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(Amiri-Simkooei and Asgari 2012; Brack et al. 2021) and 
troposphere studies (Ma et al. 2021; Mirmohammadian et 
al. 2022; Xu et al. 2023). Daily GNSS position time series 
analysis, in particular, is employed in geodynamic and geo-
physical problems to estimate crustal deformation patterns 
(Montillet et al. 2015; He et al. 2017) and in seismology 
to aid in analyzing pre- and post-earthquake deformation 
dynamics (Moghtased-Azar and Grafarend 2009; Gualandi 
et al. 2017).

For accurate modeling of time series, their stochastic 
characteristic can be determined using variance component 
estimation (VCE) methods. Teunissen and Amiri-Simkooei 
(2008) introduced the least squares variance component 
estimation (LS-VCE) to estimate different noise compo-
nents in a stochastic model in general and in GNSS position 
time series in particular. Since then, significant progress on 
the implementation and applications of LS-VCE to GNSS 
coordinate time series have been made (Khazraei et al. 
2017; Moghtased-Azar et al. 2014; Amiri-Simkooei et al. 

Introduction

Proper analysis and subsequent interpretation of GNSS time 
series have proven to be valuable in the field of earth sci-
ences and geophysics. Also, the time series analysis meth-
ods have been widely used by researchers across various 
disciplines including meteorology and ionosphere modeling 
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Abstract
The study of long-term GNSS time series provides valuable insights for researchers in the field of earth sciences. Under-
standing the trends in these time series is particularly important for geodynamic researchers focused on earth crust move-
ments. Functional and stochastic models play a crucial role in estimating trend values within time series data. Various 
methods are available to estimate variance components in GNSS time series. The least squares variance component 
estimation (LS-VCE) method stands out as one of the most effective approaches for this purpose. We introduce an inno-
vative method, which streamlines calculations and simplifies equations, and therefore significantly boosting the process-
ing speed for diagonal(ized) cofactor matrices. The method can be applied to the GNSS time series of linear stochastic 
models consisting of white noise, flicker noise and random walk noise. Moreover, unlike the conventional approaches, our 
method experiences high computational efficiency even with an increase in the number of colored noise components in 
time series data. For GNSS time series, this variable transformation has been applied to both univariate and multivariate 
modes, preserving the optimal properties of LS-VCE. We conducted simulations on daily time series spanning 5, 10, 15, 
and 20 years, employing two general and fast modes with one and two colored noise components plus white noise. The 
computation time for estimating variance components was compared between the two modes, revealing a notable decrease 
in processing time with the fast mode.

Keywords  Least squares variance component estimation (LS-VCE) · Multivariate LS-VCE · Fast LS-VCE · Variable 
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2007). LS-VCE, applied in its univariate and multivariate 
modes, facilitates realistic estimation of noise components 
(Amiri-Simkooei et al. 2019; Farzaneh et al. 2021). How-
ever, a persisting challenge concerning GNSS position time 
series analysis is the high computational burden for long 
time spans. This contribution is a step forward in tackling 
this challenge in GNSS time series analysis.

Various research studies have developed different 
approaches to estimate variance components from observa-
tions (1971), Sjoberg (1983), Koch (1986), Rao and Kleffe 
(1988), and Xu et al. (2007). In multiple studies focused 
on permanent GPS stations, researchers discovered that the 
time series of coordinates exhibit not only white noise but 
also flicker noise (FL). This finding was highlighted in stud-
ies conducted by Zhang et al. (1997), Mao et al. (1999), 
Nikolaidis et al. (2001), Williams et al. (2004), Amiri-Sim-
kooei et al. (2007), and Teferle et al. (2008). Recent research 
suggests the presence of power-law noise, excluding only 
white noise, as highlighted by Amiri-Simkooei et al. (2007), 
Langbein (2008), King and Williams (2009), and Santama-
ria-Gómez et al. (2011).

The LS-VCE method is renowned for its flexibility in 
estimating variance components, offering various con-
straints such as the non-negativity of these components 
(Moghtased-Azar et al. 2014; Amiri-Simkooei 2016). Also, 
statistical tests like the w-test can be employed to validate 
the variance components estimated with LS-VCE (Amiri-
Simkooei 2007). However, the calculation of variance com-
ponents with LS-VCE has a high volume of calculations 
and complexity. For the first time, our innovative approach 
introduces a fast implementation that mitigates the above 
challenges. The method can be used for the stochastic mod-
els with diagonal(ized) cofactor matrices, applied to GNSS 
time series using a variable transformation technique. This 
will significantly enhance the method’s efficiency and effec-
tiveness in univariate and multivariate modes. With the 
proposed variable transformation, there is no hindrance in 
utilizing statistical tests nor non-negative LS-VCE to vali-
date the outcomes. The key distinction lies in the quicker 
and simpler estimation process in both modes.

In the study of GPS coordinates using a stochastic model, 
it has been found that it is not simply a combination of white 
noise with colored noise. Recent research studies by He et 
al. (2019), Dmitrieva et al. (2015), Langbein (2012), Lang-
bein and Svarc (2019) and Tehranchi et al. (2021) have sug-
gested the presence of additional noise such as FL and RW. 
This research presents a variable transformation technique 
to sub-optimal estimation of these variance components. 
When comparing the sub-optimal estimated variance com-
ponents with the unbiased estimated variance components, 
there is a minor difference. However, this difference can 
be acceptable considering the advantages it brings, such as 

reducing computational load, faster estimation of variance 
components, and the small discrepancy between the sub-
optimal and unbiased estimated values.

The above development can also be linked to other tech-
niques applied to the analysis of GNSS position time series. 
The maximum likelihood estimation (MLE) method is also 
a commonly used approach to estimate the variance com-
ponents in GNSS time series. Many researchers, including 
Williams (2003) and Bos et al. (2008, 2013), have employed 
this method in their studies. Bos et al. (2013), by means of 
the Hector software, increased its calculation speed by a fac-
tor of 10 to 100, compared to the general MLE mode. The 
latest version of Hector, called ‘hectorp’, is based on the 
REstricted Maximum Likelihood (REML) principle, which 
was recommended by Gobron et al. (2022). Furthermore, 
Tehranchi et al. (2021) also introduced a method based 
on the REML principle that increased the implementation 
speed of variance components by 2 to 14 times compared to 
the Hector software.

The objectives of this article are as follows: (1) Enhanc-
ing the speed of calculations by reducing the computational 
load of the LS-VCE method in both univariate and multivar-
iate modes. This advancement aims to facilitate the faster 
estimation of variance components for time series data with 
a large number of observations. (2) Streamlining the equa-
tions of the LS-VCE method and simplifying the inversion 
operation through the utilization of a variable transforma-
tion technique. This approach aims to simplify the overall 
methodology and improve its computational efficiency. (3) 
The LS-VCE method is known for its simplicity and flex-
ibility. To maintain these properties, we offer a variable 
transformation approach that ensures certain conditions are 
preserved, including non-negative estimation of variance 
components. (4) In cases where the time series consists of 
multiple noise components, we use also use the above vari-
able transformation solution. It is worth noting that in time 
series with a large amount of data, the difference between 
the sub-optimal estimation of variance components and 
their unbiased estimated values in univariate and multi-
variate modes can be disregarded. By accomplishing these 
objectives, this research intends to contribute to the optimi-
zation of the LS-VCE method, enabling more efficient and 
accurate analysis of time series data.

In the second section of this article, we will delve into the 
theory of how to improve the speed of calculation, and its 
impact on the estimation of univariate variance components 
and multivariate modes. Moving on to the third section, we 
will explore the application of variable transformation to 
the estimation equations of multivariate variance compo-
nents. We will also present a comparison between the com-
putational time and the changes in estimated components 
when the variable transformation is not applied. Finally, in 
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the fourth section, we will conclude our discussion, empha-
sizing the benefits of this approach and exploring potential 
ideas to further enhance the methodology.

Fast implementation of LS-VCE

LS-VCE is a robust technique used to estimate the variance 
components of GNSS time series. It offers numerous advan-
tages in this specific domain (Amiri-Simkooei 2009). We 
employ the following linear model of observation Eq. 

E (y) = Ax, D (y) = Qy =
∑

p
k=1σ kQk � (1)

where the E and D are the expectation and distribution 
operators, y  is a vector of m  observations, x  is a vector of 
n  unknown parameters, A  the design matrix, is assumed 
to be full-column rank, and Qy  is the m× m  covariance 
matrix of the observations y . In time series analysis, it is 
usually assumed that Qy  is not given and it is expressed 
as an unknown linear combination of some given co-factor 
matrices Qk . The variance components are denoted by σ k

, k = 1, 2, . . . , p , which can be estimated using LS-VCE 
as (Amiri-Simkooei 2007):

σ̂ = N−1� � (2)

where N  is a p× p  normal matrix and �  is a p -vector, 
with the following entries

nij =
1

2
tr
(
Q−1

y P⊥
A QiQ

−1
y P⊥

A Qj

)
, i, j = 1, . . . , p � (3)

and

�i =
1

2
êTQ−1

y QiQ
−1
y ê � (4)

with the least squares residuals

ê = P⊥
A y � (5)

and the orthogonal projector

P⊥
A = I − PA = I −A

(
ATQ−1

y A
)−1

ATQ−1
y � (6)

The matrix N  is said to be ‘normal’ if it commutes with 
its conjugate transpose, i.e. if NN∗ = N∗N . The conjugate 
transpose is simply the transpose for real matrices, so N  
should satisfy NNT = NTN , which is simply verified for 
the symmetric matrix N .

To compute the variance components, it is necessary to 
start with initial values and proceed with an iterative pro-
cedure until the convergence is achieved. This approach 
involves multiple matrix inversions and iterative cal-
culations, which can result in significant computational 
requirements in terms of time and computational resources. 
Moreover, when dealing with a large number of data points, 
the dimensions of the matrix Qy  become excessively large, 
which escalates the computational burden.

Fast implementation of univariate LS-VCE

The main factor that significantly affects the calculation 
time of variance components is the inverse computation of 
the covariance matrix Qy . There are various methods avail-
able to accelerate the inversion operation. One approach that 
improves the speed of inversion is the diagonalization of Qy

. Assuming that the cofactor matrices (Qk, k = 1, . . . , p) 
are diagonal, the m -vector qy (consisting of diagonal entries 
of Qy ) will have the following form:

Qy =
∑

p
k=1σ kQk, qy =

∑
p
k=1σ kqk, Qy = diag (qy)� (7)

which is inverted to

q−1
y =

(
1

qy

)
, Q−1

y = diag
(
q−1
y

)
� (8)

The simplification above will greatly facilitate the subse-
quent estimation of Variance Component Estimation (VCE). 
For example, for a diagonal covariance matrix, the estimated 
unknowns along with their covariance matrix can be obtained 
as: x̂ = Qx̂T

T
1 y  and Qx̂ =

(
TT
1 A

)−1, respectively, where 
T1 = A�

(
uTn ⊗ q−1

y

)
, with �  and ⊗  are the Hadamard 

(element-wise) and Kronecker products, respectively, and 
un = [1, . . . , 1]T  the summation vector. To simplify the com-
putation of Eq. (3), we denote q−1

i = qi � q−1
y = diag(QiQ

−1
y )

, q−1
j = qj � q−1

y = diag(QjQ
−1

y
), and 

q−1
ij = q−1

i � q−1
j = diag(QiQ

−1
y QjQ

−1
y ) (see Appendix)

nij = H1 + 2H2 +H3� (9)

where





H1 =
1
2
sum

(
q−1
ij

)

H2 =
−1
2

tr
(
Qx̂T

T
1 T2

)

H3 =
1
2tr

(
Qx̂T

T
1 T4Qx̂T

T
1 T3

) � (10)

where T2 = A�
(
uTn ⊗ q−1

ij

)
, T3 = A�

(
uTn ⊗ q−1

j

)
 and 

T4 = A�
(
uTn ⊗ q−1

i

)
.

The dimensions of matrices H2  and H3  before the 
trace operation are n× n . Assuming that the matrix Qy  

1 3
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where Ê  denotes the residual matrix, and m  and n  respec-
tively indicate the number of observations and unknowns. 
Using initial values and iterative cycles, we can iteratively 
estimate the variance components as ŝ = N−1� , where

nij =
r

2
tr
(
Q−1P⊥

A QiQ
−1P⊥

A Qj

)
� (15)

and

�i =
1

2
tr(Ê

T
Q−1QiQ

−1ÊΣ −1)� (16)

When calculating the normal matrix N in the multivariate 
case, we may use Eq. (15). If we assume a diagonal variance-
covariance matrix Q , the equations can be simplified simi-
larly to the univariate case. The only difference is that you 
will use r2  instead of 12 in the equations. Furthermore, when 
calculating the vector � , if T6 = Q−1

y Ê =
(
uTn ⊗ q−1

y

)
� Ê

, it will follow that

�i =
(m− n)

2
tr
(
Ê � T5(T6 � Ê)

−1
)

� (17)

Similar to the univariate case, in estimating the variance 
components using the least squares method in the multi-
variate case, an iterative cycle is also used. Additionally, to 
calculate it according to Eq. (6), the matrix inversion Q−1

y  
(in fact Q−1 for multivariate analysis) is performed mul-
tiple times. However, using the proposed diagonalization 
algorithm, the cofactor matrices (and hence Q ) become 
diagonal. Therefore, multivariate GNSS analysis using 
LS-VCE can benefit from two sorts of simplifications: (i) 
The proposed Kronecker formulation of the covariance 
matrix, called ‘more practical formulation’ by Amiri-Sim-
kooei (2016). In this case the covariance matrix structure 
D (vec (Y )) = Σ ⊗ Q = Σ ⊗

∑ p
k=1skQk  can signifi-

cantly reduce the computational load of the algorithm. (ii) 
The diagonalization algorithm to make the m× m  matrix 
Q  diagonal, can also substantially decrease the computa-
tional time (similar to univariate analysis).

Computational complexity

The speed of algorithm execution is determined by the 
complexity of calculations, which are typically based on 
mathematical equations related to the problem at hand. One 
effective strategy for improving algorithm efficiency is to 
simplify mathematical operations. To compute the computa-
tional complexity, we assume m � n , which is usually the 
case for time series analysis. One important operation in the 
implementation of VCE is the inversion of Qy . This article 

is diagonal, the trace operation also occurs faster. This is 
because instead of performing the trace operation on an 
m× m  matrix, it is performed on an n× n  matrix. If we 
denote ê = y −Ax̂  and rewrite �  after applying the men-
tioned variable transformations, we can write it as follows:

�i =
1

2
sum(ê� T5)� (11)

where q−1
iy  and T5 are q−1

y � qi � q−1
y ,

(
uTn ⊗ q−1

iy

)
� ê , 

respectively.

Fast implementation of multivariate LS-VCE

Many studies have illustrated that GNSS time series exhibit 
temporal and spatial correlation. Taking into account these 
correlations enhances the functional model, which includes 
parameters such as offsets and harmonics, and subsequently 
improves the stochastic model (Gobron et al. 2022, 2024; 
Amiri-Simkooei and Asgari 2012; Amiri-Simkooei et al. 
2019). Amiri-Simkooei (2009) presented the formulation 
of the multivariate variance components using the LS-VCE 
method. This method allows for the consideration of spa-
tiotemporal correlation in time series when estimating the 
variance components using the least squares approach. If we 
express the model of observation equations and the stochas-
tic noise model of the time series in the multivariate case, it 
can be written as follows:

E (vec (Y )) = (Ir ⊗ A) vec (X) , D (vec (Y )) = Qvec(Y ) = Σ ⊗ Q� (12)

where

X = [x1, . . . , xr] ; Y = [y1, . . . , yr]� (13)

the Y  and X  represent the observation and unknown 
matrices, respectively, which are formed by aligning the 
observations and unknowns of r  time series together, vec  
is the vector operator. The matrix A  denotes the design 
matrix, which is considered to be identical for all time 
series, and the covariance matrix of all time series has a 
Kronecker structure as Σ ⊗ Q .The r × r  matrix Σ rep-
resents the spatial correlation among the time series. To 
express the aforementioned Eq.  (12) in a practical form, 
D (vec (Y )) = Σ ⊗

∑ p
k=1skQk  will be employed, and the 

variance components will be estimated for p  noise terms 
(Amiri-Simkooei 2009). The matrix Σ  can be estimated as

Σ̂ =
ÊTQ−1Ê

m− n
, Ê = P⊥

A Y � (14)
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y (t) = a + bt +
∑

2
i=1cicosω it + disinω it � (18)

where ω 1 = 2π and ω 2 = 4π  are the angular frequencies 
of the annual and semi-annual signals, respectively and the 
time t  is expressed in decimal years. To generate simulated 
time series, we utilized the specifications outlined in Table 1 
for the functional model. These simulated time series were 
enhanced by incorporating both white and colored noise, 
the details of which can be found in Table 2. Our approach 
involved generating the simulated time series by combin-
ing the chosen stochastic model with one or more colored 
noise, in addition to the white noise, while adhering to the 
functional model’s specifications. For illustration purposes, 
Fig. 1 presents a sample of daily simulated time series for 
the East and North regions, spanning 20 years of daily data 
points. This particular example was created by employing 
the specifications mentioned in Table  1 for the functional 
model, and incorporating colored noise components such as 
FL and RW, specified in Table 2.

Fast univariate LS-VCE with two noise components

Numerous studies have provided evidence that daily GNSS 
time series display both white noise, characterized by a 
spectral index of zero, and colored noise, known as FL, 
which has a spectral index of 1 (Williams et al. 2004; Amiri-
Simkooei 2007; Davis et al. 2012). Additionally, research-
ers have noted the presence of power-law noise with a 
spectral index of 0.5, alongside white noise (Williams et al. 
2004; He et al. 2019; Tehranchi et al. 2021). Notably, all of 
these studies introduce only one additional noise component 
alongside white noise and emphasize the importance of esti-
mating the variances of these two components. In this sec-
tion, we address this issue by considering a stochastic model 
that incorporates both white noise and FL noise.

Qy = σ 2
wQw + σ 2

fQf � (19)

where Qw = I  and Qf  are the cofactor matrices of white 
noise and FL noise, respectively, and σ 2

w and σ 2
f  represents 

the variance components of those noise components. It is 
known that Qy  is a full matrix, as the cofactor matrix Qf  is 
full. This indicates that the original implementation of VCE 
on this problem is computationally expensive. One way to 

introduces a technique where instead of performing the 
inversion operation on a matrix with dimensions of ×m , 
the inversion of vector domains with the same dimensions is 
used, effectively translating the operation to a division. As a 
result, the complexity of computing the inversion of the Qy  
reduces from O (m3) to O (m ). Another factor that contrib-
utes to the complexity of calculations is the multiplication 
of matrices with large dimensions. In case of the original 
formulation with full covariance matrices, the multiplica-
tions of m× m  and m× n  are needed, which introduce 
the complexity of O = max

(
O
(
m2

)
,O (mn)

)
= O(m2)

. For the diagonal covariance matrices, the complexity is 
O = max

(
O
(
n3
)
,O (mn)

)
= O (mn).

Considering the above complexities, it follows that the 
complexity of original formulation is O (m3), whereas 
that with the diagonal covariance matrices is O (mn). As 
m � n , it follows that O

(
m3

)
� O (mn), indicating 

that the diagonal structure has a significantly lower com-
putational burden compared to the original full covariance 
matrices. This will be validated using the numerical results.

Applications and results

In this article, we describe the implementation of a fast 
method for estimating variance components using least 
squares. As LS-VCE can provide negative variances, we 
used the non-negative variant of LS-VCE to guarantee 
non-negative variance component (Amiri-Simkooei 2016). 
We applied this method to both univariate and multivari-
ate cases, and performed the analysis on 500 simulated time 
series with varying numbers of data points (5, 10, 15 and 
20 years of daily data points). The computations and imple-
mentation were carried out using the MATLAB software. 
We compared the computation speed with and without vari-
able transformation. To simulate the time series, we consid-
ered different stochastic models based on previous studies 
that examined the various noise components present in 
GNSS time series. The functional model used in our simula-
tions consists of an intercept (a), a trend component (b), and 
the coefficients ci  and di  of the periodic signals (Fourier 
components), as expressed in the following equation:

Table 1  Specifications of functional model components
East (mm) North(mm)

Intercept (a) 1.356 1.356

Linear rate (b)(mm/year) 1 1

Fourier component (annual) (c1) 2 2

Fourier component (semi-annual)(c2) 1 1

Fourier component (annual) (d1) 3 3

Fourier component (semi-annual) (d2) 2 2

Table 2  Specifications of stochastic model (noise) used in simulated 
time series

East North

WN amplitude (mm) 5 6

FL amplitude 
(
mm/year1/4

) 15 18

RW amplitude 
(
mm/year1/2

) 8 9.6

1 3
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This with Eq.  (19) gives the following linear model of 
observation equations:

E (y) = Ax, Qy = σ 2
wI + σ 2

fUfΛ fU
T
f � (21)

We now apply an admissible non-singular transformation of 
the observations y  as

yf = UT
f y ⇔ y = Ufyf � (22)

with the covariance matrix Qyf = UT
f QyUf . This admissi-

ble transformation changes the basis of y  using SVD, which 
allows a one-to-one mapping, so it is possible to revert to 
the original observations y  if required. After a few simple 
mathematical operations, Eq. (21) can be represented as the 
following equivalent form:

E (yf ) = Afx, Qyf = σ 2
wI + σ 2

fΛ f � (23)

accelerate the estimation of variance components is to make 
the covariance matrix of observations diagonal. This is 
achieved by diagonalization of Qf . In this regard, using the 
Singular Value Decomposition (SVD) operator, the obser-
vation covariance matrices can be diagonalized, which will 
be further explained as the variable transformation method.

One of the properties of SVD is that it decomposes a 
matrix into three parts. For instance, if we consider the sym-
metric matrix M , its SVD representation is M = UΛ UT , 
where Λ is a diagonal matrix containing the eigenvalues of 
matrix M  arranged in descending order along the diagonal. 
The matrices U  represent the eigenvectors of matrix M . An 
important property of the matrix U  is that it is a orthogonal 
matrix, indicating that UUT = U UT = I , indicating that 
UT = U−1. Therefore the SVD of the matrix Qf is

Qf = UfΛ fU
T
f � (20)

Fig. 1  Simulated daily time series of East (up) and North (down) with 20 year of data points, including colored noise FL and RW (blue line), along 
with the corresponding functional model time series (red line)

 

1 3

   24   Page 6 of 12



GPS Solutions           (2025) 29:24 

higher than in the fast mode. Additionally, in the time series 
with lengths of 5, 10, 15, and 20 years of daily data, the fast 
method is approximately 1200, 6000, 15,000, and 31,000 
times faster than the general mode.

Fast multivariate LS-VCE with two noise components

The multivariate least squares method is recommended for 
estimating variance components due to its simultaneous 
consideration of spatial and temporal correlation in com-
putations. This method can identify the types of variance 
components with greater power and provide more accurate 
estimates of their values (Amiri-Simkooei 2009).

Using the values provided in Tables 1, 2, 500 daily time 
series for GNSS coordinates in East and North compo-
nents were simulated, ranging from 5, 10, 15, to 20 years. 
These simulations incorporated a white noise plus FL noise 
stochastic model. The matrix of observations, for which 
variance components will be calculated, is equivalent to 
Y = [East, North]. The variance components were esti-
mated using the multivariate least squares method in the 
two modes, general and fast. The time taken to compute the 
variance components was also accounted for. In Fig. 3, it is 
evident that the calculation time increases as the number of 
data points rises in both modes. Moreover, as the number of 
time series data points increases, the disparity in quick and 
overall calculation times becomes more pronounced. This 
discrepancy highlights the effectiveness of the diagonaliza-
tion method introduced in this article, which allows for effi-
cient and rapid calculation of variance components in time 

which has a diagonal covariance matrix as both I  and Λ f  
are diagonal. We also note that the estimate x̂  and its covari-
ance matrix Qx̂  are invariant of under non-singular transfor-
mation. This in particular has no effect on the site velocity 
and its uncertainty in the GNSS time series analysis. The 
formulation of the fast implementation of LS-VCE, pre-
sented in Sect. 2, can be applied to estimate the two variance 
components σ 2

w  and σ 2
f .

In the context of observation equations, if we assume that 
there are only two sources of noise in the stochastic model 
(like white plus FL noise), the calculation of variance com-
ponents does not require any bias. Additionally, applying 
the above transformation does not introduce any changes or 
alterations to the estimated values of the variance compo-
nents. Therefore, the variance components remain equal to 
their respective values in the general case, regardless of the 
specific variable transformation applied.

We conducted VCE using the least squares method in 
two scenarios: fast and general. This analysis involved 500 
simulated time series, with the corresponding values listed 
in Tables 1 and 2 for the functional and stochastic models. 
These models solely consisted of white noise and FL noise 
components. The estimation of variance components was 
performed on time series of varying lengths of 5, 10, 15 
and 20 years. The calculations were carried out on a unified 
system with the Intel Core i3-2100 specifications.

Figure 2 demonstrates that as the length of time series 
increases, the computation time increases in both cases. 
However, the rate of increase in the computation time of the 
variance components in the general mode is significantly 

Fig. 3  Computational time to estimate two variance components using 
the general non-negative multivariate LS-VCE method compared to 
the fast mode

 

Fig. 2  Mean computational time to estimate variance components 
using the general non-negative univariate LS-VCE method compared 
to its equivalent fast mode
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where QR  represents cofactor matrix of RW, while 
σ R  represents its variance component. If we apply 
the transformation SVD to Eq.  (22), we will have 
Qy = σ 2

wI + σ 2
fΛ f + σ 2

RU
T
f URΛ RU

T
RUf . Since UR  and 

Uf  are distinct, UT
RUf  is not expected to be exactly Im×m . 

However, our numerical results show that UT
RUf  can be well 

approximated by an identity matrix Im×m . Consequently, 
when the number of noise components is 3, their LS esti-
mates can be approximated. By employing this assumption, 
Eqs. (10) and (11) can be utilized for the univariate mode to 
expedite the estimate of the variance components.

As with the two-noise mode, by applying the above trans-
formation method, we observed an increase in the speed 
of calculations. However, the variance component values 
were bias estimated, leading to discrepancies between the 
estimated and actual values, as depicted in Fig. 4. This dis-
crepancy was generated by the noise type across 500 time 
series. As illustrated in Fig.  4, the difference between the 
bias estimate values obtained through variable transforma-
tion diminishes as the length of the time series increases.

Figure 4 shows the dispersion of the difference between 
the values ​​of the variance components and the real value 
simulated using the univariate non-negative-LSVCE 
method, which decreases with the increase in the number of 
data, and the Root Mean Square (RMS) of the difference has 
also been calculated for each noise component. As the num-
ber of data increases, the RMS values ​​of the bias estimated 
components also decrease.

series data with a high volume of data points. By imple-
menting this suggested fast mode, the issue of high calcula-
tion burden in the general mode is effectively addressed.

Fast univariate LS-VCE with three noise components

Numerous researchers investigating GNSS time series have 
found that the underlying stochastic model should consist of 
a linear combination of white noise and two-colored noise 
components. Some studies have also noted the presence of 
RW noise alongside white noise and FL noise in the time 
series of permanent GNSS stations (Tehranchi et al. 2021). 
Moreover, additional research has highlighted the existence 
of RW in conjunction with FL noise (He et al. 2019). The 
consistent theme across these studies is the consideration of 
a stochastic model comprising three distinct types of noise. 
To further explore this issue and assess the efficacy of this 
sub-optimal estimation, we conducted simulations using 
time series that combined white noise, FL and RW noise. 
These time series were simulated and computed 500 times. 
Our analysis included comparisons of calculation speed and 
the sub-optimal estimation of variance components against 
their unbiased estimated values.

If we define the number of noise components in Eq. (1) 
as three, we will obtain:

Qy = σ 2
wQw + σ 2

fQf + σ 2
RQR � (24)

Fig. 4  Boxplot of the discrepancy between the bias estimated variance components with fast non-negative univariate LS-VCE and the actual values 
for four scenarios, with time series lengths of 5 years (a), 10 years (b), 15 years (c), and 20 years (d)
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Figure  5 also illustrates that as the length of the time 
series increases in general mode, the amount of the calcula-
tion time is higher compared to the fast mode. This trend 
is evident in both univariate and multivariate modes. If we 
want to determine the computational burden to estimate 
variance components of 500 time series, we must sum-up 
the calculation duration in univariate mode 500 times. In the 
multivariate mode, the variance components are estimated 
in one run. As shown in Fig. 5, the calculation time for the 
variance components in the multivariate mode is much 
faster than in the univariate mode.

According to Fig. 6 (similarly in Fig. 4), as the dataset 
size grows, the variance between the estimated and genuine 
values diminishes. Moreover, it is noticeable that the RMS 
values of the variance components between the estimated 
and actual values decrease as the dataset size escalates. 
When comparing the RMS of univariate and multivariate 
modes, it is evident that the multivariate model provides a 
more accurate estimation than the univariate model across 
all data sets.

Discussion

Since its introduction by Teunissen and Amiri-Simkooei in 
2008, the LS-VCE method has undergone numerous appli-
cations and enhancements by various researchers. Some 
shortcomings of the original method include the lack of 
incorporation of temporal and spatial correlations in time 
series analysis and the challenge of accurately estimating 

Fast multivariate LS-VCE with three noise 
components

In Section “Fast univariate LS-VCE with three noise com-
ponents”, we discussed the three-noise component model 
in GNSS time series. Section “Fast multivariate LS-VCE 
with two noise components” introduced multivariate mode 
variable transformation equations, which are utilized in the 
explanations provided in Sect. “ast multivariate LS-VCE 
with three noise components”. In this section, we analyze 
the variance components of simulated time series featuring 
the three- noise model through the above diagonalization 
method. We then assess the variance component differences 
from the estimated values and compare the computational 
efficiency.

Figure 5 illustrates the comparison of calculation speeds 
for variance components in both univariate and multivari-
ate modes. The figure also allows for a comparison between 
the fast and general modes in terms of the duration required 
for calculating variance components. The data presented 
indicates that as the number of noise components increases, 
there is a notable increase in the calculation time. However, 
in the fast mode, the calculation time remains relatively sta-
ble regardless of the number of noise components. This sug-
gests that by employing variable transformation, equations 
can be simplified, and the time needed to calculate variance 
components does not experience a significant increase even 
if the number of noise components increases.

Fig. 5  Comparison of sum of the computational time on calculating 
variance components of 500 time series in the presence of two or three 
noise components using univariate LS-VCE and fast non-negative uni-

variate LS-VCE modes (a), multivariate LS-VCE and fast multivariate 
LS-VCE modes (b)
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Conclusions

Trend estimation in GPS time series plays a crucial role in 
geodynamic and geological studies. It is well-known that 
GPS time series are often affected by colored noise, which 
significantly impact the trend estimation and its uncertainty. 
To address this, VCE methods can be employed. The non-
negative-LSVCE method stands out as a top choice for 
accurately identifying, diagnosing, and estimating the vari-
ance components of these stochastic models. Additionally, 
this method allows for simultaneous estimation of both the 
functional model and the random model.

In this study, we introduced an innovative approach to 
speed up the LS-VCE method for estimating variance com-
ponents. Our proposed diagonalization method streamlines 
calculations, simplifies equations, and decreases the com-
putational load, thereby promoting wider adoption of this 
method for VCE. The utilization of fast LS-VCE enables 
expedited processing of long-term time series data, facilitat-
ing the estimation of variance components in GNSS time 
series. This advancement contributes to a deeper compre-
hension of the noise characteristics within such time series 
and enhances the precision of component estimation over 
time.

variance components. Additionally, the method is criti-
cized for its computational intensity and time-consuming 
nature. Over the years, significant progress has been made 
in addressing the deficiencies related to variance component 
estimation and incorporating temporal and spatial correla-
tions in time series analysis, as detailed in the literature. 
However, the computational burden and time requirements 
of the method remain areas of concern that warrant further 
attention.

With the innovative approach described in this article, 
the issue of time-consuming calculation of variance com-
ponents has been substantially addressed, although not 
entirely resolved. One key assumption in this study is that 
the white noise cofactor matrix is identity across different 
scenarios, leading to the estimation of variance components 
for white noise and FL that align with the general mode. 
If the white noise cofactor matrix is ​​variable, the values ​​of 
the variance components in the two-noise scenario are bias 
estimated (sub-optimal). This bias has been shown not to be 
significant for GNSS time series analysis. Solving this prob-
lem is one of the problems that dear readers can think about 
and solve. Also, another problem that can be solved in the 
future is that in the second scenario (three-noise scenario) 
the variance components are unbiased estimate instead of 
bias estimation.

Fig. 6  Boxplot of the discrepancy between the bias estimated variance components with fast non-negative multivariate LS-VCE and the actual 
values for four scenarios, with time series lengths of 5 years (a), 10 years (b), 15 years (c), and 20 years (d)
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due to the fact that the diagonal Qy  is assumed and to 
simplify Eq.  (24), we use T1, T2, T3and T4 variables and 
Hadamard multiplication, which are obtained as a result of 
Eqs. (9) and (10).

To rewrite and simplify Eq. (4), We used the feature of 
diagonally of the Qy  and Hadamard product and took advan-
tage of the change of the variable T5 =

(
uTn ⊗ q−1

iy

)
� ê  and 

q−1
iy = q−1

y � qi � q−1
y to simplify the Eq. (4):

�i =
1

2
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