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1
INTRODUCTION

Abstract—Reset controllers are acknowledged for their potential to enhance performance,
like speed and precision in precision motion industries. Existing literature primarily uti-
lizes the classical zero-crossing law in these controllers. This study introduces a novel reset
component, termed “fixed-phase reset control”, which employs an innovative reset mecha-
nism distributing multiple resets within a single period under sinusoidal inputs. To ana-
lyze the performance of the new controller, we’ve developed a new higher-order sinusoidal
describing function analysis method. Through simulations, the accuracy of this analytical
approach is verified. Additionally, the results demonstrated the significant improvements
of the new reset controller in convergence and tracking capabilities compared to tradi-
tional reset controllers.

Accuracy and speed are critical requirements within the semiconductor industry. An
exemplary application is the employment of a magnetically levitated wafer table in the
EUV lithography machine [1], ensuring precise and swift wafer transportation. Specifi-
cally, sensors measure a wafer’s position at a rapid rate of 20,000 times per second with an
accuracy of around 60 picometers. Achieving such high precision and speed demands
significant research in precision position technology. Controllers play a pivotal role in
fulfilling these requirements.

1
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Figure 1.1: TWINSCAN NXE:3400B [1]

Linear controllers, such as PID controllers, are widely used in industrial settings due
to their simplicity and ease of tuning. However, traditional linear control systems ex-
hibit limitations associated with Bode’s phase-gain relationship [2]. As an alternative,
reset control shows promise to break out the linear limitations. The initial reset control,
Clegg Integrator, introduced by J.C. Clegg in the 1950s [3], possesses a distinct charac-
teristic compared to conventional integrators. Notably, its first-order harmonic exhibits
a phase lag of -38° while maintaining a -20 dB/decade slope, challenging Bode’s phase-
gain relationship and offering potential enhancements to control system performance.

To broaden the applicability of the Clegg integrator, Horowitz introduced the first-
order reset element (FORE) [4], [5]. This component, known as the FORE, has exhibited
promising results in mitigating high-frequency noise. Furthermore, ongoing research in
the field of reset control has given rise to various reset controller variants, see [6], [7], [8],
[9].

There are some tries including [10], [12], [13], and [14], which have explored the ef-
fect of modifying the timing of reset actions. The results show the effectiveness of pre-
determined reset instant [10, 12] has superior performance in PZT positioning stages.
However, there is a lack of a clear definition of the new resetting mechanism as well as
frequency-domain analysis tools for this variant. Additionally, due to the predetermined
reset instant, specific input frequencies will not benefit from the advantageous effects of
the reset action.

To address this limitation, we propose a novel type of reset control law named Fixed
Phase Reset Control (FPRC). The contribution of this paper includes:

1. The development of higher-order sinusoidal input describing function (HOSIDF)
for FPRC.

2. Validating the calculation method of HOSIDF by simulation results.

3. conducting numerical simulations to validate the effectiveness of FPRC.

These studies introduce innovative methodologies to optimize the functionality and
effectiveness of reset control systems across diverse applications. While numerous stud-
ies have addressed stability issues in reset systems, as evidenced by [15], [16], [17], [18],



1

3

it’s important to note that the primary focus of this paper is not on stability analysis, and
therefore, we will not extensively delve into this topic.

The structure of this study is outlined as follows. Section chapter 2 introduces the
background knowledge of reset control systems, including state space representation
and frequency domain analysis tools. Section chapter 3 outlines the principal contribu-
tions of this research, which encompass (1) the definition of the fixed phase reset control
law, and (2) the derivation of the frequency domain model for FPRC systems. Section
chapter 4 shows the accuracy of the developed HOSIDF. Section chapter 5 presents nu-
merical simulation results to confirm the effectiveness of FPRC. Finally, Section chap-
ter 6 presents the conclusions drawn from this study and outlines directions for future
work.





2
BACKGROUND

2.1. LIMITATION OF LINEAR CONTROLLER
Linear control systems are extensively utilized; however, they are not without limita-
tions. One of the prominent constraints is associated with Bode’s phase-gain relation-
ship [2]. The Bode plot of a system is conventionally segmented into three regions for
assessment. As mentioned earlier, to effectively trace a low-frequency reference signal,
the system’s magnitude needs to be high at low frequencies. Simultaneously, to suppress
high-frequency noise, the system’s magnitude should be low at higher frequencies.

Figure 2.1: Trade-off between robustness and performance.

Fig. 2.1 illustrates that, without the addition of any controller (P (s)), the system’s
phase is consistently -180 degrees across all frequencies, which is suboptimal for stabil-
ity. Introducing a lead-lag controller (C (s)) resolves this phase issue, but concurrently, it

5
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adversely affects the system’s magnitude. At lower frequencies, the tracking performance
deteriorates as the system’s magnitude experiences a slight decrease. Additionally, high-
frequency noise gets amplified.

It has been demonstrated that robustness and performance are inversely related,
suggesting that there exists a trade-off between these two attributes. This implies that,
in order to optimize a system’s performance, one must necessarily accept a certain level
of reduced robustness, and vice versa.

2.2. DEFINITION OF RESET CONTROL SYSTEMS
The block diagram of a closed-loop reset control system (RCS) is depicted in Fig. 2.2.
This system comprises several components: a plant denoted as P , a controller labeled
as C , a reference signal represented by r (t ), an error signal indicated as e(t ), a control
input signal designated as u(t ), a disturbance signal denoted as d(t ), measurement noise
characterized as n(t ), and a measured output tracked as y(t ).

Figure 2.2: Block diagram of a closed-loop reset control system, where the dashed arrow
represents the reset action.

The state-space representation of a reset controller in Fig. 2.2 can be written as fol-
lows:

C =


ẋr (t ) = AR xr (t )+BR e(t ), e(t ) ̸= 0

xr (t+) = Aρxr (t ), e(t ) = 0

u(t ) =CR xr (t )+DR e(t )

(2.1)

xr (t ) ∈ RnC is the state of the reset controller and AR ,BR ,CR ,DR are the state matri-
ces. Aρ is defined as the reset matrix:

Aρ =
[

Inr

γr

]
,γ= diag(γ1,γ1, ...,γr ) (2.2)

γr and Inr represent reset states and non-reset states, respectively. Here, r denotes
the number of reset states, nr represents the number of non-reset states, and the total
number of states is given by nC = r +nr . It’s important to note that in this study, we
restrict our discussion to the case where γ= 0.

The state space representation of the plant in Fig. 2.2 can be expressed as follows:

P =
{

ẋp (t ) = AP xp (t )+BP u(t )

yp (t ) =CP xp (t )
(2.3)



2.3. FREQUENCY-DOMAIN ANALYSIS METHOD FOR RCSS

2

7

xP ∈ RnP is the state of the plant. By combining the controller (1) and the plant (2),
the state space representation of a closed-loop reset control system can be expressed as
follows:

H =


ẋ(t ) = Acl x(t ), x ∉ J

x(t+) = Aρcl x(t ), x ∈ J

y(t ) =Ccl x(t )

(2.4)

wher e

Acl =
[

AR −BRCP

BRCP AP

]
, Ccl =

[
0 CP

]
(2.5)

Aρcl =
[

Aρ

I

]
and J := {xT = [xT

r xT
p ] ∈RnC+nP |Ccl x = 0} (2.6)

2.3. FREQUENCY-DOMAIN ANALYSIS METHOD FOR RCSS
To design a reset control system, the loop shaping method is employed, utilizing describ-
ing functions tailored for nonlinear systems. Specifically, the sinusoidal input describing
function, which represents the ratio of the phasor output to the phasor input at a given
frequency, is applied in this context [28]. This method focuses solely on the first-order
harmonic of the Fourier-transformed response. For instance, the describing function of
a Clegg integrator is formulated as follows:

C I (ω) = 1

jω
(1+ j

4

π
) = 1.62

ω
∠−38° (8)

Guo [19] provided an analytical way to calculate the first-order describing function
(DF) for reset systems, as shown in Proposition 1.

Proposition 1. The DF of an open-loop SISO reset controller C under a sinusoidal input
signal e(t ) = |E |sin(ωt +∠E) is given by

H(ω) =CR ( jωI − AR )−1(I + jΘD (ω))BR +DR

with ΘD (ω) =−2ω2

π
∆(ω)[Γr (ω)−Λ−1(ω)]

Λ(ω) =ω2I + A2
R

∆(ω) = I +e
π
ω AR

∆r (ω) = I + Aρe
π
ω AR

Γr (ω) =∆−1
r (ω)Aρ∆(ω)Λ−1(ω)

(2.7)

Fig. 2.3 demonstrated this by presenting the output of a Clegg integrator with a u(t ) =
sin(t ) input, alongside its first-order describing function. It is evident that the output
of the first-order describing function and the output of the Clegg Integrator has a huge
difference. This is due to the fact that the higher-order terms are neglected, thus the
describing function can not accurately represent the sharp edge of the reset action.

For the analysis of higher-order harmonics in open-loop reset control systems, Kars
[20] introduced the higher-order sinusoidal describing functions (HOSIDF) analysis method
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Figure 2.3: Comparison of real output and first-order describing function of a Clegg in-
tegrator.

for reset control systems by applying the virtual harmonic generator technique [21], as
illustrated in Proposition 2.

Proposition 2. The HOSIDF of an open-loop SISO reset controller C under a sinusoidal
input signal e(t ) = |E |sin(ωt +∠E) is given by

Hn(ω) =


CR ( jωI − AR )−1(I + jΘD (ω))BR +DR , For n = 1

CR ( jωnI − AR )−1 jΘD (ω)BR , For odd n ≥ 2

0, For even n ≥ 2

(2.8)

where n is the number of harmonics and ω is the input signal frequency. When n = 1,
HOSIDF is equal to DF.

With the inclusion of higher-order terms, it becomes straightforward to know the
dominant harmonic in various frequency ranges. Fig. 2.5a presents the frequency re-
sponse of a C.I, while Fig. 2.5b illustrates the frequency response of a Clegg integrator
with a second-order plant. Fig. 2.5a indicates no clear dominance of a specific harmonic.
In contrast, Figure 2.5b demonstrates that, at low frequencies, higher-order harmonics
surpass the first-order harmonic, emphasizing the significance of considering higher-
order terms.

Moreover, Xinxin [23] introduced a pulse-based model designed to differentiate be-
tween the linear and nonlinear outputs of reset control systems. This model provides a
comprehensive insight into the components of a reset control system’s output.

Proposition 3. The transfer function of a SISO reset controller C in open-loop under a
sinusoidal input signal e(t ) = |E |sin(ωt +∠E) can be separated into linear and nonlinear



2.3. FREQUENCY-DOMAIN ANALYSIS METHOD FOR RCSS

2

9

Figure 2.4: Representation of Higher-order sinusoidal-input describing function for
open-loop reset control systems. [26]

(a) (b)

Figure 2.5: The importance of higher-order harmonics varies case by case.



2

10 2. BACKGROUND

components given by

C (ω) =Cbl (ω)+
∞∑

n=1
Cnln(nω),

Cnln(nω) = 4M(ω)Rδ(nω)/(πn),

(2.9)

where

M(ω) = π

4
R−1
δ (ω) [H1(ω)−Cbl (ω)] ,

Rδ(nω) =CR ( j nωI − AR )−1 j nωI .
(2.10)

Furthermore, the higher-order sinusoidal describing functions for the closed-loop
reset control system are developed in [23].

2.4. STABILITY ANALYSIS FOR RESET CONTROL SYSTEMS

In accordance with the Hβ condition [15, 16, 23], the stability of the closed-loop RCS can
be established as presented in Theorem 1.

Theorem 1. A closed-loop reset control system is quadratically stable if and only if the Hβ

condition holds, that is, there exists a β ∈Rr and a positive-definite Pr ∈Rr×r such that

Hβ(s) := [
Pr 0r×nr βCp

]
(sI − A)−1

[
Ir

0

]
(2.11)

is strictly positive real and closed-loop reset matrix Aρcl satisfies the following condition:

AT
ρcl Pr Aρcl −Pr ≤ 0 (2.12)

2.5. APPLICATIONS OF RESET CONTROL

2.5.1. PI+CI

Reset controller systems have superior performance in both the time and frequency do-
mains. However, in scenarios where the plant exhibits a steady-state error, the system’s
output demonstrates an undershoot behavior. This occurs because the reset action trig-
gers when the output reaches the reference value. To address this, a combined PI+CI
controller [6] can be employed. The linear controller (PI) addresses the steady-state er-
ror, while the reset controller diminishes the overshoot.
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Figure 2.6: Step response comparison of the linear controller, reset controller, and PI+CI
controller.

Figure 2.6 illustrates the step responses of three distinct controllers. It is evident that
the PI+CI controller diminishes both the maximum overshoot and undershoot.

2.5.2. CGLP
Another application worth mentioning is the constant in gain lead in phase element
(CgLp) [9]. This element offers a broadband phase lead without affecting the magnitude.

Figure 2.7: Frequency domain response of a generic CgLp element. [9]

Fig. 2.7 demonstrates that a CgLp comprises a lead-lag compensator and a reset
controller. In terms of magnitude, the reset controller and lead-lag compensator pos-
sess equal slopes with opposite signs, effectively canceling out each other’s effects and
preserving the magnitude component. As the reset controller exhibits a lower phase lag
than the linear controller, the combination of these two components yields a significant
phase lead.
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2.5.3. FIXED-INSTANT RESET CONTROL

The conventional reset control system, known as the zero-crossing reset law, resets the
controller’s output to zero when the input of the reset controller equals zero. This sub-
section introduces an alternative reset law, the fixed-instant reset law. Unlike the zero-
crossing law, this law resets the controller’s output at fixed time intervals, regardless of
the input signal. The superior time-domain performance of FIRC has prompted exten-
sive exploration, including its application in piezoelectric transducers [10] and unstable
systems [12].

Figure 2.8: Step response comparison of PZT system with linear controller, conventional
reset controller and FIRC controller. [10]

2.6. PROBLEM STATEMENT

FIRC systems demonstrate promising results in time-domain responses. However, there
is currently a lack of frequency-domain analysis tools specifically tailored for FIRC sys-
tems. Given that the controller design process relies heavily on such frequency-domain
analysis tools, this presents a significant challenge for FIRC systems.

Another downside of FIRC systems is that since the reset instants are predefined,
certain frequencies cannot benefit from the reset action. Fig. 2.9 illustrates the output
of a FIRC integrator with a reset instant of π/2s. It is evident that the input signal with
a frequency of 1 rad/s benefits from FIRC, while the input signal with a frequency of 4
rad/s does not benefit from FIRC at all.
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Figure 2.9: Demonstration of the downside of FIRC systems.

The upcoming chapter introduces the fixed-phase reset control law, which allows
each input frequency to benefit from the reset action. Moreover, a frequency-domain
analysis tool has been developed to facilitate the controller design process.
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FIXED PHASE RESET CONTROL

Definition 1. Fixed-phase reset control (FPRC) involves performing multiple resets within
a single period, spacing each reset evenly in terms of phase, regardless of the input fre-
quency. This approach ensures a uniform phase separation between consecutive reset in-
stances. To quantify the number of resets, we introduce the variable k, denoting the reset
count, with k taking values of 2h where h is an integer greater than or equal to 2 (i.e.,
h = 2,3,4, ...).

Our study is centered on the Single-Input-Single-Output (SISO) FPRC system, which is
specifically designed for sinusoidal inputs. Given these assumptions and constraints, we
can express the state space representation for FPRC systems as follows:

C =


ẋr (t ) = AR xr (t )+BR e(t ), t ∉U

xr (t+) = Aρxr (t ), t ∈U

u(t ) =CR xr (t )+DR e(t ),

(3.1)

where U is a set of reset instants ti .

U := {ti |ti = 2πi

ωk
, i ∈Z+} (3.2)

For simplicity, we denote xr (ti ) as mi for the following content.

Definition 2. The transfer function of the base-linear system (BLS) of the FPRC system is
defined as

RL(ω) = Ubl (ω)

E(ω)
=CR ( jωI − AR )−1BR +DR , (3.3)

where Ubl (ω) and E(ω) are the Fourier transform of the output and input signals of the
reset controller.

15
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3.1. FIX-PHASE RESET CONTROL ELEMENTS
In this paper, we apply three reset control structures applying our new Fix-phase (FP) re-
setting mechanisms. The new reset control elements are titled “Fix-phase Clegg Integra-
tor (FP-CI)”, “Fix-phase Clegg FORE (FP-FORE)”, and “Fix-phase Second-order Single-
State Reset Element (FP-SOSRE)” as illustrated below. The arrows in equations (3.5),
(3.7), and (3.8) function as visual indicators, symbolizing the FR resetting actions.

3.1.1. FP-CI
The state-space matrices of FP-CI are

AR = 0, BR = 1, CR = 1, DR = 0, Aρ = γ. (3.4)

The transfer function symbol of FP-CI is given by

�
�
��1

s
. (3.5)

3.1.2. FP-FORE
The state-space matrices of FP-FORE are

AR =−ωrα, BR =ωrα, CR = 1, DR = 0, Aρ = γ. (3.6)

The transfer function symbol of FP-FORE is given by

�
�
��>ωγα

s +ωγα
. (3.7)

3.1.3. FP-SECOND-ORDER SINGLE-STATE RESET ELEMENT (SOSRE)
Second-order single-state reset element, as demonstrated in equation (3.8) and depicted
in Figure 3.1. The term “SOSRE” denotes a second-order reset element that resets the
first state, namely x2. “SOSRE” denotes a second-order reset element that resets the first
state, x2. The transfer function symbol of FP-SOSRE is given by

��������:ω2
γα

s2 +2ωγαs +ω2
γα

. (3.8)

The state-space matrices of SOSRE are

AR =
[

0 1
−ω2

γα −2βωγα

]
, BR =

[
0
ω2
γα

]
,

CR = [
1 0

]
, DR = 0, Aρ =

[
γ 0
0 1

]
,

(3.9)

where β= 1 in this case.
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Figure 3.1: Block diagram of FP-SOSRE.

3.2. OPEN-LOOP HOSIDF FOR FPRC SYSTEMS
Lemma 1. (Stair step wave model for FP-CI) The output signal u(t ) of a FP-CI system in
(3.1) with [AR ,BR ,CR ,DR ] = [0,1,1,0], Aρ = 0, and k = 4, under the sinusoidal reference
input e(t ) = sin(ωt ) can be represented by its base-linear output (ubl (t )) and a stair step
wave (qr c (t )). The stair step wave can be decomposed into two pulse waves while one has
a 90° phase lead. Note that the phase shift of a pulse wave is defined relative to the qr c (t )
of CI.

Proof. The stair-step wave shown in Fig. 3.2c can be decomposed into two distinct pulse
waves, as shown in Fig. 3.2d. Notably, the pulse wave depicted by the red line in Fig. 3.2d
features a phase lead of 90°.

Theorem 2. As shown in Fig. 3.3, by applying the “Virtual Harmonics Generator”, the
periodical sinusoidal input e(t ) = |E |sin(ωt +∠E) for the FPRC system is separated into
harmonics en(t ) given by

en(t ) = |E |sin(nωt +n∠E),n ∈Z+. (3.10)

The HOSIDF for FPRC systems in (3.1) to describe the transfer function from the input e(t )
to the output u(t ) is given by

H̃n =


RL(ω)+ Φ̃1(ω), for n = 1

Φ̃n(nω), for odd n ≥ 2

0, for even n ≥ 2

(3.11)

where

Φ̃n(nω) = 4

nπ
Rδ(nω)Θ̃n(nω),

Θ̃n(nω) = 1

2

k
2 −1∑
l=0

m k
2 −l exp( j n

2π

k
l ),

Rδ(nω) =CR ( j nωI − AR )−1 j nωI .

(3.12)

mi is given as follows for FPRC with different numbers (r ) of states.

mi =
mi−1e AR ti + [BR e AR t ∗ sin(ωt )]|ti , for r = 1,

L −1
{

E(s)+mi−1(s+2βrωγα)

s2+2βrωγα+ω2
γα

}
|ti , for r = 2.

(3.13)
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(a) (b)

(c) (d)

Figure 3.2: Time response comparison between a CI and a FP-CI with k = 4: (a) u(t ) of
FP-CI and its components ubl (t ) and qr c (t ), (b) u(t ) of CI and its components ubl (t ) and
qr c (t ), (c) qr c (t ) of FP-CI, (d) Components of qr c (t ) of FP-CI.

Proof. When calculating the amplitude mi at reset instant ti for FP-FORE, it is crucial
to account for initial conditions. Each reset segment (from ti to ti+1) can be viewed as
the linear output of the FORE with varying initial conditions and starting times. The
calculation of mi is provided below.

From (3.1), during (ti , ti+1), we have

ẋr (t ) = AR xr (t )+BR e(t ). (3.14)

The Laplace transform of (3.14) is given by

sXr (s)−xr (0) = AR Xr (s)+BR E(s)

Xr (s) = (s − AR )−1(xr (0)+BR E(s)).
(3.15)
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Figure 3.3: The HOSIDF for FPRC systems.

By conducting the inverse Laplace transform of (3.15), we have

xr (t ) = xr (0)e AR t + [BR e AR t ∗ sin(ωt )](t ). (3.16)

Since the initial condition for mi is mi−1, the state value xr (t ) at reset instant ti denoted
as mi can be derived as follows:

mi = mi−1e AR ti + [BR e AR t ∗ sin(ωt )]|ti , (3.17)

as shown in (3.13). Note that the FP-CI is identical to the FP-FORE when ωc = 0, thus,
equation (3.13) is also fit for the calculation for FP-CI.

The amplitude of the second state (r = 2) is calculated for FP-SOSRE. From (3.1), the
state space representation of FP-SOSRE can be written as follows:{

ẋ1 = x2

ẋ2 =−2βrωγαx2 −ω2
γαx1 +e(t )

(3.18)

Applying Laplace transform to both sides of the second equation of (3.18):

s2Xr (s)− sxr (0)− ẋr (0) = AR Xr (s)+BR E(s) (3.19)

Since ẋr (0) is reset to zero,

Xr (s) = E(s)+xr (0)(s +2βrωγα)

s2 +2βrωγα+ω2
γα

(3.20)

By conducting the inverse Laplace transform of (3.20), we get:

xr (t ) =L −1
{E(s)+xr (0)(s +2βrωγα)

s2 +2βrωγα+ω2
γα

}
(3.21)

As stated above, the initial condition for mi is mi−1, and the state value xr (t ) at reset
instant ti denoted as mi can be derived as follows:

mi =L −1
{E(s)+mi−1(s +2βrωγα)

s2 +2βrωγα+ω2
γα

}
|ti (3.22)
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Note that the choice of mi for FP-SOSRE is discussed in Proposition 4 and Proposition 5.
From [23], Qr c (ω) is written as follows:

Qr c (ω) = MQ0(ω) (3.23)

where M is the amplitude of the pulse wave and Q0(ω) is a unit pulse wave. In the case of
FPRC, Qr c (ω) comprises multiple Q0(ω) components, with each having its unique am-
plitude and phase shift, as illustrated in Lemma 1.

Thus, we define a new parameter Θ̃n(nω) to denote the summation of the magnitude
and phase shift of Q0(ω). From Lemma 1, it can be seen that the qr c (t ) of a FP-CI with
k = 4 is composed of two pulse waves. Thus, a qr c (t ) with k resets is composed of k/2
pulse waves.

The Fourier transform of a function f (t ) shifted in time can be written as follows:

F { f (t +a)u(t +a)} = exp(a jω)F ( jω) (3.24)

For FPRC, the time shift a can be written as follows:

a = 2π

ωk
l (3.25)

where 2π/(ωk) represents the time interval between reset instants, and l ∈ N indicates
the number of reset intervals a pulse wave should shift.

As previously explained, a qr c (t ) with k resets consists of k/2 pulse waves. The k
2

th

pulse wave exhibits a zero phase shift, while the 1st pulse wave features a phase shift of
k−2

k π radians.
It can be seen that from Fig. 3.2b, qr c (t ) has an amplitude of −2. Thus, a scaling

factor of 1
2 is applied to Q0(ω) to normalize it to unit amplitude.

Finally, Qr c (ω) for FPRC can be written as follows:

Qr c (ω) = Θ̃n(nω)Q0(ω)

= 1

2

k
2 −1∑
l=0

m k
2 −l exp( j n

2π

k
l )Q0(ω)

(3.26)

Since

Q0(ω) = 4

π

∞∑
n=1

E(nω)

n
(3.27)

Qr c (ω) can be written as follows:

Qr c (ω) =
∞∑

n=1

2

nπ

k
2 −1∑
l=0

m k
2 −l exp( j n

2π

k
l )E(nω). (3.28)

The reset output u(t ) is broken down into two distinct components: a linear segment
denoted as ubl (t ) and a filtered pulse component designated as qol (t ), given by

u(t ) = ubl (t )+qol (t ). (3.29)



3.2. OPEN-LOOP HOSIDF FOR FPRC SYSTEMS

3

21

Based on [23], qol (t ) and qr c (t ) are given by

Qol (ω) = Rδ(nω)Qr c (ω). (3.30)

where Rδ(nω) is given in (3.12).
By combining (3.3), (3.29), and (3.30), the output of the FPRC in the Fourier domain

is given by
U (ω) = RL(ω)E(ω)+Rδ(nω)Qr c (ω). (3.31)

By defining Φ̃n(nω) and Θ̃n(nω) in (3.12), and combining with (3.28), the n-th trans-
fer function of FPRC is defined as

H̃n(ω) = U (nω)

E(nω)
= 2

nπ
Rδ(nω)

k
2 −1∑
l=0

m k
2 −1 exp( j n

2π

k
l )

as shown in (3.11).

Figure 3.4: Time response of a PF-FORE with k = 4.

Proposition 4. In contrast to FORE, the output of FP-SOSRE displays transient behavior
3.5. We assume the second cycle is at stead-state for simplicity, but one can select other
cycles for greater precision if necessary.

Proof. The BLS of the FP-SOSRE (k = 4) of Fig. 3.5 is written as follow:

Ubl (s)

E(s)
= 1

s2 +2βs +1
(3.32)

In this case, β= 1. The relation between x2(t ), x2,bl (t ) and x2,nl (t ) is shown below.

x2(t ) = x2,bl (t )+x2,nl (t ) (3.33)
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(a) (b)

Figure 3.5: Time response of a FP-SOSRE with k = 4: The red dash lines indicate the
chosen t1 reset instants. The end of the first cycle is marked by the black dash line. (a)
Fourth reset instant selected as t1, (b) Fifth reset instant selected as t1.

It’s evident that FP-SOSRE exhibits transient behavior. To verify if the chosen x2(t1) is
settled, a simulation was performed. Note that for FP-SOSRE, x2(t1) = m1. The duration
of a "cycle" is defined as the duration in which the base linear output crosses zero twice.

The simulation in Fig. 3.6 serves two purposes: firstly, to determine if the second
cycle is accurate enough to be chosen as the steady-state cycle, and secondly, to assess
whether the coefficient β has an impact on this outcome.

To enhance readability, we normalize the results as follows: if the input frequency
(ωi n) is less than 1 rad/s (the corner frequency of FP-SOSRE), we divide the results by
the input frequency; for input frequencies greater than or equal to 1 rad/s, we multiply
the results by the input frequency.

Fig. 3.6 shows m1 at each cycle with differentβ andωi n . The deviation of m1 between
the second and the eleventh cycle is shown in TABLE 3.1. It can be seen that the highest
deviation is not even greater than 5%. Thus, the small deviations caused by assuming
the second cycle is settled can be neglected.

Proposition 5. The selection of the first reset instant, denoted as t1, should vary with input
frequency ωi n .

Proof. For the following proof, the period (T ) of an input frequency ωi n is defined as
follows:

T = 2π

ωi n
(3.34)

The duration of the first cycle is denoted as C1. If C1 < T , the first cycle is considered
incomplete; if C1 > T , the first cycle is considered complete.

The transfer function of E(s) to X2,bl (s) for (3.32) can be written as follow:

X2,bl (s)

E(s)
= s

s2 +2s +1
(3.35)
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Deviation (%)

ωi n

β
1 0.1 0.01

0.01 rad/s 0 0 2.98e-5

0.1 rad/s 0 2.93e-3 8.58e-6

1 rad/s 2.17 3.49e-3 4.82e-7

10 rad/s 3.4e-1 4.1e-1 4.2e-1

100 rad/s 5.33e-5 5.45e-5 5.46e-5

Table 3.1: The deviation of m1 between the second and the eleventh cycle.

By employing e(t ) = sin(ωi n t ) as input signals, we categorize the results into three cases.
Case 1: ωi n < 1

∠(
X2,bl (s)

E(s)
) ∈ (0°,90°) =⇒ 3

4
T <C1 < T (3.36)

Figure 3.7: Comparison of C1 and T when ωi n = 0.1 rad/s.
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Case 2: ωi n = 1

∠(
X2,bl (s)

E(s)
) = 0° =⇒ T =C1 (3.37)

Figure 3.8: Comparison of C1 and T when ωi n = 1 rad/s.

Case 3: ωi n > 1

∠(
X2,bl (s)

E(s)
) ∈ (−90°,0°) =⇒ T <C1 < 5

4
T (3.38)

Figure 3.9: Comparison of C1 and T when ωi n = 10 rad/s.

In the case of FP-SOSRE with k = 4, the reset interval is 90°, equivalent to T /4. There-
fore, for ωi n < ωc , the duration of C1 can only accommodate three reset points. The
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fourth reset instant is only included when C1 ≥ T . In other words, for k = 4, the magni-
tude of the fifth reset instant is chosen as m1 if the input frequency is equal to or greater
than the corner frequency.

As shown in Fig. 3.5a, where C1 < T , it can only contain three reset instants. In
contrast, Fig. 3.5b shows that C1 > T , allowing it to encompass four reset instants. This
distinction is particularly relevant for the case of k = 4, and users should choose the
initial reset instance based on the specific reset count in their application.

3.3. CLOSED-LOOP HOSIDF FOR FPRC SYSTEMS
In [23], closed-loop sensitivity functions were established for reset control systems ((3.39),(3.40)).
Since the FPRC model is based on the pulse model, this framework can serve as our
closed-loop model as well. Nevertheless, as indicated in Fig. 3.3, the output signal of an
FPRC system exhibits multiple frequencies due to the virtual harmonic generator.

Sn(ω) =


1

1+LO (ω) , for n = 1

− ΓLN L (nω)
1+LO (nω)

1
1+L (nω) , for odd n ≥ 2

0, for even n ≥ 2

(3.39)

Tn(ω) =


LO (ω)

1+LO (ω) , for n = 1
ΓLN L (nω)
1+LO (nω)

1
1+L (nω) , for odd n ≥ 2

0, for even n ≥ 2

(3.40)

wi th

LO(nω) =L (nω)+ΓLN L(nω)

Γ= 1/(1−
∑∞

n=3 ζ(nω)η(nω)

η(ω)
)

ζ(nω) = −|LN L(nω|
1+L (nω)

η(nω) = (Aρ − I )|RL(nω)|sin(lπ+∠(RL(nω)))

wher e l ∈N.

Given that FPRC is specifically designed for Single-Input-Single-Output (SISO) in-
puts, this situation poses a challenge. To ensure the valid application of closed-loop
FPRC, we need to make the assumption that the amplitudes of higher-order harmonics
are relatively small, thereby simplifying the feedback signal to essentially one frequency.

Given that our primary focus does not lie in the closed-loop aspect, we will not delve
deeply into this part, reserving it for future work.
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(a)

(b)

(c)

Figure 3.6: Normalized m1 at each cycle with different input frequencies and values of β.
(a) β= 1, (b) β= 0.1, (c) β= 0.01



4
THE ACCURACY OF THE HOSIDF

FOR FPRC

To validate the accuracy of the HOSIDF for the FPRC system, several simulations were
conducted to assess the disparities between the output of the DF and HOSIDF compared
to the simulated outputs. The BLS for FP-CI, FP-FORE, and FP-SOSRE, are 1/s, 1/(s +1),
and 1/(s2 +2s +1), respectively. Each of the HOSIDF outputs contains seven harmonics.

4.1. FREQUENCY RESPONSE-BASED PREDICTION
Fig. 4.1a and Fig. 4.1b illustrate the frequency responses of the FP-FORE and FP-SOSRE
models used in the simulation. Notably, higher-order harmonics in both FP-FORE and
FP-SOSRE become negligible when the input frequency is below the corner frequency.
When the input frequency exceeds the corner frequency, FP-FORE exhibits behavior
similar to FP-CI, maintaining a consistent magnitude gap of 7.8 dB between the first and
third-order harmonics. FP-SOSRE, on the other hand, shows a larger magnitude gap of
17.8 dB. Therefore, we anticipate observing minimal nonlinear characteristics at lower
input frequencies and clear reset edges at higher input frequencies.

4.2. TIME DOMAIN RESULTS
The time responses shown in Fig. 4.2, Fig. Fig. 4.3, and Fig. 4.4 validate that HOSIDF out-
puts closely align with the simulated outputs, confirming the accuracy of our HOSIDF.
In contrast, the DF output fails to capture the reset edge. Notably, Fig. 4.3 and Fig. 4.4
are in line with our expectations.

Note that Fig. 4.2 and Fig. 4.3 show the outputs of u(t ), while Fig. 4.4 shows the
outputs of x2(t ).

27
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(a) (b)

Figure 4.1: (a) Frequency response of FP-FORE with k = 4. (b) Frequency response of
FP-SOSRE with k = 4 and β= 1.

Figure 4.2: Comparison of the time responses for the DF output of FP-CI, HOSIDF output
of FP-CI, and the simulated output of FP-CI (ωi n = 1 rad/s).
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(a)

(b)

Figure 4.3: Comparison of the time responses for the DF output of FP-FORE, HOSIDF
output of FP-FORE, and the simulated output of FP-FORE. (a) ωi n = 0.1 rad/s, (b) ωi n =
10 rad/s.

(a)

(b)

Figure 4.4: Comparison of the time responses for the DF output of FP-SOSRE, HOSIDF
output of FP-SOSRE, and the simulated output of FP-SOSRE. (a) ωi n = 0.1 rad/s, (b)
ωi n = 10 rad/s.





5
ILLUSTRATIVE EXAMPLES

This chapter provides a numerical simulation to demonstrate the effectiveness of the
FPRC reset law. In this simulation, a second-order MSD system with a time delay is uti-
lized as the plant, while the controller employs a CgLp element [9], a PID controller, and
a low-pass filter.

5.1. PRECISION MOTION STAGE
The “Spyder” precision positioning stage, illustrated in Fig. 5.2, serves as the validation
platform for this study. We approximate the transfer function of the “Spyder” system
described in (5.1) as a simplified single eigenmode mass-spring-damper model using
Matlab’s identification tool.

P (s) = 9836e−0.0001s

s2 +8.737s +7376
. (5.1)

100 101 102

-20
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G
(d

B
)

100 101 102
-200
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200

G
(d
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)

Figure 5.1: FRF of the “Spyder” system.
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Figure 5.2: The planar precision positioning system, named as “Spyder”utilizes three
voice coil actuators denoted as A1, A2, and A3. Each actuator is mechanically connected
to a corresponding mass represented by M1, M2, and M3. These masses are linked ex-
clusively to the base MC , through dual leaf flexures. Position feedback from the masses
is obtained through linear encoders referred to as “Enc”.

5.2. CONTROL SYSTEM DESIGN

The designed open-loop control system shown in Fig. 5.3 is described by the following
base-linear transfer function:

L(s) = CgLp∗C (s)∗LPF∗P (s), (5.2)

Figure 5.3: Open-loop block diagram of the simulation system.
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where

CgLp =
�
�
���1

s
ωγα

+1

s
ωγ

+1

s
100ωγ

+1
,

C (s) = Kp (1+ ωi

s
)

s
ωd

+1
s
ωt

+1
,

LPF = 1
s
ω f

+1
.

(5.3)

The parameters used in the system are designed to achieve a bandwidth of 150 rad/s and
phase margin of 50°, given by

ωγ =ωc , ωi = ωc

10
, ωd = ωc

d
, ωt = dωc , ω f = 10ωc ,

Kp = 70.95355, d = 3.477562.
(5.4)

Figure 5.4 compares the frequency responses of the linear integrator, CI, and FP-CI
with k = 4. Notably, CI exhibits a gain of 1.62, while FPRI has a gain of 0.733. This dis-
crepancy in gain results in a shift in the corner frequency for FORE and SOSRE, neces-
sitating the introduction of a compensation factor denoted as α [27] to compensate the
open-loop gain, given by

ωγα = ωγ

α
. (5.5)

Figure 5.4: Frequency response comparison among the linear integrator, CI, and FPRI
with k = 4.
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5.3. FREQUENCY DOMAIN ANALYSIS FOR FPRC
Figure 5.5 shows the open-loop frequency response comparison of the FPRC system, the
RC system with zero-crossing law, and the linear system. They are designed to achieve
the same gain and bandwidth as the first-order harmonic in open-loop. In this paper, we
chose two cases (k = 4 and k = 20) to illustrate the effectiveness of k.

(a) (b)

Figure 5.5: Comparison of the open-loop frequency responses of the base linear system,
the zero-crossing system, and the FPRC system for two cases: (a) k = 4, (b) k = 20.

Remark 1. The larger the k, the smaller the phase lag of an FPRC element.

It is evident that when k = 4, the FPRC system demonstrates a larger phase margin
compared to the ZC system, amounting to an approximate 9° reduction in phase lag. In
the case of k = 20 however, a considerable distinction emerges between them, with a
significant 30° reduction in phase lag.

Remark 2. The magnitude of certain higher-order harmonics becomes negligible as the
value of k increases.

Fig. 5.5 illustrates that the third and fifth harmonics possess significant magnitudes
when k = 4. However, in the case of k = 20, the nineteenth and twenty-first harmonics
are the two harmonics with magnitudes substantial enough to be notable, surpassed
only by the first-order harmonic. Thus, these two harmonics are the practical third and
fifth harmonics.

Remark 3. The magnitudes of higher-order harmonics decrease as k increases.
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Figure 5.6: Higher-order harmonics comparison of case k = 4 and case k = 20.

It can be seen that from Fig. 5.6, for the case of k = 4, the magnitudes of the third and
fifth harmonics remain consistently greater than the higher-order harmonics in the case
of k = 20, starting from 10 rad/s.

Considering these observations, it becomes apparent that a larger value of k tends to
yield better results. Nevertheless, it’s essential to recognize that the first-order harmonic
of an FPRI with k = 20 already exhibits a minimal 6° phase lag. This suggests that further
increasing the value of k is unlikely to significantly reduce the phase lag.

5.4. TIME DOMAIN ANALYSIS
Fig. 5.7 illustrates the disparity between the cases of k = 4 and k = 20. In the k = 20
scenario, the output closely resembles a pure sine wave, while in the case of k = 4, the
output exhibits edges, a consequence of the involvement of higher-order harmonics.

Remark 4. The magnitude of the first-order harmonics of an FPRC system experiences a
slight reduction when the input signal is close to the corner frequency of the reset element.

From Fig. 5.7, it can be seen that the output from the FPRC system, whether in the
case of k = 4 or k = 20, exhibits a lower amplitude compared to the linear output.

Remark 5. The FPRC system can deliver satisfactory performance when the input signal
includes a sinusoidal signal along with a small level of magnitude.

A triangle wave can be written as follows:

x(t ) = −8

π2

∞∑
n=1

(−1)n

(2n −1)2 sin(2π(2n −1)t ) (5.6)
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Figure 5.7: Comparison of the time responses of the closed-loop linear system, the
closed-loop ZC system, and the closed-loop FPRC system under a 2000 rad/s sine wave
input.

Similar to a square wave, a triangle wave consists solely of odd-numbered harmon-
ics. However, its higher-order harmonics follow an inverse proportionality to the square
of the harmonic number, unlike the square wave, where the inverse proportionality is
with the harmonic number itself. This suggests that a triangle wave can be viewed as
comprising a sine wave with noise.

The result of the FPRC system under triangular reference input is shown in Fig. 5.8.
The result demonstrates that FPRC with k = 20 exhibits superior tracking ability and the
smallest phase lag.

5.5. ASSESSMENT OF TRACKING ABILITY
To further assess the tracking performance under varying input frequencies, Fig. 5.9 and
Fig. 5.10 depict the root-mean-squared error and the infinity-normed error for sine wave
inputs.

Figure 5.9: Root-mean-squared error analysis with sine wave input.
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Figure 5.8: Comparison of the time responses of the closed-loop linear system, the
closed-loop ZC system, and the closed-loop FPRC system under a 2000 rad/s triangle
wave input.

Figure 5.10: Infinity-normed error analysis with sine wave input.

Both the root-mean-squared error and the infinity-normed error indicate that the
performance of the k = 20 case surpasses that of the others within the frequency range
of 1000 rad/s to approximately 5000 rad/s, which effectively encompasses the plant’s
operational frequencies. Conversely, within the frequency range of 0 rad/s to 1000 rad/s,
both the ZC system and the FPRC system exhibit slightly inferior performance compared
to the linear system. This is attributed to the influence of higher-order harmonics.

Both the reset element of ZC and FPRC systems share a common corner frequency
of 150 Hz, approximately equivalent to 942.5 rad/s, which is very close to 1000 rad/s.
Therefore, it can be inferred that both the ZC and FPRC systems exhibit superior track-
ing performance when the input signal frequency surpasses their respective corner fre-
quencies.

It’s worth noting that the results for triangle wave inputs align with the trends ob-
served in sine wave inputs. This similarity suggests that a triangle wave can serve as a
suitable input signal for FPRC systems.
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Figure 5.11: Root-mean-squared error analysis with triangle wave input.

Figure 5.12: Infinity-normed error analysis with triangle wave input.

5.6. ASSESSMENT OF CONVERGING ABILITY
In addition to tracking ability, we are also interested in improving settling time. Since the
FPRC system exhibits superior performance in the frequency range of 1000 rad/s to 5000
rad/s (as shown in Fig. 5.9, Fig. 5.10, Fig. 5.11, Fig. 5.12)), we assess whether the FPRC
also demonstrates superior settling time performance in this frequency range.

Since the input signal is a periodic signal, a normalized settling time is defined to
assess their converging ability. It is defined as the time it takes for u(t) to pass through 0
for the nth time, divided by the duration of one cycle of the input signal.

normalized ts =
t0,n

Tω
(5.7)

wher e

t0,n = time of nth zero-crossing of u(t) (5.8)

Tω = time for one cycle of the input signal at frequency ω. (5.9)

Fig. 5.13 illustrates a comparison of settling times for both sine wave and triangle
wave inputs. In this case, t0,6 is used to calculate their normalized ts , which represents
the time of the 6th zero-crossing of u(t). If greater accuracy is required, one can choose
a larger value of n. The trends in both figures consistently show that the case with k = 20
exhibits the shortest settling time in the frequency range of 2000 rad/s to 5000 rad/s.



5.6. ASSESSMENT OF CONVERGING ABILITY

5

39

However, when the input frequency falls below 2000 rad/s, regardless of whether the
input signal is a sine wave or a triangle wave, the linear system performs slightly better
than the FPRC system with k = 20.

In conclusion, FPRC systems indeed demonstrate improvements in both the fre-
quency and time domains. Nevertheless, it is important to identify the appropriate range
of input frequencies to leverage the advantages of this new reset law fully.

(a)

(b)

Figure 5.13: Normalized settling times for two different input waveforms: (a) sine wave
input, (b) triangle wave input.





6
CONCLUSION

6.1. SUMMARY
This paper introduces a novel reset law of fixed-phase reset control (FPRC), which op-
erates by resetting at specific times determined by the input frequency and reset count.
FPRC is specifically designed for Single-Input-Single-Output systems with sinusoidal in-
puts. To facilitate the controller design process, we have developed a frequency domain
analysis tool. Furthermore, numerical simulations have been conducted to assess the
impact of the FPRC reset law. The evaluation criteria encompass tracking ability, mea-
sured through root-mean-squared error and infinity-normed error, and converging abil-
ity, quantified by a newly defined normalized settling time.

6.2. DISCUSSION
Our findings clearly demonstrate the superior performance of FPRC systems in both
tracking and converging capabilities. Notably, our experiments with triangle wave in-
puts have yielded results consistent with those obtained with sine wave inputs. This
suggests the adaptability of FPRC to handle sine wave inputs with noise or periodic sig-
nals comprising a dominant sine wave alongside lower amplitude harmonics.

6.3. LIMITATIONS AND FUTURE WORK
The limitation of FPRC lies in its constrained input compatibility. To function effectively,
the input signal must predominantly consist of a specific frequency, with minimal ampli-
tudes at other frequencies. Deviations from this criterion necessitate the use of distinct
controllers, as the input frequency significantly impacts reset timing. Future research
endeavors should prioritize the development of frequency separators to enhance the
versatility of FPRC across a broader array of applications.
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