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Abstract

Laser Powder Bed Fusion (L-PBF) is a metal additive manufacturing process in which local-
ized melting and rapid solidification govern the formation of successive layers. The focused
and transient nature of the laser—-material interaction makes the thermal history and melt-pool
geometry highly sensitive to parameters such as laser power, scan velocity, and spatial energy
distribution. Most thermal models represent the laser as a Gaussian heat source, which cap-
tures energy concentration near the beam center, but often overestimates temperature gradients
and underestimate uniform heating regions. Alternative non-Gaussian profiles, such as square
or top-hat intensity distributions, offer a more uniform power density that can reduce peak
temperatures, limit keyhole instability, and promote consistent melt-pool formation. However,
the quantitative influence of these beam-shape variations on melt-pool morphology, thermal
stability, and defect formation remains inadequately characterized, underscoring the need for
systematic modeling of non-Gaussian source effects in L-PBF.

In this study, a semi-analytical thermal model is utilized to investigate the influence of different
laser source shapes on the melt-pool geometry and thermal history during single-track scanning
of Ti-6A1-4V. The model simulates the temperature evolution by representing the moving laser
spot as a finite set of heat sources. The temperature field is obtained by superimposing analyt-
ical solutions for heat sources in a semi-infinite medium. To accurately account for boundary
effects, a finite-difference correction field is superimposed on the analytical solution. The ana-
lytical temperature field for different source shapes is obtained by convolving the laser intensity
distribution with the Green’s function solution of the transient heat conduction equation. The
model computes three-dimensional temperature transients and extracts melt-pool width and
depth based on the isotherm corresponding to the alloy’s melting temperature.

A parametric computational study across a wide range of laser powers and scan velocities is
performed to construct Power—Velocity (PV) process maps, identifying regimes of conduction,
lack-of-fusion, and keyholing. Results show that non-Gaussian profiles, such as top-hat beams,
significantly expand the defect-free window by promoting uniform melt-pool geometry and
reducing thermal gradients. The proposed framework offers a physically consistent and com-
putationally efficient approach for predicting temperature fields and defect formation, enabling
process optimization and laser beam design in advanced L-PBF systems.
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1 Introduction

1.1 Background and Motivation

Additive manufacturing (AM) is paving the way towards the next industrial revolution and
has emerged as a transformative technology with major implications in various industries,
including aerospace, automotive, and biomedical [9]. It offers the ability to fabricate complex
and customized parts with enhanced performance characteristics. The ability to develop such
complex geometries is not always possible through conventional manufacturing methods.

Laser Powder Bed Fusion (L-PBF) is an additive manufacturing technique in which a high-
energy laser selectively melts layers of metal powder to fabricate complex components, based
on digital models derived from CAD files. The working principles of L-PBF involves intricate
interactions between the laser, metal powder, and melt pool dynamics, making it a highly
complex process. As the laser scans the powder bed, it quickly melts the material and creates
a molten region called the melt pool. This pool cools and solidifies rapidly, forming the solid
part. After the cross-section of a layer is completed, the build plate lowers by a set distance,
referred to as the layer thickness. The process takes place in a sealed chamber under inert gas
conditions [10]. A schematic of the process is shown in Figure 1 below:

Laser m

|
Sy

; part

-Spre

Unfused
Piston] Pistonl EOvider

Powder Build
delivery station

Figure 1.1: Schematic of the L-PBF Process, reproduced from [1]

Understanding the physical phenomena in laser melting, particularly laser-matter interac-
tion, is essential for controlling melt pool behaviour [11]. The laser beam profiles are directly
correlated with the laser-material interaction and recent studies suggests that the laser intensity
profiles as a critical factor influencing the processing window, melt-pool shape and dimension,
and product quality in additive manufacturing. Moreover, the design and optimisation of laser
beam profiles usually relies on trial-and-error experiments that are generally expensive and



1.2 HEAT TRANSFER MECHANISMS IN L-PBF

time-consuming. This highlights the necessity of developing reliable predictive models that fa-
cilitate design-space exploration and process optimization within a reasonable timeframe. The
different laser beam profiles affects the thermal history which also have effects over the melt
pool shapes. However, widespread adoption of L-PBF with metallic parts hinges on to solv-
ing a main challenge: the requirement that the final product should meet engineering quality
standards [12]. Experiments relies on trial and error methods, which are time consuming and
inefficient, so a better way to go for it would be modelling and simulation and it is integral
that the effects of process and design parameters on part quality are known prior to entering
the production environment. In L-PBF, the characteristics of the laser beam play a key role
in determining the quality of the manufactured parts. Different laser beam profiles are defined
by how energy is distributed spatially and temporally. These characteristics strongly affect the
melt pool profiles and the thermal gradients [13], [3].

1.2 Heat Transfer Mechanisms in L-PBF

The melt pool constitutes the essential unit of the L-PBF process and serves as the foundational
element for any component. The melt track can be divided into three distinct regions: a
transition zone in between, a tail end region near the end of the melt track, and a depression
region at the laser spot. Firstly, the heat is generated where the laser rays hit the surface of the
powder particles and diffuses inward, whereas homogeneous deposition heats the inner volume
of the particle uniformly [12]. Further heat input will be transmitted to the surrounding loose
powder by conduction while the laser keeps irradiating the melt pool. The melt pool is said
to be in the "conduction mode" when conduction is the primary heat transmission mechanism
during the melting process [14|. Heat dissipates into the surrounding material, melting it as
the laser moves, until a steady state is established in which there is clear solid-liquid interface
forms between the melt pool and the adjacent loose powder [15]. In the conduction mode the
heat transfer is not 100% efficient as the loose powder will reflect some of the laser beam. The
ratio of the energy that is absorbed by the powder or melt pool to the total energy output from
the laser is known as absorptivity [16]. The absorptivity of the metal is a material-dependent
property and has also been shown to be dependent on the physical properties of the powder
used in the process [17].

The melt pool formation mechanisms for the conduction mode is given in the Figure 1.2(a),
where the red arrows represent the path and penetration of the laser energy into the material.
They show how the laser power is distributed and deposited into the melt pool. Blue arrows
indicate the direction of heat conduction into the surrounding, unmelted material. These arrows
show how thermal energy spreads away from the melt pool into the bulk solid. Black arrows
illustrate the powder particle movement within the melt pool (in a and b) and, in (c), also show
the vapor flow direction inside the vapor depression (keyhole). They highlight the internal
material movement or vapor movement caused by temperature gradients and laser-material
interaction.

When the energy input is below a material-dependent threshold, the melt pool remains in
the conduction mode. At higher energy input, the laser begins to vaporize the top of the melt
pool. Vaporization at the laser focus generates a significant recoil pressure on the liquid metal
surface, forming a depression at the center of the melt pool. This pressure-driven cavity causes
incident laser rays to interact with and reflect off the depression walls, promoting multiple
internal reflections and enhanced absorption, until a steady-state keyhole shape is established.
At this stage, the melt pool enters the "keyhole" mode, and this is named because of its keyhole-
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Figure 1.2: Melt-pool formation mechanisms a) conduction Mode b) keyhole mode c) keyhole
with porosity, reproduced from [2].

shaped cross-section [18]. An example of the melt pool in the keyhole mode is given in the
Figure 1.2 (b). In keyhole mode, the increased melt pool surface area generates surface tension,
which is counterbalanced by the recoil pressure from vaporization. This balance prevents the
surrounding molten material from collapsing inward, Figure 1.2 (¢). Also the dotted lines in the
Figure 1.2 illustrates the solid-liquid interface that bounds the central keyhole cavity formed by
the recoil pressure. Between conduction and keyhole modes lies a transition regime, but there
is no clear boundary that marks the change. A common rule of thumb is that keyhole mode is
reached when the melt pool aspect ratio, defined as depth divided by width, exceeds 0.5 [19].
Since melt pool control is critical for part quality, extensive research has focused on accurately
predicting melt pool geometry [20].

1.3 Laser source shapes in L-PBF

Like other manufacturing methods, the quality of parts produced by L-PBF depends on several
process parameters, including laser power, scanning speed, hatch spacing, and powder char-
acteristics. These parameters influence relative density (the ratio of measured density to the
theoretical density), surface finish, microstructure, mechanical properties, and residual stresses.
They are generally classified as laser-related, scan-related, powder-related, and temperature-
related parameters. While many studies have focused on optimizing these parameters to achieve
defect-free parts, comparatively little research has examined the role of laser beam shape and its
intensity distribution in L-PBF. The laser source shapes is basically the physical beam profile
at focus. The dimensions and shape of the laser beam intensity profile are important factors
influencing the thermal fields in L-PBF. The tuning of spatial laser intensity profiles will lead
to different heat source shapes. Some common laser beam profiles are given in the Figure
1.3. Some of the commonly used source shapes includes elliptical and circular with Gaussian
intensity profiles 1.3 (a and d). The laser intensity or heat distribution typically conforms to
a Gaussian beam shape in most commercially available L-PBF processes. While widely used,
this peak intensity limits the use of higher laser powers, as it can cause local overheating,
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1.3 LASER SOURCE SHAPES IN L-PBF

evaporation, balling, spatter formation, and large thermal gradients with rapid solidification
[21]. Gaussian beams often lead to deep melt pools, strong convection, and chaotic or pre-
dominantly columnar microstructures. There is a limitation on the build rate associated with
the Circular Gaussian profile and it primarily stems from the compromise required to achieve
desired microstructural properties and maintain process stability, despite its potential for high
raw throughput.

Elliptical beams offer an improved microstructure due to lower thermal gradients and shal-
lower melt depths. The intensity distribution for the elliptical beams is spread over a non-
circular, elongated area. The other type of beam includes the square beam profile which is a
form of laser beam shaping characterized by a uniform intensity profile. The melt pool profile
for the square beam is more spread out as compared to the Gaussian source. It generally have
lower peak temperatures compared to Circular Gaussian beams, as the energy is dispersed.

Another laser beam configuration used in laser powder bed fusion, though less common, is
the ring-shaped beam, also referred to as the annular or doughnut-shaped beam profile. This
beam shape is characterized by a central region of low intensity surrounded by a circumferential
ring of relatively uniform energy distribution. The annular beam delivers energy predominantly
along a radial ring, enabling modified thermal gradients and melt pool dynamics. In experi-
mental systems, the annular profile is often realized with a double-core configuration, where
the beam comprises two concentric rings with distinct radii [13], as illustrated in Figure 1.3(e).

Some beams have uniform intensity profile where they are also referred to as top-hat, and
flat-top and are generally used interchangeably used to describe a laser beam intensity distri-
bution where the energy is spread relatively evenly across the beam spot, as opposed to being
concentrated at the center (like a Gaussian profile), 1.3 (b, ¢ and f). Flat-top lasers, with their
large, uniformly distributed energy, promote directional growth of columnar grains by creating
wider and shallower melt pools with moderate flow of molten metal, thus enabling the pro-
duction of parts with tailored crystal orientations for specific applications [22, 23]. For certain
beam shapes, such as circular, square, or ring profiles, a uniform intensity distribution is often
used to ensure consistent energy delivery across the illuminated area.

Limited studies in this field have been done where non-Gaussian laser source shapes and
their effect on defect mitigation and process optimization have been looked into. The shape
of the beam with the Gaussian intensity profile tends to create more process instabilities and
can cause spatter, whereas the source shapes with the uniform intensity profiles (top-hat) will
have more stable process and less spattering. For the circular Gaussian and circular top-hat
cases, the melt pool dimensions are particularly comparable. The top-hat case being less as
compared to the gaussian circular but there is a difference in the peak temperatures [11]. Table
1.1 serves as a comprehensive summary of the effects of different beam shapes in the L-PBF
process. It provides key information and insights into how the choice of beam shape influences
the factors like surface roughness, build rate, process stability and melt pool morphology. It
serves as a valuable reference for understanding the impact of beam shape selection in L-PBF
and facilitates informed decision-making in process optimization.
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Figure 1.3: Some common laser profiles: (a) surface circular Gaussian, (b) surface uniform-
intensity circular, (c¢) uniform-intensity square, (d) normalized laser beam energy density profile
for a uniform circular source, (e) normalized laser beam energy density profile for a ring source,
and (f) normalized laser beam energy density profile for a square source. Reproduced from

3, 4.

Table 1.1: Comparitive study of impact of laser source shapes on different factors

Source
Shape

Intensity Distribu-
tion

Melt pool geome-
try

Process stability

References

Circular-
Gaussian

Top-
Hat
Square

Top-hat
Circular

Concentrated at the
center, gradually ta-
pering off toward the
edges

Uniform distribution
across a larger area
and Lower peak inten-
sity

Uniform energy profile

Deep and narrow

Wider melt pool due
to larger area

comparable Melt pool
size with the gaussian-
circular but there is
a difference in peak
temperatures

Limited build rate,
high spattering, un-
stable process at high
laser powers, limited
process window

More stable due to
larger melt pool area

faster fluid flow and
instabilities

[11]

(3, 11]

[3, 11]
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Source Intensity Distribu- Melt pool geome- Process stability References
Shape tion try
Ring High at the edges, low Shallow and wide Improved build rate, |[3]

in the center less spattering, larger

process window, and
higher laser power
needed to produce
fully dense parts
Elliptical Elongated Gaussian Shallow and elongated Stable melt tracks at [23, 24|
beam shape large beam diameters

1.4 Defect Mechanisms and Process Maps

Defect formation mechanisms such as lack-of-fusion (LOF) and Keyhole porosity are critical
considerations in Laser Powder Bed Fusion (L-PBF) additive manufacturing, and their under-
standing is essential for defining optimal processing regions to produce high-quality, defect-free
parts. In the previous section, the physics underlying the melting modes was explained, along
with their influence on the types of defects formed during processing. Defects in L-PBF parts
can arise in three main ways: transfer from the feedstock powder, the laser—-powder—metal
interaction during melting, or post-processing treatments. The most common defect types
include lack-of-fusion porosity, keyhole porosity, balling, and gas porosity [8]. Of these, the
laser-powder-metal interaction is the most common means of porosity transfer during metal
AM processing, where defects such as “keyhole” and “lack-of-fusion” (LOF) porosity can be
generally observed.

LOF porosity is characterized by large, irregularly shaped pores that often contain unmelted
powder particles, Figure 1.4(a). These defects are particularly detrimental to mechanical be-
havior because of their sharp corners. LOF defects are mainly attributed to conditions in which
not all locations in the powder bed are sufficiently melted. The primary reasons involves low
laser power and high laser scan velocity. This corresponds to a region of low energy density
input. To mitigate LOF porosity, a geometric modeling approach is frequently used to predict
its boundary within the processing parameter space. The key geometric criterion for avoiding
lack-of-fusion (LOF) defects is to ensure sufficient overlap between adjacent melt pools and to
maintain a melt-pool depth greater than the layer thickness [5, 25].

Keyhole porosity results in large, spherical pores. These defects often form in pairs and
are observed deep beneath the uppermost boundary of the loose powder layer (i.e., the powder
surface) that is freshly spread before each laser pass. Keyhole formation occurs under conditions
of excessive energy input. The instability of this vapor depression (keyhole), particularly at
the base of the keyhole cavity, leads to the pinch-off of gas bubbles (pores), Figure 1.4(b), that
can become trapped in the solidifying part. Keyholes with large aspect ratios are prone to
front wall fluctuations that generate these bubbles. Front wall fluctuations means oscillations
or instability of the keyhole’s leading boundary, which is most exposed to the incoming laser
energy and dynamic fluid flow. This directly contributes to gas bubble generation due to uneven
collapse or pinching of the cavity walls. The boiling and evaporation of material due to high
energy input also contributes to porosity. The melt pool depth-to-width (D/W) ratio (aspect
ratio) is a common indicator, with D/W > 0.5 often identifying keyhole mode.
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1.4 DEFECT MECHANISMS AND PROCESS MAPS

Optimal regions in the "process windows" also referred to as "printability maps," represent
the combinations of processing parameters where parts with nominally full density (>99.9%
volumetric density) and minimal defects can be reliably produced. There is a perfect melt pool
overlap is expected to happen in optimal regions, see Figure 1.4 (b). The "optimal" regions on
predictive P-V maps typically represents the set of processing parameters least likely to cause
porosity defects.

A L

Porosity 7 1
Porosity

Figure 1.4: Simplified cross-sections of melt pool tracks showing typical sites of porosity defects:
(a) lack-of-fusion due to insufficient overlap and penetration, (b) optimal semi-spherical melt
pool with sufficient overlap, and (c¢) keyhole porosity caused by excessive penetration of the
fusion zone. Reproduced from [5].

According to the literature, the main process parameters that govern the physics of L-PBF
are:

Laser power (P): the energy intensity of the laser.

Scan speed (v): the velocity at which the laser moves across the powder bed.

Hatch spacing (h): the distance between adjacent laser scan tracks.

Layer thickness (t): the thickness of material added per layer, corresponding to the
downward movement of the build platform after each layer.

Process mapping techniques define process outcomes as a function of process variables. The
most immediate L-PBF process maps are a function of laser power and scan speed, titled P-V
maps. A generalized defect formation P-V map is shown in the following Figure 1.5 and defines a
process window bounded by three distinct defect formation mechanisms in L-PBF. Printability
maps can be developed using fully computational, predictive approaches that leverage physics-
based thermal models and various defect formation criteria. These frameworks can estimate
material properties, simulate single-track melt pool dimensions, and classify tracks as defective
or defect-free, mapping these onto power-velocity space [26, 27|.
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Figure 1.5: A representative L-PBF process window delineates the operating regimes associated
with lack-of-fusion and keyholing defects, with the bounded interior identifying the domain of
parameter combinations that yield stable, defect-minimized (optimal) melt pools.

1.5 State-of-the-art

Defects such as porosity and keyholing significantly undermine the structural integrity of L-
PBF components, particularly in aerospace applications where fatigue resistance is critical.
Conventional Gaussian laser beam profiles, while widely used, often lead to excessive thermal
gradients and uneven melt pool behavior, exacerbating these defects. In contrast, non-Gaussian
profiles like top-hat [15] and ring beams 3| offer the potential to reduce thermal gradients and
stabilize the melt pool, thereby mitigating defect formation. In the study done by [28], for low
layer thicknesses, the RSBP (Ring spot Beam profile), which refers to a point in between a ring
profile can increase the possible build rate for Ti-6Al-4V, offering reduced surface roughness
and no significant disadvantage in hardness compared to GBP (Gaussian Beam Profile). How-
ever, for high layer thicknesses, GBP leads to higher relative densities and overall higher build
rates, despite potentially higher roughness values. This is attributed to the RSBP’s reduced
penetration depth into the melt pool compared to GBP. Higher scanning speeds with RSBP
lead to a stronger decrease in part quality. Only the higher intensity of GBP at higher scanning
speeds achieves sufficient melt pool depth to avoid delamination and lack-of-fusion defects.

In the study by [29], it was reported that beam shaping-particularly through the use of
ring-core and inverse-calculated beam profiles-significantly reduces the laser penetration depth
compared to the conventional Gaussian distribution. These tailored beam profiles consistently
promote conduction-mode melting, as indicated by a depth-to-width ratio of less than 0.8.
Recent studies indicate that inverse-designed beam profiles with larger spot sizes-particularly
ring-core—type distributions-substantially broaden the usable L-PBF process window. These
profiles promote wider, more stable melt pools and support higher scan velocities, enabling
defect-resistant operation with less parameter sensitivity. Incorporating tailored laser source
shapes offers a fresh approach to reducing defects and optimizing L-PBF performance by utilis-
ing Power-Velocity Maps for predicting the defect-free regions. This strategy seeks to establish
a process window defined by both defect content and laser source shapes, enhancing material
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properties and expanding the capabilities of L-PBF. Despite advancements in process model-
ing, the role of alternative non-Gaussian laser source shapes, such as top-hat and ring, remains
underexplored.

From the literature, it is safe to say that, the investigation of efficient methods to reduce
defects in L-PBF processes that are supported by thorough quantitative analysis and validation
represents a research gap. Despite increasing interest in alternative laser beam profiles, the
specific impact of different laser source shapes-particularly circular Gaussian and rectangular
top-hat profiles-on defect formation in L-PBF remains insufficiently explored when analyzed
through semi-analytical thermal modeling approaches. Existing research mainly focuses on
parameter studies or experimental observations for Gaussian and non-Gaussian beams but
lacks systematic semi-analytical investigations quantifying how these source shapes influence
melt pool thermal fields, solidification behavior, and resulting defect mechanisms such as lack-of-
fusion porosity and keyholing. This gap constrains accurate prediction and process optimization
across varying source geometries. Future studies should look into a wider range of process
variables and how they relate with the source shapes. This would help identify the optimal
processing parameters that minimize defects in Powder Bed Fusion made products by employing
varied source shapes.

1.6 Problem Motivation and Research Scope

Additive manufacturing by laser powder bed fusion (L-PBF) still lacks robust guidance on how
laser beam shape influences defect formation and the size/shape of the melt pool. Most prior
work focuses on Gaussian beams and treats the laser as an idealized point or axisymmetric
source. In contrast, non-Gaussian profiles (e.g., top-hat, square, elliptical, ring-core) are only
under explored, and their role in widening the defect-free operating window is not well quan-
tified. This limits our ability to tailor process parameters for stable melting in alloys such as
Ti-6Al-4V.

1.6.1 Research Gap

The key research gaps identified from the literature includes the following:

1. Limited, systematic study of non-Gaussian laser source shapes and their impact on lack-
of-fusion and keyhole defects.

2. Inconsistent mathematical definitions of laser source profiles and boundary conditions in
semi-analytical thermal models hinder direct comparison of melt pool predictions across
studies.

3. Using semi-analytical thermal models to quickly test power—speed settings and sort them
into “defect” or “no-defect” cases has been used only sparingly.

1.6.2 Research Question

What is the optimal power—velocity process window for defect-free L-PBF of Ti-
6Al-4V when using rectangular (top-hat square) and circular (Gaussian) laser
sources?
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1.6.3 Objectives

The objectives to achieve this includes the following;:

1. Closed-form Temperature field equations: Derive and present closed-form analytical tem-
perature solutions for the target source shapes, focusing on a top-hat square source and
a 2D circular Gaussian source.

2. Model fidelity: Implement accurate source representations within a semi-analytical ther-
mal L-PBF process modelling framework and benchmark against a point-source formula-
tion.

3. Process maps: Compute steady-state melt pool dimensions (depth and width) for single-
track cases, classify defect regimes, and construct power—velocity process maps for each
source shape to identify defect-free windows.

1.7 Thesis Structure

The remainder of this report is organized as follows. Chapter 2 presents the detailed method-
ology used to derive closed-form solutions for the laser source shapes studied. This chapter also
describes the semi-analytical thermal model, which is built on the superposition principle.

Chapter 3 details the simulation setup, including material properties, geometric specifica-
tions, and process parameters. The single-track simulation cases considered for the different
source shapes are given boundary-condition enforcement for each source is verified, followed by
an evaluation of the computed temperature fields.

Chapter 4 gives an overview of how the process maps are built and the workflow used
to generate them. It first reports the steady-state melt-pool width and depth for a range
of power—velocity settings. Next, it compares melt-pool shapes across different laser source
profiles. Finally, it assembles the power—velocity (PV) maps and classifies operating points into
lack-of-fusion or keyholing, identifying the corresponding defect boundaries.

Finally, Chapter 5 summarizes the main findings and contributions of this work, and outlines
directions for future research.
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2 Methodology

This section outlines the methodology used to achieve the research objectives. It provides a
detailed explanation of the approaches and tools applied to ensure that the results are sys-
tematic, consistent, and reliable. A semi-analytical method is employed to simulate the Laser
Powder Bed Fusion (L-PBF) process and to obtain the corresponding temperature transients.
These temperature data are then used to determine the melt pool dimensions, which serve as
the foundation for developing the process maps.

2.1 Governing Heat Conduction Equation for Thermal Prob-
lem

In the L-PBF process, consider a 3D cubic body as shown in the Figure 2.1. At time t = 0,
the body V' and its surface 9V have already been built and are surrounded by the powder bed,
with a new powder layer deposited on top. The lateral surface 0V}, and the top surface 0V,
are in contact with the powder, while the bottom surface 0V}, is attached to the base plate.
The origin of the coordinate system is located such that 0Vj,; corresponds to x; — x5 plane. At
this stage, a laser beam begins scanning the top surface of the powder bed with a predefined
pattern, and energy is transferred into the body through the laser beam which further leads
to conduction. The resulting temperature rise in the body is given according to the following
heat equation:

laser
Point source Y,

x1 Baseplate

Figure 2.1: Body V submerged into the powder bed where it is bonded to the base plate at
0Vher and laser scanning is applied on the uppermost layer of powder.
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2.1 GOVERNING HEAT CONDUCTION EQUATION FOR THERMAL PROBLEM

pcp%—z =V (kVT) +Q, inV (2.1)
where T" denotes the temperature, ) is the volumetric heat generation term, p is the density,
¢, is the specific heat capacity at constant pressure, and k is the thermal conductivity. In the
above equation, the properties are temperature dependent. To formulate a well defined thermal
boundary problem, the following boundary conditions are prescribed on the domain boundary
0V, which consists of top, lateral and bottom surfaces, OV = 0Viy, U OVig U OVier A zero
heat flux (Neumann) condition is imposed on 0V}, and 0V;,, surfaces, representing adiabatic
boundaries where no heat transfer occurs normal to the surface. Furthermore, during Laser
powder bed fusion processes the base plate is typically maintained at a constant temperature.
Taking this into account, a prescribed temperature (Dirichlet) boundary condition is imposed
on the bottom surface AV, that is bonded to the base plate. The resulting boundary conditions
are:

or

o M= 0 on OV, (2.2)

oT

o = 0 on OV, (2.3)
T =T, on 0V, (2.4)

where n and m are the components of the outward-facing normal vectors on 0V},; and 9V,
respectively, and T, is the prescribed base plate temperature. This combination of boundary
conditions reflects typical L-PBF operating conditions, where heat losses through radiation or
convection from the powder surface are negligible compared to the dominant conductive heat
transfer within the substrate.

2.1.1 Assumptions and Simplifications

Several assumptions and simplifications are introduced to make the heat conduction problem
tractable. First, the governing equation is linearized by treating the thermal properties as
temperature-independent. Heat losses due to convection and radiation are neglected, as they
are considered insignificant compared to conduction. During phase changes, the latent heat
absorbed during melting is assumed to be instantaneously released upon solidification, occurring
over a short time interval. Therefore, the net energy contribution of the melting-solidification
cycle is considered negligible, and latent heat effects are excluded from the model. For heat
absorption, the uppermost powder layer is omitted. It is assumed that the laser energy is
directly absorbed at the top surface of the solid body, OV,,,. This removes the need for geometry
updates during simulation and significantly improves computational efficiency. With these
assumptions, the original non-linear heat equation, given by Equation 2.1 is approximated by
the following linear form, which remains valid provided that suitable thermal parameters are
chosen:

— =aV*T + =, (2.2)

k

where o = 2
Pcp

is the thermal diffusivity.
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2.2 SEMI-ANALYTICAL METHOD

2.2 Semi-Analytical Method

Yang et al. [6] proposed a semi-analytical model for modelling the thermal evolution of a
body during L-PBF process in a highly computationally efficient manner. The method also
facilitates the subsequent evaluation of thermally induced residual stresses and deformations
in L-PBF parts. The framework couples an analytical solution, T, which captures the steep
thermal gradients associated with the laser heat source, with a numerical correction field, T ,
that enforces the boundary conditions within the domain. In this framework, the analytical
solution represents the temperature field of point heat sources in a semi-infinite medium, while
the numerical component provides the necessary correction to satisfy boundary constraints.
Even with simplifications, direct numerical solution of the full boundary-value problem remains
computationally intractable due to the significant mismatch in length scales between the laser
spot size, typically 10—50 um and the overall part dimensions, which are on the order of 10—100
mm. To overcome this, Yang et al. [6] simplified the transient heat equation by neglecting the
temperature dependence of the thermal properties and linearizing the heat conduction, given by
Equation 2.2. The laser scanning vector is then discretized into a sequence of point heat sources
along the scanning path, as shown in Figure 2.1. The laser scanning vector is approximated by

a finite number of point heat sources indexed by N, where N =1,..., N. A point source I is
introduced at time t(()]), while the subsequent source I + 1 is created at t[()IH) = tél) + At, with

At representing the temporal step size for time integration. The predefined scanning pattern
specifies the position of each point source, and successive sources are spaced by vAt, where v
is the laser scanning speed. This discretization transforms the continuously moving heat input
into a temporally and spatially manageable formulation.

Since, Equation 2.2 is linear, the principle of superposition can be applied to efficiently compute
the transient temperature field. The model employs the superposition principle to describe the

temperature distribution accurately while considering boundary conditions numerically Figure
2.2.

— \ \:u.o:o_o, .
W o g oT T

. —=——ondl
\\—_, axl axl lat

e AR 7" 00/2 space o
T=T-T,ondVyy

Figure 2.2: Decomposition of the temperature field into T which accounts for N point heat

sources, and T, without the heat sources and accounts for the boundary conditions. Reproduced
from [6].

The approach combines the analytical solutions for point sources in semi-infinite space with
numerical corrections to enforce boundary conditions. This method efficiently captures steep
temperature gradients near the laser and provides insights into thermal effects on part defor-
mation and stress. This model is then solved by applying the superposition principle, which
decompose the temperature field T" as given below
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2.2 SEMI-ANALYTICAL METHOD

T=T+T, (2.3)
where:

e T : Analytical Temperature field due to N point heat sources in a semi-infinite domain,
each of them created at different time instants depending on the scanning history.

e T : Numerical correction field accounts for the finite dimensions of the powder bed and
the associated boundary conditions.
The analytical temperature field T is determined analytically as
M
Tlxit) =S TO(z;t) for t >t and M < N, (2.4)
I=1

where,

Q" (7)’

exp | ———F—=
3/2 I
4pc, <7ra <t - t(()l)>) da (t - Zf(() )>

The energy associated with the source I is represented by Q). When the time step At is very
small Q) = PAt, where P is the power of the laser beam in watts (W). Moreover, RY) is the
distance between the material point of interest x; and the position of the source xgl), which is
given by:

TD(z,t) = (2.5)

(R(I))2 = (21— x&”)2 + (22 — xél))2 + (23 — xél))z. (2.6)

For t > t(()l), Equation 2.5 represents the analytical solution of the linear heat equation for
a point source I in a semi-infinite medium bounded by the top surface 0Vi,,. If ¢t < t((]]),
T (x;) = 0 and the solution is defined in the temporal domain. It is noted that Equation 2.5
becomes singular when ¢t = t(()l). Physically, this occurs because the point source formulation
assumes an instantaneous release of energy at a single point. In reality, the laser beam has a
finite radius r, over which energy is distributed. To account for this, Yang et al [6] introduced

a time shift corresponding to the diffusion time over a distance r, given by

2

() _ (D)
=t — —. 2.7
To 0 Sa (2.7)
. (I) (I . :
Replacing 7, " by ¢, in Equation 2.5.
N (A R)?
T (2;,t) = ¢ ex # (2.8)

p p—
3/2 I
4pc, (Woz (t — Té”)) 4a (t - Té )>

where the term ¢ — TO(I) in the Equation 2.8, becomes ¢t — t(()l) + %, where the term % eliminates

the singularity as t approaches t(()[). This modification eliminates the mathematical singularity.

While T accurately describes the heat diffusio from each point source, it does not satisfy the

thermal boundary conditions imposed by the finite geometry of the powder bed. Therefore, a

complementary correction field T is introduced such that the total temperature field is given

as from Equation 2.3. The correction field satisfies the homogeneous transient heat equation:
oT

5 aV3T, iV, (2.9)
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subjected to the boundary conditions:

T=T,—T, ondVi, (2.10)
oT oT
8_(1,’imi = —a—ximi, on 8‘/lat7 (211)
oT oT
a_xini = —a—a:ini, on 8Vgop, (212)

where n; and m; denote the components of the outward-facing normal vectors to the lateral
OViar and top 0Vi,, boundaries, respectively. T, is the prescribed base plate temperature. The
temperature gradients of 7' in Equations (2.11) and (2.12), i.e., g—i -n and ‘Z—i -m, are known
since they can be obtained analytically from the derivatives of the Equation 2.8. The boundary
condition of no heat flux on 9V, is already implicit in the solution of T". Therefore, the term
g—z -m in Equation 2.12 becomes zero, and Equation 2.12 can be rewritten as:

Z—Z m=0 on V. (2.13)

2.3 Analytical Formulations for Different Heat Source Shapes

The analytical temperature field equations for different source shapes have been derived using
different techniques and mathematical tools. Solutions for two cases, 2D circular Gaussian
and Top-Hat Square, are presented in this section which are used for calculating the total
temperature distribution. The gradients for implementing the numerical correction fields are
also calculated by utilizing these formulations. The primary difference between the intensity
distributions, namely, top-hat and Gaussian is given below:

1 T T T T
: : R=1
1 1 R =05
0.8 : : R=0.2 |
1 1 = = = -Top-hat
> ] ]
= 1
2 .l ; - ]
3 0.6 4 \
£ ! !
I3 ! !
= - '
© 04 : : .
g - -
1 1
] ]
0.2 1 1 i
1 1
1 I
1 1
1 1
O 1 1 1 L 1
-3 -2 -1 0 1 2 3

Position (r)

Figure 2.3: Comparison of heat source intensity distributions for Gaussian beams with different
standard deviations and a uniform top-hat beam.
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Figure 2.3 illustrates the intensity distributions of Gaussian heat sources with different standard
deviations (R = 1.0,0.5,0.2) and a top-hat (uniform) distribution. Smaller R values correspond
to narrower, more localized energy distributions. In contrast, the top-hat beam maintains
uniform intensity within its spot size and exhibits a sharp cutoff at the edges. Mathematically,
as the Gaussian Radius R approaches zero, the profile approaches a spatial Dirac delta function,
representing a point-like energy deposition. However, in practice while modelling a physical
point source, a small temporal offset is applied to prevent singularities and to represent the
finite laser interaction time which ensure physical and numerical stability.

2.3.1 Point Source Formulation

The first baseline case is considered for the point source in a semi infinite domain. The time
evolution of the temperature field is then directly predicted and is given by:

(=)

eXp _4a t—T(I>

T (g ) = — LA ) (2.14)
Ipc, (ra)2 (1)

where P is the Iser power, At is the time increment, p is the material density, ¢, is the specific

heat capacity and, a = % the thermal diffusivity. The term RY) denotes the spatial distance

from the point source to the observation point. This formulation assumes a homogenous and

isotropic material with thermal properties independent of the temperature. The semi-infinite

domain assumption implies that boundary effects are neglected and the heat conduction ex-

tends infinitely away from the source. The exponential term governs the radial decay of the

temperature field, while the prefactor (t — 7¢)~3/2 reflects the temporal diffusion behaviour.

2.3.2 Analytical formulation for 2D Circular Gaussian Source

In this section, the derivation for the 2D circular Gaussian source is presented. The laser beam
is modeled as a circular spot with Gaussian intensity distribution. The laser heat flux is applied
over the surface z = 0, where the absorbed energy decays radially with the beam radius R.
The material is treated as a semi-infinite solid and the absorbed surface heat flux at a point
(',y) is defined as:

q(@',y') = (2.15)

2AP ( 2(x’2—|—y’2)>
o exp (2
mR? R?
where P is the laser power (W), A is the laser absorption rate of the powder material, and R is
the radius of the laser beam. A schematic representation of the Gaussian laser beam geometry
is shown in Figure 2.4.

The solution for the temperature field of a 2D circular Gaussian in a semi-infinite body is
evaluated by utilizing the Green’s function solution of the transient heat conduction equation
for a semi-infinite domain [30]. The Green’s function represent the temperature response at a
point (z,y, z) and time ¢ due to an instantaneous point heat source applied at position (2, 1/, 2’)
and time ¢’. The detailed mathematical formulation of this Green’s function is provided in
Appendix A.1. Accordingly, the temperature rise d1" at (z,y,z) and at time t due to an
infinitesimal energy input d@ applied at (z’,¢/, z’) and time ¢’ is expressed as:

dT(z,y,z,t") =

dQ (l’ B x/)2 + (y _ y/)2 + (Z — Z/)Q) (216)

peldmalt —))pe P (_ da(t — 1)
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Figure 2.4: Schema for laser-beam heat source models for a circular 2D Gaussian.

where p is the density (kg/m?), dQ = instantaneous heat generated, ¢ = specific heat capacity
(J/kg K), @ = k/pcis the thermal diffusivity. Here, ¢’ denotes the time of heat deposition and
t — t’ represents the elapsed time for thermal diffusion, k = thermal conductivity.

The corresponding schematic of the circular Gaussian laser-beam geometry, including the co-
ordinate system and surface heat flux distribution, is shown in Figure 2.4. The total energy
absorbed over a differential area dx’dy’ during a short time interval At is given by:

dQ = q(2',y) Atdx'dy =

2AP At 2(2"? +y?)
— XD <_T dx'dy'. (2.17)

Substituting the above Equation 2.17 in Equation 2.16 due to all infinitesimal surface elements
can be written as:

2APAt I —2(2"* + o2

T TR? pc(dra(t —t ~ R?
exp [~ (r =2+ (y—y) +2°
da(t —t')

dx'dy’
(2.18)

Where T, is initial temperature. The integration bounds (—oo to +o00) in the 2’ and y’ direc-
tions are selected because the Gaussian distribution decays rapidly, becoming negligible beyond
approximately +30, where o is the standard deviation associated with the radius R. These
limits are used to formally account for the entire spatial domain influenced by the heat source,
although in practice most of the heat intensity is confined within a few multiples of o. The
other reason also involves the mathematical simplicity and ease of attaining the closed-form
solutions. Next we can rearrange the equations in such a way so as to able to solve it through
Gaussian Convulation method, more details in Appendix A.2. This double integral is of the
standard Gaussian convulation form. It evaluates to:
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2 AP At a
T t) — To = -
(x,y,2,t) TR 4 pe (ma(t — t1))3/2 exp ( 4a(t—t’))

INC =) a1

2y (y—y)”
LA dz’ dy
eXp( R da(t—t)) Y

Now, further arranging them accordingly to factorize, we get the following:

2,1
‘TR T -t
2 1 8a(t —t') + R?
po 2 _ 2.20
TR Iai—r) T Rda(—1) (220)
2 1 1
ab (2.21)

T RMa(t—t) 2R’a(t—t)
Finally, the integral takes up the form as:

1= (Varer (35)) (Vasew (Ca))
N atb P\ T atb P (2.22)

o ab o
- a+beXp( pEACER ))
Putting the expressions obtained above in Equation 2.20 and 2.21 in Equation 2.22, we obtain

the complete temperature field expression for the 2D circular Gaussian source, given by the
Equation 2.23.

BT RS N R

pr— e —_ J—
pem32(4a(t — ') + R?)\/a (t — 1) xp( da(t=tU)+ R da(t—t)

where P is the laser power (W), A is the laser absorption rate of the powder material, and R
is the radius of the laser beam and the dimension of the circular source considered.

To ensure the validity of the derived solution, a limiting case is evaluated. Specifically, the
distribution parameter R is reduced to zero, i.e., limg_.o, to check whether the solution converges
to the well-known point-source solution. If this condition holds, it confirms the correctness of
the formulation. The limit was computed using Mathematica, yielding the following expression:

lim T PAAL e ( vty 2 ) (2.24)
— X — — . .
R0 pe, ™% (4a(t — ') + R?) \J/alt — ') P da(t =)+ R?  da(t—t)

As R — 0, this expression simplifies to the classical point-source solution of the heat equation:
PAAt ( x2+y2—|—22>
exp| ——————+—
dpc, (7?04(15—15’))3/2 da(t — ')

This confirms that the derived formulation is consistent with the established analytical solution
for a point heat source in a semi-infinite medium.

T = (2.25)
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2.3 ANALYTICAL FORMULATIONS FOR DIFFERENT HEAT SOURCE SHAPES

Furthermore, a stationary heat source was considered with a pulse duration of 5 x 107° s,
representing the short time interval during which the laser remains active and delivers energy
to the substrate. Figure 2.5 illustrates the temperature evolution for the stationary circular
source at different time instants. As shown in Figure 2.5a, a sharp and intense Gaussian hot
spot is observed at the center at 1 ps. In the subsequent frames (Figures 2.5b and 2.5¢), a
gradual reduction in the peak temperature is evident, indicating the onset and progression of
heat conduction within the material.
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Figure 2.5: Simulated temperature distribution of a stationary 2D circular Gaussian heat source
with a spot size of 35 um, P = 35W on the surface of Ti-6Al-4V at different times after an
instantaneous pulse: (a) t =1 s, (b) t =40 us, and (c) t = 90 us.
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-
21

Figure 2.6: Schema for laser-beam heat source model for a uniform intensity square source,
where 2L and 2B are representative of the dimensions of the square source.

2.3.3 Analytical Formulation for Uniform intensity (Top-Hat) Square
Heat Source

A top-hat, or uniform-intensity, laser beam provides a constant energy flux per unit area across
its entire cross-section. As a result, the intensity profile appears uniform when viewed along
the beam axis. The following derivation presents the closed-form analytical solution for a
square top-hat source, beginning from the instantaneous point heat source formulation given
in Equation 2.26.

dT'(z,y, z,t) =

dQ (SI? B iL")2 + (y - 3/)2 + (Z B Z/)2> (2.26)

peldmalt — )3z P (_ da(t — 1)

To extend the formulation to a uniform-intensity square source, the instantaneous point heat
source solution is integrated over the area defined by the square beam profile. In this case, the
source is assumed to have dimensions 2L and 2B, as illustrated in Figure 2.6. Accordingly, the
limits of integration for 2’ and y" are taken as — < 2’ <[ (length) and —b < 3/ < b (breadth).
The source is applied on the surface of the material, hence 2/ = 0. The heat intensity is
expressed as q(2',y") = P/A, where P is the applied power and A = 4 x [ x b represents the
area of the source.

For the square heat source, the corresponding temperature distribution is obtained from the
following double integral:

PAAt (x— 2"+ (y—y)* + 22
T t)y—T, = da’ dy'
(7,9,2,1) 4blpc, (dra(t —to)) 3/2/ / exp( daf(t — to) v
fort >tg, a>0,1>0,b>0, z,y € R.

(2.27)
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It can further be written as:

B PAAt oxn [ — 22
~ 4blpe, [Amalt — t)]3/2 P daf(t — to)

T(x,y,zt)— Ty

l 12 b 12
(x—x) ) // ( (y_y) ) / (2'28)
exp| ———— | dx exp| —————— | dy/,
/—l p( 40é(t—t0> —b P 4oz(t—t0) 4
fort >ty, a>0,1>0, b>0, z,y € R.
Evaluating this integral in Mathematica yields the following closed-form expression:
PAAL QT exXp (‘W)
T(z,y,z,t) =
4 ()32 pe, 410 N
[ [ —x l+x ]
erf | —— | +af | —— (2.29)
i (2 Oé(t-to)) <\/40é(t—t0)>_

b+y

_erf b——y +erf | —=—— |
-\ 2Valt— 1) Via(t —to) ] |

Here, erf(x) represents the error function (see Appendix A.3), while P, A, and « denote the
laser power, absorptivity, and thermal diffusivity, respectively. The appearance of the error
functions in the final expression results from the integration of the fundamental solution of the
heat conduction equation over the finite dimensions of the square laser source. These functions
represent the cumulative thermal effect over the bounded region. Similar to the 2D circular
Gaussian case, the consistency of the square source formulation are confirmed by evaluating its
limiting behavior as [ — 0 and b — 0.

22
PAAt TP <_4a(t - to))

lim T(z,y,z2,t) =

1—0, b—0

~ 41b4 (ra)3/? pe,

Vit —1o

AAtP

R R T TR
L\ 2V/a(t —to) da(t —to) / |
f<b—_y) +erf<b+_y>'
L\ 2Va(t—to) da(t —to) / |

(2.30)

B z? +y? + 22

T e, (ra(t— 1) eXp( da(t — to) )
This confirms that the square heat source model is mathematically consistent, as it reduces
correctly to the point-source solution in the limiting case.
Similarly, a stationary square heat source was considered with a pulse duration of 5 x 107° s,
representing the brief interval during which the laser is active and transfers energy to the
substrate. The subsequent time instants following the pulse were analyzed to observe the
progression of heat conduction. As shown in Figure 2.7 (a), at 1 us, the temperature field
exhibits a uniform intensity across the entire square region. At this early stage, the temperature
distribution is sharply defined and closely follows the geometry of the source, indicating minimal
heat diffusion. In the later cases, 2.7 (b) and (c), the heat begins to diffuse into the surrounding
material, causing the initially sharp edges of the temperature profile to smooth out and the peak
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temperature to decrease as energy spreads. By the third case, a significant reduction in the
peak temperature is observed, reflecting the continued dissipation of thermal energy through
conduction.
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Figure 2.7: Simulated temperature distribution of a square heat source with a spot size of
75 pm x 75 pum ;, P = 35 W on the surface of Ti-6Al-4V at different times after an instantaneous
pulse: (a) t =1 ps, (b) t =40 us, and (c) t = 90 pus.

2.4 Analytical Solutions Convergence

In addition to the mathematical limit calculation, the convergence of the analytical temper-
ature field (T') for different source shapes was evaluated in MATLAB by comparing with the
point-source solution. The chosen observation point A(1.0,1.0,2.0) mm was selected at the
center of the computational domain, sufficiently distant from the boundaries, to ensure an

unbiased comparison, as illustrated in Figure 2.8. The convergence analysis was carried out
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by systematically reducing the spot size of the distributed sources (square and circular) while
comparing their analytical temperature profiles to the reference point-source solution at the
same central location. At each step, the temperature field corresponding to the distributed
source was plotted alongside the point-source solution at the same spatial location, allowing
both visual and quantitative comparison. Convergence was considered achieved when a further
reduction in spot size produced negligible differences between the two temperature fields that is
when the relative difference between successive profiles fell below 1% in peak temperature and
time-dependent response. The specific spot size values reported in Table 2.1 were determined
through this iterative calibration process. For the point-source reference of spot size of 50um
was adopted, while the equivalent square and circular sources converged at 30um and 36um,
respectively. The process and scanning parameters were held constant throughout the analysis.
Figure 2.9a compares the temperature distributions for the point source and the uniform-
intensity square source, whereas Figure 2.9b shows the comparison between the Gaussian and
point-source cases. This systematic, stepwise calibration approach ensures that, in the limit of
vanishing spot size, the distributed-source models correctly converge to the analytical point-
source solution. Such convergence validates the underlying assumptions of the semi-analytical
framework and confirms the physical consistency of the temperature field formulations used in
subsequent thermal analyses.

Figure 2.8: Schematic of the top surface of the computational domain, where the moving laser

track (blue) and boundary offsets (dotted) are shown. Temperature was monitored at point
A(1.0,1.0,2.0 mm).

Table 2.1: Spot sizes for the convergence of Analytical solutions

Source spot size
Point 50 pm
Uniform intensity square source 30 pum
2D Circular Gaussian 36 pm
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Figure 2.9: Comparison of analytical temperature fields for two laser source shapes measured
at point A. a) Analytical Temperature of 2D circular Gaussian vs point case b) Analytical
Temperature of square source vs point case, P = 35 W

2.5 Numerical Correction for Boundary Effects

The analytical formulations derived earlier assume a semi-infinite medium, which has no con-
sideration of the boundary effects. For the incorporation the effects of a finite surface domain,
the finite difference (FD) technique is employed. The finite difference method is an effective
method to numerically solve the heat equation. The FD method provides a discrete numerical
framework to solve the transient heat conduction equation by approximating the spatial and
temporal derivatives at nodal points. In this study, a cubic domain size of 2 mm x 2 mm x 2
mm is considered and has been discretized into 40 x 40 x 40 elements corresponding to a spatial
resolution of 0.05 mm. To compare the solutions of different source shapes with the known
solution of point source in the proposed semi-analytical scheme, the accuracy of the T can be
analyzed. The boundary conditions imposed in the thermal problem are of the type Dirichlet
on 0V, and Neumann on 0Vj,. For the points located in 0V}, the boundary condition is
easily imposed as it is dependent on the temperature of the base plate, T,. The numerical
correction field is then given by T=T.-T.

For the implementation of different source shapes within the semi-analytical method, the
primary dependency arises from variations in the analytical temperature field 7. Since the
numerical correction field 7' is computed from the gradients of T, any change in the source
profile directly influences the analytical formulation and its spatial derivatives. The finite-
difference scheme and boundary condition enforcement, however, remain identical across all
source types: Dirichlet conditions are applied on the base plate, and Neumann (zero-flux)
conditions are imposed on all other surfaces through the correction field T. The gradients
of T for each source shape were derived in Mathematica and integrated into the boundary
condition source terms, ensuring consistency, accuracy, and flexibility of the semi-analytical
model across different beam profiles. For the 2D circular Gaussian source, the starting point
is the temperature field given in Equation 2.23. Its spatial derivatives are then obtained, as
shown in Equations 2.31, 2.32, and 2.33. Similarly, the derivatives for the square source are
provided in Equations 2.37, 2.38, and 2.39.
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oT 20 P ANAt I 2 22
_ L exp — - - L +y ) (231)

or pem32\/(t —t)a (R2+4a(t—t’))2 | da(t—t) R*+da(t—t)]
6_T _ 2y P AAt exp __ 22 B 22 + 2 (2.39)
dy pem32\/(t —t)a (R2+4a(t—t’))2 L da(t—t) RP4da(t—t)]
oT PAzAt . 22 %+ y?
0z 2pemd? ((t— t’)a)3/2 (R? + 4a(t — t,)) da(t —t)  R?+4a(t—1t)
(2.33)

Simplifying, Now let D = (4a(t —t') + R?), the expressions takes up the following form as given
by the Equations 2.34, 2.35 and 2.36:

or —2zT
- 2.34
5 5 (2.34)
Similarly, in the y-direction and z-direction it is given as:
or  —2yT
- 2.35
oT —2T
- (2.36)

0z  2a(t—t)
where T is the Temperature field equation given by the Equation 2.23.
The derivatives of the square source were obtained in a similar manner, and the results are
presented in Equations 2.37, 2.38, and 2.39. The derivative in the z, y and z direction are given
as follows:

oT  Jaw p(_212+2$2+z2)

or  t—t, Aot — to)

o) i)
of  Jayr exp(_2b2+2y +2 >

dy  t—tg 4a(t — to)
oo (i) (i) 239

)

_erf —l — 7 + erf —l T |
N\ 2valt - ) 2alt—t) ) (2.39)
b— ) |
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2.6 Melt Pool Dimension Extraction Methodology

The melt pool has been defined as the connected region in which the predicted temperature
field exceeds the alloy’s liquidus temperature, i.e., 7" > T;. The main concept behind melt pool
measurement is to accurately identify and quantify the physical dimensions of the molten and
subsequently solidified material. For Ti-6Al-4V we take T; = 1928 K which is consistent with
prior L-PBF thermal modelling study [6]. A single laser scan track can be divided into three
regions based on spatial variation of the melt pool track width and height [31], as illustrated
in Figure 2.10.

e The initial transient region is typically wider and taller often exhibiting a bump due to
laser’s initial transition with the powder bed.

e The steady-state region, located in the middle portion of the track where the temperature
field and melt pool dimensions stabilize leading to smaller variations in width and height,
or almost constant track width and depth.

e The final transient region, near the end of a scan, has a tapered profile with decreasing
track width and height.

—— Initial Transient Region

Width

g Depth

Final Transient Region

Figure 2.10: Schematic illustration of a single track deposition by the L-PBF process and the
melt pool geometry parameters from the cross-section view.

The melt pool width and depth are determined using an isotherm-based method, in which
the molten boundary is identified from the liquidus—solidus transition in the computed temper-
ature field. This approach is particularly suited to the present semi-analytical framework, as it
provides complete temporal information on the evolving temperature field, enabling the melt
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pool to be clearly defined at successive time steps and tracked until steady-state conditions
are reached. Moreover, this method ensures consistency with both experimental and numer-
ical investigations reported in [32]. An additional advantage is that the resulting geometric
parameters exhibit strong correlations with defect mechanisms such as porosity formation and
melt-pool mode transitions.

2.6.1 Width of the melt pool

For single-track deposition, the melt-pool dimensions are determined from the transient tem-
perature field by identifying the T = T,,0 isotherm, which delineates the boundary between
solid and liquid regions. Lets investigate the case of a point source first to understand how the
data is extracted through the semi-analytical method. A cube of dimensions 2 mm x 2 mm
x 2 mm is considered. The laser scans the top surface (z = zip), the melt pool width refers
to the lateral dimensions of the solidified track or the molten region as viewed from above as
shown in Figure 2.11. The white dotted line depicts the boundary of the melt pool. The width
represent the span of the molten track in the y-direction at a given scan position.

Figure 2.11: Width (W) of the melt pool as seen from the top view. Points A and B are the
isotherm intersections.

Let the laser move along the scan direction x from a predefined starting to a predefined end
point and at each time step t, let the laser center be located at zg..(k). The melt pool width
W (z,t) is mathematically defined as:

W(:Ev t) = max{ y: T(:L‘7ya Zt0p7t) Z Tmelt } - mln{y : T(ZE, Y, Zt0p7 t) 2 Tmelt }

The x-direction has been discretized by sampling points and then along those points melt
pool widths are calculated. Using MATLAB, temperature transients T'(z,y, z,t) are computed
via a semi-analytical model. For each scan position zg.(k), a scattered linear interpolant
reconstruct the temperature profile T(y) along a line at fixed © = z4.. The two intersection
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points denoted by A and B in Figure 2.11 are identified by linear interpolation. If multiple
disconnected segments exist, the widest contiguous span defines W(a;src(k), tk).

Plots of melt pool width along the scan direction are generated to assess the variation and
identify the steady-state region, where the melt pool width stabilizes with minimal fluctuation.
An example for a point-source simulation at P = 200 W and V =1 m/s is shown in Figure 2.12a.
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(a) Melt pool width as a function of scan position. (b) Melt pool depth as a function of scan position.

Figure 2.12: Variation of melt pool dimensions with scan position for P = 200 W and V =
1 m/s, corresponding to a scan range from x = 0.5 mm to x = 1.5 mm.

2.6.2 Depth of the melt pool

The melt pool depth is defined as the vertical penetration of the molten region below the powder
surface, typically measured from the top surface down to the deepest point where temperature
exceeds Their. At a given scan position x4, and time t;, the melt-pool depth is the distance
from the top surface to the deepest point of the connected liquid region on a y-z cross-section
through the track as depicted in the Figure 2.13 and can be expressed as follows:

D(%ge,ty) = 2top — min { z: dyst. T(z,y,2,t) > Thert }

Computationally, the temperature field is interpolated in three dimensions to capture sub-
surface variations. At each scan position z4.(k), a 2D temperature slice is extracted in the y-z
plane centered on the laser path. The variation of depth along the scan direction for the same
processing conditions is shown in Figure 2.12b. Regions exhibiting minimal deviation in both
width and depth are subsequently used to define the steady-state melt pool dimensions, which
is discussed in the next subsection.

2.6.3 Steady State criterion

In Laser Powder Bed Fusion (L-PBF), the steady-state criterion refers to a region along the laser
scan path where the melt pool dimensions stabilize after an initial transient phase. This regime
is characterized by minimal variation in melt pool dimensions over time and scan positions
as shown in the spatial 2.12a and 2.12b and time evolution plots given by Figure 2.14, where
the width is given by the Figure 2.14a and depth is given by Figure 2.14b. As the laser scan
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Figure 2.13: Depth as seen from the cross-section view

progresses, the thermal gradient stabilizes, which leads to a steady state [31]. As discussed
above, the single-track scans exhibit an initial transient, a steady region and a final transient
region. The plots signify that the steady state has been achieved for the prescribed scan
direction. The material experiences intense temperature gradients and dynamic melt pool
variations during the first stage of laser activation, which frequently results in the formation of
an enormous and unstable molten zone. Heat accumulation causes a stable thermal gradient
as the scan goes on, resulting in more constant melt-pool dimensions. The exit transient
region is formed when variability is eventually introduced toward the end of the track by
geometric tapering or thermal loss. This structure is well aligned with what has been given in
the experimental studies [31].

Let x4(k) denote the laser x-position at discrete time index k with corresponding time ¢;. Let
Thet be the melting temperature and z,, the top-surface elevation. To avoid transient effects
occurring at the start and end of the laser track, the steady-state regime was defined as the
central portion of the scan where the melt pool geometry remains nearly constant. The total
scan length L is obtained from the range of laser positions and the midpoint is calculated as:

Tmid = %(mkm zs(k) + max xs(k‘)> (2.40)

A symmetric window around this midpoint according to a fractional parameter n € (0,1) of
the total scan track length:

S(n) = {k’ : ‘xs(k) — Zmid

<IL}, L= max zs(k) — mkin xs(k), (2.41)

with window fraction is taken to be n = % The steady-state index (k) is the median index of
this window,

ke = median(S(n)),

which is a robust way to determine the melt pool width and allows small oscillations or numerical
noise to be averaged out which provides a stable and representative estimate of steady-state
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melt pool dimensions. In the present implementation, this selection simplifies to identifying
the timestep kg whose laser position is closest to the track midpoint 4.

At the indentified index kg corresponding to laser position (k) and time ¢y, the temperature
field is reconstructed using linear interpolant on surface mesh. A sampled line in the y direction
is used to locate the intersections of the melt isotherm T = T},c. If multiple disjoint molten
segments are detected, the widest contiguous span defines the steady state melt-pool width:

Wy = mgx(yR('r’) — yL('r)).

where y.,(r) and yg(r) are the left and right isotherm crossings of segment r. This measurement
captures the stable molten footprint under the quasi-steady thermal conditions and ensures that
the reported width corresponds to the widest continuous molten zone observed at steady state,
providing a robust measure of the stable melt pool geometry. The variation of width with
respect to time is given in the following Figure 2.14a.

The steady-state melt-pool depth is evaluated using the 3D temperature field. At k& = kg
with laser position at z(ks), a 2D temperature slice in the y-z plane is interpolated on a
focussed grid on the laser track. The depth is defined as the vertical distance from the top
surface to the lowest point in the molten region:

D(x,t) = zop — min{ z: dyst. T(x,y,2,t) > Tmelt}.

The variation of depth with respect to time is given in the Figure 2.14b:

Both steady-state quantities, Wy, and Dy, are obtained from the same transient temperature
field. Evaluating width and depth at the central, near-equilibrium portion of the track yields
representative geometry not effected by initial and final transients. The liquidus threshold T},ci
provides a clear, physics-based boundary for the molten region. Time histories W () and D(¥)
(Figure 2.14) and spatial profiles W (x), D(x) are used as diagnostics to verify that variations
in the steady window are small compared to the transient regions. Furthermore, to check for
the steady state status for the other sources, the widths and depths plots as a function of time
and scan position are plotted and are provided in the Appendix A.4.
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Figure 2.14: Temporal evolution of melt pool dimensions for P =200 W and V' =1 m/s: (a)
width and (b) depth as functions of time.
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2.7 Concluding Remarks

This section presents the complete methodological framework developed to predict temperature
evolution and melt-pool geometry during the Laser Powder Bed Fusion (L-PBF) process using
a semi-analytical approach. Analytical temperature field solutions were formulated for two
representative laser source configurations: a two-dimensional circular Gaussian beam and a
uniform-intensity square (top-hat) beam. The Gaussian formulation was analytically obtained
in closed form, but the top-hat case necessitated symbolic manipulation in Mathematica to yield
a manageable analytical expression. The analytical temperature field, denoted as T provides a
physically interpretable solution describing transient heat conduction in a semi-infinite medium
and forms the foundation of the temperature prediction framework. To verify the spatial energy
distribution of the heat sources, the laser intensity profiles were first examined under stationary
conditions and evaluated at successive time instants. These plots reveal the distinct thermal
footprints associated with each source shape. In particular, the top-hat formulation exhibits
a spatially uniform intensity at the moment of laser activation, consistent with its definition,
whereas the Gaussian source displays a radially decaying profile. With increasing time, heat
conduction into the substrate leads to a progressive reduction in the peak surface temperature
at the same spatial location, confirming the expected transient thermal diffusion behavior.
Spatial derivatives of the closed-form temperature solutions were subsequently computed using
Mathematica and incorporated into the semi-analytical framework to facilitate coupling with
the finite-difference scheme. This integration enables simulation of different laser source shapes
under consistent boundary and material conditions, will be discussed in the following chapter.
The semi-analytical method provides a computationally inexpensive predictor of temperature
transients T'(x,y, z,t) that preserves key physics while remaining sufficiently computationally
efficient for parametric exploration.

Melt-pool geometry is extracted using a consistent thermal criterion: the molten region
is defined by T" > Thr. The method is widely accepted in the experimental and numerical
L-PBF studies because it provides a physics-based link between the thermal field and the
observable molten shape. The melt pool width and depth has been quantified through linear
and scatter interpolation schemes that identify the melt pool with sub cell accuracy providing
spatial precision finer than the original computational grid and acting as a means to reduce
the discretization error and ensures physically consistent melt-pool profiles. In summary, the
steady-state melt-pool width and depth are extracted at the center of the laser scan path,
within the region where transient effects are minimized and the geometry stabilizes. This
integrated approach provides a computationally robust and physically interpretable foundation
for subsequent simulations, parametric studies and process map generation.
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3 Simulation Setup and Results

In this section, the temperature distributions obtained for the three laser source shapes: point,
2D circular Gaussian, and top-hat square are presented. The simulations were conducted
primarily to implement these different heat source models within the semi-analytical framework
and to verify the accuracy of the thermal predictions. The objective is to demonstrate that the
semi-analytical thermal model performs reliably for each source type and that the boundary
conditions are correctly imposed.

3.1 Simulation Setup

The dimensions of the part illustrated in Figure 3.1a are 2 mm x 2 mm x 2 mm. The part
is built by adding layers in the positive z-direction and the bottom surface, 0V,,, is attached
to the base plate. The temperature of the base plate is assumed to be constant and equal
to T¢, while the top surface, dVj,p,, and the lateral surfaces,0V4, are insulated. The thermal
parameters of the material representative of Ti-6Al-4V are given in Table 3.1 and are assumed
to be temperature independent.

Table 3.1: Ti-6Al-4V properties used in simulations

Quantity Value (unit)
Density, p 4420 kg /m3
Specific heat, ¢, 990 J kg ' K~!
Thermal conductivity, k 42Wm K1
Absorptivity, A 0.818
Melting Temperature, Ty 1928 K

3.2 Part geometry and discretization

The laser scanning vector scans the top surface of the domain, Figure 3.1 (a). The process
parameters are listed in the following Table 3.2 for the three cases, namely C1 - point, C2 -
2D Gaussian circular and C3 - Top-hat Square. A single track simulation was performed on a
thermally insulated cuboid body with dimensions of [, = [, = [, = 2 mm with the origin of the
body V at bottom left corner, where the scan track is depicted in the Figure 3.1 (b). The point
A with coordinates in mm that is located at (1.9, 1.8, 2). A single scan vector having a length of
1.8 mm is discretized into a number of point sources, 2D circular Gaussian and square sources.
To obtain the temperature distribution of the domain, the semi-analytical model proposed in
[6] is implemented in MATLAB. The part in Figure 3.1 (a) is discretized using an equidistant
grid of size 0.05 mm, that is Az = Ay = Az = 0.05 mm. To calculate the numerical time step
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3.3 PROCESS PARAMETERS

WViop

a\zlat

a\Ibot

(a) (b)

Figure 3.1: (a) Schematic of the body V and its dimensions. The body is attached to the
base plate at OV}, and the boundaries 0V,,, and 0V}, are insulated. (b) Schematic of the top
surface of the body V', where a moving laser heats the body. The scanning laser track, with a
length of L. = 1.9 mm, is shown in red. The coordinates of point A are (1.9,1.8,2) mm, where
a moving laser heats.

for the explicit finite difference scheme to be stable and convergent, the following expression
will be used.

« « « 1

(sz N Az?) At <o (3.1)
For an equidistant grid size of 0.05 mm, the time step should be smaller than 4.34 x 1075,
Nevertheless, it was shown in [6], that temporal convergence was attained for a time step size
of 5 x 107° s independent of the chosen diffusivity value, o. But according to the calculated
time step from the stability condition it should be less than the 4.34 x 10~°. Therefore, the
time step size of 2 x 107 s will be used in the finite difference scheme for more accurate results

and for more finer temporal discretization of the body.

3.3 Process Parameters

The process parameters used in the single-track simulations for all three source shapes are
summarized in Table 3.2. A spot size of 75 ym was selected for both the Gaussian and top-hat
sources to keep the spot area approximately equal, thereby enabling a more direct comparison.
This choice ensures that any observed differences in melt pool geometry, defect formation, or
process window can be attributed to the beam intensity profile itself rather than variations in
the total delivered energy [33]. The spot size also plays a critical role in influencing melt pool
dimensions, process stability, and the transition thresholds between conduction and keyhole
mode. By maintaining an equal spot area across source types, the energy density and resulting
process behavior can be directly compared, which forms the basis for constructing the process
maps in Chapter 4.

For top-hat sources, spot sizes typically range from 100um to 200um in studies of conduction-
and keyhole-mode melting in L-PBF. Reported power levels in the literature include 140 W,
200 W, 250 W, and 300 W, while higher powers are in the range of 600-900 W are often em-
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ployed for larger beams due to their reduced energy density [3, 11, 15]. The present choice of
power and spot size is therefore consistent with values commonly used in the literature, while
also ensuring a meaningful and controlled comparison between different beam profiles.

For the Gaussian and top-hat cases, the spot area was matched for fairness of comparison.
Both the laser power and the spot size were increased, in line with common practice in the
literature, to achieve realistic melt pool formation. Finally, since the computational domain
is significantly larger than the laser spot, the mesh resolution was refined to ensure that the
localized temperature gradients near the beam were captured accurately.

Table 3.2: Process Parameters used in Single-track simulation cases.

Case Shape Spot Size (um) P (W) v (mm/s) Base plate T, (K)
C1 Point 35 35 0.3 453
C2  Circular Gaussian 75 150 0.3 453
C3 Top-Hat Square 75 x 75 150 0.3 453

3.4 Simulation Results

The results of the single track simulations for different sources are given in this section. The
simulation has been performed in MATLAB, where the different source shapes are implemented
in the semi-analytical method. The primary reason behind performing the study on single-
track is due to their efficiency and their ability to provide fundamental insights into complex
manufacturing phenomena of the L-PBF process, where full layer scanning is performed. The
primary motivation for focusing on single-track studies is their computational and experimental
efficiency: single-track simulations and experiments require substantially less time, material,
and computational resources compared to full-layer or multi-track analyses. This allows for
rapid, systematic exploration of key process parameters and melt pool behavior, providing
essential insights into L-PBF fundamentals.

3.4.1 Single-Track Simulations for Different Source Shapes

Figure 3.2 presents snapshots of the temperature distribution at the top surface of the domain
for the three source cases, namely the point source, the 2D circular Gaussian source, and the
uniform-intensity square source. The results correspond to a single laser track, as illustrated
in Figure 3.1b, and are shown at three different time instants: 0.0006 s, 0.0032 s, and 0.0060 s.
The first row shows the point source case at the respective time instants (Figures 3.2a, 3.2b,
and 3.2¢). The second row corresponds to the 2D circular Gaussian source (Figures 3.2d, 3.2e,
and 3.2f), while the third row depicts the uniform-intensity square source (Figures 3.2g, 3.2h,
and 3.2i). The total scan time for the single track is 0.006 s. The baseplate temperature is
prescribed as 453 K. Regions where the temperature exceeds the liquidus temperature of 1928 K
indicate melting, as the material in these zones has reached or surpassed the melting threshold.

Earlier, it was shown that stationary sources exhibit a broadened and smoothed temperature
distribution as time progresses. This behavior is observed for both the 2D circular Gaussian
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Figure 3.2: Snapshots of the temperature distribution at the top surface of the domain at three
instants in time (0.0006 s, 0.0032 s, and 0.0060 s). The rows correspond to (a—c) point source,
(d-f) 2D circular Gaussian source, and (g-i) square source. All results are obtained using the

semi-analytical model proposed in [6].

Single-Track Simulations for Different Source Shapes
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source and the uniform-intensity square source. While the circular Gaussian case initially fol-
lows a distinct Gaussian profile, the temperature field becomes increasingly spread out once
the source starts moving due to the effects of laser motion and heat conduction. A similar
broadening effect is visible in the uniform-intensity square source scenario. For a clearer com-
parison, zoomed-in temperature distributions are provided in Figure 3.3, with individual cases
shown for the point source in Figures 3.3a, the 2D circular Gaussian case in 3.3b, and the
uniform-intensity square source in 3.3c. The distinct square profile is clearly visible, while
the smoother appearance arises from the combined influences of laser scanning and thermal
conduction within the material.
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Figure 3.3: Close-up of the temperature distribution around the laser beam for (a) the point
source, (b) the 2D circular Gaussian source, and (c) the uniform-intensity square source, pre-
dicted by the semi-analytical model proposed in [6]. Zoom window: 400 pm.

3.4.2 Verification of Boundary Conditions

The proper enforcement of the boundary conditions is crucial in the establishing the credibility
of the implementation of the different sources. The adiabatic conditions are met when the heat
flux to be across the lateral boundaries are zero which can require the temperature isolines
to be perpendicular to the boundary of interest. For the proper enforcement of the boundary
conditions finite difference scheme is utilised which has been explained in the above chapter 2.
In Figure 3.4, we can clearly see the decomposed temperature field for all the three sources,
where the analytical field for the point case is presented 3.4a, where figure 3.4b is the boundary
correction field and finally the total temperature field which is the summation of analytical
field T and numerical correction field 7'. All plots are shown on a consistent temperature scale
(0-2000 K) to facilitate direct comparison. In the total temperature field, we are able to observe
the contour lines are nearly orthogonal to the right boundary. For more clear view, the isolines
corresponding to specific temperatures are also plotted for all the three cases and are given in
the Appendix B.

Figure 3.5 presents the finite-difference grids used for all three source cases, illustrating the
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Figure 3.4: Comparison of analytical (T'), correction (T'), and total (I' = T + T) temperature
fields near the adiabatic boundary for (top) point, (middle) circular Gaussian, and (bottom)
square sources. Each row is zoomed to 500-800 um to show contour behavior near the boundary.

Verification of Boundary Conditions
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spatial discretization and the distribution of grid points across the computational domain. The
lack of orthogonality of contour lines at the right boundary is attributed to the limitations
imposed by the relatively coarse mesh size 50um. However, if the mesh is increased more then
there would be better orthogonality. With insufficient grid resolution, the thermal gradients
near the domain boundary are not adequately resolved, leading to numerical artifacts including
non-orthogonal isotherms. This effect is well-known in finite difference and finite volume simu-
lations, and can be mitigated by refining the mesh which improves both gradient representation
and enforcement of boundary conditions.

1600

1400

11200

11000

- 300 ’g ’g
é 500 é
> 175 > 175 800
400
1.7 1.7 600
1.65 1.65 400
1.6 1.6 200
1.55 ™8 o o o ™ ) 155 ™8 o o o o ® 0
1.75 18 1.85 1.9 1.95 2 1.75 18 185 1.9 1.95 2 175 1.8 185 19 1.95 2
X (mm) X (mm) X (mm)
(a) Point source (b) 2D circular Gaussian source (c) Square source

Figure 3.5: Finite-difference correction field (7') with grid visualization for the three source
types: (a) point, (b) 2D circular Gaussian, and (c¢) uniform-intensity square.

3.4.3 Thermal history

In Laser Powder Bed Fusion (L-PBF), the thermal history represents the temporal evolution of
temperature at a given location as the laser scans, melts, and subsequently cools the material.
Figure 3.6 illustrates the temperature histories for the three considered source cases: point
source, uniform-intensity square source, and 2D circular Gaussian source. All simulations were
performed under identical process parameters to enable direct comparison.

It can be observed that the point source exhibits the highest peak temperature, reaching
approximately 5000 K. In contrast, the uniform-intensity square and 2D circular Gaussian
sources yield lower peak temperatures, which are comparable to each other. This difference
arises because the latter two sources distribute the same total laser power over a finite area,
resulting in a lower energy density at any given point within the melt pool. Consequently, the
spatial spreading of power reduces the localized heating intensity, leading to lower maximum
temperatures in their thermal histories.

Additionally, the Gaussian source shows a gradual intensity decay from the center toward
the edges, further diminishing the peak temperature relative to the point source. The top-hat
square source, while maintaining uniform intensity, similarly reduces the maximum temperature
by distributing energy evenly across a larger footprint rather than concentrating it at a single
point. Although the total input power remains constant across all cases, the spatial distribution
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of energy in the Gaussian and square sources broadens the thermal profile and limits the peak
temperature, explaining their comparatively lower thermal histories.
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Figure 3.6: Comparison of the thermal history at point (1, 1.8,2) mm obtained with the point
source, square source and circular source in the semi-analytical model (with a grid size of 0.05
mm), highlighted in red, blue and black respectively. P = 35 Watts, Velocity = 0.3m/s, spot
size = 35 um.

3.5 Concluding remarks

This chapter established and validated the semi-analytical thermal framework for three repre-
sentative laser-source models: point, 2D circular Gaussian, and top-hat square within a finite
domain. The field decomposition into an analytical component and a finite-difference correc-
tion was shown to enforce the insulated and base-plate boundary conditions. However, slight
deviations from contour orthogonality near the adiabatic surfaces indicate that the boundary
conditions are not fully satisfied. These discrepancies primarily stem from discretization lim-
itations. The grid spacing (50um) is larger than the laser spot size (35 um), leading to under
resolved source representation and gradient errors at boundaries. For the source cases where
the spot size is comparitively on the larger side (i.e., 75um), the situation improves partially.
However, the grid still remains too coarse to fully resolve the local thermal gradients, as fewer
than five nodes span the beam diameter. Minor deviations from ideal orthogonality and slight
artificial flux leakage can therefore still occur, reflecting discretization rather than physical
inaccuracies.

Single-track simulations demonstrated physically reasonable transients and melt footprints
across sources, with peak temperatures behaving as expected (highest peaks for the point
source, more distributed fields for area sources). On this basis, the framework provides reliable
temperature fields from which steady-state melt-pool dimensions can be extracted using a
consistent melt criterion (7" > Ty,e) and robust interpolation. These results enable systematic
power—velocity sweeps and direct comparison across source shapes. The present setup adopts
constant thermophysical properties, neglects vaporization-driven effects and detailed powder
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interactions, and omits mirror sources in favor of a refined grid and small time step. These
assumptions are acceptable for the scope of single-track scanning, but they delineate the model’s
applicability. The next chapter builds on this foundation to (i) quantify steady-state widths
and depths across the process space, (ii) construct process maps for each source shape, and
(iii) identify lack-of-fusion and keyholing boundaries that define the optimal, defect-minimizing
operating window.
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In the context of L-PBF, process maps are also known as "printability maps." They are specifi-
cally designed to measure the impact of defects, especially porosity, in L-PBF. These maps are
essential for identifying different types of defects, such as lack of fusion, keyholing, and balling,
as well as optimal areas. The maps are typically created using a mix of experimental data,
physics-based modeling, and data analysis.

The overall steps for generating process maps are shown in Figure 4.1. Based on the
experimental studies |7, 8], we defined our ranges for process parameters, including Power (P)
and Velocity (V). We constructed the process maps for two layer thicknesses: 100 ym and 30 gm.
This approach helps us understand how layer height affects defect occurrence. After identifying
the parameter ranges, we used a semi-analytical method to calculate transient temperature
fields. From these simulations, we obtained the steady-state melt pool width and depth using
the isotherm-based method described in chapter 2. We then used these geometric measurements
to categorize each processing condition based on physical defect criteria.

Here’s a detailed breakdown of how we construct processing maps:

Defining Input Variables: This typically includes

1. Processing Parameters: The maps are usually plotted in a Power-Velocity (P-V) space,
where laser power (P) and scan velocity (V) serve as the primary axes. Other impor-
tant parameters include hatch spacing (H), layer thickness (T), and laser spot size. We
systematically vary these parameters to cover a wide processing range.

2. Material Properties: Key thermophysical properties of the material, such as melting
temperature, density, specific heat, thermal conductivity, thermal diffusivity, and laser
absorptivity, are vital inputs since they influence the interaction between the laser and
the metal, as well as the melt pool shape.

Melt Pool Modeling and Prediction: This part involves

1. Thermal Models: We use physics-based thermal models and a semi-analytical method
that employs superposition to forecast the thermal history and melt pool dimensions
(width and depth) based on processing parameters and material properties.

Application of Defect Criteria: We consider two defect criteria, namely Lack of Fusion
and Keyholing, which are determined by the melt pool’s geometry.

1. Lack of Fusion (LOF): The LOF phenomenon occurs when there is incomplete fusion due
to insufficient energy penetration from the laser into the material. For a single-scan track,
it is defined by the condition D < T', where D is the depth of the melt pool and T is the
layer thickness [25, 34].

2. Keyhole: Keyhole porosity results from excessive energy input and intense vaporization.
The key geometric indicator for this situation is the melt pool aspect ratio, defined as
the depth-to-width ratio D/W=>0.5. Beyond this threshold, the melt pool shifts from
a stable, shallow conduction mode to a deep, narrow cavity, which is a sign of keyhole
formation. This shift is tied to the onset of recoil pressure-driven vapor depression and
melt instability and has been confirmed in several studies [8, 35].
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Mapping and Visualization: This process includes

1. Process Map Generation: We evaluate the steady-state melt pool dimensions predicted
by the models using the criteria described above. We classify each power-velocity pair as
defect-free or associated with a specific defect mode. This process is repeated across the
P-V space to create printability maps.

Refinement:We assess the predictive ability of these maps by comparing them with ex-
perimental data from existing literature. Any differences may point to areas where we need to
refine our analytical models or defect criteria.

Overall, process maps offer engineers and designers a straightforward decision-making tool.
They provide clear visual cues about the chances of meeting quality standards and help guide
the selection of processing parameters needed to create desired components.

4.1 Steady-State Melt Pool Profiles and Dimensions

In this study the steady state depths and widths, for a single track simulation has been con-
sidered. This is the point where in the melt pool track the least variation in the dimensions of
melt pool depths and widths is observed. For the construction of the process maps the laser
scan starting and ending points are set away from boundaries to avoid edge effects which can
distort melt pool geometry, particularly at low or high velocities. Typically it is considered
to be set away at approximately 1-2x laser spot radius. For single track cases, the melt pool
features (width/depth) are small compared to the domain, in these case, the melt pool dimen-
sions are expected to have the order of 100 um. Accordingly, a computationally domain of is 2
x 2 x 2 mm is adopted. A mesh size of 50 um is employed to balance computational cost and
spatial resolution. However, this resolution provides only 2 grid points across a characteristic
100pum melt pool dimension, which may be insufficient for highly accurate thermal boundary
and feature representation. Hence, while this setup is sufficient for trend analysis and process-
map generation, further refinement (e.g., 10 um spacing) would be necessary for high-fidelity
validation or boundary-sensitive simulations. The total scan length is kept at least 1 mm, en-
suring that the melt-pool reaches a steady thermal state within the track. The energy input is
quantified using the volumetric energy density, given by:

B P
mm3| Vxhxt

Where P is the power, V is scan speed, t is layer thickness and h is Hatch distance.

Energy Density [ (4.1)

4.1.1 Influence of laser power

Increasing laser power enhances the input energy and peak temperature in the molten zone,
thereby expanding both the width and depth of the melt pool. The following Figure 4.2,
illustrates these general trends for all three heat-source formulations: point, uniform-intensity
square (top-hat), and 2D circular Gaussian. For all these cases, the melt pool widths and
depths are plotted as a function of power while all the other parameters are held constant.
The results demonstrate a clear upward trend in melt-pool dimensions with increasing power
consistent across all source types. According to Equation 4.1, the energy density is directly
proportional to P, and the analytical temperature expressions (Equations 2.23 and 2.29) show a
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Figure 4.1: Schematic workflow for constructing process windows, showing the dependence on
hatch spacing (h) and layer thickness (t).
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direct proportionality between temperature rise and laser power. Consequently, both the peak
temperature and molten zone extent increase with P, reinforcing that power primarily governs
the overall heat input and melt-pool expansion.

4.1.2 Influence of laser velocity

In L-PBF, higher scan speed decreases the effective heat input per unit length leading to
reduced melting and smaller melt-pool dimensions. This inverse trend is observed consistent
with Equation 4.1. For all the three sources, point, 2D circular Gaussian and uniform intensity
square source, the melt pool width and depth decrease as the velocity increases indicating a
clear transition from a deeply penetrated melt pool at low speeds to a shallow, conduction-
dominated pool at high speeds. The obtained results exhibit strong qualitative agreement with
experimental findings from |7] and semi-analytical predictions by [36]. Minor deviations arise
primarily from differences in thermal parameters and source size assumptions, which influence
the energy distribution within the melt pool.

To consolidate the influence of power and velocity into a single representative metric the linear
energy density (LED), defined as the ratio of laser power to scan velocity (P/V) is introduced.
This parameter effectively represents the energy input per unit scan length, offering a compact
measure of overall heat input. The objective is to evaluate whether the three sources: Point,
Square and 2D Gaussian collapse into a unified trend when expressed in terms of LED.

For each laser source type, the steady-state melt-pool widths were plotted against the linear
energy density (LED), with data points color-coded according to their predicted defect regime:
lack-of-fusion, optimal, or keyholing. It is based on the geometric criteria discussed later in
Section 4.3. The color segmentation highlights how variations in P/V translate into distinct
process outcomes. A first-order linear regression is fitted to reveal dominant trend.

Across all beam profiles, the melt-pool width shows an approximately linear dependence
on the linear energy density (LED), as illustrated in Figure 4.10. This behavior aligns with
the expectation that higher energy input per unit scan length results in wider molten tracks.
However, the color-segmented regimes reveal that beyond certain thresholds, the width increase
no longer signifies stable conduction; instead, transitions into lack-of-fusion or keyhole modes
occur, depending on the beam profile. This observation highlights that while LED serves as
a convenient global indicator of heat input, it cannot by itself capture defect transitions or
represent the influence of spatial energy distribution within the melt pool.

Therefore, to gain a more complete understanding of how laser source shape influences
melt-pool geometry and defect formation, the subsequent section compares melt-pool profiles
obtained for different intensity distributions under identical process parameters. This compari-
son forms the basis for constructing the power-velocity process maps presented later in Section
4.3.

4.2 Comparison of Melt Pool Geometries Across Source
Shapes

The steady state melt pool geometries for all the three laser sources, point, 2D circular Gaussian
and uniform-intensity square (top-hat) are compared in this section to elucidate the difference
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Figure 4.2: Variation of steady-state melt pool widths and depths with laser power for three
heat source types: point source, uniform square source, and 2D circular Gaussian source.
Power range: 150-400 W (interval: 50 W), velocity range: 0.4-1.4 m/s (interval: 0.2 m/s), layer
thickness = 100 pm.
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Figure 4.3: Variation of Steady state depths and widths with respect to Velocity and calculated
for the point source, uniform intensity square source and 2D circular Gaussian source. Power

range: 150-400 Watts with an interval of 50 W and velocity range :
interval of 0.2 m/s and layer thickness = 100 pm.
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Figure 4.4: Comparison of linear energy density plots for three source cases: (a) point source,
(b) uniform square source, and (c) 2D circular Gaussian source. Red points indicate lack-of-
fusion regions, green points show optimal regions, and blue points represent keyholing regimes.

between the profiles. The melt pool widths and depths have been calculated and visualized
using the methodology discussed in chapter 2. However, the widths have been calculated with
sub-cell precision via top-surface refinement whereas depths have been calculated from the 3D
computational grid to maintain the computational efficiency. The Figure 4.5(a-c), showcase
the single track simulation of the point source along with the different profiles of the melt pool.
The Figure 4.5(a) shows the snapshot of the temperature distribution of the whole domain
at 0.0032 seconds. This is the temperature distribution of the point source predicted by the
semi-analytical method in [6]. The top-view (XY-plane) and cross-sectional (YZ-plane) profiles
are shown in Figures 4.5(b) and (c), respectively. The melt-pool width and depth are indicated
in the Figure 4.5, with the peak temperature reaching 36000 K for the effective spot radius of
35um along with the layer thickness as 30um. Because the point source represents an idealized,
highly localized energy input, it produces a deep and narrow melt pool characterized by steep
temperature gradients around the beam center.

Furthermore, the Figure 4.6(a-c) showcase the single track simulation of the 2D circular
Gaussian source along with the melt pool profiles under identical processing conditions. The
full domain temperature distribution at t=0.0032 seconds is shown in the Figure 4.6 (a) with
corresponding XY and YZ sections in Figure 4.6 (b) and (c) respectively. Compared to the
point-source case, the 2D circular Gaussian beam produces a wider but shallower melt pool.
The width of the melt pool is more as compared to the point source because the circular source
spans an area and the depth is less as compared to the point source. The steady-state results
for the uniform-intensity square source are shown in Figures 4.7(a-c). Figure 4.7(a) presents the
overall temperature distribution at ¢ = 0.0032s, while the top-view and cross-sectional melt-
pool profiles are displayed in Figures 4.7(b) and (c). Unlike the Gaussian beam, the square
top-hat profile maintains a constant intensity across the beam footprint with sharp spatial cut-
offs at the edges. This uniformity produces the widest melt pools among the three cases, with
relatively flat bottom profiles indicative of homogeneous energy deposition.
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Figure 4.5: a) Snapshot of the temperature distribution of the bounded domain at t = 0.0032 s
for point source, b) XY cross section of the melt pool and ¢) YZ cross section of the melt pool.
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Figure 4.7: a) Snapshot of the temperature distribution of the bounded domain at t = 0.0032
s for uniform intensity square source, b) XY cross section of the melt pool and ¢) YZ cross
section of the melt pool.

4.3 PV Map Construction and Defect Classification

Power velocity maps were constructed for the all the three sources, point, 2D circular Gaussian
and uniform-intensity square (top-hat) utilising the above discussed approach. In these cases,
the keyholing region has been defined by the aspect ratio (D/W) being greater than 0.5 and
LOF occurs when the melt pool depth is insufficent to penetrate the layer thickness D < t.
The P-V ranges for Ti-6A1-4V were selected with guidance from [8]; material properties are
those in Table 3.1. To maintain consistency in defect definitions, hatch spacing h and layer
thickness t were held fixed within each study. In the Table 4.1, the parameters opted for the
study are presented. The material properties are same as given in Table 3.1. Figure 4.8 presents
the resulting process maps: the left column shows color-segmented maps (red = LOF, blue =
keyhole, green = conduction/optimal), while the right column shows scaled-marker overlays
where marker dimensions are proportional to the steady-state width and depth at each (P, V)
pair. In the marker plots, regions with depth > width visually reinforce the keyhole regime,
whereas width > depth is typical for top-hat distributions operating in conduction or LOF
regions.

4.3.1 Lack-of-Fusion Regions

LOF is predicted where the melt pool fails to penetrate the deposited layer D < t. As expected,
high velocity / low power combinations fall in the LOF regime. In the Figure, 4.8a shows LOF
(red) concentrated at low energy density; the corresponding width /depth markers in Figure 4.8b
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Figure 4.8: Power-velocity process maps for Ti-6A1-4V using (a,b) point source, (c,d) square
source (e,f) 2D circular Gaussian. Red = lack-of-fusion region, blue = keyholing region, green
= optimal region. (b),(d) and (f) show depth and widths associated with the sources, layer
thickness = 100 pm
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Table 4.1: Parameters for process maps study

Power (W) Velocity (m/s) spagztgc?pm) thicl?nag;esr(um) sizsep(opt m) Source shape
150-400 0.2-1.4 80 100 35 Point
150-400 0.2-14 80 100 37.5 x 37.5 Top-hat square
150-400 0.2-14 80 100 75 2D Circular Gaussian
100-195 0.5-1.2 80 30 35 Point
300-600 0.2-14 80 30 75 75 Top-Hat Square
150400 0.1-1.3 80 30 75 2D circular Gaussian

show small vertical extents (shallow pools). The points A, B and C whose values are given in
the Table 4.2 are marked on the plot which depicts the parameters the same region as obtained
in the experimental study [8].

Subsequently, the process maps are plotted for the uniform-intensity square source, here we
can observe the optimal regions marked in green regions. There is a prominent lack-of-fusion
region because the melt-pool energy distribution are majorly wider in the case of top-hat
profiles, which can be seen from the Figure 4.8c and has been observed in the experimental
studies [11, 15, 22|. For smaller spot size of 37.5 x 37.5 um and high layer thickness ¢ = 100um,
reflects the broader, shallower pools. This is consistent with the width-dominated markers in
Figure 4.8d.

Point Power (W)  Velocity (m/s) Defect Status

A 165 1.2 Lack-of-fusion
B 280 0.4 Keyholing
C 280 0.8 Keyholing

Table 4.2: Experimentally observed defect regimes from [8] mapped onto the generated process
window through semi-analytical method in Figure 4.8a(a).

We note that some discrepancies with multi-layer experimental datasets are expected: exper-
iments typically include layer-to-layer thermal accumulation and hatch-overlap effects, whereas
the present maps are based on single-track steady-state metrics with fixed h and ¢. Further-
more, to further align with the actual experimental conditions, the power velocity range and
the layer thickness are set according to what has been given in the [7], and the following pro-
cess map was obtained Figure 4.9a. Agreement is good for the location and trend of regime
boundaries; where mismatches occur, they can be attributed to differences in absorptivity and
the inability to capture the actual physics phenomena.

4.3.2 Keyholing Boundaries

Keyholing arises at high energy input where recoil pressure and vaporization induce a deep, nar-
row cavity. We classify this regime by D/W > 0.5. In the point and top-hat maps (Figures 4.8a
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4.3 PV MAP CONSTRUCTION AND DEFECT CLASSIFICATION

Point Power (W) Velocity Defect Status  Predicted by

(m/s) Process Map
A 100 0.5 Optimal Yes
B 150 0.75 Optimal Yes
C 150 1 Optimal Yes
D 150 0.5 Keyholing No
E 195 1 Optimal No
F 195 1.2 Optimal Yes
G 195 0.5 Keyholing Yes

Table 4.3: Comparison of experimentally observed defect regions reported by [7| with the semi-
analytical model predictions, mapped onto the corresponding process map.
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Figure 4.9: Comparison of process maps for point, square laser sources and circular Gaussian
at a layer thickness of 30 pm.
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and 4.8¢), blue regions cluster at high P and low V. The marker plots (Figures 4.8b and 4.8d)
visually confirm D > W within these zones. For certain datasets, increasing the threshold to
D/W > 0.7 improved alignment with [7], highlighting the sensitivity of keyhole classification
to the chosen aspect-ratio cut-off. For the Gaussian case, no keyhole region appears within the
baseline (P, V') ranges of Table 4.1; keyholing emerges only when the parameter space is ex-
tended to higher energy densities (Appendix C). Finally, Figure 4.10 compares the aspect-ratio
trend vs. scan velocity for the point source with [7]; the decreasing D/W with increasing V
agrees well with experimental trends.

05
09 ¥ =50 W
o100 W
E » 0.8 A—-150 W
I v-195W
a 074 a_ v
2 &
2 5 06- .
o 04 § =
‘6 ~ 054 A g
(] 8
o s A A
2 Q
5 0® 8 0.4 - o
o]
a A °
o 0.3+ o
(7] -
S osr 0.2 4 o — .
0.1 e
0.25 1 L 1 L L L T o T ¥ T L T v T T ¥ T T v
0.4 05 06 07 08 0.9 1 1.1 12 13 14 500 600 700 800 900 1000 1100 1200
Scan Speed (m/s) Scan speed (mm/s)

Figure 4.10: Comparison of aspect ratios for the point source case obtained using the semi-
analytical method and experimental data from |7].

4.4 Discussion

The process maps constructed in this chapter illustrate the influence of laser power (P) and
scan velocity (V') on melt pool geometry and defect formation in Ti-6Al-4V. The workflow
(Figure 4.1) employs a semi-analytical thermal model to compute temperature fields, from
which the steady-state melt pool width (W) and depth (D) are extracted.These metrics un-
derpin two geometry-based criteria: lack-of-fusion (LOF) when D < T' (where T is the layer
thickness) and keyholing when the aspect ratio exceeds a threshold, D/W > 0.5. This framing
provides a physically interpretable and computationally efficient route to classify regimes over
large (P, V') grids. For the point source, Figures 4.8a and 4.9a present the predicted process
maps alongside representative defect data from |7, 8|. The locations of experimentally observed
defect points from [8] correspond well with the expected regions in the model-derived maps
(Table 4.2). For instance, the reported LOF defect at (P, V) = (165 W, 1.2 m/s) appears in the
predicted low-energy region, while the experimentally observed keyholing cases align with the
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high-energy (blue) regions of the map. Melt-pool width and depth increase with laser power
and decrease with scan velocity, as both dimensions are governed by the energy density, which
scales directly with P and inversely with V. Higher power increases total energy input and peak
temperature, enlarging the molten region and deepening penetration [37]. Conversely, higher
scan velocity shortens the laser-material interaction time, reducing energy absorption and limit-
ing melt-pool growth. Minor quantitative deviations between the model and experimental data
are attributed to differences in layer thickness and hatch spacing, variations in the geometric
criterion for keyholing, and the scope of the thermal model. To assess the sensitivity of the
classification criterion, the aspect ratio threshold was adjusted to 0.7 to match the conditions
reported by [7]. The resulting process map (Figure 4.9a) showed the closest agreement with
experimental trends, confirming that discrepancies between prediction and experiment can be
reconciled through parameter calibration within the semi-analytical framework. Also in the
Figure 4.8a, the optimal region is completely missing which is attributed to high layer thick-
ness (100 um) causing the inaccurate penetration of energy and this can be also because of
insufficient pre-heating temperature. For smaller layer thicknesses, such as 30 pum, the model
predictions show good agreement with experimental observations for dense Ti-6Al1-4V samples.
Under manufacturer-recommended processing conditions, the lowest porosity levels were ob-
served experimentally, matching the predicted optimal processing window. For example, the
experimentally identified dense-optimum condition at P = 100 W and V' = 0.5 m/s corresponds
closely with the model predictions |38, 39].

Influence of 2D circular Gaussian Source on Defects:

The intensity distribution of the 2D circular Gaussian source is characterized by a peak at
the beam center that gradually tapers toward the edges. This spatial distribution strongly
influences the thermal behavior, melt pool morphology, and defect formation mechanisms during
the L-PBF process. The general trends in melt pool width and depth with respect to laser power
and scan velocity observed in this study are consistent with the literature |2, 7, 36]. Increasing
scan velocity leads to reduced penetration and narrower tracks, while the Gaussian energy
distribution typically results in deeper penetration due to the concentration of intensity at
the beam center. The melt pool morphology transitions from a semi-circular, conduction-mode
profile at low power densities (Figure 4.6¢) to a deeper, narrower keyhole-mode profile at higher
power densities. Figure 4.8e shows that at higher layer thicknesses, the Gaussian source exhibits
a broader optimal processing window which can make it suitable for high build-rate capability.
The strong penetration capability of the Gaussian beam reduces the likelihood of lack-of-fusion
(LOF) defects making it suitable for higher build rates typically associated with increased
layer thicknesses [40]. However, at very high scan velocities, LOF can still occur, as observed
in the process map. Beyond this operating range, keyholing becomes increasingly dominant,
corresponding to conditions where the aspect ratio D/W exceeds 0.5. The lower threshold of
0.5 simply marks the point where the melting mode becomes geometrically classified as keyhole,
susceptible to increased depths, rather than the final point where pores inevitably form. The
process map illustrating this extended regime is provided in Appendix C.1 (Figure C.la). At
lower layer thicknesses, a broader and denser optimal processing window is observed. However,
the onset of keyholing begins around (P, V) = (175 W,0.2m/s) and becomes more pronounced
at higher energy inputs, particularly at P = 400 W with scan velocities between 0.1 and 0.4
m/s.

Influence of Uniform intensity Square source on Defects:

The uniform-intensity square source, often referred to as a top-hat or flat-top beam, is charac-
terized by an even distribution of energy across the entire spot area. For the same laser power
and spot radius, the top-hat profile exhibits a lower peak intensity than the Gaussian distribu-
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tion. The resulting melt pool morphology produced by the square source typically features a
flatter bottom boundary (Figure 4.7c). The melt pool widths are strongly influenced by this
uniform energy distribution and are generally larger compared to those formed under a Gaus-
sian beam [3, 22|. The uniform-intensity (top-hat) profile produces lower peak temperatures
within the melt pool, resulting in reduced thermal gradients and improved thermal stability. At
smaller layer thicknesses, the square source exhibits a well-defined optimal processing window
across the higher power-velocity range (300-600 W), Figure 4.9b, consistent with experimen-
tally observed trends [15]. It is clear that the top-hat square source operates over a broader
range of stable parameters than the circular Gaussian source. For instance, at (P,V)=(400
W.,0.2 m/s), the Gaussian beam transitions into the keyhole regime, while the square beam
remains in the conduction mode. This enhanced process stability stems from the uniform and
spatially diluted energy distribution of the square beam, which minimizes localized overheat-
ing and suppresses keyhole formation [11, 22|. Furthermore, the melting behavior transitions
toward keyhole-mode melting with decreasing spot size, lower scan speeds, and higher laser
power [15]. As observed when the spot size is reduced from 75 um to 37.5 um for the top-hat
beam, heat input becomes more concentrated, enhancing energy absorption within a smaller
area 4.8c. Combined with increased laser power and reduced velocity, this intensified energy
input promotes deeper penetration and the formation of keyhole-mode melt pools.

For Ti-6Al-4V in L-PBF, the conventional layer thickness working range is 20 — 60 pm.
This range balances full melting, good surface quality, and interlayer bonding. Increasing the
powder layer thickness beyond this range, such as to 100 um, dramatically reduces process
stability unless the laser energy input is significantly increased, which can be covered through
the Gaussian Beam profile. The porosity can rise from about 0.09% at 20um to 10.68% at
100 pm, mainly due to incomplete melting and trapped gas and can lead to unmolten regions
which is evident from the process maps of Figure 4.9c and because the energy cannot penetrate
fully through the thicker powder layer [41]. Also it was seen in [27, 42], lower layer thickness
is generally attributed to highly dense parts and a better option for manufacturability when
defining "better" by quality, density, and precision (e.g., for aerospace or biomedical components
where fatigue life is critical). Considering these factors, the uniform intensity square source
would be the better choice. The characteristics of the Top-Hat beam can ultimately lead to
an improved and expanded process window, Figure 4.9b by trading off extreme keyholing risk
for managed energy input. The stable nature of the Top-Hat melt pool enables achieving
high relative densities and overall higher build rates compared to Gaussian beams in certain
operational windows, in our case, it is very evident that complete optimal window is depicted.

The present semi-analytical framework is purely thermal and does not account for fluid
flow, recoil pressure, or multiple reflections that become significant in deep keyhole mode. As a
result, the onset of keyholing may be slightly under- or over-predicted in certain regions of the
map. To maintain a conservative classification, the optimal regime is defined only when both
keyhole and lack-of-fusion conditions are not met, which may marginally expand the predicted
keyhole area compared to some reports [8].

Despite these simplifications, the constructed process maps offer an efficient screening tool:
for each power-velocity pair, the model predicts steady-state melt-pool dimensions and defect
type within seconds. The distinct behaviors of Gaussian and top-hat beams demonstrate that
beam shaping can effectively tailor the process window using top-hat profiles to stabilize width
and Gaussian beams for deeper penetration at lower power. Overall, the maps are physically
consistent, align with literature trends, and provide a reliable basis for rapid parameter selection
and beam-profile optimization prior to detailed experimental studies.
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5 Conclusions and Future Work

5.1 Summary of Key Findings

The primary findings of this study include the process windows obtained for the different laser
source shapes, namely the uniform-intensity square (top-hat) source and the 2D circular Gaus-
sian source. It was observed that the optimal processing window for the 2D Gaussian source is
relatively broader than that of the square source, particularly at larger layer thicknesses (e.g.,
100 pm). However, when the layer thickness is reduced, the square source exhibits a more
complete and well-defined optimal range. Furthermore, the melt pool widths were consistently
found to be larger for the square source. The aspect ratio threshold of 0.5 was identified as in-
dicative of the transition to the keyhole regime, consistent with trends observed in experimental
studies. The spot size also had a significant influence, particularly for the uniform-intensity
source. When the top-hat beam diameter was small (around 37.5 pm), the keyhole regime
became more pronounced, whereas for larger and more conventional spot sizes, keyholing was
rarely observed under equivalent processing conditions. Within the power—velocity range of
100-400 W and 0.1-0.4 m/s, keyholing was not observed for the 2D circular Gaussian source.
However, extending this range to higher energy densities resulted in the onset of keyhole forma-
tion, as shown in Appendix C. The influence of layer thickness on the optimal process window
was also evident. For instance, at a layer thickness of 30 um, the model predictions for the point
source showed near-perfect agreement with the experimental single-track results (Figure 4.9a),
where the predicted dense regions closely matched those reported in literature. Although Gaus-
sian laser sources are more commonly used in commercial L-PBF systems, uniform-intensity
top-hat square beams are better suited for applications requiring improved part quality and
dimensional consistency.

5.2 Contribution of the Thesis

The work presented in this study provides a foundation for gaining deeper insight into the L-
PBF process using a semi-analytical approach. Incorporating different laser source shapes offers
a new perspective on defect formation. The predictive capability of the developed model enables
the identification and elimination of suboptimal operating conditions before experimentation,
reducing both cost and time. The construction of process maps for the source shapes through
the semi-analytical method provides a computationally efficient means of predicting parameter
combinations that minimize defect occurrence. The model can classify defect regimes based on
power and velocity inputs within seconds, functioning effectively for both single-point evalu-
ations and full parametric sweeps. Unlike previous studies that relied solely on numerical or
finite element methods, the semi-analytical approach bridges this gap, offering both efficiency
and physical interpretability. A key contribution of this thesis is the derivation and imple-
mentation of a closed-form analytical formulation for the uniform-intensity square (top-hat)
heat source, achieved through symbolic integration in Mathematica. This formulation extends
the applicability of semi-analytical modeling to non-Gaussian beam profiles and establishes a
foundation for future optimization of laser shaping strategies in metal additive manufacturing.
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5.4 RECOMMENDATIONS FOR FUTURE RESEARCH

5.3 Limitations of the Current Study

The present model is best suited for evaluating melt pool characteristics under steady-state
conditions rather than near the domain boundaries, where the adiabatic boundary assumption
tends to break down. The semi-analytical framework developed in this work is purely thermal
and does not incorporate fluid flow, recoil pressure, or multiple reflections, all of which play
an important role in deep keyhole mode. Consequently, the model may underpredict or over-
simplify the onset of keyholing in certain regions of the process map. To ensure conservative
interpretation, the defect classification criteria were deliberately defined with narrow bounds,
which may slightly enlarge the predicted keyhole regime compared to experimental observations.
Since the heat source model assumes surface absorption and neglects vapor recoil and multiple
reflections the regions identified as keyhole-prone should be regarded as indicators of increased
susceptibility rather than fully developed keyhole geometries. The quantitative boundaries of
these regimes remain sensitive to the chosen thresholds and could be further refined through
calibration against experimental data. The mesh resolution adopted here represents a balance
between computational cost and accuracy. While the current boundary condition enforcement
is satisfactory, further improvements can be achieved through mesh refinement or the inclusion
of mirror-source corrections in future implementations.

5.4 Recommendations for Future Research
The recommendations includes the following;:

1. The methodology used here can be applied to other non-Gaussian sources-particularly
ring beams and uniform-intensity circular beams-whose closed-form temperature fields
have already been derived (see Appendix D). Implementing these sources within the semi-
analytical framework would enable a systematic comparison of their melt-pool geometries,
defect boundaries, and printable windows against the circular and square cases.

2. To assess model fidelity and quantify uncertainty, the results should be independently
validated using commercial finite-element software (e.g., Simufact Additive). A black-box
verification procedures matching material data, boundary conditions, and scan strategies
would provide reference solutions for steady-state widths/depths and defect classification.

3. The current approach can be easily extended to full layer simulation to capture powder-
to-solid transitions, inter-track overlap, and inter-layer reheating. This will enable more
faithful prediction of cumulative heating, remelting, and defect evolution in build-relevant
geometries.

4. Implementing Beer-Lambert absorption into the formulation that would account for laser
attenuation, improving depth prediction and aligning the model more closely with exper-
imental measurements.
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Appendix A Supplementary to
Methodology

A.1 Green’s Function

The green’s function as the temperature at (z,y,z) at the time t due to an instantaneous
point source of strength unity generated at the point P (z/, 4/, 2’) at the time 7, the solid being
initially at zero temperature and the surface being kept at zero temperature. This solution
maybe written as : u= F(x,y,z 2",y ,2',t —7) (t > 7) and u satisfies the following equation

ou 9
= Al
yn =kViu, (t>71) (A1)

However, since t only enters in the form (¢ — 7), we have also

Ju
kY2 =0 (t>71) (A.2)
ot

Further, lim u at all the points inside S, except at the point (2’1, 2’), where the solution takes

the form

1 (z—a')P+Wy—y)P+(z—2)
_ A3
Rra(t—n)p2 P ( da(t—7) (4-3)
Finally, at the surface S, u=0 (¢t <7)

A.2 Gaussian Convulation

Convolution is a mathematical operation that combines two functions to generate a third func-
tion, which represents how one function modifies or spreads the shape of the other. For two
functions of the form :

f(x) — e—ax27 g(x) — e—b:c2
The direct evaluation integral will be of the form:
(f % g)( / Ft) gz —t)dt = / gm0 b= gy (A.4)

The convulation of two gaussians is another gaussian. The final expression obtained by con-
volving two gaussians takes the following form and is given in simpler terms Equation A.5:

o b
/_OO exp (—az” —b(z —2')*) da’ = aL—i—b - exp (— aC:_ be) (A.5)

This technique has been utilised to derive the temperature field formulation for the 2d
gaussian source shape.
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A4 STEADY STATE PLOTS FOR SQUARE AND 2D GAUSSIAN SOURCES

A.3 Error Functions

The function erf(z), known as the error function, arises in the integration of the normal distri-
bution, which is the normalized form of the Gaussian function. It is an entire function defined
as:

erf(z) = % /OZ eV dt. (A.6)

A.4 Steady state plots for Square and 2D gaussian sources
The steady-state temperature distributions for the 2D Gaussian and uniform-intensity top-hat

sources are presented below, demonstrating that both source models achieve thermal stabiliza-
tion over time.

200

,_.
@
3

195 -

,_.
@
3

190 -

=
N
S

185

,_.
@
3
T
e
Y]
S

Peak Width (um)
-
i
Width (um)
N
8

»—\
o]
=]
T
@
S

@
3
T

165 -

N
S
T

160

155

N
S

Steady-State Region |
—o— Melt Pool Width
I

Steady-State Region | ]|
Instantaneous Width
N

150 I I I I I | I
0.4 0.6 0.8 1 12 14 16 0.4 0.6 0.8 1 12 14 16 18 2
Position Along Scan Track, X (mm) Time (s) %103

(a) Width vs. Position (b) Width vs. Time

o

Peak Depth (um)
@ S
3 &
T

o
a

Steady-State Region 5r Steady-State Region |-{
—o— Melt Pool Depth Instantaneous Depth
| | | I I I I I I | I 1 1
0.6 0.8 1 12 14 16 0 0.2 0.4 0.6 0.8 1 12 1.4 16 18 2
Position Along Scan Track, X (mm) Time (s) %1073

@
S

(¢) Depth vs. Position (d) Depth vs. Time

Figure A.1: Square top-hat source: melt-pool width and depth as functions of position and
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A4 STEADY STATE PLOTS FOR SQUARE AND 2D GAUSSIAN SOURCES
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Appendix B Simulation

B.1 Contour plots

In this section, the contour plots are presented corresponding to the simulation setup described
in Chapter 3. For all source types, it is observed that applying the finite-difference scheme alone
for the numerical correction field does not fully satisfy the adiabatic boundary condition. This
is evident from the slight loss of contour orthogonality near the insulated surfaces, indicating
minor deviations from the ideal zero-flux behavior.
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Figure B.1: Contour plots for the point source case.
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Figure B.2: Contour plots for the 2D circular Gaussian source.
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B.1 CONTOUR PLOTS
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Figure B.3: Contour plots for the uniform intensity square top-hat source.
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Appendix C Process Windows

C.1 Broad process window

The following process map is for the case where the power and velocity range has been made
broad, so as to check if we see the keyholing or not. The Figure C.1a has been plotted for the
extended window for the 2D Gaussian circular source for the high layer thickness case with
100pum. Figure C.1b has been plotted for the uniform intensity square source for the low spot
size and layer thickness.
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Figure C.1: (a) For the 2D circular Gaussian source, widening the window depicts the keyholing
region, for the layer thickness 100 um. (b) Top-hat square source for the parametric window
150-400 W and 0.2-1.4 m/s, layer thickness = 30 pum, spot size = 37.5um.
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Appendix D Future direction

D.1 Ring/Donut/Annular

For the future work and direction, the following analytical formulation for ring source can be
utilised. The heat energy distribution corresponding to the donut/ring/annular source is given

by:
(2,9, 2) 2AP . 272 | —e 272
_= X — — ex J—
W TR TR R

where Ry is the outer radius and R; is the inner radius. Using the above energy distribution,
similar steps like Gaussian Circular can be followed:

dz’" dy' 2AP
dl' =
/ /Oopc dra(t —t'))3/? TR?

(2 (g

R? da(t —t)
—2(z” +y°) —2(z” +¢°) (x -2+ (y—y)* +2°
(e (e ()
(D.1)
Finally the closed form equation is given by:
SaAP 22
Ty, 21) pe(dra(t — tp))3/2 eXp< dor (t — tp))

[(t — tp) exp(— R? 2+($;a+(tyi) tp)>

R2 +8a (t —t,)

2 2(R? + R%)(2? + 9?)
Ri (t, — 1) eXp( 8aR2(t —t,) + R (R2 + 8 (t — tp))>
SaR2(t —t,) + B2 (R2 + 8a (t — 1,)) ] (D.2)

Ti=t—t, r=a>+y* T,:=R>+8art, T,:=8aR*r+ R, (D.3)
SaAP 2 R2(—

7—‘(1‘7 ’y’ Z’ t) = &—3/2 exp (_Z_) (l 6_ QTi/FO + M e_ 2(R12+R(2)) ri/rl) . (D4)
pc (4mar) 4at ) \ T, I
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D.2 UNIFORM INTENSITY CIRCULAR

500

3000

2500
_ 3
\% 2000 £
©
S 0 g
= 1500 §
S [
e I
> 5
1000

500

-500
-500 0 500

X-position (um)

Figure D.1: Stationary Ring source at 1us after its creation.

D.2 Uniform intensity Circular

Convert to polar coordinates: x’ = 1’ cosf, iy = r’sinf, where 1’ is the instantaneous circular
source in the plane z’=0. using r = 22 + 32
Substitute into the heat expression:

2422472 _2.7 cos 01’ cos 0—2r sin -r’ sin O

2r  rRexp | — E o
T(r.0,2,1) :/ / ( o) ) P dr'dd (D.5)
0 0 (4ma(t —to))%

Now this expression can be integrated over  from 0 to 27 and ' from 0 to R using Math-
ematica.

The inner integral with respect to 6 gives the following expression:
7‘/2 1
2 e_m T IO (M)
(t — tg)3/? ’

T(r,0,z,t) = (D.6)

,r,l

where I (Wito» is the bessel function of the first kind. Finally, integrating with respect to
the radius of the circular source, the final expression is going to be as follows:

T(x,y,z,t) =

PAt A P2 22 42\ 27 1o (2a(7;€it0)>
exp | —

4pc, ™ R? (ma)3/? P da(t — o) (t — to)3/2
Final temperature equation is as follows, which includes the outer integral as is, as a closed
form is not coming out. The only possibility is to perform the numerical integration.

(D.7)

PAt A r? 4 22 R 2T exp <_4a(7:ito)) Io (m(ﬁto))
T(r,0,z,t) = —_ "dr’!
(r,9,2%) 4pc, ™ R? (ma)3/? P < da(t — to)) /0 (t — tg)3/2 nar

(D.8)
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