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Abstract

The Scheme programming language was introduced in 1975
as a lexically-scoped dialect of Lisp. It has subsequently been
improved and extended through many rounds of standard-
ization, documented by the Scheme Reports.

In Lisp, eval is a function taking a single argument; when
the value of the argument represents an expression, eval pro-
ceeds to evaluate it in the current environment. The Scheme
procedure eval is similar, but takes an extra argument that
determines the evaluation environment.

The so-called classic standards for Scheme and its latest
modern standard all include a denotational semantics of core
expressions and of some required procedures. However, the
semantics does not cover eval. When Muchnick and Pleban
compared the denotational semantics of Lisp and Scheme in
1980, they wrote that it was not possible to give a structural
semantics of eval expressions. Similarly, in 1984, Clinger
pointed out that the semantics of eval violates composition-
ality; he suggested to define eval using a non-compositional
copy of the semantic function.

This paper adapts Clinger’s suggestion by letting the se-
mantic function take an extra argument, then defining that
argument by an explicit fixed point. The resulting semantics
of eval expressions is fully compositional. The wellformed-
ness of the semantics has been tested using a lightweight
Agda formalization; verifying that the denotations have ex-
pected properties is work in progress.

CCS Concepts: « Theory of computation — Denota-
tional semantics; + Software and its engineering —
Semantics; Functional languages.
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semantics, quote and eval, Lisp, formalization, Agda

ACM Reference Format:
Peter D. Mosses. 2025. A Compositional Semantics for eval in
Scheme. In Proceedings of the Workshop Dedicated to Olivier Danvy

This work is licensed under a Creative Commons Attribution 4.0 Interna-
tional License.

OLIVIERFEST °25, Singapore, Singapore

© 2025 Copyright held by the owner/author(s).

ACM ISBN 979-8-4007-2150-2/25/10
https://doi.org/10.1145/3759427.3760369

72

on the Occasion of His 64th Birthday (OLIVIERFEST °25), October 12—
18, 2025, Singapore, Singapore. ACM, New York, NY, USA, 10 pages.
https://doi.org/10.1145/3759427.3760369

1 Introduction

The Scheme programming language was introduced 50 years
ago, in 1975 [25, 26]. See the Scheme language website! or
Wikipedia page? for introductions to Scheme, and for infor-
mation about the Scheme standards: the Revised™ Reports on
the Algorithmic Language Scheme (abbreviated R"RS).

Scheme is a lexically-scoped dialect of Lisp. In Lisp, eval
is a function taking a single argument; when the value of the
argument represents an expression, eval proceeds to eval-
uate it in the current environment. The Scheme procedure
eval (introduced in 1998 in R°RS [14]) is similar, but takes an
extra argument that determines the evaluation environment.

The IEEE Scheme standard [13], the so-called classic stan-
dards [6, 14, 20], and the latest modern Scheme standard [21]
all include a denotational semantics of core expressions, and
of some required procedures. However, the denotational se-
mantics in the Scheme standards does not cover eval. The
small-step operational semantics given in R°RS [23] covers a
much larger subset of Scheme than the denotational seman-
tics, but still omits eval (despite being based on [15], which
includes it).

When Muchnick and Pleban [18] compared the denota-
tional semantics of Lisp and Scheme in 1980, they wrote that
it was not possible to give a structural semantics of eval ex-
pressions, because they involve evaluation of an expression
that is not a subexpression. In 1984, Clinger [5] pointed out
that “in order to preserve the principle of compositionality
its semantics would have to be definable without reference to
the semantic function & [for expressions]”. He suggested to
define eval using a non-compositional copy &’ of the seman-
tic function, or an infinite sequence of such functions, as in
the semantics of reflection in Lisp and Scheme [10, 19, 28, 29].
And in 1987, Recanati and Deutsch [19] wrote “The intro-
duction of eval is problematic in the denotational approach
because it leads to the following equation:

&l (eval E)]p =E[E[E]plp

which is not structural”.

https://www.scheme.org
Zhttps://en.wikipedia.org/wiki/Scheme_(programming_language)
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However, it turns out that a compositional semantics of
(eval E) can be given by adapting Clinger’s cited suggestion
so that & takes & as an extra argument. The denotation
& [ (eval E)] can then be defined compositionally:

E[(eval E)] & p =E[E[E] E plp

To define the extra argument &’, it is convenient to write it
before the syntactic argument of &, and rename & to F:

F & [[(eval B)] p=&'[F & [E]plp
Then &’ can be defined as the (least) fixed point of 7.

Related Work. As noted by the anonymous reviewers of
the submitted version “the technique used here is a form of
open recursion: rather than recursing directly to the (seman-
tic) function being defined, an additional parameter is given
to use for (problematic) recursive applications, and the loop
is closed by a top-level fixed point”. Wand and Friedman [28]
use an explicit fixed point in their semantics of the reflective
tower, but it appears that this approach has not been applied
to the semantics of eval, despite the conceptual similarity to
reflection. Cook and Palsberg [8, Fig. 16] also use an explicit
fixed point to obtain the behavior of a method system from
their denotational semantics of method expressions.

Outline. Section 2 briefly recalls the notation used in the
Scheme reports for defining the denotational semantics of
core expressions and procedures.

Section 3 presents a denotational semantics for an ad hoc
sublanguage Scm of Scheme. Apart from literal constants (in-
tegers and truth values) the syntax of Scm includes only four
kinds of expression: procedure calls, lambda-abstractions,
conditionals, and assignments.

Section 4 extends Scm to a language ScmQ by adding
literal quotations. The denotational semantics of core expres-
sions in the Scheme standards omits quotations, although
their semantics seems reasonably interesting, and not too
complicated to define.

Section 5 defines an extension ScmQE of ScmQ by adding
(eval E) as a primitive expression. For simplicity, the en-
vironment for evaluating the expression represented by the
value of E is null, and left implicit. The addition of the extra
argument of the semantic function for expressions requires
reformulation of the denotations of ScmQ expressions.

The compositionality of the semantics of ScmQE has been
tested using a lightweight formalization of denotational se-
mantics in Agda. An archive of the Agda source code is
available as supplemental material [17] accompanying this
paper. Section 6 explains the relationship of the formalization
to the semantic definitions in the paper.

Section 7 concludes by considering the possibility of in-
cluding the presented denotational semantics of quotations,
and of an eval procedure corresponding to that currently
provided in a library, in some future revision of the Scheme
standard.
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Readers are assumed to be familiar with the Scheme lan-
guage and with the basic concepts of denotational semantics.
Familiarity with the denotational semantics of core Scheme
expressions in the Scheme reports is not required.

Dedication. This paper is dedicated to Olivier Danvy, and
published in his Festschrift at SPLASH 2025. Olivier was a
colleague of mine at Aarhus for many years, and I recall the
pleasure of collaborating with him on teaching concepts of
programming languages and formal semantics.

I also recall the general astonishment when Nature [4]
reported the great extent to which authors have explicitly
acknowledged Olivier’s help in their publications [12]. The
Scheme reports are no exception: Olivier is among those
thanked for their help with the R*RS and R°RS standards [6,
14]; he was also listed as a member of the Scheme Working
Group of the IEEE Microprocessor and Microcomputer Stan-
dards Subcommittee, and he participated in the preparation
of the IEEE standard [13].

Unfortunately, Olivier and I have never co-authored any
publications, despite our common interest in denotational
semantics, structural operational semantics, and abstract ma-
chines, our joint participation in the BRICS research center at
Aarhus, and our separate publications on topics of mutual in-
terest (e.g., [1, 2, 11]). Nor did I ever follow his advice to start
programming in Scheme, which he had exploited to great
effect in his research on partial evaluation. I left Aarhus in
the mid-2000s, and since then our paths have seldom crossed.

In 2009, however, Olivier kindly contributed a two-part
major paper [3, 9] to my Festschrift, and presented it at the
symposium. In Part I, he derives a functional representa-
tion of a denotational semantics corresponding to Clinger’s
abstract machine for Scheme [7], and compares it with the de-
notational semantics of Scheme in R3RS; the focus in Part I
(with Malgorzata Biernacka) is on a reduction semantics
with explicit substitutions that also corresponds to Clinger’s
abstract machine.

One of Olivier’s earliest publications is Intensions and Ex-
tensions in a Reflective Tower [10] (with Karoline Malmkjeer).
It presents a model of the reflective tower based on the formal
semantics of its levels, including a (structural) denotational
semantics for a compositional subset of the model, and a
Scheme implementation of a reflective tower. It appears that
he hasn’t published further papers on reflection, but I hope
he may find at least some interest in the topic of this paper.

2 Notation

This section briefly recalls the notation used in the Scheme
reports for defining domains and functions in denotational
semantics. Stoy’s textbook [24] explains the notation to-
gether with its original mathematical foundations. Tennent’s
introductory article [27] gives a concise introduction to the
same notation, including illustrative examples.
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Table 1. Notation for domains

S, flat domain with elements S U {L}
D — D’ continuous function domain

DX D’ cartesian product domain

D+ D’ separated sum domain

D* possibly-empty sequence domain
D* nonempty sequence domain

Table 1 summarizes the notation used for basic domain
constructors. Domains can be defined recursively in terms
of these constructors (familiarity with the foundations of
domain theory and the mathematical structure of domains
is not required). The set S — D of all functions from a set S
to a domain D can be regarded as a domain (e.g., the domain
of environments defined in Section 3 consists of functions
from a set of identifiers to a domain of locations).

Table 2. Notation for values

1 undefined element of any domain
xX=y equality in a flat domain S,
t—ab McCarthy conditional
Ax.---x--- function mapping xto ---x---
fix fixed point of functions in D — D
fly/x] mapping x to y, otherwise as f

(x,x") pair in product domain D X D’
xinD injection into sum domain D
xeD test if in summand domain D

x| projection to summand domain D
(-+-,x,--+) sequence in domain D* or D*

#s length of sequence s

s§t concatenation of sequences s and ¢
slk kth member of sequence or pair s
stk drop first k members of sequence s

Table 2 summarizes the notation for values. Functions
between domains are always continuous when defined in
terms of this notation. The restriction of equality tests x =y
to flat domains is required for continuity.

3 Scm: A Simple Sublanguage of Scheme

This section presents a denotational semantics for a sim-
ple ad hoc sublanguage Scm of Scheme. Scm omits various
features of the sublanguage defined in the Scheme reports:

multiple return values;

lambda-abstractions with fixed numbers of arguments;
unspecified order of subexpression evaluation;
command sequences and cond-expressions;
immutable objects;

characters, vectors, and strings;

dynamic points; and

error reports.
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The definition of Scm has the same structure as the deno-
tational semantics given in the Scheme reports: the abstract
syntax and domain equations precede the definitions of the
semantic functions, but the definitions of auxiliary functions
are deferred to the end.

Table 3. Scm: Abstract syntax

Z € Int integers

K e Con constants

I €lde identifiers
E € Exp expressions

Con — Z | #t | #f
Exp— K|I| (E E*) | (lambda I E)
| (if E E; Ep) | (set! I E)

Scm: Abstract Syntax. The Scm constructs in Table 3
include literal integers and booleans, but not quotations,
which are to be added in Section 4.

Table 4. Scm: Domain equations

a€eL locations
v € N =Nat, natural numbers
t € T = {false, true} booleans
R =1Int, integer numbers
P=LXL pairs

M = {null, unallocated, undefined, unspecified} ,
F=EF—> (E—>C)—>C
e€cE=T+R+P+M+F

procedures

expressed values

ceS=L—E stores

peU=Ide -»L environments

feC=S—A continuations
A answers

Scm: Domain Equations. Table 4 defines domains for the
Scm semantics. Some of them are simpler than the domains
defined for the semantics in the Scheme standards:

e P corresponds to Ep, but omits the truth-value that
distinguishes between mutable and immutable pairs;

e M omits false and true, letting T be a summand of E;

o F omits the location component of procedures;

¢ E omits symbols, characters, vectors, and strings; and

e S avoids the need for pairing stored values with truth-
values by adding the value unallocated to E.
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Table 5. Scm: Semantic functions

K :Con — E
E:Exp—->U—-(E—>C)—>C
E:Exp" > U—-> (E*>C)—>C

K[Z] = ZinE 1)
K[#t] = trueinE 2)
K [#f] = falseinE (3)
& [Klpx = k(K [K]) @
Epx = hold (p1) (5)
E[E ED]px = ©
E[E]p(Ae. E[E ] p(Ae™. (€ | F) €'k))
E[(lambda I E)]px =
Kk ((Ae™K’. list € (Ae.
alloce (Aa. E[E] (pla/1]) k) @
)inE)
E[(if E Ey Ex)]px =
E[E] p (e, @
truishe — E[E1] px, E[E2] px)
Ef(set! I E)]pk =
E[E] p (Ae. assign (p1) € (x unspecified)) ©)
E' [ lpx =x() (10)
E[E E]px =
(11)

E[E] p (Ae. E"[E*] p (Ae". k (e) § €7)))

Scm: Semantic Functions. The denotations of expres-
sions and expression sequences in Table 5 are defined in
continuation-passing style. The argument k ranges over the
domain E — C for expressions, and over E* — C for expres-
sion sequences.

Most of the auxiliary functions used in the semantics of
Scm have the same interpretation as in the Scheme reports:

e hold a k gives the value stored in location «;

o list €* k allocates a list of locations to store the compo-
nents of €*;

e alloc ek allocates a location « and initializes it to e,
then applies « to «;

e assigna € 0 stores € in location a.

As usual in continuation-passing style, the current store o is
implicitly single-threaded by composing continuations.

Notice that, as in Scheme, a procedure (lambda I E)
can be called with any number of arguments. For example,
((lambda x x) 3 4 5 6) returns thelist (3 4 5 6);and
((lambda x x) 1) returns the list (1).
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Table 6. Scm: Auxiliary functions

assign:L—-E—>C—C

assignaeld = Ao. 0 (ole/a))

hold:L - (E—>C) - C

holdax = Ao.xk (ca) o

new: (L - C) —» C [implementation dependent]

alloc:E—- (L—-C) > C

alloc ex = new (Aa. assigna € (k ))

truish: E—> T
truishe = einT — ((e | T) = false — false, true),

true

cons: F
conse’k =#¢€" =2 — alloc(e" | 1) (Aay.
alloc (€ | 2) (Aas.
k ({a1,a2) inE))), L
list : F
liste'k =#¢€" =0 — k (nullinE),
list (6" 7 1) (Ae. cons (" | 1,€) k)
car: F
care'’k =#e¢" =1— hold((e" | 1|P) [ )k, L

cdr: F
cdre'’k =#€¢" =1— hold((e" | 1|P) | 2)k, L

setcar : F
setcar €'k =
#e"=2—assign((e" | 1) |P) ]| 1)
(e"12)
(x (unspecifiedinE)) , L
setedr : F
setedr €'k =
#e"=2—>assign((e" | 1) |P) ] 2)

(e"12)
(x (unspecifiedinE)), L

Scm: Auxiliary Functions. The definitions of the auxil-
iary functions in Table 6 correspond closely to those in the
Scheme reports. Here, however, the function new takes a con-
tinuation «; it should either apply « to a location currently
storing unallocated, or ignore k.
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4 ScmQ: Adding Quotations to Scm

This section extends the language defined in Section 3 with
literal quotations.

Table 7. ScmQ: Abstract syntax, extending Table 3

I €lde identifiers
X € Key keywords
A € Dat datum
E € Exp expressions

Key — eval | if | lambda | quote | set!
Dat — K |I| X | A | (A*) | (A*. A) | #proc
Exp — -+ | (quote A)

ScmQ: Abstract Syntax. The denotational semantics of
core Scheme expressions in the standards omits the abstract
syntax and denotations of literal quotations. Table 7 extends
the abstract syntax of Scm expressions given in Table 3 with
constructs that correspond directly to a sublanguage of the
concrete syntax of (datum) and {(quotation) in the Scheme
reports. For simplicity, the abstract syntax of a literal number
is identified with the corresponding mathematical integer,
and other forms of numbers are omitted, along with literal
characters, strings, and vectors.

The final alternative form of Dat is a dummy construct
#proc that represents procedures (which do not have stan-
dard representations in {datum)). It is not supposed to occur
in the abstract syntax of expressions, but is needed for the
semantics of eval in Section 5.

Note that identifiers I € Ide in literal quotations are literal
symbols, not variables. When adding eval expressions to
SemQ, keywords X € Key are assumed to be disjoint from
identifiers.

Table 8. ScmQ: Domain equations, extending Table 4

Q=Idel
X =Key,
ecE=---+0+X

symbols
keyword values

expressed values

ScmQ: Domain Equations. A quotation evaluates to an
external representation of a Scheme object. For simplicity,
the denotational semantics of ScmQ evaluates a quotation
to an element of E, the domain of expressed values defined
in Table 4, disregarding its external representation.
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Table 9. ScmQ: Semantic functions, extending Table 5

:Dat - (E—>C) » C
:Dat* - (E—>C) > C
:Dat* - (E—>C) =» C
E:Exp—>U—->(E—>C)—>C

D [K]x =« (K[K]) (12)
D[1]x =« (1inE) (13)
D [X]x =k (XinE) (14)
D[’ Alx=D[A] (15)
DAk =D [A"] (16)
DI, M]x = D[A] Ae.D* [A ] ex)  (17)
D [#proc]x =L (18)
D[ Jx =« (nullinE) (19)
DA Ak = 20)

DAL] (Aer. D [A*] (Ae. cons (e, €) k))
D [Ar]lex = D[ A1] € (Ae1. cons (€1, €) k) (21)
DT [AT Ar]ex =

D [Ar]] (Ae;. cons e, €) (Ae’. DT [AT] € x)) (22)
E[ (quote A)]px = D[A] x (23)

ScmQ: Semantic Functions. In ScmQ, for simplicity, any
required storage is allocated whenever quotations are eval-
uated, and no distinction is made between mutable and im-
mutable objects.

The denotations of ScmQ quotations in Table 9 involve
the auxiliary function cons : E* — (E — C) — C, which is
defined in Table 6. When called with arguments €; and e,
cons gives a so-called dotted pair. If €; is a proper list, so is
the result; otherwise the result is an improper list, which
finishes with a non-list.

The denotation of (A™) is straightforward: it applies its
continuation to a proper list formed from the elements of A*,
finishing with the empty list null. As explained in the Scheme
reports, (a b ¢ d e) is equivalent notation for the proper
list(a. (b. (c. (d. (. ONN.

The denotation of (A*. A) is a bit more complicated: it
uses cons to prefix the elements of A" to the value given
by evaluating A, starting from the last element of A*. The
denotation of A* takes an argument € that accumulates the
resulting list. This makes (a b ¢ . d) equivalent to the
improper list (a (b (c d))), as required by the
Scheme reports. (It is possible to define the denotation of
(A*. A) based on decomposing A* on the left, as with the
denotation of A*, but that turns out to be no simpler.)
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5 ScmQE: Adding eval Expressions

The intended semantics of the expression (eval E) is to
evaluate E, then evaluate the expression represented by the
value of E. The latter expression is not a subexpression of
(eval E). As Clinger wrote [5]:

Certain technical matters should be considered
by anyone wishing to add eval as an extension.
[...]in order to preserve the principle of compo-
sitionality its semantics would have to be defin-
able without reference to the semantic function
&. One approach would be to define it not in
terms of & but in terms of a “copy” &’. (Think
of & as the compiler’s semantics and & as an
interpreter’s semantics.) & need not be com-
positional, so the semantics of eval in & may
without difficulty refer circularly to &’. Alterna-
tively one may imagine an infinite sequence of
functions &, &, &” ... asin [22].

As already mentioned in the Introduction, & can be made
available to & by providing it as an extra argument. Letting &’
be the first argument (before the syntactic argument E € Exp)
requires & to have the type

(Exp>U—>(E—>C)—>C)—>
(Exp > U— (E— C) — C).

To avoid changing the type of &, the semantic function that
takes &’ as an argument can be renamed to ¥ . All the previ-
ous semantic equations for & then have to be reformulated:

FE[---E---]|=--FE[E]---

Such semantic equations admittedly look unconventional.
Crucially, the equation for ¥ &’ [ (eval E)] can apply &
(rather than 7 &’) to the expression represented by the value
of ¥ & [[E], thereby avoiding a violation of compositional-
ity.

How to define the extra argument &’ of ¥ is now rather
obvious: it is simply the (least) fixed point of 7, written fix 7.
The denotation of an expression E is given by F (fix ) [E]-
Whenever needed, fix ¥ can be unfolded to ¥ (fix &), and
thereby applied to any expression.

It could be objected that the above technique has merely
hidden non-compositionality using an explicit fixed point,
instead of avoiding it. But the definition of ¥ is inductive.

The rest of this section extends the abstract syntax of
SemQ to a language ScmQE that includes (eval E), and
defines its denotation. This requires mapping the value of E
to the abstract syntax of some expression that it represents,
which naturally decomposes into a transformation from the
value of E to a datum A, followed by a transformation of A
to an expression E. The former transformation may fail to
terminate, due to potential circularity of Scheme values; the
latter may fail to produce a valid expression, since not all
datum elements represent expressions.
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Table 10. ScmQE: Abstract syntax, extending Table 7

E € Exp expressions

Exp — .-+ | (eval E) | OO

ScmQE: Abstract Syntax. Table 10 extends the abstract
syntax of ScmQ expressions with (eval E).In Scheme, eval
is a procedure, and takes a second argument that determines
the environment to use when evaluating the returned ex-
pression. For simplicity, eval in ScmQE is a keyword, and
the environment for evaluating the expression represented
by the value of E is null, and left implicit.

The abstract syntax () does not correspond to a valid
Scheme expression: it is used only as an error element when
transforming A € Dat to an expression.

ScmQE: Domain Equations. The extension of ScmQ to
ScmQE does not involve changes to previous definitions of
domains, nor definition of new domains.

ScmQE: Semantic Functions. Table 11 defines the de-
notations of ScmQE expressions. The definitions of & [ E]]
and &* [ E*]] (equations 24, 25) override all the previously-
given semantic equations for expressions in ScmQ, which
now need to be reformulated to use ¥ &’ instead of &, and
F* &’ instead of &* (equations 26-32, 35, 36).

The definition of ¥ &’ [ (eval E)] (equation 33) uses the
auxiliary functions datum and exp, which are defined in Ta-
ble 12 and explained below. The application of &’ to exp[A]
does not undermine the compositionality of 7.

When the datum A € Dat produced by datum e from the
result of evaluating E represents a legal ScmQE expression E’,
the result of evaluating (eval E) is given by & E’ nullenv k.
Otherwise exp [A] gives (), and & [O] = fix F[ Q] =
F (fix F)[O] = L. (Recall that for simplicity, the sublan-
guage of Scheme defined here uses L to represent erroneous
expression evaluation, instead of reporting the cause of the
error.)

ScmQE: Auxiliary Functions. Table 12 defines the func-
tions pre, datum, exp, and exp”. The definition of datum uses
preto convert (A. (A*)) to (A A*). This normalization sim-
plifies the definition of exp, because improper lists of the
form (A*.A) do not represent ScmQE expressions.

datum e x applies k to a datum A given by mapping con-
stants in the domain E to the corresponding elements of the
set Dat, and recursively transforming the values stored in
pairs. The recursion might not terminate, due to potential
circularity created by the procedures setcar and setcar. The
tests in the definition cover all summands of E. As mentioned
in Section 4, procedures do not have standard representa-
tions in (datumy), and the dummy element #proc of Dat is
used for elements of F.
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Table 11. ScmQE: Semantic functions, overriding Tables 5, 9

E:Exp—>U—-(E—->C)—>C
E:Exp—>U—->(E—>C)—>C

F:(Exp—->U—->(E—-C)—>C)—
(Exp > U—>(E—>C)—>C)
F:Exp—>U—-(E—>C)—C) —

(Exp* > U— (E* - C) - C)

EE]px =F (fix F) [E] px (24)
E'[E px =F" (fix F) [E* ] px (25)
F & [K]pr =x(K[K]) (26)
FE I px = hold (pI) (27)
FEE ED]px =
F & [E]p(2e. (28)
F*E [E*]p(Ae™. (e | F) €'k))
F & [(lambda I E)]px =
Kk ((Ae'k’. list €* (Ae.
alloc e (Aa. (29)
7 & [E] (pla/ID) k"))
)inE)
FE [(if E Ey E)]pk =
FE [E] p (e (30)
truishe » F & [E1] px. F E [ E2] px)
FE [(set! I E)]px =
7 & [E] p (e. (31)
assign (p I) € (k unspecified))
F &' [(quote A)]lpx = D [A] (32)
F & [(eval E)]px =
F & [E] p (e. (33)
datume (AAN. & (exp [A]) nullenv k)
FE[Olpr=1 (34)
FrE lpr=x() (35)
F*E[E E]px =
FE [E] p (e (36)

F*E [E] p (Ae*.x ((€) § €)))

The auxiliary functions exp and exp® are defined induc-
tively on abstract syntax trees, ensuring termination of their
mutual recursion.

Note that in the left side of the case for exp [ (quote A)],
the symbol quote is an element of Dat and (quote A) is
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Table 12. ScmQE: Auxiliary functions, extending Table 6

pre : Dat — Dat

pre[ (A.(A")] =[A AD]
pre[A] = [A] otherwise

datum : E — (Dat > C) —» C

datumexk =e € T —> (e | T — x [#t], x [#f]),
eeR— (AZ.x[Z]) (e | R),
eceP—

car {€) (Aey. cdr {€) (Ae,.
datume; (AA. datumey (AA,.
k prel[ (A1 A T))),

eeEM— (e | M=null - x[Q], L),
€ € F — «[#proc]),
e€Q— (ALk[I] (e | 1),
eeX— AXk[XP(e]lX),L

exp : Dat — Exp
exp” : Dat* — Exp”

exp [K] = [K]
exp [T]] = [[T]
exp[[’A]l = [(quote A)]
exp[[ (quote A)] =[(quote A)]
exp[[ (Lambda T A)] =[(lambda I exp[A]D]
exp[(if A Ay Ay)] =

[Gf exp[A]l exp[Ai]l exp[Az]D]
exp[(set! T A)] =[(set! T exp[A]D]
exp[(T AD] =[A exp” [A"]D]
exp[A] = [ O] otherwise

exp [ 1=11
exp” [A A7) = [[exp[[A] exps[A™]]

a proper list of the form (A*), whereas in the right side,
(quote A) is an element of Exp.?

Lists (A A*) where A is a keyword symbol X : Key return
valid primitive expressions or the illegal expression (); other
proper lists where A is an identifier I : Ide return procedure
call expressions.

That concludes the definition of the denotational seman-
tics of ScmQE.

3The potential confusion here is due to the fact that expressions are also
data in Scheme.
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6 Lightweight Formalization in Agda

The compositionality of the semantics of ScmQE has been
tested using a lightweight formalization of denotational se-
mantics in Agda. An archive including the Agda source
code of the formalization is available as supplemental ma-
terial [17]. This section explains the relationship of the for-
malization to the definitions in the paper.

Abstract Syntax. The Agda formalization of abstract syn-
tax is not so direct, but systematic. Syntactic sorts are de-
fined as inductive datatypes. Meta-variables are declared
separately from the types over which they range.

Agda supports mixfix notation for syntactic constructors,
but not the use of ordinary parentheses and dots as tokens in
names; the formalization of ScmQE replaces them by Unicode
characters for so-called banana-brackets and raised dots.

Domain Equations. Domains are formalized as Agda
types using the same notation as listed in Table 1, except
that Agda does not support writing S, with a subscript L
(the formalization uses S +.1).

In Agda, however, the type-checker does not terminate
when type constants are recursively defined. The lightweight
Agda formalization of recursively defined domains avoids
nontermination by leaving one or more types undefined,
then postulating functions between these types and their
intended structure.

For ScmQE, the type corresponding to the sum domain E
is related to the types for its summands by the injection and
projection functions; all the other domains are defined by
type equations corresponding directly to the domain equa-
tions given in the paper.

Semantic Functions. The Agda formalization of seman-
tic function declarations and definitions is quite direct. Agda
notation for lambda abstractions differs from the conven-
tional notation used here by requiring an arrow instead of a
dot between the bound variable(s) and the body; Agda also
requires names to be separated (by layout or parentheses)
from adjacent names. Otherwise, the notation for values
listed in Table 2 can be used without significant changes.

Agda accepts recursive semantic function definitions only
when it can mechanically prove them terminating. The sim-
plest case of this is primitive recursion, which corresponds di-
rectly to compositionality when defining semantic functions.
However, Agda also accepts functions defined by structural
recursion, which allows recursive application to arbitrarily
deeper subphrases. So the acceptance of the formalization of
the semantic functions for ScmQE does not check that they
are strictly compositional.

Note that the argument &’ of the semantic function #
for ScmQE is defined by an explicit fixed point, and thereby
circumvents Agda’s termination checks. Using ¥ &’ for re-
cursive applications checks that those applications are com-
positional; using just & would lose those checks.
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The semantic equations used to define semantic func-
tions are formalized directly as equations in Agda. The type-
checker requires the patterns of constructors in the syntactic
argument to be not only well-typed but also exhaustive. Agda
warns about overlapping patterns, and about equations that
are shadowed by preceding equations.

Auxiliary Functions. Agda allows auxiliary functions
to be defined recursively, but requires the recursion to be
evidently terminating. This excludes functions that recurse
on components of computed values; their definitions require
explicit use of the fixed-point operator fix. For ScmQE, this
affects only the definitions of the functions list and datum.

Caveats. The lightweight Agda formalization of denota-
tional semantics currently abuses the Agda language by using
arbitrary Agda types as domains, and postulating declara-
tions that are inconsistent with the underlying logic of Agda.
For example, it postulates that each domain has an element
named L, but Agda allows declaration of an empty type. Sim-
ilarly, the formalization treats ordinary Agda function types
as domains, and postulates a function from (D — D) — D,
but there is no such function when D is the empty type.*

Nevertheless, the impact of such inconsistent postulates
when using the Agda type-checker on the semantics of
SemQE appears to be insignificant. Type errors reported
during the development of the formalization always indi-
cated genuine mistakes. Explicit injections and projections
between sum domains and their summands can be tedious to
write in denotational semantics, and are sometimes elided;
currently, Agda does not support implicit coercions between
types, and reported missing injections and projections as
errors.

The Agda source code for an initial version of the formal-
ization was produced by systematic editing of a plain-text
preview of the PDF of R’RS. The preview preserved all the
Unicode characters from the PDF. However, the KIEX code
for the denotational definitions in the present paper was sub-
sequently produced manually, which may have led to (hope-
fully minor) differences and mistakes. It should be possible to
detect and correct these by re-developing the formalization
from a preview of the PDF of the present paper.

Finally, it should be stressed that although checking a
lightweight Agda formalization can ensure wellformedness
and reveal non-compositionality, this does not directly verify
that denotations of programs compute the intended values.
However, it is possible to formulate equality of denotations
as Agda types; checking that some term has such a type then
verifies that the equality holds. For ScmQE, the required
equivalences for list notation mentioned in Section 4 have
been verified automatically by Agda; verifying equivalences
involving explicit fixed points is currently work in progress.

4All functions in Agda are total.
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7 Conclusion

This paper presented a denotational semantics for a simple
form of eval expressions. The semantics is based on an
adaptation of a suggestion made by Clinger [5] more than
40 years ago.

A language that includes eval was defined incrementally,
starting from a particularly basic sublanguage Scm of the
core Scheme expressions whose denotational semantics is
defined in the Scheme reports. ScmQ extended Scm with
literal quotations, then ScmQE added eval.

The compositionality of the semantics of ScmQE has been
tested using a lightweight formalization of denotational se-
mantics in Agda. An archive of the Agda source code is avail-
able as supplemental material [17] accompanying this paper.
Using Agda to verify that the semantics satisfies expected
program equivalences is work in progress.

It should be straightforward to add all the remaining core
expressions covered by the denotational semantics in the
Scheme reports to ScmQE and its formalization. The use of
continuation-passing style for storage allocation functions,
as illustrated here in the definition of Scm, would signifi-
cantly simplify the original definitions. The current version
of the formalization of ScmQE includes also tentative abstract
syntax and semantics for Scheme programs and definitions.

The author has recently completed a lightweight Agda for-
malization of the denotational semantics defined in R°RS, and
presented it in a paper [16] in the proceedings of SCHEME °25.
The paper discusses some wellformedness issues with the
denotational definitions in the Scheme reports, and suggests
how they could be addressed. The formalization of the R°RS
semantics uses the same notation as the formalization of the
SemQE semantics, and could easily be extended to include
the semantics of literal quotations, programs, and definitions;
extending it to include eval expressions would require re-
formulation of the definition of the semantic function & for
expressions as illustrated here for ScmQE in Section 5.

In principle, extending the denotational semantics de-
fined in R’RS with literal quotations and eval expressions
is as straightforward as extending Scm to ScmQ and ScmQE.
A definition of the Scheme procedure eval would involve
adding auxiliary functions corresponding to evaluation en-
vironments, and mutual recursion between the definitions
of the semantic functions and the auxiliary functions.

However, the denotational semantics in the Scheme re-
ports has remained remarkably stable since its introduction
in R®RS, almost four decades ago. It is unclear to the present
author whether there would be any enthusiasm or support
in the Scheme community for revising it at all - especially
independently of the development of a future version of the
Scheme language and its standard. The unorthodox appear-
ance of the semantic equations when the semantic function
for expressions takes &’ as an extra argument might also be
a significant disincentive to include a definition of eval.
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