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?ummary 

Maqy current three-axis centrelled spacecraft have appendages. ef C0n
sider~le , size and possessing significant structural fl.exibiHity. This repGrt; 
examines the resulting interactien between the attitude dyoamics and the :elastic 
degrees Gf , freedom. The representatien of these additional ' degrees ef freedem 
in , terms ef natural medes is discussed and twe distinct classes ef mGdes ~re de
fined . .. Fer bath classes, 'censtrained' and 'uncGnstrained', the object ef , the 
anal:y:sis is to f~nd the natural frequencies of oscillation and the' medal gains. 
The latter indic~te the 'relativ.e influence ef each mode on the angular accelera
tion ef the spacecraft. The relatienships between these classes of medes, and 
certain impertant properties ef themodal gains are dis~ussed ' in .general terms . 
These general consideratiens are illustr,ated for , aspecific satelli te cenfigura
tièn which, is suggested by the Cemmunicatiens . Technolegy Satelli te where the flexi
bility is previded by a large sola~ array. The ge~metrical simplicity ef this 
configuratien allews cGntinuum mechanics te ,be chosen ,as an app~0priate formula
tien . Numerical results are , previded fer frequencies and gains (and fer; beth 
classes of medes) and their ,dependence en all satellite ,par~eters is .exhibited 
graphica,lly. Beth dimensi~nal , and d:imensienless . plots are , provided ',where appro
priate. The main ,cGntributier).s ef : this , repert include a genera+ discussion of 
hewspacecraft structural flexiblity can be represented frem an , attitude centrol 
viewpeint, ef how ' selar arrays in particular can be successfully treated by t~a-
di tienal techniques, 'and, even mere pa~ticularly, of the detailed numerical re
sults when such an analYsis is applied te a centemporary spacecraft . 
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PRINCIPAL NOTATION 

(Notation employed only briefly is defined where used) 

.Upper Case Roman 

A 
n 

B 

E 

F 
n 

I 

amplitude of array tip rotation with respect to root (nth constrained 
mode) 

flexural stiffness ("EI") of support boom 

see Eq. ( 4 .90 ) 

for pitch motion,1 see Eq. (3.68); for roll-yaw motion, see Eq. (4.79) 

inertia of spacecraft (flexible + rigid) 

j2jJ 

~ vf I llI33- I 13
2

, 

J Illsin2y + I33cOS2y + 2I1
3

sinycosy 

K 
n 

M 

P 

U 
n 

constrained modal gains. For pitch, see Eq. (3.76); for roll-yaw, 
see Eq. (4.84) 

matrix representing linear algebraic equations for mode shape coefficients 
(roll-yaw) 

tension in blanket = compressive load in support boom 

generalized coordinate associated with the nth constrained modal degree 
of freedom 

constrained mode shape of support boom 

constrained mode shape of blanket 

Lower Case Roman 

b distance from satellite centre to root of support boom 

d distance from root of support boom to inner edge of blanket 

f for pitch motion, see Eq. (3.39); for roll-yaw motion, see Eq. (4.48) 
n 

h angular momentum 

k 

k 
n 

in Sect. 5.2, the root stiffness of the support boom 

unconstrained modal gains. For pitch, see Eq. (3.93); for roll-yaw, 
see Eq. (4.109) 

length of support boom 
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m 

.s 

mass of array tip-piece 

th generalized coordinate associated with the n 
degree of freedom 

Laplace transform variable 

unconstrained modal 

t time 

u deflection of support boom 

u unconstrained mode shape of support bOom 
n 

v deflection of blanket 

v unconstrained mode shape of blanket 
n 

w width of blanket 

x 'chordwise' coordinate for blanket 

y 'spanwise' coordinate for : blanket 

upper Case Greek 

e 

n 
n 

.. 

see Eq. (4.90) 

pitch motion if satellite were rigid; see Eq. (3.73) 

scalar product of two constrained modes; for pitch, see Eq. (3.28); 
for roll-yaw, see Eq. (4.39) 

roll motion if satellite were rigid; see Eq. (4.122) 

yaw motion if satellite were rigid; see Eq. (4.122) 
th natural frequency of n constrained vibration 

Lower Case Greek 

a 

a (y) 
n 

~n(Y) 

r 

5 

in pitch/twist analysis, the angle of rotation of the array tip with 
respect to the array root 

amplitude of array rotation with respect to root (nth unconstrained 
mode) : 

in bend/roll-yaw analysis, see Eq. (4.33) for constrained modes and 
Eq. (4.53) for unconstrained modes 

in pitch/twist analysis ~n(Y) = en + an(y) 

angle between array blanket (nominal) and roll-pitch plane; see Fig.B-l 

cpcosr - 7jJsinr 

vii 



€ t(Illsinr + I13COsr)~ + (I33COSr + I13sinr)* ] /~ 

~n modal damping ratio 

1I y/~ 

8 pitch angle 

K. _ .Jrrw!P· on (constrained); .Jaw!P' · w (unconstrained) 
n n n 

scalar product of two unconstrained modes; for pitch, see Eq. (3.53); 
for roll-yaw see Eq. (4.61) 

p mass per unit length of support boom 

CT ·mass per unit area of blanket 

roil angle 

yaw angle 

w 
n 

t 1 f f th tOd ° b t O .na ura requency 0 n uncons raJ.ne V1. ra J.on 

nutation frequency = hij (a .more precise nomenc1ature is 'precession' 
frequency) 

Subscripts 

1 about roll axis 

2 ab out pitch axis 

3 about yaw axis 

n, m mode nwnber 

i, j elements of M matrix 

b referring to main spacecraft body (rigid) 

A referring to solar arrays (flexib1e) 

c control 

e external 

f flexible 

r rigid 

Suwerscripts and Miscellaneous 

(.)* dimensionless variabIe associated with (.) 

( • ) , d( • ) / dy 
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( :) d(. )/dt 

(:) Laplaee transform of (.) 

sh . sinh 

eh eosh )o-

s sine 

e eosine 
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---------------~----------------------------

1. t'wtRODUCTION 

The stiffness of any real material is finite. This fact has always had 
important ramifications in many areas of engineering design; for example, struc
tural flexibility is a pervasive element in the ancient technology of bridge
building. The design of architectural structures, and aircraft design, anè ot her 
notable instances. The underlying cause is readily identified: structures are 
not mass-effective (and therefore not cost-efféctive) unless they are flexible. 

This argument is now offered in more quantitative terms. Represent 
the mass/volume (i.e., the volume density) of the material selected by P; then 
those costs which are proportional to weight may be written as 

(L.l) 

where A is a characteristic cross-section of a typical structural member, and ~ 
a characteristic length. In addition to cost, a competing requirement of the de
sign is some degree of structural rigidity. A measure of this rigidity is the 
(first) frequency of vibration, W. Dimension analysis indicates that this crite
rion behaves ace or ding to 

( 1.2) 

where E is a material stiffness modulus (force/area). Very of ten the object of 
the design is to provide the length~, or equivalently an area ~w where the width 
w is more or less constrained. In such cases then, . ~ is fixed by specification 
or perhaps ot her considerations. The free parameters remaining in Eqs. (1.1) and 
(1.2) are P, E, and A, with the dependence on the first two indicating, not unex
pectedly, the necessity for light strong materials. Af ter such a material has 
been chosen on this basis (and undoubtedly influenced by other considerations as 
well) the only remaining parameter is A. Equations (l.l) and (1.2) demonstrate 
that the aims of low $ and high Ware conflicting. Where the balance is actually 
struck depends on whether stiffness or cost is more compelling in a particular 
case. 

1.1 Objectives of the Report 

This report is concerned with certain aspects of spacecraft structural 
flexibility, and space vehicles are a draroatic instance in which the balance 
referred to above must be settled very much in the direction of cost. While in 
the case of a bridge the weight-related costs are not prohibitive and the stiffness 
can easily be made as high as required to prevent phenomena like dynamic buckling 
under high wind conditions, for a spacecraft, on the other hand, the enormous cast 
per pound placed in orbit, t ogether with the relatively wispy forces the vehicle 
will encounter in orbit, leads to designs which place understandably greater emph~
sis on weight than on stiffness. 

The authors have had the opportunity to be associated with a specific 
'three-axis controlled' spacecraft (see Section 2) for which structural flexi
bility was significant enough to merit investigation (see Refs. 1 and 2). In a 
more general context, ssme further results were given in Ref. 3. The present 
report is int§nded to be a , unified presentation of the material in those references, 
and the opportunity is alsb taken to present additional details which were not 
appropriate under the space liroitations essential to journal publication. In many 
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cases . more details are given here on the derivations which were merely sketched 
before (Refs. 1,2,3). Alternative approaches to the problems encountered are 
stressed. More graphical results are also given. Finally, an opportunity will 
be taken to reflect on the subject through more expansive discussion which it is 
hoped will prove of interest to other attitude dynamicists. 

1.2 Phases of Analysis 

The primary motivation for the subsequent discussion is taken to be 
the attitude control of a spacecraft which cannot readily be assumed 'rigid'. 
lt may be helpful ~o delineate the requisite tasks which face the analyst who 
is responsible for 'flexibility effects' • There are essentially three phases. 

1.2.1 Natural Motions 

For simplicity, the property referred to somewhat vaguely as 'flexibility' 
will be restricted, for the purposes of this discus sion, to linear and nondissi
pative elasticity. Such deflections as may occur about equilibrium are assumed 
to be small enough to validate a linear (i.e., a variational) approach to the 
variaoles representing these deflections. This. latter asaumption is not res
trictive because large unsteady deflections are likely to be incompatible with 
current attitude error specifications. 

The first step is to find the natural motion of the flexible spacecraft. 
'Natural motion' implies that both perturbing torques, and the torques exerted 
by the control system in response to such perturbations~ are identically zero. 
lt is well known that the natural motions of a nondissipative elastic system 
consist of harmonie oscillations. :. 

Classical physics teaches that under the present assumptions a valid 
model for the natural motion is a superposition of an infinite number of sinu
soidal oscillations. Each of these 'modes' of oscillation is specified by its 
modal 'shape' (i.e., the space dependence of the deflection) and the modal'fre
quency' of 0scillation. Mathematically this behaviour is characterized by an 
eigenvalue problem in which the eigenvalues and their associated eigensolutions 
correspond to the modal frequencies and shapes, respectively. 

Of interest is the classical inference that the number of modes is 
infinite. While this may be a valid result mathematically (under our assumptions), 
certain further physical considerations must be meptioned which lead to the 
dismissalof all but the first N (a finite number) of these modes. First of all, 
the elastic structure will have a fini te speed of wave propagation through it 
and therefore prediction concerning vibrations at comparable frequencies will not 
be meaningful unless this fact is taken into account. Second, the high frequency 
motions tend not to be excited by the disturbances the spacec~aft actually 
encounters; they neither have the high frequency nor the spatial variability 
to have a significant influence on the higher modes. This is reflected in the 
diminis~ing values of the higher modal gains (discussed in Section 1.2.2). 
Finally~ even if the very high modes were present, and even if they were excited, 
they would be of dubious significanee since the attitude sensor would filter out 
these oscillations and they would be "invisible" to the attitude controller; 
the situation with regard to rate sensors is less clear. 

Thus the practical necessity of limiting the number of modes included 
in the investigation of natural motions is, fortunately, quite consistent with 
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physical and technical considerations. This step is an enormous simplification 
since the flexible displacements are now represented by a finite number of degrees 
of freedom. It is emphasized that this procedure is not a crude "engineering 
expedient"; it has a rigorous basis Qoth mathematically and physically and can 
be made, in principle, arbitrarily accurate. Techniques for performing this task 
are discussed briefly in Section 1.4. 

1.2.2 Modal Gains 

Having found the 'natural motions' of the spacecraft in the absence of 
external influences (including control torques), attention is now turned te the 
'actual motion' wh en these heretofore neglected torques are in fact present. If 
tq~ satellite were rigid, the angular acceleration in respensete a given impressed 
torque is readily calculable. Because the satellite is flexible, however, the aëtual 
angular acceleration is different from the rigid result. Speaking somewhat loosely, 
the roodal gains indicate wh at fraction of this difference is due to each ~ode. 

From the standpoint of attitude control system siroulation then, each 
roede may be thought of as contributing a "correction" term or transfer function 
to a 'block diagram'. Each such term is characterized by two parameters; the 
natural frequency, and the mod~~ gaine Recalling the discuss±on in Section 1.2.1, 
the natural frequency corresponds to the eigenvalue of a certain eigenpreblem. 
Q,ualitatively, roodal gains are calculated as the integrated effect of a dist.urbance 
on that mode shape (eigensolution). These effects (~d hence the gains) tend to 
become increasingl~ minute for the higher modes. 

, 

1.2.3 Flexibility Implications 

The preceding two phases (determination of modal frequencies and gains) 
are distinct from the th:ir d phase - assessing the implicatiöns of flexibili ty for 
the attitude control system. tO assume a negligible influence, it is usually 
sufficient to have the gains « 1, and the lowest natural ~requency »w

BW 
where 

wBW is the bandwidth of the controller. If these conditions are satisfied 
therefore, inclusion of flexibility effects in a simulation will only reveal an 
alroost imperceptible ripple about the rigid results. If either criterion is ~ot 
satisfied, a proper simulation of flexibility is indicated. 

1.3 Constrained and Unconstrained Modes 

Two classes of 'natural motions' are discussed in this report. They 
are referred to as 'constrained' and 'unconstrained ' and the distinction arises 
in the following way: satellite designs tend to consist of a 'main' or 'core' 
body from which various appendages are of ten extended af ter orbit insertion. In 
the context of on-orbit attitude control, the main body structure may ~e regarded 
as rigid (although in other contexts, during launch for example, it may not be 
so regarded). The structural flexibility, then, is resident in the appendages. 
There may be other sources of non-rigidity, such as dampers in thei,'ma:im bOdy, 
contact fr~ctiQn between moving parts, fuel sloshing, etc., but these may be 
considered separately and are beyond the scope of the present discus sion • 

Normally it is the main body whose attitude is to be controlled, and 
sroall deflections of the appendages are noteworthy only insofar as they influence 
the attitude of the main body. Both attitude sensors and control torque actuators 
are normally located on the main body also. Two choices of natural motions (modes) 
are then possible. 
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1.3.1 Constrained Modes 

One choice is to consider each appendage separately, regarding the poin~ 
of attachment to the main body as motionless in both translation and rotation. 
Motion e~uations for each appendage are used to deduce the mode shapes and fre
quencies characteristic of such motion. This approach is dynamically equivalent 
to finding the mode shapes and frequencies characteristic of the overall space
craft, subject to the constraint that the main body is motionless. 

To study the attitude motions of the spacecraft under the influence of 
external torques it is necessary to have spacecraft motion equations available. 
These may be found, for example, by equating the rate of change of the total 
system angular momentum to the impressed external torque - or by some alternate 
dynamical formulation • . Furthermore, the appendage motion equations must incorporate 
the fact that the main body is now free to move; in fact the main body motion may 
be regarded as an 'input' driving the appendages. The appendage motion may be 
thought of as the sum of two terms - a 'rigid' response, in which the appendage 
follows exactly the body attitude, and a 'flexible' response which is the addi
tional deflection required to total the actualJmotion. This :_latter(flexible) 
response may be further expa~ded as a superposition of the natural (constrained) 
modes. \ 

1.3.2 Unconstrained Modes 

An alternative approach is to consider the spacecraft motion equations 
at the outset. Thus 'spacecraft modes' are found, as distinct from 'appendage 
modes'. Since there is no longer any constraint on the central body, these may 
be termed 'unconstrained' modes. All external influences are set to zero during 
this calculation. The response of the spacecraft to external torques may then . 
be written as the sum of the 'rigid' response together with the 'flexible' res
ponse. The latter, in turn, is expanded as a superposition of the natural (un
constrained) modes. 

1.4 Techniques for Modal Analysis 

Many techniques are available to the analyst which facilitate the 
extraction of modal information and they all have in common the factors discussed 
thus faro 

l.4.1 Continuum Mechanics 

The traditional approach is to formulate motion equations from the 
principles of continuum mechanics; they lead to differential equations in space 
variables and time*. Separation of variables is employed to decompose each 
natural motion into a space-dependent factor (the eigensolution) and a time
dependence (sinusoidal) factor. This decomposition is not unique to the continuum 
mechanics approach. For simple geometries this method would seem to be the most 
attractive. In many cases the eigenproblem can be solved in closed form with 
the attendant insights and economy. Of ten however, although formulated analyti
cally, the equations will require a computer solution. Even so, the physical 
assumptions made are usually very explicit and it is relatively easy to assess 
their impact on the accuracy of the final solution. Furthermore, the number of 
configurational parameters tends to be' quite , liIDitèd and the presentation and 

* For the space variables, an integral equation is sometimes used. 
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interpretation of data is thereby tractable, especially if dimensionless group
ings are employed. 

As an example, suppose an appendage consists of a long thin boom whose 
(mass/length) density and flexural stiffness var'ies linearly from root to tip; 
the eigenproblem corresponding to this case is straightforward to formulate. 
However, it cannot be solved in closed form. Nevertheless a numerical solution 
found with the aid of a computer is preferablliè ~ to the abandonment of the con
tinuum approach entirely. 

1.4.2 Lumped Parameter Approach 

Many appendages are geometrically complex. Thus, although continuum 
mechanics is still applicable in principle, it becomes unmanageable in practice. 
When such situations were encountered one or two decades ago, one ef two expedients 
were adopted: lumped parameter or Rayleigh-Ritz.In the former it is assumed th at 
deflections need be known at only a fini te number of locations and the distributed 
parameters of mass and stiffness are taken to be equivalent to lumped masses at 
these locations with lumped stiffnesses describing the resistance to relative 
motion. Thus the nature of the approximations made in modelling the structure 
~as physical rather than mathematical. The well-known method · of ~ayleigh-Ritz 
consists of prespecifying assumed mode shapes and may be used instead of, or 
together with, the lumped parameter method depending on where the analytical 
difficulties arise. In all these methods a finite number of degrees of freedem 
is used to approximate the infinitude. 

1. 4 .• 3 Finite Element Approach 

The lumped parameter philosophy alluded to above has evolved very far 
in sophistication, reliability, and range of application. This is reflected 
in the method of finite elements. Rules have ~een developed for this discretiz
ing procedure and there is now an extensive catalogue of elements each of which 
may have several degrees of freedom. ~his procedure is ideally suited to the 
capabilities of the digital computer and hundreds (sometimes even thousands) of 
degrees of freedom are used. Clearly the degree of accuracy in the first few 
modes is extremely high. 

1.5 Summary of Report 

~he next four Sections (2,3,4,5) deal with the analysis of a speciffc 
spacecraft. Section 2 describes the spacecraft and the assumptions made in the 
analytical model. The geometry is sufficiently simple that a continuum mechanics 
approach is fruitful. Section 3 discusses the interaction between array twisting 
and pitch motion of the spacecraft; Sectio~ 4 is concerned with the interaction 
between array bending and the roll-yaw motions of the spacecraft. Section 5 
extends the analysis in several respects, and the concluding remarks are made 
in Section 6. 

2. A SPECIFIC APPLICA'I'ION 

2.1 Introduction 

The general principles and considerations discussed in the introduction 
are applied to a specific satelli te in the remainder of thi s report. An excellent 
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example is the Çommunications Technology Satellite (CTS) being jointly spopsored 
by Canada and the U.S.A. Reference 4 gives an overall description of the CTS. 
An artist's impression of the satellite appears in Fig. 1, and a conceptual 
diagram of the subsystems in Fig. 2 (af ter Ref. 4).The CTS is a high-power 
communications satellite and is scheduled for launch in 1975. The power needs 
will be supplied by an array of solar cells which generates about 1.2 kilo
watts. It also makes CTS interesting from adynamics standpoint. 

2.2 Flexible Appendages 

The solar panels are ·deployed symmetrically about the central body, 
forming the major part of the solar array subsystem. The major structural 
components are shown in Fig. 3, and are as follows: 

(al The support boom which extends out from the satellite and carries 
a tip piece at the end. It provides bending stiffness and is held 
in compression by the tip piece, due to the tension acting on the 
solar panels. The boom itself is of bi -STEM design, that is, it 
has a hollow thin-walled cross-section consisting of overlapping 
pieces. 

(b) The tip piece, which is attached to the solar panels and serves to 
hold them in a state of uniform tension. It also carries cab les on 
which the longitudinal edges of the panels are supported. It is 
connected to the support boom through a bearing which allows the 
panels to rotate freely without transmitting any appreciable torque 
to the boom. 

(c) The solar cell array, mounted in layers on a flexible substrate. It 
is kept in tension by the tip piece and is unfolded accordian-fashion 
from the root, ridiAg on cables attached to the tip piece. 

The solar panels are offset from the support booms, to prevent contact 
with thema This also has the advantage that thermal input to the boom is re
duced, alleviating therma~ distortions and possibly even more serious dynamic 
phenomena (thermal f~utter - Ref. 5). However, it introduces a static deflec
tion shape which must be taken into account while calculating deflections. 

• (1 J' r 1 

J 1\ ., ;l.\J .dn ..J . ' • 

. 2.3 Basic Motions 

The following qualitative considerations apply to the types of 
motion the satellite may undergo, and will serve to simplify and clarify the 
subsequent analysis. 

(a) Rigid-Body Motions 

Considering the spacecraft as a rigid body, it is clear that it has 
both transtational and rotational degrees of freedom. We shall primarily be 
concerned with the latter. For smail-angle motion the pitch dynamics can 
usually be uncoupled from the roll-yaw dynamics. For the CTS, however, the 
principal axes are not fixed in the body because part of the spacecraft (the 
panels) rotates so as to follow the sun. If the axis of rotation is parallel 
to the pitch axis, the pitch and roll-yaw motions can still be uncoupled. The 
roil and yaw motions are strongly coup}ed in any case, due to the presence of a 
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FIG. 1: Artist's Impression of the Con~unications Technology 
Sate11ite (Courtesy Spar Aerospace Produets Ltd.) 
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FIG. 2: 

[X'[NOIIL[ SOLA" UflAY 

.. 'UtAY TRACK'" SUN '(NIOfII 

COHTlItOl '""USTlft. 
INT''''(IItOIll[1'" 

'fII"M.n: .. O""T lOL"" ([LU 

AT"TUM CON TROL THftUSTE.ltS 

TIltACI(,tIIG SUN S[NSOft 

'-nT"""'L< SOl .... AIt"A" 

Communications Technology Satellite as Deployed in 
Synchronous Orbit (from Ref. 4) 
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FIG. 3: Schematic Diagram of Solar Ceil Array Structure 



momentum wheel, which is nominally aligned with the pitch axis in the control 
system. It should be pointed out that misalignments of the wheel or the atti
tude control system actuators would produce coupling between pitch and roll
yaw, but these effects are small and will be neglected. 

(b) Flexible Motions 

The motion of the flexible appendages may be considered to be a 
superposition of two components. The first one is tWisting, in which the panel 
cross-seetions rotate about the boom centerline, the angular dispiacements being 
a function of distance along the boom. The seeond is bending, in which the 
boom bends in a plane normal to the panels, and the array cross-sections undergo 
displacements parallel to the boom motion, i e., without any rotation or warping. 
A further subdivision of these motions occurs from considerations of symmetry 
about the roll-yaw plane. Motions on which displacements on both si des of the 
roll-yaw plane are identical are termed symmetrie, while those in whieh the dis
placements are equal in magnitude but opposite in direction are tenmed skew
symmetric. Any general motion can be described by a combination of its sym
metric and skew-symmetric components. It should be noted that only symmetrie 
twisting and skew-symmetrie bending interact with the rigid-body attitude 
motions. 

A type of motion not considered here is in-plane bending, in .whieh ,the 
boom bends along with the panels, but the entire motion is contained in the plane 
of the solar panels. Considering the panel in tension as a beam, it can be seen 
that the stiffness in this motion is much larger than out-of-plane bendin~ 
(since width» thickness). However, the panels must have a small compressive 
modulus, otherwise wrinkles may form, making the problem intractable. This con
dition is satisfied in praetiee, hence negligible in-plane motion will be assumed 
in this report. This assumption may have to be re-examined if large lateral 
forees are present. 

(e) Uneoupling 

The basic motions eonsidered can be summarized as follows. The remarks 
inside parentheses indicate the type of interaction with the satellite main body. 

(1) Symmetrie twisting (pitch) 
Á2) Skew-symmetric twisting (translation only) 
(3) Symmetrie out-of-pla~e bending (translation only) 
(4) Skew-symmetric out-of-plane bendi~g (roll and yaw) • 

These are illustrated in Fig. 4. In a linear analysis sueh as the present one, 
the net motion can be expressed as a superposition of these four types of motions. 
Since for the rigid case, pitch and roll-yaw are effectively uncoupled, evidently 
if twisting and bending are also un,coupled the four types may be analyzed sep
arately. If the boom eenter-lines passes through the spaceeraft center of mass, 
this is the case. 

However, as pointed out by Cherehas (Ref. 6), in reality the boom is 
offset slightly from the mass center and consequently type 1 and 3 motions are 
slightly coupled. His ealculations show that the natural frequencies for this 
lightly coupled motion are basieally the union of the natural frequencies of 
1 and 3 considered separately, except in regions where the two are nearly equal. 
Similar effects may be expeeted if other small asymmetries exist. Due 
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FIG. 4: Basic Types of Motion Considered 



to this possibility, one has to calculate the frequencies for all possible types 
of motions, because in applications the lowest frequency is usually of interest. 

In the present report, for i~lustration purposes, only those motions 
which interact with the satellite attitude motion will be considered. The 
analysis for types 2 and 3 is basically similar in approach. Type 1 (pitch/ 
twist) motions are considered in Section 3, and Type 4 (roll-yaw/ bending) in 
Section 4. 

The above considerations arec-quite independent of the method used for 
analysis (fini te-element or continuum). If constrained modes are used, the 
flexible structure may be analyzed independently of the body motion, but the 
above symmetry/uncoupling considerations apply when the resulting frequencies 
and mode shapes are introduced into the satellite equations ~f motion. For 
unconstrained modes, the overall motion is subject to the same considerations 
and may be uncoupled into independent analyses for each type of mode and its 
inclusion in the satellite equations of motion. 

2.4 Idealized Model 

To summarize, the following assumptions will be made in the sub
sequent analysis. 

(1) No in-plane bending is assumed, as discussed above. Due to the momentum 
wheel, out-o~-plane bending accelerations cause in-plane forces tooG 
Hence if the wheel momentum is very large the in-plane bending wi~l be 
significant. 

(2) The support boom is assumed to have uniform mass density P, and flexural 
stiffness B along its length, carrying a uniform compress.ion P. Thus 
slender beam theory is considered to be applicable in bending. The 
boom is assumed not to take any part in tWisting, which is justified by 
the bearing at the tip mentioned earlier. 

(3) The boom is assumed to be rigidly cantilevered at its root. This assump
tion wil~ be relaxes in Section 5, but for the present all root com
ppnents are assumed rigide 

(4) Both the boom and panels are assumed to be attached to the satellite 
at the same distance, b, from the mass center. Thus a simplified geometry 
is assumed. 

(5) The panels are supposed to have a uniform area mass density ~ and a uni
form spanwise tension P. The latter implies a relatively rigid tip piece. 
Any bending stiffness of t.he panels is neglected, thus the panels behave 
like perfectly flexible sheets. However, a compressive modulus sufficient 
to prevent wrinkling due to in-plane shear is assumed. 

(6) As discussed above, pitch/twist motion is assumed uncoupled from roll
yaw/bending. This implies that the boom undeflected centerline passes 
through the spacecraft center-of-mass. 

(7) The fact that due to panel rotation, the moments of inertia vary with time 
is considered on a quasi-statie basis, since the variation has a period of 
24 hours. 
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(8) Interactions due to thermal distortions concomitant to solar heating are 
not considered. This effect is minimized due to shielding of the boom 
from the sun by the panels. Dynamic thermal effects still exist due to 
eclipse, etc., but these have a very long period a~d are neglected. 

3. ARRAY TWISTING AND PITCH ATTITUDE 

!he pitch axis of the spacecraft is, by definition, nominal1y normal 
to the orbital plane. The axis about which the solar array rotates once per day 
is also nominally normal to the orbit, and is assumed below to be coincident 
with the pitch axis, as descri~ed in Section 2. Flexible motions of the array 
about this axis will be termed 'twisting' motions, and these are clearly coupled 
with pitching motions of the spacecraft as a whole; each excites the other 
(Ref. 1). For the -moment then, bending of the array, and rolling and yawing of 
the spacecraft are not involved and may be t~ken to be zero as they are not 
coupled with twis~/pitch; they are considered in Section 4. 

This section begins with the differential equations which govern space
craft pitching and array twisting (motion equations). The geometrical simplicity 
of the ~rrays allows a formulation in terms of a continuum mechanical approach. 
However other alternatives may be used if desired, as discussed in Section 1; this 
would change certain notationa1 aspects of the re1ations presented, but the 
essential features of the deve10pment would remain unchanged. The two types of 
natural motions referred to in general terms in Section 1 ('constrained' and 'un
constrained'). are investigated next (Sect. 3.2) and the solutions for natural 
frequencies and mode shapes are derived. Both families of modes are used as the 
basis for an expansion of gener~ array twisting motion in Section 3.3, this 
demonstrates how to incorporate such modal representations into an attitude 
control system simu1ation. 

3.1 Motion Equations 

The coordinate system employed and the principal notation are illustrated 
i~ Fig.5. The z-displacement of a point in the array blanket due to pitch is 
-xB(t), where 8 is the pitch angle and x has the sense shown in Fig. 5 Additiona1 
displacements of a twist variety are given the symbol v(x,y,t) and so the total 
blanket displacement under consideration in th is section is 

displacement v(x,y,t) - x8(t) (3.1) 

3.1.1 Spacecraft Motion Equatiop 

The symbol used for the pitch inertia moment of the centre body is I
2b

; 

thus the tota1 ang~lar momentum of the spacecraft motion is 
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. 
h = 1

2b 
e 

2 I .e J w /
2 
[v (x, y , t) - xé 10- x dxdy 

o -w/2 

J 
w/2 

_2 [v (x),t) -xê] (m/w) xdx 
-w/2 

Her~ .e and ware the array length and width; 0- is the mass / area of the blanket; m 
is the mass of the tip piece (and thus its mass/length is m/w); anà the shorthand 
(0) is used for time derivatives. 

The angular momentum given by Eq. (3.2) will be taken to be re1ative to 
an inertial frame. This therefore neglects the once per orbit rotation of the 
reference axes. Even if a period of vibration was as long as 1 minute, however, 
this represents 1440 oscillations per orbit (for asynchrenous orbit). Evidently 
the rotation rates associated with orbit ttue anomaly are negligible in the cal
culation of natural frequencies for such cases. Gyroscopic torques due to tne 
o~ce-per-orbit rotation of the spacecraft, · which for small attitude ang1es are 
present only about the roll and yaw axes,may be included as an externa1 torque in 
the external torque term T (see below). Simi1arly, gravity graàient torques, 
which are the same order or magnitude, are present only about the pitch and roll 
axes (small ang1es) and mayalso be included in T • 

-e 

The factor of 2 mu1tiplying the two integrals in Eq. (3.2) appears 
because of the two array 'wings' (Fig. 1). The terms in the integrand which 
involve xë may be integrated at once to give 

v(x,y,t) x dxdy 

- 2(m/w) J w/2 v(x,.e,t) x dx 
-w/2 

where the spacecraft pitch moment of inertia is 1 2 : 

1 2 
+ 12 mw) (304 ) 

Since the angular momentum can only change under the influence of external torques , 
the equation of motion is found from 
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where the subscripts lel and lel denote control torques and external torques, 
respectively. More explicitly, combining Eqs. (3.3) and (3.5) yields the space
craft pitch motion equation: 

2<Y t J w/2 ...; (x,y, t) x dxdy 
o -w/2 

+ 2(m/w) J w/2 ~ (x,.t, t) x dx 

-w/2 

+ T2c + T2e . (3.6) 

When written in this form, the implication is that pitch motions of the space
craft are excited not only by perturbing and control torques, but by twisting 
of the array as well. 

3.1.2 Blanket Motion Equation 

The bending resistance of the blanket to displacements such as 
v(x,y,t) is assumed negligible, as stated in Section 2. Therefore the 
twisting 'stiffness ' is due entirely to the state of spanwise tension, P. The 
t~nsion per unit width is (p/w); therefore, using Eq. (3.1) the following 
differential equation governs the situation: 

•• •• 
( P / w ) v l1 (x, y, t ) = 0"[ V (x, y, t ) - x9 ] 

Primes have been used to signify derivatives with respect to y. 

Next, two boundary conditions in the y direction are necessary to 
specify a solution. The first is found from the fact that the blanket is 
fixed to the satellite at the array root: 

v(x,o,t) = 0, (3.8) 

and the second is found similarly by 'tying ' the blanket to the tip piece at the 
out-board edge. To this end, let a(t) be the angle of rotation of the tip-piece 
with respect to the spacecraft (about the pitch axis). Then the second. boundary 
condition becomes 

v(x,.t,t) = -xa(t) 

A new unknown, a(t), isthereby introduced, and this requires yet another equa
tion. This extra equation is just the motion equation for the tip piece, which 
is now derived. 

3.1.3 Tip-Piece Motion Equation 

The total angle of rotation of the tip piece about the pitch axis is 
9 t a. The torque on it is due to the component of blanket tension perpendicular 
to the plane of the array. Again noting that the tension per unit width is p/w, 

. the motion equation for the tip piece must therefore be 
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1 2..·· J w/'?. "2 mw (e + 0:) = (p/w) v'(x,.e,t)x dx 
1 -w/2 

(3.10 ) 

which completes the specification of o:(t). 

3.1.4. S~ary of Motion Equations 

The equations of motion derived above will be referred to a great deal 
in the remainder of this section and in parts of Section 5. Therefore a summary 
of them is convenient. 

Spacecraft: 

Blanket: 

Tip-piece: 

I
2
'è = 20"J.e J w/2 ;;(x,y,t)x dxdy 

o -w/2 

1
W/ 2 

+ 2(m/w) 
-w/2 

v(x,.e,t)x dx 

Pv" = CTW (~-xë) 

v(x,o,t) = ° 
v(x,.e,t) = -~(t) 

1 3..·· 1 w/2 ï2 mw (e + 0:) = P v' (x,.e , t) x dx 
-w/2 

(3.12) 

(3.13) 

~articular solution~ of these equations may be referred to as 'natural' 
motions and they arethe subject of the next section. 

3.2 Natural Motions 

The equations of motion, as given by Eqs. (3.11-13) are partial diff
erentia1 equations and, in general, such systems can be difficult to solve. Ho~ 

ever, . if the external disturbances, as represented by T2e , were absent and if 
the control torques, as represented by T2c ' were a1so absent, then the resulting 
motion is reasonab1y called the 'natural' motion. Reflecting on the physical 
situation - a rigid body with elastic appendages - the natural ,motions are known 
from experience to be rigid rotation and harmonie oscillations. These oscilla
tions are now examined in some depth. 

3.2.1 Constrained Motions 

Natural vibration modes for the array alone are derived first. It is 
assumed that the centre body has zero pitch and this condition suggests the 
termino1ogy 'constrained' motion. Furthermore, since by hypothesis 

e(t) = , 0 (3.14 ) 
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this equation replaces the spacecraft equation of motion, Eq. (3.11), and only 
Eqs. (3.12) and (3.13) are used. Rewriting these, we now have 

v(x,O,t) o 

1 
12 

3 " mw a 

Pv" = .' crw v 

v(x,l,t) 

J 
w/2 

P v' (x,l ,t) x dx 
-w/2 

-xa(t) 

(3.15) 

(3.16) 

The time dependence is first removed, in the customary w~y, by the 
se~aration of variables*: 

00 

v(x,y,t) -x ~ Ah(Y) cosUn t 

n=l 

00 

aCt) \' All(l) cosU t L n n 
n=l 

The indicated substitution produces 

PA" (y) + crw U 2An(y) 
n n n 

} 

o 

as the (ordinary) differential equation for An(Y)' (n 
the boundary conditions 

A (0) n o 

2 
PAn ' (l) = m U An~t) n n n 

(3.18) 

1,2, •.• ) tog~ther with 

(3.20) 

The second boundary condition in Eq. (3.16) is automatically satisfied by 
Eq. (3.18),. The dependence on x assumed in Eq. (3.18), which has now been 
validated, is a particulariy simple one; it is sleen that the chordwise cross
section (to borrow a term from aircraft wing design) of the array" in twist, is 
a straight linea Other shapes are not present in the steady state. 

It is not difficult to satisfy Eqs. (3.19-21): 

* To assist in the distinction between the constrained modes treated here 
and the unconstrained modes of the sequel, upper case notation for the farmer 
will be used, as distinct from lower case for the latter. 
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... 

(3.22) 

where the dimensionless natural frequency,n *, has been defined as 
n 

2 1/2 
n * = ( ~I- \ n 

n p) n 

To satisfy the condition expressed by Eq. (3.21) the n * (n = 1,2, ..• ) must be 
the countably infinite set of roots of the transcenden~al equation 

where 

* * * * m n sinn = cosn 

* m = m 
~l ' 

(3.24) 

that is, the ratio of the tip-piece mass to the blanket mass. Equation (3.24)is 
the characteristic equation for the vibrational frequencies. The sketch shown 
in Fig. 6 shows that, for all but the first mode or so, 

* ,.., n. = (n-l) 1T 
n 

(3.26) 

The first five values of n * are shown plotted vs. 12b*, the dimensionless body 
n * * inertia (see Eq.(3.45)) in Fig.6. Of course the nn do not depend on 12b and 

so the 'curves' are actually . straight horizontal lines. This seemingly pointless 
plot is made to facilitate comparison with the unconstrained natural frequencies 
which are plotted in Fig. 7. 

An orthogonality condition can be proven for these modes, namely 

...... 
~nm 0 

where, for brevity, 

1 3J I- 1 2 E = 7 ~ A (Y)A (y)dy~? mw A (I-)A (I-) 
nm 0 n m 0 n m o 

(3.28) 

This can be demonstrated from Eq. (3.22) but it is ordinarily easier to proceed 
directly from the differential equation, in this case Eq. (3.19). The steps below 
do not require detailed comment. 

I-pI A (y)A U(y)dy + m n 
211-~ n A (y)A (y)dy n m n o 
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.. 

I" t J P k l(y)Al '(y) - P An ' (y)Al.l ' (y) dy 
m n ' 0 n m 

t 
+ O"w!l 2 J Aa(y)A.lil(y)dy = 0 n n m o 

2 2J t m 11 A!!l(t )Au(t) + O"w11 An(Y)A l(Y) dy 
nm m non m 

t 
= pJ An'(y) .A:."'(y) dy n m 

o 

That is 

~ 11 2 ~ = p J t An'fY)An '(y)dy 
2 n ' run n\ m w 0 

(3.2g) 

Rewri-tigg Eq. (3.29) with the subscripts n and m interchanged, and noting that - -.... _ .... ..... -......... , rnn nm 

6 11 2 ,E 
"2 m run 
w 

t 
p J A'fJ.'(Y).A:.rh'(Y)dY 

o 

Subtracting Eq. (3.30) from Eq. (3.29) and rea1izing from Eq. (3.24) that the ~re
quencies ane a1ways distinct (11 f 11 if n f m) proves the condition of Eq. ( 3 .27). 

n m 

Fina11y, the factor of proportiona1ity imp~ied in Eq. (3.22) is specified 
by a norrnalization condition: 

-.... -nn (3.3'1) 

When the necessary integration of Eq. (3.28) is done, the mode shape is uni~ue1y 
specified (~ = y/t) 

12 ] 1/2 . r> *, -----=-- s~nH -,,1'] 
m*sin2n * n 

n 

This comp1etes the derivation of the constrained modes. The manner in 
wh~ch ther may be uti1ized in a study of general spacecraft motion is discussed 
in Section 3.2.1. 

3.2.2 Unconstrained Motions 

Natural vibrations of the spacecraft as a who1e are c1early of interest. 
These are termed 'unconstrained' motions and Eqs. (3.1~-13) are used with 
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The time dependence is removed via the substitutions (Ref.l) 
00 

v(x,y, t) = -x \' 0: (y)cosw t L n IJ. 

o:(t) 

00 

e (.t) = I 
n=l 

First, Eq. (3.12) leads to 

n=l 

cosw t 
n 

e cosw t 
n n 

2 P 0: ff (y) + (Jw W ex (y) 
n n n 

as the (ordinary) differential equation for ex (y), (n 1,2, ••• ) together with 
n 

the boundary conditions 

ex (0) = ° n 

Po:' (.t) 
n 

= m.u 20: (.t) 
n n 

The second boundary condition in Eq. (3.12) is automatically satisfied by 
Eq. (3.34). To complete the unique specification of the modes, the spacecraft 
motion equation, Eq. (3.11) is invoked: 

(3:'38) 

where, for brevity, 

Immediately from Eq. (3.38) the possible roots W = 0,0 are recognized, 
corresponding to a constant angular displacement, and angular rate. The mode 
shape 'is clearly specified by putting W = ° in Eqs. (3.35-37): 

an(y) == 0 n = 1,2 (3.40) 

and, from the first of Eq. (3.34), 

v(x,y,t}. - 0 (3.41) 

shGwing that, not unexpectedly, there is in fact no twisting at all. These are, 
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therefore, rigid modes and they are certainly important since they are the primary 
raison d' etre the attitude control system. However, from the '.flexibility' stand
point they are not really flexible modes, and the designation "n = 1" will now 
be given to the first 'flexible' mode. This is purely a convenience and an 
alternative convention proves more suitable in connection with roll-yaw flexi
bility (Sect. 4). 

Having thus dealt with the factor w2 

I e = f 
2 n . n 

0, Eq. (3.38) beCDmes 

(3.42) 

and this equation, together with Eqs. (3.35-37) specify the natural 'unconstrained' 
modes. It is not difficult to satisfy Eqs. (3.35-37): 

a (T}) = e [cosw *'1J - 6 I .t w t sinw ~T} 
n ~ n 2b n n 

1] 

where T} y/t and the dimensionless natural frequency, w ~ has been defined as 
n ' 

w ,~ = ( rrwt
2

) 1/2w 
n P n (3.44) 

and the dimensionless body pitch inertia is 

To satisfy Eq. (3.42), the w * (n = 1,2, ••• ) must be the countably infinite set 
of roots of the transcendentRl equation 

(6 * * *2) * = (6' -"- m*) -"- -"-mI ' Ul ":' -1 sirtu',- I 7<:+ ' w7<: cosw"" 
2b 2b (3.46) 

It is physically plausible that the frequencies of the unconstrained modes should 
approach those of the constrained modes as 12b~~. That is 

i~:~ ~~ {unconstrained mOdes} = {constrained mOdes} 

In particular, if the limit I * ~oo is taken in Eq. (3.46) the characteristic 2b equation reduces to 

(3.48) 

which is precisely Eq. (3.24) - the characteristic equation for the constrained 
modes. 

M~reover, the Eq. (3.46) is symmetrical with respect to the parameters 
m* and 612b" ; although the case where the tip mass becomes infinite is not of 
p~actical lmportance (at least for the CTS design) same thought will verify that 
such a symmetry should exist. 



The first few values of Wn~ are shown plotted vs. 12b* in Fig. 7. 1t 

is particularly interesting to compare this figure with Fig. 6. Not only do the 
nn~ form the asymptotes for W ~ as 12b~ ~oo , as indicated by Eq. (3.47), they 

also bound the w;t for all 12~~' That is 

Just as the lower limits for w ~ (as I t-HlO) are n:lf: so the upper limits 
n 2b n ' 

(12b~ ~O) are the roots of 

which are denoted À ~ {n = 1,2, ••• ). Thus 1nequality (3.49) is sharpened to be
n 

come 

An orthogonality condition can be proven for the unconstrained modes, 
namely, 

g 1
2

9 9 
nm nm 

where, for brevity, 

1 3J t 1 2 g = 7 ~w a (y)a (y)dy + 7 mw a (t)a (t) nm 0 n m 0 n m o 

This can be demonstrated from Eq. (3.43) but it is more easily proved directly 
from the differential equation, in this case Eq. (3.35). The steps are as 
follows: 

p J ta (y)a "(y)dy + CJ"w W 21 ta (y)a (y)dy 
m n n m n 

o 0 

2 ft -~w W 9 a (y)dy 
n n m o 

f

t t 
Pa (y)a '(y) -pI a " (y)a '(y)dy m n · n m 

o 0 
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2 2 J~ m w a (~)a (~) + ~w W , a (y)a (y) dy 
n n m n n m 

o 

+ W 29 j m a (~) + ~w I ~ a (y) dyJ = P 1 ~ a '( y) a · , (y) dy 
nnL m m n m o 

Whereupo~, using the definitions of Eqs. (3.53) and (3.39) 

2 l ' 1 ~ 
W (~ - e f) = 7 P w a '(y)a '(y)dy n nm nm 0 n m o 

At this juncture, Eq. (3.42) as useful: 

2 1 21 ~ 
W ( ~ - 1 9 e ) = "7 P w a

n
' ( y) CXm' ( y) dy n nm 2 nm 0 o 

Rewriting Eq. (3.55) with the subscripts interchanged, and noting that 
~ ~, mn nm 

1 21 ~ W 2 (~ _ I e 9 ) ="7 P w an'(y)am'(y)dy m nm 2nm 0 
o 

Subtracting Eq. (3.56) from Eq. (3.55) and realizing that the frequencies are 
always distinct (w f W if n f m) proves the condition of Eq. (3.52). n m 

This condition can be made to look more like a conventional ort ho
gonality condition as follows: Define ~he 'total' angle ~ as follows 

n 

~ (y) = 9 + a (y) 
n n n 

Substituting ~ -9 for a in ·Eq. (3.39) leads to 
n n n 

where 12A is the pitch moment of inertia of one of the two panels, 

1 ( ,i / + i 2 ~ 1
2A 

= ~ ~w,lJ ." ·1 ml Wl., 
Ul~ I~) 

Thus the total pitch inertia of the spacecraft must be 

12 = 12b + ? 1
2A 

Placing Eqs. (3.42) and (3.60) in Eq. (3.58) gives 
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.. 

Next, substituting t3 - 8 for ex in Eq. (3.52) leads to n n n 

(3.62) 

where the prepared relation (3.61) has been inserted. In this form (Eq • . (3.62)) 
the condition lE>oks more like an orthogonali ty c·ondi tion, wherein a generalized 
inner product is found to be zero • 

Finally, the value of 8 is specified by a normalization condition: 
n 

~ = CJw
3t 

nn 

More explicitly, Eq. (3.43) is substituted in Eq. (3.53) to give 

1/2 
8 

n 
6 

2 2 

J lf (T))} m1 ex (l)} n d1) + n " 
9 e 

o n n 

where ex (1) )/8 is implied by Eq. (3.43). 
n n 

(3.63) 

This completes the derivation of the unconstr.ained modes. The manner 
in which they may be utilized in a study of general spacecraft motion is dis
cussed next. Further remarks on the comparison of the cE>nstrained and uncon
strained modes will be postponed until af ter this next stage has been investi
gated. 

3.3 General Mot i on. 

Following the general outline of Section 1~2, the next ste~ is to ex
pand the ge!).eral flexible motio!} of array twisting in terms of the natural mode 
shapes. Since two classes of natural motion have been derived, each .will be 
considered in turn. 

303.1 Expansion in Terms of Constrained Modes 

The equations which must be satisfied are Eqs. (3.11-13)0 The modaL 
representatio~ is accomplished by expansions in terms of generalized coordinates 
~. 

v(x,y,t) 

ex(t) 

n=l 
00 

\' A (t)Q (t) L n n 
n=l 

When these are inserted in Eq. (3.12) there results: 
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00 

I .• 2 •• 
(Q + n Q) A (y) + e = 0 

n n n n 
n=l 

Similarly, when inserted in Eq. (3.13), one obtains 
00 

.\' (Q + n 2Q )A (t) + ë 0 L n n II n 
(3 .. 66) 

n=l 

Finally, when inserted in the spacecraft motion equation, Eq. (3.11), 0ne finds 
00 

I
2

9" = \ F Q L nn 
n=l 

where (compare with Eq. i3•39 » 

-Fn = ~ crw31 An(Y)dy + 

The integration, using Eq. (3.32), gives for Fn: 

F n = - ~ [ __ ~1_2~2'---_ ] 1/2 crw3t 
n 1 + m* sin n * 

n 

(3.68)-

The equations for the modal coordinstes may be uncoupled as follows. 
In view of the orthogonality and normality conditions, Eq. (3.27) and (3.31), 
form the following combination: 

(3-.70) 

that is, 
00 ., 2 11 

-E ( Q + st Q) = F e 
nm n n n m 

n=l 

Then the conditions (E = 0, nrm) and (~ = cr w3t) may be invoked to complete 
nm nm 

the uncoupling 

.. 2 (F ),. 
Q +n Q = 22- e 

m m ~ crw3~ 
(m = 1,2, ••• ) 

This set of equations, along with Eq. (3.67), completely specify the system. 

In order to arrive at transfer functions for the conventional block 
diagram, Laplace-transformed variables will be denoted by an overbar. Thus, 
defining 
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, 

---' 

(the Lap1ace transform of the rigid response), the system equations are combined 
to give 

00 s2K =ë+(I 2)8 ~ n (3.74 ) 2 s + n n=l n 

where the dimension1ess constants K (n = 1,2, ••• ) are referred to as 'moda1 n gains ' and are calculated from 

K 
n 

F 2 
n 

CJw
3t I 

2 

From Eq. (3.69) then, the resu1t given in Ref. 3. is obtained: 

K n 

Here ! * is the expected notation for 
2 

1*= 2 

1 

Note that these gains are a1ways positive. 

(3.76) 

In some respects it is more i11uminating to define dimensiona1 gains 
K I by 

n 

The expansion then takes 

2 -
I s e = 2 

the 

T2c 

KI Kn- 12 n 

·form 

00 2 

+ T
2e + (I s Kn ' ) 

2 n 2 s + 
n=l n 

where K I now depends on1y ?n array parameters. 
n. 

2-
s e 

The gains K are independent of the tension P; they depend on1y on 
n 

I 2b * and m*. 

The expansion corresponding to Eq. (3.74) is shown in Fig. 8 and the 
first few gains, as given by Eq. (3.76) are p10tted in Fig. 9. Sma11 damping 
terms GaJ7l be 1: inc1uded in the customary somewhat arbitrary fashion.(see also Fig.30). 

In the limit as I 2b * --. 00, Kn -f 0. (from Eqs 0 (3.76) and (3.77)), whi 1e 
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for 12b* ~O, Kn approaches the va1ue s 

2 K ~ 
n * *0 *. -2* (1 + m-.·') n ~(l + m-"Sln n 0,) 

which, for the higher modes becomes 

K ~ 
n 

2 

n n 

3.3.2 Expansion in Terms of Unconstrained Modes 

The equations which must be satisfied are Eqs. (3.11-13). This is 
accomp1ished by expansions in terms of the generalized coordinates q • 

n 

00 

\ ' 

v(x,y,t) -x L a (y) ct (t) n n 
n=l 

00 

aCt) = :~ a (t) 
n. qn:(t) 

n=l 

When these are inserted in Eq. {3.12) there results: 

00 

I ( " 2 q + W 
n n 

q )a (y) + e +~, w e q ". ~QO 2 = 0 n n _, n n n 

n=l n=l-

Similar1y, when inserted in Eq. (3.13) , one obtains 

00 00 
\-

,. 2 t .. \ ' 
W 2 L (q + W q)a ( ) + e + L enqn = 0 n n n n n 

n=l n=l 

} (3.80) 

(3.81) 

(3.82) 

FinaUy, when inserted in the spacecraft motion equation, Eq. (3.U), one finds 

t, 

f q + T + T 
n n 2c 2e 

where, recall, f is given by Eq. (3.39). 
n 

To assist in uncoupling the equations for modal coordinates, q ,define 
n 

00 

e (t) = '\' e q (t) + 8( t) 
~ n n 
n=l 
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.. 

where, for the moment, this may be regarded as a definition of e. Howeve;r, when 
Eq. (3.84) is used in conjunction with Eq. (3.83), noting also that f n = I 29n , 
it is seen th at .. 

e = (T2c + T2e)/I2 

that is, it is just the 'rigid body' response and is identical with the e of 
Sect. 3.3.1 as given by Eq.(3.73). Next, use Eq. (3.84) in Eqs. (3.81) and 
(3.82) to ob,tain 

00 

. I t~ + wn
2 ~){ an(y) +- 9n} + ë 0 

n=l 

00 

.} (q + YJ . q) a (t) + e + e = 0 
\ , 2 { } .t 

~ n n n n n (3.87) 

In view of the orthogon,ality and normality conditions,; Eqs. (3.52) and (3.63), 
form the following combination: 

that is, 
00 

I hnm - f m 9 n) (~n + wn
2 

qn) 

n=l 

,. 
f e 

m 

o (3.88) 

Then the conditions (~ = 12 9 ·9 , n f m) and (~ rrw3t) may be invoked to 
nm nm . nn 

complete the uncoupling (recall, again, that f = 1 2 9 ) m m 

'ei + wm
2 

qm = ( 3 f
m 

) ë {m = 1,2, ••• ) 
m rrw t - f 9 

mm 

This set qf ~quations, along with Eqs. (3.85) and (3.84) completély specify 
the syst.em. 

In order to arrive at transfer functions for the conventional blocK dia
gram, Laplace-transfGtmed variables will be den0ted by an overbar. Thus, from 
Eq. (3.85), 

and the other equations are combined to give 
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ä = ä + (f ::n,}) ij (3.92) 
n=l s n 

where the dimensionless constants k (n = 1,2,---) are referred to as 'modal gains' 
and are ca.lculated from n 

k = 
n 

I e2 
2 n 

All explicit form for kn may be achieved by the substitution of Eq. (3.63a) into 
Eq. (3.93) bu the resulting expression is rather lengthy (although still in 
closed form)and therefore will not be reproduced. In terms of dimensionless 
quantities, Eq. (3.93) is written 

k = n 

I* e2 
2 n 

in agreement with Ref. 1. 

At first sight, it is not evident that these gains are always positive. 
Howeverthey are shcwn to be so with the aid of the following inequality: 

Expanding, 

~ - 2 f e + I
2A

e
n 

> 0 nn n n 

which proves the positiveness of the denominator in Eq. (3.93). 

The expansion corresponding to Eq. (3.92) is shown in Fig. 10 and the 
first fewgains, as given by Eq. (3.94) are plotted in Fig. 11. Small damping 
terms can be included in the customary somewhat arbitrary fashion. (see also 
Fig. 30). 

In tre limit as I 2b -+~, en -+ 0 in such a way that f n = I 2en is finite • 
At the other extreme, as 12b -+ 0 
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.. 

*' whence, as I ,: ~ 0 
2b _ 

2(1 + nt-) 

since the frequencies must satisfy Eq. 
Therefore, for these higher modes 

(3.50), 

k ~ 2(1 + m~) 
n 

40 ARRAY BENDING AND ROLL-YAW ATTITUDE 

cosW ~ ~ 0 for the higher modes. 
n 

(3.100) 

Following the description of the pitch motion, this section discu5ses 
the anaiysis of array bending and its interaction with the spacecraft attitude 
control o Under the assumptions of section 2, it was shown that bending inter
acts only with the roil and yaw attitude, so that the pitch motion is uncoupled 
and may be effecti veiy taken to be zero." The roll and yaw motions are, however, 
strongly coupled due to the momentum wheel along the pitch axis o It will be 
seen that this gyroscopic OlDupling adds : both complexi ty and interest to the 
analysis of the natural as well as forced motion. The continuum mechanics 
ap~ro<;l.ch remains tractable in this si tuation bec"ause the geometrical simplicity 
of the arrays is not affected. Here again as in Section 3, other formulations 
II!ay be us ed for t .he flexibili ty analysis WithE>ut changing the underlyin~_ i,deas 
of the development. 

The orgpnization of this section is intentionally similar to Sectibn 3 
so that both the similarities and the differences may be more readily appreciated . 
The differential e~uations for the motion are derived first (Section 4 ;1). The 
natural motion in the absence of external tor~ues is discussed in Section 4.2. 
Both the constrained and unconstrained varieties of natural modes are analyzed. 
Finally, the general array motion and its effect on the satellite attitude 
motio~ are c0nsidered in section 4.3. Alternative developments are presented in 
whidhthe general motion is expanded in terms of the two types of modes, showing 
the m~thod by which these modes may be i~corporated into an attitude control 
system simulation. 

4 .1 Motion Equations 

) The coordinate system used is shown in Fig. 12., together with some 
basi~ notation. The spacecraft attitude angles are roll (~) and yaw (~) respec
tivelY~ These must be considered simultaneously due to the coupling . induced by 
the momentum wheel. The angular momentum vector of the wheel has magnitude h 
apd is nominal~y pointing along the negative y-direction. The boom centerline 
defleqtion ' u now enters explicitly in the flexible appendage dynamics, unlike 
the pi tch case where the tension provided the 'only means of stiffness. In the 
absence of twisting, the def+ections of the panel are independent of thè chord
wise coordinate, and all poihts at the same spanwise location y have the same 
deflection, v. Thus 

v(x,y,t) ": v(y,t) (4.1) 

Note that both u and vare taken relative to the undeflected boom centerline. 
Thus if the entire spacecraft underwent rotation as a rigid Qody, u and v 
would be zero. 
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4.1.1 Spacecraft Motion Equations 

The roll and yaw motion of the spacecraft involves angular momentum 
about all three coordinate axes, unlike the pitch case where only one axis need 
be considered. The wheel angular momentum about the pitch axis C0mes into the 
picture because, for example, even a small roll offset of the body causes a -
gyroscopic reaction torque, due to the wheel, about the yaw axis and vice versa • 
Another major difference from section 3 is that the moments of inertia are 
no longer co~stant. This is because one part of the spacecraft (the array) 
rotates relative to another, and unless the rotating part is axisymmetric, -this 
causes the moments of inertia about the roll and yaw axes - fixed in the non
rotating main body - to change with time. The principal moments of inertia 
and the principal axes themselves are also functions of time. Expressions for 
the moments of inertia are deri yed __ in Appendix B. Here we note only that a 
roll-yaw product of inert ia exists due to the panel rota ti on. 

Further simplification of the motion equations is made below by neg
lecting terms arising due to the orbital motion of the spacecraft center of mas s, 
so that the coordinate sys·"bem of Fig. 12 is taken to be fixed relati ve to -
inertial sp~ce. This is justified because the natural frequencies of interest 
are known to be much higher than the orbita~ rate. In the actual simulation 
of the spacecraft motion, the terms omitted may be included as "external" Le:, 
forcing torques. This also applies to gravity-gradient tor~ues and other -
gravitational and environmental perturbations. Change in angular momentuffi due 
solely to time variation of the moments of inert ia is also ignored. It ·is of 
the same otder of magnitude as the gravity-gradient torques, if the array ro
tation is continuous • For the case of array stepping consider ed in section 5, 
rates pf change of the inert ia moments can pe much greater than the continuous 
case, for brief periods. The effect of this may again be included as an external 
torque if significant for a particular 'satellite. All the terms omitted here 
can be included in the analysis if need be, but in the discussion of this repoTt, 
these merely serve to complicate the details and perhaps to obscur~ significant 
aspects of the motion. 

Let ~s be the spacecraft 
and yaw angles (taking pitch to be 
~ of the spacecraft considered as 

angular velocity vector; then fot small roll 

zero for convenience), the angular momentum 
a rigid body is 

,-
I cp ° 
~::] ($) + ( -~ ) l ~ll 

113 

where we have used the fact that for small angles? 
• • T 

11 = (cp, 0, 1/1) -s 

(4.2) 

(4.3) 

In addition to ~, there is an angular momentum due to the flexible deflections 
of the panels and boom, denoted~. For small deflections it can be simply 

added to~. Now ~ only consists of components along an axis lying in the plane 

of the solar papels (no in-plane bending). If 7 be the angle between the panel 
plane and the rol i-pitch plane, we have 
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where 

1
-1-

~ = 2 (b+y) (Pû + (5w ~) dy + 2m (b+1-) ~(1-) 
o 

(4.4) 

The factor of 2 results from the fact that two flexible append~ges ave ,i~vd*ved~ one 
on each side of the main bodYr- Here b is the distance from thè spacecraft center 
of mass to the boom root. Note also that the net flexible angular moment would be 
zero in the case of symmetric bending. 

where 

The spacecraft motion equation is now 

H+ n xH=T -s 

• 
~ III + l),cosl '\ 

• + I Cji - lLsinl ) 13 -7 

(4.5) 

Here T denotes the external torques acting on the spacecraft. In expanding (4.5), 
the usual small-angle approximations are used, neglecting products of small 
quantities. The roll and yaw component of the motion equations are th ep 

•• •• • 
In cp. + I

13
'1j1 + tl/I + f cos)' * (+w hcp) 

o .. .. ., 
13l + I13CP hCP f sin)' *' (+w 'mfJ) 

o 

where T
cl 

and T
c3 

are control torques and Tel and T
e3 

are external disturbance 
torques, and 

1-
f ~ = 2 J C'e+,~) (p~ + (5w 'V)dy + 2m(b+1-) ~(.e) 

o __ - -_ 

The pitch component of (4.5) simply gives h = constant because zero pitch torques, 
are ass~ed in keeping with the assumption of pitch - rOll/ yaw uncoupling. As 
mentioned above, small terms omitted in (4.6) may be modelled as part of the 
external torques. 

Equation (4.6) can be put into a particularly elegant form, which is 
useful in the ensuing discussion, as follows. We multiply the first of (4.6) 
by s~ and the second by cos)', and add to obtain 

" .. , . 
cp + (I

33
cos)' + I

13
sinl) 'Ijl -h(CPcos)'-'IjIsin)') 

(4.8) 

Now, multiply the first of (4.6) by- (I
33

cos)' + I
13

sin)') and subtract from it 

(Il1sinl + I1
3

cos)') times the second equation, to get af ter some algebraic manipu

lations, 

-* These coup1ing terms, due to the orbi tal rate W , - -are a1so present ( though not 
considered in the simple derivation here). They ~e important from an attitude 
control standpoint but do not affect the present moda1 ana1ysis (see Ref. 2). 
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Now we define the following quantities: 

5 = 'Pcos'Y - 7/Jsin'Y 

. J' 2 
€ = [(InSinl + I13cos'Y)'P + (I33cos'Y + I 13sJ..R'Y)7/JV IUI 33-I 13 

13 1 

I 

W 
N 

(I33cos'Y + I13sin'Y)Tl-(Illsin'Y + I13cos'Y) T
3 

In 133 - 113 

Tl sin 'Y + T
3

cos'Y 

2 
In 133-113 

2 

The motion equations then become simply 

•• • f 5 + W € + - 13 1 N 1 .. • 
€ _ W 5 = 13

3 N 

(4.9) 

(4.10) 

The physical significance of the definitions (4.9) should be noted at this stage. 
The angle 5 is the attitude angle of the spacecraft about the axis generated by 
the intersection of the roll-yaw plane and the plane of the arrays. The angle €, 
for a symmetrical satellite, (11 = 13' 113 = 0) is the attitude angle about an 

axis normal to the 5 -axis; in the general case it still has the dimensio-ns ()-f an 
angle. The rigid nutation frequency wN is the frequency of the rigid-body natural 
coming motion. More will be said about this in section 4.2. Finally, ~l and ~3 

are the angular accelerations about the 5 and € axes respectively, due to external 
(control as well as disturbance) torques. Again~ for a symmetrical satellite 
these axes have physically identifiamle, being mutually orthoganl orientations, -
in, and normal to, the plane of the arrays respectively. Note that flexibility 
directly affects only the 5 equation because only out-of-plane bending is con
sidered significant. 

4.1.2 Flexible Appendage Motion Equations 

Consider first the soYar array blanket. The acceleration of a point 
on the blanket can be written as 

•• 
a = (b + y} 5 + v (4.11) 
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where v is the deflection normal to the plane of the blanket. Since stiffness is 
provided only b,y the uniform spanwise tension, the blanket behaves essentially as 
a string., and the motion equation can then be written as: 

Pv" = ,<Jw['V + (b+y) 5 J (4.12) 

In the above, attention is drawn to the fact that v v(y,t) as given in equatron 
(4.1). 

The boom equation of motion is considered next. The acce~eration of a 
point on the boom is given by (4.11) with v replaced QY u, the boom deflection. 
The pending moment at a section of the boom is 

M = Bu" + Pu (4.13) 

wher~ slender-beam theory is used, and B is the uniform flexural stiffness of the 
boom. Now the "inertial force" corresponding to (4.11) is normal to the boom 
axis, so that it is equal to the second derivative of the moment given by 
(4.13). This gives 

Bu"" + Pu" = -p [ü + (b+y) '5J (4.14) 

The appropriate boundary conditions for equations (4.12) and (4.14) are 
now considered, six are needed to completely specify the problem. Since the boom 
is rigidly cantilevered at the roo~, and the blanket is also assumed to be 
attached to the satellite at the same point, we have 

u( 0, t) = 10 u'(o,t) = ° v(O,t) = ° (4.15) 

Further, at the tip of the boom, there is no net bending moment, and the blanket 
and boom deflections must be equal for continuity, hence 

u"(.t ,t) = ° u( .t,t) = v(.t,t) (4.16) 

One more boundary condition is needed, which follows from the notion equation 
for the tip piece, to which the blanket and the boom are attached. We also note 
that the spacecraft equations must be simultaneously satisfied; this places a 
condition on the term 5 appearing in equations 4.12 and 4.14. 

4.1.3 Tip Piece Motion Equation 

The tip piece in array bending does not undergo any rotation, but only 
a translation norma~ to the array plane, of its center of mass. The forces acting 
on the tip piece arise from the boom shear and the normal components of the blanket 
tension and the boom compression. The equation governing this translatory motion 
is then 

(Bu"t + PuI-Pv')1 
y:.t 

m [ ~ I + (b+ .t) 5·) 
y:.t 

(4.17) 

where all the derivatives are evaluated at y = .t, that is, the physical location 
of the tip piece. Equation (4.17) essentially provides a boundary condition for 
the flexible appendage equations. 



4.1.4 Summary of Motion Equations 

The motion equations derived above will be referred to a great deal in 
the sequel, therefore they are summarized below. 

5 + w 
. f 

(4.18) Spacecraft: € + - = t3 1 N 1 .. • 
€ _ w 5 = t3

3 
(4.19) N 

t 
f = 2 J (b+y)(P1.i +' ''!w .~) dy + 2m( b+t ) ü( t) (4.20.) 

0 

Here the trans format i ons given by Eq. (4.9) are used so as to simplify the 
notation. 

" 
Blanket: Pv" = CTw[ v + (b+y) 5] 

Boom: Bu""= 

Tip Piece: (Bu" I 

Boundary 
Conditions: 

• .1 

Pu" = -p [û + (b+y)5) 

+ pu'-Pv') I =m[ül + (b+t)'5] 
y= t y:.t 

u(o.) 
u(t) 

v(o.) = u'(o.) = a. 
vet) 0., u"(t) = a. 

(4.21) 

(4.22) 

(4.23) 

(4.24) 

Although for simulation purposes the spacecraft equations are better 
dealt with in the original form (4.6), for completeness the inverse transformation 
to (4.9), relating roll and yaw angles to 5 and €, is also given below. 

cp = 
I

33
coS7 + I

13
sin 7 

5 + j sin7 
€ --

J J (4.25) 

?f; 
111 sin7 + I13coS7 

5 + j cos7 
€ 

J iJ 

with J' j - In 
2 

In 133 

J 
2 + I . '27 + 2Ii3sin7cos7 I

33
cOS 7 11 Sln 

Having derived the motion equations, we shall first leok for and de
termine the natural modes of vibration, and then show how to use them in space
craft attitude control simulation. 

4.2 Natural Motions 

The eq~ations (4.18-4.24) de fine the spacecraft motion in rOll-yawf 
bending • These are more complicatèd than in the pitch/twist case, but can 
fortunately still be solved in closed form, although the solution still depends 
on the numerica+ solution of a transcendental equation, and the algebra is more 
complicated. We first investigate the natural motions, defined as those existing 
in the absence of any external torques, that is, t3 1= t3

3 
= a. in equations (4.18-
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4.19). The "constrained" and "unconstrained" cases are treated separately. 

It is instructive first to consider the naturai rigid-body motion, 
i.e., that which exists with no flexibility and no external torques. Then 
u == v == 0 and we have 

.. . 
5 + w € 0 

N (4.26) -.. 
E _ W 5 0 

N 

The solution to these equations is of the form 

5 

-
€ Acos(WNt + CP) 

where the constants A and cP depend on the initial conditions. Thus both 5 and 
€ are periodic functions of time, but out of phase by rr/2 radians. This is the 
rigid coning motion which exists due to the momentum wheel. It is in contrast 
to the rigid rotation which was the rigid natural motion in the pitch case, -
corresponding to the double zero root. In this motion the panels and the main 
body are by definition assumed to move together as a single rigid body. , When 
flexibility is introduced, this simple motion no longer describes the reai 
situation, as will be seen in section 4.2.2 on unconstrained modes. 

4.2 ".1 Constrained Motions 

We consider here the natural motions of the flexible appendages them
selves, wben there are no external torques and the main body is constrained not 
to move, th at is, 

5(t) = ~(t) == 0 (4.27) 

Equation (4.27) now replaces the spacecraft equations of motion, and we are Ieft 
with the following: 

Pv" = crw v 

Bu"" + Pu" = -pü 
The applicabie ~oundary conditions are 

u(o) 

u(t) 

Bu'" (t) 

= U I (0) = v( 0) 0 

v(t) = Uil ct ) 0 

+ Pu' (t) - Pv' (t) = m 'ü(t) 

(4.28) 

(4.29) 

These de fine the solution for the panel and boom deflections completely. We note 
that we have a system of iinear constant-coefficient partial differentiai equations 
which may be s~lved by separation of variables. Furthermore, the boundary con
ditions are homogeneaus, i.e., unforced, so that the solution exists only for 
certain special cases, which are called the natural modes. It is known from the 
physical situation that the solution consists of harmonie oscillatiens with a 
discrete set of frequencies called the natural frequencies. This can also be 
shown more formally; however, we shall use the physical argument to seek solu
tions of the following form: 
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00 
\ 1 

U(y,t) = IL u (y) COSn t 
J1 n 

n=l 
(4.30) 

00 
\ . 

v(y,t) -)~ V (y) cosn t 
n n 

n=l 

Substituting (4.30) into equations (4.28) and (4.29) leads te the time-dependent 
factor being divided out. We have as aresult the followin~ equations for U (y) 
and V (y), invo1ving the natural frequencies n defined implicitly by equatiHn 

n n th 
(4.30). These equations describe motion in the n natural mode: 

with 

and 

p V 11 + (J"w n 2 V = 0 
n n n 

BU 1111 + P U 11 _p n 2 U 0 
n n n n 

(BU 11, + PU ' - PV ' + m n 2V ) I 
n n n n n n 

~n (i-) - V n (i- ) 

u 11 (i-) = 0 
n 

y= k 

= 0 

(4.31) 

Equation (4.31) are now 1inear constant-coefficient ordinary differential equa
tions. Using the standard techniques for such equations, it is straightforward 
to show tQat the solution can be expressed as: 

where 

Un = alcosh any + a2sinh any + b1cos~nY + b2si~nY 

Vn = a
3

sinK nY + a4cosKnY 

a 
n 

« J p2 

J' 2 
~n =.« p 

+ 4PB n 2 
n 

+ 4PB n 2 
n 

1/2 
P)/2B) 

1/2 
+ P)/2B) 

(4.33) 

and al' b1 etc are coefficients to be determined. The boundary conditions at 

y=O are simple enough to be directly satisfied, 1eading to the elimination of 
three unknown constants. We then have the following form, which obviously 
satisfies the conditions at the root: 



(4.34) 

The remaining coefficients are found by application of the three boundary con
ditions at y = t, equations 4.32~ The resulting simultaneous linear algebraic 
equations are most conveniently expressed in matrix form: 

M c = 0 (4.35) 

where 

Theelements of M are easily shown to be as given below. The rows of Mare 
arranged in the order implied by (4.32), and the columns in accordance with the 
definition of c. Other arrangements of the matrix are possible, but of course 
this will not affect the solution. In writing the elements of M, the sub scripts 
n will be omitted for the sake of compactness. Also, the symboIs s =7 ', sin, 

,c =: cos, sh =: sinh, ch =: cosh areused. 

~l = B(a2shai - ~3s~t) + p(ashat + ~s~t 

~2 = B(a3cb.O:t + ~3c(3t) + p(achai + ac~t 

~3 = -p K CK.t 

= chai-c(3t 

~2 = shai-aj(3 s~t 

~3 = -SKt 

2 1-.Nn ' 2 n 
~l = a Cr.L4ti + ~ C(3k 

= a2shai + ~s~t 

2 ) + ma (chat-c~t) 

) + mn2(sbat-aj(3 s~t) 

(4.36) 

In order for a solution of the assumed form to exist, the matrix ~ 
must be singular : 

det M = 0 (4.37) 

This is a transcendental equation for n in terms of the sheet and boom para
meters. An infinite number of solutions exist, corresponding to a countably 
infinite set of natural frequencies n , for n = 1,2, etc. The infinitude exists 
because of the periodicity of the sinUsoidal terms. When M is singular, equa
tian 4.35 may be solved for the coefficients al ,a2 and a

3 
which are then suffi-

cient to give the shape functions U (y) and V (y) via (4.34). Due to the 
homogeneity of (~.35), the solutionnis only d~termined to within an arbitrary 
constant multiplier. The "eigenfunctions" or natural mode shapes are thus 
nonunique unless normalized by imposing asubsidiary constraint. This will be 
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done below. A unique solution of course exists when external terques of given 
magnitude are present; this will be shown in section 4.3.1. 

An orthogonality condition for the natural modes is now derived. This 
involves, as expected, the blanket and boom mode shapes and the tip mass de
flection and is expressed as 

where 

-.. --mn 0, m r n 

/; /; 

E = 2P 1 U U dy + 2<Tw I V V dy + 2m U (j;) U (j;) 
mn b mn 0 mn m n 

(4.38) 

(4.39) 

The proof can be demonstrated from the expressions for U and V in Eqs. 4.34, 
but it is easier to prove it frem the differential equations and boundary condi
tions directly. From (4.31) we obtain 

t t 
BI (u U '"'_U U "")dy + pI (u U " - U U ")dy m n -h m m n n m 

o 0 

J /; 2 2 
P . (n U U - n U U ) dy 

n mn ' m nm o 2 21 t = P (n - n) U U dy n m ' m n o 

Handling the equation for V similarly, we get 

-p11v V "-v V ")dy = crw(n 2_n 2) rVV dy 
mn nm n m J. mn o 0 

From the first of equations 4.32, 

{ -B(U U "'-U U "')-p(U U '-U U ,)+ p(V V '-V V ') } I 
mn nm mn nm mn nm ' y~ 

(4.40a) 

(4.40b) 

The left hand side of (4.40a) is reduced as follows, using integration by parts , 
and the other boundary conditions: Ir t 

Bl. U U "" - U U "") dy + pJ (U U "- U q ") dy 
o mn nm 0 mn nm 

t t 
= B[(U U "'- U U "')1 -1 (U'U "'-U '-u tI, )dy] m n n mom n n ' m 

o 

t I t Yn 0 

+ p [(u U '-u U ')j - (u 'u '- 'u ')dy] mn n mO t m n m 
o 
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:::: { B (U Uil' - U U "') + p( U U '-U U ')} I mn nm mn nm n y=.KJ 

y< tJ .t () 
-B(U 'U II~ 'U ") It -J (U IIUy(t ft U It)dy] mn nm mn n m 

· 0 0 
"- . .t 

.'. {B(U U ftt -U U ft t ) + p(U U '-U U I)} I = p(n2_n2)r U U dy 
m n n m m n n m n n m~, m n y=.KJ 0 

(4.4od) 

Simi1ar1y, equation (4.4ob) reduces as fo11ows: 

t 0 0 
-P(VV '-vv ,)/.t:.J (v tv '-v tv t)dy] 

mn nm m n m o 0 

2 2 I.t = crw(n -n) v v dy 
n m m n 

~ 0 

-P (v V '-v v t)/ = CJW(n2_n2)r.tv V dy 
m n n m n n m~, III n y=.KJ 0 

(4.40e) 

Adding equations (4.40c,d,e) and using (4.39) gives 

o = 1.. (n2_ n2 ) 2: 
2 n m mn 

From which the orthogonality condition (4.38) fo11ows. 

The natural modes are now norma1ized using the fo1lowing norma1ization 
condition: 

(4.41) 

Note that the normalizing factor chosen here has the same dimensions but is 
different from that in pitch, Eq. (3.31). This is pure1y a matter of convenience 
and can be chosen at wil1. Now the mode shapes are rendered unique, because 
Eg. (4.41) is in effect a subsidiary condition to be satisfied by the coefficients 
a

1
,a

2
,a3 occurring in the shape functions. 

Numerical Resu1ts 

Having comp1eted the specification of the constrained frequencies and 
mode shapes, we consider some numerical ca1cu1ations of the former. In order to 
reduce the number of variables invo1ved, dimension ana1ysis is usefu1. From 
the equations of motion and the boundary conditions, we expect a functiona1 
dependence of the fo1lowing form: 

n = n (p,aw,.t,P,B,m) 
n n .. 

(4.42) 

The dimensionless groups formed by combinations of dimensiona1 variables in 
(4.42) are th en re1ated as 

* * * * * n = n (p, m , B ) 
n n 
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where 
n Jr:rwt 2/P n * 

n n 

p* p/r:rw 

m* m/r:rwt 

B* Pt
2

/B 

Asterisks are used to denote dimensionless quantities. The dependence (4.43) can 
also be deduced directly from the motion e~uations and boundary conditions by 
writing them in nondimensional terms. Using the groups defined above, the de
pendence of the frequencies on relevant parameters will be presented. The nomi
nal values used are m* = p* = 0.2 and B* = 1.0, unless specified otherwÏse. 

Figure 13 shows the first few frequencies n * as a function of P*, 
where only p* is varied, in the range (0 < p*< 3.5). n Similarly, the dependence 
on m* is shown .in Fig.14, for (0 < m*< 1.4). -In both these cases the frequencies 
decrease, as expected, when a "mass" parameter is increased, for constant "sti ff
ness" parameters. 

The dependence of frequencies on B* is somewhat more complex, due to 
the fact that, for a given compressive load P, the support boom buckles at 
certain values of t~e flexural stiffness. Alternatively, a boom of given 
stiffness buckles at certain values of the compressive load, the Euler critical 
load. The analysis of the boom and sheet separately is given in Appendix C, 
wherein it is shown that this condition exists when 

.JT.B* = n7T , n - 1 2 - , , ... (4.44) 

At these values, the lowest natural frequency is zero. Figure 15 shows the 
variation of nn* with~*, for (0 < ~* ~ 7.0), a range which includes the first 
two buckling points. Note that the first anà second natural fre~uencies res
pectively go to zero at these points. 

In i~terpreting this plot, it is instructive to compare it with the 
natural frequencies of the sheet and the boom separately, Le., in the absence 
of one of the flexible elements. These expressions are derived in Appe»dix C, 
and are plotted in Fig. 16. The sheet frequencies are independent of ~B*, 
while the boom frequencies show the buckling behaviour. Note that the boom 
frequencies are nondimensionalized by thè same fact~r4as the sheet fre~uencies, 
which is different from the more customaty factor ~pt /B which depends only on 
the boom properties. The remarkable similarity of Figs. 15 and 16 is intuitively 
plausible when one considers that the sheet and boom are two vibrating syst~ms, 
each with its unique characteristics which are only attached at one point. 
Hence, qualitatively speaking, the combineà system will have characteristics 
of both the components. Physically, regions where the natural frequency curves 
are "flat" correspond to a string-like behaviour, with the (dimensional) 
frequency varying directly as the square root of the tension. This is the 
dominant behaviour, which changes only in regions where the boom and sheet fre
quencies are close together. For the numbers chosen, the sheet is much more 
massive than the boom (p* = 0.2), and it may be expected that the situation 
would be different for p* »~. 

The completes the development of the constrained motions. More 
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FREOUENCIES FOR BOOM ANO ARRAY VIBRATING INOEPENOENTLY 
SATlLLITl MAIN BODY CONSTRAINEO TO BE M~TION~lSS 
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extensive numerical results could be included, for example mode shapes, and the 
fr€quencies in dimensional terms. However for design purposes the unconstrained 
frequencies and modes are more I1 natural ff and so these results will be presented 
only for them, in the next section. The incorporation of the constrained modes 
i nto an attitude control simulation will be shown af ter that, in section 4.3.1. 

4.2.2 Unconstrained Motions 

In the real situation, the spacecraft and the panels more together, 
so that the constraint imposed in Section 4.2.1 is artificial. The spacecraf~ 
taken as a whole clearly has ffnatural ff motions of its own in the absencè- of 
external torques, since it is essentially a flexible body with a rigid component, 
the mai:q. body. 

The equations of motion applicable here are the entire set (4 .• 18-4.24), 
to be s ~lved simultaneously. With zero external torques we have 

., 
f 
I 

o 

€ - w
N 

5 = 0 

(4.45) 

together with equations 4.21-4.24 for the f1exible appendages and the tip piece. 
The second of (4.45) can be integrated and substituted into the first to give 

.' 2 f 
5 -~ -w

N 
5 + I = 0 

(4.46) 

Here an integration constant has been taken to be zero, since it does not affect 
the natura 1 frequencies or mode shapes. Now we can consider only the first 
equation in (4.46) separately, because € does not enter explicitly into the 
ffflexibie ff equations. However, E is needed in order to calculate the roll " and 
yaw angles, at which time it is obtained directly by integrating the second ~f 
(4 !46). 

Since the main body and the panels move together with the same frequency 
(by definition), we are justified in seeking a solution of a form similar to (4.30)~ 

00 

u(y, t) = L' . tin (y) coswnt 

h=l 

00 

'ij (y) cosw t 
n n 

00 

I 5(t) 5 cosw t n n 
n=l 

(4.46) 

Substituting these into Eq. (4.46) gives, for motion in the nth natural mode: 

.. 



(4.47) 

where t 
-21 (b+y)(pu + ~wv )dy - 2m(b+t) u (t) n n n 

(4.48) f 
n 

Similarly, substituting (4.46) into the flexible appendage equations and boundary 
conditions, (4.21-4.24) leads to cancelling out of the time-dependent factors~ 
yielding the following set of equations for the shape functions u (y) and v (y), n n 
and the natural frequencies w • 

n 

with 

Pv " + n = 0 

o 

and 
Bu '" n 

+ Pu '-Pv ' + mw 2[(b+t)5' + ti] I = 0 
n n n n n y=t 

u (t) - v (t) n n o 

u "(t) 0 n 

(4.49) 

(4.50) 

(4.51) 

(4.52) 

One method of simultaneously solving (4.47-4.52) is to regard 5~a~ a 

known forcing term in (4.49-4.51) and solve for the mode shapes, and then u~e the 
boundary conditions (4.52) and the spacecraft motion equation (4i.~7) t0gether 
to solve for the natural frequencies wand 5" . Thus the spacecraft mot ion n n 
equation may be thought of as an extra "boundary condition" giving 5- , when 
solving the partial differential equations of the appendage motion. n We have 
a~ready taken this approach earlier, when the tip piece motion equation was used 
similarly~ 

Using standard techniques for constant coefficient linear ordinary 
differential equations, it is straightforward to show that the solution to 
(4.49-4.50) is of the form give~ below. Note tçat the terms involving 0 are 
treated as forcing terms leading to a particular integrale .n 

u (y) 
n 



a 
n 

~ 2 2' 1/2 
= (("" P + 4pBw - P)/2B) n 

j , 1/2 
~ = (( p2 + 4PBW2 + p)/2B) 

n n 

K = W .Jcrw./P : ' n n 

(4.53) 

~à a
1

,b
1 

etc. are constants to be determined. 
to the function v gives 

Applying the conditiorr v(O) = 0 

n 

so 
v (y) = a

3
sinK y+ 5 (bCOSK y-b-y) n n n n 

SImi1ar1y the conditions u(O) = 0, u,(O) = 0 give 

Hence 

a + b - b5 = 0 
1 1 n 

ana2 + ~nb2 - 5n = 0 

b = - (a -b5 ), b = _ an Ca - ~) 
1 1 n 2 ~ 2 a n n 

Substituting these into the expression and rearranging gives 

(4.54) 

un(y) = (al-b5n)(cos~ny-cos~nY) + (a2 - ~)(SinhanY- .a
n sin~ y) 

n ~n n 

+ 5 (bcosra y-a -lsinla y-b-y) 
n n n n 

Since as yet a
1
,a2 are entirely arbitrary constants, the above equation can equal1y 

weil be wri tten in the form 

a 
= a1 (cosba y-cos~ y) + a2(sinla y - ~ sin~ y) 

n n n ~n n 

+ 5 (beosla y-a -lsinla y-b-y) 
n n n n (4.55) 

It is readily verified that this expression satisfies the boundary conditions at 
the root. The remaining three boundary conditions (4.25) and the spacecraft 
equation (4.47) together yield four linear algebraic equations to determine 
the four remaining coefficients 5n,a1,a2 and a

3
• This simultaneous equations 

are most conveniently written in matrix form 

M c = 0 
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• 

where 
T 

~ ;:: (5 n' al' a2 , a3) 

the elements of Mare found by carrying out the operations (integration, differen
tiation etc.) involved in the remaining boundary conditions and grouping terms 
muttiplying 5n , al' a2 , and a

3 
separately, in that order. The expressions (4.54) 

and (4.55) ~or u and vare to be substituted in the equations below, obtained 
n n 

from (4.47) and (4.52) but repeated for convenience: 

I (1 -ww~ 
2

) fi.n -+ 21 2 (b+y)(pUn + crwv n

' 

dy + 2m(b+2l u
n 

(2 l = 0 
n . 

Eu 11, (.t) + Eu '(.e)-}>v 'Ct) + nw 2[ (b!tt{)5 + u Ct)] ;:: 0 
n n n n n n 

u (t) - v (t) ;:: 0 n n 

U 11 Ce) 
n = 0 

~he elements of M, arranged by rows in the order implied by the above equations, 
and by columns in the order dictated by the definition of c, are found to be as 
g;i.ven below. Again for compactness, the subscript 'n' wilT be omitted and the 
abbreviations used in Eq. 4.36 are adopted. 

( 2 , 2 ( 2 ( ( ) sh at I l-w
N 

lUl ) -2m b+t) + 2mb b+t) chat + 2m b+t 0: 

l b2 b 2 2 1 3 J + 2crw K sKt + 1"2 (cKt + Kt sKt-l)-(b t + bt + '3 t ) . 

+ 2p l b2 s~a.t + bt s~t + oic~-shO:t - (b2t + bt2 + 1 .t3 ) J 

2m( b+.t )( cra.t - cl3.t) + 2p b ( sh 0: at _ s~t) 

2 l ~ shCX.t - chCXt + 1 
+ p 2 

0: 

m
13 

;:: 2m(b+.t)(shai~ ~ sl3t) + 2pb l c~ -1 - O:(l;~l3t)J 

+ 2{~crae,;shO:t - ~ (sl3.t-I3.tcl3.t ) J 
. . 0:2 133 

m 
21 

20'wb ( l~cKt ) + 2crw (SKt 1"'2 Kt cKt ) 

B(0:2bsh:X.t + 0:2chO:t) + p(O:bslcl + cwt + KbsKt) 

+ rrw
2 

(bcha.t + ! sh~) 0: 

~2 B(~S~ - 133s~t) + p(o:spa t + I3sl3~) + mW
2

(chat - cl3t) 
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~ 2 2 0: 
ID23. = B (eX"' cId + o:~ c~.t) + p( o:cbc't;t -exc~.t) + nw (sha.t - ~ s~.t) 

~4 = -PK cd 

1 
II]1 bchX€ + - sho:e-bcd 

ex 

ID32 cho:e c~.t 

sha€ 0: 
s~.t (4.56) 

II]s 
= -

~ 

II]4 -sd 

ID41 = ex2b cho:e + ex sh::l:t 

2 2 
m42 = ex c):JD:i + ~ c~.t 

2 
m~3 = ex sh:X.t + of3 s~.t 

m44 = 0 

In order for a solution of the assumed form to exist, the matrix M 
must be singular: 

det M = 0 

This gives a transcendental equation for w in terms of the sheet, boom and space
craft parameters. An infinite number of solutions exist, corresponding to a 
countably infinite set of natural frequencies w , n = 1,2, etc. The fnflinitude 
arises from the periodicity of the sinusoidal t~rms. When M is singular, Eq. 
(4,56) may be solved for 5

n
, al' a2 , a

3 
and then the solution for the ~ode shapes 

u (y) and v (y)is given by Eqs. (4.55 and 4.54) respectively. Due to the homo
g~neity of (4.56), the solution is arbitrary to the extent of a constant multib 
plier. Thus the "eigenfunctions" or natural mode shapes are nonunique unless 
normalized by a subsidiary constraint; this will be done below. A unique solu
tion of course exists in the presence of external torques of given magnitude; 
this is do ne in Section 4.3.2. 

It is physically expected that the unconstrained frequencies should 
tend to the constrained ones as the body inert ia moments Ilb and I3b~oo. This 
will now be demonstrated. Let C .. denote the cofactor of m .. in the determi-

~J ~J 

nantal equation (4.57), which may th en be written as 

mllCll + m12C12 + m13C13 + m14C14= 0 

Inspection of the matrix elements in (4.56) shows that this may be written as 

I(1-WN2/wn2)Cll + (Terms independent of Ilb & I 3b ) = 0 

Now if the body inertias are increased while keeping other parameters cofistant, 
I ~oo. Rewriting the above equation and taking limits: 

lim Terms independent of +lb' I3b 

Cu + ~1,Ib3~oo I(1-w
N

2jw
n

2) = 0, 

• 



We are left on1y with C1l= 0 as the characteristic equation. Now, comparing the 

exprespions for the constrained (Eq. 4.36) and the unconstrained (Eq. 4.56) matrix 
elements, we find that C1l is identical with the constrained determinants, since 
the corresponding elemen~s are equal. 

(4.59) 

Hence the equivalence of frequencies as Ilb,I3b ~oo follows. The mode snapes 

(and gains to be defined later) will also be identical inasmuch as On ~O as 
the body inertia becomes infinite. 

An orthogonality condition is now proved for the unconstrained mode 
shapes. The form of the condition is complicated, as in the pitch case, by 
having extra terms due to the spacecraft mo ion. In the present case it is 
further complicated by the presence of the wheel momentum. The condition may 
be expressed as 

1< = -I 0 0 [1-w
N

2/w 2 _ w
N
2/w 2], m .,l n 

mn mn m n r (4.60) 

where, as before, 
t . t 

:Os == 2p 1 u u dy + 2a-w 1 v v dy + 2m u (.t) u (.t) mn ' mn .mn m n o 
(4.61) 

E.quation (4.60) should be compared with the c orresponding conditüm (4.38) for 
the constrained modes, where' the right hand side was zero. 

The proof of (4.60) is similar to that of (4.38). From equati0n (4.50) 
we obtain 

t t BJ (u u ""-u u "")dy + P m n n m 1 Cu ti " .. u u ")dy mn nm 
2 21 t 

p(w -w ) . u u dy 
n m m n o 

2 ft 2 ft + p[.w 0 (b+y)u dy - w Bm ' 0 (l;>+y)undy ] nno . m m 

Similarly, equation (4.49) gives 

- P ,J t (v v "-v v ") dy = . a-w (w 2 - w 2) J t v v dy 
. mn nm n m mn o 0 

2 Jt 2 ft + a-w [w 5 (b+y)v dy - w 0 (b+y)v dy ] n n mmm n o 0 

From ~he first of equations (4.52) we get 
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{
-B(U U UU_U U UU) -p(U U I_U U ,) + p(V V I_V V ')}I 

m n n m m n " n m m n n m n 
y=.h 

= m (w 2 -w 2) U U + m(b+1,)[ w 25 U - w 25 U ] I 
n m mn n nm m mn 0 

y=.h 

(4.62c) 

The left-hand sides of the above equations can be reduced exactly as in the con
strained case, since the same boundary conditions still apply. Adding the" re
sulting equations, and recalling the definition of f , Eq. (4.48), yields n 

o = (w 2 _ w 2) ~ 
n m mn 

l 
2" 

Now using Eq. (4.47) for f and f and rearranging, m n 

22 , 2222 22 
(w - w ):t = I 5 5 [w (l-WN / w ) -w {l-wN / w ) n m mn mn n m m n 

(4.62d) I 

(4.62e) 

The term inside the square brackets on the right hand side of (4.62e) is reduced 
as follows: 

[ .] (w 2_ w 2) _ 2 = n m wN 

Hence (4.62e) finally becomes 

2 

( wn2 
w 

m 
2 

( 
wn + 

2 
w 

m 

(4.63) 

When n f m, the "orthogonality conditionU (4.60) follows. Note that the term 
orthogonality is somewhat of an misnomer since usually orthogonality is associated 
with an i~er product being zero. The transformation of (4.63) to an inner 
product ~ype of expression is possible, like in the pitch case, as follows. 

Let ~ == U + (b+y) 5 
n n n 

~ == v + (b+y) 5 
n n n 

(4.64) 

and 1, 1, '" JA" J/\A t-. A ~~ == 2p U u dy + 2~w V V dy + 2m U (j,) U (j,) 
'1nn mn mn m n o 0 

Now~ for example, 
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1$ " 
2p ~ u dy 

mn 
2PJ $ u u dy + 2p5 5 1 $ (b+y)2dy mn mn o ' 

$ $ 
+ 2p 5n J (b+y)umdY + 2p 5m J (b+y)undy 

o '. 0 

(4.65a) 

Similarly, 

J $" " 2rrw v. v dy mn o 
[ 

$ $ 
= 20"w J V v dy + 5 1 (b+y) V dy + , m n n m ' 

o I 

(4.65b) 

/" /'. 
2m u ($)u U) m n 

2m [u ($)u ($) + '5 (~+$)u ($)+ 5 (b+$)u (~)+ Ö P (b+$)2] m n n m m n mn 

( 4.65c) 

Adding the previous three equations, using the definitions of f and f , and 
defining m n 

(4.66) 

we get the relation 
/'. 

~~ =:E, 
ron mn 

~ , -
mn 

= l . -mn 

Rearranging this, finally we obtain 

(4.67) 

Hence the orthogonçüity condition ' (4.63) can be written finally as a generalized 
inner product: 

(4.68) 

Thus, in one sense, the mode shapes Xhich are orthogonal correspond to the total 
boom and sheet "deflections" ti and v. Note the similarity of (4.68) to tbe 
corresponding equation for pit~/twis~, (3.62). 

A nor~ization condition for the modes can now be given. One 
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possibility is to take the expression (4.68) for m = n and set it equal to some posi
tive in~rtia-like quantity. Rowever, it is desirabie to keep the normalization the 
same for constrained and unconstrained modes, to facilitate their use in analysiso 
Rence we choose 

~nn = Jt 2 ft 2 2 3 
2 p u dy + 2 ~w v dy + 2m u (t)= awt n n n o 0 

By making all modes satisfy this condition, they are rendered unique. This fact 
is useful wben the genera 1 motion in response to ex~ernal torques is considered. 

The analysis of the unconstrained natural motions is now complete. The 
actual motion will consist of a natural mode only for special initial conditions, 
for instance, if the deflection at t = 0 is a natural mode shape, with no initial 
velocity. In genera~, an infinite series representation similar to the assumed 
form (4.46) exists for a natural, i.e., ~forced, motion. A unique solution can 
only be determined for given initial conditions. Similarly, a unique solution 
exists for given initial conditions and external torques. This will be developed 
in section 4.3.2. Before concluding the present section we present some numerical 
results .. 

Numerical Examples 

- Some illustrative numerical examples are now given. Dimension analysis 
is again found useful in order to reduce the number of variables to be considered. 
From the equations of motion and boundary conditions, we may expect a fynctional 
dependence of the form 

w 
n 

Rere we have used the fact that ~ and w occur only as the product ~w. The inertia 
parameter I depends, for given boom and sheet properties on- the body inertias 
Ilb and I band phe angle y (see Eq. 4.9 and Appendix B). The rigid nutation 
freqUenc~wN is also specified by these three parameters, plus the angular momen-
turn h. Since Ilb' I3b' Y are inherently independent of the boom and sheet para
meters, it is better to write (4070) as 

w 
n (4.71) 

By forming appropriate dimensionless groups, a simplified functional dependence 
is obtained: 

where 

w * w J~wt2 lp 
n n 

p* _ p/~w 

B* p t2/B 
b* = bi" 
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W * N 

These definitions are the same as for the constrained case, where applicable. The 
following nominal values are chosen for the independent variables in (4.72) and 
should be understood unless otherwise specified. 

p* 0.2 m* = Q.2 B* = l.0 

= W * N 
0'.0 (4.73) 

The variation of wn* when p* varies in the range (0 < p* ~ 3.5) is
shown in Fig. 17, for the first few modes, similarly, Fig. 18 shows W * when 

n 
m* varies in the range (0 ~ m* ~ 1.4). I~ both cases the frequencies decrease 
slowly as these "mass" properties are increased.. A similar effect exists when 
the body moment of inert ia is increased. Figure 19 shows the variation of W * 
for (0 < I lb* ~ 1.0), with 1

3b
* held constant at 1.0, and l = 0 0

• Here the n 

frequencies level off tO .a value corresponding to the constrained mod€s quite 
rapidly, as Ilb' and there.fore I, is increased. A comparison of Figs .. -19 and. 
15 (for B* = 1.0) shows this limiting behaviour clear1y. 

The effect on W * of increasing ~* is more com~licated due to the 
n 

possibility of buckling of the support boom, just as in the constrained case. 
Since buckling is essentially a statie condition (w = 0), the critica1 Load 
is unaffected by a1lowing the main body to move, and we still have 

~* = n7r, n = 1,2, .0 .. (4.74) 

The frequencies lil * are shown, for (0 < ~* < 7.0), in Fig. 20. This range 'n -
inéludes the first two buck1ing points. Notice that the first two natural 
frequencies go to zero respectively at these points. For a physical design, of 
course, ~* would be below the first buckling load. 

The angular momentum stored in the wheel introduces a unique parameter, 
reflected in wN*, which is directly proportional to h if other quantities are 
fixed. The variation, of wn* with this parameter is shown in Fig. 2t , in the 

range (0 ~ wN* ~ 7.0). 'For small wN*, the lowest natural freq~ency is very 

close to, and asymptotes to, the rigid nutation frequency, but the two are 
equal only when h = Q. However, as h is increased, one of the higher natural 
frequencies may be equal to wN*. When this happens, a unique situation exrsts 
in that both the f1exible elements deflect, but the mode shapes are such that 
the spacecraft mption is the same as it would be without flexibility, i.er, the 
flexible motion does not exert any net torque on the main body. The frequencies 
wn* are for the most part insensitive to w

N
*, eKcept in a region that appears 

to lie on an almost-straight curve passing through the origin, where an increase 
in W * takes place. The increase is expected as the gyroscopic " s tiffness" is 

n 
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increased, although why it occurs only in a particular region and not more gradually 
is not entirely clear. ..rt may be verified that the frequencies in the limit wN*--+ 00 

and ~* ~~ are the same, and are equal to the co~strained frequencies. The_case 

w
N
* --+~ is not physically realistic since it would cause strong in-plane forces 

due to gyrqscopic coupling, thU8 invalidating a major assumption. 

~he variation of W * with r is periodic with a period in r of rr radians, n 
since 1 is periodic with this period, as may be readily verified. The amplitude 
of this variation is imperceptible ~nen Ilb ~ I3b. Hence, in Fig. 22 are plotted 

w
n
* as a function of r, for I lb* = 1, ~3b* = LO, i.e., a highly non-Symmet~ical 

main body. Even in this case only the first frequency is significantly affected. 
However, this is not true- for the modal gains - which are a measure of the torque 
on the main body due to the flexible deflections - as will be seen later in 
section 4.3.2. 

For design purposes it is necessary to know the natural frequencles in 
dimensional terms. ' To provide an appreciation of these, we consider some examples 
in which some physical parameters, rather than dimensionless grorps, are varied. 
For this purpose, we choose 

t = 20.0 ft. 

~ .005 slugs/ft 
2 (4 .. 75) 

P 15 lb
f 

The values for p, m, B, Il~' 13b' hand rare chosen in accordance with the 

nominal dimensionless quantities (4.73) chosen earlier. Note that in the plets 
to follow, (4.73) is satisfied only for these nominal values, not at all points 
on the plots. 

Figure 23 shows wn as a function of ~, for (0 < ~ ::: .J)7 ~ SlugS.!ft
2

) • 
The other dimensional quantities are kept constapt at their nominal values as 
defined above. From the n9ndimensional variables it is seen that in regions where 
w * is constant, W ~ ~-1/2. This behaviour is evident in Fig. 23, where the 

n ~ , 
frequencies decrease with increasing ~. 

The variation of w n 
with t is shown in Fig. 24, for (0 < t::: 70 ft) '. 

Here, if w * were constant, we would 
n 

seen for the shorter lengths in Fig. 
going to zero at t ~ 62 ft ~ This is 
-B* = rr 2, ~hich becomes a condition 

expect a dependence w ~ t-1 • This is 
n 

24. We also see the first natural:.frequency 
a consequence of the buckling c'ondition 
on t for fixed Pand B. 

Figure 25 shows the variation of w as the tension is varied in the . n 
range (0< P< 168.9 lb~). Again, for constant w *, we expect a dependence 
w

n 
~ ~ as the tension- is varied. This is eviden~ for low tensions and for the 

higher frequencies. However, quite soon the first natural frequency reaches a 
maximum and then gradually decreases until the first buckling load, near 146 lbf. 

The three examples oonsidered here are complemen-tary to the dimensionless plots 
where none of these parameters were varied. Other dimensional plots can easily 
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be obtained, but will only reflect the dimensionless behaviour in greater detail. 

The natural mode shapes are also of interest. It is not possible- here 
to give the var~ation of these with respect to individual parameters as exten
sively as has been done for the freqvencies, nor would it serve any useful purpose. 
We t~erefore confine the pre~entation to particular interesting cases, correspond
ing io selected points on the frequency plotso The shape plots presented need 
some explanation. Each figure shows the body rotation 5 and the shape functions . n 
u (y) and v (y). The boom is shown as a thick fine, the thin line representing 

n n 
the sheet. The fact that the sheet seems to intersect the boom requires f~ther 
explanation. For the CTS design, the sheet is offset by a distance sufficrent 
to prevent the possibility of contacto In some other designs the sheet is spli·t 
along the middle lengthwise, allowi!lg it to literally "go through" the boom. 
On the plots however, the origin for u = 0 and v = 0 has been taken to be coin
cident for convenience. The normaliza~ion condition used for these plots is 
also slightly different: 

1 rrw.t 3 
16 

This is done to make the plots look reasonable, since otherwise they would be 
difficult to visualize. The nominal parameter values are given in dimensional 
terms by the dimensionless values in (4.73), scaled to the values for · .t,rr and P 
in (4.75). Thus the shape plots are dimensional, not dimensionless, a~d tbe 
characteristic length is .t, the boom length. The same scale is used for .rvertical" 
and "horizontal" coordinate axes, so as not to distort the rotation aJ;J,gle of the 
main body. On each plot. , W ,5 and the gains k (to be defined later) are 
printed. n n ~ 

Figure 26 shows the first five modes corresponding to the nominaL 
parameters (4.73, 4075). This is the general pattern of modes on most points 
of the frequency plots presented. Roughly speaking, the number of half cycles 
of the sheet function v (y) corresponds to the mode number. The mode shapes 
change only gradually wEen the frequencies change gradually, as with the mass 
parameters, p* andm*, and the inertias I lb*, I

3b
* and ro Further results will 

be presented on the variation with B* and wN*. 

An interes~ing situation occurs when the support boom is CLose ~o 
bucklingo Figure 27 shows the first two modes at ~* = 3.1, just before buckling 
occurs and the first frequency goes to zero. It is seen that the sheet undergoes 
virtually no deflection in the first mode, in contrast to the usual situation 
typified by the second mode. 

On Fig. 20 showing the natliral frequencies vs. JE*, there are some 
points where two frequencies are very close to each other. The mode snapes 
for two such cases are shown in Fig. 28, for the 5th and 6th modes at JE*- = 2.35 
and the 2nd and 3rd modes at JE* = 3.40. It is observed that in both cases the 
boom takes part in the motio~ to an unusual extent. This is understandable in 
view of the fact that in both cases the frequencies are close to a boom natural 
frequency (2nd in this case), as may be seen from Fig. 16 where the boom and 
sheet frequencies are given. 

Two natural frequencies are also observed to be very close together 
on the plot of ~n* vso w

N
*, Fig. 21. It is interesting to see wh at happens here 

74 
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and to compare it with the cases presented above (Fig. 28). Figure 29 presents 
two such mode shapes, for the 3rd and 4th modes at wN* = 4.2, a~d the 4th and 
5th modes at wN* = 5.9. No unusua1 pattern is observed, in particular no large 
boom deflections, presumab~y because the frequencies are not close to a boom 
natural frequency. 

This concludes the n..umerical examples pertinent to this section. Fjlrther 
examples will be given aft er the attitude control implications of constrained and 
unconstrained modes have been discussed, and the concept and analysis of 'gains' 
introduced. 

4.3 General Motion 

The natural modes developed so far form a complete basis for the general 
attitude motion which exists in response to external torques, that is, the general 
motion can be expanded in terms of these modes. Following the outline of analysis 
given in section 1.2 we now proceed to show how this may be done, using both con
strained and unconstrained modes. 

4.3.1 Expansion in Terms of Constrained Modes 

The basic equations of motion which apply no longer have o(t) = 0, and 
it is in fact desired to solve for the spacecraft attitude · motion. Thus the 
full set of equations and boundary conditions (4.18-4.24) apply. It is noted 
that flexibility affects only one of the spacecraft equations, the"5-equatinn" 
4.18. We seek to expand the boom and sheet deflections in terms of ti (y), 
Vi (y) and the generalized "modal coordinates" Q (t), to be determineR below: n n 

u(y,t) 

v(y,t) 

00 

.\' ti (y) Q (t) L n n 
n=l 
00 

\' V (y) Q (t) L n n 
n=l 

from which it fOl t ows that (see Eq. 4.20) 

00 

f(t) 

with F defined similarly to Eq. (4.48): 
n 

F n 

t -2J (b+y)(pU + crw V )dy - 2m(b+t)U (t) 
o n n n 

Substitution into Eqs. 4.2~ to 4.23 yields 
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W 2 = 9.10 rad/sec k2 = 0.255 

W
3 

= 10.18 rad / sec k3 =0.803 

FIG. 29a: Unconstrained Mode Shapes for w * = 4. 20, where w Z w 
N 2 3 

W4- = 13.29 rad/sec ~=0.767 

Ws =13.52 rad/sec ks = 0.213 

FIG. 29b: Unconstrained Mode Shapes for wN* 5.90, where w4 Z w
5 



(4.80) 

Here the range of summation (n = 1 to 00) is impliàd. 

The shape functions U and V satisfy the modal equations and boundary 
n n 

conditions(4.3l and 4.32). Forming the sum of these for n = 1 to 00 and subtract
ing from (4.80) leads to the following equations: 

00 

\' U (y) (Q + n 2Q ) + (b+y) 5 = 0 L n n n""n 
(4.81a) 

n=l 

00 

I vn(y) (Qn + nn2~) + (b+y) 5 :: 0 (4.81b) 

n=l 

00 

\' U (t) (Q + n 2 Q ) + (b+t) "5 = 0 L n n n n (4.81c) 

n=l 

In view of the orthogonality condition (4.38), it is useful to form a S -type mn 
expression from (4.81), i.e., perform 

t t 
2 pJ U (4.81a)dy + 2erwJ V (4.81b)dy + 2m U ... (t)(4.81c) :: 0 mmm o 0 

using the definition of S (4.39), this gives mn 
00 

\'!;;' (Q + n 2Q ) _ F 5 = .0 L ...... mn n n n m 
n=l 

since S = 0 for m f n and ~ = erwt 3 , this gives the following equations for mn mm 
the generalized coordinates Q : 

n 

•• 2 Fm ·-
Q + G Q = --3 5, m = 1,2,. _ .00 mmm erwt 
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The flexibility implications for the spacecraft main body motion are contained 
in f(t), which is ~ow completely specified. 

For simulation purposes it is convenient to introduce Laplace trans
formed qqantit~es (denoted by an overbar) and arrange the motion equations in 
block-diagram form. This yields, from Eqs. 4.18 and 4.19, 

I 
I 

2 - -s 5 + wN s E 

2 -s E - w
N 

s 5 

00 4 k s 

n=],. 

--;::"2 n_--"2r- 5 = ~ 1 
s + n 

Xl 

= ~3 

(4.83) 

Where s is the Laplace transform variable, and the "modal gains" K are dimension
n 

less quantities derined as 
F 2 

Kn 
n 

I CJw~3 

or, 
F *2/I* K = n n . (4.84) 

where F~~ = Fnl(Jw~3 is the dimensionless value of Fn' 

A bound on the ~ains will now be demonstrated. From equations 4.81, 
we form a F -type expression, i.e. perform 

n 

~ 
2 J (b+y)[p(4.81a)+ CJw(4.81b)] dy + 2m(b+~)(4.81c) 0 

, 0 

This leads to 
00 

-I Fn 
n=l 

(Q. + n 2Q ) + I 5· = 0 
n n n A 

where IA is the array moment of inertia defined as 

J ~ 2 2 
IA 2(p + CJw) 0 (b+y) dy + 2m(b+~) 

Now, using (4.82) and the definition of Km (4.86) can be re-written as 

00 

(-I : I K~ + IA) 5- = 0 

n=l 

•• Since 5 is not zero in forced mot ion, we get 
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(4.85b) 

This relation is useful in checking the values of the gai~s obtained. Note that, 
since the gains as defined by (4.85) are always positive, we have an upper bound 
on the K from this condition. 

n 

Sometimes it is more convenient to define new gains K I as 
n 

The advantage of this is that K I depend only on the appendage properties, being 
n 

independent of satellite size. Of eourse the K I are no longer dimensionless. 
n 

A bloek diagram representati.on of the Laplaee transformed equations 
(4.83) is shown in Fig. 31. A special notation is used to indieate the infinite 
bloek eorresponding to the sum in (4.83), this is explained in F-ig. 30. I~ iscpossible 
to ineJ:uciè a çiamping ratio S whieh is approximate and is l .lIlt J.J.~- small enough for 
the modal representation to be valid. The bloek labelled "eontrol system" is 
assumed to produce eorreetion torques ~l and ~2 eorresponding to attitude errors 

in terms of 5 and E. Thus the transformations from (5,E) to the roll-yaw angles, 
Eq. (4.25), and from the control torques (Tl' T

3
) to the aeeelerations ~l and ~3' 

Eq. (4.9), are as&umed to be an intrinsie part of the eontrol-system bloek. The 
solution for 5 and E may be explicitly stated from Eq. (4.84) as 

00 s4K -1 

5=(s2+w/ ·-I s2+~2) 
- 1 _ wN -
E =:2 ~3 +.S- 5 

s 

n=l n 

(~ -1 s 

(4.86) 

The angles 5,E were introdueed mainly to simplify the motion equations 
for the sateltite center body. In a computer simulation of the attitude eontrol 
system sueh as the one given above, however, it may be more eonvenient to solve 
for ~ and ~ direetly, using the original motion equations (4.6). In the Laplace 
transformed form these can be written as 

00 K s 
2 

2 - 2 - -
-I 

n (ti) Cl-~Sl) Cl s IIf + s I13~ + h Sl/J 2 2 Tl 
s + n n=l n 

(4.87) 
00 K s 2 

2 - 2 - -
+I 

n 
«(pel-iÏ;sl) sl T

3 
s I ~ + s I13CP - h scp 

l+n 
2 33 

n=l n, 

The bloek-diagram representation of (4.87) is shown in Fi~. 32. It is more 
complicated than Fig. 13, but is more realistie sinee an actual eontrol system 
would operate direetly in terms of the roll and yaw angles. 
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Numerical Examples 

The dependence of gains on the dimensionless parameters p*, m* and B* 
is presented here for the example considered earlier for the frequencies. The 
nominal values were taken as 

p* == m* == 0.2, .JB* == 1.0 

Figure 33 shows the gains when p* is varied in the range (0 < p* < 3.5). Simi
larly, Fig. 34 shows the effect of varying m*, in the range (0 ~ m* ~ 1.4). In 
both cases the effect is a gradual change in K. Notice the use of a logarithmic 
scale for the gains, so that very small valuesmfall outside the scale range apd 
are not shown. 

The situa~ion is more complicated when B* is varied. Figure 35 shows 
what happens wh en ~* takes on values in the range (0 < ~* < 7.0). When a 
buckling load is reached (zero frequency) the corresponding modes cease to exist, 
which accounts for the sudden end of the first two gain curves. At some other 
points it is poted that some gains to to zero, outside the scale range. At these 
poipts the ~ode shapes are such as to produce zero net torque about the center of 
mass, i.e., F == O. m 

This completes the expansion of the general spacecraft motion in terms 
of constr~ined modes. Next, we examine the expansion in terms of unconstrained 
modes. 

4.3..2 Expansion in Terms of Unconstrained Modes 

The general motion of the spacecraft in , the presence of external torques 
can also be expanded using the unconstrained modes as the basis. We introduce 
the generalized "modal coordinates" q (t) and seek a solution of the form 

n 

00 

u(y,t) L u (y) q (t) n n 
n==l (4.88) 

00 

v(y,t) =: L v (y) q (t) n n 
n=l 

Since in the unconstrai~ed modes the body was allowed to move, the 
body motion can also be expanded in terms of the same generalized coordinates. 
However, the modes are relevant only in the presence of flexibility. Hence it is 
useful to explici tly separate the "r igid" and "flexible" parts of{ the net 
attitude motion, the former being defined as the components that exist when 
the flexibility contribution is set to zero. Xhus we have 

where by definition, 6 and E 

~ + .. 
E -

satisfy . 
w

N 
E = t3 1 

wN 1::. = t3
3 
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The subscript 11 f'" denotes the "f'lexible" part, which sa4isf'ies the equations : 
,- I 

f'/l Bf + w
N Ef + 0 

-. " E - wN Bf 0 (4.91) f 

as may be shown by substituting (4.90) and (4.89) into the spacecraft motion equa
tions (4.18-4.19). Note that these equations are the same as those f'or the un
f'orced case) Eq.(4.45). lntegrating the second equation in (4.91) and substituting 
into the first gives 

•• 2 
Bf + wN Bf + f/l 0 

. 
Bf Ef' == wN 

Now we introduce the expansions 
r 

ex;> 00 

B == ~ B? ~(t), Ef' = ·I E ~(t) f' n 
n==l: n=l 

(4.93) 

The objec~ive qf' the following development is to relate Bf' and Ef' via the 
generalized coqrdinates q (t), to the "r igid" responses 6 and E, which are known 

n 
f'rom a solution of' equations (4.90). lt should be noted that the steps thus f ar 
Can also be taken directly in terms of the roll and yaw angle (~,~), but we have 
used (B,E) to keep the algebraic manipulations simple. 

A consequence of' the substitutions (4.88,4~ 93) is 

00 

f(t) = ... I f n (in 
n=-l 

where, it may be reca11ed (Eq. 4.48) that 

$ 
f' == - 2J (b+y) (pu + CJwv )dy - 2m(b+$)u ($) n n n n 

o 

We also repeat f'or convenience the relation 

f == I B (1-w
N

2 /W 2) 
n n n 

(4.48) 

(4.47) 

which formed an integral part of the development of' "natural" unconstrained 
motions. 

When the expressions (4.88), (4.89) and (4.93) are substituted into 
the appendage ~quations of' motion (4.21-4.23), the following equations result : 
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00 00 

I II . . .. ] P Vn"~ = (JW (v + (b+y)5 ) qn + (b+y)t. n n 
n=l n=l 

( 

00 00 

I (Bun""+ ~")~ = p II (u + (b+y) 5 ) 
.. 

(b+y) ~ J (4.95) qn + 
n n 

n=l n=l 

00 00 

\{(BU 1"+ Pu I_Pv I) I } q = m [\ (u (.t)+ (b+.e)5 )q + (b+.e).6 J L n n)1 -.e n L n n n 
n=l y- n=l 

~he mode shape functions u (y) and v (y) satisfy the differential equations and 
boundary eonditions (4.49-ll.52) deri~ed earlier. Taking Eqs. (4 '.49), (4 .. 50) and 
the first of (4.52) respeetively, summing for n = 1 to 00, and subtraeting the 
result from equations (4.95) in the same order, yields 

00 

I [vn(y) + (b+Y)5n](~ + wn
2 

'1n) + (b+y) 6 = f) 

n=l 

00 

L[Un(y) + 

n=l 

00 

'L[ un(.t) + (b+~)5 ](0· + W 2q ) + (b+.e)6 = 0 
1) II n n 

n=l 

In view of the orthonality eondition (4.63) derived earlier, we form a 
type expression from (4.96), i.e., perform the operation 

(4.96a) 

(4.96e) 

Using the definitions of E ,(4~61) and f , (4.48), the resulting expression 
ean he eompaetly written awn m 

- .# 2 
f 5) ('1 + w q) = f m n n n n m 

... 

We now wish to uncouple this infinite system of equations into separate equations 
governing the generalized eoordinates. Using the orthogQnality eondition (4.63) 
and the relation (4.47) between f and 5 , we get 

m m 
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\ro- f 5 rJwt 3 - I 2 ~ 2 
(4.98) == 5 (l-W

N
( jw ) m m m m 

2 2 

=t -
wN ~ 2 2 

f 5 == 15 5 (1 - - - --) - I5 5 (l-w j w ) 
mn m n mn 2 2 mn N m 

w w m n 

-I 5 5 m n (w
N

2 j w
n

2) , m r n 

The normalization 
written 

'1" S' = 'mm rJwt 3 has also been used here. , Hence Eq. (4.97) may be 

[ rJwt 3 _ 15 2(L .. w
N

2j w 2)] (q + 2 mmm w m ~) 
(Xl 

2 I 2.· 2 o' 22 I w
N 

5 (5 / w ) ( q + W q) ==!:::. t 5m( 1, -wN / wm ) m n n n n n 
nbl 

nrm 

In order to uncouple the equations still further, we must get rid of the infinite 
suro in (4.99). This ean be accomplished as follows. We substitute the expansions 
(4.93) and (4.9~) ;into the first of the "flexible" equations (4.92), to get 

(Xl (Xl 

I (Pn- fiI) qn + wN
2I 5n

qn = 0 

~l ~l 

When the rèlation (4.47) is inserted in (4.100), it gives 

(Xl 

\' (5 jw 2)(q + W 2q ) = 0 L n I".\ lil n n 
n=l 

Thus the infinite suro in (4.99) beeomes simply 
(Xl 

I wN
2

5m ' 't 
n==l 
nrm 

2·· 2 222·' 2 (5/w )(q+w q)==-IwN (5 /w )(q+w q) nn n nn mmm mm 

Using this relatio~ finally leads to an uneoupled form for (4.99): 

where 

T =, 
' m 

•• 2 w. 
q+ W q =1:'/ 6, m=l,.2, ••• (Xl mmm ' m 

3 2(" 2/ 2) rJwt -I 5 1-2w
N 

w m m 
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The complete solution for 5 and E is obtained when Eqs. (4.90) and (4.102) are 
solved simultaneously for 4, E and the generalized coordinates q (t). It is 
convenient to express this solution in Laplace transformed form. n From Eq.(~~~02) 

-
q = 

n 

2 
s r n -
-2 ---:::'2 !::::. 
s + w n 

To obtain- 5f , we have two alternate formulations: 

(i) One is directly Qbtained from (4.93): 

00 Sfk , 
5 = I ~~ n 

2 !::::. f 2 
s + w n=l n 

where 

k ' == r 5 n n n 3 222 
rrwt - I 5 (l-2wN /w ) n n 

(4.104) 

(4.105 ) 

(4.106) 

(ii) Another approach is to use the "flexible" motion equation (4.92), with the 
expansion (4.94) for f(t). From equation (4.92) we have 

5f = - ( 2 1 2 ) tJI 
S + w

N 

Now fr om (4.94) and (4.47) we have 

00 

~ = - ~ [ I 5n{1-wN2jwn2) 1 s2 ~ 

combining this relation with (4.107) we obtain 

5f = (s2:~) t5n{1-WN2jWn2~ ~n 

Now we insert equation (4.104) for q to give 
n 

where 

k = 
n 

s2 k 
n -

2 f2!::::. 
s + w 

n 

2 2 2 f2 
I ~ (1 - wNc / w ) n n 

3 2 2 2 
O'w~ -I 5 (1-2wN /w ) n n 
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Once 5
f 

is known by either of the above formulations, Ef is directly available 

fr om (4.92): 
W

N 
_ 

-5 s f 
(4.110) 

The roll and yaw angles ~ and ~ can be obtained as before by transforming 5 and 
€, via Eq. (4.25). 

With an appropriate definition for the gains, ~he expressions (4.108) 
and (4.l05) only differ in the presence of the factor (s /(s2+ wN

2)) in the former. 
While formulation (i) is thus simpler to simulate, formulation (ii) has the 
property that all the gains are positive. This may be. proved as follows. We start 
with the inequality 

2 mi l,t ·[Vn+ (b+y) Bn]2dY + 2p l\U
n 

+ (b+y) Bn]2 dy 

2 
+ 2m [un(.e) + (b+.e )5nJ ~ 0 

Expanding the terms in the brackets and recognizing the familiar terms ~ and ...... nn 
f , we obtain 

n 

(4.111) 

where IA is the array moment ~of inertia, as previously defined: 

L.e 2 2 
IA = ~(p + rrw) (b+y) dy + 2m(b+.e) 

Now, I
A

5n
2 is transposed to the other side of (4.111), and the term I 5~ added 

to both sides. Inserting then the relation (4.47) between f and 5 yields n n 

3 2 2 2 2 
rrw.e - I 5 (1-2wN /w ) > (I-IA) 5 . n n - n (4.112) 

Since I > IA for any finite center body, the denominator of the gain expression 

(4.109) is always positive. The numerator is a square, hence it follows that 
k . > Q always. From (4.112) we also obtain an upper bound on k, so that n- n 

22 2 
I(l-wN /w

n 
) 

{) < k <. ( 4 .113) 
n (I-IA) 

A property of the unconstrained gains of the first kind, k I, will now 
be proved, corresponding to the sum of the "constrained" gains K in

n
Eq.(4.88). 

To do this we go back to the equations (4.96) and form from themna f -type 
expression, i.e., perform the operation n 



.. 

~ 
2 ~O (b+y)[~w(4.96a)+ p(4.96b )]dy + 2m(b+~) (4.96c) == 0 

'rhis leads to 

00 

\ (-f + I
A

5 ) (q + W 2q ) + I 6 == 0 L, n n n nn A (4.114) 

n==l 

where again IA is the array moment of inertia. 
I an~ ·5 and rearranging, we obtain 

Substituting fer f in terms of 
n 

n 

00 00 

+ IA)(q + w 2q ) + I W
N

2 \' (5 /w 2)( q + W 2q ) == 
n nn - . L n~ n nn 

n>=1 

.. 
-I 6. 

A 
(4.115) 

The second term vanishes by virtue of (4.101). Using the modal equations (4.102) 
and the definition of k ' in (4.106) reduces (4.115) to n 

00 

·I kn'(IA-I) 
.. 

6. == -I 6. A 
n::;l 

Since t; t 0 in general, we must have 

00 

IA I k' (4.116) == n I-I 
n==l A 

Thus although the k ' may be both positive and negative, they ferm a convergent 
sequence. Another ~dentity concerning the k ' follows from (4.101). First we 
combine Eqs. (4.104) and (4.106) LO give n 

,-
k '6. 

n 

substituting this relatien into (4.101) and recognizing that ~ t 0 in ge~eral, 
we obtain 

00 
k , 

I n 0 --== 2 
w n==l n 

(4.117) 

All k ' are not pqsitive, but we note that, si~ce the denominator of (4.106) is 
1 n ·t· a ways pOSl. l.ve, 

sign(k
n

') == sign( 1-w
N 

2 /w
n 

2) 

Thus k I < D only if the corresponding natural frequency is less than the rigid n 
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body nutation frequency. For 
The remaining k ' are in fact 

n 
frem (4. 106) and (4 '.109) , 

CTS, this is true only ?f the first frequency. 
almost identical to k , ' in view of the fact that, 

n 

2 2 
k = (l-w /w )k' n N n n 

and w
N 

«w
2 

for CTS. 

A simulation block diagram in terms of 5 and E is drawn in Fig. 36, 
correspo~ding to gains of the second kind. The block diagram corr~spondIDgg ,to 
the first kind kn ' will be identical, except that the (s2/s2 + w

N
) bleck 

will be absent. As in the constrained case, the control sy!;ltem block is assumed 
to centain the trans format i ons necessary frem (~'9) to (~,~) and from the centrel 
and environmental torques (T l ,t3) to the accelerations (~1'~3)' in the interests 

of simplicity, Figure 36 should be cempared with the cerresponding diagram for 
the constrained case, Fig. 31. The damping ratio S may be heliristi\Cà.1:1YJ;, 
inserted as before~ The solution for 5 and E can be explicitly written as 

1 
~ = 2" ~3 + 

s 

co 

)I 
'la=l 

(4.ll8) 

These expressions correspond to Eq. (4.86) for the constrained case. When 
w

N
= 0 (no stored momentum), there is no coupling between 5 and E. Under these 

circumstances, equations (4.86) and (f.118) yield respectively 

2 -
s 5 

co 

(1 - L 
n=l 
co 

(1 + I 
n=l 

s2k -1 

s2+nu 2 ) ~l 
n 

s2k 

nw 2) ~l ,2 
s + n 

(4.ll9) 

Note also that in this case the distinction between k ' and k disappears. n n 
Thus when w

N 
= 0, the following re,lation between the constrained and unconstrained 

frequencies 'and gains exists: 

1 ( 4,.120) 

We no~ present a more useful but entirely equivalent block diagram 
representation, explicitly in terms of the roll and yaw angles 1> and ~ respectively. 

For thispurpose the following relations are defined, analogpus to the (5,E) case 



{31 

-
{33 

5 2 km 5 2 

5 2 + W 2 
m 

52 + W! 
N 

---~ ., 

I -
5 2 

WN ~ 
5 5 

i-
5 2 

FIG. 36: 5-E Attitude Control Bloek Diagram Ineorporating Un
eonstrained Bending Modes 
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(4.121) 

whér-e <l> a!}d ~ are the "r igid" parts and satisfy, by defini tüm, the equations 
.. 

IU<l> .... 113 ~ 
• • •• 

+ h ~ 
(4.12?) • 

I93~ + I13 <l> h~ 

and ~f and?/lf are transformations of 5f and Ef' using the relations (4.25). We 
also note that . 

6. == <l> cosr - ~ sinr (4.123) 

Enough information is now available to draw the block diagram shown in Fig. 37. 
The transformation (4.25) is explicitly indicated. Figure 37 shou~d be compared 
with Fig. 32 for the constrained case; the increased cemplexity is evident. 

Numerical Examples 

For the example considered earlier for the frequencies, the dependence 
of the gains o~ various parameters is now presented. Since the gains are dimen
sionless, their dependence on the dimensionless groups presented in Eq. (4.72) 
is of the same form as w *: 

n 

(4.124 ) 

The nominal values chosen are repeated here for convenience: 

p* = 0.2 m* 0.2 
I 

l.0 

B * = l. 0 b* = 0.1 

r = ~* 0.0 (4.73) 

Since the nominal value of ~ is taken to be zero, the two kinds of gains kn' 
and kn are identical for this example, except when ~* is varied. 

The variatien of k when p* varies in the range (0 < p*~ 3.5) is shown 
n 

in Fig. 38, for the first few modes. Similarly, Fig. 39 shows kvs. m*, when m* 
varies in the rang~ (0 <m* < 1.4). Note that the gains are plot~ed on a logari
thmic scale, and values whi~h fall outside the scale range are simply omitted. 
In both these plots the gains change only gradually as the "mass" properties 
are varied • . However, no consistent direction of change is apparent, unlike the 
frequency plots. A gradual change is also present when I

lb
* is varied, in the 

range (0 < I lb* ~ 7.0), with I
3b

* held constant at 1.0, and r = 00
• This is shown 

in Fig. 40. 

The effect of varying B* is more complex, mainly because of the pessi
bility of buckling. Figure 41 shows the results wh en it is varied in the range 
(0 < JB* < 7.0), which is large enough to contain the first two buckling points. 
Recall that at each of these points one natural frequency goes to zero, and 
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effectivel;y the corresponding mode ceases to exist. :L'his accounts for the abrupt 
end of two curves . It is also fo~d th at at some values of JÉ* the gains steeply 
plunge towards zero, and are in fact zero at isolated points. This occurs when 
there is no net torque acting on the body due to the flexible appendages, so that 
5 = o. 

n 

The angular momentum stored in the wheel is refelcted in the parameter 
w

N
*, which is directly proportional to h if other quantities are fixed. In this 

case, when w
N 

f 0, a distinction must be made between kn ' and kn0 The gains 

plotted in Fig. 42, when wN* varies in the range (0 ~ wN* ~ 7.0), are the lattet. 
The plots for k I would not offer much additional insight a~d are not presented. 
It is seen in F~g. 42 that the gains sometimes plunge to zero. From the definition 
of k , Eq.(4.109)~ it is seen that this indeed happens when wN = W , i.e., natural 
freqRency is equal to the rigid-body nutation frequency. Note tha~ the first 
frequency ~l is never equal to wN' but higher frequencies may be, as seen in 
Fig. 21. This is consistent with the fact that kl is zero only in the limiting 
case w

N
* ~ O. It should be mentioned that if k~ were plotted, they would be 

found to cha~ge sign af ter passing through zero, negative values being generated 
when wN > ~n. 

The variation of k with r is periodic with a period in r of tr radians, 
n 

like the frequencies W *. This is because I has this periode Figure 43 shows the 
variation when r is va~ied in the range (0 < r < 3500

). For this particular example 
the values I b* = 1.0, I b* = 10.0 were used. Note that all the gains are affected, 
in contrast to Fig. 22 wrtere only the first frequency was significantly affected, 
and the amplitude is relatively higher. 

Some frequenc~ plots were also presented when individuál (dimensional) 
physical parameters were varied, in particular ~,~ and P. The variation af 
gains corresponding to these examples are prese~ted in Figs. 44 (0 < ~ ~ .07 
Slugs/ ft 2), 45(0 < ~ ~ 70 ft.) and 46 (0 < P ~ 168.0 lbf ) respectively. The ga ins 
are of course still dimensionless. No definite pattern in the variation of the k 

n is apparent from these plots. 

Some further mode shape plots are suggested by the gain plots presented 
here. In ~articular the mode shapes when the corresponding gain is zero may be 
of some interest. There are essentially two situations where a gain becomes zero. 
The first is whep a natural frequency is equal to the rigid-body nutation frequency. 
Figure 47 shows the mode shapes when k ,k and k4 , respectively, are nearly zero 
due to this cause. It is observed tha~ th~ body angle tends to be quite small but 
~onzero. otherwise no extraordinary feature is apparent. 

As mentioned earlier, zero gains also are found on the kn vs. ~* plot 
(Fig. 41). For ~xample, k4 goes to zero three times in the range of ~* considered. 

The mode shapes corresponding to the first two of these points are shown in 
Fig. 48. ',Here, small gains are zero only if 5 = o. The blanket and qoom de
flections appear normal, except of course thatnthey must balance so as to produce 
zero net torque on the center body. 

This brings the discussion of the roll-yaw attitude dynamics and its 
interaction with array bending to a close. The distinguishing feature from the 
pitch case is the couplipg between two axes introduced by the momeqtum wheel. 
However, the flexibility is such as to affect one axis only. The general met~ods 
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W 2 = 5.63 rad/sec k2 = 1.26 X 10-4 82 = 1.76°. 

w~ = 9.40 rad /sec 

w. = 13.47 rad /sec 

FIG. 49: Unconstrained Mode Shapes for Frequencies w = Rigid 
n 

Nutation Frequency WN' n = 2,3,4. Causing Zero Gains 



W 3 = 7.64 rad/sec k3 = 0.0124 

W. = 10.97 rad/sec 

Wa = 14.38 rad /sec ka =0.00213 

FIG. 50a: Unconstrained Mode Shapes for ~* = 1.45 where the 
Gain k4 is Nearly Zero 



W 3 = 7.60 rad /sec k3 =0.00584 

W4 = 10.93 rad /sec 

W G = 14.29 rad /sec kG = 0.00633 

FIG. 50b: Unconstrained Mode Shapes for ~* = 2.20 where the 
Gain k4 is Nearly Zero 



used here are applicable equally but the details will differ from application to 
application. 

5. SOME EXTENSIONS 

The methods of analysis for a flexible satellite discussed above have 
been applied to a simple geometrical configuration. However, these methods are 
applicable to a much wider class of configurations. In particular, the continuum 
mechanics approach can be extended in several respects, to take account of changes 
in geometry, different boundary conditions, articulation of components etc. Some 
of these will be illustrated in the present section. 

5.1 Unequal Boom and Array Length 

The assumption of equal boom and array lengths is not quite true, as 
may be seen fr om Fig. 4. While both the elements- end at, and are attached to, 
the t i p piece, the blanket does not start until some distance along the boom;in 
fact for ,CTS the "boom" actually extends s1.ightly inwards into the center body. 
We take the origin (y = 0) at the body surface,then if d be the distartce from 
y =~ to the array root, we have 

v (x,y,t) == 0, 

Let the length of the boom be denoted t; the blanket length is then(t-d) . Si nce 
the boom does not contribute to the twisting stiffness, the only effect in twist/ 
pitch is to change the numerical value for 'tt, to be used whi le calculating the 
dimensional frequencies. The dimensionless plots presented are unchanged. Of 
course, while ca:lculating gains the condition (5-.1) must be accounted for. 

The roll-yaw/bending case is affected more substantially, for a new 
dimensionless parameter (d* = dit) is introduced. Considering the constrained 
case first, the motion equations (4.28) are unchanged, except that (5.1) must be 
used while calculating f. The boundary conditions (4.29) are also unchanged 
except that we now have 

v(d) = 0 (5.2) 

This in turn means that the mode shapes U (y) in (4.33) are affected; these must 
now satisfy (5.2) instead of v(O) = O. B~ analogy with the previous solution 
(4.34), we can write the solution as 

(5.3) 

It is readily verified that this satisfies the array root condition. For y < d, 
V is zero by definition. With (4.34) replaced by (5.3), the analysis proceeds 
aR before, leading to the following changes in the matrix elements (4.36) : 

-sinl~ (t-d) (5.4) 

The frequencies are found as usual. The orthogonality condition and the normali 
zation adopted earlier are still applicable, because the array contributes zero to 
the integrals for y < d. Hence the gains can be found as before an d have the same 
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properties, ~ith the array inertia IA being appropriately re-defined as 

f t 2 ft 2 2 
IA = 2p . 0 (b+y) dy + 2crw d (b+y) dy + 2m(b+t) 

The simulation block diagrams are of course unchanged. We do not present any 
numerical results here because for most app+ications d is quite small e 

The unconstrained case is treated similarly. The governing differential 
equation (Y.49) is unchanged as are the boundary conditions at y =t. Lt is 
readily verified that the following solution satisfies (4.49) 8nd the array raot 
condition: 

v (y) = a
3

sinK (y-d) + [(b+d)cOSK (y-d)-(b+y)] 5 (5.6) n n n n 

This form becomes identical to the earlier expression (4.54) when d = o. Insert
ing the above expression, the analysis. proceeds as before, leading to some changes 
i n the matrix elements (4.56). In making these changes, it must be remembered 
that (5.6) is only applicable for y> d, v being zero by definition, for y < d. 

- n 
The modified elements are given below. 

shat 
a 

L
b (b+d) b+d ( + 2rrw K sK(t-d) + ~ (CK t-d) + Kt s~(t-d) -1) 

- }o( .e3_d3)_b(t2_d2)_b2Ü_d) J 

+ 2p r b2 ~ + bt slat + atch:Xt-slt:Xt _ (b2t + bt2+ -31 t 3)J 
L a a a3 

~4 -!'KCK (.~-d) (5.7) 

m
3
4 = -SK (t-d) 

Thé frequencies are found as usual. Again, the orthogonality and 
normalization conditions and the gains are still applicable, and the simulation 
block diagrams and the gain identities derived ~arlier are unchanged. 

5.2 Boom Root Flexibility 

The support boom was assumed to be rigidly cantilevered at the root . 
In reality it has some flexibilityin bending which can be modelled at a coil 
spring at the root, obeying the condition 

B u"(O) = k UI (0) (5.8) 
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Here k is a spring constant, not to be confused with the constrained gains k . 
Thus (5.8) replaces the condition u'(O) = 0, and the remaining boundary cond~tions 
and motion equations are unchanged. This changes the boom mode shapes, whereas 
the unequal length c~se affected chiefly the array modes. Again, pitch is not 
affected by root flexi9ility because the boom does not contribute to the twisting 
stiffness. 

In this sUbsection, we shall assume equal boom and array lengths for 
simplicity, as before. Consider the constrained case first. The general solu
tion is 

Applying U (0) 
n 

bl = -al' 

o and (5.8) respectively to this gives 

B 

a + b = 0 
1 1 

2 2 
(an a l - ~ n b l ) 

B(a 2 
b = n 

k ~ 2 

= k(ana2 + ~nb2) 

+ ~ 2) n a n 
a -

~n 
a2 1 n 

Hence the solution in (4.34) is replaced by 

U = al(cha y-c~ y)+ a2 (sba y -n n n n 

where 2 2 
B(a + ~ ) n n 

p 
k ~ n 

a 
n --- s~ y) + p als~ y 

~n n n 

(5.9) 

(5.10) 

Thus an additional term appears due to root flexibility, which goes to zero as 
the stiffness k ~oo , as expected. This additional ,term leads to the fo11owing 
additions to the matrix elements given in (4.36): 

6mll 
2 2 

p(-B~ c~t + P~c~t + run s~t) 

(5.11) 

2 
P t:l s~t 

The remalnlng analysis proceeds as before. The orthogonality condition (4.38-
4.39) still holds; although this is not obvious since one of the boundary con
ditions is different, it may be shown following the lines suggested in Section 
4. The gains and their properties, as well as the simulation block diagrams 
remain unchanged. A new parameter, k, is now introduced - numerical examples 
showing its effect on frequencies and gains will be given for the unconstrained 
case only. 
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For the unconstrained modes, the general solution is 

~n(Y) = alchany + a2slnny + blct3ny + b2st3ny - (b+y)5n 

App1ying the conditions at the root gires 

al + b l - b5n = 0 

2 2 
B(an al -t3n bl) = k 

a 
n 

b 2 = - A 
I-'n 

(a a
2 

+ t3 b
2

- 5 ) n n n 

5 
(a - ~ ) + pa -

2 a 1 
' n 

( 5·.12) 

where p is defined as in (5.10). Incorporating these conditions into the solution 
and redefining the arbitrary constants as do ne in Section 4 enab1es the solutien 
to be written as 

a 
u (y) = al(cha y-ct3 y)+ a2 (sha y n st3 y) n n n n - t3

n 
n 

+ 5 (bcha y - a -lsha y-b-y) (5.13) n n n n 

The terms at the end are extra terms arising from the root flexibility, and 
vanish asthe stiffnessk -'+00, as expected, carrying these extra terms into the 
analysis as before leads to the following additions to the matrix elements 
given in (4.56)~ 

llmll = ~b a l-2m(b+.e)sW.e + ;P{-b - s~.e + (b+.e~CW.e " }J 

llm12 p [2m(b+.e) sha:i + ~p {b + s~.e - (b+.e) ct3.e ~ } J 
Bb 2 2 sha:i ) ~1 = k'"" a (Ba ched + Pa cha:i +nw 

llm22 
2 2 

= p (-Bt3 ct3~ + Pt3ct3.e + nw st3.e) 

~l 
Bb sha:i -a k 

llm32 = p sl3.e (5.14 ) 

llm41 = Bb a2 
sha~ k 

~2 
2 

= -p t3 st3.e 
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The remaining analysis proceeds as before. Again, the same orthogonalit y 
condition (4.69, 4.61) is valid despite the changed boundary conditions, as may be 
proved along t he lines shown in section 4. The gains and simulation block diagrams 
are unchan,ged. 

N~erical Example 

Due to k, a new dimensionless parameter is introduced into the frequen cy 
and gain variation: 

Here the definitions (4.72) are valid, and 

k* == B/~ (5.16) 

We consider the same numerical example as before, with the nominal parameters 
as in (4.73). 

Figure 51 shows the variation of w * with k* in the range (0 < k*< 14 . 0), 
~th other parameters held fixed at their no~inal value. The values for k*-= 0 of 
course correspond to k ~oo, i.e., the rigidly cantilevered boom. As the boom .root 
becomes more flexiQle (increasing k*) the frequencies drop gradually as expected . 
For k* ~oo the situation resernbles a hinged-boom condition. 

The effect of k* on the unconstrained gains k is seen in Fig . 52. Th e 
gains are seen to change only gradually, except that th~ behaviour of gains 
going to zero is observed here also. The . lower modes, especially the first gain , 
is not affected much by k* in contrast to the first frequency, which shows the 
largest sensitivity near k* = O. 

5.3 Sun-Tracking of the Solar Array 

The spacecraft main body is earth-pointing and the array is sun-pointing. 
Therefore a requirement exists for rotation of the array relative to the space
craft. A uniform relative rotation at the rate of once per day is conceptually 
simple but difficult to implement. In any case, a further source of array exci
tation arises i~ this manner. It will now be shown how the analysis of Section 3 
can be extended in a straightforward manner to include this relative motion. 

The angle of the array with respect to the main body has been denoted 
r, and heretofore r was treated as a constant. We now have 

r = r(t) 

It is possible to take t~e torque on the array as given, write a new equation of 
motion for the array root, and thence provide a new differential equation corres
ponding to the new unknown function r(t). However, since the emphasis here is 
on the influence of flexibility, we shall take r(t) as known (rather than the 
torque which governs it). 

5.3.1 Equations of Motion 

First, the motion equation for the overall spacecraft must be reexamined. 
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In Eq. (3.2) we must replace 8 by 8 + r within the two integrands; the term I 2bá 
is unchanged.Then, to Eq. (3.3) the term I2Al must be added, where I~A' the pitch 
inertia of the whole array, is given by Eq. (3.59). Therefore, using Eq. (3.5), 
the satellite motion equation is 

v(x,y,t) x dxdy 

(5.18) 

The blanket motion equation is similarly modified 

Pv" = CJW { ~ - x (ë + l) '} (5 ·.19) 

With the boundary conditions remaining 

v(x,o,t) = ° v(x,~,t) = -~(t) ( ~.20) 

provided aCt) is now interpreted as the angle of rotation of the tip with respect 
to the root (not with respect to the spacecraft). As for the tip-piece, it is 
governed by 

1 3"" " J w/2 12 mw (e + r + a) = P V'(X,~,t) 

, . -w/2 

xdx 

which is a modified form of Eq. (3.10). ' 

5.3.2 Expansion In Terms Of Constrained Modes 

At this point, moda1 representations are introduced. Constrained modes 
wi1~ be used first, and the corresponding development for unconstrained modes is 
contained in Sect. 5.3.3. Let 

00 

v(x,y,t) A (y)Q (t) 
,n n 

(5.22) 

n=l 

00 

aCt) = L A (~)Q (t) 
n n 

n=l 

~en substituted into the equations of motion, these expansions yield: 
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" 

ex> 

\' (Q + n 2Q )A (y) + ë + ;: = 0 L"""n nnn 
n=l 

n=l 

} 

which should be compared with E~s. (3.65,66). The spacecraft motion e~uation 
becomes 

[F was defined by E~.(3.68)1. 
n 

•• 
F Q + T

2 
+ T

2 n nee (5.24) 

Next, to uncouplethe equation for the degrees of freedom associated 
with structural flexibility, perform ~ operatiQn on E~s. (5.23) as indicated 
in Eq. (3.70). The orthogonali ty and normali ty conditions are eInJ!>loyed to render 
thedependence of ~(t) thus: 

.. 2 Fm..·· 
Q + n Q = -~ (e + r) (m= 1,2, ••• ) 
mmm rrw.)~ 

these operations, when inserted into E~.(5.24), can be written in terms of 
Laplace transformed variables (denoted by overbars) as follows 

2 - -
s (9 + 7) 

00 

=I 
n=l 

2 f"I2 s + ~, 
.. n 

T2c+ T2e I 
2 - -) 2b 2-s (e + 7 + + --- s 7 12 1

2 
(5.26) 

a,nd this in turn, may be represented by the block diagram -shown ,in Fig. 53. The 
suro 12= I

2A 
+ I 2b • This figure, when compared wi th Fig. 8, shows that the addi-

tion of an arbitrary rotation of the arraY. with respect to the main body can 
beincorporated without great difficulty. 

5.3.3 Expansion In Terms of Unconstrained Modes 

As an alternative to E~. (5.22) an expansion in terms of unconstrained 
modes is now considered, namely 
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r--------------------------------------------------------------

00 

e(t) = I e q (t) + 9(t) n n 
n=l 

00 

v{x,y, t) = -x I a (y) q (t) } (5.27) n n 
n=l 

00 

a(t) = I anU) q (t) n 
n=l 

When substituted into the equations of motion, these expansions yields 

00 

I (~' + w 2 q ) [ a (y) + e ] + ë + ;: = 0 
-n n n n n 

} (5.28) 
n=l 

00 

I (~+ wn
2q

n )[ a n (.t) + Sn J + ë + Y = 0 

n=l 

which should be conpared with Eqs. {3.86,87).The spacecraft motion equation 
becomes 

which should be compared with Eq. (3.85). The last equation may be rewritten, 
using Laplace transform notation, as 

This form is of more direct utility. 

The modal equations (5.28) are uncoupled by the procedure indicated 
in Eq. (3.88). When orthogonality and normality conditions are employed, the 
uncoupled equatipns become 

( 
f ) "2 m" .' q +w q = 3 (8+7) 

mmm crw .t-f S 
mm 

In Laplace transform notation then, Eqs. (5.27a), (5.21), and (5.30) are combined 
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as fol1-0ws 

} 

whicp may be represented by the block diagram shown in Fig. 54. This figure should 
be compared with Fig. 10 showing the relatively simple incorporation of an arbitrary 
array motion with respect to the main body. It is also of interest to compare the 
duality of Figs.53 and 54 with that of Figs. 8 and 10. 

6. CONCLUDING REMARKS 

The analysis associated with attitude control of flexible spacecraft 
entails a combination of attitude dynamics, structural dynamics, and control 
system dynamics. Unfor~pnately, the present discussion draws to a close before 
the latter discipline is given the attention it w~uld deserve in the applications. 

;;::~~~:~~~~' o~e~~:i~o~:!;n;;~.co~~~~s~~n~h::: ~~:;i~~et~~ ~~~~~c!~~no;~;~st~~ the 
content, of the preceeding analysis. 

With regard to the form of the analysis the prominent alternatives were 
examined in Secte 1.4. Of these, the methods of continuum mechanics have qeen 
emphasized because the particular class of spacecraft under consideration could be 
modelled in a relatively simple manner to a high degree of accuracy. In view of 
the extensive analytical framework which has been constructed on this basis, it 
can be concluded that the traditional methods of analysis are quite viable provided 
the geometry of the flexible elements is uncluttered. Such calculations, made 
on the basis of 'closed form' results are of great he1P to the attitude control de
signer for (at the least) preliminary design. Moreover, unless simulation shows 
that there is a substantial interaction between the attitude control system and the 
modal coordinates, it is not likely that more detailed calculations are warranted 
using, for example, the method of finite elements. On the other hand, if preliminary 
sim~ations made wit~ the aid of a somewhat idealized closed form analysis give 
warning that in the course of controlling the spacecraft attitude, significant 
modal amplitudes ~re excited, then further investigation using finite elements or, 
indeed, any other promising technique is recommended. 

Even more important perhaps are the conciusions on the content of the 
analysis. Whatever approach is used, the object is most likely to be a modal repre
sentation of structural flexi~ility, and each mode is characterized by its natural 
frequency and its modal gaino The concept of natural frequency is familiar; the 
concept of modal gain is less so. The natural frequency depends on the relative 
magnitude of stiffness and inertia as weighted by a particular mode shape. A quali
tative appreciation of the modal gains can be gained from Eqs. (A-9) and (A- 13) 
for pitch/twist, or the corresponding equations for roll-yaw/bending, Eqs. (4.85) 
and (4.116). In the case of constrained modes, the modal gain is an indicator of 
the fraction of the total spacecraft inertia which may be associated with a given 
(constrained) mode. These fractions have their sum equal to If/(If+ Ir)' the pro-
portion of the total satellite that is flexibleo This proportion may, of course, 
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be as high as unity. An unconstrained gain, on the other hand, is an indicator of 
the fraction of the rigid spacecraft inertia which may be associated with a given 
(unconstrained) mode. This fraction rnay be proper or improper with possib1e va1ues 
in the range (O,~). In Qny case, these fractions have their sum equa1 to If/I- , 
the proportion (possib1y greater than unity) of the rigid inertia that is flexi~le. 

A related concept is that of 'equivalent inertia'. For a single degree 
of freedom system with torques impressed on the main body we have seen that 

(6.1) 

where i( s) has been defined as the transfer function re1atïng torque and angular 
acceleration. Written in terms of a constrained modal expansion 

Ï(s) (6.2) 

where I is the total inertia- Ir + If. Employing an unconstrained modaL expan

sion, on the other hand, 

lk -1 
00 

Ï(s) I (1 + L n 2) = 2 s +w 
n=l n 

(6.3) 

We recall the 
\ 

sums . 1 
00 

I K = Ir/I n 
(6.4) 

n:::.l 

Since 

I (6.6) 

Equation (6.4) may be used to rewrite Eq. (6.2) as 

00 Q 2 

Ï( s) = I~ + I (n ~ + 2 Kn I) 
n=l n s 

(6.7) 

Similarly, Eqs. (6.6) and (6.5) may be used to rewrite Eq. (6.3) as 
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-1 
1 

r 
(6. 8) 

These forms for the 'equivalent inertia' shed considerable light on the 
role played b~ the modal gains . Begi~ning with Eq . (6.7), the limit for zero 
stiffness (n ~ 0; n = 1,2,---) is I(s) = I as expected, while the limit for 

n r 
zero flexibility (n 2 ~oo; n = 1,2, •.. ) is r(s) = I + ~ K I = I + If = I a s 

n r n r 
expected. When s = in ,Ï (in) ~ 90 showing that no attitude mot ion resul ts_ 

n n 
from sinusoidal excitation at an appendage natural frequency; the appendage acts 
as a vibration absorber. Turning to Eq. (p08), the limit for zero stiffness 
(w 2 ~ 0; n = 1,2'00') is r(s) = I as expected, while the limit for zero flexi-

b .r- .t ( 2 ) _re )-1 -1 ( ) -1 -1 ( / ) . , 111. yw ~ 00 ; n = 1,2}... is I s = I - ~ 'k I = I - I I .: I-'"8.s n r n r f r 
expecteà. When s = iw , Ï(iw ) = 0 showing that the steady state tends to 

n n resonanceo 

A third modal parameter is the damping 

desire to represent àissipative mechanisms by an 
ing . The expression s2 + n 2 is replaced by s2 

n 
pr ocedure is not rigorous and the term 2~ n s is 

n n 

ratio ~ , corresponding to the 
n 

equivalent line~r viscous damp
+ 2~ n s + n . However thi s n n n 
usually added af ter the structura l 

analys i s is completed . For th at reason this term has not been added to the block 
diagrams of this report; the reader may add such a term if he wishes. In practice , 
a measure of damping is provided by the attitude control system itself . That is , 
even if ~ = 0, attitude o6cillations will be attenuated, at least till their ampli 
tude is wi thin the deadband of the sensor or controller. If satisfactory re rfDr
mance depends qn a ~> 0, then it is essential to examine carefully th~ impli
cat i ons of the fact that this dissipative model is only an approximate one and 
that reliaqle values of ~ are of ten not readily available. 

Some conclusions may be reached also on the relative desirability of 
the unconstrained vso constrained modal expansions. These two alternatives have 
been developed in parallel throughoVt the report and it is clear that they both 
have an equally firm foundation. Spacecraft designers seem to use constrained . 
modes whereas aircraft designers tend to use unconstrained (ie., system) modes; 
this latter state of affairs (for aircraft) probably stems from the fa ct that there 
is no part of the aircraft noticably more rigid than any other . In any case, the 
~constrained modes have appealing characteristics. As discussed in Appendix A, 
they simulate t~e attitude motion most accurately in the frequency bands of greatest 
importance, n~ely, the system resonances. By contrast, the constrained modes 
si mulate the attituàe most accurately in the frequency bands of least importance, 
namely, the system zeros (vibration absorber behaviour) . The analysis of flight 
data wo,uld also be expected to reveal the system (ie., unconstrained) natural fre
quencies. 

o~ the other hand, ground tests of appendages would tend to give the 
ronstrained modal informa~ion most directly, hopefully including the equivalent 
linear viscous damping ratio,s. In fact, the constrained modes are inherently 
characterizations of the appendages alone; both the natural frequencies, n , 
and the dimensional gains, K " depend only on array parameters. Thereforg these 
modes may be more natural tonuse in situations where the array excitation is more 
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general in nature (for example, during acquisition when 'small deflections' may 
be assumed even though 'small angles' may not be assumed). Moreover 9 it was shown 
in Appendix A tbat any given number, N, of system frequencies can be accurately 
modelled with the aid of N + 2 constained modes, especially if the appendages are 
not large. So unless there is a severe limit on the number of modes which can be 
simulated (for example, the n'llIliber of amplifiers on an analog computer~ or the 
computing time on a digital computer) the primary advantage of the unconstrained 
expansion is less important. Furthermore, the task of analysis is reduced if 
constrained modes are used. It is our experience that the development is more 
mfficult to handle if the case of uncoHstrained modes; the orthogonality condit
ion, and the properfashion in which to impose this condition, are not straight
forward. Thus, speaking somewhat loosely, if there is more computer power available 
than analytical power, the constrained mode approach is probably the wi~est course. 
Not that t~e latter is without pitfalls; a curious instance occurs when the gains 
K are miscalculated in such a way that ~ K > 1. Tbis is physically impossible 
w~thout a negative bodY inertia, and unstab~e behaviour is the penalty for this 
oversight. 

The additional complexity of the unconstrained modal expansion just 
discussed is particularly evident if there is stored angular momentum. This is 
clear from Section 4 where the parallel developments for both modal expansions were 
presented. Indeed, it could have been even complex in the mathematical sense of 
the word had not the assumption been tenable if no in-plane array deflections. 

Some specific conclusions pertaining to the clasB of configurations 
analyzed here also follow from the results presented. A dominant behaviour ob
served is that the dimensionless frequencies are relatively insensitive to para
meters variations. This applies to both the constrained ('flexible-part- only') 
and unconstrained ('system') frequencies. The most obvious exceptions to this 
are the parameters ~* and wN*, which affect the bending frequencies sUbstantially, 

albeit in a restric~ed range of parameter values. In general then, 

W * n 
=W 

n 
Z const. 

Let us now look at some practical implications of (6.9). An important 
consideration is the interaction between the control-system bandwidth and the 
structural frequencies. As an indicator of this let us consider the ratirr of the 
lowest "flexible" unconstra,ined frequency w

f 
and a characteristic control fre-quency 

Wc a.nd attempt to relate it to spacecraft design criteria, namely power requirement 
W and the pointing accuracy (deadband of the control system) D. 

Among the parameters in (6.1), rr is usually fixed by the solar cell mass 
density, and w by the diameter of the spacecraft which, in turn 9 is constrained 
by the launch vehicle diameter. For given w, the power generated is directly pro
portional to the length t. A further constraint relating Pand t arises from 
preventing the possibility of buckling of the support boom. If we take P to be a 
given fraction of the bucklipg load, that is a definite vaiue of B* = Pt2/B, then 
it follows from these constraints aqd (6.9) that 

(6.10) 
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Assuming that the stiffness B is provided by a thin-walled STEM boom as for CTS 
and other applications, we have B ~ td3 where tand d are the boom thickness and 
diameter respectively. O~ the other hand the density p ~ td, so that for a given 
weight, B ~ d2 Inserting this gives 

( 6.11) 

Considering now the control-system frequencies, the kind of controller 
used is obviously of fundamental importance. Besides this, W may be expected to 

c 
dep end on the torque level T, the spacecraft moment of inertia I, and the poi~ting 
accuracy D. For example, if we consider a mass-expulsion reaetion control system 
operating in a soft limit-cycle mode (pulsing only on one side of the controller 
deadband), then it may be shown that the limit cycle frequency behaves as 

W 
C 

~h 
"'In 

(6.12 ) 

Note that this does not depend on the thrust level and the IDlnlmum impulse bit, 
beeause the controller is assumed ~o be such that these characteristics are de
signed for efficient soft limit cycle operation. In any case, dimensional analysis 
also yields a relation of the form (6.12). We can expand on this further. For 
the configuration studied, and gi~en ~,w, we knpw that I ~ t3. Furthermore, the 
major source of tor4ue T is the solar radiation pressure torque, and this may be 
assufued to be proportional to the solar panet area, i.e., T ~ t for fixed w. Sub
sti tuting these relations in (6.12) and remembering the proportionali ty between t 
and W, we have 

W 
C 

· 1 
W IJD 

Our indicator of control system - flexibility interaction is then 

W 

d.JD 

(6.13) 

(6.14) 

The boom diameter turns up here for a good reason: it has direct control over 
f+exural stiffness for a given weight. However the important thing observed from 
(6.14) is that as power requirements for s~chronous satellites with large flexible 
solar arrays gp up, and pointing accuracy requirements ~ecome more stringent , the 
interaction prpblem looms larger. The concern is somewhat tempered by the fact 
~hat for a giv~n mission, Wand D are inversely related, i.e., less power is needed 
for an antenna which can be pointed to greater accuracy. The boom diameter d appears 
to be the only "free" parameter for spacecraft structural design to avoid con
troller-flexibility interaction, under these cireumstances. 

Another parameter whose effect on frequencies is directly affected by 
flexibi~ity is w

N
*. For low values of w

N
' the rigid-body nutation frequency is 

approximately a system frequency. As w
N 

is increased however, the system nuta-
tion frequency does not increase linearly, but levels off to a constant value 
(Fig. 21), since the flexible part of the spacecraft plays an increasing role in 
the mot ion. Since in tqe rigid concept of the spacecraft wN appears as the basic 
dynamics frequency, another indicator of the influence of flexibility is the 
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proxiroity of the lowest (nutation) system frequency to w
N

• 

As a matter of interest, the preceding discussion raises the-~uestion 
of how important flexibility is for the CTS mission, which in a very real sense 
prompted the research reported here. It turns out that, at least in the nominal 
on-orbit control situation, flexi~ility does not affect the dynamics or control
system performance significantly. It can definitely be said that the stored 
angular momentum for CTS is negligible insofar as its interaction with flexibility 
is concerned, judging from the second criterion discussed above. However, CTS i s 
per~aps also an excellent example of how unexpected sources of excitation can turn 
up. The Attitude Control analysis and design team found that the control system 
for mai~taining the array sun-pointing attitude had a frequency spectrum which 
directly excited the solar panels in the pitch/twist mode, leading to a resonance 
phenomenon. In this case a simple re-design of the controller solved the problem, 
but there are numerous other sources of concern relating to flexibility effects on 
modern spacecraft. See, for example, Ref. 7 . And, as just demonst,rated a~ove, 
r,his trend can be expected to continue in future spacecraft designs for which 
the analysis of flexibility effects will be of great importance. It is hoped 
that the pre~ent report has been a significant step in that direction. 
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APPENDIX A: RELATIONSHIPS BETWEEN CONSTRAINED AND UNCONSTRAINED 
MODAL REPRESENTATIONS 

One of the themes of this report is the duality between the eonstrained 
and. unconstrained modal representations of structural flexibility. This Appendix 
will explore eertain relationships between them and, it is hoped, shed further 
light on the question of whieh representation to ehoose in a specifie instance. 

From Eq. (3.74), t~e pitch motion of the satellite (Laplaee transformed) 
was given: 

2 f"I 2 s + ~, 
n 

(A.l) 

This mot ion is in response to external and contro~ling influences as represented 
by ë(s), and the constrained modal representation has been used in E~. (A.l). 
Cornpare this now with the uneonstrained modal representation, as given by Eq. 
(3.92) : 

T!J±s was pointed out in Ref. 3 where the identity 

00 ik 00 s2 K 

(1 + I n ) (1 -I n 
2) 

1 2 2 2 = 
s + w s + n n=l n n=l n 

was deduced. In particular, setting s = jw we have 
m 

00 
K 

(A.2) 

I 1 n 
= 2 2 n 2 

(m = 1,2, ..• ) (A.4) 
w w n=l rp. n m 

and setting s = jn we have 
m 

00 

I 
k 1 n = 

n 2 2 n 2 w n=l n m m 

(m ~ 1,2, ... ) (A.5) 

These equations are of theoretieal importance sinee they establish the relation
ships between the set (Kn , n ; n = 1,2, ... ) and the set (k , w ; n = 1,2, •.. ). n n n 
Thus knowing one set, Eqs. (A.4) and (A.5) may be used to find the ot her set. 

Before proceeding with sueh ealculations aresult for an infinite sum 
of gains is noted. Form the followi9g expression: 
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1 ~J~ 1 2 b ~ 0 (3.65)dy + b mw (3.66) = 0 (A.6) 

rn view of' Eq. (3.68), tbis becomes 

00 

-I Fn(Qn + nn2~) + I 2Aë = 0 

n=l 

wherethe inertia is introduced with the aid of' Eq. (3.59). As the f'inal step, 
Eq. (3.72) is used f'or Ö + n2 Q ; recalling the def'inition of the constrained 

"'n n n 
gains, Eq. (3.75), we arrive at 

.co 

( -I2 I Kn + I2Á) ë = 0 
n=l 

For non-trivial motion therefore 

00 

I Kn = 
n=l 

(A.8) 

wbich is the result sought. Since all the gains are positive [ see Eq. (3.75)) 
Eq. (A.9) has the effect of placing a bound on ~+l once (Kn ; n = 1, .•• ,N) are 
known. 

A similar result can be demonstrated for the unconstrained .modal gains. 
Form the f'ollowing expression: 

~ ~f, ~ 1 2 o qw- (3.86)dy + b mw (3.87) = 0 
, 0 

(A.10) 

rn view of Eq. (3.39), this becomes 

·00 

I (I2A 9n-fn ) (~ + w!~) + I 2A ë = 0 (A.ll) 

n=l 

whereagain theinertia is introduc~d with the a,id of Eq. (3.59). As the f'inal 
step, Eq. (3.90) is used for ~ + wn~; recalling that f n = I 29ri , and the defi-

nition of the unconstrained gains, Eq. (3.93), we arrive at 

.00 

[ -I2b I kn + I 2AJ ë = 0 
n=l 

A-2 

(A.12) 
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For non-trivial motion therefore 

00 ?I 

L k = 
,- 2A 

= n I 2b n=l 

(A.13) 

These resu1ts, Eqs. (A.9, 13) are ana~ogo~s to those for roll-yaw as 
given by Eqs. (4.85,116) respectively. 

Return now to the subject of determining ·unconstrained modal parameters 
given the unconstrained ones, or vice versa. In practice, only a few modes are 
actual1y used. If only N modes are considered, then Eqs. (A.~,5) bec0me 2N 
equations to be solved for the unknown parameters. For example, suppose then 
the constrained parameters (K ,n ; n = 1, ... N) are known and it is desired to 
calculate the unconstrained pRraMeters (k ,w ; n = 1, ..• ,N). Then, first, take 
the N equations given by Eq. (A.4); this ~aynbe rewritten as an N

th order poly-
nomial in w2 whose N roots are w~2, ___ ,~2. Second, use the N e~uations given 

by Eq. (A.5). Now that the w 2 are known, these become a set of N linear alge-
n 

braic equations in the N unknowns (k ; n = 1, ... N). The symmetry of Eqs.(A.4,5) 
makes it c1ear that they are appliednin the reverse order if it is desired to go 
in the other direction, that is,knowing (k ,w ; n = 1, ... ,N) to find (K ,n ; 

n n n n 
n = 1., ••• ,N). 

This procedure wiil now be illustrated for two typical situations. 
The first is 'membrane'-like (or 'string'-like, or 'sheet'-like behaviour); the 
second is 'rod'-like behaviour. In the former instance, it is natural to 
assume that n ~ n, and there is no loss of generality in taking 

n 

st = n 
n 

(n = 1,2, .... ) (membrane) (A.14) 

Experience has shown that 
Eq. (3.75) for a string. 
deviations for the first 

K ~ n -2; this may be seen by using, f0r example, 
E~uatign (3.76) is also of this tormc~xc~t f@t slight 

few mOdes). Denoting the proportionality by p, : we have 

K = pin 2 (n = 1,2, ... ) 
n n 

The physica1 significance of p is learned from Eq. (A.9). 

00 

K 
n 

n=.1. . 

= 

(A.15 ) 

(A .16) 

where If is the inertia associated with the flexible portion of the structure, 
and I ~s the inertia associated with~he relatively rigid part of the structure 
(the ~art that is constrained not to move for the 'constrained' mOdes). 
If + Ir is therefore the total inertia. Using Eqs. (A.15) and (A.14), the 

interpretation of p is found as 



p 

where 
00 

POM = {I 
n=+-

1 ) }-l 
("2 

n 

(membrane) (A .17) 

(A.18) 

The value of POM happens to be 2.60014, ... ; but the important point is that p is 
an indicator of the relative magnitudes of the inertias of the flexible and rigid 
portions of the vehicle. Specifically, smaller values of p (and hence of the 
gains) correspond to more predominently rigid satellites. 

To study 'rod'-like behaviour" it may be assumed that, in place of 
Eq. (A.14) , 

.fft =n 
n 

(n = 1,2, ... ) (rod) (A.19) 

Since Eq. (A.15) and (A.16) are still appropriate, this leads to, instead of 
Eq. (A.17), 

POR 
(rod) p = 

(I~7If) 1 + (A.20) 

where 
00 -1 

POR = {L ( ~) } 
n=l n 

(A.2l) 

The value of POR happens to be 2.08363 ... ; but again the importance of p sterns 
from its direct relationship to the proportion of the vehicle that is flexible. 

For both these si~le models ('membrane' and 'rod') the calculation 
of unconstrained gains and fre~uencies will now be made. While so doing, a 
significant trend will be evident that bears on the choiee of modal representa
tion. The presumption will be that the most important parameter regions in which 
to model satellite flexibility aeeurately are those )eading to large attitude 
response, that is"in the neighbourhood of the unconstrained natural frequencies . 
So the position may be taken that a flexibility:model is worthy insofar as it 
gets the system frequencies correct. Clearly an expansion in terms of uncon
strained modes satisfies this requirement automatieally. It can be decided what 
upper limit on frequency is of interest and then simply inelude all unconstrained 
modes whose frequencies are less than it is. The situation for a eonstrained 
modal expansion is less clear. If N constrained modes are used then there will 
indeed be ~ system frequencies but the approximation 00 ~ N leads to errors in 
these frequencies - they will not be equal to w

1
2 ,w2

2 , -- exeept as N ~oo. To 
2 2 study the size of sueh errors, the approximate values of w

l 
,--,w

N 
may be found 

by solving Eqs. (A.4,5), where ~~ is replaeed by ~~, as deseribed two paragraphs 

ago. The size of the error will depend on, in addition to N, the I IIf ratio . The 
frequeney results are shown in Fig. (A.l) for 'membrane'-like behavlour and in 
Fig. (A.2) for 'rod'-like behaviour~ When Ir/lf is large (vehiele predominantly 
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rigid), it is clear th~t the first N system frequencies are adequately predicted 
by using an expansion in terms of N constrained modes. Far small Ir/lf (vehicle 
predominantly flexible) it is necessary to use N ~ 1 or N + 2 constrained modes 
to represent the first N system (unconstrained) frequencies accurately. Similar 
remarks ean be made for the gains which are p lott.ed in Fig. (A. 3) for 'membranes ,. 
and for Fig.(A.4) for 'rods'. 
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APPENDIX B: VARIATION OF MOMENTS OF INERTIA 

Herein we derive the expressions for moments of inertia of the spacecraft , 
in particular the variation due to rotation of the solar arrays relative to the 
center body. We make two simplifying asswrrptiops -

(i) The axis of rotation passes through the spacecraft center of mass, which 
is assumed to coincide with the mass centers of the body and array sepa
rately. This is not quite true for the CTS, but the error introduced is 
small and can be readily accounted for if desired. 

(ii) The offset between the boom and the array is neglected, compared with the 
width and length of the blanket. ·Thus the boom and blanket are coplanar, 
and the boom centerline in the undeflected state coincides with :,the axis 
of rotation and the pitch axis. 

The geometry of rotation under the above assumptions is shown in Fig. B.l. Let 
the body inertia matrix in the roli-yaw (unprimed) frame be given as 

(B ~ 1) 

Similarly, the array inertia matrix in the rotating (primed) frame is constant 
and is gi ven by 

j , 
A = (B.2) 

Expressions for IlA etc can be readily written down owing to the planar mass dis ~ 

tribution. We have 

J t 2 2 
IlA = 2(p + aw) (b+y) dy + 2m(b+t) 

. 0 

m ) J w/2 

w -w/2 

= i (crtw3 + mw
2

) (B.3) 

and I3A = IlA + I 2A • 

Note that the tip mass is assumed to be uniformly distributed along its lepgth, 
~d that the expression for I3A follows from the planar mass distribution. 

We need now to transform ~A' to the unprimed frame; the appropriate 
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transformapion matrix is 

[ C~S7 0 -s~n7J i = 1 (B.4) 

s1n1 0 COS1 

The total inert ia matrix in the 1-2-3 frame is then, from the rule for transforming 
matrices, 

or, 

where 

Using 

j = j + ~T. j I Z 
B A 

o 

2 I . 2 1
11 = 1lb- + IU cos 1 + 3As1n 1 

122 = 12b + I 2A (B .5) 

133 13b + I3A 
2 I . 2 = cos 1 + lAs1n 1 

113 = (1
3A

-I
lA

) sin1COS1 

the last of (B~3), these can be further re-arranged as follows: 

I 0 I . 2 = 11 + 2A Sln 1 

o I . 2 
133 = 133 - 2A S1n 1 , I 1 I ' "",. 2 = - ' ' nQ~n 1 13 2 2A 

(B .6) 

The zero superscript refers to the "nominal" moments of inertia, i.e., with 1 = o. 
We see tha.,.t 

(i) The nomina1 body-fixed axes are no longer principal axes; a product of 
inertia occurs due to array rotation. 

(ii) The changes in the moments of inertia from the nomina1 principa1-axes 
va1ues (1 = 0) are periodic with 1, having a period of '1800 which 
corresponds to 12 hours in orbit. Second1y, the amplitude of these 
changes is of the order of I

2A 
which is usually quite small compared 

to any cf the other inertias (e.g. for CTS, 12A -::: 3 Slug-ft2 whereas 

111°,1330 z 650 slug_ft2). The net resu1t is that the effects of 

rates of ch~ge of the inertia moments are neg1igib1e, and we are 
quite justified in treating the variab1e inertia on a quasi-static 
basis. 

B-3 



The effect of y on the unconstrained gains and frequencies in bending 
was shown numerically in Section 4, F~gs. 22 and 43. The pitch gains and fre-
4uencies are not directly affected by y, since I 2 remains rnchanged. 
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APPENDIX C: BOOM AND ARRAY DYNAMICS 

In this section we analyze the motion of the boom and sheet separately, 
considering their natura~ frequencies and re lating these to the frequencies of 
the combined system. This helps to explain some olf the features nel:; ed . on the plots 
given in Section 4. The buckling condition is also derived. 

C.l Twisting 

In the twisting mode, the boom is assumed to contribute negligible stiff
neSSe Hence the d~namics are the same as those analyzed in Section 3 under con
strained motions; only the array frequencies are involved, subject to boundary 
conditions given in Section 3. Hence twist will not be considered further. 

C.2 Bending: Boom Only 

The governing differential equation for the ~oom is 

Bu"" + PU" + PÜ = 0 (C .1) 

The appropriate ~oundary copditions are 

u(o) = u' (0) = 0, u"(t) = 0 (C.2) 

(Bu'" + p( u' - I ) - mü) I = 0 
y=i 

In the last of (2) it is assumed effectively that a massless sheet exists which 
transmits tension, and does not deflect itself . . Thus the tension P does not 
remain fixed in difection, but always points towards the origine As usual, we 
seek a solution of the form u(y,t) = U(y)coswt, wh~èh when substituted into 
(C .~ ) and (C.2) leads to the following equations for the mode shape function 
U(y): 

U(o) = U' (0) = 0, U"(t) = 0 (C.3) 

BU'" + p(U'-U/t) + mlul = 0 
y=t 

The following solution to (3) may be verified, which satisfies the boundary con
ditions at y = 0: 

where 

U = cl (cosh exy-cos~y) + c2 (sinh exy - ~ sinrBy) 

ex = (( J p2'+ 4f:xl§ 

t3 = «J p2 + 4pw2~ 

1/2 
- .p) / 2B) 

1/2 
+ p) / 2B) 

(c.4) 

The two remaining boundary conditions at y = t can be arranged in matrix form 
to give a system of linear homogeneous equations for cl and c2 : 
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where 

ani 

A c = 0 

all = a 2 
coshat + 13

2 
cost3t 

= a 2 sinhat + aAsi ~At a 12 I-' Hl-' 

a = a(p + Ba
2

)sinbat + t3(P-Bt3
2

)sint3t 
21 

+ (mw2_p/t)(coSbat - cost3t) 

a22 = a(p + Ba
2

)sinbat - a(p-Bt3
2

)cost3t 

+ (mw
2
-P/t)(sinbat - ~ sint3t ) 

(c.5) 

(c.6) 

~he characteristic equation for w is found by setting the determinent of (C.5) 
to zero, which is the only condition under which a non-trivial solution exists: 

(C.7) 

For plottiRg purposes the frequencies found from this are nondimensionalized by 
"array" parameters 

(c.S) 

Here () and w are of course not related to the boom dynamics . 

C.3 Buckli~g 

The condition for buckling of the boom can be derived by a statie 
analysis (w = 0) similar to the one above. Since the boundary conditions and 
"equation of motion" do not change except for the elimination of time derivatives, 
we can derive this condition more simply by taking the limit of (C.7) as w ~O. 
We have 

lim 
w ~O 0: = 0, lim 13 = ,JPfB 

w ~ 0 

In taking the limit pf (c.6), it is necessary to retain terms of first order in 
0: to arrive at non~trivial terms in the expansion (C.7). Thus to first order 
in 0:, 

a2l z -(P/t)(l-cost3t) 

a22 z +(p/t)(asint3 t/f3) 

C-2 
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Substituting into (C.7) and dividing by ap/~ (a r 0 fol1owing the standard 
procedure for 1imits) gives 

~ si~~ cos~~ + ~ si~~(l-cos~~) = 0 

Hence, buck1ing occurs when 

~~ = n~, n = 1,2, ... 

In terms of P, substituting for ~ from (C.9), we have 

B*=P!=n2~2, n=1,2, ... (c.n) 

where the no~ation corresponds to that in the text, Eq. 4.43. The lowest buckling 
load occurs wqen ~* =~. Note that this agrees with the frequency plots presented 
in the text. This re sult is not affected by boom density or tip mass. 

c.4 Bending: Array On1y 

In the absence of the boom, the array obeys the simple string equation: 

•• 
?v" =r-cr'W Y (C .12) 

The boundary conditions appropriate to a free end are 

v(o) = 0, v,(~) = 0 (C.13) 

The natural mode shape V(y) corresponding to (C.12) and satisfying the boundary 
~ondition at y = 0 is 

(c .14 ) 

App1ying the condition. at y = ~, non-trivial solutions exist only for 

n = 1,3, .••• 

Hence the dimensionless natural frequencies defined by (8) are simply 

w* = ~ n~, n = 1,3,5, ... (c .15) 

C.5 Array-Boom Interaction: Numerical EXample 

When the arnay and boom are allowed to vibrate as one system, the con
figuration is identica1 to that considered under constrained (bending) modes 
previously. It can in fact be shown, by considerations of equilibrium at the 
tip where these two yibrating elements are attached, that the conpined character
istic equation of Section 4 . fol1ows from knowing the individual characteristic 
equations derived above. We shal1 not prove this here, but by a numerical example 
we demonstrate the relationship of the constrained natural frequencies to the 
boom and array frequencies obtained from (C.7) and (C.15) respectively. 
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The numerical values or the relevant dimensionless parameters p*, 
m* and B* will be taken identical to those in the text, Eq. 4.73. The frequencies 
w * were shown as a function of ~* in Fig. 16. The straight horizontal lines n 
correspond to the array frequencies (C.15), and the curved lines to the boom 
frequencies. Note that in Bq. C.~ while w is independent of P, w* goes to 
infinity as P ~ 0, forced by ~B* = ~t2/B. 

The s~mi1arity of Fig. 16 to Fig. 15 for the constrained natural 
fre~uencies has already been discussed. Indeed the curves differ mainly in the 
region when the array and boom frequencies are close together. A notable exception 
is that the expected curve corresponding to (C.15) with n = 1 does not appear in 
the constrained frequencies. This may be attributed to the fact that, when the 
boom is also vibrating, the boundary condition at y = t in (C.13) is not quite 
appropriate. The equiva1ence of buckling loads should also be noted. Heuristi
cally, one may say that the boom and array are weakly coupled, since they are 
attached only ~t one point along their length, i.e., at the tip. This fact 
can be interpreted as the reason for the closeness of the fre~uencies of the 
contained system to those of its components. However, no attempt is made here 
to pursue this argument quantitatively. 
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