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Unconstrained Parametrizations of
Discrete-Time Linear Input—Output Models:
Stability and Dissipativity by Construction
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Marcel Heertjes

Johan Kon

Abstract—It is often required that identified models ex-
hibit certain stability and dissipativity properties, e.g., pas-
sivity or ¢»-gain. The aim of this article is to develop an
unconstrained parametrization of linear parameter-varying
(LPV) input-output (I0) discrete-time (DT) models that
guarantees stability/dissipativity by construction, i.e., the
model is stable/dissipative for any choice of model pa-
rameters. To achieve this, it is shown that any quadrat-
ically stable/dissipative DT-LPV-IO model can be gener-
ated by a mapping of transformed coefficient functions
that are constrained to the unit ball. The unit ball is repa-
rameterized through a Cayley transformation, resulting in
a fully unconstrained parameterization. These results im-
mediately apply to linear time-varying 10 models. In the
linear time-invariant case, an unconstrained parameteriza-
tion of all stable/dissipative DT transfer functions is ob-
tained. The unconstrained parametrization enables, among
others, the use of neural network coefficient functions in
LPV system identification while guaranteeing stability and
dissipativity.

Index Terms—Linear parameter-varying (LPV) systems,
neural networks, stability, system identification.

Received 11 December 2024; revised 29 July 2025; accepted 24
September 2025. Date of publication 1 October 2025; date of current
version 2 March 2026. This work was supported in part by Holland High
Tech | TKI HSTM via the PPS allowance scheme for public-private part-
nerships, in part by ASML, and in part by Philips Engineering Solutions.

Recommended by Associate Editor P. Seiler. (Corresponding author:

Johan Kon.)

Johan Kon is with the Control Systems Technology Group, Eind-
hoven University of Technology, 5612 Eindhoven, Netherlands (e-mail:
j-j-kon@tue.nl).

Roland Téth is with the Control Systems Group, Eindhoven Univer-
sity of Technology, 5612 Eindhoven, Netherlands, and also with the
HUN-REN Institute for Computer Science and Control, 1111 Budapest,
Hungary (e-mail: r.toth@tue.nl).

Jeroen van de Wijdeven is with ASML, 5504 Veldhoven, Netherlands.

Marcel Heertjes is with the Control Systems Technology Group,
Eindhoven University of Technology, 5612 Eindhoven, Netherlands,
and also with the ASML, 5504 Veldhoven, Netherlands (e-mail:
m.f.heertjes@tue.nl).

Tom Oomen is with the Control Systems Technology Group, Eind-
hoven University of Technology, 5612 Eindhoven, Netherlands, and also
with the Delft Center for Systems and Control, Delft University of Tech-
nology, 2628 Delft, Netherlands (e-mail: t.a.e.oomen@tue.nl).

Digital Object Identifier 10.1109/TAC.2025.3616268

, and Tom Oomen

, Senior Member, IEEE, Jeroen van de Wijdeven @,

, Senior Member, IEEE

|. INTRODUCTION

T IS often desirable that a model obtained using identifica-
I tion/learning [1], [2] reflects the stability and dissipativity
properties of the true system. For example, if the true system is
stable, stability of the identified model is crucial for simulation
purposes [3]. Next to stability, dissipativity encapsulates a range
of input—output (IO) properties, e.g., passivity and an upper
bound on the amplification of an input signal (i.e., ¢2-gain). If
a system is known to satisfy such an IO property, it is desirable
that the identified model also has this property. However, even if
the underlying system is stable/dissipative, it is not guaranteed
that the identified model will also exhibit these properties due to
measurement noise, finite-data effects and modeling errors [4].
An important class of models used in system identification
are discrete-time (DT) linear IO models, containing both time-
invariant [5] and time/parameter-varying (LTV/LPV) 10 mod-
els [6]. Linear time-invariant (LTT) IO models have been used
for identification in both the time [1] and frequency domain [7].
These models are represented in the form of a transfer function,
or equivalently, a higher order linear difference equation in terms
of previous inputs and outputs, and coefficients describing the
relation between these inputs and outputs. In LPV-IO models,
this relation remains linear, but the coefficients describing this
relation are a function of a time-varying scheduling signal p
that is assumed to be measurable online, describing, e.g., a
change in operating conditions [8]. Under the correct choice
of p, LPV models can even embed certain nonlinear charac-
teristics [9]. Similarly, in LTV-IO models, the coefficients are a
direct function of time, which is a special case of LPV-IO models
in which p equals the current time step. Consequently, system
identification methods based on these LPV/LTV-IO models have
been thoroughly developed in the last decades [10], [11], [12],
[13], [14], [15], [16].

Currently, techniques to guarantee stability and dissipa-
tivity properties possibly deteriorate prediction performance,
or require computationally intensive constrained optimiza-
tion, or cannot be straightforwardly extended to IO mod-
els. Specifically, existing literature can be categorized as
follows.

1) An LTI-IO model can be projected onto the set of stable

models after identification [3], e.g., through mirroring the
poles in the unit circle. However, this projection does not
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take into account the data, possibly resulting in a loss of
model quality.

2) The coefficient functions of an LPV-IO model can be
restricted a priori such that the model is stable [17].
However, this restriction is usually done according to a
simple, but often too conservative approximation, e.g.,
through only allowing bounded deviations from a model
that is known to be stable, thus limiting the model’s
flexibility.

3) The stability/dissipativity properties can be enforced us-
ing constrained optimization [4], [18], [19], [20]. How-
ever, enforcing such a constraint during identification
severely increases the computational complexity of the
optimization, often preventing their use in practice. This
is especially true in the LPV case, in which the constraints
that reflect the stability/dissipativity properties are gener-
ally formulated in terms of the feasibility of matrix in-
equalities (MI), see [21] and [22], that need to hold for all
possible realizations of the scheduling signal p, represent-
ing a semi-infinite constraint [23]. These MI constraints
are often verified via semidefinite programming (SDP)
that has to be incorporated in the parameter optimization
of the identification algorithm. Moreover, only in a select
few cases can these infinite MI constraints be reduced to
a finite set, e.g., in case of a polytopic scheduling domain
and affine dependence of the coefficient functions on p.
In the other cases, it is required to grid the scheduling
space, which is not only computationally intractable for
complex scheduling dependencies but also does not yield
exact guarantees as the MI is not validated outside the
gridded points in the scheduling space.

4) In the state-space setting, stability, and dissipativity
properties can be guaranteed by construction, i.e., the
model satisfies these properties for any choice of coef-
ficients [24], [25]. Specifically, in [25], the MI represent-
ing the stability/dissipativity constraint is reparametrized
through new unconstrained coefficients in a neces-
sary and sufficient manner, such that the MI is sat-
isfied for any choice of these new coefficients. This
can be understood as constraint elimination, and en-
ables system identification in these new coefficients us-
ing unconstrained gradient-based optimization. These
results have been extended to the LPV state-space
case in [26] to obtain an unconstrained characteri-
zation of coefficient functions for which the model
satisfies stability/dissipativity properties. This enables
parametrization of these functions by, e.g., neural net-
works while maintaining stability/IO guarantees by
construction.

Although unconstrained parametrizations that guarantee sta-
bility/dissipativity have been developed for state-space models,
such parametrizations do not exist for linear IO models that are
especially relevant in system identification. The main difficulty
in obtaining unconstrained parametrizations for IO models is
that the corresponding state-space realization used for stabil-
ity/dissipativity analysis is structured. Consequently, the result-
ing MIrepresenting stability/dissipativity is also structured, such

that not all components can be chosen freely. This is in contrast
to state-space models, in which all components can be chosen
freely.

The main contribution of this article is an unconstrained
parametrization of DT linear IO models that guarantees stability
and dissipativity properties by construction. This parametriza-
tion includes not only LPV models but also LTV and LTI
IO models. This enables system identification using uncon-
strained gradient-based optimization. In addition, in the LPV
case it allows for using any parametrization for the coefficient
functions, e.g., neural networks, such that arbitrary functional
dependencies can be learned from data up to the approximation
capabilities of this parametrization. This is achieved through the
following subcontributions.

C1 Anunconstrained characterization of all coefficient func-
tions for which the DT linear IO model is stable with
respect to a quadratic p-independent Lyapunov function'
(Section III).

C2 Anunconstrained characterization of all coefficient func-
tions such that the DT linear IO model is dissipative with
respect to a p-independent quadratic storage function and
a supply rate that is a generic quadratic function of the
input and output, encapsulating dissipativity properties,
such as an induced ¢5-gain and passivity (Section IV).
A DT linear 10 model class that is stable/dissipative
by construction, and an example demonstrating system
identification using this model class (Sections V and VI).

Preliminary results related to contribution C1 were reported
in [27]. This article extends those results by providing a formal
proof, and by considering the multivariable setting.

Notation: R™™ and C™*™ denote, respectively, the set of
real and complex matrices of size n x m. For A € R™™ and
B € C»™, ATand BY represent the transpose and Hermitian
transpose, respectively. S denotes the set of symmetric matrices
of size n x nand ST, C S™ is the set of positive-definite matri-
ces. UL denotes the set of real square upper triangular matrices
of size n x n with positive diagonal entries and Uj contains
those with zeros on the diagonal. triu(A) € Uy denotes the
strictly upper triangular part of a square matrix A. The Cholesky
decomposition of amatrix S € S”;, isdenotedby S = E''E with
E € U%,. For H € S, the inertia of H is given by In(H) =
(Ags Ay ho) with A4, A_, 49 € N the number of positive, neg-
ative, and zero eigenvalues of H, respectively. Last, given a
symmetric matrix function = : P — S™ with domain P C R",
the notation =(p) >p 0 is shorthand for Z(p) - 0 Vp € P.

C3

[I. PROBLEM FORMULATION

To guarantee stability/dissipativity properties for DT linear
10 models by construction, a DT-LPV-IO representation is used
as a general model class that also covers the LTI and LTV case.
Specifically, consider the DT-LPV-1O representation M where

Note that the choice of a p-independent, quadratic Lyapunov is a common
choice for enforcing stability/dissipativity properties, both in constrained [19]
and unconstrained [25] approaches, and already represents a significant improve-
ment over the current conservative approximations.
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y results from the parameter-varying difference equation
np—1

Z Bi(pr)ug—i
i=0

with discrete time step k € Z, input u, € R™, output y;, €
R™, and coefficient functions A;(-) : P — R™ ", B;(-):
P — R™v*"« describing the dependence of the difference equa-
tion on the scheduling signal p with py € P C R"» at time
k € Z. Note that by definition A;, B; are bounded over P. The
model order satisfies n, > 0, ny > 1, withn, = 0,n > 1 cor-
responding to an LPV-FIR setting, n, > 0,n; = 1 to an inverse
LPV-FIR setting, and n, = 0,n, = 1 to a parameter-varying
gain y, = Bo(pg)ug. The setting n, = 0, in which (1) reduces
to an autonomous system, is not considered.

Remark 1: Representation (1) recovers the LTI case for con-
stant pr, = p Vk, in which (1) reduces to the multi-input, multi-
output transfer function G(z) = P(2) 1Q(z) with P(z) =
I+ 307 Ay(p)2~" and Q(2) = >1" Bi(p)z~". For pj =
k VEk, the LTV case is recovered.

To define the set of coefficient functions A; and B; for which
(1) is stable/dissipative, state-space techniques based on Lya-
punov/storage functions are employed. Consequently, (1) is
embedded in a state-space description. Here, the state is chosen
as a set of delayed inputs and outputs, i.e.,

My == Ailpr)ys-i + (1
=1

T
T = [gz ’L_l,;cr:| € R"

T _
?jk = |:y;€r—1 yZ—TLa:| € R™

T _
W _pyi1| ER™ )

with 7oy, = nyng, Ny = Ny (ny — 1), Ny = Ny + Ay, Given this
state definition, (1) can be equivalently represented as the state-
space system given in (2), shown at the bottom of this page, or
more compactly as

rpr1 = Alpr)or + B(pr)us

- T
U = {uk&

in which
Fa — 0 0 c Rﬁyxﬁy Ga _ I’ny c Rﬁyxny
Iﬁyfny 0 0
(O - I, i
F, = € R™*M G = vl g RPuXnu
Iﬁufnu 0 0

A:P— R™ ™ A(pg) = |:A1(pk) Ap, (pk)} (6a)

B:P R B(p) = [Bi(px) .. Bay 1(p)] - (6b)

Remark 2: Realization (2) is not minimal. However,
it is structurally reachable and completely detectable [6].
More importantly, it ensures that the coefficient functions
A, B, and By appear affinely in the state-space matrix functions
A, B,C, and D. In contrast, methods for obtaining a minimal re-
alizations of (1) resultin A, B, C, and D that depend nonlinearly
on A(py), B(pk), and By(px) and potentially also on shifted
instances of pg, i.e., on A(Pg—m), B(Pk—m), and Bo(pr—m)-

State-space representation (2) enables determining the stabil-
ity and dissipativity properties of (1) through the existence of
Lyapunov/storage functions [23]. Here, a parameter-invariant
quadratic storage function is considered, resulting in the notion
of quadratic stability and quadratic dissipativity, as formalized
next.

Definition 1 (QS): Given coefficient functions A, B, and By,
(1) is said to be quadratically stable (QS) if there exists a P €
Sl such that Zgn (A(pr), B(pr), P) < 0 Vpi € P where

=0
Eqab(A(pr), B(pk), P)=A"(pr)PA(pe)—P. (7

When (1) is QS, output y;, asymptotically approaches zero,
ie., limy_ yx = 0, for all inputs u for whichu, =0 Vk > k
with k € Z, all scheduling signals p with p; € P, and all ini-
tial conditions yx—1, ..., Yk—n,, Wk—1;- - -, Uk—n,+1. A similar
statement holds in the LTV case with p; = k. In the LTI case,
i.e., when pp =p Vk € Z, (1) reduces to the transfer func-

=C(pr)xr + D(pr)u 4 )
b = Clpe)on + DlpnJuk tion G(z) = P(2)'Q(z) with P(2) =1+ ", A;(p)z"
where dQ(z) = S " Bi(p)z ", quadratic stability is equivalent
F,— G A(") | GoB(- G Bol- an = 2ui=0 Di ,
A = |—= 0 aA() | aF ( )] B() = [QG—O()} to G(z) having only stable poles.
b b To also guarantee IO properties, the notion of quadratic dis-
C(-) = [-A() | B(")] D(-) = Bo(+) (5) sipativity, or QSR dissipativity [28] is formalized.
[—Ai1(pr) —A2(pk) .- —An,-1(pk) —An,(pr) | Bi(pr) Ba(pk) Bn,—2(pr)  Bn,-1(pk)] [Bo(pk)]
I 0 0 0 0 0 0 0
I 0 0 0 0 0 0
0 I 0 0 0 0 0 0
Tht1 = 0 0 0 0 0 0 0 0 S B
0 0 0 0 I 0 0 0
0 0 0 0 1 0 0
Lo 0 0 0 0 I o o
(22)
Y = [*Al(pk) —Az(pr) —Apg-1(pr)  —An, (k) | Bi(pr)  Ba(pr) B, —2(pr) Bnb—l(pk)] x4+ Bo(pr)uk-

(2b)
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Definition 2 (QD): Given coefficient functions A, B, and By,
(1) are said to be quadratically dissipative (QD) with respect to

Ye | _
Uk

Ziis (A(pr), B(pk),

T T

Q L I

L" R

Yk
Uk

Yk
Uk

s (g, i) = — [y’“ (8)

ug

if there exists a P €SIy such that
Bo(pk),P) <0 Vpi € P where

APA-P APB
=N (A(pr),B(pr),Bo(pr),P) =
dis (A(pr), B(pr), Bo(pr ), P) BPA BB (k)
crQc QD +C'L b ©
DQC+L'C DQD+D'L+LD+R| *

with @ € S, L € R R € S™ and In(IT) = (ny,ny,0).

QuadratiE dissipativity, as in Definition 2, is a means to
encapsulate generic IO properties. When A, B, and By are such
that (1) is QD, this implies that (1) is QS and for all inputs w,
all scheduling signals p with p;, € P and zero initial condition,
it holds that Y ;" ; s(ug,yx) > 0 [23]. In the LTI case, i.e.,
pr = p Vk, (1) is a transfer function with frequency response
M(e?%). Then, by the KYP lemma, quadratic dissipativity as
in (9) is equivalent to M (e7) satisfying frequency domain in-

H
equality [MH(ejw) I} II [MH(ej“’) I] < 0Vw € [0, 7]
[29]. Two common choices for @), R, and S' are highlighted.

1) Q=1, L =0, R= —~2I: for this choice, (9) implies
that Y00 o viur < >oreo Y ujug for all input signals
u and scheduling signals p, i.e., (1) has induced /5-
gain smaller than ~. In the LTI case, M (e/*) satisfies
[M(e7%)]]2 < v Vw € [0,7], i.e., its infinity-norm satis-
fies || M (7). < 7.

2) @ =0, L =—1, R = 0: for this choice, (9) implies that
Zkoczl ufyk > 0, i.e., (1) is passive. In the LTI case,
M(e7*) satisfies M (e7%) + M(e7*) = 0 Vw € [0, 7],
or with n,, = n, = 1, RM(e?*)) > 0 Vw € [0, 7], i.e.,
M(e7%) is strictly positive real.

Other dissipativity properties, such as strict input/output pas-
sivity can be embedded similarly [30] as long as In(II)
(Ny, Ny, 0).

Remark 3: Note that the stability and dissipativity proper-
ties are formulated with respect to a quadratic, p-independent
Lyapunov/storage function. In the LTI case, this is a necessary
and sufficient condition for guaranteeing stability/dissipativity
of (1) since (2) is detectable and reachable. In the LPV case, it is
only sufficient, i.e., there may exist A(py,) for which (1) is stable
but for which stability cannot be concluded by the considered
class of Lyapunov functions, which could be conservative when
compared to a p-dependent Lyapunov function [31].

Given Definitions 1 and 2, define the following sets of coef-
ficient functions:

Quar = {A, B, By | 3P € S{ such that (10)
Eslab(A(plc)y B(pk)7/P> <0 Vp € ]P}
O = {A, B, By | 3P € S’ such that (a1

= (A(p), B(pr), Bo(pr), P) <0 Vpy, € P}.

The goal of this article is to characterize the sets (g, and Qgjg
in terms of unconstrained functions and auxiliary variables, i.e.,
to characterize all coefficient functions A, B, and By for which
(1) is, respectively, QS and QD in an unconstrained fashion.
Formally, the goal is to find, for ¢ = {stab, dis}, a continuous
mapping 7; such that for all (A, B, By) € §;, there exist uncon-
strained functions X : P — ULy Y : P - Uy"*™, Z : P —
R with n;, m; depending on n,,n, and unconstrained
auxiliary variables ¢; € R™#: such that

[A(px) B(pr) Bo(pr)] = Ti(X (pr), Y (pr), Z (Pk), ¢i),

(12)
that is, 7; is a mapping from a set of unconstrained func-
tions X,Y,Z and unconstrained auxiliary variables ¢; onto
;. This mapping 7; consists of a Lyapunov/Riccati equation
parametrized by ¢; and a Cayley transformation parametrizing
all functions contained to the unit ball using unconstrained
functions X,Y, Z.

These mappings Ty, and Tyis are specified in detail in Sec-
tions III and IV, respectively. Subsequently, it is shown how to
use them in system identification in Sections V and VI to guar-
antee that the resulting A, B, and By are such that estimated
model (1) has the desired properties by construction.

[ll. STABILITY

In this section, the set of all A, B, and By for which (1)
is QS, i.e., all (A, B, By) € Qqup is characterized, constituting
Contribution C1. First the main result is provided, followed by
a proof in the subsection after.

A. Main Stability Result

The following theorem describes all (A, B, By) € Qgu.p in an
unconstrained fashion.

Theorem 1: Given coefficient functions A, B, and By, it
holds that (A, B, By) € Qb if and only if either n, = 0 or there
exist X : P> UL, Y :P— Up?, Z: P — RM)*" and
U € UZY such that

Alpr) = E7'\M(pr)U + (GoPGa) ' GoPF,  (13)
in which P € STZ% is the solution to
F!PF,-P-F/PG,(G!PG,) 'GIPF,=-UU (14

and in which E' € UZY follows from the Cholesky factorization
E'E = G[PG,, and M (p;,) is defined by

(I = Np)(T+ Npw) 1]

R R R e
N(pr) = X (pe)X (p) + Y (pr) = Y (pr)
+ Z(pr) Z (i) (15b)

The proof is given in the next subsection. Theorem 1 char-
acterizes any coefficient functions A, B, and By for which (1)
is QS in terms of unconstrained transformed coefficient func-
tions X, Y, Z and auxiliary variable U. First, no restrictions are
imposed on B and By, which can be intuitively understood by
noting that these describe the forced behavior of (1) related to
uy, which by linearity of (1) does not influence stability. Thus,
only stability of y; has to be considered. Then, if n, =0, i.e.,
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Tstab r 7
A
é? M(p)(aTpa,)-*GT PF, I 1(Pr)
o +E~ ' M(p)U
=
A An, (Pk)
P Bo(p
J'>|Riccauti|—>|ETE —GTPG, B?Ep:g
»| B, —1(pk)_

Fig. 1. Construction of the coefficient functions A, B, and By from
the transformed coefficient functions XY, Z and auxiliary variable U
through the mapping Tuap consisting of Riccati equation (14) and
Cayley transformation (15). This construction guarantees that (1) with
A, B, and By is QS.

if (1) does not include dynamics related to ¥, (1) is trivially
stable. In case n, > 0, Theorem 1 states that if A is jointly
constructed from U and unconstrained transformed coefficient
functions X, Y, Z according to (13)—(15), itis guaranteed that (1)
with the resulting A is QS. Conversely, Theorem 1 states that any
A for which (1) is QS can be represented through an X, Y, Z, U.
Last, the requirement that X : P — U;Lyo has strictly positive
diagonal entries can be eliminated through parametrizing its
diagonal as the square of a truly unconstrained function, i.e.,
as diag(X (px)) = X3(px) with X4 : P — R".

The characterization of all QS functions A(py) through Typ
and specifically (13)—(15) can be understood as follows.

1) Transformed coefficient functions X, Y, Z characterize a
matrix function NV in (15b) that has eigenvalues in the
right half-plane for all py.

2) The Cayley transformation in (15a) maps N to a gain-
bounded matrix function M for which it is guaranteed
that M "(pg)M (pr) < I Vpy € P.

3) Riccati equation (14) characterizes a Lyapunov function
candidate V() = ' Py with P € S’} the solution of
(14) for a given right-hand side —U 'U € S".

4) Given P and M, the construction of A in (13) guaran-
tees that V() is a Lyapunov function for g, = (F, —
GoA(pr)y) by construction, such that (1) is QS. This
construction can be interpreted as a rotation, scaling
and translation of the unit ball {M (pg) | || M (pi)|l2 <
1 Vpy. € P} based on P.

Theorem 1 defines Ty, with ¢ = U through (13)—(15); see
also Fig. 1.

Remark 4: Ty, is continuous with respect to X,Y, Z, U.
Specifically,

1) the solution P of Riccati equation (14) is continuous with
respect to U'U [32];

2) the Cayley transformation in (15) is differentiable since
I + N(py) is invertible, as proven in Lemma 3;

3) the Cholesky decomposition E'E = G| PG, is also dif-
ferentiable [33].

Consequently, all operations in Ty, are continuous.

Before proceeding with the proof, Theorem 1 is illustrated
through an example.

Example 1: Consider an IO representation in the form of

1
Yk =3 cos(pr)Yk—1 — Y2 + Up

P+ 3

1], which corresponds to (1) for a;(p)
1

with p, € P =10,
5 cos(pr), az(pr) = ]ﬁ and bo(py) = 1, resulting in

Alp) = [ar () az(ow)] = [Feoser) 525] -

-
Given the state {yk,l yk,Q] € R2,for P =

ﬂ ,itholds

that
Q- [—al(m) az(pk) TP —aipr) —axpr)| _ p
1 0 1
_ | 203(pe) =1 2a1(pi)az(pr)
2a1(pr)az(pr)  2a3(px) — 1

which has leading principal minors that satisfy

2
Qa%(pk)—lz%@k)—l<0 Vpp € P
det(Q) = —2ai(pr) — 205(pi) +1> 0 Vpi € P,

in which the second inequality can be verified numerically.
Consequently, @) <0 Vp, € P. Thus, P is a quadratic Lya-

punov function for F, — G, A(pi) = —a11(pk) _a20(pk)1.
Consequently, F/, U, X, Y, and Z are constructed by inverting
(13)—(15). Specifically, U is computed by evaluating (14) as

F)PF, - P - F/PG,(G)PG,) ‘G PF, = T
resulting in U = . In addition, G(IPG(L = 2 = E''E such that
E = /2. Consequently, M is computed as

M(py) = EA(pp)U ' — (GLPG,) ‘Gl PF,
V3 V3

= [7 cos(py) pk+3] = [Ml(Pk) MZ(Pk)}'

It can be verified that for this M, it holds that || M (pg)||2 <
1 Vp;, € P. Next, N follows by the relation between M; and N
in (15b) as

N(p) = (I = My (py))(1 + Mi(p)) " = —\\/gzzzgiii;;

and given N, Z follows as

2v2
(pre +3)(V2cos(pr) +2)
Last, for n, =1 with Y strictly upper triangular, it holds

that Y (pi) = 0. Thus, X is recovered from (15a) through the
Cholesky factorization

X (pe)X (pr) = N(px) — Z ' (pr) Z (pr)

Z(p) =~ Map) (1 + N) = -

yielding
X(pk) =

B V2 cos(pi) — 2 B
V2 cos(pr) + 2

8
(V2cos(pr)? + 2)2 (o +3)°

completing the transformation. Note that X is well defined as
the components in the square root are both negative for p; €
P = [0, 1] since cos(py) < 1.
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B. Proof of Theorem 1

In this section, Theorem 1 is proven through three lemmas that
prove individual claims of Theorem 1. Specifically, the following
is shown.

1) First, it is shown that B and By do not influence the
stability of (1) and can thus be chosen as any function
(Lemma 1).

2) Second, it is shown that A is such that (1) is QS if and
only if A can be constructed from an M constrained to
the unit ball as in (13) and a U that is related to P as in
(14) (Lemma 2).

3) Third, it is shown that any A/ in the unit ball can be
represented by a function X, Y, Z through the Cayley
transformation in (15) (Lemma 3).

Last, these steps are combined into a proof of the full result.

1) B and B, Can Be Any Function: First, it is shown that

(1) is QS if and only §x11 = (F, — G, A(pk))yx is QS, ie.,
B and By do not influence stability.

Lemma 1: Given A, B, and By, there exists a P € S{'¢ such
that A"(px)PA(pr) — P < 0Vpy € Pifand only if there exists
a P € S} such that

(Fa - GaA(pk))TP(Fa - GaA(pk')) - P <0 Vp,eP.

(16)
Pl Poo
Pia € RWw*u gand Poy € Sﬁg. Consequently substitute this
partitioned P into (7) to obtain

Proof: First, partition P as P = o

] with P € S

T D _ Qui(pe)  Qi2(pr)
A IPAR) =PRI | ot e Qm(pk)] "

in which
Qu1(pk) = (Fu — GoA(pr)) 'P(Fa — GA(pr)) — P
Qia(pr) = (Fa — GoA(pr)) (PGuB(pr) + Pr12Fy) — Pra
Qa2(pr) = B'(pr)GoPGaB(pi) + B (pi) G, P12 Fy
+ FyP12GaB(pr) + Fy PasFy — Pas.

Recall that Q(py) <p 0 is a shorthand notation for Q(py) <
0 Vpi € P. It is now proven that Q(px) <p O if and only if
(16) holds.

Necessity: Given A, B, By and P such that A" (py, )P A(pr) —
P <p 0, then it must also hold that Q11(px) <p 0, i.e., (16)
necessarily holds. B

Sufficiency: Given a P € SZ% such that (16) holds, then by
stability of F}, following (5), it is always possible to find a Pas €
ST for which P = blkdiag(P, Pa2) = 0 proves Q(px) <p 0
by making the term F}PasF, — Pag in Qaa(py) as negative
definite as desired. Specifically, Q(px) <p 0 if and only if its
Schur complement Qas(pr) — Q1a(Pr) Q11 (Px) Qi2(px) <p O
as P satisfies (16), ensuring Q11 (px) <p 0. Now, set P12 =0
and note that the Schur complement of Q(py,) satisfies

Qoo(pk) — Q1opk) Q17 (Pr) Qi2(pk)

<p )\I+FJP22Fb_P22 — k1 (18)

1665
in which
%= X s (B (pr) Go PG B (b)) (192)
PrE
o= max Amax (Q12(pr) Qi (1) Quz(pr))  (196)

since any matrix @ € S satisfies ' Qz < Ayax(Q)z 2. Note
that x and 2 are well defined since A(py) and B(py, ) are bounded
Vpr € P. Given these bounds, any Ps for which it holds that
F)PosFy — Pag < —(k — A)I (20)
implies that Qa2(pk) — Q{a(pk) Q11 (k) Qu2(pk) < 0, ie.,
implies that Q(px) <p 0. Since F}, only has eigenvalue inside
the unit circle, there exists a Pos € S’ZB for which FbT Pos Fyy —
Pao = —ad forany a € R~ . Then, forany o > x — A, itholds
that Q(px) <p 0, implying A" (px)PA(px) — P <p 0. Lastly,
for P15 = 0, positive definiteness of Py = 0 in combination
with P >~ 0 guarantees that P >~ 0, completing the proof.  [J

Intuitively, the above Lemma states that by the block upper
triangular structure of A(py,), only the diagonal blocks of A(py,)
determine its stability. Since F, is stable, A(py) and thus (1)
is QS if and only if the dynamics related to 7, are QS, i.e., if
andonlyify, = — > " A;(pk)yk—i is QS. Consequently, only
(16), has to be considered in the remainder. Last, note that the
above Lemma also implies that (1) is QS if n, = 0.

2) Construction of A From M: Second, it is shown that if
A(py,) is constructed according to (13) with the P resulting from
Riccati equation (14), then A satisfies (16) with exactly that P.
Furthermore, it is shown that all A(py) for which there exists a
P such that (16) holds, can be represented like this. B

Lemma 2: Given A : P — R™*"v_ there exists a P € S
such that A, P satisfy (16) if and only if there exists a M :
P — R™>*™ with M "(px)M (px) < I Vpr € Pand U € UL}
according to (14) and (13).

Proof: The proof follows by completing the square in (16) to
equivalently write

(Fa - GaA(pk))TP(Fa - GaA(pk)) - P
= F/PF, - P - F/PG,(G.PG,) 'GIPF,

+ H (pr)GoPGaH (pr) <0 Vp € P 1)
in which
H(pi) = Alpr) — (GoPGo) 'GoPF,. (22)
Necessity: Given A, P such that (16) holds, define
-S=FJPF, - P-F/PG,(GIPG,)'G/PF,. (23)

Then, by (21), it holds that S = 0 since H'(px)G!PG,
H(pg) =p 0. Given S > 0, it has Cholesky decomposition S =
U'U with U € UZY. Similarly, GJPG, > 0 as P = 0 and G,
is full rank, such that it has decomposition G} PG, = E'E with
FE e UZ%. A congruence transformation of (21) with U ! then

gives

I-U "H(p)E'TEH(pp)U > <0 Vp, €P  (24)
or equivalently I — M "(p;) M (ps,) by defining
M(py) = EH(py)U™ (25)

which after substitution of H (py,) is equivalent to (13).
Sufficiency: Given M and U as stated, set P € SZ% as the
positive-definite solution to (14), which exists and is unique as
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F, G is controllable and U 'U > 0 as U is full rank [34]. Then,
constructing A according to (13) and substituting itin (21) yields

(Fa - GaA(pk))TP(Fa - GaA(pk)) -P
= F/PF, - P-F]PG,(GlPG,) 'G!PF,
+U'M(py)'E"'GIPG,E~M(py)U. (26)

Note that E € ULY is defined by G PG, = E'E, which exists
as P > 0 and G, is full rank. Then, (26) can be written as

~U'U+U"M(pr) M(pr)U <0 Vp, €P  (27)

since P is the solution to (14), and in which negative definiteness
follows by M "(px)M (py) < I Vpy € P, i.e., the constructed
A(py,) satisfies (16). O

The fact that P has to satisfy Riccati equation (14) can be
understood as a consequence of fixing the state coordinates
according to (3). Consequently, P also has to be a Lyapunov
function in these coordinates, which is reflected by (14). In
contrast, in the unconstrained characterization of stable state-
space models, the coordinates of the state-space are not fixed
and consequently no restrictions are imposed on P € S’{ [25],
[26].

Since the set of functions {M:P — R™*" | M(p;)"
M(py) < I Vpy € P} and the set of triangular matrices UY)
are both convex, Lemma 2 provides a convex characterization
of all coefficient functions A for which (1) is QS.

3) Reparametrizing the Unit Ball: To obtain an uncon-
strained characterization of b, all M (py) which are con-
strained to the unit ball are characterized through a Cayley trans-
formation. Throughout, the dependency of the matrix functions
M, X,Y, Z on py, is left implicit for brevity.

Lemma 3: Given M : P — R™™ with n>m, MTM <
I Vpj, € Pif and only if there exists X : P — UZ,, Y : P —
o' Z o P — R related to M as

N=X'X+Y-Y'+2'2 (28)
(I—N)I+N)!
| —2Z(I4+N)! 29)

Proof: The proof is adapted from [26]. Partition M as M =
T

{Mf Mﬂ with My : P — R™ ™ and My : P — R ™*™,

Necessity: Given M such that M "M < I, then first note
that MMy + MMy < I Vp;, € P implies that || M| <
1 Vpy, € P, and thus, I + Mj is invertible for all p;, € P. Given
M, calculate N according to first row of (29) as

N = (I+ M) (I —M;)=(I—M)I+M)* (30

The second row of (29) directly gives Z = _%MQ(I + N),ie.,
there exists a Z as stated. Next, I + NV is simplified using (30)
as

I+N=I+M)I+M)"'"+N=2I+M)"
Then, define H = —Z'Z + (N + N) such that
H= —(I+ M) "MyMy(I+ M;)™"

(€29}

+ % (I = My)(I+ M) " +(I+ M) "(I-M)")

%(I + M) (I 4 M) (I — My)(T+ My)™h)

+ %(I + My)” (I — My) (I + M) (I + M)

— (I 4+ M) "MJMy(I + M) !
(I + M) (I — MMy — My M) (I 4 M;)™!

= +M)"I-MMYT+M)"'~=0 Vp,eP
(32)

where the last inequality holds as M "M < I Vp;, € Pand I +
M, is full rank. Since H >~ 0 Vp;, € P, define X : P — UZ,
through H = X TX. Last, define Y as

Y = %m'u(N ~ N (33)

ie., Y : P — Up is the skew-symmetric part of N. Then, the
constructed X, Y, Z satisfy (28) and (29).

Sufficiency: Given X,Y,Z as stated, define N and M as
in (28) and (29), which is well defined as [+ N is full
rank Vpy € P since v'(I+ N)v=v' (I + X' X +Z'Z)v >
0 Vv € R™\ {0} Vpy € P. Then, it holds that

(I+N)(I-M"™M)(I+ N)
=({I+N)I+N)-(I-N)I-N)-42'2
=2(N"+N)-42'Z

—UX'X+2'2)-4Z"Z=4X"X =0 Vppr € P (34)
where strict positive definiteness follows since X : P — UZ,
is full rank Vpy, € P. Since I + N is also full rank Vp; € P, it
holds that I — MM = 0 Vp; € P. O

Remark 5: Instead of representing X € Usg and Y € U,
it is also possible to specify them as full matrices as in [26].
However, this introduces extra parameters, namely the lower
triangular part of X and Y, and does not allow for a straightfor-
ward way to ensure that X is full rank.

Together, Lemmas 1-3 imply Theorem 1.

Proof of Theorem 1. Necessity: given (A, B, By) € Q.
ie., such that 3P € Sy for which Egup(A(pk), B(pk),
By(pr),P) < 0 Vpi,_€ P with Zgyp, in (7), then by Lemma 1
there exists a P € SZ}S such that (16) holds. Subsequently, by
Lemma 2 there exists an M with M "(p) M (py) < I Vpy € P
and U € ULY related to A and P as (13) and (14). Finally, by
Lemma 3, there exist X, Y, Z related to M according to (15a)
and (15b).

Sufficiency: given U and functions X,Y,Z as stated, by
Lemma 3, the M constructed according to (15a) and (15b)
satisfies M "(pr.)M (px) < I Vpy € P. Then, by Lemma 2,
A and P constructed according to (13) and (14) satisfy
(16). Finally, by Lemma 1, there exists a P such that
b (A(pr), B(pr), Bo(pk), P) < 0 Vp, € P for any B, By,
ie., (A,B,Bo) € Qggab-

IV. DISSIPATIVITY

In this section, the set of all coefficient functions
A, B, and By for which (1) is QD with respect to a prespec-
ified supply s' (uy, yx) are characterized, i.e., all (A, B, By) €
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Qgs, constituting Contribution C2. Based on the choice of st
quadratic dissipativity then implies relevant IO properties, such
as passivity and an upper bound on the induced ¢5-gain of (1),
see also Definition 2. First the main result is provided, followed
by a proof in the subsection after.

A. Main Dissipativity Result

To state the main result, first define

F = Fa 0 € RN=xne (35a)
0 F
Ga Ng XM a Ng XN

G = e R"*™ G = € RMexu (35b)

b
such that (2) can be equivalently written as
Tp1 = (F + GJ(pg))zk + (GBolpk) + Guk
yr = J(pr)wk + Bo(pr)u (36)

with J(pr) = [~ A(pr)  B(pe)] Given these definitions, the
following theorem provides an unconstrained characterization
of all (A, B, By) € QL in the case that n, > 0, n, > 1. The
cases in which n, = 0 and/or n; = 1 are discussed after.
Theorem 2: Given coefficient functions A, B, and By with

ng > 0,1, >1 and Il = [LQT 1];] € S™wtnu with Q € Sg%

and In(IT) = (ny, n,,0), then it holds that (A, B, By) € QL
if and only if there exist X : P — [U;L%, Y: P— Ug’y, Z P —

R 7wy >y Y € ULy and o € R such that
[—A(pr) B(pr) | Bo(pr)] = E~'M(py)U

~(G"PG+Q) " [G'PF | G'PG+L]  (37)
in which P € S’¢ follows from
P=(X+px)"1 (38a)
_ GT
FXFT-X ¢ |u| | =-VV (8
B = —min(Apn(X 2XX72),0) +a (38¢)

with X' = blkdiag(X,, A}) with X, = blkdiag(I,,,21,,, ...,
nal,,) € DYy and X, = blkdiag(l,,, 20, ,. .., (n, — 1)

I,,) € D2y, and in which U € U%, E € UZy follow by

>0 >0°
Cholesky factorizations S = U'U, E'E = G"PG + Q with
FT . P 0
S=—|ar PlF G|+ o n
F'PG _
_ G'PG+Q) '|G"PF GTPG+L
apeyr| GPEHQ TGP GPGL
(39)
and last, in which M (py,) follows by
.
I—-N I+ N -1
—2Z(pr)(I + N(px))
N(pr) = X (o)X () + Y (pr) = Y ' (pr)
+Z () Z(pr)- (40b)

1667
Tdis [ Ay (pk) ]
p );(p’c) | é? M (py) E~'M(p)U I .
> Y (px) & —(GTPG + Q)"'GTPF :
Zpr) ] | = 7y An, (Pr)
Bo(px)
Bi(px)
@ ETE=GTPG+Q :
| Bry,—1(pr) |
Fig. 2. Coefficient functions A, B, and By constructed from the trans-

formed coefficient functions X, Y, Z and auxiliary variables V', « through
the mapping Tyis consisting of Lyapunov equation (38) and Cayley trans-
formation (40) with S, as in (39). This construction guarantees that (1)
with A, B, and By is QD with respect to the supply s'!, as in Definition 2.

The proof of above theorem is given in the next subsec-
tion. Theorem 2 characterizes all (A, B, By) € QL through
unconstrained transformed coefficient functions X, Y, 7 and
unconstrained auxiliary variables V, «. Specifically, it states that
if A, B, and By arejointly constructed from M and P according
to (37) with P constructed as in (38), then A, B, and By satisfy
dissipation inequality (9) with exactly this P, i.e., (1) is QD.
The other way around, it states that any A, B, and By for which
(1) is QD can be represented through some X, Y, Z, V. . This
characterization can be understood as follows.

1) Given V, Lyapunov equality (38b) and offset (38a) define
a storage function x Pz for state-space realization (2).
Since the state coordinates of (2) are fixed according to
(3), Pz has to be a storage function in these coordi-
nates, which is ensured by (38).

2) The Cayley transformation in (40a) constructs a ma-
trix coefficient function M for which M (px)M (py) <
1 Vp;. € Pbased on N in (40b).

3) Given P and M, coefficient functions A, B, and By are
constructed by scaling, rotating, and shifting the unit ball
M, as in (37). This construction is implicitly based on
‘P through Cholesky factorizations U and E, and ensures
that ZIL (A, B, By, P) < I V¥py, € Pby construction, i.e.,
that A, B, and By are such that (1) is QD with respect to
the storage function defined by P.

Similarly to the stability case, Theorem 2 defines mapping
Tais with ¢ = {V, a} through (37)—(39), which is visualized in
Fig. 2.

Remark 6: Ty is continuous with respect to X,Y, Z,V, a.
Specifically,

1) Lyapunov equation (38b) represents a square and full rank
linear system of equations [35], and thus, its solution X’
is differentiable with respect to V;

2) the shift parameter [ in (38c¢) is continuous with respect
to X as Amin () is continuous with respect to the entries
in A, and differentiable if its multiplicity is 1 [36];

3) P in (38a) is differentiable as X + B is full rank;

4) all other operations in (37), (39), and (40) are differen-
tiable.

Consequently, all operations in Ty;s are continuous.

B. Special Cases

Theorem 2 treats the general case of QD of (1) for which
ng > 0,m > 1. This result can be narrowed down to the setting
that n, = 0 and/or n;, = 1 as follows.
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1) n, >0, n, = 1: Inthis setting, LPV-IO representation (1)
only contains dynamics related to y and depends on u only
through Byuy, i.e., B is empty. Theorem 2 immediately applies
to this setting by replacing {F, G, G, [~A(pr) B(px)]} with
{F.,Gq4,0,—A(pr)}, respectively, and adjusting the dimen-
sions of Z as Z : P — R(wna—ny)*ny  Tg see this, note that
(1) with ny, = 1 can be written as

= (F, — GoA(pr))xr + GoBo(pr)us

yr = —A(pr)zr + Bo(pr)un (41)
with 23, = [yg_l yg_2 . le—nb]T’ which is equivalent to (36)
with F, G, G, J(p) replaced by F,,, G4,0, —A(ps).

2) n, =0,n, > 1: In this setting, (1) only contains dynam-
ics related to u and A is empty, corresponding to an LPV-
FIR system. Theorem 2 applies to this setting by replacing
{F.G, G, [-A(pr) B(pr)]} with {F},, 0, Gy, B(pr,) }, adjusting
the dimensions of Z as Z : P — R"«("~1)*"y and by requiring
Q e s ¢ instead of @ € Sny To see this, note that (1) with

= 0 can be written as

Tk41

Tpy1 = Fprr + Ghuy
yr = B(pr)zr + Bo(pr)u (42)
with z = [u_, u} , U;—nJT’ which is equivalent to
(36) with F, G, G, J(ps,) replaced by Fy, 0, Gy, B(pg). Q = 0

isrequired to ensure that ETE = G"PG + Qs still well defined
as in this case G = 0.

3) n, =0,n, = 1: In this setting, (1) is a parameter-varying
gain without any states, i.e., yr, = Bo(pk)uy. Theorem 2 can be
specialized to this setting by zeroing F, G, G, J (py,), deleting the
first block of rows/columns, restricting ) € SZ%, and adjusting
the dimensions of X, Y, Zas X : P — UL}, Y : P — Uy*, Z :
P — R"*™ with ny = min(n,,n,) and ny = |n, — ny| —
ny. Then, By is given by

Bo(pr),
By (pr),

with £/ € [U>O, U € Uy resulting from factorizations E'E =
Q. andU'U=8=-R+L'Q'L.

if ny, < ny

E'Mp)U +Q 'L = { @3)

otherwise

C. Proof of Theorem 2

In this section, Theorem 2 is proven through two Lemmas that
prove individual claims of Theorem 2. Specifically, the following
is shown.
1) First, it is shown that (A, B, By) € QY if and only if
these can be constructed from an M in the unit ball, as in
(37), given a P = 0 for which S > 0 with S, as in (39)
(Lemma 4).

2) Second, it is shown that all P for which S > 0 can be
generated from V' and o, as in (38) (Lemma 5-7).

Last, these steps are combined with a parametrization of M
in the unit ball through the Cayley transformation of X, Y, Z, as
in (40), to yield a proof of the full result.

1) Construction of (A,B,By): First, it is shown
that if A, B, and By are constructed according to (37)
with a P for which S >0, then A, B, and By satisfy
=X (A(pr), B(pr), Bo(pk)) <p 0 with exactly that P, i.e., (1)

is QD. Furthermore, any (A, B, By) € QL can be represented
in this way.

Lemma 4: Given A, B, and By, then it holds that
(A, B, By) € QL if and only if there exists 1) a P € ST
such that S = 0 with S'in (39);and 2) an M : P — Ry >+
with M T(pp)M (pr) < I Vpy € Prelated to A, B, and By as
(37).

Proof: The proof follows by completing the squares. Specif-
ically, ZIL (A, B, By, P) in (9) can be written as

= ! _ P 0
== o |PF 6] |, a0 ZHy
F'PG _
—| 2 G'PG+I)' |GTPF G L| (44
Gpay | €PCHD T GTPE GTPGAL] @)
in which Z = (G"PG + Q) and
H(pr) = [=A(px) B(pr) | Bo(p)]

+(G'PG+Q) ' [G'PF|G"™PG+L]. (45)
Necessity: Given (A, B, By) € QL. i.e., an (4, B, By) such
that 3P € ST§ such that Hdls(A(pk) B(pk), Bo(pk), P) <p 0,
then by (44) it must hold that S € S''f since H '(px)(G PG +
Q)H (pr;) »=p 0. Thus S has the Cholesky decomposition S =
U'U with U € UZ%. Similarly, G"PG + Q = E'E with E 6
ULy smce @ = 0. Then, a congruence transformation of =}
with Ut implies

~I+U "H'(pp)E'EH(p)U ' <0 Vppr €P  (46)
or equivalently M "(py)M (p) < I ¥py € P with
M(py) = EH(p)U! @7

which is equivalent to (37) after substitution of H in (45).

Sufficiency: Given P € S!'{ such that S € SI'f and M such
that M "(px)M (px) <p I, substitution of A, B, and By con-
structed as in (37) into (44) and (45) yields

Eiis=—S+UM (p)E"(G"PG+Q)E™'M(pr)U (48)
by definition of S. Now, G PG+ Q=E"Eand S = -U'U
by definition, such that (48) reduces to

Sty = U'(=1+ M (pr)M(p))U <0 Vpp €P  (49)

where the inequality follows by M "(py,) M (pi.) <p 1. O

Lemma 4 restricts the set of possible storage functions P
through Riccati-like condition (39). Given such a storage func-
tion, the transformed coefficient functions M must be gain-
bounded.

2) Characterization of all P: Unlike in the stability case, it
is not possible to characterize all P that satisfy (39) through S.
Specifically, given P, the corresponding S can be calculated by
(39), but given an S, it is unclear if a solution P exists and how
to compute it. Instead, as an intermediate step, condition (39) is
equivalently characterized by a linear matrix inequality (LMI)
inPL.

Lemma 5: P € S satisfies (39) with II such that In(II) =
(ny, ny, 0) if and only if P satisfies

Q L|
LT R

GT
GT

;
piyppipo |G <0. (50)
G '
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For the proof of above Lemma, the Haynsworth’s Rule of - -
Inertia is used [37], which is stated next for completeness. — P14 {G G} Q L G (57)
T AT
Lemma6: Given Z = |7t 712 c sntmwith 7, € ",
12 Z22 which after substitution in (53) implies that

Zog € S™, Z15 € R™ ™ then the inertia of Z satisfies
III(Z) = IH(ZQQ) + II’I(le — Z122521Z1TZ)
=In(Z11) + In(Zag — 2571 Z12). 51

Proof of Lemma 5: The proof is based on first rewriting
(39) as a genuine Riccati inequality and an auxiliary condition
through similar algebraic steps as in [38] and [39], and second
transforming this Riccati equation to (50).

Necessity: Given P € SI{ such that (39) holds, it must hold
that W < 0 with W the (2,2) block of (39) given by

W=G'PG+R
—(G'PG+LNGPG+Q) (G"PG+L). (52)

In addition, if (39) holds, the Schur complement over its (2,2)
block must also be negative definite, i.e.,

F'PF -~ P~ F'PG(G"PG + Q) *'G'"PF
— (F"PG - F'PG(G'PG + Q) '(G"PG + L)) W' x
(G"PF — (G"PG+ L) (G"PG +Q)"'G'PF) <0
which, by collecting terms, is equivalent to
al’
GT

GT
GT

Wl 1 Wl 2

F'PF-P-F'P - L

PEF <0

(53)
with

Wi =(GPG+Q) ' +(G"PG+Q)!
x (G"PG + LYW HG'"PG + LNG"PG+Q)!
Wi = — (G'PG+ Q) (G'PG+ L)W (54b)

Then, by the matrix inversion lemma

(54a)

Wit Wia G"PG+Q GPG+L
T -1| = |AT T ATDA (35)
Wiy W G'PG+L" G'PG+R
such that (53) can be written as
7 T " ! T
—F'p ¢ ¢ ¢ Q L ¢ PF
GT GT GT LT R GT
+F'PF—-P <0. (56)

In other words, P satisfies (39) if and only if it satisfies Riccati
inequality (56) and auxiliary condition W < 0.For@Q = I, R =
—~21, these conditions correspond to the conditions derived for
the full information H ., control setting [40, Ch. 7].

Next, (52) and (56) are converted to the LMI in (50). Specif-
ically, by the Woodbury Matrix Identity it holds that

T
+

GT
GT

GT
GT

GT
GT

aTl’
GT

L
PP P QT P
L R

GT

-1
FT<7>—1+[G G| GT> F-P<0. (59

_ 4T
Now, it is claimed that P~1 + |G G|t [¢ G| = 0if
and only if W < 0, which is proven later. Then, (58) implies
that

—P FT

Fo-pi-le ¢lntle ¢ &

}T <0

or equivalently (50) by taking the Schur complement.

_ T
It remains to prove that P~ + [G G] mt [G G} =0
if and only if W < 0. By the Haynsworth’s Rule of Inertia

Pl G G
In| GT Q L
G LT R
T -1
Q L L le™l o ¢ el
=In T R +In|-Pt- ar IT R aT
B Qo L] [¢Pa aPG
=In(—P Y +1 _ - 60
n( H“( k| |are apal) ©

in which by the same rule

GPG+Q GPG+L]
G"™PG+L"T G"PG+R
Now, In(—=P~1) = (0,n,,0), In(G"PG + Q) = (n,,0,0) as

@ = 0 and G full rank, and In(IT) = (n,, n,,0), see Defini-
tion 2. Substituting these inertias in (60) yields

1T

d ) .

(0,74,0) + (ny,0,0) 4+ In(W)
(61)

In =In(G'PG + Q) + In(W).

= (ny,n4,0) +In (-73—1 _ [G @} -1 [G

Thus, In(W) = (0, n,, 0) if and only if
_ T
In <—P1 - [G G} i [G G} ) — (0,n,0).  (62)

Sufficiency: Follows by reversing the steps in necessity as
all of them are also sufficient. Specifically, if P € S!'¢ satisfies

(50), then —P~1 — [G c’:} il [G G}T < 0. Then, by (61)
itholds that W < 0. Next, applying the algebraic manipulations
as in (55)—(59) reveal that (39) is satisfied. O

Lemma 5 relates the Riccati-like inequality in (39) to the LMI
in (50). Consequently, it provides a convex characterization of
the set of possible storage functions P. Already, it allows for
solving for a P through SDP techniques.

Remark 7: Condition (50) could have also been obtained by
directly applying the Projection Lemma to (9) [23].
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To obtain an unconstrained characterization of all possible
storage functions, the set of P that satisfy (50) is reparametrized
as follows.

Lemma 7: P € S} satisfies (50) if and only if there exists
V € ULf and a € Ry related to P as
T

G'| |Q L GT
FXF'— X — a| i R ol = V'V (63a)
B =—min(Ann (X 2XX73),0) +a (63b)
P=(X+p8X)" (63c)

in which X = blkdiag(X,,X;) with X = blkdiag(X,, X})
with X, = blkdiag(l,,,, 2I,,, ..., nal,,) € DXy and X}, =
blkdiag(l,,,,, 21, ..., (ny — 1)1,,) € Dy,

Proof: Necessity: Givena P € S that satisfies (50), then by
continuity of the eigenvalues and strictness of (50) there exists
a 8 > 0 that perturbs P! such that P~ — X > 0 as well as

GT
GvT

GT
GT

F(P'=BX)F'— (P'-BX) - < 0.

(64)
Consequently, set X = P~1 — 3X = 0, which is equivalent to
(63c). Then, V is defined through the Cholesky factorization
of (64), which is equivalent to (63a). Last, since X > 0, it
holds that min(Amin (X "2XX2),0) =0, such that setting
o = > 0 satisfies (63b).
Sufficiency: Given a V' € UL}, define X as the solution to
(63a). This X exists and is well defined since A;(F") = 0 fori =

_ AT
1,...,ny [35]. Furthermore, since — [G G} I {G G] =+
V'V is symmetric, also X is symmetric. Since A’ is not necessar-
ily positive definite, set P = (X + BX)~! with 3, as in (63b),
to guarantee P € SI'3. To see this, a congruence of P~ with
X2 reveals

X EP Y = X 2XX 2 4+ 81 = al (65)

where the inequality holds by definition of 3 in (63b). Matrix P
with this offset also satisfies (50) through the specific choice for

X. Specifically, evaluating (50) for P yields
_ _ _ AT
— (X +BR)+ P(X+8X)F - [ G|u' |G G

= —BX+BFXF —-V'V (66)

by definition of X as the §oluti011 to (63a) given V. Now, for X
as stated, it holds that — X + FXF T = —1I, such that

—BX+BFXF - V'V =—BI-V'V. (67)

Since o > 0, also 5 > 0, such that P satisfies (50). U

Above lemma characterizes all P € SI{ that satisfy (39) in
an unconstrained way. The proof is based on solving (63a) for
X given V and guaranteeing that also P >~ 0 through offsetting
X by X 0, as in (63c), which is possible as X is a Lyapunov
function for F'. The specific bound ( in (63b) is obtained by
simultaneous diagonalization.

With Lemma 5, a P that satisfies (39) can be obtained
by choosing a V' and o and constructing P according to
(632)—(63c). P is guaranteed to exist forany V' € UL}, and all P

satisfying (39) can be represented by varying V' and . Lemmas
4-7 together with Lemma 3 immediately imply Theorem 2.

Proof of Theorem2: Necessity: Given (A, B, By) € QL i.e.,
3P € S such that ZL (A(pk), B(pk), Bo(pk), P) <p 0 with
Egs in (9), then by Lemma 4, P satisfies (39) and there exists an
M with M "(p.)M (px,) < I Vp;, € Prelated to A, B, and By,
asin (37). Then, by Lemma 5, P satisfies (50), and by Lemma 7,
there exist V' and « related to P as (38). Finally, by Lemma 3,
there exists X (px), Y (pr), and Z(py) related to M (py), as in
(40).

Sufficiency: Given X,Y, Z, by Lemma 3, M constructed, as
in (40), satisfies M "(py)M (py) <p I. Furthermore, P € SI'%
constructed, as in (38a) and (38b), satisfies (50) by Lemma 7, and
thus, (39) by Lemma 7. Then, by Lemma 4, A, B, and By con-
structed, as in (37), satisfy Zgis(A(pk ), B(pk), Bo(pk), P) <p 0
with this P, i.e., (A, B, By) € QL. O

V. UNCONSTRAINED QUADRATICALLY DISSIPATIVE MODEL
CLAsS

In system identification, the equivalence results given in The-
orems 1 and 2 allow for identifying models in the form of (1) in
terms of X, Y, Z, ¢ such that stability or dissipativity guarantees
hold by construction, which is especially useful for identification
based on machine-learning methods, such as neural networks.
This results in the QS and QD model classes, constituting
contribution C3.

Specifically, traditional methods guarantee stability and dis-
sipativity of an identified model in the form of (1) through
optimizing A, B, and By according to

arg min L(uk, Yx, [Apr), B(pr), Bo(pk)])

» 2520

subject to (A, B, By) € Q; (68)

with £ an identification criterion, e.g., a simulation error, that
fits parametrized coefficient functions A, B, and By to data
{yk, uk, px }&_, while stability/dissipativity is guaranteed by
the SDP-based feasibility constraint (A, B, By) € §; with i =
{stab, dis}. In contrast, Theorems 1 and 2 allow for optimizing

arg min £ (ur, yi, Ti(X (pr), Y (pr), Z(pr), @) (69)

s Ly4y

where functions X, Y, Z and auxiliary variables ¢ = {V, a} are
converted to A, B, and By for evaluation of (1) through T;;
see Sections III and IV. In (69), Theorems 1 and 2 guarantee
that the resulting A, B, and By are such that (1) has the desired
quadratic stability or dissipativity properties for any choice of
X, Y, Z, ¢. Moreover, it is guaranteed that all A, B, and By for
which (1) has this quadratic property, can be represented by
properly picking X, Y, Z, ¢ through optimization.

The functions X,Y,7Z can be parametrized in terms
of any bounded function depending on parameters (. For
shorthand notation, define [vecyiy(X (pk)) " veCtrins(Y (px)) "
vec(Z(pr))"]" = gc(pr) € R™ with vecyiy(+) representing a
vectorization of the upper triangular part of a matrix, veCyiy,s
the vectorization of the strictly upper triangular part, and m =
ni + ny(ny + n,, — ny) the total dimension after vectorization.
Some common parametrizations are as follows.
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Algorithm 1: Quadratically Dissipative LPV-IO Model.

Ty

1: inputs: Coefficient functions X : P — U_,
Y:P— [Ug”, Z : P — Rty XNy auxiliary

variables V' € U2, o € R+, a supply function defined

>0
62 : Ty
by II = IT R € "t with Q € ST and
In(IT) = (ny,ny,0), and input/scheduling trajectories
{ur: pi}isy -

: set matrices F, G, G as in (35) and X as in Theorem 2.
: solve Lyapunov equation (38b) to obtain X'

: calculate P as in (38a)—(38¢).

: calculate S as in (39).

: factorize S = U 'U and G "PG + Q = E'Es.

: initialize vy, = 0,u;, = 0Vk < 0.
cfork=1,...,Ndo

9: calculate M (py,) according to (40).

00 1 O\ L B~ W

10:  calculate A(py), B(pk), Bo(pr) according to (37).
11: calculate y; according to (1).
12: end for

1) Affine parametrizations with g¢ (py) = Wpy, + c with pa-
rameters W € R™*"r ¢ € R™.
2) Polynomial parametrizations [14] with

TLp
dL,]
prw'
j=1

with py, ; the jth element of p;, € R"» and parameters
di,j eN,w, e R™, ce R™.
3) Neural network parametrizations [41] with

d
gc(pk) = c+ sz
i=1

ge(pr)=Wiro(--- Wio(Wopk +co) +¢1--+) +c1

with elementwise nonlinear activation function o, e.g.,
o = tanh, and parameters Wy, ..., W, co,...,cr.

Note that the choice of parametrization can limit the set
of A, B, By that can be represented, e.g., through using too
little monomials or neurons. However, if the parametrization
is chosen as a universal functions approximator, all A, B, By
can be represented up to arbitrary precision by increasing the
degrees of flexibility of the approximator [42].

The mapping Tj;s together with the choice for X, Y, Z defines
an unconstrained QD LPV-IO model. The construction of the
coefficient functions a; and b; from X, Y, Z and the prediction
of output trajectories using this model is summarized in Algo-
rithm 1. The QS LPV-10 model class can be defined analogously,
see also [27].

Remark 8: As for any model structure, when using the un-
constrained QS/QD model structure for identification, special
attention should be paid to the following.

1) The model order and complexity selection of the involved
parameterization to ensure a favorable tradeoff between
the structural bias and parameter variance.

2) Ensuring that the input is persistently exciting [12], [43]
to provide informative data for the estimation process.

3) The choice of the identification criterion in view of the
modeling objectives.

107! 0
100 -1

Frequency w [rad/s|

3

Fig. 3. Bode plot of frozen LTI dynamics of G(e¢, p) for various con-
stant scheduling values p € IP.

The model in Algorithm 1 can be optimized using uncon-
strained (sub)gradient-based unconstrained optimization meth-
ods since all transformations are either continuous or differen-
tiable, see Remark 6.

VI. SYSTEM IDENTIFICATION EXAMPLE

In this section, the developed unconstrained QD model class
of Theorem 2 is showcased in combination with neural network
coefficient functions to identify an LPV-IO model while desired
dissipativity properties are enforced by construction. Examples
that enforce stability by construction previously appeared in [27]
and [44].2

A. LPV Output-Error Identification Setup

The considered data-generating LPV system G is an instance
of (1) with n, = 1, ny, = 1 and given by

G = —a1 (pr)Tr—1 + bo(pr)ur (70a)

Yk = Yk + Ok (70b)
with input uy € R and scheduling signal py € P =Ry yj.
Furthermore, y,, € Ris a measurement of the true output y;, € R
perturbed by zero-mean independent and identically distributed
white noise v, € R with E(v}) = 02, resulting in an LPV
output-error (OE) identification setup [14].3 Note that by defin-
ing x; = Yr—1, (70) directly yields a state-space realization by
rewriting yr = —a1 (P ) k-1 + bo (pr )ur + vi. The coefficient
functions are given by

a1(pr) = —0.1 — 0.5 tanh(—py,) (71a)

Pk
1 -+ ePk :
The resulting frozen LTI dynamics of (70a) over IP are shown in
Fig. 3 and the coefficient functions are visualized in Fig. 4.

Remark 9: System (70) is chosen as a simple first-order filter
for visualization purposes. Specifically, it admits visualizing
both coefficient functions a;, by in a 2-D plane.

For system (70), a dataset ® = {uy, yx, px }o_, of length
N = 1000 samples is generated from zero initial conditions
with multisine u, = >_5° | sin(w;k) containing normalized fre-
quencies w; = 0.017 x ¢ linearly spaced between 0.017 and

bo(pr) = —0.03 — 0.25¢ 0Pk — 0.12 (71b)

>The code for generating the results in this section and verifying Theorem
11 numerically is available at https:/gitlab.tue.nl/kon/dissipative_linear_io_
identification/-/tree/main. An example demonstrating the unconstrained stable
model class of Theorem 1 can be found at https://gitlab.tue.nl/kon/stable-1pv-
io-estimation

3More generic noise model structures can easily be incorporated, but for ease
of notation, an LPV-OE setting is considered.
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Fig. 4. Estimated neural network coefficient functions of the uncon- 1
strained QD model (—) accurately represent the true coefficient func- %R -0.25 20.15
tions (- -). %(M(ejw)j

0.97, and pr = 1 — kN ! a linear scheduling trajectory. The

noise variance is set as o2 = 0.01 for signal-to-noise ratio
2

10log, o (=k=172) — 30 dB.
>k=1Yi
B. Unconstrained QD LPV-10 Model

The unconstrained QD LPV-IO model M, see Algorithm
1, is used to identify G in (70) based on dataset ©. A neu-
ral network parametrization for transformed coefficient func-
tions X,Y, 7 is considered, and the cost function is chosen
as the simulation error, corresponding to the OE identifica-
tion setting. The model is optimized based on gradient-based
optimization.

Specifically, the model order is chosen as n, = 1,1, = 1,
matching the system order. The transformed coefficient func-
tions X : P — Uspand Z : P — R are parametrized as a neural
network with two hidden layers of five nodes each and tanh
activation function, i.e., according to

[X(pk) Z(pk)] = WQO’(Wlo'(Wopk + CQ) + Cl) +co (72)
with ¢ = tanh, weight matrices Wy € R5*1 W, € R?*5,
and W, € R?*% and bias vectors ¢y € R®, ¢; € R%, and
co €R?, for a total parameter set ¢ = [vec(Wp)' ¢}
vec(W1)" ¢ vec(Ws)" cd]" € R%2. Furthermore, with V' €
U1>0 =R<p and « € R, the total parameter set is given by
¢»=[C"V a]T € R® Notethat Y (py) =0 Vp;, € Pasii, =
1. Last, for this example, the unconstrained parametrization
only introduces ng = 2 extra parameters compared to directly
parametrizing a1, by by the same neural network.

For the supply function, I is set as @ =0, L =—1,
R = —0.6740, expressing the desire that the estimated model
is dissipative with respect to s'(uz,yr) = u{yk —|—y,;ruk +
uERuk, meaning that the frozen behavior of M satisfies
R(M(e?*,p)) > R/2 VYw € [0,27) VpeP.

Remark 10: For this simulation example, the true system G is
QD with respect to this s'!, enabling approximation of G by M
up to the approximation capabilities of the neural network. The
ability of the model to identify the true system can be limited
by this choice of supply rate if the true system is not dissipative
with respect to the chosen supply rate s'I.

In the above OE setting with noiseless py, the model param-
eters ¢ are found by minimizing the ¢ loss of the simulation
error Vv (¢) as ¢* = arg ming Vi (¢) with

S
~ Z (Uk — Gr.0)°
k=1

Vn(¢) = (73)

Fig. 5. Frequency response function of frozen LTI transfer functions
M(e?, p) of the identified model M for various p € P (—) are guar-
anteed to stay outside the region R(M(e’*,p) > —0.0337 (zm) for all
7 € P since the estimated model is QD by construction.

where §;, o is the simulated model response with initial condi-
tions equal to zero.

Criterion (73) is optimized using the Levenberg—Marquardt
optimization algorithm with finite differencing for Jacobian
estimation, see [45], resulting in a training time of 20 s on a
Z-book G5 using an Intel Core i7-8§750H CPU.

C. Identification With Dissipativity Guarantees

For the training dataset, the estimated parameter vector ¢*
achieves Vv (¢*) = 0.1015, corresponding to the standard devi-
ation of the noise o, = 0.1, implying that the only contribution
to Viv(¢*) is noise that cannot be predicted. For a validation
dataset with the same noise variance and a similar input and
scheduling, Vv (¢*) = 0.098 is obtained, indicating that the
model generalizes well.

Fig. 4 shows the true coefficient functions a;, bo as well as
the estimated coefficient functions aq, by reconstructed from
X, Z,V,a. The optimized neural network weights 1/; and biases
¢; defining X (py,) and Z(py), as well as the matrix functions
M (py;) and Z(py,) and the storage function defined by P can be
found in the online repository. It can be concluded that the neural
network parametrization of X, Z enables close approximation
of aq, ISO. At the same time, it is guaranteed that these neural
network coefficient functions are such that (1) is QD. This is
illustrated in Fig. 5 through visualizing the FRF of various frozen
LTI systems M (e/*, p) in the complex plane for various values
of p € P, which shows that each frozen LTI system satisfies
R(M(e?*,p)) > R/2 = —0.337, i.e., satisfying the desired 10
property.

D. Visualization of Dissipativity Sets

In this section, the set of coefficient functions a; and b that
can be represented by the unconstrained dissipative model is
visualized. Specifically, define the sets

Qi ; = {a1, bo | Z4is(@1,0,bo, P;) < 0}
QL ={ay, by | IP € S% such that =N (@1,0,b9,P) <0}

where the former represents the coefficient function values for
which a storage function defined by P; proves dissipativity,
and the latter represents the coefficient function values for
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bo(p)

-0.5 0 0.5 1

a1(p)

-1
Coefficient set Q11

Fig. 6. dis,j — {a; € R, l;o cR | Egs(ﬁl,o,l;o,Pj) <

0 Vp € P} with supply rate s™(uy,yx) = ufyk + y;uk —+ ugRuk with
R = —0.6740 visualized for P; at iteration 3 (=), 10 (=), and 30

(=m1) of the optimization. Qg{s j represents the set in which coefficient

functions a1, by can take on values such that LPV I0-model (1) is QD
with respect to a storage function defined by P;. During optimization,
P; is adjusted such that the true coefficient functions a;,by (—) are
contained within Qg{s B corresponding to scaling, rotating, and trans-
lating of this set. Any Qg{s,j is contained to QI (=), i.e., the set of

values of @1, by for which (1) is dissipative with respect to s'! in the LTI
case.

which there exists a P that proves dissipativity. Thus, Qgs’ j
can be interpreted as the region of the coefficient space in which
coefficient functions a; and by can take on values when they
are constructed, as in (37), based on P,; see Theorem 2. The
sets Qf, ; are visualized for P; varying over the optimization
iterations in Fig. 6. This figure is interpreted as follows.

1) Mapping (37) corresponds to scaling, rotating, and trans-
lating the unit ball {M € RC=Fma)xmy | IM||y < 1},
resulting in the ellipsoidal shape of Qgs, ;- Thus, P can
be thought of as describing all possible rotations, transla-
tions, and scalings of A, B, and By such that (1) is QD.

2) Unsurprisingly, Qgs’ ; C QI ie., the set of @, and by €
R for which P; proves dissipativity is necessarily con-
tained within the set of coefficients @; and by for which
there exists a P that proves dissipativity. Furthermore,
by Theorem 2, QL can be fully covered by the union of

Qgs’ ; through varying P;.

3) For an LPV-IO model to be QD, there needs to ex-

ist an ellipsoid Q ; that fully encapsulates the im-
age of its coefficient functions over PP. This provides

a graphical test for determining dissipativity properties

for low-dimensional LPV-IO systems. Then, Fig. 6 il-

lustrates that G is on the boundary of QD with respect

to s'L.

4) Optimizing P through V, o can be interpreted as trans-
forming QY ; such that it encapsulates the true coefficient

functions.

E. Comparison With Standard LPV-IO Identification

The unconstrained QD LPV-IO structure is compared to
a standard LPV-IO model structure, as in (1), in which the
coefficient functions a; and b; are directly parametrized [14],
[46]. For comparison purposes, these coefficient functions are

0.2 / -0.15
/ \
= 0 / = 021\
s-02f / S \
,/ 0250\ A
-0.4 p \_/
-1 0 1 -1 0 1
D D
Fig. 7. Estimated neural network coefficient functions of the traditional
LPV-IO model (—) accurately represent the true coefficient functions
(=-)-
-0.24
S
-0.26
-0.28 /
0.1 0.2 0.3
ai
Fig. 8. Even when the coefficient functions a1 (ps) and bo(py) of the

true system (—) are close to the boundary of the set Qg{s (=), i.e., the

set of values of a1, by for which (1) is dissipative with respect to s'!, the
unconstrained QD model class (—) yields coefficient functions that are
contained within ngs by construction. In contrast, due to noisy data and
finite approximation capabilities, the coefficient functions of a traditional
LPV-IO model (—) are not guaranteed to be contained within this, i.e.,
do not reflect this dissipativity property of the true system.

parametrized by a neural network with the same structure, as in
(72). The weights and biases in the network, i.e., the parameters
of this standard LPV-IO model, are identified using an OE noise
structure, the same dataset, and a prediction-error criterion, as in
(73), resulting in a training time of 18 s. Itis observed that during
optimization, the estimated parameters regularly yielded an un-
stable model, necessitating reinitialization of the optimization.
Similarly, randomly initializing the neural network often yields
an unstable simulated response, complicating optimization.

The estimated model achieves an {5 loss of the simulation
error equal to Vy = 0.1015 for the training dataset, and Vi =
0.098 for the validation dataset, indicating that the dynamics of
the system have been estimated up to the noise floor.

Fig. 7 shows the coefficient functions estimated through
the neural network. It is observed that the neural network
parametrization of a; and by can accurately approximate the
true coefficient functions @, and by. Fig. 8 shows the estimated
coefficients functions together with Q. n, i.e., the set of co-
efficients values for which the model is QD with respect to
s'I. Even though the true system is QD with respect to s,
the estimated model is not: its coefficient functions are not
contained in {1, i.e., there exists a p € P for which the frozen
model is not QD. This is a consequence of the noise in the data
and the finite approximation capabilities of the neural network
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parametrization, combined with the fact that the true system is
on the boundary of QD with respect to s'l.

VIl. CONCLUSION

In this article, the class of all QS/dissipative DT linear 10
models is reparameterized in terms of unconstrained model
parameters. This unconstrained parameterization is achieved
through reparameterizing the stability/dissipativity condition in
a necessary and sufficient fashion through the solution of a
Riccati/Lyapunov equation and a Cayley transformation.

The resulting stable DT-LPV-IO model class enables system
identification with a priori guarantees on stability/dissipativity
properties of the identified model in the presence of modeling
errors and measurement noise. Furthermore, it allows for incor-
porating arbitrary dependencies of the scheduling coefficients
on the scheduling signal p, e.g., a neural network. Since it does
not require enforcing an MI condition during optimization, it
can be optimized using standard unconstrained optimization
routines, significantly decreasing the computational complexity.
Moreover, the construction of the Lyapunov/storage function
through algebraic equations is numerically efficient such that
the model class scales well to systems with high dimensions.

A potential direction for future work is to extend this un-
constrained parametrization toward parameter-dependent Lya-
punov/Storage functions.
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