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ABSTRACT 

This paper focuses on a novel numerical formulation based on cohesive elements and S-N diagram 

to simulate fatigue-driven delamination in composite laminates. The constitutive model adopts a two-

parameters heuristic equation, which coefficients are evaluated using an idealization of the S-N 

diagram rather than the more commonly used Paris law. The approach is implemented in the finite 

element code ABAQUS and validated with analysis on Double Cantilever Beam specimen. The 

numerical outcomes are compared with experimental data taken from literature showing the capability 

of the model in predicting the crack growth rate. The model is then applied to evaluate the fatigue 

delamination growth in a specimen similar to the Double Cantilever Beam but with reinforcement 

plates which force the delamination front to change its shape during the propagation. The results 

compared with experimental data taken from literature show the effectiveness of the approach in 

predicting the load-displacement curve and the delamination front shape and position at different load 

cycles. 

 

1 INTRODUCTION 

The estimation of the fatigue life of fibre-reinforced composite structures represents a key issue in 

the aerospace research, especially given the increasing trend in adopting composite materials for 

aeronautical primary structures. For this reason, it is essential to have effective numerical tools capable 

to take into account this phenomenon since the earliest stages of the design process.  

Several methods can be adopted to experimentally characterize the fatigue behavior of a material or 

a structure. They can be divided in two main categories: phenomenological approaches based on the S-

N curves and fracture mechanics methodologies based on the Fatigue Crack Growth (FCG) curves. 

The S-N curve is the simplest and most common way to evaluate the fatigue life of a specimen. It 

represents the number of cycles that a material is able to sustain before failure at a given value of the 

applied stress. On the other hand, when dealing with crack propagation problem, approaches based on 

fracture mechanics are preferred because they provide information regarding the crack growth rate as a 

function of a fracture mechanics parameter, such as the stress intensity factor or the energy release 

rate. The crack propagation is usually described with the Paris law [1]: 

( )mda
C G

dN
  

(1) 

where da is the crack extension measured during an increment of the number of cycles dN, G is the 

energy release rate and C and m are material parameters which depend on the stress ratio and mode-

mixity. 

In the last decades, several attempts have been made to incorporate the Paris law within a Finite 

Element (FE) analysis in order to numerically evaluate the fatigue crack propagation. The Virtual 

Crack Closure Technique (VCCT) has been employed by many authors to evaluate the energy release 

rate at the delamination front and then, using the Paris law, calculate the crack growth rate. However, 

this technique requires complex algorithms to track the crack front during the propagation and cannot 

be used for the simulation of damage initiation. Cohesive elements have gained considerable attention 

in the last years, because they are able to overcome some of these issues. Several authors have 

proposed cohesive formulations able to link the damage variable, which describes the stiffness 

degradation of the interface element, with the crack propagation rate defined by the Paris law. Some of 
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the earliest developed models make use of the length of the process zone to calculate the cohesive 

damage rate [2-3]. However, this value depends on different parameters, such as the mode-mixity, 

may change during the propagation of the damage and, in common structural problems, it is not a 

material properties but rather a structural characteristic. Although the estimation of the process zone 

length can be performed for specific load cases, it is not available an analytical expression to evaluate 

it for generic load conditions. Recently, some authors have attempted to solve this issue by proposing 

cohesive formulations which do not require the definition of the process zone length [4-5]. However, 

the Paris law coefficients depend on several factors, such as the mode-mixity, the stress ratio, the R-

curve effects, and it seems that does not exist a single equation which can take into account all these 

aspects. To measure the influence of all these parameters an extremely large number of experimental 

tests would be required. 

With the aim to overcome these issues, a novel fatigue cohesive formulation, based on the S-N 

diagram rather than on the Paris law, has been presented by Dávila in [6]. The starting point of the 

proposed model is the mixed-mode cohesive law developed by Turon et al. in [7]. The damage 

accumulated in one point is function of a two-parameter damage law which can be easily extracted 

from the S-N diagram. It is a purely local model which means that the damage in one point depends 

only on the history of the cyclic or on the tearing damage in that point. This formulation is here 

implemented inside the FE code ABAQUS and validated with experimental results of Double 

Cantilever Beam (DCB) specimens taken from literature and then it is used to analyze a specimen with 

a more complex geometry. 

 

2 COHESIVE FATIGUE MODEL BASED ON THE S-N DIAGRAM 

The S-N diagram describes the number of cycles required to reach the failure of a specimen with a 

given maximum stress and stress ratio (R=σmin/σmax).  

In Fig. 1, the transverse tension fatigue life of unidirectional graphite/epoxy IM7/8552 is reported 

in a S-N diagram. The data are obtained from three-point bending and four-point bending tests at a 

stress ratio of 0.1 and the applied stress is normalized by the static strength (σc). 
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Figure 1: S-N diagram of matrix tensile failure IM7/8552 [8]. 

For composite materials the S-N diagram can be approximated with a straight line, while for metal 

or more ductile materials three lines are required. As it can be noted from Fig. 1, the entire diagram 

can be described by a single number, the endurance limit, defined as the maximum stress at which the 

specimen can sustain 10
7
 load cycles without failure [9]. Several studies on different materials have 

demonstrated that the endurance limit of a specimen subjected to fully reversed loading (R = -1) can 

be well approximated as 1/3 of the tensile strength (σe=σc/3) [9-10]. At different stress ratios, the 



endurance limit can be estimated using the Goodman diagram [10], which represents the combination 

of amplitude and limit stress corresponding to the failure of the specimen in a given number of cycles, 

10
7
 in the previous example. Considering a cyclic load oscillating between σmax and σmin the amplitude 

stress (σ
amp

) and the mean stress (σ
mean

) can be defined as follow: 

max max

1 1

2 2

amp meanR R
   

 
   (2) 

The Goodman diagram predicts a straight line connection between the endurance limit and the 

failure stress, given in equation (3) and shown in Fig. 2. 
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Figure 2: Goodman diagram. 

Defining the endurance limit as the maximum stress for a given stress ratio (σeR=σmax) that fulfill 

the conditions of equation (3), and substituting equation (2) into equation (3), the following expression 

is obtained: 

1 1

2 2


 



  
  

 

e
eR e

c

R R
 (4) 

Considering the assumption that the endurance limit for R = -1 is 1/3 of the strength, an equation 

for the endurance limit as a function of the stress ratio is achieved: 

2

c
eR

R


 


 (5) 

The model proposed by Dávila is based on equation (5) and on the hypothesis of linearity of the   

S-N diagram to evaluate the fatigue behavior of any material subjected to different stress ratios. The 

proposed cohesive law is derived from the mixed-mode formulation developed by Turon et al. in [7] 

for the tearing damage with the addition of a procedure to track the evolution of fatigue damage. 

Considering an unnotched bar subjected to a sinusoidal stress oscillating between σmin and σmax, the 

evolution of the traction within the material follows the path illustrated in Fig. 3. 
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Figure 3: Cohesive fatigue constitutive model. 

If σmax is below the strength of the material σc, at each cycle the displacement associated with the 

maximum stress increases, up to the point in which the material is not able to sustain anymore the 

load, leading to an unstable failure. In this process, to describe the evolution of the damage within the 

cohesive element, Dávila proposed the following two-parameters heuristic equation: 

*
( )







 
   

 

dD
D

dN
 (6) 

where D is the damage norm, defined as: 

* c

f c
D

  

 

 (7) 

and the ratio between the displacements at any point is defined, referring to Fig. 3, as: 

max

* (1 ) cD



 



 (8) 

The damage norm is independent to the cohesive stiffness and can be related to the damage 

variable (d), usually adopted to represent the loss of stiffness in cohesive elements, with the equation 

(9): 

*

*
1

f D
d





 
   (9) 

The total number of cycles at failure (N
f
) can be evaluated integrating the equation (6) between 

D = 0 and D = D
F 

, which is the value of the damage norm at the failure. 

max 0

(1 )
FD

f c D
N dD

D




 

  
  

 
  (10) 

where: 

max1F

c

D



   (11) 

The coefficient β and γ in equation (6), depend on the stress ratio and are evaluated fitting the S-N 

diagram. In order to fit the curve, which for composite materials is a straight line, two points are 

needed. The first point corresponds to the strength of the material, arbitrarily set to 2 cycles, while the 

second point is the endurance of the material (σeR) after 10
7
 cycles, evaluated with equation (5). These 



two conditions are used in equation (10) to obtain a nonlinear system of two equations and two 

variables which can be numerically solved to find the value of the coefficients. 

The cohesive damage model is implemented in the FE code ABAQUS by means of a User Material 

Subroutine (UMAT) [11], which is called at each integration point during each load increment of the 

non-linear analysis. The analysis is performed with the “envelope load method”, in which, instead of 

simulating the whole variation of the load for each cycle, only the maximum load of a single cycle is 

applied and kept constant. The load variation is taking into account inside the cohesive constitutive 

model. 

 

3 NUMERICAL VALIDATION 

The S-N based approach is validated performing numerical simulations on a DCB specimen which 

is the standard test to characterize quasi-static delamination propagation in pure mode I, but it is also 

used for fatigue load conditions. The DCB specimen considered in this work has been experimentally 

tested in [12] and consists of a rectangular plate 178 mm long and 25.4 mm wide, manufactured using 

24 unidirectional layers of graphite/epoxy IM7/8552. The numerical model is discretized with 

continuum shell elements (SC8R) and zero-thickness cohesive elements. To accurately represent the 

cohesive process zone, an element length of 0.04 mm is adopted in the propagation areas. However, to 

reduce the computational effort, only 1 mm of the width is modeled and the reaction force is scaled by 

the actual width of the specimen. The FE model and the material properties are shown in Fig. 4 and 

Table 1, respectively. 
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Figure 4: DCB FE model. 

Lamina properties Interface properties 

E1 [MPa] 146671 G1C [kJ/m
2
] 0.240 

E2 = E3 [MPa] 8703 G2C [kJ/m
2
] 0.739 

G12 = G13 [MPa] 5164 η  2.1 

G23 [MPa] 3001 σc [MPa] 80.1 

ν12 = ν13  0.32 τc [MPa] 97.6 

ν23  0.45 
 

  

Table 1: IM7/8552 material properties. 

The analysis is conducted under displacement control conditions and divided in two steps: in the 

first quasi-static step, the displacement is increased up to the maximum value of the fatigue cycle, 

then, in the second step, it is kept constant and the fatigue algorithm is activated. A stress ratio of 0.1 

is used in the constitutive model to reproduce the experimental tests. The value of coefficients β and γ 

evaluated according to equation (10) are reported in Table 2. 

 

R β γ 

0.1 23.649 0.001911 

Table 2: Fatigue damage model coefficients. 



The length of the delamination and therefore the crack growth rate can be evaluated using the 

equations derived from the corrected beam theory [13]. These equations allow to calculate the crack 

length and the energy release rate from the compliance of the specimen (C=δ/F), which can be easily 

evaluated extracting the reaction force from the numerical analysis, since the displacement is constant.  

The expressions for the calculation of the crack length and of the energy release rate are reported in 

equation (12): 

 
21/3

23

2
I

a h
a CEI h G F

bEI




 
   
 

 (12) 

where b is the width of the specimen, h is the thickness of each arm and: 
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   

 (13) 

Analyses at different values of the maximum displacement are performed and the results in terms 

of crack growth rate as function of the energy release rate are reported in Fig. 5 and compared with the 

experimental data from [12]. 
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Figure 5: Comparison between numerical and experimental crack growth rate for a DCB  

at different applied displacements. 

The point in which the compliance of the specimen increases by 5% corresponds to a growth in 

crack length of 0.9 mm which is usually considered as the delamination propagation onset. As it can 

be observed in Fig. 5, for all the simulations, the crack growth rate is high at beginning, but rapidly 

decreases and after the beginning of the propagation it starts to follow a straight line. This line clearly 

represents the typical Paris law equation which agrees well with the data obtained from experimental 

tests at the same maximum applied displacements. 

As demonstrated by Dávila in [6] an even better correlation between the numerical and 

experimental data can be obtained taking into account the effect of fiber bridging and representing the 

R-curve of the material with a superposition of two cohesive laws.  

 



4 NUMERICAL APPLICATION 

The fatigue constitutive model adopted in this work is employed to simulate fatigue crack 

propagation in a more complex specimen, in which the crack front does not evolve as a straight line. 

The benchmark test proposed by Carreras et al. in [14], although it is simple in terms of geometry, 

exhibits a relatively complex behavior in terms of delamination propagation. The specimen is called 

reinforced DCB, because it is similar to a DCB but with two reinforcement plates bonded on top and 

bottom of the two arms. The reinforcements do not extend over the entire length and width of the 

specimen, forcing the delamination front to curve during the propagation. The geometrical 

characteristics and the properties of the material system are reported in Fig. 6 and Table 3. 
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Figure 6: Reinforced DCB geometrical dimensions. 

Lamina properties Interface properties 

E1 [MPa] 154000 G1C [kJ/m
2
] 0.305 

E2 = E3 [MPa] 8500 G2C [kJ/m
2
] 2.77 

G12 = G13 [MPa] 4200 η  2 

G23 [MPa] 3036 σc [MPa] 10 

ν12 = ν13  0.35 τc [MPa] 31.62 

ν23  0.4 
 

  

Table 3: Material properties adopted in the numerical simulation [15]. 

Since the specimen is symmetric in terms of geometry, material and boundary conditions, only half 

of the structure is discretized to reduce the computational resources. One layer of SC8R elements with 

an element length of approximately 2 mm is adopted to represent the arms and the reinforcement 

plates, while a very fine discretization is used in the area potentially interested by the propagation of 

the delamination, with an elements length of 0.05 mm.  

The numerical analysis is performed under displacement controlled conditions and divided in two 

steps. In the first quasi-static step, the displacement of the top arm is increased up to the maximum 

opening displacement of 5 mm, and only the static damage is taking into account. In the second step, 

the displacement is kept constant and the fatigue damage is evaluated considering a load ratio of 0.1, 

to replicate the experimental test, and the same model parameters used for the DCB, reported in 

Table 2.  

In Fig. 7, the FE model is shown together with the boundary conditions. 
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Figure 7: Reinforced DCB FE model. 

The reaction force as function of the applied displacement is compared in Fig. 8 with the 

experimental data from three different specimens. 
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Figure 8: Load-displacement curves of the reinforced DCB. 

The force increases up to the maximum value at a displacement of around 3 mm, then the 

delamination starts to propagate and the load decreases.  

When the displacement reaches the final value of 5 mm, the fatigue analysis starts and the stiffness 

decreases due to the propagation of the delamination. The agreement of the numerical results with the 

experimental data is excellent throughout the quasi-static and the fatigue step except for a slightly 

underestimation of the maximum load. 

The evolution of the delamination front can be seen in Fig. 9, where the cohesive process zone is 

reported and compared to the crack front measured during the experimental test at different load 

cycles. 
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Figure 9: Comparison between numerical and experimental delamination front at different load cycles. 

The delamination growth, as expected, is limited in the center by the presence of the 

reinforcements, while on the edges the crack front assumes a rounded shape. There is a good 

agreement between numerical and experimental data in terms of delamination front position and 

shape, although the numerical analysis slightly overestimates the propagation on the edge of the panel. 

 

5 CONCLUSIONS 

A cohesive formulation for the simulation of delamination propagation in composite laminates has 

been investigated. The constitutive model is based on a two-parameter heuristic equation where the 

coefficients are determined from the S-N diagram rather than the more commonly used Paris law. The 

fatigue model has been adopted to analyze a pure mode I delamination propagation in a DCB 

specimen. The crack growth rates predicted by the numerical analysis have shown an excellent 

correlation with the experimental data and in particular they are aligned along a straight line, similar to 

a Paris law.  

The same approach has been adopted to simulate fatigue-driven delamination in a more complex 

specimen, similar to the DCB but with reinforcements bonded on the two arms. The presence of the 

reinforcements delays the propagation of the delamination in the center of the specimen and forces the 

crack front to change its shape which evolves from a straight line into a complex curved shape. The 

comparison with the experimental results of three different specimens have shown a good agreement 

in terms of load-displacement curve and delamination front shape and position at different cycles.  
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