient Approximation (GGA). The physical idea
behind the GGA is simple: real electron densities are not uniform, so including information on the spatial variation in
the electron density improves the approximation. The equations on which the GGA are based, are valid for slowly varying
densities. In the GGA, the XC functional is expressed as

V GG A
XC (r) =VXC [n(r),∇n(r)] (2.8)

Nonempirical GGA functionals satisfy the uniform density limit as well as several known, exact properties of the ex-
change–correlation hole. Two widely used nonempirical functionals that satisfy these properties are the Perdew–Wang
91 (PW91) [43] functional and the Perdew–Burke–Ernzerhof (PBE) [47] functional. Other functionals, like BLYP [48] [49],
are partially-empirical because some parameters were obtained via empirical fittings. As a result, PBE and PW91 offer rea-
sonable accuracy across a broad range of systems, whereas BLYP is more accurate for systems similar to those used in its
parametrization, e.g. in main-group organic molecules [3].

In general, the GGA methods represent a significant improvement over the LDA methods. In fact, GGA methods tend to
give better total energies, atomization energies, structural energy differences, and energy barriers. The GGA methods tend
to expand and soften bonds, compensating for the LDA tendency to overbind. However, the accuracy of GGA methods is
still not enough for a correct description of many chemical aspects of molecules. For example, the GGA typically fails for
van der Waals interactions. In the case of the solid state, GGA functionals do not yield significantly better results than LDA,
nor in the calculation of ionization potentials and electron affinities. Furthermore, the differences obtained when using
different GGAs are often almost as large as those between individual GGAs and LDA functional [41].

2.2.6. meta-GGA
The third step of Jacob’s ladder is defined by meta-GGA functionals, which include information from n(r), ∇n(r), and
∇2n(r). In practice, the kinetic energy density of the Kohn-Sham orbitals,

τ(r) = 1

2

∑
occupied states

|∇φi (r)|2 (2.9)

contains the same physical information as the Laplacian of the electron density ∇2n(r), so τ(r) may be used in meta-GGA
functionals instead of ∇2n(r). Commonly used meta-GGA functionals are TPSS [50], SCAN [51], and M06-L [52]. The
former two are non-empirical functionals, while the latter is classified as an empirical functional [3].
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2.2.7. Hybrid GGA
The important fourth step of the ladder in fig. 2.4 is hybrid GGA, whose functionals are most commonly used in quantum
chemistry calculations with localized basis sets. A critical feature of the exchange energy E X in hybrid GGA is that is non-
local, i.e. a functional based on E X cannot be evaluated at one particular spatial location, unless the electron density is
known for all spatial locations. The exchange energy can be written as

E X (r) = 1

2n(r)

∫
d3r ′

∣∣∣∣∣ ∑
occupied states

φ∗
i (r′)φi (r)

∣∣∣∣∣
2

|r− r′| (2.10)

Functionals that include contributions from the exact exchange energy with a GGA functional are classified as a hyper GGA
or hybrid GGA functional. A widely used hybrid GGA functional is the B3LYP functional [53],

V B3LY P
XC =V LD A

XC +α1(E X −V LD A
X )+α2(V GG A

X −V LD A
X )+α3(V GG A

C −V LD A
C ) (2.11)

Here, V GG A
X is the B88 exchange functional [48], V GG A

C is the Lee-Yang-Parr correlation functional [49], and α1, α2, and
α3 are three numerical parameter, hence the name B3LYP. The three parameters were empirically chosen to optimize the
performance of the functional for a sizable set of molecular properties (formation energies, bond lengths, etc.) [3].

Another widely used hybrid functional, and one that I will use during my research is PBE0, which mixes the PBE exchange
functional with the exact Hartree-Fock exchange in a fixed ratio of 1:3. The PBE0 functional is defined in [54] as:

V PBE0
XC =V PBE

XC + 1

4
(E X −V PBE

X ) (2.12)

Hybrid functionals have allowed a significant improvement over GGAs for many molecular properties. For this, they have
become a very popular choice in quantum chemistry and are now widely used. However, in solid-state physics this type
of functional was much less successful due to difficulties in computing the exact-exchange part within a plane-wave basis
set. It is important to note that B3LYP does not satisfy the uniform density limit. Thus, it would not be expected to perform
especially well, as indeed it does not, in predictions for bulk materials, especially metals. Examples of other hybrid density
functionals include B3P86 [53] [43], B3PW91 [53] [55], and BH&HLYP [48] [49].

2.2.8. Hybrid Meta GGA
Another step up one finds the hybrid meta GGA functionals. These functionals combine the exact exchange energy with a
meta GGA functional. These methods represent an improvement over the previous formalisms, particularly in the deter-
mination of barrier heights and atomization energies. Examples of hybrid meta GGA functionals include B1B95 [48] [56],
and PBE1KCIS [55] [57] [58].

2.2.9. DFT-D correction
One conceptually simple remedy for the shortcomings of lower level DFT regarding dispersion forces is to simply add a
dispersion-like contribution ∝ 1/r 6 to the total energy between each pair of atoms in a material [59]. This idea is used in
the DFT-D2 method, which augments the calculated total energy as given in Eq. 2.13:

E DF T = E DF T +S
∑
i< j

Ci j

r 6
i j

fd amp (ri j ) (2.13)

where ri j is the distance between atoms i and j , Ci j is a dispersion coefficient for atoms i and j , which can be calculated
directly from tabulated properties of the individual atoms, and fd amp (ri j ) is a damping function to avoid unphysical be-
havior for small distances. The only empirical parameter S is estimated separately for each DFT functional and applied
uniformly to all pairs of atoms [3, 60].

DFT-D3 offers a more precise dispersion correction than DFT-D2 by incorporating three-body interactions, dynamically
adjusting C6,i j /r 6

i j based on atomic coordination environments, and introducing an additional C8,i j term to enhance

long-range accuracy [61]. The expression for the DFT-D3 correction is given in Eq. 2.14:

E DF T = E DF T +S6
∑
i< j

C6,i j

r 6
i j

fd amp (ri j )+S8
∑
i< j

C8,i j

r 8
i j

fd amp (ri j )+S AT M E AT M (2.14)

where ri j is the distance between atoms i and j , C6,i j and C8,i j are dispersion coefficients for atoms i and j , E AT M rep-
resents the Axilrod-Teller-Muto (ATM) three-body term [62], and S6, S8, S AT M are various scaling factors. In my research,
I use the DFT-D3(BJ) correction, which employs the Becke-Johnson damping function for fd amp (ri j ) to improve short-
range interactions [63, 64].

7



2.3. Machine learning potentials
Over the past decade, machine learning potentials (MLPs) are being developed and applied to describe energy and forces
in chemical systems, effectively bridging the gap between the computational efficiency of classical force fields and the
accuracy of quantum mechanics DFT. The development of machine learning potential involves four key components:
dataset, representation, training and evaluation, and simulation [6]. Chapter 3 will provide a detailed description of these
steps for my specific project. This section, however, focuses on the available models and methods to train MLPs in general.
There are two primary classes of models used: neural net based MLPs and kernel based MLPs. Since my project focuses
on neural net based MLPs, I will not elaborate upon kernel based MLPs, but instead provide a more in-depth discussion of
recent neural net based MLPs, such as SchNet, DimeNet, and MACE.

2.3.1. Neural net based MLPs
The neural network architecture is often chosen for predicting the potential energy surface of a given structure due to its
nonlinear character, which enables it to solve complex tasks. A significant advantage of this model is its flexible architec-
ture, allowing adaptability to various data shapes and types. Moreover, compared to kernel-based techniques, its compu-
tational costs scales more favorably with an increasing dataset size. However, this high degree of versatility necessitates a
more extensive search space for optimal hyperparameters, rendering the tuning process rather intricate [6, 10, 65, 66].

A visual representation of the available neural net based MLPs is shown in Fig. 2.5. Following the first neural networks with
linear and convolution layers, SchNet, introduced in 2017, circumvented the limitations of convential convolution layers
by applying a continous filter convolutional layer, capable of managing continuous data like atom positions [65]. Next,
in 2018, CGCNN introduced a Graph Neural Network (GNN) to treat molecules as a graph in which the nodes are atoms
and the edges represent atom connections [10]. In 2020 Dimenet was published, incorporating bond angles via directional
message passing. This allowed for the discernment of e.g. molecules with hexagonal and two triangular geometries, indis-
tinguishable by distance only GNNs [11].

In 2021, the SpinConv neural network expressed angular information using latitude and longtitude formats relative to
source and target nodes, enabling the study of higher-order effects beyond triplet order [66]. Also in 2021, the geometric
message passing neural network (GemNet) incorporated direct edge embedding and two-hop message passing, allowing
for consideration of dihedral angles during node embedding [12]. The Spherical Channel Network (SCN), proposed in
2022, and the EquiformerV2, introduced in 2023, both implemented equivariant representations and achieved state-of-
the-art performances [67, 68]. In 2023, MACE introduced higher order message passing, addressing limitations like high
computational cost and poor scalability of other equivariant message passing neural networks (MPNNs) [13].

A key advantage of neural net based MLPs is the application of foundation models, like MACE-MP-0 [15]. The founda-
tional model is pretrained on the MPtrj dataset, which consists of approximately 1.5M configurations, roughly ten times
the approximately 150k unique structures from the Materials Project [69]. Therefore, MACE-MP-0 is not only capable of
molecular dynamics simulation across a wide variety of chemistries itself, but also allows users to fine-tune the foundation
model with their own specific dataset. As a result, the model substantially reduces the amount of data and/or training
time required, compared to training models from scratch. Moreover, foundation models are very promising for modeling
competitive multi-component processes, for which training a system-specific, on-the-fly active learning model would be
expensive or even prohibitive.

Figure 2.5: Visual representation of the chronological history of machine learning potentials, modified from [6].
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Figure 2.6: The discrete filter (left) is not able to capture the subtle positional changes of the atoms resulting in discontinuous energy
predictions Ê (bottom left). The continuous filter captures these changes and yields smooth energy predictions (bottom right) [65]

2.3.2. SchNet
Early neural networks primarily consisted of linear and convolutional layers. In deep learning, convolutional layers typi-
cally operate on discretized signals, such as image pixels or video frames. For these signals, it is straightforward to define
the filter on the same grid. However, this approach is not feasible for unevenly spaced inputs, such as the atomic positions
in a molecule (see Fig. 2.6). To address this, SchNet introduced continuous filters, capable of handling unevenly spaced
data, particularly atoms positioned arbitrarily in space [65].

Given n objects X l = (xl
1, ..., xl

n ) where xl
i ∈RF at locations R = (r1, ...,rn ) where ri ∈RD , the continuous-filter convolutional

layer l requires a filter-generating function W l that maps from a position to the corresponding filter values, see Eq. 2.15.
In SchNet this filter-generating function is modeled with a neural network [65].

W l :RD →RF (2.15)

The output xl+1
i for the convolutional layer at position ri is then given by

xl+1
i = (X l ∗W l )i =

∑
j

xl
j ◦W l (ri − r j ) (2.16)

where "◦" represents the element-wise multiplication.

SchNet, like CGCNN, uses relative distances
∥∥∥xi j

∥∥∥, a 2-body invariant, to scalarize geometric information [70]

s(t+1)
i := s(t )

i +∑
j

f1

(
s(t )

j ,
∥∥∥xi j

∥∥∥)
(2.17)

Figure 2.7: A standard non-directional GNN cannot distinguish between a hexagonal (left) and two triangular molecules (right) with
the same bond lengths, since the neighborhood of each atom is exactly the same. An example of this would be cyclohexane and two
cyclopropane molecules with slightly stretched bonds, when the GNN either uses the molecular graph or a cutoff distance of c < 2.5A.
Directional message passing solves this problem by considering the direction of each bond [11].
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2.3.3. DimeNet
The next generation of neural net based MLPs, like DimeNet and GemNet, goes beyond using only the absolute distance
between two atoms, also taking angular information into account. Distances and angles, represented by xi j ·xi k, among
3-body invariants are utilitzed as shown in Eq. 2.18 [70]

s(t+1)
i := ∑

j
f1

(
s(t )

i , s(t )
j ,

∑
k ̸= j

f2

(
s(t )

j , s(t )
k ,

∥∥∥xi j

∥∥∥, xi j ·xi k
))

(2.18)

GNNs represent each atom i via an atom embedding si ∈ RS . These embeddings are updated in each layer by passing
messages along the molecular graph edges. However, GNNs do not use the full distance matrix, as doing so would mean
passing messages globally between all pairs of atoms, which increases computational complexity and can lead to overfit-
ting. Instead, GNNs often apply a cutoff distance c, which means they cannot distinguish between certain molecules [71].

One example of two indistinguishable atoms for GNNs with a low cutoff value, are a hexagonal (e.g. cyclohexane) and two
triangular molecules (e.g. cyclopropane) with the same bond lengths, since the neighborhoods of each atom are identical

Figure 2.8: Aggregation scheme for mes-
sage embeddings [11].

for each atom. DimeNet addresses this limitation by incorporating the directions
to neighboring atoms, not just their distances. The directional embedding m j i as-
sociated with the atom pair j i can be thought of as a message being sent from atom
j to atom i . Therefore, DimeNet embeds each atom i using a set of incoming mes-
sages m j i , i.e. si =

∑
j m j i , and updates the message m j i based on the incoming

messages mk j . Hence, as illustrated in Fig. 2.8 the update function and aggregation
scheme for message embeddings in DimeNet is defined as

m(l+1)
j i = f1

(
m(l )

j i ,
∑

k ̸=i
f2

(
m(l )

k j , e
(i j )
RBF , a

(ki ,i j )
SBF

))
(2.19)

where e
(i j )
RBF represents distance di j , and a

(ki ,i j )
SBF is a joint representation of angles

α(ki ,i j ) between message embeddings and interatomic distances dk j [11].

2.3.4. MACE
Up to this point I have discussed geometric message passing GNNs, which propagate only local scalar quantities such as
distances and angles. In contrast, equivariant GNNs propagate geometric quantities, such as vectors and relative positions
or higher order tensors. Higher order spherical tensors, denoted as hi ,l ∈R2l+1× f , begin at order l = 0 for scalar quantities,
l = 1 for vector quantities, and extend to arbitrary orders up to l = L. These higher order tensors are updated via tensor
products

⊗
of neighborhood features h j for all j ∈Ni , combined with higher order spherical harmonic representations Y

of the relative displacement x̂i j

h(t+1)
i := h(t )

i + ∑
j∈Ni

Y (x̂i j )
⊗
w

h(t )
j (2.20)

where the weights w of the tensor product are computed via a learnt radial basis function of the relative distance, i.e.

w = f (
∥∥∥xi j

∥∥∥) [70].

The key innovation in the MACE network is a new message construction mechanism. The messages m(t )
i are expanded

using a hierarchical body order expansion

m(t )
i = ∑

j
u1

(
s(t )

i , s(t )
j

)
+ ∑

j1, j2

u2

(
s(t )

i , s(t )
j1

, s(t )
j2

)
+ . . . + ∑

j1,..., jν

uν
(
s(t )

i , s(t )
j1

, . . . s(t )
jν

)
(2.21)

where the u functions are learnable, the sum runs over the neighborhood of i , and ν corresponds to the maximum corre-
lation order, which is the body order of the message function minus one.

Crucially, by writing the sum
∑

j1,..., jν which includes self-interaction, MACE achieves a computational efficient parame-
terization of the tensor product structure. This parameterization allows MACE to avoid the exponential scaling of compu-
tational cost with the body order ν. The approach eliminates the need to symmetrize or generate all k-tuples, as required
in more traditional many-body expansions, using the summation

∑
j1<...< jν , like DimeNet does [11]. An analogy for this

method is calculating the product (a + b + ...)k , which implicitly includes terms like al bk−l instead of calculating each
al bk−l term individually [13].
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2.4. Thermodynamic Reweighting
Thermodynamic reweighting is a technique rooted in statistical mechanics and traditionally used to correct sampling bi-
ases in molecular simulations [19]. In order to understand the relevance of thermodynamic reweighting for my case, one
has to approach molecular dynamics (MD) from a thermodynamical point of view. MD effectively samples configurations
according to a Boltzmann distribution, governed by the potential energy surface (PES), which defines forces and ener-
gies and thus shapes the sampled distribution (see Fig. 2.9). The PES, and therefore the sampled distribution, depends
directly on the chosen density functional theory (DFT) functional, whose accuracy dictates how closely the PES reflects
reality. Thermodynamic reweighting addresses this dependence by allowing trajectories generated under one PES to be
reweighted as though sampled from another distribution.

In order to properly reweight an observable or distribution, one uses the expression in Eq. 2.22 for the weights

wi = e
− ∆E

kB T (i ∈ str uctur es) (2.22)

where wi is the weight for structure i , ∆E the difference in energy of the structure and the respective structure in the refer-
ence distribution, kB Boltzmann’s constant, and T the temperature.

The weights are subsequently used to reweight an observable as expressed in Eq. 2.23 and Eq. 2.24

Ai ,new = Ai
wi∑
i wi

(i ∈ str uctur es) (2.23)

〈A〉 =
∑

i Ai wi∑
i wi

(i ∈ str uctur es) (2.24)

where wi is the weight for structure i determined by Eq. 2.22, Ai is the observable for structure i , and 〈A〉 represents the
weighted average of the observable across the distribution.

Figure 2.9: Comparison of one-dimensional potential energy surfaces (PES) and their corresponding probability density distributions: (a)
an asymmetric PES with its derived distribution (b), and (c) a symmetric PES with the associated distribution (d).
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In Fig. 2.9 I report an illustrative example of thermodynamic reweighting. Panel (a) shows a 1D PES with a global minimum
at x = −2 and a local minimum at x = 2, alongside its corresponding probability distribution P (x) ∝ eβE(x) in panel (b).
Panels (c) and (d) depict a similar 1D PES and probability distribution, but with symmetric global minima at x = −2 and
x = 2. Reweighting an observable sampled from (b) to (d) increases the relative occurrence of the configuration at x = 2
compared to x =−2.

Originally developed for Monte Carlo and MD studies, reweighting enables researchers to extract high-fidelity thermody-
namic properties without sampling new and computationally expensive trajectories [19, 72–74]. With the rise of MLPs,
trained on high-level DFT data, thermodynamic reweighting has become significantly more powerful. By reprocessing
large trajectories from inexpensive functionals, MLPs allow observables to be reconstructed as though they were sampled
from a more accurate reference potential — all without the computational cost of running high-level DFT simulations di-
rectly.
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3
Methods

3.1. Data
The initial dataset consists of 54 PBE+D3 trajectories of the zirconocene core (Bu Cp)2ZrH2 grafted onto an amorphous
silica slab model in two configurations, "chemically" adsorbed (CA) and "physically" adsorbed (PA) (see Section 2.1.4).
Trajectories in the dataset were generated under three strain levels and three simulation methods - aiMD at 335K, aiMD
at 773K, and Velocity Squared Molecular Dynamics (VSMD) [75–77] - producing 18 unique conditions (2 configurations
× 3 strains × 3 methods). For each combination I have three trajectories with different seed numbers, running for 10,000
time steps, 540,000 structures in total. To minimize temporal autocorrelation, only 50th structures were retained, reducing
autocorrelation to ∼0.5 (see Fig. 3.1). The three trajectories per combination were merged into 18 reduced datasets of 600
structures each.

From these, the CA average strain trajectory at 353K was selected for CP2K single-point energy and force calculations
using seven DFT functionals: LDA, PBE, PBE+D3, BLYP+D3, TPSS+D3, PBE0+D3, and B3LYP+D3. Here the suffix ’+D3’
refers to the DFT-D3 correction with Becke-Johnson dampening function (see Section 2.2.9). Each functional’s dataset was
randomly divided into six batches of 100 structures. One batch was reserved for model testing, while the remaining five
formed training sets of 400 structures each, with a different batch excluded in each set to introduce stochastic variation
among the models. These training sets were subsequently used to train models for thermodynamic reweighting.

Figure 3.1: Temporal autocorrelation of a full trajectory’s coordinates, plotted on a logarithmic x-axis. Dashed lines indicate the autocor-
relation at a lag of 50.
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3.2. MACE models training strategy
The first model I deployed was a MACE-MP-0 medium foundation model, fine-tuned on the PA, average strain, 353K full
trajectory of 10,000 time steps. It was trained for 50 epochs without stochastic weight averaging (SWA), using an 80/20
training-validation split, with batch sizes of 4 and 2. This model was then used to predict energies and forces across all
reduced trajectories, with error analysis presented in Section 4.1.

Due to the model’s inability to run physically sensible MD simulations, I prepared a more diverse dataset to train more ro-
bust models. Five training sets of 1,000 structures were randomly drawn from the 10,200 structures of the reduced dataset.
Each set underwent the same 80/20 split for training and validation, with batch sizes unchanged. I then trained five models
from these datasets, and implemented an active learning loop to enhance performance even further. The active learning
loop consists of the following steps (see Fig. 3.2 for a visual representation):

1. Run MD using trained MACE models and Langevin thermostat in ASE. Evaluate standard deviation between the five
models energies after each 0.5 fs time step and exit MD once the standard deviation exceeds a threshold;

2. Extract structures of the last 25 MD time steps before the simulation collapsed;

3. Load coordinates into CP2K and compute forces with PBE+D3 functional;

4. Expand training sets with the calculated CP2K coordinates/forces;

5. Train the five MACE models for 10 more epochs using the updated training set;

6. Repeat process from step 1.

The models were subsequently used as MACE calculators in ASE to perform MD simulations. The simulations were initial-
ized at 300K and regulated at 353K using a Langevin thermostat. The simulation was run for 10,000 time steps with a 0.5 fs
integration step, and the results are presented in Section 4.2.

Finally, I trained another ensemble of five fine-tuned MACE-MP-0 medium MLP models for 75 epochs on five 400-structure
datasets as defined in Section 3.1. SWA was applied during the final 25 epochs to refine energy predictions. Each dataset
was split 80/20 for training and validation, using batch sizes of 4 and 2, respectively. This procedure was repeated for each
functional, producing ensemble models capable of energy prediction and error estimation through inter-model variance.

Figure 3.2: Active learning loop used to further improve the ensemble model used to perform MD. The loop consists of (1) Running MD
with MACE models until the prediction gets inaccurate; (2) Extracting structures of the last 25 MD steps; (3) Loading these into CP2K to
calculate forces; (4) Expanding the training sets by these coordinates/forces/energies; (5) Retraining the MACE models for 10 epochs.
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In order to minimize the energy error of the thermodynamic reweighting models, I set up another active learning protocol,
initializing from the ensemble models. The loop consists of the following steps:

1. Evaluate energies using MACE across a broader dataset with known energy values.

2. Select the 100 configurations with the highest error, and integrate them into the training set, targeting areas where
the model struggles most.

3. Retrain MACE models for 10 more epochs using the revised training set.

4. Repeat process from step 1.

3.3. Thermodynamic Reweighting
To compare the different functionals, I first correct the total energy by the individual atom contributions

E 0
DF T = EDF T −∑

j
N j E

j
DF T j ∈ atoms (3.1)

Where E 0 is the corrected energy, DF T corresponds to the respective DFT functional, j represents the chemical symbol,
and N j stands for the number of atoms in the structure with chemical symbol j .

A comparison of the corrected energies across different functionals is presented in Fig. 3.3. Among them, B3LYP+D3
shows the greatest similarity to PBE0+D3, with TPSS+D3 following closely. Notably, B3LYP+D3 and BLYP+D3 have a signif-
icant offset to PBE0+D3, about 0.2 eV/atom. This is consistent with the way these functionals are constructed: while PBE,
PBE+D3, TPSS, and PBE0 share a common foundation in the PBE potential, B3LYP+D3, BLYP+D3, and LDA stem from al-
ternative formulations.

Figure 3.3: Parity plots comparing corrected energies per atom across various DFT functionals, benchmarked against PBE0+D3. The x-axis
shows the corrected PBE0+D3 energy per atom, while the y-axis gives the corrected energy per atom for (a) LDA (b) PBE (c) PBE+D3 (d)
BLYP+D3 (e) TPSS+D3 and (f) B3LYP+D3.
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For each of the 540,000 structures I calculated the Zr-H and Si-H bond lengths, provided such bonds existed within the
structure. Each structure was assigned a weight w MLP

i computed according to Eq. 3.2 using energies E 0
MLP predicted by

each of the trained ensemble models. These weights were then used to reweight the bond lengths distribution accordingly.

w MLP
i = e

− E0
PBE+D3−E0

MLP
kB T (i ∈ str uctur es) (3.2)

Where wi is the weight for that structure with i ranging from 1 to 30,000, E 0
PBE+D3 is the corrected DFT energy of the

input data, E 0
MLP the corrected MLP energy (for the six different ensemble models), kB Boltzmann’s constant, and T the

temperature of the system.
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4
Results

4.1. Statics
4.1.1. Energies and Forces
The model’s performance was first tested on a trajectory structurally similar to the training data to evaluate its predictive
accuracy. Specifically, the model, trained on a PA average strain trajectory, was evaluated on a CA maximum strain reduced
trajectory with known forces and energies. This setup retained the same organometallic core and substrate but introduced
differences in strain and attachment geometry, providing a practical test of the model’s generalization capabilities.

The results of the test in Fig. 4.1 show excellent agreement for forces, with an RMSE of 0.098 eV/Å and a near-ideal slope of
0.99, where data points align tightly along the parity line. The error decreases for larger forces and increases for near-zero
forces, which is intuitive from both physical and machine learning intuition. From a physical perspective, larger forces
arise from steep gradients on the PES, providing clearer learning signals. From a machine learning standpoint, MACE’s
RMSE-driven training objective gives larger forces more weight in error calculations, ensuring the model prioritizes their
accuracy over smaller, less consequential forces.

The energy prediction error of 0.17 eV/atom is also good, but the 0.52 slope deviates significantly from the parity line. This
imbalance likely stems from the model’s training process, which prioritizes force accuracy a 100 times more than energy

Figure 4.1: Parity plots of MACE-predicted energy (a) and forces (b) versus DFT PBE+D3 references. The model was trained on a PA average
strain full trajectory and evaluated on a CA maximum strain reduced trajectory, both derived from aiMD simulations at 353K. The dashed
diagonal line represents the ideal parity line with a slope of 1.
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Figure 4.2: Parity plots of MACE-predicted energy (a) and forces (b) versus DFT PBE+D3 references. The model was trained on a PA average
strain full trajectory and evaluated on a highly strained silica reduced trajectory, both derived from aiMD simulations at 353K. The dashed
diagonal line represents the ideal parity line with a slope of 1.

accuracy. Alternative explanations, such as limited data diversity, insufficient model capacity, or premature training termi-
nation, were tested. Yet, models trained with more varied datasets, larger architectures, and longer training durations still
displayed the same behavior, ruling out these possibilities.

Testing the model on a system with the same organometallic core but a smaller, more strained silica substrate yielded
similar trends to those in Fig. 4.2, though the RMSE for forces and energies increased by roughly 75%. This outcome is
consistent with expectations, given the more substantial difference between this system and the training set, compared to
the test system used in Fig. 4.1.

4.1.2. PA Trajectories
Next, I evaluated how the model performed across different trajectories to uncover any patterns or structures where it
might struggle. Since the model was trained on PA data, I began by predicting energies and forces of other PA trajecto-
ries. The energy error distributions in Fig. 4.3 show only slight differences between the trajectories, with an impressive
maximum error of just 0.025 eV/atom. The VSMD trajectories, however, demonstrate slightly higher errors than the aiMD
trajectories, which aligns with expectations given that the model was trained on aiMD data.

Interestingly, error distributions across strain strengths reveal that structures with minimum strain yield the highest er-
rors, while maximum strain structures exhibit the lowest. Although counterintuitive at first, this pattern is consistent with
observations from Fig. 4.1 and Fig. 4.2, where lower energies appear to be predicted less accurately than higher energies.
This can be explained by the nature of the PES again: high-strain structures correspond to higher-energy configurations
that lie on steeper regions of the PES, making small deviations in geometry lead to larger energy changes, which the model
captures more easily. In contrast, low-strain structures sit in flatter regions of the PES, where small deviations cause only
minor energy differences, making errors more proportionally significant and harder to learn.
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The force error distributions in Fig. 4.4 follow a similar pattern, with higher errors for VSMD trajectories and comparable
spreads across PA trajectories. However, the improved accuracy in high-strain trajectories doesn’t carry over to force pre-
dictions. One hypothesis is that while high-strain structures provide clearer energy gradients, they also introduce more
localized, anharmonic distortions, especially near strained bonds, leading to more irregular force patterns that deviate
from the smoother forces the model was trained on.

Figure 4.3: Error distribution of MACE energy predictions for various PA trajectories presented as a boxplot. Strain conditions are labeled
smi n , sav , smax for minimum, average, and maximum strain respectively, while labels 353K, 773K, VSD refer to aiMD at 353K, aiMD at
773K, and Velocity Squared Molecular Dynamics.

Figure 4.4: Error distribution of MACE force predictions for various PA trajectories presented as a violin plot. Strain conditions are labeled
smi n , sav , smax for minimum, average, and maximum strain respectively, while labels 353K, 773K, VSD refer to aiMD at 353K, aiMD at
773K, and Velocity Squared Dynamics.
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4.1.3. CA Trajectories
When comparing CA and PA trajectories, error distributions across energies and forces show remarkably consistent trends.
The force error distributions in Fig. 4.6 closely mirror those from the PA trajectories in Fig. 4.4, including the higher errors
in the VSMD trajectories. Energy errors in Fig. 4.5, on the other hand, range between 0.14 and 0.20 eV/atom, which is a
sharp increase from the PA errors. This increase, while expected due to the model’s training on PA data, remains surprising
for its magnitude.

Consistent with prior results, the highest errors remain in trajectories with minimum strain, while maximum strain trajec-
tories show the lowest errors. What stands out is the performance of the 773K aiMD trajectories, which consistently yield
lower errors than the 353K aiMD or VSMD trajectories, contrary to the 773k PA trajectories.

Figure 4.5: Error distribution of MACE energy predictions for various CA trajectories presented as a boxplot. Strain conditions are labeled
smi n , sav , smax for minimum, average, and maximum strain respectively, while labels 353K, 773K, VSD refer to aiMD at 353K, aiMD at
773K, and Velocity Squared Dynamics.

Figure 4.6: Error distribution of MACE force predictions for various CA trajectories presented as a violin plot. Strain conditions are labeled
smi n , sav , smax for minimum, average, and maximum strain respectively, while labels 353K, 773K, VSD refer to aiMD at 353K, aiMD at
773K, and Velocity Squared Dynamics.
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4.1.4. Improved model
To verify whether the differences between trajectories were an artifact of the previous model or a consistent trend, I trained
a new model on a 1000 randomly selected data points across all trajectories. The results, displayed in Fig. 4.8 and Fig. 4.7,
show that the previously observed order-of-magnitude gap between CA and PA trajectories is no longer present, though
the overall patterns remain unchanged. This suggest that the original model was slightly overfitted to the CA trajectories.
However, the differences are not purely an artifact of overfitting; certain trajectories, like 773K aiMD, are indeed easier to
predict, while low-strain trajectories remain more difficult due to their weaker energy gradients.

Figure 4.7: Error distribution of MACE energy predictions on various PA trajectories for a model trained on a 1000 randomly selected
structures from all trajectories. Strain conditions are labeled smi n , sav , smax for minimum, average, and maximum strain respectively,
while labels 353K, 773K, VSD refer to aiMD at 353K, aiMD at 773K, and Velocity Squared Dynamics.

Figure 4.8: Error distribution of MACE energy predictions on various CA trajectories for a model trained on a 1000 randomly selected
structures from all trajectories. Strain conditions are labeled smi n , sav , smax for minimum, average, and maximum strain respectively,
while labels 353K, 773K, VSD refer to aiMD at 353K, aiMD at 773K, and Velocity Squared Dynamics.
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4.1.5. Training sets
In this final test before running MD, I adjusted the dataset size and training duration to observe their impact on perfor-
mance. Both factors improved accuracy initially but plateaued beyond a certain threshold (see Fig. 4.9), where additional
data or additional training cycles did not improve the model any further.

Remarkably, even a model trained on a single test structure and single validation structure achieved reasonable accuracy.
While models trained for 25 or 50 epochs still showed significant errors, models trained for 200 or 400 epochs achieved
decent energy errors below 0.1 eV/atom while training for less than 5 minutes.

Obviously, a model trained on a 12-structure dataset for 50 epochs significantly outperformed the single-structure coun-
terpart, with further improvements seen for 24, 48, and 600 structures. Interestingly, 48 structures and 50 epochs were
needed to surpass the performance of a 200-structure model trained for just one epoch. These results emphasize that
small datasets can already yield strong performance, and adding more diverse training data or training time does not al-
ways translate to better performance.

Figure 4.9: Box plot comparing energy error distributions for MACE models trained with varying dataset sizes (left) and different numbers
of epochs (right). Each label denotes the number of structures and the number of epochs respectively. All models were trained on PA,
maximum strain, 773K aiMD data and tested on a reduced CA, minimum strain, VSMD trajectory.

4.1.6. Compute time
To make a fair comparison between MACE and first-principles methods, it is important to take both accuracy and compute
time into account. While MACE occasionally underperforms in accuracy, its speed advantage is undeniably substantial. To
illustrate this, I conducted a single-point calculation on a structure taken from a CA, average strain, 353 K aiMD trajectory,
using CP2K (48 cores of an AMD EPYC 9654 96-Core CPU) and MACE (NVIDIA V100 GPU), and compared the result in
Table 4.1. Due to sequential stages in CP2K, where most cores remain idle, the estimated TFLOPS for LDA and PBE+D3
may be somewhat overestimated. However, as the calculation time increases, more parallel processing is utilized, yielding
a more reliable PBE0+D3 estimate.

It is important to recognize that these benchmarks are based on single-point calculations, where CP2K spends considerable
time converging the wavefunction. In contrast, MD simulations benefit from wavefunction availability from the previous
time step, greatly speeding up DFT calculations. For example, performing PBE+D3 with an LDA wavefunction as initial
guess, cuts computation time from 77 minutes to 12 minutes. While this reduces the relative speed advantage in MD
scenarios, MACE remains orders of magnitudes faster than DFT.
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Table 4.1: MACE compute time for a single point calculation compared to different DFT functionals, namely LDA, PBE+D3, and PBE0+D3.

Computational Method Compute Time (h) Compute Time (s) TFLOPS/s
DFT LDA 0:46:08 2,768 38,752
DFT PBE+D3 1:17:21 4,641 68,454
DFT PBE0+D3 9:12:30 33,150 488,962
MACE 0:00:00.192 0.192 24

4.2. Dynamics
With a deeper understanding of the model from extensive testing on static structures, I employed the trained MACE model
as a calculator in ASE to perform MD simulations. To improve model robustness, I trained five new models on different
datasets and refined them using the active learning loop shown in Fig. 3.2. I then conducted MD simulations in ASE for
10,000 time steps with a Langevin thermostat and a 0.5 fs time step.

The results in Fig. 4.12 show seemingly contrasting insights. Panel (a) confirms that force predictions are highly accurate,
and panel (b) shows reasonable energy predictions, though the slope deviation persists. The temperature profile in panel
(c) behaves as expected, stabilizing around 353K after initialization at 300K, suggesting proper thermostat behavior. How-
ever, panel (d) reveals a major issue: the system has effectively disintegrated, with the original silica structure completely
lost. Further inspection shows that hydrogen atoms begin escaping well before the 250th time step, indicating instability
far earlier than expected.

In order to better understand why the model fails, Batatia et al. [13] provide an insightful illustration, which I reproduced in
Fig. 4.11. Since the MACE model is trained only on the train and validation sets (red and green regions), it must extrapolate
outside this domain. When the PES diverges significantly, the model becomes unreliable, leading to MD failures. Retrain-
ing on the last pre-failure datapoints enables the model to refine its understanding of these regions, gradually extending
its predictive reach. However, if the model does not effectively generalize or learns only a narrow PES portion, it will fail
repeatedly.

Figure 4.10: (a) Parity plots of MACE energies and (b) forces, (c) temperature evolution over 10,000 simulation steps (0.5 fs timestep), and
(d) a visualization of the system at 1.5 ps.
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Figure 4.11: Illustration of the active learning approach. The model learns the PES using available data from the train set (red region)
and validation set (green region). It interpolates within this range but must extrapolate beyond it, leading to eventual MD failure when
encountering an unexplored PES region. By adding the last pre-failure datapoints to the training set and retraining the model, subsequent
iterations progressively improve the model’s PES knowledge, allowing MD to advance further [13].

To address this, I implemented the active learning loop shown in Fig. 3.2, systematically tuning parameters to enhance
model robustness. I altered the number of active learning iterations, stored more or fewer structures before retraining, and
experimented with different standard deviation thresholds. Additionally, I tested a fixed MD time step approach, instead
of waiting for the standard deviation threshold to trigger retraining. Finally, I expanded the training set with over 250 struc-
tures containing random coordinate perturbations to improve PES coverage. Despite these efforts, none of the approaches
prevented hydrogen atoms from escaping, even when assigning them the same mass as carbon atoms. Moreover, active
learning iterations did not lead to any notable improvements in the models or their MD performance.

Figure 4.12: (a) Parity plots of MACE energies and (b) forces, (c) temperature evolution over 10,000 simulation steps (0.5 fs timestep), and
(d) a visualization of the system at 2 ps using the new MACE "Multihead Replay Fine-Tuning" feature.
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It wasn’t until I had already moved on to the thermodynamic reweighting section and begun writing, that I discovered
the MACE team had released multiple new versions since my initial installation in September. Curious about potential
improvements, I trained a new model using their "Multihead Replay Fine-Tuning" feature. This method incorporates not
only the user-provided training data but also selected data from the foundational model’s original training set. As a result,
the trained model ran for 10,000 MD steps without a single hydrogen atom escaping; an outcome unattainable in my pre-
vious experiments without this feature. The core issue had been "catastrophic forgetting": standard training enabled the
model to learn the PES of the new dataset but caused it to lose key physical information embedded in the foundational
model.

Although this section does not feature extensive graphs, its insights remain valuable. I successfully demonstrated that
MACE models can be used for MD simulations, but enabling multihead replay fine-tuning is essential. Secondly, I devel-
oped automation scripts that streamline MACE training across CPUs and GPUs. This is an important contribution since
MACE does not natively support this functionality. My GitHub repository contains three active learning scripts:

• Standard Deviation Active Learning: The script run_gpu.sh executes MACE training on a SLURM GPU node while
run_cpu.sh extracts forces and runs CP2K-based DFT calculations on a CPU node. The MD process runs until a
predefined standard deviation threshold is met, at which point retraining and model updates are triggered auto-
matically.

• Fixed-Step Active Learning: Instead of relying on the standard deviation threshold, this approach increments MD
runtime as model accuracy improves. The number of MD steps follows N = 250

p
i , where i is the active learning

iteration.
• Random perturbations: By applying random perturbations to structures and calculating forces and energies via

DFT in CP2k, the script rattle.py expands the explored PES space. It can function independently or complement
the previous methods.
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4.3. Thermodynamic Reweighting
4.3.1. 1D visualization
In the next step of my analysis, I utilized MACE models to perform thermodynamic reweighting on the Zr-H and Si-H
bond lengths of the PA, maximum strain, 353K aiMD full trajectory. I chose this specific trajectory because it differs in all
key aspects (adsorption mode, strain, temperature) from the one I trained my models on, namely the CA, average strain,
773K aiMD reduced trajectory. I first examined the influence of reweighting on one-dimensional bond length distributions
(Fig. 4.13a-f), followed by an analysis of reweighted KDE plots (Fig. 4.13g-i and Fig. 4.15) to detect differences in the two-
dimensional bond length relationships.

A closer inspection of the Zr-H bond length distributions in Fig. 4.13a-c reveals that both distributions maintain a similar
shape, with a peak centered at approximately 1.82 Å. However, the reweighted trajectory shows noticeably lower kurtosis
compared to the original. This effect likely originates from the inclusion of exact exchange in PBE0+D3, which better local-
izes electrons compared to PBE+D3. As a result, the electron density becomes more concentrated within bonding regions,
leading to stronger and shorter bonds and thereby reducing kurtosis. Interestingly, Fig. 4.13c shows that distributions
reweighted by BLYP+D3 and TPSS+D3 models are almost identical to the PBE0+D3 reweighted distribution, all of which
display sharper peaks compared to the original PBE+D3 distribution. This observation still aligns with the hypothesis, as
BLYP+D3, TPSS+D3, and PBE0+D3 all improve exchange effects relative to PBE, leading to superior electron localization.

Figure 4.13: Visualization of thermodynamic reweighting applied to the PA, maximum strain, 353K aiMD full trajectory. Panel (a) shows
the original Zr-H bond length distribution, panel (b) the reweighted distribution obtained using a MACE model trained on the PBE0+D3
CA, average strain, 773K aiMD reduced trajectory, and panel (c) the difference between the original and reweighted distributions for
functionals BLYP+D3, TPSS+D3, PBE0+D3. Panels (d), (e), and (f) repeat this analysis for Si-H bond lengths. The distributions in these
plots are slightly smoothed with a Gaussian filter of σ=1. Panel (g) shows a KDE plot of Si-H versus Zr-H bond lengths, panel (h) the
reweighted version, and panel (i) the difference between the two KDE plots.
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Whereas the Zr-H reweighted distribution retains a similar shape to the original, the Si-H reweighted distribution changes
significantly (see Fig. 4.13d-f). The new distribution now shows three distinct peaks at 1.43 Å, 1.47 Å, and 1.53 Å, with the
central peak being slightly higher. The original distribution, however, contained a single dominant peak at 1.47 Å and a
minor bump at 1.53 Å. These pronounced differences make it difficult to maintain the hypothesis of improved exchange
effects. Instead, they point towards a significant energy discrepancy, likely leading to high weights as specified in Eq. 3.2.

There are two potential sources of such high weights: the PBE+D3 DFT energy in the equation or the predicted energy from
the MACE model. Although it would be natural to suspect an error in the latter, Fig. 3.3 shows considerable variance in
the PBE+D3 energies, often deviating significantly from the PBE0+D3 parity line for lower energies. On the other hand, the
MACE models in Fig. 4.14 show a slope of approximately 0.7, indicating a systematic error. However, the model error is
not uniform, as TPSS+D3 and BLYP+D3 exhibit greater inaccuracies at high energies, whereas PBE0+D3 tends to perform
worse at lower energies. Considering the reweighted distributions for BLYP+D3, TPSS+D3, and PBE0+D3 are nearly super-
imposed (Fig. 4.13), it is reasonable to conclude that the primary source of energy differences lies not within the MACE
models, but rather in the PBE+D3 data variability. The MACE models likely adjust the distribution to correct for these high-
variance data points.

Still, the slope of the energy predictions for all MACE models remains below one, indicating a systematic error for the high-
est and lowest energy predictions. This gives rise to a flatter energy landscape with lower highs and higher lows, resulting in
a more homogeneous bond length distribution. Additionally, some functionals, particularly TPSS, show significant uncer-
tainty, as indicated by the standard deviation between models in Fig. 4.14. Accounting for and propagating this uncertainty
during reweighting would likely lead to an even more homogeneous distribution. As a result, the final reweighted distribu-
tion becomes a convolution of the adjusted high-variance PBE+D3 data and the inherently homogenized predictions from
the MACE models.

One question remains, however: why does the Zr-H distribution narrow slightly while the Si-H distribution broadens sig-
nificantly when reweighted? A closer look at the initial bond distributions reveals that the Zr-H distribution is naturally
wide, ranging from 1.7 to 2.0 Å, indicating more flexible bonding. Conversely, the Si-H distribution is comparatively sharp,
spanning from 1.4 to 1.50/1.55 Å, which points to tighter bonds that are closer to equilibrium. The broadening of the
Si-H distribution can be attributed to the adjusted high-variance PBE+D3 data, while MACE’s tendency to overpredict low-
energy configurations further contributes to this effect. Enhanced localization from PBE0+D3 functionals does not play a
role here, as the Si-H distribution is already quite compact. Therefore, the observed broadening likely stems from a com-
bination of the former two factors. In contrast, the initially broader Zr-H distribution narrows slightly, driven not only by
improved exchange effects but also by MACE’s systematic errors that truncate high-energy tails. Since the Si-H distribution
is twice as tight, this truncation effect has a reduced impact, making the narrowing more evident in the Zr-H distribution.
While the adjusted high-variance PBE+D3 data and MACE’s overprediction of low-energy configurations still influence the
Zr-H distribution, their effects are comparatively weaker, resulting in a tighter distribution.

The last row of Fig. 4.13 effectively condenses the information from the upper two rows. Fig. 4.13g shows the original Zr-H
and Si-H distributions as a KDE plot, while Fig. 4.13h applies the reweighting to the same data. This plot clearly illustrates
the broadening of the Si-H distribution and the slight sharpening of the Zr-H distribution. The difference plot in Fig. 4.13i
further emphasizes these effects, with blue areas indicating a sharper Zr-H distribution and red areas pointing to a broader
Si-H distribution.

Figure 4.14: Predictions of MACE models trained on DFT data from the CA, average strain, 773K aiMD reduced trajectory for different DFT
functionals, evaluated on an out-of-sample test set. The x-axis corresponds to the DFT energy for functionals (a) BLYP+D3, (b) TPSS+D3,
and (c) PBE0+D3, while the y-axis shows the MACE predictions.
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4.3.2. 2D visualization
While Figs. 4.7 and 4.8 demonstrate satisfactory predictions for most trajectories, I specifically chose the CA, average strain,
773K full trajectory to minimize potential errors arising from different trajectory conditions. This trajectory contains 30,000
data points, 600 of which were used for training my models.

When examining Fig. 4.15, certain characteristics appear consistently across all panels, while others differ among subplots.
Each distribution exhibits three regions of higher density, but the spot corresponding to a Si-H bond length of 1.45 Å and
a Zr-H bond length of 2.6 Å mostly disappears in the reweighted distributions. Instead, the reweighted plots split the peak
at an Si-H bond length of 2.0 Å into two separate spots based on Zr-H bond lengths at 1.75 Å and 2.05 Å. This separation
suggests that the original dataset merged multiple equilibrium positions into a single peak, and reweighting helps separate
them based on their energetic and configurational differences.

It is interesting to see how all the reweighted distributions prioritize the region corresponding to an Si-H bond length of
1.5 A and a Zr-H bond length of 2.0 A, apart from the PBE0 reweighted trajectory, which prioritizes the spot closest to the
original maximum, at Si-H length 2.0 and Zr-H length 1.75 A. This is probably due to PBE0’s hybrid nature, which mixes in
exact exchange, shifting the balance between different local minima and leading to a different reweighting pattern.

However, what stands out most in this plot is how the size and shape of the spot at a Si-H bond length of 1.5 Å and a Zr-H
bond length of 2.0 Å change with the choice of functional. Whereas LDA produces a broad distribution in both bond length
directions, PBE and BLYP+D3 appear to constrain the Zr-H dimension, TPSS+D3 further narrows the Si-H spread, and
PBE0+D3 provides the clearest, most localized estimate of the true equilibrium bond length, as expected. This indicates
that the MACE models are indeed different and they actually learn the features available in the original DFT functional
dataset.

Figure 4.15: KDE visualization of reweighting applied to Si-H and Zr-H bond length distributions from the CA, average strain, 773K
aiMD full trajectory. Panel (a) displays the original distribution, while panels (b) through (f) show the distribution reweighted by models
trained on the CA, average strain, 773K reduced trajectory using different DFT functionals, respectively (b) LDA, (c) PBE, (d) BLYP+D3, (e)
TPSS+D3, and (f) PBE0+D3.
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5
Conclusion

The results from this study reveal both strengths and limitations of MACE MLP-models when applied to a challenging cat-
alytic system: zirconocene hydride grafted onto an amorphous silica slab model. The parity plots for energy and force
predictions consistently show low RMSE across all trajectories, with force errors remaining below 0.2 eV/Å and data points
aligning closely with the parity line. The energy RMSE is also reliably below 0.05 eV/atom, but the sub-unity slope hints at
systematic deviations, particularly at the energy range boundaries.

One key conclusion from this study is the minimal data and training requirements needed to achieve accurate predictions.
A model trained on just one training structure and one validation structure for 200 epochs (i.e. less than three minutes of
training) already attains an RMSE of 0.05 eV/atom on an out-of-sample test dataset. While adding more training structures
further enhances the model’s performance, this remarkable efficiency highlights the inherent robustness of the founda-
tional model, significantly reducing GPU training time.

Despite accurately predicting forces and carefully set up active learning loops, the models struggled to maintain a physi-
cally stable reaction for more than a few hundred iterations, with hydrogen atoms escaping uncontrollably. This instability
results from catastrophic forgetting, where the model, when trained on a new dataset, effectively overwrites fundamental
physical knowledge embedded in the foundational model. The novel multihead replay fine-tuning technique has shown
promising improvements in maintaining stability, but further experiments are needed to validate the physical accuracy of
these visually stable outcomes.

Thermodynamic reweighting has demonstrated its potential to refine bond length distributions, though the extent of im-
provement varies with the functional used. The consistent narrowing of the Zr-H distribution across trajectories suggests
that models trained on hybrid functionals data like PBE0+D3 effectively mitigate electron delocalization typically associ-
ated with pure GGA methods, although the model’s systematic error also plays a role. Additionally, the KDE visualization
of bond length relationships shows how reweighting enhances the separation of overlapping equilibrium configurations,
resulting in clearer and more interpretable bond dynamics.

Nevertheless, the robustness of the reweighting approach depends heavily on the accuracy of the MACE models them-
selves. Erroneous predictions can distort the reweighted distributions, emphasizing the need for comprehensive model
validation before application. Due to the limited availability of non-PBE+D3 data in this study, a direct comparison be-
tween reweighted distributions and actual DFT functional distributions was not feasible. Future work should focus on a
more detailed assessment of MACE model accuracy and systematically compare reweighted distributions with those de-
rived from high-accuracy DFT calculations, such as PBE0+D3.

In short, MACE models demonstrate great potential for accurate and efficient energy and force predictions. Their ability
to reweight existing lower-level DFT data makes them highly practical in many scenarios. However, caution is warranted
when using MACE for dynamic simulations or tasks that require exceptionally high accuracy. These results reinforce the
idea that MLPs serve as a robust intermediary between classical force fields and advanced ab initio methods.
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