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Preface

This thesis began with a question from my first quarter at TU Delft. In the course Machine and Deep
Learning, Prof. Jan van Gemert was introducing recurrent neural networks (RNNs), the gradient prob-
lem, and gated models as a way to address it. He asked the class whether the gate computation
looked familiar, and then showed that it is very similar to standard RNN computation. This made a
question cross my mind, and I asked: To solve the gradient problem of RNNs, we use gates, but the
gate computation is like another RNN, are we not in a loop?

I still remember how the question was received. Jan repeated it to the class and explained that, in
related papers, gates are shown to work both mathematically and empirically. Yet none of them seemed
to answer the conceptual question: why should the gate computation be easier to learn than the very
similar recurrent computation it is meant to help? Jan’s intuition was that the gates may be solving a
simpler problem, but that this intuition was not yet a complete explanation. At the time, this was only a
short exchange in class. It later became the starting point of this thesis.

Near the end of my first year, I looked through the available thesis topics and found The Homunculus
in Deep Learning. The topic description explicitly mentioned GRUs and the conceptual loop. It felt like
a natural continuation of the earlier classroom curiosity. When I discussed the topic with Jan, he still
remembered that question, and the project began from there.

The research process then taught me how large the distance can be between an intuition and a research
claim. The original question was easy to ask in a classroom, but making it precise required a long
process of formulation, controlled data design, failed attempts, and repeated reinterpretation. The final
experiments in this thesis may look simple, but their simplicity lies in how directly they reveal and answer
the question, not in how easily they were designed. We had to decide what should remain fixed, what
should be varied, and what kind of evidence would actually support or challenge the original intuition.
Along the way, the project branched into directions I had not anticipated at the beginning. I also became
more sensitive and noticed similar loops appearing in other deep learning architectures, and even in
domains beyond computer science, many of which remain largely unaddressed. The more I worked
on the project, the more I realized that even the most familiar mechanisms hide deeper complexities
than we typically assume.

I am satisfied with the clearer answer I can now give to the question that started this thesis, and with
the broader perspective the project has given me. At one point, Jan joked that if a future student asks
a similar question in the same course, this work might help him answer it more concretely. I hope this
thesis can serve that purpose. For me, it also closes a small yet meaningful circle: a question from the
beginning of my Master’s study returned at the end as a systematic research project.
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1
Introduction

Scientific explanations often become persuasive by decomposing a difficult problem into smaller parts.
Yet some explanations do not truly resolve the original difficulty; instead, they merely move it to an-
other place inside the system. The homunculus argument captures this failure of explanation. In its
classical form in vision, a theory of perception explains seeing by assuming that light from the outside
world forms an image on the retinas in the eyes, and an internal observer in the brain looks at these
inner images like watching a movie on a screen, as illustrated in Figure 1.1. However, this immedi-
ately raises a new question: how does the internal observer itself see? If the answer again points to
another internal observer, the explanation generates an infinite regress rather than a genuine account
of perception [17, 21]. The homunculus argument is therefore not only a philosophical curiosity, but
also a useful diagnostic tool: it reveals when an explanation silently presupposes the very problem it is
supposed to explain.

The idea of a small observer inside the head is compelling because it turns perception into a familiar
scene: someone is looking at a screen. Yet the nested observers in Figure 1.1 reveal the problem.
Each internal observer inherits the same explanatory burden as the whole system, so the explanation
is repeated rather than completed. This thesis uses the homunculus idea as a conceptual lens. The
question is not only whether a smaller internal component can help a larger system, but also whether
that component genuinely simplifies the problem or merely pushes the difficulty one level inward [7].

A similar diagnostic question arises in deep learning when one learned component is introduced to
help a bigger one. This thesis focuses on a concrete example: recurrent neural networks (RNNs)
with learned gates. A recurrent neural network processes a sequence one element at a time while
maintaining a hidden state that summarizes information from previous steps. When relevant information
must be kept in that state over many steps, a standard RNN can struggle to preserve that information [3,
13, 18]. Long short-term memory (LSTM) and gated recurrent units (GRU) were proposed to address
this difficulty by introducing learned gates [4, 14]. A gate controls how much of the previous steps
should be preserved and how much should be replaced by the current step. As illustrated in Figure 1.2,
the gate-controlled additive path (green arrow) can allow information to travel better through steps.

The gates, however, are not predefined rules. At each step, their values must also be computed from
the current input and the previous state, using parameters shared across steps: a recurrent structure
identical to the bigger network the gates are added to. Gated recurrent networks therefore raise a
homunculus-like question. If the main recurrent network struggles to preserve the information, why can
the smaller but similar computations that control the gates learn when to keep and when to update that
information? The gates may empirically help the RNN learning problem, but explaining by saying that
”the gates decide what to keep” is simply moving the difficulty from the recurrent state to the learned
gate controller. This thesis investigates when gated recurrent networks learn useful gate decisions,
and how the resulting gate-controlled paths can make long-range learning easier. The importance of
this particular problem becomes clearer when considering why recurrent models remain attractive for
sequence modeling.
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Figure 1.1: Illustration of the homunculus argument. The figure should be read from left to right. Visual perception is
explained by positing an internal observer that views an image inside the head. However, the same explanation can then be
applied to the internal observer itself, producing a nested sequence of observers. This explanation generates an infinite regress,
it postpones the problem of perception instead of resolving it. Source: Jennifer Garcia, with derivative work by Pbroks13 and
Was a bee, Wikimedia Commons, licensed under CC BY-SA 2.5.

Figure 1.2: The homunculus-like question in gated recurrent networks. The left panel schematically illustrates a recurrent
network. Red arrows denote standard recurrent updates, while green arrows denote direct paths controlled by learned gate
values. These paths can preserve information through steps. The right panel abstracts the learned computation that produces the
gate values. Because the gate decisions must themselves be learned from sequentially propagated information, the explanation
raises a homunculus-like question: why is learning the controller easier than learning the original recurrent dynamics? The
diagram is a conceptual illustration rather than the exact computational graph of a particular GRU or LSTM.

https://commons.wikimedia.org/w/index.php?curid=20397601
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Sequence modeling is needed whenever the meaning of an input depends on information distributed
across time or position. Examples include language, audio, and other time-series data. Transformers
have become a dominant architecture for such problems because self-attention allows each position
to directly access information from other positions [24]. Direct access is useful for modeling long-range
dependencies, but it also comes with a cost: standard self-attention compares pairs of positions, so its
computational and memory requirements grow quadratically with the sequence length.

Recurrent models offer a complementary approach. Rather than comparing all pairs of positions, a
recurrent model processes a sequence step by step and compresses information into a hidden state.
This gives recurrent processing a linear dependence on sequence length and a natural bias toward
reusable state updates. Recent work argues that this inductive bias can make recurrent models more
data-efficient than Transformers because the same update mechanism can be shared across differ-
ent sequence lengths [8]. The continued interest in recurrent-style sequence modeling is also visible
in modern architectures such as Mamba, which uses selective state spaces for linear-time sequence
modeling [6, 12], and in related architectures such as xLSTM [1], RWKV [19], and RetNet [23]. Memory-
caching methods [2] further extend recurrent models with a growing set of cached hidden states, provid-
ing a middle ground between fixed-size memory and quadratic attention. Recurrent-style models have
also become useful in scientific applications: Caduceus [22] builds on Mamba for long-range DNA se-
quence modeling, where genomic interactions can span very long contexts. These developments show
that understanding recurrent networks remains relevant even in an era dominated by Transformers.

This thesis does not propose another recurrent architecture. Instead, it takes the continued relevance
of recurrent models as a reason to revisit a more basic question: why do gates help recurrent networks
learn long-range dependencies in the first place? The usual explanations [4, 10, 14, 28] describe what
useful gates can do after they have been learned, but they do not yet explain how themodel learns these
useful gate decisions. This thesis studies that missing step in two ways. First, we analyze the learning
signal received by gates and show that gate learning can also depend on gradients propagated through
long recurrent chains. In other words, the gate that is supposed to protect long-range information
must itself be learned from signals that may be attenuated by the same recurrent depth. Second, we
empirically test whether the gate learning difficulty appears in controlled sequence tasks. The tasks
are designed so that the label depends on only a small number of tokens in the input sequence. The
rest are distractors, a useful recurrent state should filter them out while keeping the label-relevant
information. When all useful information appears far from the final decision, both vanilla (without gates)
and gated recurrent networks can fail. When the training data also contains easier samples with short
dependencies, where the informative tokens occur closer to the final decision, gated models can first
learn a simpler selective update behavior from shorter gradient paths. Once this behavior is learned,
the same model can apply it to harder long-range samples. The experiments then ask whether this
learned behavior transfers beyond the specific tokens that received easy samples, and whether the
observed improvements are reflected in the model’s gradients, gates, and hidden-state changes.

Gated recurrent networks provide a concrete case study of a broader design question in deep learning.
Many architectures use a smaller learned component to guide larger decisions. A spatial transformer
network [15] uses a localization network to predict how an image or feature map should be spatially
transformed before further processing. A task-driven fixation network [25] uses a learned fixation-point
generator to select local high-resolution regions for closer inspection. Recent gated-attention mod-
els [20] use learned gates to modulate attention outputs in large language models. These architectures
differ in their goals and mechanisms, and we do not claim that they share a common explanation. The
examples nevertheless expose a recurring question put forward by this thesis: under which conditions
does delegating a decision to a smaller learned component make the full problem easier to learn?

The remainder of this thesis is organized into two parts. Part 2 introduces the preliminary material
needed to understand the technical side of the study. It explains sequence modeling with recurrent
neural networks, backpropagation through time, vanishing and exploding gradients, gated recurrent
networks, and the controlled sequence data. Part 3 presents the scientific article. The article formalizes
the research questions, describes the experiments, reports the empirical results, and discusses what
the controlled findings reveal about learned gates. The preliminary material is intended to make the
scientific article accessible to readers with a general machine learning background, while the article
itself is written in a publication-style format for readers familiar with deep learning and recurrent models.
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Preliminary Materials

We assume that readers are familiar with basic neural network terminology, includingmulti-layer percep-
trons, feed-forward networks, activation functions, losses, and gradient-based optimization. A compre-
hensive introduction to modern deep learning can be found in Goodfellow, Bengio, and Courville (2016).
This chapter therefore does not review deep learning from first principles. Instead, it introduces the
recurrent models, gradient-flow issues, gated architectures, and controlled sequence tasks that are
needed to understand the scientific article in Part 3.

2.1. Sequence Modeling and Recurrent Neural Networks
Sequence modeling concerns data whose elements are ordered. A sequence can be a sentence, an
audio signal, a time series, or any list of observations where the meaning of one element depends on
previous or later elements. In a standard feed-forward network, an input is usually treated as a fixed-
size vector. A sequence can be forced into such a format by padding or truncating it to a fixed length, but
this does not solve the main modeling problem. A feed-forward network with position-specific weights
would have to learn separately how the same pattern behaves at different positions, and it would not
naturally share computations across different sequence lengths. A sequence model should instead
use the same rule as it moves through the sequence.

Recurrent neural networks (RNNs) implement this idea by processing a sequence one element at a
time while maintaining an internal state. Classical recurrent models were studied by Williams and
Zipser [27], and the Elman network introduced a simple and influential form of recurrent hidden-state
dynamics [9]. Modern presentations usually describe an RNN as a neural network with a hidden state
that is repeatedly updated through time [10, 28]. The hidden state acts as a compressed representation
of the sequence prefix that has been observed so far.

Let x1:T = (x1, x2, . . . , xT ) denote a sequence of length T , where xt ∈ Rdx is the input vector at time
step t. A vanilla RNN maintains a hidden state ht ∈ Rdh . Starting from an initial state h0, often chosen
as a zero vector, the hidden state is updated by

ht = ϕ(Wxxt +Whht−1 + bh), (2.1)

whereWx ∈ Rdh×dx maps the current input to the hidden state,Wh ∈ Rdh×dh maps the previous hidden
state to the current hidden state, bh ∈ Rdh is a bias vector, and ϕ is a nonlinear activation function such
as tanh. The same parameters Wx, Wh, and bh are used at every time step. This parameter sharing
is what makes the computation recurrent: the model repeatedly applies the same transition rule while
the hidden state changes over time.

The hidden state can be used to produce outputs in different ways. In a sequence prediction task, the
model may produce an output at every time step,

ot = Woht + bo, (2.2)

4
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Figure 2.1: Unrolled recurrent computation for many-to-one sequence classification. The figure shows the last few steps
of a recurrent neural network. At each time step, the same recurrent transition Fθ (Equation 2.1) receives the current input xt and
the previous hidden state, and produces the next hidden state. The repeated label Fθ indicates parameter sharing across time
steps. In a many-to-one classification setting, the final hidden state is passed to an output moduleOθ to produce the prediction ŷ.
Thus, any information from earlier inputs that is needed for the prediction must be preserved through the chain of hidden states.

where ot is the output vector at time step t. In a sequence classification task, the model may instead
read the entire sequence and use only the final hidden state,

ŷ = softmax(WyhT + by), (2.3)

where ŷ is the predicted class distribution. The experiments in this thesis use this many-to-one setting:
the recurrent model processes all tokens, and the classifier receives only the final hidden state. This
design forces the recurrent state to carry any task-relevant information until the end of the sequence.

The recurrence in Equation 2.1 can be understood by unrolling the model through time, as illustrated
in Figure 2.1. After unrolling, an RNN resembles a deep feed-forward network with one layer per time
step, except that all recurrent layers share the same parameters. This view explains both the appeal
and the difficulty of RNNs. The appeal is that the model can process sequences of different lengths
with a fixed set of parameters. The difficulty is that the hidden state is a bottleneck: all information from
earlier time steps that remains useful later must be preserved through repeated state updates.

This bottleneck is central to long-range sequence modeling. If a label depends on an early input,
then the influence of that input must remain present in the hidden state until the loss is computed.
In short sequences, this requirement may be easy to satisfy. In long sequences, however, the same
information must survive many recurrent updates. The next section explains why learning such long-
range dependencies is difficult for vanilla RNNs: the learning signal itself must be propagated backward
through the same long recurrent chain.

2.2. Backpropagation Through Time and Gradient Problem
Training an RNN requires computing how the loss depends on parameters that are reused at every time
step. Once anRNN is unrolled through time, this training procedure is ordinary backpropagation applied
to the unrolled computation graph. This procedure is called backpropagation through time (BPTT) [10,
26, 28]. The special feature of BPTT is parameter sharing: the same recurrent parameters appear at
every time step, so the gradient with respect to these parameters is the sum of their contributions at all
time steps.

This thesis mainly considers many-to-one sequence classification, where the loss is computed from
the final hidden state hT . Let L denote the loss for one sequence. For the vanilla RNN update in
Equation 2.1, the recurrent parameters affect L through all intermediate hidden states. A parameter
change at an early time step can influence the loss only if its effect on the hidden state survives until
the final time step. The gradient therefore has to assign credit backward through the recurrent chain.

To see the source of the difficulty, define the recurrent Jacobian

Jt =
∂ht

∂ht−1
. (2.4)
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Figure 2.2: Backpropagation through the unrolled recurrent chain. The figure shows the same many-to-one recurrent
computation as in Figure 2.1, but from the perspective of the backward pass. The loss L produces a learning signal at the output,
which is propagated backward from the final hidden state to earlier hidden states. Each blue node Ji denotes the local recurrent
Jacobian Ji = ∂hi/∂hi−1 of the corresponding recurrent transition. In the backward pass, the learning signal is multiplied by the
transposed Jacobians J⊤

i along the red arrows. Thus, the gradient reaching an early state is the result of repeatedly multiplying
local Jacobian factors, which explains why gradients can vanish or explode over long temporal distances.

For the vanilla RNN, with pre-activation at = Wxxt +Whht−1 + bh, this Jacobian is

Jt = diag(ϕ′(at))Wh. (2.5)

The gradient of the loss with respect to an earlier hidden state hk is obtained by repeatedly applying
the chain rule:

∂L

∂hk
=

(
T∏

i=k+1

J⊤
i

)
∂L

∂hT
. (2.6)

Equation 2.6 is visualized in Figure 2.2. The figure shows that the learning signal at time k is not directly
connected to the loss. Instead, it is transported backward through a product of Jacobian matrices, one
for each recurrent step between k and T .

This product can shrink or grow rapidly as the temporal distance T − k increases. The vanishing case
can be seen from a simple norm bound:∥∥∥∥ ∂L

∂hk

∥∥∥∥ ≤
∥∥∥∥ ∂L

∂hT

∥∥∥∥ T∏
i=k+1

∥Ji∥. (2.7)

When the factors in this product are consistently smaller than one, the gradient to early hidden states
decays approximately exponentially with distance T − k. This is the vanishing gradient problem. In
that case when the gradient vanishes, early inputs may be relevant for the target, but the loss provides
only a small learning signal for how those early inputs should change the hidden state. The model is
then biased toward learning short-range dependencies, because recent states receive much stronger
gradient signals than distant states [3, 13, 18].

The same Jacobian product can also cause gradients to grow rather than decay. If the recurrent Jaco-
bian product expands strongly in some direction, the gradient norm can grow very large as it is propa-
gated backward through time. This is the exploding gradient problem. Exploding gradients can make
optimization unstable because a single update may move the parameters too far. In practice, gradient
clipping is often used to limit the norm of such updates [18]. Clipping can reduce instability caused by
large gradients, but it does not solve the vanishing gradient problem, where the signal needed to learn
a long-range dependency has already become too small.

The gradient problem is therefore a credit-assignment problem for sequence learning. Suppose the
correct label depends on a token near the beginning of the sequence. The forward computation must
preserve information about that token until the final hidden state. During training, the backward com-
putation must also send a useful learning signal from the final loss back to the early time step. Vanilla
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Figure 2.3: Gated direct paths in recurrent networks. The figure extends the previous unrolled views of recurrent computa-
tion. Black arrows denote the forward gate-controlled copy path between consecutive recurrent states. Red arrows denote the
standard backward learning signal passing through the output layer and the local recurrent Jacobians Ji. Green arrows denote
backward gradient routes along the gate-controlled copy path. When the gate values gi favor copying, part of the recurrent state
can be preserved more directly across multiple time steps. This makes it easier to retain information in the forward pass and
provides a more direct route for gradient propagation in the backward pass. The figure uses ht as a generic recurrent state; in
an LSTM, the analogous copy path is carried by the cell state ct.

RNNs struggle with long-range dependencies because both requirements involve a long chain of mul-
tiplicative transformations.

This observation motivates gated recurrent networks. If a model can create a path through time that
is close to an identity mapping, information can be preserved more easily in the forward pass and
gradients can propagate more easily in the backward pass. The next section introduces GRUs and
LSTMs as architectures that implement such gated paths. The key question for this thesis remains
whether the gates that create these paths can themselves be learned reliably.

2.3. Gated Recurrent Networks
The previous section showed that vanilla RNNs have difficulty learning long-range dependencies be-
cause both forward information and backward learning signals must pass through repeated recurrent
transformations. Gated recurrent networks address this issue by changing how the hidden state is
updated. Instead of replacing the old state with a newly computed state, a gated model can choose to
preserve part of the old state and update only part of it. This creates a direct path through time.

A useful abstract form of a gated recurrent update is

st = gt ⊙ st−1 + (1− gt)⊙ s̃t, (2.8)

where st is a state vector, s̃t is a candidate update, gt ∈ (0, 1)ds is a gate vector, and ⊙ denotes
element-wise multiplication. When an entry of gt is close to one, the corresponding state dimension is
copied from st−1 to st. When it is close to zero, the old value is replaced by the candidate value. Thus,
Equation 2.8 can behave either like memory or like update, depending on the gate value.

This form is important for gradient propagation. If the state is copied through an additive path, then the
backward signal does not need to pass only through a full nonlinear recurrent transformation at every
step. In the idealized case where gt is fixed and close to one, the derivative of st with respect to st−1

contains a near-identity component. This provides a path along which information and gradients can
be preserved more easily than in a vanilla RNN.

Figure 2.3 illustrates the role of the additive copy path in a gated recurrent update. Compared with
the vanilla recurrent chain, the gate introduces an additional route between consecutive states. This
route can carry information forward when the gate favors copying, and it can carry gradients backward
through a more direct path. GRUs and LSTMs implement this general idea in slightly different ways.

Gated recurrent units. A gated recurrent unit (GRU) implements this idea with two gates: an update
gate and a reset gate [4, 5]. In this thesis, we use the convention that a larger update gate means more
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copying of the previous hidden state. Given the current input xt and the previous hidden state ht−1,
the GRU computes

zt = σ(Wxzxt +Whzht−1 + bz), (2.9)
rt = σ(Wxrxt +Whrht−1 + br), (2.10)
h̃t = tanh(Wxhxt +Whh(rt ⊙ ht−1) + bh), (2.11)
ht = zt ⊙ ht−1 + (1− zt)⊙ h̃t. (2.12)

The reset gate rt controls howmuch of the previous hidden state is used when computing the candidate
state h̃t. If rt is close to zero, the candidate is computed mostly from the current input, allowing the
unit to ignore previous state information. The update gate zt then controls how much of the previous
hidden state is preserved in the final state ht. If zt is close to one, the hidden state is mostly copied
forward. If zt is close to zero, the hidden state is mostly replaced by the candidate state.

Equation 2.12 is the main reason why GRUs can help with long-range dependencies. The term zt⊙ht−1

creates a direct additive path from ht−1 to ht. If this path remains open over many time steps, relevant
information can be carried forward without being repeatedly overwritten by noisy or irrelevant inputs. In
the backward pass, the same path allows gradients to move through time without being forced through
a full nonlinear transformation at every step. This makes the GRU update gate directly relevant to the
write-or-copy behavior studied in this thesis.

Long short-term memory networks. Long short-term memory (LSTM) networks introduce a sepa-
rate cell state ct in addition to the hidden state ht [14]. Modern LSTM variants are commonly described
with an input gate, a forget gate, and an output gate. In the formulation used here, without peephole
connections, the gates and candidate cell update are

it = σ(Wxixt +Whiht−1 + bi), (2.13)
ft = σ(Wxfxt +Whfht−1 + bf ), (2.14)
ot = σ(Wxoxt +Whoht−1 + bo), (2.15)
c̃t = tanh(Wxcxt +Whcht−1 + bc). (2.16)

The cell state and hidden state are then updated by

ct = ft ⊙ ct−1 + it ⊙ c̃t, (2.17)
ht = ot ⊙ tanh(ct). (2.18)

The forget gate ft controls how much of the previous cell state is retained. The input gate it controls
how much new candidate content is written into the cell. The output gate ot controls how much of the
cell state is exposed as the hidden state. Compared with a vanilla RNN, the LSTM separates memory
storage in ct from the exposed hidden representation ht.

The key operation is the additive cell update in Equation 2.17. If ft is close to one and it is close to
zero, then ct is approximately equal to ct−1, so the cell state is copied forward. If ft is close to zero, the
old memory is erased. If it is large, new information is written into the cell. In this way, the LSTM can
learn when to keep old information, when to forget it, and when to write new information. The direct
path through the cell state is often described as the mechanism that helps LSTMs preserve long-range
information and mitigate vanishing gradients.

The cell-state path also clarifies the role of the forget gate. Along the direct path from ct−1 to ct, the
derivative contains the factor ft when other dependencies are held fixed. If ft remains close to one,
gradients can propagate along the cell state with little attenuation. If ft is consistently much smaller than
one, this path can still decay over time. This is why practical LSTM implementations often initialize the
forget-gate bias positively, encouraging the model to retain information at the beginning of training [16].

What gates do and what they do not explain. GRUs and LSTMs therefore mitigate the gradient
problem by changing the geometry of the recurrent update. Vanilla RNNs repeatedly transform the
entire hidden state through a nonlinear map. Gated recurrent networks instead include additive copy
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Figure 2.4: Implementation sanity check on MNIST-1D. The figure shows validation accuracy over training epochs for the
vanilla RNN, GRU, and LSTM implementations used in this thesis. MNIST-1D is used as the external sanity check dataset. The
GRU and LSTM reach roughly the accuracy range reported for GRU models on MNIST-1D in the original benchmark, while
the vanilla RNN remains much lower. This supports the interpretation that the later failures of recurrent baselines in controlled
long-range tasks are not caused simply by broken implementations.

paths. These paths make it possible to preserve selected parts of the state and to propagate gradients
through time more easily. This explains why suitable gate values can help long-range learning.

However, this explanation is incomplete for the purpose of this thesis. The gate values are not given
in advance. In both GRUs and LSTMs, gates are computed from the current input and the previous
hidden state, using learned parameters. Therefore, the model must learn not only what information
to store, but also when to open or close the gates. If the only useful learning signal comes from a
distant final loss, then learning the gate policy may itself require long-range credit assignment. This is
the homunculus-like issue studied in this thesis: gated recurrent networks provide useful direct paths
through time, but the model still has to learn when those paths should be used.

2.4. Controlled Sequential Data
Before using controlled tasks to study a mechanism, it is important to check that the compared recur-
rent models are trainable and implemented correctly. If a baseline fails on the main experiments, the
failure should reflect the hypothesized limitation of the architecture rather than a coding error, a broken
implementation, or an obviously unsuitable training setup. We therefore use an external sequence
benchmark as an implementation sanity check before moving to the controlled experiments.

The sanity check uses MNIST-1D, a procedural one-dimensional version of MNIST designed for low-
compute experiments on architectural inductive biases [11]. Each example is a short one-dimensional
signal, and the task is to classify it into one of ten digit classes. MNIST-1D is not the main task of this
thesis, but it is useful here because it is independent from the synthetic tasks used in Part 3. The original
MNIST-1D paper reports that a GRU reaches about 91% test accuracy on this benchmark [11]. As
shown in Figure 2.4, the recurrent implementations used in this thesis show the expected behavior: the
GRU and LSTM learn the task and reach approximately the same accuracy range, while the vanilla RNN
remains substantially lower. This result does not prove that the implementations are correct in every
detail, but it gives evidence that the recurrent baselines are capable of learning a nontrivial sequence
classification task and that the gated models behave consistently with an external benchmark.

MNIST-1D is useful for validation, but it is not sufficient for answering the research question of this
thesis. If a gated model performs better than a vanilla RNN on MNIST-1D, the result does not reveal
why. The task contains several possible sources of difficulty at the same time, including local shape
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recognition, positional variation, noise, class-specific patterns, and optimization effects. A performance
difference on such a benchmark can show that one architecture works better, but it does not isolate
whether the benefit comes from learning to preserve information, learning to ignore irrelevant inputs,
receiving stronger gradients, or exploiting some other structure in the data.

The main experiments therefore use controlled sequential data. The purpose of controlled data is to
isolate the mechanism under study. In the controlled tasks used in Part 3, only a small number of tokens
are informative, while the remaining tokens are deliberately non-informative. The sequence length
controls how far information must be carried through the recurrent state. Easier training examples can
shorten this dependency while preserving the same underlying rule. This makes it possible to ask
whether gated models first learn a simpler selective update behavior and then reuse that behavior on
harder long-range examples.

This controlled setting is essential for the homunculus-like question studied in this thesis. The MNIST-
1D sanity check validates that the recurrent implementations can learn a standard external sequence
task. The controlled tasks then investigate a more specific mechanism: when gates help, do they
help because the model has learned a reusable rule for retaining informative inputs and ignoring non-
informative ones? The next part of the thesis introduces these tasks formally and uses them to test the
learning behavior of vanilla RNNs, GRUs, and LSTMs.
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THE RNN HOMUNCULUS:
ON LEARNING RNN GATES WITH RNNS

ABSTRACT

Gated recurrent neural networks are commonly explained by their ability to create
additive copy paths through time, which can preserve information and gradients
over long sequences. This explanation is correct, but incomplete: useful gate
values must themselves be learned, and this gate-learning process is also performed
through recurrent computation. We study this missing learning step with controlled
sequence classification tasks. We show that gated architectures do not solve
long-range dependencies by architecture alone: when all training samples require
long-range memory from the start, gated and non-gated recurrent models both
fail. However, when training also contains short-dependency samples in which
the same label relation can be learned over shorter temporal gaps, gated models
can first learn a selective update behavior and then apply it to long-range samples.
Diagnostic probes show that during successful training, larger gradients reach early
recurrent states, and state updates depend more clearly on the input. A multi-class
extension further shows that the learned behavior transfers partially beyond the
subset of informative inputs that receives short-dependency samples. Overall, our
results suggest that gates help not because they automatically solve long-range
dependencies, but because they provide a mechanism that can be learned once
the data makes the gate-learning problem simple enough. This reframes gated
recurrence from an automatic solution to a learnable scaffold, and suggests that
training data should be designed to expose gate-learning signals before relying on
gates for long-range memory.

1 INTRODUCTION

Long-range sequence modeling is of great significance in a wide variety of applications such as
Large Language Models (LLMs), Chatbots, and Agentic AI (Brown et al., 2020; Wang et al., 2024).
However, modern sequence models face a tension between long-range reasoning and inference
cost. Self-Attention has become the dominant mechanism for modeling long sequences, but its
inference cost grows quadratically with sequence length (Vaswani et al., 2017). Recurrent Neural
Networks (RNNs) may offer a complementary trade-off: they update fixed-size states recurrently,
leading to linear-time sequence processing during inference (Elman, 1990; Williams & Zipser, 1989).
The obstacle is that vanilla RNNs struggle to learn long-range dependencies. Backpropagation
through time multiplies many Jacobians, which can cause the gradients to vanish as the sequence
length grows (Bengio et al., 1994; Hochreiter, 1998; Pascanu et al., 2013). Understanding when
and how recurrent models can overcome the gradient problem and long-range credit assignment
remains relevant because state-space architectures continue to be attractive for efficient long-range
modeling (Gu et al., 2022; Gu & Dao, 2023).

Gated recurrent networks, such as Long Short-Term Memory (LSTMs) and Gated Recurrent Unit
(GRUs), are the seminal answer to the gradient problem in RNNs (Cho et al., 2014; Chung et al.,
2014; Hochreiter & Schmidhuber, 1997). Their hidden state updates contain additive paths controlled
by gates, which can create near-identity routes for information and gradients. For example, an
LSTM cell can preserve information when the forget gate remains close to one, and a GRU can
preserve information when its update gate keeps the previous hidden state (Noh, 2021). This
mathematical explanation is correct, but incomplete. There is a homunculus in it. A homunculus
explanation explains a difficult behavior by placing a smaller agent or mechanism inside the system
that performs the same behavior. Such an explanation becomes problematic when the internal
mechanism requires the same kind of explanation again, producing a regress rather than resolving
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Figure 1: The homunculus problem in gated RNNs. The left side shows a gated RNN: the standard
recurrent computation, shown in red, updates the hidden state hk with the previous hidden state and
the current input xk. This path forms the long chain through which gradients can vanish. Gate values
zk create direct paths, shown in green, directly from hk−1 to hk. The zoom-in on the right shows
the missing step in this explanation: the gate values zk are themselves computed from inputs xk and
previous states by a recurrent process, a "gate RNN" with identical structure to the main gated RNN.

the original difficulty (Kenny, 1971; Ryle, 2000; Dennett, 1991). The standard explanation of gated
RNNs assumes useful gate values, but the gates are themselves learned functions of the current input
and previous hidden state. Therefore, the gate values that protect long-range gradients must also be
learned through the same recurrent computation that suffers from long-range gradient decay. Figure 1
illustrates this regress of recurrent structures.

This paper studies the missing learning problem of gates. The central question is not whether certain
gate configurations can create good gradient paths, but how gated RNNs learn these configurations in
the first place. We hypothesize that gates do not inherently solve the gradient problem and long-range
dependencies. Instead, gated RNNs succeed when the data contains a short-range sub-task that can
be learned before the full long-range task is solved. In the settings studied in this paper, this simpler
sub-task is to identify which inputs should be remembered and which inputs should be ignored. Once
the gates have learned this selective-update rule, the main recurrent state can use the induced memory
path to solve harder long-range tasks.

We test the hypotheses with controlled sequence classification tasks. We synthesized data where
in each sample, two informative tokens are placed in a sequence of non-informative tokens. The
binary label depends on the relation between the two informative tokens. When the informative
tokens appear only at long range, vanilla RNNs, GRUs, and LSTMs all fail as the sequence length
increases. When a small fraction of easy, short-dependency samples, where the informative tokens
are placed near the end of the sequence, is added to the training set, gated RNNs learn to solve the
original long-range task, while vanilla RNNs still fail. We further extend the task to a multi-class
setting, where short-dependency samples are provided for only one group of informative tokens. The
improvement transfers partly to another token group, suggesting that the benefit is not merely caused
by memorizing the informative tokens, but by learning a reusable gating policy within the observed
token distribution.

Our contributions can be summarized as follows:

• We identify a missing step in the standard explanation of gated RNNs: gates can create good
gradient paths only after useful gate values have been learned, but gate learning itself is also
subject to recurrent gradient decay.

• We introduce controlled experiments that demonstrate when gated RNNs fail and when
they succeed. The experiments show that a small fraction of short-dependency samples can
enable gates to learn a selective-update rule that transfers to harder long-range samples.
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• We provide diagnostic evidence for the learned mechanism and test whether it transfers
beyond the examples that make it easy to learn.

2 RELATED WORK

2.1 THE VANISHING GRADIENT PROBLEM

Vanilla RNNs can represent temporal information through recurrent hidden states, but learning
long-range dependencies with gradient descent is difficult. The classical analysis shows that the
problem is not only representational, but also about optimization: information from an early input
must influence a later loss through many recurrent transitions (Bengio et al., 1994; Hochreiter, 1998;
Pascanu et al., 2013).

For a recurrent state update, let ht ∈ Rdh denote the hidden state at time step t, let xt denote the
input at time step t, and let θ denote the recurrent parameters. The hidden state is computed by a
differentiable transition function F as ht = F (ht−1, xt; θ). For two time steps k < t, the sensitivity
of the later hidden state ht to the earlier hidden state hk is obtained by applying the chain rule through
all intermediate recurrent transitions:

∂ht

∂hk
=

t∏
i=k+1

∂hi

∂hi−1
. (1)

Here, each factor ∂hi/∂hi−1 ∈ Rdh×dh is the recurrent Jacobian at time step i, and the product is
ordered from i = k + 1 to i = t along the unrolled computation graph. This product is the central
quantity in the vanishing and exploding gradient problem. If the recurrent Jacobians contract the error
signal on average, then the norm of the product in Equation 1 decays exponentially with the temporal
distance t − k; if they expand it, the same product can grow exponentially (Pascanu et al., 2013).
As a result, long-range temporal contributions to the gradient can become negligible compared with
short-range contributions, making gradient descent biased toward short-term dependencies (Bengio
et al., 1994; Hochreiter, 1998).

This classical analysis explains why vanilla RNNs often fail on tasks where the target depends on
inputs far in the past. It also motivates gated architectures: if a model can create an additive path
whose Jacobian is close to the identity, then information and gradients can in principle travel over
longer temporal gaps.

2.2 GATED RECURRENT NETWORKS

A major architectural response to the gradient problem is to replace the fully overwritten hidden
state of vanilla RNNs with gated state updates. The Long Short-Term Memory network (LSTM) was
introduced to maintain constant error flow through memory cells, with multiplicative gates controlling
access to that flow (Hochreiter & Schmidhuber, 1997). The Gated Recurrent Unit (GRU) later
simplified this idea by using reset and update gates to control how much each unit remembers and
forgets (Cho et al., 2014). Empirical comparisons show that gated units usually outperform traditional
recurrent units on sequence modeling tasks, although neither architecture uniformly dominates the
other (Chung et al., 2014; Jozefowicz et al., 2015).

We can describe the common gating mechanism without committing to a specific LSTM or GRU. Let
ht ∈ Rdh denote the recurrent state at time step t, let xt denote the input, and let h̃t ∈ Rdh denote
a candidate state computed from xt and the previous state ht−1. A generic gated recurrent update
interpolates between keeping the old state and writing a new state:

ht = gt ⊙ ht−1 + (1− gt)⊙ h̃t, (2)

where gt ∈ [0, 1]dh is a learned gate vector and ⊙ denotes element-wise multiplication. When an
element of gt is close to one, the corresponding dimension of the previous state is copied forward;
when it is close to zero, that dimension is overwritten by the candidate state. Thus, the gates make
data-dependent decisions about what to keep and what to update.
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This additive update changes the gradient path through time. Equation 2 contains a direct state-
copying term with local derivative

∂ht

∂ht−1
⊃ diag(gt), (3)

where diag(gt) is the diagonal matrix whose diagonal entries are the elements of gt. ⊃ indicates
that diag(gt) is the direct copy-path contribution to the full recurrent Jacobian, not necessarily the
full Jacobian itself. If these diagonal entries of gt remain close to one over many time steps, this
direct path can transmit information and gradients without repeatedly passing them through full
recurrent matrices and bounded nonlinearities. This is the reason gated recurrent networks are viewed
as mitigating the vanishing gradient problem.

2.3 WHAT GATED RECURRENT NETWORKS LEARN

A complementary line of work studies what gated recurrent networks learn after training, especially
whether their recurrent states encode structured long-range dependencies. In subject–verb agreement,
LSTMs perform well under targeted supervision, but become less reliable when linear cues conflict
with syntactic structure (Linzen et al., 2016). LSTM language models can also predict long-distance
agreement across multiple languages and even in nonce sentences, suggesting that they learn more
than lexical or semantic shortcuts (Gulordava et al., 2018). Similar probing methods show that
LSTMs can track filler–gap dependencies across positions and constructions (Kobzeva et al., 2020).
These results suggest that gated RNNs can learn useful long-range structure, but they do not explain
when such structure is learnable.

Mechanistic studies provide evidence that trained recurrent networks can implement simple internal
tracking mechanisms. Character-level LSTMs contain interpretable cells that track long-range
properties such as quotes, brackets, and line length (Karpathy et al., 2016). In number agreement,
a small number of LSTM units can carry long-range number information, while other units track
syntactic structure and regulate when this information is stored or released (Lakretz et al., 2019).

The standard mathematical analyses focus on gradient paths created after gates take useful values,
but not on the long-chain gradient problem faced by the gate functions themselves. The empirical
studies show what useful gated mechanisms can look like after training, but not how they are learned.
Our work studies the missing steps: we analyze why gate learning can also suffer from long-range
gradient problem, and use controlled experiments to test when and how gates can first acquire the
write-or-copy behavior: writing task-relevant inputs into the recurrent state while copying the previous
state across non-informative inputs, observed in trained recurrent networks.

3 FROM GATE GRADIENTS TO CONTROLLED QUESTIONS

3.1 THE GATE LEARNING PROBLEM

Here we derive mathematically the gradient problem faced by gates themselves.

Consider a GRU-style gated update (Cho et al., 2014),

ht = zt ⊙ ht−1 + (1− zt)⊙ h̃t, (4)

where ht ∈ Rdh is the hidden state at time step t, h̃t ∈ Rdh is a candidate state, zt ∈ [0, 1]dh is the
update gate, and ⊙ denotes element-wise multiplication. With this convention, a gate value close to
one copies the previous state, while a value close to zero writes the candidate state.

Let L be a loss that depends on the final hidden state hT , and let δt = ∂L/∂ht denote the gradient
arriving at hidden state ht. Differentiating Equation 4 with respect to the gate activation gives

∂L

∂zt
= δt ⊙ (ht−1 − h̃t). (5)

This gradient tells the model whether increasing the copy path or the write path would reduce the loss
at time step t. However, the strength of this signal depends directly on δt.

For a final-step loss, δt is obtained by backpropagating through all future recurrent transitions:

δt = J⊤
t+1J

⊤
t+2 · · · J⊤

T δT , Ji =
∂hi

∂hi−1
. (6)
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Thus, the learning signal for an early gate also contains a long product of recurrent Jacobians. If this
product contracts, then δt becomes small, and Equation 5 shows that the gradient received by the gate
activation also becomes small.

Finally, the gate activation is produced by a learned function,

zt = σ(azt ), azt = Wzxt + Uzht−1 + bz, (7)

where xt is the input, Wz , Uz , and bz are gate parameters, and σ is the logistic sigmoid. The parameter
gradients are therefore proportional to

∂L

∂azt
=

∂L

∂zt
⊙ zt(1− zt). (8)

Combining Equations 5–8, the gate parameters receive a useful update only when the loss signal
reaches ht and when the sigmoid is not saturated.

The same issue appears in LSTMs. For the cell update (Hochreiter & Schmidhuber, 1997)

ct = ft ⊙ ct−1 + it ⊙ c̃t,

the forget gate receives
∂L

∂ft
=

∂L

∂ct
⊙ ct−1.

Thus, although a forget gate close to one can preserve cell-state gradients, the signal that teaches the
forget gate to stay close to one still depends on the gradient arriving at ct.

3.2 DO GATED RNNS ALSO FAIL AT LONG-RANGE?

The derivation above shows that, before a useful gating policy has been learned, the gradient reaching
an early gate can be attenuated by the long product of future recurrent Jacobians. Our first question
is therefore whether gated RNNs can solve a long-range dependency task when the training data
provides no short-range gate-learning signal.

To test this, we use a controlled temporal XOR task. Each input is an integer sequence x0:T−1 with
vocabulary size V . Two tokens in the sequence are informative, drawn from {0, 1}, and all other
tokens are non-informative, drawn from {2, . . . , V − 1}.

In this setting, the informative tokens are always placed at the first and last positions:

x0 = a, xT−1 = b, a, b ∈ {0, 1}. (9)

All intermediate positions x1, . . . , xT−2 are non-informative tokens.

The label is the XOR of the two informative tokens:

y = a⊕ b = I[a ̸= b]. (10)

For each sequence length T , we generate a separate training set and test set where all sequences
have the same length T and the same first–last dependency structure. We train vanilla RNNs, GRUs,
and LSTMs independently on each dataset, and evaluate test accuracy. This setting contains no
short-range samples: to make a correct classification, information from the first token must be carried
to the last hidden state through the recurrent chain.

If gates solve long-range dependencies by architecture alone, GRUs and LSTMs should maintain
accuracy as T increases. If not, then gated RNNs should eventually fail together with vanilla RNNs.
Figure 2 shows examples of sequences in the temporal XOR setting.

3.3 WHEN AND HOW DO GATES LEARN?

The second question is whether gated RNNs succeed once the gate-learning problem is made easier.
Section 3.1 suggests that the gate parameters receive useful updates only when the loss signal reaches
the relevant gate activations. Shorter dependencies could provide such signals earlier in training.

We therefore introduce a mixed temporal XOR setting that keeps the test task unchanged but modifies
the training distribution. The long-dependency samples are identical to the previous setting: the two
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Figure 2: Examples from the temporal XOR task. The highlighted first and last tokens are the only
informative tokens and determine the binary XOR label. All intermediate tokens are non-informative.
This setting forces the model to connect information across the full sequence length.

Figure 3: Examples from the short-dependency temporal XOR training samples. The highlighted
tokens determine the XOR label, but they are placed near the end instead of at the boundaries. These
samples provide short-range cases from which gates can learn which tokens to remember or ignore.

informative tokens occur at positions 0 and T − 1. We also refer to these as hard samples, because
solving them requires carrying information across the full recurrent chain. For a fraction peasy of the
training samples, however, the two informative tokens are placed inside a short suffix window near
the end of the sequence. We refer to these as short-dependency samples. These samples have the
same label rule and the same token vocabulary as the hard samples, but the temporal distance from
the informative tokens to the final loss is shorter. At test time, we evaluate only on hard samples with
informative tokens at the sequence boundaries.

Our prediction is that gated RNNs can use these short-dependency samples to learn a write-or-
copy policy, and that this policy then transfers to the original long-range samples. A vanilla RNN
has no explicit gate-controlled copy path, so the same short-dependency samples should be less
effective at helping preserve information across long temporal gaps. Figure 3 shows examples of the
short-dependency samples used in the mixed training setting.

3.4 DOES THE LEARNED GATING POLICY TRANSFER BEYOND SPECIFIC LABELS?

The mixed temporal XOR experiment tests whether short-dependency samples help gates solve harder
samples of the same binary task. Our third question is whether a gate-learning benefit can transfer
across informative token groups.

We construct a multi-class XOR task with disjoint informative token groups. The first group uses
tokens {0, 1} and the second group uses tokens {2, 3}. Non-informative tokens are sampled from
{4, . . . , V − 1}. The task now has four balanced classes:

(0, 1), (1, 0) 7→ 0, (0, 0), (1, 1) 7→ 1, (11)

(2, 3), (3, 2) 7→ 2, (2, 2), (3, 3) 7→ 3. (12)

To test transfer, short-dependency samples are added only for one informative group, for example the
{2, 3} group. Samples from the {0, 1} group remain hard-only throughout training. If the model only
memorizes the treated labels and corresponding informative tokens, improvement should be restricted
to the group that receives short-dependency samples. If the model learns a more reusable gating
policy, such as ignoring non-informative tokens, then some benefit should transfer to the hard-only
group. Figure 4 shows examples of sequences in the multi-class XOR setting.

4 EXPERIMENTS

4.1 EXPERIMENTAL SETUP

In the controlled experiments, we evaluate three recurrent architectures: vanilla RNNs, GRUs, and
LSTMs. All models receive sequences of discrete tokens. Each token is first mapped to a learnable
embedding, then processed by the recurrent model, and the final hidden state is used for classification.

6

17



Figure 4: Examples from the multi-class XOR setting. The first four rows show hard samples for
all four classes. The last two rows show short-dependency samples added only for the {2, 3} group.

The last state classifier setting forces the model to preserve task relevant information through the
recurrent updates rather than reading it directly from intermediate hidden states.

The binary temporal XOR experiments use vocabulary size V = 10. The informative tokens are {0, 1}
and the non-informative tokens are sampled from {2, . . . , 9}. The multi-class XOR experiments use
vocabulary size V = 12. The informative tokens are {0, 1, 2, 3} and the non-informative tokens are
sampled from {4, . . . , 11}. Thus, both settings contain eight non-informative token types. For each
sequence length T , we generate separate training, validation, and test sets, train each model from
scratch, select a checkpoint using the validation set, and report test accuracy on the corresponding
test set. For the mixed setting, only the training distribution is modified by adding short-dependency
samples, the validation and test distribution always contain hard samples only, where the informative
tokens are placed at the first and last positions.

We repeat each experiment over multiple random seeds and report the mean and standard deviation
of the selected checkpoint test accuracy. For the multi-class XOR experiments, we also report
group-wise accuracies for the {0, 1} and {2, 3} informative-token groups.

Implementation details. We use a token embedding dimension of 8. In hard-only experiments, all
models use hidden size 10. In mixed-training experiments, GRUs and LSTMs still use hidden size 10,
while the vanilla RNN uses hidden size 24. This gives the vanilla RNN a larger recurrent state and
a comparable number of parameters, making the comparison conservative: if the vanilla RNN still
underperforms, the advantage of gated models is unlikely to be explained only by parameter count.
All models are trained with cross-entropy loss and optimizer AdamW, using learning rate 5× 10−3

for binary temporal XOR and 10−2 for multi-class, weight decay 10−4, and betas (0.9, 0.95). The
batch size is 500. Models are trained for up to 500 epochs. During training, we keep the checkpoint
with the best validation accuracy, using validation loss as a tie-breaker, and evaluate this selected
checkpoint on the test set. Training is stopped early only if validation accuracy reaches 100% for 20
consecutive epochs.

The binary temporal XOR setting uses 2,000 training samples, 400 validation samples, and 400 test
samples. The multi-class XOR setting uses 4,000 training samples, 800 validation samples, and
800 test samples. Samples are generated uniquely across the training, validation, and test splits,
so that test accuracy does not depend on exact sequence memorization. Unless stated otherwise,
the proportion of short-dependency samples in mixed training is peasy = 40%. For asymmetric
multi-class transfer experiments, this proportion is applied only within the specified informative-
token group, corresponding to an expected short-dependency sample proportion of 20% over the full
training set. For each model and sequence length, we run all combinations of five model-initialization
seeds [11, 22, 33, 44, 55] and five data-generation seeds [11, 22, 33, 44, 55], resulting in 25 runs.

4.2 EXP 1: GATED RNNS ALSO FAIL

The first experiment tests whether gated RNNs solve long-range dependencies by architecture alone.

Figure 5 shows that gated RNNs do not automatically solve the hard temporal XOR task. For short
sequences, all models can learn the task. As the sequence length increases, the vanilla RNN quickly
collapses to chance-level accuracy. The GRU and LSTM are more robust at intermediate lengths,
especially the LSTM, but they also eventually fail as T grows.

This result supports our derived gate-learning problem. Gated architectures provide a possible copy
path for information and gradients, but this path is only useful once the model has learned when to
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Figure 5: Hard-only training on binary temporal XOR. For every sequence, the two informative
tokens are fixed at the first and last positions, so the model must preserve the first token across the
full sequence before comparing it with the last token. Lines show mean test accuracy, error bars
show standard deviation, and faint markers show individual runs. Vanilla RNNs collapse to chance
accuracy at short sequence lengths, while GRUs and LSTMs remain accurate for longer but also
collapse as the sequence length increases. Thus, gated RNNs delay the long-range failure, but do not
solve the long-range temporal XOR task by architecture alone.

open and close the gates. In the hard-only setting, there are no short-range samples that make this
gate-learning problem easier. The failure of GRUs and LSTMs at long sequence lengths therefore
suggests that gating alone is not sufficient: the useful gating policy itself must be learned.

4.3 EXP 2: SHORT-DEPENDENCY SAMPLES TEACH SELECTIVE MEMORY

The second experiment tests whether gated RNNs succeed when the gate-learning problem is easier.

Figure 6 shows different behaviors from the hard-only setting. With the same test distribution, GRUs
and LSTMs remain accurate over much longer sequences once short-dependency samples are added
to training. In contrast, the vanilla RNN still drops to near chance-level accuracy for long sequences.

This result supports the hypothesis that short-dependency samples help gated RNNs learn when
to write and when to copy. The short-dependency samples contain the same token identities and
label rule as the hard samples, but the relevant tokens are closer to the classification unit which
backpropagates the loss gradients. They therefore provide a stronger learning signal for the gates.
Once the gates learn to preserve informative tokens and suppress non-informative tokens, the learned
policy can be applied to hard samples where the temporal distance is longer.

The contrast between Figures 5 and 6 is the key controlled comparison: the test task and gated
architectures stay the same, but the training distribution changes. In the hard-only setting, gated
RNNs eventually fail together with vanilla RNNs. In the mixed setting, the same gated architectures
succeed on the original hard test task. The intervention is not a new architecture, but a change in the
learnability of the gating policy.

To inspect what changes during successful mixed training, we analyze a pair of GRU runs, a failed
hard-only setting and a successful mixed training setting, at sequence length T = 100. We visualize
the model’s learning process and probe internal behaviors.

Figure 7 shows a two-stage learning process in the successful mixed run. In the hard-only setting,
training accuracy gradually increases, but validation accuracy stays near chance. This gap suggests
that the model is over-fitting, it memorizes parts of the training distribution without learning a rule
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Figure 6: Mixed training on binary temporal XOR. All validation and test sequences are hard
samples, with the two informative tokens fixed at the first and last positions. During training, 40%
of the samples are short-dependency samples, where the informative tokens follow the same XOR
label rule but appear inside a short suffix window near the end of the sequence. Lines show mean test
accuracy, error bars show standard deviation, and faint markers show individual runs. Compared with
Figure 5, GRUs and LSTMs maintain high test accuracy over much longer sequences, while vanilla
RNNs remain close to chance for long sequences. Thus, short-dependency samples help gated RNNs
solve the hard long-range task, suggesting that they make the gating policy easier to learn.

Figure 7: Training dynamics of one representative GRU run. The left panel shows hard-only
training. The right panel shows mixed training. Both panels show training accuracy curves; the
validation curve is always measured on hard samples. In the hard-only setting, training accuracy
improves while validation accuracy remains near chance, which is consistent with overfitting or
memorization rather than learning a reusable long-range rule. In the mixed setting, training accuracy
and hard-validation accuracy rise together, indicating that the rule learned from short-dependency
samples transfers to hard samples.

that generalizes to long range. In the mixed setting, the early increase in training accuracy does not
immediately improve hard-validation accuracy. This first phase is consistent with the model learning
the short-dependency samples, which share the same label rule but do not yet require long-range
memory. Around the transition point, training accuracy rises from the intermediate range to nearly
perfect accuracy, and validation accuracy rises at the same time. This second phase suggests that the
information learned from short-dependency samples has become useful for hard samples as well.
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Figure 8: Maximum gradient received at each timestep during one representative GRU run. A
recurrent timestep refers to a position t in the input sequence and in the unrolled recurrent chain. For
every timestep t, the figure reports the maximum value of ∥∂L/∂ht∥2 observed over training epochs.
The y-axis is logarithmic. In the hard-only setting, the largest gradient signal decays by many orders
of magnitude from the final timestep to the first timestep, so early hidden states receive almost no
useful learning signal. In the mixed setting, large gradients reach all timesteps at some point during
training. Thus, short-dependency samples change the optimization problem: they allow learning
signals to reach early recurrent states.

Figure 8 connects this difference in learning behavior to the availability of gradient signals along
the recurrent chain. For each timestep, we plot the largest hidden-state gradient norm that reaches
that timestep at any point during training. In the hard-only setting, the maximum gradient decreases
exponentially as the timestep moves away from the final loss. The early hidden states therefore
receive almost no learning signal. This explains why the hard-only run can improve training accuracy
without learning a rule that generalizes to the validation samples: the early recurrent states are difficult
to update from the final loss. The mixed setting shows a different gradient profile. Large gradients
reach not only the final timesteps but also the early timesteps. This observation does not yet show
what the GRU has learned internally. It shows a more basic prerequisite: mixed training makes early
recurrent computations reachable by useful learning signals. The short-dependency samples provide
shorter dependency paths during training, and these paths can create gradient signals before the
full first-to-last dependency has been solved. We next inspect whether the GRU uses this improved
learning signal to develop token-dependent gate and state-update behavior.

Figure 9 asks whether the improved gradient availability in mixed training is accompanied by a
change in the gate behavior itself. The hard-only run shows no useful separation between token types:
the update gate values do not develop a clear distinction between informative and non-informative
inputs. This is consistent with the earlier observation that the hard-only run improves training
accuracy without discovering a rule that transfers to validation. The mixed run shows a different
pattern. The update gate moves in opposite directions for different token types: it increases for
non-informative tokens and decreases for the two informative tokens: token 0 and token 1. Under the
GRU update convention used here, this means that the model increasingly copies the previous hidden
state across non-informative tokens, while writing new candidate information when an informative
token appears. The gate probe therefore gives internal evidence for a token-dependent write-or-copy
behavior. The next probe checks whether this gate-level separation is also reflected in the actual
hidden-state updates.

Figure 10 checks whether the gate-level separation in Figure 9 is reflected in the recurrent state
dynamics. The hard-only run does not develop selective state updates: non-informative tokens
continue to perturb the hidden state throughout training. In the mixed run, the hidden state becomes
increasingly stable on non-informative tokens, while token 0 and token 1 trigger much larger updates.
This shows that the learned gate behavior is not only visible in the average update gate, but also
changes how the GRU uses its recurrent state. The successful mixed run therefore implements the
expected write-or-copy behavior at the level of hidden-state dynamics.
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Figure 9: Token-conditioned GRU update gate values during one representative GRU run.
Columns correspond to non-informative tokens, token 0, and token 1. In the binary temporal XOR
task, token 0 and token 1 are the informative tokens that determine the XOR label. The top row
shows the hard-only setting, and the bottom row shows the mixed setting. Each curve shows the mean
update gate zt over training epochs, conditioned on the current token type. In our GRU convention,
the hidden-state update is ht = (1− zt)⊙ h̃t + zt ⊙ ht−1, so a larger zt copies more of the previous
hidden state, while a smaller zt writes more of the candidate state. In the hard-only setting, the gate
values for informative and non-informative tokens are not clearly separated. In the mixed setting, the
update gate becomes larger for non-informative tokens and smaller for informative tokens. Thus, the
successful mixed run learns a token-dependent gate policy that copies across non-informative tokens
and writes when an informative token appears.

Together, these probes illustrate the mechanism suggested by the accuracy results in one successful
GRU run. Short-dependency samples do not merely improve the final test accuracy. In this run, they
change what the GRU learns during training. Early hidden states receive a usable gradient signal
during the learning transition, the update gate becomes more token-dependent, and the hidden state
changes selectively: informative tokens produce large updates, while uninformative tokens are largely
suppressed. This behavior matches the write-or-copy sub-task proposed above. Thus, mixed training
can help by making the gate-learning problem easier first. Once this selective update policy is learned,
the same recurrent model can apply it to hard long-range samples.

4.4 EXP 3: PARTIAL KNOWLEDGE TRANSFER

The third experiment tests whether the learned gating policy transfers beyond the token group that
receives short-dependency samples. The binary XOR experiment shows that short-dependency
samples can help gated RNNs learn a write-or-copy policy. However, it does not distinguish whether
the model learns a reusable policy or simply exploits the same informative token identities that appear
in the short-dependency samples.

In this task, the informative tokens come from two disjoint groups, {0, 1} and {2, 3}. The test
distribution always contains hard samples for both groups. During mixed training, we add short-
dependency samples only for the {2, 3} group. Within this group, 40% of the training samples
are short-dependency samples. Since the two groups are balanced, this corresponds to about 20%
short-dependency samples in the full training set. Performance on the {2, 3} group measures whether
the model learns from the treated group, while performance on the untreated {0, 1} group measures
whether the benefit transfers beyond the specific group that received short-dependency samples.
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Figure 10: Token-conditioned hidden-state changes during one representative GRU run.
Columns correspond to non-informative tokens, token 0, and token 1. The top row shows the hard-
only setting, and the bottom row shows the mixed setting. Each curve shows the effective hidden-state
update ∥ht − ht−1∥2 over training epochs, conditioned on the current token type. This quantity
measures how much the recurrent state changes when a token is processed. In the hard-only setting,
non-informative tokens change the hidden state as much as, or more than, the informative tokens. In
the mixed setting, hidden-state changes become strongly token-selective: non-informative tokens
produce much smaller updates, while token 0 and token 1 produce much larger updates. Thus, the
learned gate pattern in mixed training is reflected in the recurrent state itself: informative tokens are
written into memory, while non-informative tokens are increasingly suppressed.

Figures 11 and 12 show the hard-only baseline. As in the binary XOR experiment, long sequences
are difficult when all samples require long-range memory. The overall accuracy approaches about
50% at long sequence lengths, which is above four-class chance accuracy but consistent with a model
that can use the final informative token to identify the token group without reliably remembering the
first informative token. The group-wise curves confirm this interpretation: within each token group,
accuracy approaches the 50% baseline for guessing between the two group-specific labels. Thus, the
multi-class task preserves the same long-range learning difficulty as binary temporal XOR, while
also providing separate token groups for testing transfer.

Figures 13 and 14 provide a fully treated reference condition. Here, both informative-token groups
receive short-dependency training samples, while validation and test samples remain hard for all
classes. GRUs and LSTMs maintain high overall accuracy over much longer sequence lengths than
in the hard-only baseline, and the group-wise curves show that both groups benefit. This result
establishes an upper bound for the transfer experiment: high accuracy on both groups is achievable
in the multi-class setting when both groups receive direct short-range support during training. The
vanilla RNN does not show the same improvement, indicating that the benefit still depends on gated
recurrence rather than on the changed training distribution alone.

Figures 15 and 16 show the asymmetric transfer setting, where only the {2, 3} group receives short-
dependency samples during training. For GRUs and LSTMs, the treated {2, 3} group remains highly
accurate across long sequence lengths, confirming that the direct benefit of short-dependency samples
is preserved in the multi-class task. More importantly, the untreated {0, 1} group also improves
substantially compared with the hard-only baseline. This shows that the benefit is not restricted to the
specific token identities that appear in the short-dependency samples. At the same time, the untreated
{0, 1} group does not reach the accuracy observed in the fully treated reference condition, where
both groups receive short-dependency samples. The transfer is therefore incomplete.
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Figure 11: Hard-only training on multi-class XOR. All training, validation, and test samples
are hard samples, with the two informative tokens fixed at the first and last positions. The task has
four balanced classes, defined by two disjoint informative-token groups, {0, 1} and {2, 3}. Lines
show mean test accuracy, error bars show standard deviation, and faint markers show individual
runs. As sequence length increases, all models collapse to about 50% accuracy. Thus, without short-
dependency samples, all recurrent architectures fail to reliably combine the first and last informative
tokens in the multi-class setting.

Figure 12: Group-wise hard-only accuracy on multi-class XOR. The {0, 1} and {2, 3} informative-
token groups are evaluated separately for each model. Lines show mean group accuracy, error
bars show standard deviation, and faint markers show individual runs. Both groups collapse to
approximately 50% accuracy at long sequence lengths for all models, which corresponds to guessing
between the two labels within that group. Thus, the hard-only failure is not restricted to one token
group; both disjoint groups preserve the same long-range learning difficulty.

A natural interpretation is that the write-or-copy policy has both shared and group-specific parts.
The non-informative tokens are shared across the two groups, so learning to copy hidden state
across non-informative tokens in the treated {2, 3} group can also help the untreated {0, 1} group.
However, writing useful information into memory still depends on recognizing the informative tokens
themselves. Since token 0 and token 1 never appear in short-dependency samples, the model receives
no direct short-range supervision for learning when to write these untreated informative tokens.

Together, the multi-class XOR results refine the conclusion from the binary task. Short-dependency
samples do not only help the specific token group that receives them. When both groups receive
short-dependency samples, both groups are highly learnable, showing that the task admits a strong
long-range solution. When only one group receives short-dependency samples, the untreated group

13

24



Figure 13: Multi-class XOR with short-dependency samples added to both informative-token
groups. During training, both the {0, 1} and {2, 3} group receive short-dependency samples, corre-
sponding to an expected proportion of 20% for each group. Validation and test samples remain hard
samples for all four classes. Lines show mean test accuracy, error bars show standard deviation, and
faint markers show individual runs. GRUs and LSTMs maintain high overall test accuracy over much
longer sequence lengths, while the vanilla RNN remains near its hard-only baseline. Thus, when both
groups receive short-dependency samples, gated RNNs can solve the multi-class long-range task for
both groups.

Figure 14: Group-wise accuracy when short-dependency samples are added to both informative-
token groups. The {0, 1} and {2, 3} groups are evaluated separately for each model. Validation and
test samples remain hard for both groups. Lines show mean group accuracy, error bars show standard
deviation, and faint markers show individual runs. For GRUs and LSTMs, both groups remain highly
accurate over long sequence lengths. Thus, the high performance in this setting is not restricted to
one token group: when both groups receive short-dependency samples, both groups are learnable.

still improves over the hard-only baseline, showing transfer beyond the treated tokens. However,
this transfer is incomplete, which suggests that mixed training induces a partially reusable recurrent
strategy: copying across shared non-informative tokens can transfer, while writing group-specific
informative tokens remains harder without direct short-dependency examples.
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Figure 15: Multi-class XOR with short-dependency samples added only to the {2, 3} group.
During training, only the {2, 3} informative-token group receives short-dependency samples, corre-
sponding to an expected short-dependency-sample proportion of 20% over the full training set. The
{0, 1} group remains hard-only throughout training, and all validation and test samples remain hard.
Lines show mean test accuracy, error bars show standard deviation, and faint markers show individual
runs. If the short-dependency samples helped only the treated {2, 3} group while the untreated {0, 1}
group stayed at its within-group chance level, the expected overall accuracy would be about 75%.
GRUs and LSTMs remain above this no-transfer reference level over long sequence lengths. Thus,
the overall accuracy already suggests transfer beyond the treated group, which is tested directly with
the group-wise accuracies in Figure 16.

Figure 16: Group-wise accuracy when short-dependency samples are added only to the {2, 3}
group. The purple shows the untreated {0, 1} group, and the pink shows the treated {2, 3} group.
Lines show mean group accuracy, error bars show standard deviation, and faint markers show
individual runs. For GRUs and LSTMs, the treated {2, 3} group remains highly accurate, while
the untreated {0, 1} group also improves substantially over the hard-only baseline. However, the
untreated group does not reach the accuracy obtained when both groups receive short-dependency
samples. Thus, the benefit transfers beyond the treated token group, but the transfer is only partial.

5 LIMITATIONS AND FUTURE WORK

This work studies gate learning through controlled synthetic tasks. The advantage of this setting is
that the source of difficulty can be isolated: long and short-dependency samples use the same token
identities and the same label rule, but differ in the temporal distance between informative tokens
and the final loss. This makes the experiments suitable for testing whether shorter dependency paths
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can help gated RNNs first learn a write-or-copy behavior. The limitation is that temporal XOR is
intentionally simple. The task does not contain the semantic, visual, or linguistic structure present in
real sequence problems. The results therefore demonstrate a mechanism in a controlled setting, rather
than showing that the same mechanism is already sufficient for real-world long-range modeling.

In a broader sense, the limitation concerns the relation between this work and curriculum learn-
ing (Bengio et al., 2009; Cirik et al., 2017; Sadasivan & Dasgupta, 2021). The short-dependency
samples used here resemble a curriculum because they are easier for the model to learn first. However,
the intended control is more specific than general curriculum learning: the short-dependency samples
shorten the gradient path while preserving the same label rule and token vocabulary. In less controlled
tasks, these factors are difficult to separate. For example, in preliminary experiments with image
classification as a pixel sequence, training first on shorter subsampled sequences and then on longer
sequences improved gated models more than vanilla RNNs. However, subsampling also changes the
visual information available to the model. A shorter pixel sequence may have a shorter recurrent
gradient path, but it may also be visually less informative or semantically harder. This makes it
unclear whether the benefit comes from easier optimization, from a conventional curriculum effect,
or from a change in task content.

Future work should therefore separate gradient difficulty from task difficulty more carefully. The
current approach designs tasks where the semantic information is held fixed while only the temporal
placement of relevant evidence changes. A future direction is to construct paired curricula where one
curriculum shortens dependency length but does not simplify the input, while another simplifies the
input without shortening the dependency length. Such factorial designs would make it possible to test
whether gated RNNs benefit specifically from shorter gradient paths, from easier examples in the
usual curriculum-learning sense, or from both.

Finally, the controlled insight should be tested on broader long-range sequence benchmarks only after
this separation is clear. Candidate settings include Long Range Arena (Tay et al., 2021), bAbI-style
reasoning tasks (Weston et al., 2016), denoising or selective-copying tasks (Jing et al., 2019; Gu &
Dao, 2023), and sequence versions of vision datasets (Le et al., 2015; Arjovsky et al., 2016; Wisdom
et al., 2016). For these tasks, the main challenge is not only to improve accuracy, but to define easy
and hard variants that change the gate-learning difficulty without also changing the target task in
uncontrolled ways. The controlled experiments in this paper suggest what to look for: easy variants
should help gated models first learn when to write task-relevant information and when to copy state
across non-informative inputs. A real-world extension would be convincing only if it preserves this
distinction and shows that the same mechanism explains the improvement.

6 CONCLUSION

Gated recurrent networks are usually explained by their ability to create copy paths through time.
This explanation is correct, but it assumes that useful gates have already been learned. This paper
studied the missing learning step: how gated RNNs learn when to write new information and when to
copy previous state before the long-range task has already been solved.

Through controlled temporal XOR experiments, we showed that gated models do not solve long-range
dependencies by architecture alone. When all training samples require a first-to-last dependency,
vanilla RNNs, GRUs, and LSTMs all eventually fail as sequence length increases. When the training
set also contains short-dependency samples with the same label rule but shorter dependency paths,
GRUs and LSTMs solve the original hard test task over much longer sequences, while vanilla RNNs
remain much less effective. This contrast shows that the advantage of gated RNNs depends not only
on having a possible copy path, but also on making the gate-learning problem learnable.

The probe results support this interpretation. In a successful mixed-training GRU run, early recurrent
states receive larger gradient signals than in the hard-only setting. The update gate then becomes token-
dependent: non-informative tokens increasingly copy the previous hidden state, while informative
tokens increasingly write new information. The corresponding hidden-state changes show the same
pattern, indicating that the learned gate behavior affects the recurrent state dynamics.

The multi-class XOR experiments further show that this learned behavior can transfer partially
beyond the token group that receives short-dependency samples. When both informative-token
groups receive short-dependency samples, gated models solve both groups. When only one group
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receives short-dependency samples, the untreated group still improves over the hard-only baseline, but
remains below the fully treated reference condition. This suggests that part of the learned recurrent
strategy is reusable across token groups, especially copying across shared non-informative tokens.

Overall, the results refine the standard story of gated RNNs. Gates can provide long-range memory
paths, but those paths are useful only after the model has learned how to use them. Short-dependency
samples can serve as a learning scaffold for this gate behavior, allowing gated RNNs to acquire a
selective update policy before applying it to harder long-range samples. The main conclusion is
therefore not that gates automatically solve long-range dependencies, but that gates help when the
data first makes the gate-learning problem simple enough to learn.
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A ADDITIONAL EXPERIMENTAL RESULTS

A.1 SENSITIVITY TO THE SHORT-DEPENDENCY WINDOW SIZE

Figure A.1: Sensitivity to the short-dependency suffix-window size. Sequence length is fixed
to T = 100, the short-dependency-sample proportion is fixed to peasy = 40%, and test samples are
always hard. Very small windows and very large windows both reduce performance. Intermediate
windows work best: they are short enough to provide usable gradient signals, but large enough
to include non-informative tokens from which the model can learn when to copy state. The main
experiments use suffix-window size 10, which lies in this high-performing regime.

In the main experiments, short-dependency samples place the informative tokens inside a suffix
window of size 10. To test whether this choice is special, we repeat the mixed binary temporal XOR
experiment at fixed sequence length T = 100 while varying the suffix-window size. Figure A.1
shows an inverse-U pattern. Very small windows provide limited non-informative context, while very
large windows make the short-dependency samples less easy by increasing the dependency length
again. The best performance is obtained for intermediate window sizes, including the window size
used in the main experiments.

A.2 ADDITIONAL PROBE RESULTS

The main text analyzes one successful GRU run to illustrate how mixed training changes training
dynamics, gradient availability, gate behavior, and hidden-state dynamics. Here we include additional
probes for the vanilla RNN and LSTM at the same sequence length.

Vanilla RNN. The vanilla RNN provides a useful comparison because it receives the same mixed
training distribution but has no explicit gate-controlled copy path. Figure A.2 shows that mixed
training does not lead to successful hard-validation generalization. Figure A.3 shows that the hidden-
state gradient profile remains strongly biased toward later timesteps. Finally, Figure A.4 shows
that hidden-state changes do not become selective by token type: non-informative tokens continue
to perturb the recurrent state as much as informative tokens. Together, these probes support the
interpretation that the benefit of short-dependency samples depends on the gated model’s ability to
convert short-range learning signals into a selective recurrent update policy.
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Figure A.2: Training dynamics of one representative vanilla RNN run. The left panel shows
hard-only training. The right panel shows mixed training. Both panels show training accuracy curves;
the validation curve is always measured on hard samples, with informative tokens fixed at the first and
last positions. In both settings, training accuracy increases while hard-validation accuracy remains
near chance. Thus, unlike the successful GRU run in the main text, the vanilla RNN does not turn
mixed training into a reusable long-range rule.

Figure A.3: Maximum gradient received at each timestep during one representative vanilla
RNN run. For every timestep t, the figure reports the maximum value of ∥∂L/∂ht∥2 observed over
training epochs. The y-axis is logarithmic. In both hard-only and mixed training, the largest gradients
are concentrated near later timesteps and become much smaller toward the beginning of the sequence.
Thus, mixed training does not create the same broad early-timestep gradient availability observed for
the successful GRU run.
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Figure A.4: Token-conditioned hidden-state changes during one representative vanilla RNN
run. Columns correspond to non-informative tokens, token 0, and token 1. The top row shows
the hard-only setting, and the bottom row shows the mixed setting. Each curve shows the effective
hidden-state update ∥ht − ht−1∥2 over training epochs, conditioned on the current token type. Unlike
the gated models, the vanilla RNN does not develop a selective update pattern: non-informative
tokens continue to change the hidden state strongly, and their behavior is not clearly suppressed
relative to informative tokens.

LSTM. We also probe a representative LSTM run at T = 100. The LSTM provides a second gated
architecture for comparison with the GRU analysis in the main text. Figures A.5 and A.6 show the
same qualitative pattern as the GRU: mixed training leads to a sharp transition in hard-validation
accuracy, and large gradients reach early timesteps during training. Figures A.7 and A.8 inspect the
internal dynamics. The forget-gate averages are less directly interpretable than the GRU update gate,
because an LSTM update depends jointly on the forget gate, input gate, candidate cell update, and
output gate. However, the hidden-state change probe shows a clearer selective-update pattern: in
the mixed setting, non-informative tokens produce smaller state changes, while informative tokens
produce larger changes. For this reason, the main text uses the GRU as the clearest gate-level
visualization, while the LSTM probes here support the broader conclusion that mixed training also
changes the learning dynamics of another gated recurrent architecture.

A.3 SYMMETRY CHECK FOR THE MULTI-CLASS XOR SETTING

In the main multi-class XOR transfer experiment, short-dependency samples are added only to the
{2, 3} token group. Here we repeat the asymmetric experiment in the opposite direction: short-
dependency samples are added only to the {0, 1} group, while the {2, 3} group remains hard-only
during training. All validation and test samples remain hard samples for both groups.

Figures A.9 and A.10 show a qualitatively symmetric result to the setting in the main text. GRUs and
LSTMs again remain above the 75% no-transfer level in overall accuracy. The group-wise curves
show that the treated {0, 1} group is learned reliably, while the untreated {2, 3} group also improves
compared with the hard-only baseline. However, the untreated group remains less stable than the
treated group and does not match the fully treated reference condition from the main text. This
supports the interpretation that the benefit of short-dependency samples is not specific to the particular
{2, 3} group used in the main experiment. Instead, mixed training induces a partially reusable
recurrent strategy: part of the behavior transfers across token groups, but direct short-dependency
samples are still useful for learning how to write group-specific informative tokens.
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Figure A.5: Training dynamics of one representative LSTM run. The left panel shows hard-only
training. The right panel shows mixed training. Both panels show training accuracy curves; the
validation curve is always measured on hard samples, with informative tokens fixed at the first and
last positions. In the hard-only setting, training accuracy increases slowly while validation accuracy
remains close to chance. In the mixed setting, training accuracy first improves on the mixed training
distribution and then undergoes a sharp transition together with hard-validation accuracy. Thus, as
for the GRU in the main text, short-dependency samples help the LSTM discover a rule that transfers
to hard long-range samples.

Figure A.6: Maximum gradient received at each timestep during one representative LSTM
run. For every timestep t, the figure reports the maximum value of ∥∂L/∂ht∥2 observed over
training epochs. The y-axis is logarithmic. In the hard-only setting, the largest gradient signal decays
strongly toward early timesteps. In the mixed setting, large gradients reach all timesteps at some
point during training. Thus, mixed training changes the optimization conditions for the LSTM in the
same qualitative way as for the GRU.
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Figure A.7: Token-conditioned LSTM forget gate values during one representative LSTM
run. Columns correspond to non-informative tokens, token 0, and token 1. The top row shows
the hard-only setting, and the bottom row shows the mixed setting. Each curve shows the mean
forget gate ft over training epochs, conditioned on the current token type. Larger forget-gate values
preserve more of the previous cell state. In the mixed setting, the forget gate tends to increase for
non-informative tokens, which is consistent with copying state across noise. The informative-token
curves are less cleanly interpretable, because LSTM state updates depend jointly on the forget gate,
input gate, candidate cell update, and output gate. Therefore, this probe should be read as a diagnostic
view of one gate, rather than as a complete explanation of the LSTM mechanism.

Figure A.8: Token-conditioned hidden-state changes during one representative LSTM run.
Columns correspond to non-informative tokens, token 0, and token 1. The top row shows the hard-
only setting, and the bottom row shows the mixed setting. Each curve shows the effective hidden-state
update ∥ht − ht−1∥2 over training epochs, conditioned on the current token type. In the hard-only
setting, non-informative tokens and informative tokens all produce increasing hidden-state changes.
In the mixed setting, hidden-state changes become more token-selective: non-informative tokens
are increasingly suppressed, while token 0 and token 1 produce larger updates. Thus, although the
forget gate alone is not fully explanatory, the LSTM state dynamics are consistent with the same
write-or-copy behavior observed for the GRU.
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Figure A.9: Multi-class XOR with short-dependency samples added only to the {0, 1} group.
This is the symmetric counterpart of the transfer experiment in the main text, where short-dependency
samples are added only to the {2, 3} group. During training, only the {0, 1} informative-token
group receives short-dependency samples, corresponding to an expected short-dependency-sample
proportion of 20% over the full training set. The {2, 3} group remains hard-only throughout training,
and all validation and test samples remain hard. Lines show mean test accuracy, error bars show
standard deviation, and faint markers show individual runs. GRUs and LSTMs remain well above the
75% no-transfer reference accuracy over long sequence lengths, while the vanilla RNN remains close
to its baseline.

Figure A.10: Group-wise accuracy when short-dependency samples are added only to the {0, 1}
group. The purple curve shows the treated {0, 1} group, and the pink curve shows the untreated
{2, 3} group. Lines show mean group accuracy, error bars show standard deviation, and faint markers
show individual runs. For GRUs and LSTMs, the treated group remains highly accurate, while the
untreated group also improves over the hard-only baseline. The untreated group is less stable than the
treated group and remains below the fully treated reference condition from the main text. Thus, the
reverse asymmetric experiment supports the same conclusion: the learned behavior transfers beyond
the treated token group, but the transfer is partial rather than complete.
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