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Abstract
This report details the design and implementation of a subsystem within a localization system designed for the
Bosch DICENTIS wireless conference system. The goal of this localization system is to determine the location
of individual units. These units each contain a microphone and a loudspeaker and are used by the participants at a
conference. Potential use cases for the locations of these units are beam-forming and the mapping of participants
within a room.

The subsystem discussed in this report is tasked with transforming estimated propagation times of audio sig-
nals into locations of the units. To this end, a TOA-based and a TDOA-based algorithm for the self-localization of
individual conference system units is presented. Experimental results show that both methods are able to recover
positions, with the TOA-based method slightly outperforming the TDOA-based method. Real-life measurement
results show a root mean square error in position of about 8 cm for the TOA-based method.
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Preface
This thesis is written in context of the Bachelor Graduation Project. The project was commissioned by the com-
pany Bosch with the goal to design a localization system for their DICENTIS Conference System. Initially, the
goal was to implement the designed system on a DICENTIS System lent to us by Bosch. However, due to the
difficulties in altering the software on of the DICENTIS System, it was decided to construct a prototype which
could potentially be implemented instead.
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1
Introduction

Conference systems
Conference Systems are used in various settings. From large conferences at the United Nations to smaller con-
ferences within companies, these systems have eased conversations consisting of large groups of people. A
conference system consists of a number of units with a speaker and a microphone. Usually every attendee of the
conference has his own unit. When an attendee talks through his microphone his voice is sent to all other units and
played back through their respective speakers. Knowledge of the location of each individual attendee is useful.
For example, such knowledge can aid the video recording of conferences. It is often desirable to record the person
who is speaking. In heated debates, the person who is speaking can change rapidly. In these circumstances, it is
difficult for a human to direct the camera. Knowledge of the location of attendees can be used to automate this
process. This can be done by directing the camera automatically to whoever is speaking.

Large conferences are often held in rooms dedicated for holding conferences. In those rooms wired units are
used which are often fixed in the same location for each conference. Nowadays, the localization of the units is
solved by determining the locations of the units by hand. The process involved is often time intensive. However,
this is not an issue for dedicated conference rooms, as the location of each conference system unit only has to be
measured up once.

Figure 1.1: A conference system unit from the
DICENTIS line that is used during this project

However, not all conferences take place in dedi-
cated rooms. Sometimes conferences are held in lo-
cations where no wired system can be fixed. For such
locations a wireless conference system is used where
the units are placed whenever there is a need for a con-
ference. In that case, locations of each individual con-
ference system have to be redetermined every time,
which is impractical.

Bosch creates portable conference system units
that are used for these conferences like these. Bosch
would like to solve the existing impracticality of mea-
suring by hand by integrating a localization system
into their DICENTIS line of wireless conference sys-
tems. These conference systems consist of a number
wireless conference system units and a central hub.
This central hub connects all the individual conference
system units by relaying the audio recordings from one
unit to the other units. In Figure 1.1 a conference system unit from the DICENTIS line that was used in this project
can be seen. In the ideal case, all conference system units can be localized with just the press of a button. Design-
ing a localization system for such a conference system is the topic of the Bachelor Final Project that this thesis is
a part of.

1



2

State of the art analysis
Localization is an active field of research. As chips are getting cheaper and the power usage keeps declining
wireless sensors are being deployed in large numbers. This is because they deliver very interesting opportunities:
for example, the monitoring of buildings and environments [1]. In many cases the determination of the actual
location of those sensors is very valuable or even required. It is predicted that in 10 years the number of sensors
per person developed countries will exceed one thousand [2]. As such, it becomes impractical if not unfeasible
to perform the localization of these sensors by hand. A well known localization method is the global positioning
system (GPS). However, GPS sensors are relatively expensive, have a high power consumption and obtain poor
accuracy indoors [3].

For these reasons, a lot of research has been done to find different methods to localize sensors. Methods using
different media such as radio frequent and audio have been developed to perform the localization [4]. These
different media can be used in different ways. It is possible to perform localization when only the received signal
strength (RSS) is available by estimating distances using path-loss models [5]. This determination of distances
is called ‘ranging’. Another method of ranging is creating events from which emission times and arrival times
between a pair of nodes can be determined. When both the emission and arrival times are used to localize,
the algorithm is named a Time of Arrival (TOA) algorithm. Many algorithms have been developed to find the
locations of the nodes using this kind of information such as the ones in [6] and [7]. In case only the arrival times
are used the algorithm falls under the Time Difference Of Arrival (TDOA) techniques. Those algorithms use the
differences in arrival time to determine locations [8]. These algorithms are particularly useful in case it is hard
to obtain a precise estimation of the time of emissions. An other technique to localize objects is fingerprinting.
With this technique in advance samples of the received signal strength (RSS) are taken at many places in a
certain environment. The resulting fingerprint can then be used to localize an object which is again placed in
the fingerprinted area. Unlike most ranging techniques like TOA and TDOA this technique is not as sensitive
to an absence of a line of sight [9]. However, an obvious disadvantage of this technique is the requirement of
fingerprinting an environment in advance.

In [10] a method is described which can localize the locations of smartphones quite accurately. However,
the algorithm used makes the assumption the speaker and microphone are colocated. For a smartphone this is
almost the case, however this simplification cannot be made for the system of Bosch where the microphone are
considerably far apart.

Subdivision of the System
From the previous section is follows that localization can be done in many different ways.

For this project it is decided that time-based ranging techniques are used. These ranging techniques will
automate the initially tediousmeasurement process that is done by hand. The first step in finding distances through
time-based ranging is the accurate determination of the arrival times. This is not a trivial task due to different
sources of disturbances such as environmental noise and reflections. Obtaining accurate time measurements in
spite of these challenges is the task of the first subsystem: ‘Ranging’.

Then there are some issues with determining distances directly from the send and receive times. First of all,
conference system units can be wireless. As a result, their system clocks may not be completely synchronized.
This results in a possible difference in the local time each unit. This introduces timing errors. In addition to
this, there are also a number of other delays in the path between transmitter and receiver. For example, there is
an offset between having claimed to send and actually sending a signal. It is clear that, to obtain more accurate
distance measurements from send and receive times, another stage of processing must be done to the timing
information provided by the ”Ranging” step. This is the second stage of the localization process, and is called
‘Delay Estimation’.

Once the timing information has been refined, the distances can be determined using the propagation speed of
the medium. These distances are then used to find the coordinates of the conference system units. This is the third
and last stage of the localization process: the ‘Localization Algorithm’. The localization system is subdivided
into these three stages. An overview of the stages and their respective inputs and outputs are given by Figure 1.2.
This thesis will describe this last stage in the localization process.

Document Structure
The main topic of this thesis is the design and implementation of the localization algorithm for the specific case
of localizing conference system units. Chapter 2 specifies the program of requirements for the whole localization
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Algorithm
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Figure 1.2: Schematic overview of the different stages in the localization process. The last stage, ‘Localization
Algorithm’ will output the coordinates of all the conference system units

system. From these general requirements the requirements for the specific localization algorithm stage are further
elaborated on in chapter 3. In chapter 4 a set of promising existing techniques are judged and compared based
on the requirements described in chapter 3. From these two existing techniques algorithms are selected. These
two algorithms are described in more detail in chapter 5. Their performance is compared in chapter 6. Finally,
conclusions and recommendations are given in chapter 7.



2
Program of Requirements

This is the program of requirements that holds for the complete system. The goal of this program of requirements
is to specify the features of the complete localization system that is to be developed. This is done by listing the
assumptions and requirements of the complete system.
Assumptions
When discussing the system requirements with the contact person at Bosch, there were a set of assumptions that
were allowed to be made. The made assumptions for the overarching project are as follows:

1. As indicated by the representative at Bosch when discussing the system requirements, there is line of sight
between the Bosch DICENTIS units and between any given unit and the access point.

2. Minimal distance between units is 75 cm.

3. Microphones on the Bosch DICENTIS units can accurately capture audio from a distance of at least 30 m.

4. There is at least one unit per 15 m2.

Mandatory requirements
These are criteria of which the system should always, at the very least, comply with. These can be subdivided
into functional and non-functional requirements. Functional requirements being requirements of what the system
must do, and non-functional requirements being attributes that the system must have.

1. Non-Functional requirements

(a) The localization system must be within 10 cm accurate.
(b) The localization system must be scalable up to 120 units.
(c) A 3D localization method is necessary.
(d) The localization should work in conference rooms with dimensions up to 30 × 30 m.

2. Functional requirements

(a) The localization speed should have a maximum duration of 15 minutes for systems of more than 100
units.

(b) The localization speed should have a maximum duration of 5 minutes for systems of less than 20
units.

(c) The localization algorithm has to comply with the current Bosch DICENTIS conference system hard-
ware characteristics.

(d) The localization procedure can only be initiated remote interface, so no one accidentally starts it
during a conference.

(e) The system as a whole should not exceed the maximum allowed sound pressure level.
(f) The addition to the system of Bosch should not bypass any safety precautions taken by Bosch.
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Trade-off requirements
These are criteria of which it is preferable to comply with as much as possible:

1. Minimize the number of manually configured anchor points.

2. Minimize the number of units required for the system to work.

3. The localization should work with the least possible additional hardware.

4. The localization speed should be as fast as possible.

5. The localization should be as accurate as possible.

6. A purely 2D localization method is usable besides a 3D localization method.



3
Design Criteria for Localization

Algorithms
In this chapter the main criteria for designing the localization algorithms are discussed. These are based on
the Program of Requirements, design choices for other subsystems, and limitations of the Bosch DICENTIS
Conference System. These criteria are then summarized in a program of requirements for the subsystem.

3.1. Design Limitations for Localization Algorithm Subsystem
Non Co-location of Receiver and Transmitter
In this project, the signals sent between units are transmitted via audio. As a result, the transmitter and receiver
are the units loudspeaker and the microphone. The loudspeaker and microphone can be up to 30 cm apart. That
is to say, they are not co-located. This is an important criteria, as many algorithms are designed for co-located
transmitter and receiver and thus cannot be used. In principle, the units also have an on board WIFI module,
so Radio Frequent (RF) signals could also have been used. In this case transmitter and receiver are co-located.
However, the DICENTIS units cannot communicate directly with one another: all WIFI communication must be
done through the central hub. This is impractical for many measurement techniques (TOA, TDOA, AOA). This
leaves audio as the only viable signal type, and non co-location must be taken into account.

Measurement Technique
The type of algorithm used is strongly dependent on the type of measurements used. This raises the question:
what type of measurement technique is best? In chapter 1 these measurements were assumed to be time based
distance measurements. However, this does not necessarily have to be the case. For example, instead of using
the measured distance between nodes, it is also possible to use the angle of arrival (AOA) of signals to determine
location [11]. There are also different methods of obtaining distance measurements. For example, instead of using
time, the signal power of the received signals (RSS) can be used to obtain a distance estimate between units. This
can be done by using path loss models which relate loss of signal power to distance in certain environments [12].
However, from the data sheet [13], it can be seen that the conference microphones used with the units are strongly
directional. As a result, the incoming received signal power will depend strongly on the orientation of the units.
This makes AOA and RSS based measurement methods impractical. The choice is to use time based distance
measurement techniques time of arrival (TOA) and time difference of arrival (TDOA) for this project.

Minimum Information Required
Some algorithms require less information to solve the localization problem than others. This can be measured in
two different ways.

• Lower bound on amount of receivers and transmitters: This is the minimum amount of receivers and/or
transmitters required for an algorithm to function. This lower bound can be met by using more DICENTIS
units (each unit adds both a receiver and a transmitter) or by adding additional separate receivers and
transmitters. It is desirable to require no additional hardware and for the system to work with minimal
amounts of units, therefor it is advantageous to keep this bound as low as possible.

6



3.2. Program of Requirements Localization Algorithm Subsystem 7

• Required number of anchor nodes: Anchor nodes are nodes in a network of which the position is known.
In the case of the DICENTIS units, these would be loudspeakers or microphones of which the postion is
known before starting localization. Algorithms can be subdivided into two classes with respect to anchors:
anchor-based and anchor-less algorithms [14]. Anchor-based algorithms use a number of known anchor
nodes to estimate the other nodes in a network. These algorithms typically become better whenmore anchor
nodes are used, and require a minimum amount of anchors to work. Anchor-less algorithms do not require
any anchor nodes. As a result however, the coordinates that follow from an anchor-less algorithm are only
defined up to random translation and rotation. To relate these coordinates to a known coordinate system,
Procrustes analysis can be used to find the appropriate translation and rotation [15]. To do this, at least 3
anchors must be known for 2 dimensional localization problems, and at least 4 anchors must be known for
3 dimensional case.
In the case of the DICENTIS units, it is desirable for there to be as little as possible anchor nodes required,
as these would likely have to be measured by hand.

Scalability and Computational intensity
From the requirements given in chapter 2 it can be seen that the localization system should be scalable up 120
units with a maximum duration of 15 minutes. For this reason, it is important to consider how the time duration
of the algorithm scales with the number units. This run time can be related to the ‘Big O Notation’ [16].

Accuracy in Presence of Noise
In real world situations, measurement noise will be present. For algorithms this noise is typically normally
distributed with zero mean and standard deviation 𝜎. To determine an algorithms robustness in the presence of
noise, simulations can be performed. In the early stages of this project it was determined experimentally that a
standard deviation of 3cm for the distance measurements would be realistic. This models a 95.45% chance of
measurement errors being smaller than 6cm, which is within the requirement of accuracy specified by the program
of requirements.

3.2. Program of Requirements Localization Algorithm Subsystem
Based on the design limitations derived in the previous section, the following program of requirements specific
to the algorithm subsystem can be compiled.
Assumptions

• The errors in the distance measurements have a standard deviation of at most 3 cm.
• There are no missing links in the system, that is, there are distance measurements between all nodes in the
network.

Mandatory requirements
1. Functional requirements

• The localization algorithm must use time-based measurement techniques TOA or TDOA.
• The localization algorithm must provide coordinates for both the three dimensional as well as the two
dimensional case.

2. Non-Functional requirements

• The maximum localization error should be below 10cm, also in presence of noise as specified in
‘Assumptions’.

• The algorithm should be scalable up to 120 units.
• The calculation time of the algorithm should be shorter than 5 minutes for a system of more than 100
units and shorter than 1 minute for a system of less than 20 units.

Trade-Off requirements
3. Non Functional requirements

• The localization algorithm should work with as little anchors as possible.
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• The set-up time should be as easy and fast as possible.
• The localization algorithm should require as little units as possible.
• The localization algorithm should require as little additional hardware (hardware other than DICEN-
TIS units) as possible.

• The localization algorithm should be as accurate as possible and as resistant as possible against noise.
• The run time of the localization algorithm should be as fast as possible.

Key Performance Metrics
• Root Mean Square Error (RMSE)
• Algorithm run-time



4
Analysis of existing techniques

In the previous chapters the the situation surrounding the problem is elaborated. Also an interpretation is made
of what the general program of requirements means for the requirements on the algorithm designed in this thesis.
In this chapter an analysis of existing techniques is performed to decide which techniques are most promising for
the localization of the conference systems.

The design criteria given in the previous chapter strongly narrow the search for a good algorithm. As stated
in the design criteria the localization algorithm should have time measurements as inputs. When both the time of
emission and time of arrival are known, the distance from a source to a microphone can be calculated directly.
In case an algorithm uses this direct distance information it falls under the category of ‘Time Of Arrival’ (TOA)
algorithms. In case the emission times are not available the distance from the source to microphone is not known.
In this case for an sound event it is only possible to calculate the difference in arrival times to all microphones. An
algorithmwhich uses these differences falls under the category of TimeDifference Of Arrival (TDOA) algorithms
[17]. There are several reasons why it may not be possible to know the emission times. For the BOSCH Dicentis
Units, these are difficult to obtain unless the software running on the units is altered. In such cases there is no
choice but using an TDOA algorithm. However, even when estimations of the emission times can be made a
TDOA algorithm can have an advantage over a TOA algorithm. This is because for TOA precise synchronization
between sources and microphones is required. Also the onset time, the time for the generation of a signal, have to
be taken into account for TOA methods [8]. However, TDOA also has a disadvantage to TOA. When the sensors
are very close, the time differences will also become very small. In that case the noise becomes relatively large
[18] and TDOA becomes inaccurate.

Assuming co-location in a non co-located situation introduces large errors. This narrows down the list of
possible algorithms. For example, the algorithm described in [19] simultaneously synchronizes and localizes
units cannot be used due to the co-location assumption. Being limited to only time-based measurement also
narrows down the list. A use number of algorithms use multiple techniques to solve the localization problem, the
so called hybrid algorithms [20]. The algorithm described in [21] for example uses RSS to detect for lack of line
of sight in TOA measurements.

Finally, 4 algorithms are found to be promising. These are analyzed in more detail below using the criteria
given in chapter 3 to judge which one is best fit to the problem at hand.

4.1. TDOA Algorithms
Anchorless TDOA
ATDOAalgorithm that suits the subsystems criteria well is one based on a paper by Pollefeys [22]. This algorithm
can work without anchors and does not assume co-location of receivers and transmitters. Both receivers and
transmitters are estimated. The algorithm works by first estimating the emission times of the sources. This is this
algorithms main strength, as it requires only arrival times to fully solve the localization problem. The emission
time estimation part of the algorithm requires at least 5 sources and 10 microphones to work. These emission
times are then used to estimate distances between sources and microphones, similarly to TOA algorithms. In
the algorithm an least squares problem is set up and then a number of steps are performed to simplify this least
squares problem. Finally this results in a closed form solution, rather than an iterative solution. This has the
advantage of lower computational complexity than if it were an iterative solution.

9



4.2. TOA Algorithms 10

Simulations of this algorithm show that it is relatively inaccurate in presence of noise. The process of esti-
mating emission times works well in the noise free case, but errors are present when noise is included.

TDOA Fusion
An other TDOA algorithm is described in [23]. At least three or four anchors anchors are required in case
localization is performed in respectively 2 or 3 dimensions. This means the algorithm is anchor-based. As
mentioned, this comes with the disadvantage that the anchors must be measured beforehand. This algorithm can
localize either microphones or sources: not both however. The anchors can be microphones to localize sources,
or sources to localize microphones. Nodes are localized completely independently from each other. This has
two advantages. First of all, there is no minimum number of nodes required for successful localization: only a
minimum number of anchors. Secondly, this means that the algorithm scales linearly with the number of to be
estimated nodes. This means very low computational complexity. In addition to this, the problem is formulated
in such a way that a closed form solution is obtained.

This algorithm is relatively accurate, even in presence of measurement noise. Its performance scales with the
number of anchors used.

4.2. TOA Algorithms
Multidimensional Scaling
A well known algorithm is Multidimensional Scaling (MDS). It is an algorithm used for many different applica-
tions. Given the complete set of pairwise distances between nodes, MDS tries to assign relative coordinates to
all nodes such that the locations fit the data the best. This algorithm is not only used for localization problems
but also for visualization of all kind of experimental results [24]. MDS scales with the cube of the to be located
nodes. In principe, it is an anchor-less algorithm. It requires atleast 3 nodes for 2 dimensions or 4 nodes for 3
dimensions [25].

The main problemwithMDS for our system is that it requires pairwise distances between all nodes. However,
the distance measurements can only be performed from speakers to microphones and not from microphone to
microphone or from speaker to speaker. Consequently, pairwise distances can not directly be obtained. This is
due to the loudspeaker and microphone not being co-located: there will be two different distances between two
DICENTIS units.

If the average of these two distances is computed a kind-of pairwise distance is obtained. This setup was sim-
ulated for different co-location offsets, estimating the real distances between microphone and loudspeaker. The
co-location offset is defined as the distance from the source to the microphone of an unit. It turns out that for very
small offsets this method does still give accurate results, but for distances over 5cm soon the localization errors
became very large. This confirms that the non co-location of the situation introduces large errors in algorithms
that assume co-location.

A bilinear method
An other interesting algorithm is the algorithm described in [6]. The algorithm is able to localize individual
sources and microphones without knowledge of the position of any of them, similar to the algorithm by Pollefeys.
This makes it an anchor-less algorithm. First, a closed form solution is found. This closed form solution has as a
requirement that at least one microphone is co-located with one source. All other measurements do not have to
be co-located. This closed form solution is then used as a starting point for further refinement using an iterative
technique gradient descent. Being an iterative algorithm, it is typically relatively computationally complex. The
algorithm requires at least four sources and four microphones to work.

Tests of the algorithm show high accuracy. This is likely due to the refinement of closed form solution using
gradient descent.

4.3. Final Selection of Algorithms
To get an better view which algorithms performs best all are implemented and tested in a basic situation. A
comparison of all algorithms can be seen in Table 4.1. From this table it immediately becomes clear that the
Pollefeys TDOA algorithm and the MDS TOA algorithm have clear disadvantages. Both are very inaccurate. In
addition to this, the Pollefeys TDOA algorithm requires a large amount of receivers to work, which is undesirable.

This leaves the TOA algorithm based on Crocco and the TDOA-Fusion algorithms as main contenders. The
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Table 4.1: Algorithm comparison based on the criteria given in chapter 3

Algorithm Measurement Colocation
Assumed

Minimum for 3D Anchor
Taxonomy Accuracy Computational

ComplexityReceivers Sources
Pollefeys TDOA No 10 5 Anchor-less - +
TDOA-Fusion TDOA No 4 1 Anchor-based + ++
Crocco TOA No 4 4 Anchor-less ++ –
Averaged-MDS TOA Yes 4 4 Anchor-less – -

TOA algorithm has a high accuracy at cost of high computational complexity. For the TDOA algorithm, the
computational complexity is quite low while the accuracy is still decent. The main disadvantage of the TDOA
algorithm is that it is anchor-based and thus always requires the anchors to be measured up before the localization
can be started. In addition to this, the TDOA algorithm only localizes either sources or microphones, not both.
Crocco is typically more accurate, but as was mentioned, TDOA is less prone to measurement offsets than TOA.

As neither algorithm is clearly better than the other, both algorithms will be implemented fully. The design
of both algorithms are discussed in chapter 5. Their implementations are tested through simulations and a real
world tests in chapter 6 to get an indication of which algorithm is better.
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Design of Algorithms

This chapter details the design of the TOA and TDOA algorithms. The algorithms are based on the papers by
Crocco [6] and Sayed [23] respectively. First the notation and definitions used in the explanation of both algorithm
are introduced.

5.1. Notation and Definitions
This section defines the notation is used for the theory behind the TOA and TDOA algorithms. The dimension 𝒟
of the localization problem can be 2D or 3D. The notation introduced in this section hold for both, but examples
are given in 3D coordinates.

Consider 𝑁 receivers (microphones) in 𝒟-dimensional space. The coordinates of the location of receiver 𝑖
are denoted in Cartesian coordinates with a column vector as r𝑖 = (𝑥𝑖, 𝑦𝑖, 𝑧𝑖)T. The receiver location matrix R
is of size (𝑁 × 𝒟) and is defined as:

R =
⎡
⎢⎢
⎣

r1
T

r2
T

⋮
r𝑁

T

⎤
⎥⎥
⎦

(5.1)

In similar fashion, consider𝑀 acoustic sources in𝒟-dimensional space. Acoustic sources can be soundmade by a
speaker, or even hand claps. The coordinates of the location of acoustic source 𝑗 are denoted by s𝑗 = (𝑎𝑗, 𝑏𝑗, 𝑐𝑗)T.
The acoustic source coordinate matrix S is of size (𝑀 × 𝒟) and is defined as:

S =
⎡
⎢⎢
⎣

s1
T

s2
T

⋮
s𝑀

T

⎤
⎥⎥
⎦

(5.2)

Time of flight (TOF) is the time that it takes a signal from source 𝑗 to reach receiver 𝑖. To measure TOF, it is
required to know the emission time of the signal from the source and the arrival time of the signal at the receiver.
Typically, this is done through TOA measurements. However, the term TOF is used as TOA measurements
can contain measurement offsets such as onset times and internal delays. TOF assumes these delays to not be
present. The estimated distance 𝑑𝑖𝑗 between receiver 𝑖 and acoustic source 𝑗 can be determined based onmeasured
TOF. A measured TOF 𝑡𝑖𝑗 between receiver 𝑖 and acoustic source 𝑗 likely contain a measurement errors. This
measurement error can modelled using a normally distributed random variable 𝑋 with zero mean and variance
𝜎2. The measured TOF 𝑡𝑖𝑗 can then be expressed as:

𝑡𝑖𝑗 = 𝑐−1‖r𝑖 − s𝑗‖ + 𝑛𝑖𝑗 (5.3)

In this equation, 𝑐 represents the signal propagation velocity and 𝑛𝑖𝑗 is a realisation of the measurement noise
random variable 𝑋 ∼ 𝒩(0, 𝜎2). From this TOF measurement an estimated distance 𝑑𝑖𝑗 is expressed as:

𝑑𝑖𝑗 = 𝑐 ⋅ 𝑡𝑖𝑗 (5.4)

12
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These estimated distances are put in the estimated distances matrix D where D𝑖𝑗 = 𝑑𝑖𝑗 for 1 ≤ 𝑖 ≤ 𝑁 and
1 ≤ 𝑗 ≤ 𝑀 . With this the distances matrixD contains the distances between all receiver-source pairs.

Tomeasure TOF, the emission times for all the sources are required. In some cases, emission times are difficult
to determine or unknown. In this case, Time Difference of Arrival (TDOA) measurements can be used instead.
For TDOA measurements, the difference in arrival time of a signal sent by a source 𝑗 between a receiver 𝑖 and
a reference receiver 𝑘 is calculated. This TDOA measurement is expressed using the notation Δ𝑡𝑖𝑘. The TDOA
measurement Δ𝑡𝑖𝑘 for a source 𝑗 is expressed as the difference between two TOF measurements:

Δ𝑡𝑖𝑘 = 𝑡𝑖𝑗 − 𝑡𝑘𝑗
= 𝑐−1 (𝑑𝑖𝑗 − 𝑑𝑘𝑗)

(5.5)

Again assuming 𝑁 receivers and 𝑀 sources. The equation above holds for 1 ≤ 𝑖 ≤ 𝑁 for a source 𝑗 where
1 ≤ 𝑗 ≤ 𝑀 . One reference receiver 𝑘 can be chosen from the any of the 𝑁 receivers. This reference receiver 𝑘
functions as a time reference for all TDOA measurements. This is to ensure that all TDOA measurements are in
reference to the same time scale. The TDOA measurement can be related to a distance Δ𝑑𝑖𝑘 by multiplying with
the propagation velocity 𝑐:

Δ𝑑𝑖𝑘 = 𝑐Δ𝑡𝑖𝑘 (5.6)

This distance can then be written in terms of TOF measurements by using (5.5):

Δ𝑑𝑖𝑘 = 𝑑𝑖𝑗 − 𝑑𝑘𝑗 (5.7)

(5.7) gives an interpretation of the distance Δ𝑑𝑖𝑘. Namely the difference in distances of receiver r𝑖 and reference
receiver r𝑘 to a common source s𝑗.

5.2. TDOA-Fusion Algorithm
Using the definitions defined in the previous section, an algorithm to find source coordinate matrix S is derived.
This algorithm is given in general dimension𝒟, so it can be easily adapted for 2D and 3D. This algorithm requires
complete or partial knowledge of the receiver coordinatesR to find source coordinates S. In principle, this can be
done the other way around as well: S can be used to findR. The derivation is given for the former case however.

The algorithm works as follows. Each source s𝑗 is determined independently of one another, using the dif-
ference in arrival time of its signal to all 𝑁 microphones. As mentioned in section 5.1, TDOA measurements are
defined relative to a common reference receiver 𝑘. This 𝑘 can be chosen out of any of the 𝑁 known receivers.
After a 𝑘 is chosen, the resulting TDOAmeasurements are enough to localize a source s𝑗. This is done by rewrit-
ing the equations defined in section 5.1 to a specific matrix equation, from which a closed form solution for s𝑗
can be found.

However, the resulting s𝑗 will differ based off of the chosen reference receiver 𝑘. The reason for this is that
for one reference 𝑘 only 𝑁 different TDOA measurements Δ𝑑𝑖𝑘 are used, as for 𝑖 it holds that 1 ≤ 𝑖 ≤ 𝑁 . For
different choices of reference receiver 𝑘 different sets of 𝑁 TDOA measurements are used. The TDOA fusion
algorithm exploits this fact by performing the estimation of s𝑗 for each possible choice of reference receiver 𝑘.
This results in 𝑁 different estimations of s𝑗 that can then be averaged to find a final estimation of s𝑗. This result
should be more accurate, because more information is used to determine s𝑗.

Now that the general idea of the TDOA fusion algorithm is clear, the algorithm is derived.

Finding a Closed Form Solution
The TDOA-Fusion algorithm will now be explained in more detail. The first step in this process is finding a
closed form solution for s𝑗. The first step in doing so is rewriting (5.7) from section 5.1 and squaring it:

(Δ𝑑𝑖𝑘 + 𝑑𝑘𝑗)
2 = 𝑑2

𝑖𝑗 (5.8)

By expressing 𝑑𝑖𝑗 and 𝑑𝑘𝑗 in the expression above in terms of euclidean distance using (5.4) and (5.3), expanding
terms, and rearranging, the following expression is obtained:

(r𝑖 − r𝑘) ⋅ s𝑗 = −𝑑𝑘𝑗Δ𝑑𝑖𝑘 + 1
2 (‖r𝑖‖

2 − ‖r𝑘‖2 − Δ𝑑2
𝑖𝑘) (5.9)



5.2. TDOA-Fusion Algorithm 14

To see exactly how this expression is obtained, please consult appendix A.1. (5.8) can now be expressed as a
matrix equation. (5.9) describes a system of equations that holds for 1 ≤ 𝑖 ≤ 𝑁 for a chosen reference receiver 𝑘
and source 𝑗. As mentioned before, the goal is to find s𝑗 for a specific reference receiver 𝑘. As such, the matrix
equation will be setup in such a way that a closed form solution for s𝑗 for a specific reference receiver 𝑘 can be
found.

To do this, a number of matrices and vectors must be defined first. First, define matrix A𝑘 which contains
the first term in (5.9).

A𝑘 =

⎡
⎢
⎢
⎢
⎢
⎣

(r1 − r𝑘)T
⋮

(r𝑘−1 − r𝑘)T
(r𝑘+1 − r𝑘)T

⋮
(r𝑁 − r𝑘)T

⎤
⎥
⎥
⎥
⎥
⎦

(5.10)

Note that this matrix is relative to a specific r𝑘: each choice of 𝑘 corresponds to a different 𝐴𝑘 matrix. Lastly,
note that the row for which 𝑖 = 𝑘 is omitted in matrix. This is to prevent a redundant zero row in the matrix.

Next, vector b𝑘 is defined. This vector contains the TDOA distance measurement contained in (5.9), Δ𝑑𝑖𝑘.
Similarly to the 𝐴𝑘 matrix, the row for which 𝑖 = 𝑘 is omitted.

b𝑘 =

⎡
⎢
⎢
⎢
⎢
⎣

−Δ𝑑1𝑘
⋮

−Δ𝑑𝑘−1𝑘
−Δ𝑑𝑘+1𝑘

⋮
−Δ𝑑𝑁𝑘

⎤
⎥
⎥
⎥
⎥
⎦

(5.11)

Lastly, define the vector c𝑘. This vector contains the final term in (5.9).

c𝑘 = 1
2

⎡
⎢
⎢
⎢
⎢
⎢
⎣

‖r1‖2 − ‖r𝑘‖2 − Δ𝑑2
1𝑘

⋮
‖r𝑘−1‖2 − ‖r𝑘‖2 − Δ𝑑2

𝑘−1𝑘
‖r𝑘+1‖2 − ‖r𝑘‖2 − Δ𝑑2

𝑘+1𝑘
⋮

‖r𝑁‖2 − ‖r𝑘‖2 − Δ𝑑2
𝑁𝑘

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(5.12)

These definitions are used to write the system of equations defined by (5.9) as a matrix equation. This is done as
follows:

A𝑘s𝑗 = 𝑑𝑘𝑗b𝑘 + c𝑘 (5.13)

However, this equation only holds given that there is no measurement noise. When there is measurement noise,
it can be recast into a linear least squares problem where an estimate of s𝑗 is found such that it minimizes the cost
function.

arg min
s𝑗

∥A𝑘s𝑗 − (𝑑𝑘𝑗b𝑘 + c𝑘)∥2
(5.14)

In the case of a linear least squares problem, an estimate for s𝑗 is found by rewriting (5.13) by using the pseudo-
inverse of matrix A𝑘. This is necessary, as matrix A𝑘 is not square. Denoting the pseudo-inverse of matrix A𝑘
asA+

𝑘 , the least square estimate for s𝑗 is:

s𝑗 = A+
𝑘 (𝑑𝑘𝑗b𝑘 + c𝑘) (5.15)

Aswasmentioned before, it is assumed that𝑁 entries of the receiver positionmatrixR are known. In combination
with the TDOA distances, this implies that matrices A𝑘 and vectors b𝑘 and c𝑘 are known in (5.15). The vector
s𝑗 and the distance between reference receiver 𝑘 and source 𝑗, 𝑑𝑘𝑗, remain unknown. To solve this problem, an
additional equation must be added. This is found in the definition of 𝑑𝑘𝑗:

𝑑2
𝑘𝑗 = ∥r𝑘 − s𝑗∥

2
(5.16)
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The solution to this problem is found by substituting the least square estimate for s𝑗 into (5.16) and solving for
𝑑𝑘𝑗 using the quadratic equation. The result is then substituted into (5.15) to find sj. This is done in appendix A.2.
Rewriting gives the following quadratic form:

0 = 𝛼𝑑2
𝑘𝑗 + 𝛽𝑑𝑘𝑗 + 𝛾 (5.17)

Where 𝛼, 𝛽, and 𝛾 are:

𝛼 = ∥A+
𝑘b𝑘∥2 − 1 (5.18)

𝛽 = 2(A+
𝑘b𝑘) ⋅ (A+

𝑘 c𝑘) − 2r𝑘 ⋅ (A+
𝑘b𝑘) (5.19)

𝛾 = ‖r𝑘‖2 + ∥A+
𝑘 c𝑘∥2 − 2r𝑘 ⋅ (A+

𝑘 c𝑘) (5.20)

This gives the following solution for 𝑑𝑘𝑗:

𝑑𝑘𝑗 = −𝛽 ± √𝛽2 − 4𝛼𝛾
2𝛼 (5.21)

As this is a solution for the quadratic equation, two solutions are possible. The definition of 𝑑𝑘𝑗 ensures that
it is always positive. As a result, the positive solution of the two is always chosen. This value of 𝑑𝑘𝑗 is then
substituted into (5.15), yielding the closed-form solution s𝑗 for reference receiver 𝑘. Let s𝑗;𝑘 denote the estimate
for s𝑗 corresponding to reference receiver 𝑘. The steps described above can now be performed for all 𝑁 possible
choices for reference receiver 𝑘. The results can then be averaged to obtain a final estimate for s𝑗:

s𝑗 = 1
𝑁

𝑁
∑
𝑚=1

s𝑗;𝑚 (5.22)

This procedure can be followed for all sources to localize an arbitrarily high amount of sources. It is interesting
to note that a TDOA Fusion can also be used when TOF measurements are available. In this case the 𝑑𝑘𝑗 term
will be known and does not need to be calculate by solving a quadratic equation.

5.3. TOA Algorithm
This section describes an algorithm which requires knowledge of departure times as well as arrival times. The
algorithm is based on the algorithm of Crocco [6]. In contrast to the algorithm described in the previous section,
this algorithm can retrieve both the receiver and source locations. This algorithm can work for both 2D and 3D
localization problems.

Formulation of the Problem
The goal of the localization problem is to estimate the receiver and source locations contained in matricesR and
S respectively. This can be done by finding estimations for the locations for receivers and sources such that they
are in correspondence with the estimated distance measurements between them. This can be done by solving the
following nonlinear least squares problem:

R̂, Ŝ = arg min
𝑅, 𝑆

𝑁
∑
𝑖=1

𝑀
∑
𝑗=1

[‖r𝑖 − s𝑗‖ − 𝑑𝑖𝑗]
2 (5.23)

The receiver and source locations are estimated by choosing the receiver and source locations in such a way that
the difference between distance between them (‖r𝑖 − s𝑗‖) and the estimated distance (𝑑𝑖𝑗) is minimized. The
estimated receiver and source location matrices R̂ and Ŝ for which the sum of all these differences is as small as
possible gives a solution to the localization problem.

However, solving (5.23) directly is difficult due to the presence of many local minima. If the solution of the
minimization is in a local minimum rather than in the global minimum, the solution will not be optimal. Nonlinear
least squares problems are often solved using iterative algorithms. These algorithms require an initial estimate.
Choosing a good initial estimate forR and S will reduce the chance of getting stuck in a local minimum.

Another thing to note during the solving of (5.23) is the presence of multiple global minima. The reason for
this is that the coordinate system used for the sources and receivers in (5.23) is invariant to translation, rotation and
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reflection about the 3 axis. This is because only distances between estimated sources and receivers are considered.
For example, rotating both receiver r𝑖 and source s𝑗 about an axis does not change the distance ‖r𝑖 − s𝑗‖ between
them. This invariance can be resolved by fixing the coordinate system by imposing constraints on the coordinates
of a number of receivers and sources. An example of one of the constraints could be fixing the first source in the
origin: s1 = (0, 0, 0). These constraints can also be applied after finding R̂ and Ŝ as every global minimum can
be transformed into another one. The rotation, translation and reflection required to transform one global minima
to another can be found through Procrustes analysis.

Closed-Form Approach
As is mentioned above, solving (5.23) requires a good initial estimate forR and S. Crocco [6] describes a method
to find such an initial estimate. Currently, the nonlinear least squares problem given by (5.23) has 3(𝑁 + 𝑀)
unknowns. This can be reduced to a nonlinear least squares problem with only 9 unknowns. Solving this problem
is easier and will provide the initial estimate for solving (5.23). The closed form solution has only one restriction
about the measurements: the first source and microphone need to be co-located. If the first event and microphone
are not co-located but relatively close to each other, the closed form solution will still give a good initial guess
for problem the problem stated in (5.23).

Bilinear Matrix Form
To find this simplified nonlinear least squares problem, consider a situation for which there are no TOF measure-
ment errors. When this is the case, the estimated distances 𝑑𝑖𝑗 and the distance between receiver r𝑖 and source s𝑗
should be equal for all 𝑖 and 𝑗. In this, case the following expression holds for all 𝑖 and 𝑗:

‖r𝑖 − s𝑗‖2 = 𝑑2
𝑖𝑗 (5.24)

This gives a set of 𝑁𝑀 equations. The next step to slightly rewrite these equations into so-called bilinear form.
The reasoning for this is that this bilinear form of the set of equations given by (5.24) has a useful matrix equation
form. When an equation is in bilinear form, it means that it is linear in each of its two argument separately. In
the case of (5.24), these two arguments are r𝑖 and s𝑗. Currently, (5.24) is not in bilinear form. To see this, the
euclidean norm in (5.24) is expanded (for 3 dimensions):

𝑥2
𝑖 + 𝑦2

𝑖 + 𝑧2
𝑖 + 𝑎2

𝑗 + 𝑏2
𝑗 + 𝑐2

𝑗 − 2𝑥𝑖𝑎𝑗 − 2𝑦𝑖𝑏𝑗 − 2𝑧𝑖𝑐𝑗 = 𝑑2
𝑖𝑗 (5.25)

Clearly, a linear increase in input argument leads to a quadratic increase in the equation above. In this case, the
issue is that there are six quadratic terms. To acquire a bilinear form, these must be eliminated. To do this, first,
subtracting the (1, 𝑗)th equation of the set given by (5.24) from the (𝑖, 𝑗)th gives:

‖r𝑖 − s𝑗‖2 − ‖r1 − s𝑗‖2 = 𝑑2
𝑖𝑗 − 𝑑2

1𝑗 (5.26)

This gives a new set of (𝑁 − 1)𝑀 equations. In similar fashion, subtracting the (𝑖, 1)th equation of the set given
by (5.26) from the (𝑖, 𝑗)th gives:

‖r𝑖 − s𝑗‖2 − ‖r1 − s𝑗‖2 − ‖r𝑖 − s1‖2 + ‖r1 − s1‖2 = 𝑑2
𝑖𝑗 − 𝑑2

1𝑗 − 𝑑2
𝑖1 + 𝑑2

1𝑗 (5.27)

Which is a set of (𝑁 − 1)(𝑀 − 1) equations with 2 ≤ 𝑖 ≤ 𝑁 and 2 ≤ 𝑗 ≤ 𝑀 . This is the desired bilinear form.
This see this, the euclidean norms in (5.27) are expanded and the terms are collected. The resulting expression
is:

− 2(r𝑖 − r1) ⋅ (s𝑗 − s1) = 𝑑2
𝑖𝑗 − 𝑑2

1𝑗 − 𝑑2
𝑖1 + 𝑑2

1𝑗 (5.28)

In this case a linear increase in either r𝑖 or s𝑗 result in a linear increase in the equation. This confirms that this is
indeed the bilinear form. The bilinear set of equations given by (5.28) can be expressed as a matrix equation. To
do this a number of new matrices must be defined.

First, the ((𝑁 − 1) × 𝒟) matrix R̃ can be defined as:

R̃ =
⎡
⎢⎢
⎣

(r2 − r1)T
(r3 − r1)T

⋮
(r𝑁 − r1)T

⎤
⎥⎥
⎦

(5.29)
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In similar fashion, the ((𝑀 − 1) × 𝒟) matrix S̃ can be defined as:

R̃ =
⎡
⎢⎢
⎣

(s2 − s1)T
(s3 − s1)T

⋮
(s𝑀 − s1)T

⎤
⎥⎥
⎦

(5.30)

Finally, the entries of the (𝑁 − 1 × 𝑀 − 1) adjusted estimated distances matrix D̃ are defined as:D̃𝑖−1,𝑗−1 =
𝑑2

𝑖𝑗 − 𝑑2
1𝑗 − 𝑑2

𝑖1 + 𝑑2
1𝑗 for 2 ≤ 𝑖 ≤ 𝑁 and 2 ≤ 𝑗 ≤ 𝑀 . Using these definitions the bilinear system of equations

given by (5.28) are written as:
− 2R̃S̃T = D̃ (5.31)

Rank Approximation via Singular Value Decomposition
Both R̃ and S̃ are at most rank 𝒟 because they have the amount of columns equal to the localization problem
dimension 𝒟. For this reason, the matrix product between R̃ and S̃T as given by (5.31) should be at most rank 𝒟
as well. However, when the distance measurements which determine D̃ are noisy this is probably not the case.
As stated by the Eckart–Young–Mirsky theorem a low-rank approximation of a matrix can be found using the
singular value decomposition (SVD) [26]. This approximation is found by only considering the first 𝑘 singular
values for a rank 𝑘 approximation. So by calculating the SVD of D̃ and only considering the first 𝒟 singular
values the best rank 𝒟 approximation of D̃ is found. Then the SVD of D̃ is shown in (5.32).

D̃ = UVW (5.32)

The rank 𝒟 approximation is then found by only considering the first 𝒟 singular values found on the diagonal
of matrixV. This is done by truncatingV to a (𝒟 × 𝒟) matrix which only contains the first 𝒟 singular values.
After truncation, matrixU is ((𝑁 − 1) × 𝒟), and matrixV is (𝒟 × (𝑀 − 1)).

It is important to note however, that it is assumed that matrices R̃ and S̃ are in fact rank 𝒟. For this to be
the case, they must have at least 𝒟 linearly independent rows. This can only be accomplished if there are at least
𝒟 + 1 of each receivers and sources (due to the first source/receiver being subtracted from the rest). In addition
to this, they may not be located in the same plane for 𝒟 = 3 or not on the same line for 𝒟 = 2. Otherwise the
rows will not be linearly independent of one another. This is the origin for the lower bound for the amount of
receivers and sources for this algorithm.

The rank-approximated matrix D̃ allows R̂ and Ŝ to be expressed in terms of the components of the SVD.
This is done using a so-called mixing (𝒟 × 𝒟) matrix C to combine (5.32) and (5.31) as follows:

R̃ = UC (5.33)

−2S̃T = C
−1
VW (5.34)

As aforementioned, a closed form solution can be found when the first source and the first receiver coincide:
s1 = r1. Additionally, due to the invariance of translation and rotation of the solution, this first source and receiver
can be freely chosen in the origin. In that caseR and S can easily be obtained from R̃ and S̃ respectively. With
source and receiver co-located in the origin, there is still invariance of rotation. This fact can be exploited to rotate
matrixC to an upper triangular matrix. This can be done as follows. Consider (5.33) rotated by post multiplying
R̂ by a (𝒟 × 𝒟) rotation matrix Z:

R̃Z = UCZ (5.35)

It can be seen that a rotation of R results in a rotation of matrix C. As the rotation matrix Z can be arbitrarily
chosen, the matrix C can be arbitrarily rotated. C is a real square matrix, so it can be decomposed into an
orthogonal matrixQ and upper triangular matrix P using QR-factorization.

CZ = QPZ (5.36)

Q is also a rotation matrix. It applies a certain rotation to P to create C. If Z is chosen such that it undoes the
rotation of Q, then the desired upper triangular matrix P is obtained. As a result, C can always be transformed
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into an upper triangular matrix. P is essentially a particular rotation of all possible C matrices. This new P
matrix is used to rewrite (5.33) and (5.34) into:

R̃ = UP (5.37)

−2S̃T = P
−1
VW (5.38)

A new nonlinear least squares problem can be defined based on (5.26). This nonlinear least squares problem is
then rewritten in terms of matrices U, V, W, and P. This will eventually yield a closed the solution. First,
defining the new non-linear least squares problem as:

R̂, Ŝ = arg min
𝑅,𝑆

𝑁
∑
𝑖=2

𝑀
∑
𝑗=2

[‖r𝑖 − s𝑗‖2 − ‖r1 − s𝑗‖2 − 𝑑2
𝑖𝑗 + 𝑑2

1𝑗]
2

(5.39)

This expression is rewritten in terms of the entries of the matrices R̃ and S̃ by using r1 = s1 = 0 and expanding
the norms in (5.39).

R̂, Ŝ = arg min
�̃�, ̃𝑆

𝑁
∑
𝑖=2

𝑀
∑
𝑗=2

[‖r𝑖‖
2 + 2r𝑖 ⋅ s𝑗 − 𝑑2

𝑖𝑗 + 𝑑2
1𝑗]

2
(5.40)

this is equivalent to:

R̂, Ŝ = arg min
�̃�, ̃𝑆

𝑁
∑
𝑖=2

𝑀
∑
𝑗=2

[‖r𝑖 − r1‖2 + 2(r𝑖 − r1) ⋅ (s𝑗 − s1) − 𝑑2
𝑖𝑗 + 𝑑2

1𝑗]
2

(5.41)

Expressing the equation above in terms of entries of matrices R̃ and S̃ allows for expression in terms of the
entries ofU,V,W, and P using the previously defined relations. This reduces the minimization problem from
one of size (𝑁 − 1)(𝑀 − 1) to one in terms of the 6 entries of matrix P. This is difficult to do in general
dimension 𝒟 however. Therefore, it is shown for 𝒟 = 3. The derivation for the two dimensional case is shown
in appendix A.3. Per term in (5.41), the following matrix relation should be used:

2 ‖r𝑖 − r1‖2 Can be expressed using the 𝑖th row of: R̃ = UP (5.42)

2(r𝑖 − r1) ⋅ (s𝑗 − s1) Can be expressed using (𝑖, 𝑗)th entry of: −2R̃S̃T = UVW (5.43)

Using these relations, (5.41) is rewritten to:

P̂ = arg min
𝑃

𝑁
∑
𝑖=2

𝑀
∑
𝑗=2

[(𝑃11𝑈𝑖1)2 + (𝑃12𝑈𝑖1 + 𝑃22𝑈𝑖2)2 + (𝑃13𝑈𝑖1 + 𝑃23𝑈𝑖2 + 𝑃33𝑈𝑖3)2

+𝑈𝑖1𝑉11𝑊1𝑗 + 𝑈𝑖2𝑉22𝑊2𝑗 + 𝑈𝑖3𝑉33𝑊3𝑗 − 𝑑2
𝑖𝑗 + 𝑑2

1𝑗]2 (5.44)

Expanding exponent terms:

P̂ = arg min
𝑃

𝑁
∑
𝑖=2

𝑀
∑
𝑗=2

[𝑈2
𝑖1(𝑃 2

11 + 𝑃 2
12 + 𝑃 2

13) + 𝑈2
𝑖2(𝑃 2

22 + 𝑃 2
23) + 𝑈2

𝑖3(𝑃 2
33) + 2𝑈𝑖1𝑈𝑖3(𝑃13𝑃33)

+2𝑈𝑖1𝑈𝑖2(𝑃12𝑃22 + 𝑃13𝑃32) + 2𝑈𝑖2𝑈𝑖3(𝑃23𝑃33) − 𝑘𝑖𝑗]2 (5.45)

Where: 𝑘𝑖𝑗 = −𝑈𝑖1𝑉11𝑊1𝑗 − 𝑈𝑖2𝑉22𝑊2𝑗 − 𝑈𝑖3𝑉33𝑊3𝑗 + 𝑑2
𝑖𝑗 − 𝑑2

1𝑗 (5.46)
This equation will be transformed into a matrix equation, leading to the closed form solution which will provide
the entries to the P matrix. To do this a number of matrices and vectors need to be defined. First, define the
vector k which contains the values of 𝑘𝑖𝑗 for 1 ≤ 𝑖 ≤ 𝑁 − 1 and 1 ≤ 𝑗 ≤ 𝑀 − 1.

k =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑘11
𝑘21

⋮
𝑘𝑁−1,1

𝑘12
⋮

𝑘𝑁−1,𝑀−1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(5.47)
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Define vector g𝑖 as:

g𝑖 =

⎡
⎢
⎢
⎢
⎢
⎣

𝑈2
𝑖1

𝑈2
𝑖2

𝑈2
𝑖3

2𝑈𝑖1𝑈𝑖2
2𝑈𝑖1𝑈𝑖3
2𝑈𝑖2𝑈𝑖3

⎤
⎥
⎥
⎥
⎥
⎦

(5.48)

These individual column vectors are put into the rows of a matrixG for 1 ≤ 𝑖 ≤ 𝑁 − 1:

G =
⎡
⎢⎢
⎣

g1
T

g2
T

⋮
g𝑁−1

T

⎤
⎥⎥
⎦

(5.49)

Define the (𝑁 − 1)(𝑀 − 1) × 6 matrixH containing matrixG vertically stacked 𝑀 − 1 times. Lastly, define f
as the vector containing the unknown terms of P:

f =

⎡
⎢
⎢
⎢
⎢
⎣

𝑃 2
11 + 𝑃 2

12 + 𝑃 2
13

𝑃 2
22 + 𝑃 2

23
𝑃 2

33
𝑃12𝑃22 + 𝑃13𝑃23

𝑃13𝑃33
𝑃23𝑃33

⎤
⎥
⎥
⎥
⎥
⎦

(5.50)

The minimization problem given in (5.45) can now be expressed in matrix form. This minimization problem is a
linear least squares problem that finds the entries of the vector f .

f = arg min
f

‖Hf − k‖2 (5.51)

The solution to this linear least squares problem is given by:

f = (HTH)−1HTk (5.52)

Once f is found, its definition (5.50) can are used to find the entries of matrixP. This involves solving a quadratic
system of equations, with the following solution:

𝑃33 = ±√𝑓3 𝑃23 = 𝑓6/𝑃33 (5.53)

𝑃22 = ±√𝑓2 − 𝑃 2
23 𝑃13 = 𝑓5/𝑃33 (5.54)

𝑃12 = (𝑓4 − 𝑃13𝑃23)/𝑃22 𝑃11 = ±√𝑓1 − 𝑃 2
12 − 𝑃 2

13 (5.55)

This fully defines P. R and S can be now be found by substituting the values of P into (5.37) and (5.38). This
concludes the finding of the closed form solution.

Refinement of closed form solution
With the closed form approach a solution for the system is found in case the first source and microphone are
co-located. However, in case noise is present this solution does not necessarily needs to be the optimal solution
to the least squares problem of (5.23). This is because the closed form solution finds the solution to the least
squares problem of (5.39). This is a simplified version of the original least squares problem, mainly due to the
rank-𝒟 approximation step. Furthermore, although with an increasing error, from simulations it turns out that the
closed form approach does also give reasonable results in case the first source and microphone are not perfectly
co-located. This means that the closed form solution can be a good starting point for the original least squares
problem to refine these obtained coordinates both in presence of noise or in case of co-location offsets. This is
because it is likely that the closed form solution is close to the global minimum of(5.23).

In this section section a method, the gradient descent algorithm, is explained which can solve the least squares
problem using the coordinates obtained from the closed form solution. The cost function that needs to be mini-
mized is shown in (5.56).
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𝑓(R,S) =
𝑁

∑
𝑖=1

𝑀
∑
𝑗=1

[‖r𝑖 − s𝑗‖ − 𝑑𝑖𝑗]
2 (5.56)

The gradient descent algorithm tries to minimize this cost function by iteratively adjustingR and S in such a
way that the total cost decreases every step. In what direction and with what relative size every variable should
change is determined by calculating the partial derivatives of 𝑓 to all variables. Then every variable is indepen-
dently updated with a small step in the decreasing cost direction.

The coordinate matrices R and S are stacked to obtain the matrix X. This ((𝑁 + 𝑀) × 𝒟) matrix is given
by (5.57).

X =

⎡
⎢
⎢
⎢
⎢
⎣

r1
T

⋮
r𝑁

T

s1
T

⋮
s𝑀

T

⎤
⎥
⎥
⎥
⎥
⎦

(5.57)

The gradient is written as a matrix J with all partial derivatives of 𝑓 to all variables in X. Matrix J is a
function ofX and distances matrixD in the sense that it should be evaluated for those values to obtain the values
of the derivatives.

J(X,D) =

⎡
⎢
⎢
⎢
⎢
⎣

𝜕𝑓/𝜕r1
T

⋮
𝜕𝑓/𝜕r𝑁

T

𝜕𝑓/𝜕s1
T

⋮
𝜕𝑓/𝜕s𝑀

T

⎤
⎥
⎥
⎥
⎥
⎦

(5.58)

The expressions for 𝜕𝑓/𝜕r𝑖 and 𝜕𝑓/𝜕sj are given in (5.59) and (5.60) respectively. The derivations of these
expressions are given in appendix A.4.

𝜕𝑓(R,S)
𝜕ri

= 2
𝑁

∑
𝑗=1

[‖r𝑖 − s𝑗‖ − 𝑑𝑖𝑗]
r𝑖 − s𝑗

‖r𝑖 − s𝑗‖
(5.59)

𝜕𝑓(R,S)
𝜕sj

= 2
𝑀

∑
𝑖=1

[‖r𝑖 − s𝑗‖ − 𝑑𝑖𝑗]
s𝑗 − r𝑖

‖r𝑖 − s𝑗‖
(5.60)

The gradient descent algorithm then works very straightforward. First X is initialized with the coordinates
found with the closed form solution. Then J(X,D) is evaluated and the coordinate vector X is updated by
subtracting the partial derivatives multiplied by stepsize 𝛿 from the previous coordinate vector. This step is
shown in (5.61).

X
𝑛+1 = X

𝑛 − 𝛿J(X𝑛,D) (5.61)

The step size 𝛿 should not be chosen to large because that could result in the movement of variables outside the
basin of the global minimum of function (5.23). The step size can be determined empirically, but it also possible
to use an algorithm. The line search algorithm tries to determine the optimal step size at every iteration of the
gradient descent. It evaluates (5.61) for many different step sizes and determines what the cost for the newly
determinedX would be. Then it selects the step size that resulted in the biggest reduction of the cost function.

Finally a stopping criteria is also required. This criteria determines when the gradient descent finished. For
this algorithm a predefined step number is used as the stopping criteria.

Large error detection
In case an measurement has an very large error, the closed form solution can result in imaginary solutions. It
turns out that if one measurement does not comply with the others this is already the case. For example, such an
erroneous result could occur due to reflections of the audio signal.
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To be able to deal with such problems an algorithm is designed which can detect which events likely contain
measurement errors. From the set of 𝑀 events the algorithm generates all possible combinations of 4 events. All
these combinations are fed into the TOA closed form algorithm. In case a measurement is wrong, it will likely
return imaginary results. The algorithm keeps track which combinations result in imaginary results. The audio
events which are often present in combinations that return imaginary results can then be assumed to be wrong.



6
Implementation and Verification of

Algorithms
This chapter explains how the algorithms are implemented. Afterwards it is explained how the algorithms should
be used. In the next part the algorithms are tested in two ways. First the results of simulations are shown to
analyze the behaviour of both algorithms. Then the processes of integrating the system into the complete system
is elaborated and the test results of the system in the real world are shown.

6.1. Practical usage of algorithms
TDOA Algorithm
The TDOA algorithm is an anchor-based algorithm which means that anchors are required. This means the first
step in localization is the (manual) measurement of the locations of the anchors. The anchors can be microphones
or speakers of the DICENTIS unit or external units can be used. Then the ranging process can start. When this
is finished the algorithm determines the locations of the sources.

TOA Algorithm
The TOA algorithm is not an anchor-based algorithm, but if the system needs to pinpointed to our world still 3
or 4 anchors are required. The TOA algorithm can then be used in several ways. By using all the speaker of the
DICENTIS units to generate an event and letting all microphones record those events, the relative locations of all
microphones and speakers can be determined with the algorithm. An addition to this method can be made. When
one wireless speaker is continuously generating events and someone is walking around with that speaker, from
many more locations the time of flights to all microphones are known. The locations of these events will also be
calculated by the algorithm, even though they are irrelevant. However, this extra information does increase the
localization accuracy of the microphones. In case a powerful omni-directional speaker is used for this addition it
is also likely that the added events contain less measurement noise. Finally the TOA algorithm can be anchored
if required. For this procrustes analysis can be used.

6.2. Implementation details
For the gradient descent of the TOA algorithm the step size should be chosen in such a way the that the algorithm
converges as quick as possible. In case the step size is too small the algorithm will require unnecessarily many
steps to converge. In chapter 5 an line search algorithm was explained. After verification this algorithm turns out
to work. However, the steps size turned out to vary very little in any cases. So for runtime considerations the line
search algorithm is removed and the step size is fixed to 0.01.

6.3. Simulations
The first step in verifying the correct behaviour of the algorithms is the execution of simulations. In this section
a couple simulation setups are explained. Then both algorithms are tested in these simulations setups and the

22
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results are compared. The simulations are performed to determine the performance of the algorithms in different
situations. The parameters that will be considered in the simulations are:

• The amount of noise on the distance measurements. This noise is assumed to be Gaussian with a particular
standard deviation 𝜎 and mean 𝜇.

• The number of sources.

• The number of microphones. This is only relevant for the TOA algorithm, because the TDOA algorithm
uses a fixed number of anchors (in this case microphones) to localize speakers.

• The locations of the anchors.

• The co-location offset, which is only applicable to the TOA algorithm.

The effect of the values of these parameters will be considered independently. For this a base set of parameters
is used. These parameters are chosen in such a way that they represent a realistic situation. The values of these
parameters are given in table 6.1. The performance of the algorithms in particular situations aremeasured by using

Table 6.1: The parameters which are considered as base values from which the simulations are performed.

Reference Setup Parameters
#Anchors 4
#Sources 12
#Microphones (only for TOA) 24
Standard Deviation [m] 0.03
Mean [mu] 0.0
Room Dimension [m] [10,10,4]
Source/Microphone Locations Random
Anchors locations Corners
Colocation offset [m] 0.0

the rootmean square error (RMSE). This paramter is determined for the sources andmicrophones separately. Each
particular simulation is executed 𝑇 = 500 times with different realizations of the noise and also the locations
are re-randomized every iteration so the results can be averaged over 𝑇 samples. In this way the RMSE of the
microphones and sources for a particular set of parameters can be calculated as a performance indicator of a
particular setup. Additionally, because each setup is executed 𝑇 times the standard deviation of the RMSE’s
of setups can also be determined. The RMSE is determined as in (6.1). In these equations 𝑁 is the number of
microphones or sources in a setup, ̂𝑥𝑖𝑘 denotes the estimated location and 𝑥𝑖𝑘 denotes the actual position of source
or microphone 𝑖 in iteration 𝑘.

RMSE = 1
𝑇

𝑇
∑
𝑘=1

√√√
⎷

1
𝑁

𝑁
∑
𝑖=1

‖x𝑖𝑘 − x̂𝑖𝑘‖2 (6.1)

Standard deviation RMSE =
√√√
⎷

1
𝑇 − 1

𝑇
∑
𝑘=1

|𝑅𝑀𝑆𝐸𝑘 − 𝜇𝑘|2 (E.1)

𝜇𝑘 = 1
𝑇

𝑇
∑
𝑘=1

𝑅𝑀𝑆𝐸𝑘

The effect of noise in arrival times
Both algorithms have a certain set of input data. The TDOA algorithm only requires the arrival times and the
TOA algorithm also requires times of departure. In this part the noise of the departure times will be assumed
zero and so only the noise of the arrival times will be nonzero. The initial assumption as stated in the program
of requirements is a standard deviation of no more than 3cm and a mean of no more than 1cm. However, in this
first setup the effects on the RMSE for standard deviations from 0 to 15 cm are simulated. Figure 6.1 shows
the resulting mean RMSE and Figure B.1 shows the standard deviations. The gradient descent method is clearly
performing the best.
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Figure 6.1: For each value of the noise 500 trials are performed to obtain the mean of the RMSE as a function of
the arrival time noise standard deviation.

Different number of sources and microphones
The next setup simulates the effect of using more sources and microphones. Because the TDOA algorithm deter-
mines the locations of the sources independently, the accuracy will not change. However, for the TOA algorithm
an increase in accuracy for both the microphones and sources is expected. This is because more sources will
increase the accuracy of the microphone estimation and this higher accuracy in microphone localization in turn
can result in a higher accuracy in speaker localization. The number of sources is increased from 4 to 50 and the
results are shown in Figure 6.2 and Figure B.2.

An increasing number of microphones will effect the accuracy of the TOA algorithm in a similar way. It turns
out that the RMSE decreases significantly when increasing the number of microphones from 4 to 10. From that
point however, adding more microphones does not increase the accuracy anymore. The figures of the RMSE for
an increasing number of microphones are shown in appendix B.1.

Locations of anchors
Another important factor for the localization accuracy are the locations of the anchors. In the TOA algorithm the
anchors are used to rotate, shift and reflect the found general solution to the real locations. When the anchors
are all in front of the room, close to each other, it is expected that small errors of the anchored mics result in
larger errors at the other side of the room. For that reason it is preferable to have the anchors in the corners of
the room. However, measuring the locations of the anchors when they are in the corners of a room is likely to be
more difficult then when they are close together in the front of the room. Because the four anchors should not
be placed in a plane, they are placed in a tetrahedron with sides of 1 meter. Table 6.2 summarizes the results in
comparison with the base situation where the anchors are at the corners of the room. For the TOA algorithms
the accuracy was effected a lot, but not as much as for the TDOA algorithm as was already anticipated in the
introduction. For a commercial implementation such an tetrahedron could be pre-fabricated where the anchors
are placed at the fixed corners. This can greatly reduce the time required for measuring the anchor locations.

Table 6.2: Root mean square error for comparison for different anchor locations in a a room of 10x10x10. In the
reference setup the four anchors are placed at 4 corners. In the second setup the anchors are placed in a tetrahedron
with sides of length 1m at x=5, y=5 and z=0.

RMSE Microphone locations [cm] RMSE Source locations [cm]
Reference Tetrahedron 1 Reference Tetrahedron 1

TOA CF 5.9 12.5 TOA CF 5.3 13.2
TOA GD 4.2 11.6 TOA GD 3.7 12.1

TDOA 5.0 52.8
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Figure 6.2: For each value of the noise 500 trials are performed to obtain the mean of the RMSE as a function of
the arrival time noise standard deviation.

Table 6.3: Root mean square error for comparison of a three dimensional setup to a two dimensional setup.

RMSE Microphone locations [cm] RMSE Source locations [cm]
Reference 2D Reference 2D

TOA CF 5.9 4.4 TOA CF 5.3 3.9
TOA GD 4.2 2.0 TOA GD 3.7 1.7

TDOA 5.0 3.5

Co-location offset
Another parameter is the co-location offset. The co-location offset is defined as the distance from the source to
the microphone of an unit. This parameter is important because our closed form solution assumes that the first
speaker and source are perfectly co-located, while this is most likely not the case. Figure 6.3 shows the RMSE
of the sources and speakers again, but now for an increasing co-location offset from 0 to 15cm. The results show
that the closed form solution is susceptible for an co-location offset, but that the gradient descent method is still
able to successfully minimize the localization error significantly.

Setup in 2 dimensions
Above simulations are done for setups in three dimensions. However, in some cases the sources and microphones
may lay in a plane. In that case, the algorithms can be simplified to a 2D version. Table 6.3 compares the base
situation where the events and sources are in distributed in a 3D space of 10 by 10 by 10 meters with an situation
where the events and sources are distributed in a plane of 10 by 10 meters. It can be seen that for all algorithms
the localization error decreases significantly and for the gradient descent with more than 50%.

6.4. Results of Integrated System
This section describes a real-world test of the TOA and the TDOA algorithms based off of actual measurements.

Unit Cube Measurement
The first measurement setup tht will be discussed is one of a unit cube. The measurement setup is as follows. A
unit cube is constructed by placing 4 PVC towers of one meter approximately one meter apart. Seven AKG C417
microphones are placed on the vertices of the unit cube: 4 are placed at the tops of the PVC towers, 3 are attached
to the bottom of the PVC towers. All microphones are measured up so results can be compared with reality.
Microphones are connected to a laptop running a MATLAB program via the Scarlett 18i20 USB Audio Interface.
One Bosch DICENTIS Conference System unit is used as audio source. To obtain emission times, one additional
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Figure 6.3: The mean RMSE for an increasing distance between the first soure and the first event (co-location
offset).

AKG C417 microphone is taped onto the loudspeaker of the unit. The reception time of the transmitted signal of
this microphone will be used as emission time for TOA measurements. This is necessary, as it is impossible to
obtain emission times from the DICENTIS conference units. This requires access to the software that run on the
units, which is not realistic to alter within this project. To simulate multiple audio sources, the DICENTIS unit is
placed on multiple pre-defined locations: halfway between each PVC tower at 4 different heights.

The measurement is conducted in the vicinity of many tables and chairs in the “Tellegen Hall” at the TU Delft
University. These can cause eventual reflections, which contribute to possible faulty measurements.

An image of the measurement setup can be seen in figure 6.4. In addition, a 3 dimensional view of the
measured microphone and source locations can be seen in figure 6.5. The co-located measurement required for
the TOA algorithm is also performed.

After performing the measurements, the results are fed to both algorithms. The results plotted versus the
ground truth for the TOA algorithm can be seen in Figure 6.6. 4 anchors are chosen to transform the results.
Both the microphone locations as well as the source locations are successfully recovered. For the microphone
locations, the RMSE is found to be 7.98 cm. This is within the bounds set by the program of requirements.
The source locations have an RMSE of 10.02 cm. The error detection also works. A number of the performed
measurements contained incorrect results. It could be seen that these measurements were extracted successfully.
For the TDOA algorithm the results are shown in figure 6.7. The given results use 4 anchors for fair comparison
with the TOA algorithm. The RMSE is found to be 12.3 cm. When all 7 microphones are chosen as anchors, the
RMSE is much lower at 8.3 cm.

This is however a relatively simple setup. These tests show that both algorithms perform adequately with real-
world measurements. The calculated RMSE may not be completely representative for the ‘true’ RMSE. This is
due to possible inaccuracies the initial measurements done by hand to determine the positions of microphones
and speakers.
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Figure 6.4: Unit cube measurement setup.
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Figure 6.5: Measured microphone and source loca-
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Figure 6.6: Recovered locations by the TOA algorithm. Only the gradient descent refined coordinates are shown
for clarity.
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Figure 6.7: Recovered speaker locations by the TDOA algorithm



7
Discussion and Conclusion

After a survey of possible localization techniques, in this thesis the two methods with good chance to perform
the best are implemented and tested for the particular situation of conferencing systems. In the thesis many
simulations are done to study the performance of the algorithms under different situations. In the program of
requirements it is stated that the algorithm should find the locations of the units with an average error of at most
10 cm. It turns out that the results of both the simulations and the real world setup comply with this requirement
in many different situations. In fact, even with larger errors occurring than initially assumed, the system is able
to provide localization with accuracy within the requirements. This is due to the error detection being able to
effectively detect erroneous measurements.

According to the program of requirements the algorithms should also work in 2 dimensional situations. Those
2D versions are also implemented and it is shown that even better results can be obtained in this case: an im-
provement of over 50% relative to 3 dimensions.

A simulation about the effect of the locations shows that it is not necessarily required to have the anchors
in the corners of the room. The TOA algorithm can still comply with the program of requirements in case the
measurement noise standard deviation is smaller than 3 cm . The proposed tetrahedron setup is interesting because
the manual setup time is reduced.

The requirements on the execution time and scalability are not sufficiently tested. In the current prototype
the algorithm runs on a laptop using MATLAB. To determine whether the algorithm satisfies these conditions, it
needs to be tested on the DICENTIS system.

To conclude, both algorithms were verified to behave in compliance with the program of requirements. Be-
cause the TOA gradient descent method is outperforming the other algorithms in terms of accuracy, easy of use
and because the fact that both sources and receivers are localized it is recommended to use this algorithm for the
localization of conferencing systems.

Future work
While the presented results comply with the requirements, there are a number of improvements in terms of speed
and namely scalability that can be made in future projects:

• The current error detection is also likely too computational complex to run on a simple access point like the
hub of the DICENTIS system. In addition to this, the current error detector is too coarse: if a measurement
error occurs for one microphone and one source, all measurements to that particular source are removed.
In future work more efficient methods for finding erroneous measurements could be developed.

• In the real world tests the anchors were always microphones. However, for the TDOA algorithm the dis-
tance measurements could become more reliable if speakers are used as anchors to localize microphones.
In this setup the speakers can be placed at the corners, directed to the microphones. In future work the
accuracy of such a setup can be evaluated.
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A
Additional Derivations

A.1. TDOA-Fusion: Rewriting to obtain matrix form
This section details the rewriting (5.8) into a form that can be put into matrix form to find a closed form solution.
As a starting point, consider the equation below:

(Δ𝑑𝑖𝑘 + 𝑑𝑘𝑗)
2 = 𝑑2

𝑖𝑗 (A.1)

𝑑𝑖𝑗 represents the distance between microphone r𝑖 and receiver s𝑗. As a result, 𝑑𝑖𝑗 and can be rewritten using
equations (5.4) and (5.3) in terms of the euclidean distance between them:

(Δ𝑑𝑖𝑘 + 𝑑𝑘𝑗)
2 = ∥r𝑖 − s𝑗∥

2
(A.2)

Expanding terms on the LHS results in:

Δ𝑑2
𝑖𝑘 + 2𝑑𝑘𝑗Δ𝑑𝑖𝑘 + 𝑑2

𝑘𝑗 = ∥r𝑖 − s𝑗∥
2

(A.3)

The next goal is to eliminate the 𝑑2
𝑘𝑗 term. Similarly to the step above, the 𝑑2

𝑘𝑗 term can be expressed with an
euclidean norm:

Δ𝑑2
𝑖𝑘 + 2𝑑𝑘𝑗Δ𝑑𝑖𝑘 + ∥r𝑘 − s𝑗∥

2 = ∥r𝑖 − s𝑗∥
2

(A.4)
To eliminate this new norm, the RHS of (A.4) must be rewritten slightly. This is done by introducing an r𝑘
term in norm on the RHS of the equation, and by making use of the rule for euclidean norms: ‖a − b‖2 =
‖a‖2 + ‖b‖2 − 2a ⋅ b

Δ𝑑2
𝑖𝑘 + 2𝑑𝑘𝑗Δ𝑑𝑖𝑘 + ∥r𝑘 − s𝑗∥

2 = ∥(r𝑖 − r𝑘) − (s𝑗 − r𝑘)∥2
(A.5)

= ‖r𝑖 − r𝑘‖2 + ∥s𝑗 − r𝑘∥2 − 2(r𝑖 − r𝑘) ⋅ (s𝑗 − r𝑘)
= ‖r𝑖 − r𝑘‖2 + ∥r𝑘 − s𝑗∥

2 − 2(r𝑖 − r𝑘) ⋅ (s𝑗 − r𝑘)
The desired norm can now be eliminated:

Δ𝑑2
𝑖𝑘 + 2𝑑𝑘𝑗Δ𝑑𝑖𝑘 = ‖r𝑖 − r𝑘‖2 − 2(r𝑖 − r𝑘) ⋅ (s𝑗 − r𝑘) (A.6)

Using the same rule for euclidean norms as used in (A.5) on the remaining norm in (A.6):

Δ𝑑2
𝑖𝑘 + 2𝑑𝑘𝑗Δ𝑑𝑖𝑘 = ‖r𝑖‖

2 + ‖r𝑘‖2 − 2r𝑖 ⋅ r𝑘 − 2(r𝑖 − r𝑘) ⋅ (s𝑗 − r𝑘) (A.7)

Δ𝑑2
𝑖𝑘 + 2𝑑𝑘𝑗Δ𝑑𝑖𝑘 = ‖r𝑖‖

2 + ‖r𝑘‖2 − 2r𝑖 ⋅ r𝑘 − 2r𝑖 ⋅ (s𝑗 − r𝑘) + 2r𝑘 ⋅ (s𝑗 − r𝑘) (A.8)

Δ𝑑2
𝑖𝑘 + 2𝑑𝑘𝑗Δ𝑑𝑖𝑘 = ‖r𝑖‖

2 + ‖r𝑘‖2 − 2r𝑖 ⋅ s𝑗 + 2r𝑘 ⋅ s𝑗 − 2r𝑘 ⋅ r𝑘 (A.9)

Rewriting and using the rule a ⋅ a = ‖𝑎‖2:

Δ𝑑2
𝑖𝑘 + 2𝑑𝑘𝑗Δ𝑑𝑖𝑘 = ‖r𝑖‖

2 − ‖r𝑘‖2 − 2(r𝑖 − r𝑘) ⋅ s𝑗 (A.10)

Rearranging and dividing by 2:

(r𝑖 − r𝑘) ⋅ s𝑗 = −𝑑𝑘𝑗Δ𝑑𝑖𝑘 + 1
2 (‖r𝑖‖

2 − ‖r𝑘‖2 − Δ𝑑2
𝑖𝑘) (A.11)
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A.2. TDOA-Fusion: Solving quadratic equation
In this appendix, (A.12) is solved for 𝑑𝑘𝑗.

𝑑2
𝑘𝑗 = ∥r𝑘 − A+

𝑘 (𝑑𝑘𝑗b𝑘 + c𝑘)∥2
(A.12)

Rewriting by making use for the following rule: ‖a − b‖2 = ‖a‖2 + ‖b‖2 − 2a ⋅ b

𝑑2
𝑘𝑗 = ‖r𝑘‖2

1

+ ∥A+
𝑘 (𝑑𝑘𝑗b𝑘 + c𝑘)∥2

2

− 2r𝑘 ⋅ (A+
𝑘 (𝑑𝑘𝑗b𝑘 + c𝑘))

3

(A.13)

The different terms in RHS of the equation above are numbered. Term 2 can be expanded using the rule:
‖a + b‖2 = ‖a‖2 + ‖b‖2 + 2a ⋅ b. Term 3 can be rewritten slightly.

𝑑2
𝑘𝑗 = ‖r𝑘‖2

1

+ ∥A+
𝑘 𝑑𝑘𝑗b𝑘∥2 + ∥A+

𝑘 c𝑘∥2 + 2(A+
𝑘 𝑑𝑘𝑗b𝑘) ⋅ (A+

𝑘 c𝑘)
2

− 2r𝑘 ⋅ (A+
𝑘 𝑑𝑘𝑗b𝑘) − 2r𝑘 ⋅ (A+

𝑘 c𝑘)
3

(A.14)

The 𝑑𝑘𝑗 terms can now be extracted out of terms 2 and 3:

𝑑2
𝑘𝑗 = ‖r𝑘‖2

1

+ 𝑑2
𝑘𝑗 ∥A+

𝑘b𝑘∥2 + ∥A+
𝑘 c𝑘∥2 + 2𝑑𝑘𝑗(A+

𝑘b𝑘) ⋅ (A+
𝑘 c𝑘)

2

− 2𝑑𝑘𝑗r𝑘 ⋅ (A+
𝑘b𝑘) − 2r𝑘 ⋅ (A+

𝑘 c𝑘)
3

(A.15)

The equation can now be put into quadratic form by rearranging:

0 = 𝑑2
𝑘𝑗 (∥A+

𝑘b𝑘∥2 − 1) + 𝑑𝑘𝑗 (2(A+
𝑘b𝑘) ⋅ (A+

𝑘 c𝑘) − 2r𝑘 ⋅ (A+
𝑘b𝑘)) + ‖r𝑘‖2 + ∥A+

𝑘 c𝑘∥2 − 2r𝑘 ⋅ (A+
𝑘 c𝑘)
(A.16)

0 = 𝛼𝑑2
𝑘𝑗 + 𝛽𝑑𝑘𝑗 + 𝛾 (A.17)

Where 𝛼, 𝛽, and 𝛾 are:

𝛼 = ∥A+
𝑘b𝑘∥2 − 1 (A.18)

𝛽 = 2(A+
𝑘b𝑘) ⋅ (A+

𝑘 c𝑘) − 2r𝑘 ⋅ (A+
𝑘b𝑘) (A.19)

𝛾 = ‖r𝑘‖2 + ∥A+
𝑘 c𝑘∥2 − 2r𝑘 ⋅ (A+

𝑘 c𝑘) (A.20)

This gives the following solution for 𝑑𝑘𝑗:

𝑑𝑘𝑗 = −𝛽 ± √𝛽2 − 4𝛼𝛾
2𝛼 (A.21)

Using the definitions above, the solution for 𝑑𝑘𝑗 can be obtained.
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A.3. Crocco: 2 dimensional closed form
In this appendix the closed form solution for R and S are determined for 𝒟 = 2 using the relations given by
(5.42) and (5.43), First, equation (5.40) can be rewritten to:

P̂ = arg min
𝑃

𝑁
∑
𝑖=2

𝑀
∑
𝑗=2

[(𝑃11𝑈𝑖1)2 + (𝑃12𝑈𝑖1 + 𝑃22𝑈𝑖2)2 + 𝑈𝑖1𝑉11𝑊1𝑗 + 𝑈𝑖2𝑉22𝑊2𝑗 − 𝑑2
𝑖𝑗 + 𝑑2

1𝑗]2 (A.22)

Expanding exponent terms:

P̂, Ŝ = arg min
𝑃

𝑁
∑
𝑖=2

𝑀
∑
𝑗=2

[𝑈2
𝑖1(𝑃 2

11 + 𝑃 2
12) + 𝑈2

𝑖2(𝑃 2
22) + 2𝑈𝑖1𝑈𝑖2(𝑅12𝑅22) − 𝑘𝑖𝑗]2 (A.23)

Where: 𝑘𝑖𝑗 = −𝑈𝑖1𝑉11𝑊1𝑗 − 𝑈𝑖2𝑉22𝑊2𝑗 + 𝑑2
𝑖𝑗 − 𝑑2

1𝑗 (A.24)
This equation will be transformed into a matrix equation, leading to the closed form solution which will provide
the entries to the P matrix. To do this a number of matrices and vectors need to be defined. First, define the
vector k which contains the values of 𝑘𝑖𝑗 for 1 ≤ 𝑖 ≤ 𝑁 − 1 and 1 ≤ 𝑗 ≤ 𝑀 − 1.

k =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑘11
𝑘21

⋮
𝑘𝑁−1,1

𝑘12
⋮

𝑘𝑁−1,𝑀−1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A.25)

Define vector x𝑖 as:

x𝑖 = ⎡⎢
⎣

𝑈2
𝑖1

𝑈2
𝑖2

2𝑈𝑖1𝑈𝑖2

⎤⎥
⎦

(A.26)

These individual column vectors will be put into the rows of a matrixX for 1 ≤ 𝑖 ≤ 𝑁 − 1:

X =
⎡
⎢⎢
⎣

x1
T

x2
T

⋮
x𝑁−1

T

⎤
⎥⎥
⎦

(A.27)

Define the (𝑁 − 1)(𝑀 − 1) × 3 matrixY containing matrixX vertically stacked 𝑀 − 1 times. Lastly, define f
as the vector containing the unknown terms of P:

f = ⎡⎢
⎣

𝑃 2
11 + 𝑃 2

12
𝑃 2

22
𝑃12𝑃22

⎤⎥
⎦

(A.28)

The minimization problem given in (5.45) can now be expressed in matrix form. This minimization problem is a
linear least squares problem that finds the entries of the vector f .

f = arg min
f

‖Yf − k‖2 (A.29)

The solution to this linear least squares problem is given by:

f = (PTP)−1PTk (A.30)

Once f is found, its definition (5.50) can be used to find the entries of matrixP. This involves solving a quadratic
system of equations, with the following solution:

𝑃33 = ±√𝑓2 (A.31)

𝑃12 = 𝑓3
𝑃22

(A.32)

𝑃11 = ±√𝑓1 − 𝑃 2
12 (A.33)
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A.4. Crocco: Derivation of gradient
In this section the gradient of (A.34) is derived. That is, an expression for all the partial derivatives is determined.

𝑓(R,S) =
𝑁

∑
𝑖=1

𝑀
∑
𝑗=1

𝛼2
𝑖𝑗 (A.34)

𝛼𝑖𝑗 = [‖r𝑖 − s𝑗‖ − 𝑑𝑖𝑗] (A.35)

The derivation to find the the partial derivatives to 𝑟𝑖 will be shown here. The derivation for the partial
derivatives to 𝑠𝑗 follows the same steps.

In (A.36) the partial derivative to 𝑟𝑖 is written. Then the derivative operator is shifted into the summation in
(A.37). The summation from i=1 to N will result in N different 𝑟𝑖 terms. Because the derivative is taken to one
particular 𝑟𝑖 all other terms but the particular 𝑟𝑖 are removed in (A.38).

𝜕
𝜕𝑟𝑖

(𝑓) = 𝜕
𝜕𝑟𝑖

(
𝑁

∑
𝑖=1

𝑀
∑
𝑗=1

𝛼2
𝑖𝑗) (A.36)

𝜕
𝜕𝑟𝑖

(𝑓) =
𝑁

∑
𝑖=1

𝑀
∑
𝑗=1

𝜕
𝜕𝑟𝑖

(𝛼2
𝑖𝑗) (A.37)

𝜕
𝜕𝑟𝑖

(𝑓) =
𝑀

∑
𝑗=1

𝜕
𝜕𝑟𝑖

(𝛼2
𝑖𝑗) (A.38)

The next step is to actually compute the partial derivative of 𝛼2
𝑖𝑗. Following from the chain rule:

𝜕
𝜕𝑟𝑖

(𝛼2
𝑖𝑗) = 2 ⋅ 𝛼𝑖𝑗 ( 𝜕

𝜕𝑟𝑖
) 𝛼𝑖𝑗 (A.39)

Now the partial derivative of 𝛼𝑖𝑗 to 𝑟𝑖 is computed:

𝜕
𝜕𝑟𝑖

(𝛼𝑖𝑗) = 𝜕
𝜕𝑟𝑖

([‖r𝑖 − s𝑗‖ − 𝑑𝑖𝑗) (A.40)

𝜕
𝜕𝑟𝑖

(𝛼𝑖𝑗) = 2(r𝑖 − s𝑗)
2‖r𝑖 − s𝑗‖

(A.41)

Now combining (A.35), (A.39) and (A.41) to substitute into (A.38) results in:

𝜕
𝜕𝑟𝑖

(𝑓) = 2
𝑁

∑
𝑗=1

[‖r𝑖 − s𝑗‖ − 𝑑𝑖𝑗]
r𝑖 − s𝑗

‖r𝑖 − s𝑗‖
(A.42)

The same steps can be performed to arrive at the expression for the partial derivatives to 𝑠𝑗:

𝜕
𝜕𝑠𝑗

(𝑓) = 2
𝑀

∑
𝑖=1

[‖r𝑖 − s𝑗‖ − 𝑑𝑖𝑗]
s𝑗 − r𝑖

‖r𝑖 − s𝑗‖
(A.43)
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B.1. Additional simulation results
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Figure B.1: Standard deviations of the RMSE’s for an setup with an increasing amount of Gaussian noise on the
arrival times.
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Figure B.2: For each value of the noise 500 trials were performed to obtain the standard deviation of the RMSE
as a function of the arrival time noise standard deviation.
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Figure B.3: For each value of the noise 500 trials were performed to obtain the standard deviation of the RMSE
as a function of the number of microphones.
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