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Abstract: We formally define homological quantum rotor codes which use multiple
quantum rotors to encode logical information. These codes generalize homological or
CSS quantum codes for qubits or qudits, as well as linear oscillator codes which encode
logical oscillators. Unlike for qubits or oscillators, homological quantum rotor codes
allow one to encode both logical rotors and logical qudits in the same block of code,
depending on the homology of the underlying chain complex. In particular, a code based
on the chain complex obtained from tessellating the real projective plane or a Mdbius
strip encodes a qubit. We discuss the distance scaling for such codes which can be
more subtle than in the qubit case due to the concept of logical operator spreading
by continuous stabilizer phase-shifts. We give constructions of homological quantum
rotor codes based on 2D and 3D manifolds as well as products of chain complexes.
Superconducting devices being composed of islands with integer Cooper pair charges
could form a natural hardware platform for realizing these codes: we show that the
0-7 qubit as well as Kitaev’s current-mirror qubit—also known as the Mobius strip
qubit—are indeed small examples of such codes and discuss possible extensions.

1. Introduction

Quantum computation is most conveniently defined as quantum circuits acting on a sys-
tem composed of elementary finite dimensional subsystems such as qubits or qudits.
However, for various quantum computing platforms, the underlying hardware can con-
sist of both continuous and countably-infinite (discrete) degrees of freedom. For such
platforms, one thus considers how to encode a qubit in a well-chosen subspace, and
how the possibly continuous nature of the errors affects the robustness of the encoded
qubit. This paradigm has been explored for bosonic encodings [1,2], that is, one makes a
choice for a qubit(s) subspace inside one or multiple oscillator spaces, such as the GKP
code [3]. Other work has formalized encodings of a qubit into a rotating body (such as
that of a molecule) [4] or many qubits into a single (planar) rotor [5]. In these works the
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discreteness of the encoding is arrived at, similar to the GKP code, by selecting stabilizer
operators which constrain the angular momentum variable in a modular fashion.

In this paper, we take a rather different approach and introduce the formalism of
homological quantum rotor codes. These are codes defined for a set of n quantum rotors
and form an extension of qudit homological codes and linear oscillator codes (defined
e.g. in [6]) which do not make use of modular constraints to get non-trivial encodings.
As for prior work, we note that the authors in [7] consider mainly stabilizer rotor states
whereas here we consider stabilizer subspaces to encode information. Quantum rotor
versions of the toric code and Haah’s code have been previously proposed [8,9] and small
rotor codes were studied as U (1)-covariant codes [10,11]: all of these are included
in our formalism. The novelty of our formulation is that our codes can also encode
finite dimensional logical systems such as qubits via the torsion of the underlying chain
complex.

In the first half of the paper, after some preliminaries (Sect. 2), we define homological
quantum rotor codes (Sect.3) and present mathematical constructions of such codes
(Sect.4). In the second half of the paper (Sect. 5) we show how two well-known protected
superconducting qubits, namely the 0-7 qubit [12—14] and Kitaev’s current mirror qubit
[15-17], can be viewed as examples of small rotor codes. The code perspective is useful
as it allows one to understand the mechanism behind its native noise protection in terms
of the code distance. By the continuous nature of the phase-shift errors leading to logical
operator spreading, we discuss how the Z distance of a rotor code is more subtle than
for qubit codes, see Sect.3.3.2. We hope that our work stimulates further research into
the effect of homology on encodings and the robustness of the encoded qubit(s), be it
via active or passive quantum error correction.

2. Notations and Preliminaries

We denote the group of integers as Z and the phase group or circle group as T =
[0,27) = R/2xZ. We denote the cyclic group Z/dZ as Z, and the subgroup of T
isomorphic to Zy as Z;, that is,

2 2
Zj:%Zdz{FnkeT‘keZd}. (1)

These groups are Abelian and we denote their operations with +. The groups Z" or
T” do not have the structure of vector spaces. They do have the structure of Z-modules
since multiplication of an element of Z" or T" by an integer is naturally defined by
repeated addition. The homomorphisms of Z-modules or Z-linear maps are well defined
using integer matrices and matrix multiplication. As such we will abuse the terminology
and refer to elements of Z", T" as integer vectors and phase vectors respectively. We
always use bold font to denote these vectors m € Z" and ¢ € T". Note that there is no
unambiguous definition for a multiplication operation over T so we can never write ¢ ¢’
for some (¢, ¢') € T2.

2.1. Quantum rotors. We consider a quantum system called a quantum rotor [7,9]. The
Hilbert space, Hz, where this system lives has a countably-infinite basis indexed by Z,

VeeZ, |)eHy.
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The states in Hyz are therefore sequences of complex numbers which are square-
integrable, so in KZ(Z), and normalized,

W)= all), Y el =
LeZ 12/

These states could represent the states of definite angular momentum in a mechani-
cal setting, hence the name rotors (or planar rotors). Using the discrete-time Fourier
transform! we can also represent the states as square-integrable functions on the circle
T:

=Yl = [ _avor. [ wwer-

LeZ

with the function ¥ () given by

¥(O) = (0ly) = J_Zel%, )
Lel
or formally
BE J_/de ¢'?10). 3)

Even though they are not physical states in the Hilbert space (as they do not correspond
to square-integrable functions), we define the un-normalized phase states, |6), as

Vo eT, |0)= —i010y, (010) = 86" — 0). 4)

r;e

2.2. Generalized Pauli Operators. The generalized Pauli operators, X (m),,cz and
Z(¢)geT, for a single rotor are defined as

Vm e Z, X(m)=em (5)
Vo eT, Z(¢) =t (6)

where the angular momentum operator ¢ can be defined via its action on the phase and
angular momentum basis:

YeeZ, 010 =¢le), O)y) = —i/d@%l//(@). (7

We note that “the phase operator 6” in Eq. (6) is only a convenient notation as it should
only occur in 27 -periodic functionals, see for instance [18]. The action of the generalized
Pauli operators on the states |#) and the angular momentum eigenstates |£) reads

X (m)|o) = e"16), Z(@)|0) =10 —¢ (mod 27)), ®)

1 The name “discrete-time” here comes from Fourier analysis of functions sampled periodically at discrete
times (indexed by Z).
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X (m)|€) = |€+m), Z(p)|e) = e'?|e), 9)

which can be verified through the Fourier transform in Eq. (4). By direct computation
we have the following properties

1=X(0)=Z(0), (10)
X(m)X(mp) = X(my +my), (1T)
Z(p1)Z(P2) = Z(P1 + $2), (12)
and the commutation relation
X(m)Z(p) = e " Z($)X (m). (13)

When we consider systems of n quantum rotors, we write X j(m) and Z;(¢) for the
generalized Pauli operators acting on the jth rotor. For a multi-rotor Pauli operator,
using the bold vector notation for row vectors m and ¢, we have

melZ" X(m)=[]x;0m. (14)
j=1

$eT, Zp) =[] 2@ (15)
j=1

The commutation relations for multi-rotor operators are straightforwardly computed
from Eq. (13)

V(m,¢) € Z"' x T", X(m)Z(¢p) = e_imd’TZ((b)X(m). (16)

Finally, it is not hard to show that the generalized Pauli operators form an operator basis
for the rotor space.

3. Definition of Homological Quantum Rotor Codes

In this section we define homological quantum rotor codes. We describe their code
states, logical code space and logical operators. For this we explain their connection to
the homology and co-homology of chain-complexes. We also propose a generic noise
model and define the related notion of code distance for it as well as ways to bound this
distance. Finally, we explain how to define a Hamiltonian whose groundspace coincides
with the code space of a homological quantum rotor code.

3.1. Definition and relation to homology. We consider defining a subspace, the code
space or logical subspace, of the Hilbert space of n quantum rotors, in a CSS %. fashion
[19,20].

Definition 1 (Homological Quantum Rotor Code, C*'(Hy, Hz)). Let Hx and Hz be
two integer matrices of size r, X n and r, x n respectively, such that

HyH} =0. (17)


https://errorcorrectionzoo.org/c/css
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We define the following group of operators, S, and call it the stabilizer group:
S=<Z((pHZ)X(sHX) Vo € T, Vs eZ’-‘>. (18)

We then define the corresponding homological quantum rotor code, C*'(Hx, Hz), on
n quantum rotors as the subspace stabilized by S:

C*(Hx, Hz) = {l¥)|YP € S, PlY) = [¥)}. 19)

The matrices Hy and Hz are used to generate the X and Z parts of the stabilizer
group S. Stabilizers of X- or Z-type are labeled by integer vectors, s € Z'~, or phase
vectors, ¢ € T'z, and are generated and denoted as follows:

Sx(s) = X(sHx), (20)
Sz(@) = Z(¢pHz). €2y

Condition (17) implies that the stabilizers all commute and the code is therefore well
defined. Indeed, one can check that

Sz(9)Sx(s) = Z (¢Hz) X (s Hx)
= exp (i Hz HYs") Sx(9)S2(9) = Sx()S2(0), 22)

where we have used Eq. (16) and Eq. (17). We will also refer to the generators of the
stabilizer group given by the rows of Hx and Hz. For this we take a basis of integer
vectors (s ;); = &;; and define

S¥ = Sx(s)) = X(hY) = e 9, (23)

so we denote the jth row of Hy as the integer vector h;( . The operators SJX for j =
1, ..., ry generate the X part of the stabilizers. For the Z part of the stabilizer, we can
take ¢s j, ¢ € T and we define the continuous set of generators

. zZ5
S%(p) = Sz(psj) = Z(ph?) = M7, (24)

so we denote the jth row of Hz as the integer vector hjz .

Remark. We do not consider stabilizer groups generated by finite subgroups of T, such
as for the GKP code and generalizations [3,4,21,22] defined on an oscillator space.
Such stabilizers would correspond to modular measurements of angular momentum,
while here we only need angular momentum measurements, see Sect.3.5. A second
remark is that the same integer matrices used to define a quantum rotor code can be used
to define a related qudit code which we then denote as cd (Hx, Hz), see Appendix B,
Definition 3 for the exact definition. A third remark is that one can view the quantum
rotor space as a subspace of an oscillator space with quadrature operators p and g, with
[4, p] = i1, obeying a ‘stabilizer’ constraint ¢/2"? = 1, enforcing that p — ¢ has
integer eigenvalues. From this perspective, the homological quantum rotor codes that
we introduce can be viewed as a subclass of ‘general multi-mode GKP codes’ which
can encode both discrete as well as continuous information, see e.g. Appendix A in
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[6]. Realizing homological quantum rotor codes as particular instances of multi-mode
GKP codes would be as challenging as realizing any general multi-mode GKP code. By
contrast, when one has access to physical quantum systems natively behaving as rotors,
the constraints to impose to realize a homological quantum rotor code are simpler since
they are non-modular. Still, this connection gives a way to design multi-mode GKP
codes encoding rotors or qudits.

Stabilizers also allow to define the syndrome of error states, i.e. the information that
can be learned about errors, in the usual way. To see this, pick a code state, ) €
C™Y(Hy, Hz). Consider error states, X (¢)|v) and Z(v)|v/), and consider the stabilizers
Sz(@) and Sx (s):

X(e)¥) = X(e)Sz(@) ) = e ?H7¢" 5, () [X (e)|¥)], (25)
ZW)[¥) = ZW)Sx($)¥) = e A Sx(s) [Z(w)[¥)]. (26)

The error states X (e)|y) and Z(v)|y) are therefore eigenstates of Sz(¢) and Sx(s)
respectively, with eigenvalue ei9Hze" and e~isHxv" The values Hze! € 7Z': and
HyvT e T’ is what we call the syndrome.

To gain insight into the structure of these rotor codes, errors and logical operators,
we make the standard connection between a quantum CSS code and the homology
and cohomology of a chain complex. The fact that X-type and Z-type operators have
different underlying groups in the rotor case (unlike the qubit, qudit or oscillator case)
makes this connection a bit more subtle but also clarifies it.

To construct a chain complex we are going to take the map from the X part of the
stabilizer group, Z'~, to the full group of X-Pauli operators, Z", as well as the map from
the X-Pauli operators to their syndromes Z™. We denote the map from the stabilizer
group to the operator group by d; : Z'~ — 7", given in matrix form by Hy € Z'~*"
(and which is applied to a row vector in Z* from the right). We denote the syndrome
map by 91 : Z" — 7'+ which is given as a matrix by H ZT € 7Z"*"=. The stabilizers are
designed so that they all commute, that is to say, they have trivial syndrome, so that we
have 91 o 3 = 0. This is the defining property of a chain complex, hence we have a
chain complex, C, with integer coefficients:

9 .
c: o = o X o
Hy HY
I I I
7'+ z" 7= @7)
I I I
stabilizers operators syndrome

Given a chain complex C, the maps 91 and 9, are called boundary maps and automatically
obey 01 o 3 = 0 (the boundary of the boundary is zero). Thus, given a chain complex
over Z we can construct a rotor code or given a rotor code one can associate with it a
chain complex. In order to find codes it is useful to consider chain complexes obtained
from tessellations of manifolds as we do in Sect. 4.1.

Viewed as a chain complex C, the group of logical X operators corresponds to the
first homology group over Z, i.e.

H\(C,7) = ker 8 /imdy = ker (HZT ) Jim (Hy) = Lx. (28)
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One can also understand the logical operators by constructing the code states, namely
the +1-eigenstates of the stabilizers. The Z-type stabilizers constrain a code state |Y) =
Y tezn ¢l) in the following manner

Vo € T, ) = Z(pH)[V)
= Y aelt) = Y- e aylt)

LeZl LeZl
=V ap #0= Hze' = H)HT = 0. (29)

This means that code states can only have support on angular momentum states which are
in the left kernel of H, which we denote as ker (H?). The X-type stabilizers constrain

|¥/) as follows:
Vs € Z, [§) = X (sHx)|¥)

= > oglt) =Y aglt+sHy)

Lezn Lezr
= VL, Vs, ap = ag_gpy- (30)

This means that in a code state, all states of angular momentum differing by an element
in the (left) image of Hy, im (Hy), must have the same amplitude. Since im (Hy) C
ker (HZT ), we can split the latter into cosets with respect to this subgroup. Logical
operators of X-type should then move between these cosets, i.e. they are elements of
ker (H ZT ) but they are not in im (Hy). We therefore obtain the group of X-type logical
operators Lx as the first homology group of the chain complex.

To characterize Z-type operators we go to some cochain complex which is dual to
the initial one. Concretely for a general chain complex,

dj+1 dj 3j-1
C:...—C;—=>Cj_1 — ..., (€2))

we define the dual complex with dual spaces as
C;‘ = Hom(C;, T). (32)

Here Hom(A, B) denotes the (continuous) group homomorphisms from A to B, i.e

Hom(A, B) = [/ : 4 > B|¥(ar, @) € A%, fla1+aa) = f(@)+5 f(@)},
(33)

where +4, +p denote the group operation on A and B, respectively. The choice of T in
Eq. (32) is specific to our setting but other choices can be made.? With our choice, the
elements of the dual space are the characters of the group. The dual boundary map is
given by

* . ovk *
0r:Ct | —

f = fod;’

2 In the literature of integer chain complexes it is more frequent to take the dual with respect to integer
coefficients, that is to say, to consider Hom(Cj, Z) instead of Hom(C_,-, T). This could be interpreted in our
case as interchanging X and Z, but this exchange is not trivial for rotors as there is no corresponding unitary
operation. Furthermore, in the case of qubits we have Hom(Z,, T) ~ Hom(Zj, Zy) =~ Z;. Similarly for
oscillators we have Hom(R, T) >~ Hom(R, R) >~ R. Hence the correct way to take the dual is obscured as all
the groups are the same.

(34)
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One can check that Hom(Z", T) ~ T" and that Hom(T", T) ~ Z".

Specializing to our specific length-3 chain complex in Eq. (27), we can also check,
using Eq. (34), that 8} and 9} are given as matrices by taking the transpose of Hx and
Hz. The cochain complex is therefore structured as follows

a3 3
* . * 2 * 1 *
Hy z
O @
I I I
syndrome operators stabilizers

Note also that the role of stablizer and syndrome are exchanged by the dualization.

The logical operators expressed as homology and cohomology representatives behave
in the expected way to form a quantum system in the logical subspace. More formally
we have the following theorem.

Theorem 1. Let C be a chain complex of free Abelian groups. Then its nth level coho-
mology group over T coefficients is isomorphic to the character group of its nth level
homology group, that is to say

H"(C,T) ~ Hom(H,(C), T). (36)

A proof can be found for instance in [23, Chap. VIII] or in more general terms in [24].
The cohomology group is given in the usual way

H'(C,T) = ker 8% /imd} = ker (H,{ ) Jim (Hz) = L7. 37)

Note that the applications 95 and 9} are specified using integer matrices but represent
maps from phases to phases. In particular computing ker is slightly different from stan-
dard linear algebra with real matrices as integer multiples of 27 are equivalent to zero.

This description of the logical operators is consistent with inspecting the action of a
Z-type generalized Pauli operator on code states given in Eq. (47). In order to apply the
same phase for every element of a given coset, the vector needs to be in ker(H ; ) and
two vectors differing by an element of im(Hz) will have the same action.

3.2. Encoded information. Now the question is: what do rotor codes encode? For a
homological or CSS code on qubits, the code will encode some number k of logical
qubits and this is captured by the (co)homology groups for the chain complex C over
Z,. As argued, this is the same for our codes, namely the (co)homology of the chain
complex determines the logical information. However, the nature of the (co)homology
groups depends both on the chain complex C and the coefficient group that is used, i.e.
Zp, Z or R, see Table 1.

Before we spell this out in mathematical detail, let us consider a simple example
which captures the main idea. We have 4 rotors and the check matrices

=100 +1 +1 +1 +1
Hy=|0 0 -1+l ,HZ=<_1_1_1 _1>. (38)
—1 —1 +1 +1
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Table 1. Homology and cohomology groups for a chain complex C over coefficient groups G = Z, T, Zj,
for prime p and R. All entries are expressed in terms of the free and torsion part of the homology groups over
Z (higlighted in gray). The nth homology group H,(C, Z) is separated in its free part F;, (some number of
copies of Z) and its torsion part 7}, (equal to some number of cyclic groups Zg for different d). The (-)* means
taking the dual, see Eq. (32). The notation Z (G) designates the group containing a Z, summand for every
Z or Zpk summand in G, see [25, Corollary 3A.6]. The notation R(G) designates replacing each Z by a R.

Homology
) 01
Cy — C1 —
H) H Hy
RLoeT Fen Fo® Ty
(F,®T)* (F) ® To)* (Fo®T-1)"
Zp Zp(FeTa®Ty) Zp(Fr @ T & To) Zp(Fo®To®T-)
R R (F2) R (F1) R (Fo)
Cohomology
03 ar
GGG
G H? H! HO
Z RoeT FieTy Fo® T
T (F,®T)* (F1®T)* (Fo® To)*
Zp Zp(F, @ T ®Ty) Zp(F1® T & Tp) Zp(Fo®To®d T_1)
R R (F2) R (F1) R (Fo)

If this were a qubit code, then *1 entries in the check matrices would be equivalent and
hence the checks would be XX 11, IIXX, ZZZZ which are the checks of the smallest
error-detection surface code encoding 1 logical qubit. If this were an oscillator code,
then +1s matter, and there is only 1 vector which is orthogonal to the rows of Hx (in
ker(H§ )), but this vector is a row of Hz (in im(Hz)), hence no logical information
is encoded. The rotor code version occupies a place in between: we do not seek a
vector which is orthogonal to the rows of Hy. Rather, we note that the operator Z =
Z(0,0, 1, w) = e!™3+4) j5 not generated by any product of Z(gphjz) for any ¢, but Z
still commutes with all X (hj.( ), since the commutator can be ¢>7¥ 1 = 1 for any integer
k. This is precisely the niche that rotor codes encoding qudits explore and for codes
based on tessellations of manifolds, this opportunity is captured by the manifold having
torsion. We will come back to this example and similar ones in Sect.4.1.1.

In all generality the homology group over Z is decomposed into a so-called free part,
F, and a so-called torsion part, T, with

Hi(C,Z)y=Fe&T, (39)
F~7F, (40)
T:Zdl @"‘@de//a (41)

for some integers k’,> k” and torsion orders dj,..., dy. The homology group over Z
and its generators can be obtained using the Smith normal form of Hy and H ZT [26,27].

3 K is often called the Betti number.
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In Ref. [28] we provide software to obtain the generators of H{(C, Z) as well as its
decomposition into free and torsion parts, for our examples. The code is based on the
open source software “Sage". We accompanied the code with detailed explanations on
how to use the Smith normal form to obtain the generators of H,(C, Z).

When studying the homology of chain complexes over a field, such as I, for prime
p or R, there can be no torsion. The torsion comes from the fact that Z is not a field (but
a ring) and as such does not have multiplicative inverses. Therefore it can happen that
there exists some element, w € C; which is a boundary only when multiplied by some
integer d, that is to say

Is € Ca, (s) = dw, w & im(d,). (42)

Such elements, w, are called weak boundaries in [26]. They are homologically non-
trivial but become trivial when multiplied by d and so are elements of order d in the

homology group.
The homology group, H1(C, Z), as in Eq. (39) corresponds to a code which encodes
k' logical rotors and k” qudits of respective dimensions dj, . . ., dy». We denote as k the

number of independent logical systems which are encoded so that
k=k+k". (43)

We can structure the generating set of Lx according to this decomposition. Namely,
there are k’ integer vectors generating the free part, which correspond to the logical X
operator of the k” logical rotors. We can stack them into a kX x n integer matrix L’ .
There are also k” integer vectors generating the torsion part which form the rows of a
matrix L‘)I(, which correspond to the X logical operators of the logical qudits. We denote

all these vectors as / lX , and we set them as rows in a k X n integer matrix Ly:

Ly = (éé) . (44)

A generating set of X-type logical operators can be then written as follows
meZ¥ ® Ly ® - ®Lay,) = Gogica»  X(m) = X(mLy). (45)
Generating all X-type logical operators is done as follows
m € G Vs €2, X(m)=X(mLy +sHx). (46)

Note that we do not strictly need to restrict the torsion part of m to be in Zg4; and

can pick m € ZF. Indeed picking m in ZF will also generate all logical operators but
some will be stabilizer equivalent through Eq. (42). Coming back to the code states, this
characterization allows us to write down a basis of code states as equal superpositions
over cosets and label these (unphysical) basis states by m, namely

m) o« » |€=gHy+mLx), (47)
gel'x
Hence we can write the code states as

W)= > omlm). (48)

meZk
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Theorem 1 guarantees that H L(C, T) has the same structure as the one given for
Hi(C, Z) in Eq. (39), that is

H'C T ~T @ (Z§1 D P Z;}k,,) ) (49)

with Z}; in Eq. (1). Representatives of the logical operators are generated using ak x n
integer matrix Lz:

0eT 0 (2}, 0 0L, ) = Gy 29) =Z@L2), (50)
Generating all Z-type logical operators is done as follows
¢ € Gogicar Vv € 17, Z(9) = Z($Lz + vHy). (51)

Note that the vector ¢ contains unconstrained phases (for the logical rotors) as well
as constrained ones (for the encoded qudits). Contrarily to the logical X operators, we
cannot here relax the restriction on the phases since doing so would produce operators
not commuting with the X stabilizers. We can again split the logical generators in two

o=(¢. ¢'). (52

We can also split the matrix Lz in two parts: a k" x n integer matrix L', generating
the rotor part and a k" x n integer matrix L‘é generating the qudit part.

Ly = (éi) . (53)

The rows of the matrix Lz with integer entries can be denoted as / lZ . Theorem 1 also
guarantees us that we can find a pairing of the X-type and Z-type logical operators such
that

LxLY =1. (54)

3.3. Formal noise model and distance of the code. We want to characterize the level of
protection offered by a rotor code which is usually captured by the distance of the code.
The motivation for the definition of a distance is given by the noise model. For a qubit
stabilizer code, the distance is the minimal number of physical qubits on which to act to
realize any logical operation. For a qudit (or classical dit) code, it is more ambiguous:
it could be the minimal number of qudits to act on to realize any logical operation, or
some other measure of the minimal total change of any code state to another code state.

We first discuss a reasonable noise model to which we tie our definition of distance
for rotor codes.

Since the group of generalized Pauli operators forms an operator basis, we consider a
simple noise model consisting of Pauli noise. More precisely, we assume that each rotor
independently undergoes X - and Z-type errors, of the form X (m) and Z (¢) respectively,
with probabilities of the following generic form

Vm € Z, P (X(m)) = Ax exp (—Bx Vx(m)), (55)
Vo e T, P(Z(¢)) = Azexp (—BzVz(9)). (56)
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The parameters Az and A x are some normalizing positive constants and Sz and By are
some real and positive strength parameters. We assume that the potential function Vz(¢)
is unchanged under ¢ — 27 — ¢ and monotonically increasing from Vz(¢ = 0) = 0
to ¢ = . Similarly, the potential function Vx (m) is monotonically increasing with |m|
and Vx (m = 0) = 0. One straightforward choice is

e 1
wa¢)=sm2(5>, Bz=— (57)
Vx(m) = |m, Bx = —log p. (58)

This choice makes P(Z(¢)) a normalized von Mises probability distribution character-
ized by standard deviation o, and p is the probability of a ladder jump [£) — |€ £ 1).
The normalization constants are given by

AZ! Y o (L Al = 1FP (59)
= €X _— T —_— =
z P 202 "N252)° X 1-p’

where I, (x) = % foﬂ dO e* <5 cos(nh) is the modified Bessel function of the first kind
of order n.

The von Mises probability distribution is a natural choice since, unlike Gaussian
noise, it respects the periodicity of the ¢-variable, and for small o and thus small values
for ¢, it can be approximated by a Gaussian distribution.

For n quantum rotors we consider independent and identically distributed noise given
by probability distributions

Vm € 7", P(X (m)) = A’ exp (—Bx Wx(m)), (60)
Vo € T", P(Z(¢)) = Ay exp (—BzWz(9)), 1)
where
Wx(m) =" Vx(m)), (62)
j=1
Wz($) = Vz(9)), (63)
j=1

Using these weights, we can introduce X and Z distances for the code. We define
the X distance from the definition of the weight in Eq. (62) and minimize over stabilizer
equivalent logical operators:

dxy = min min Wy (mLx +sHy), (64)
mEGl)(()gicul’m#O SEL

where fo)gical was defined in Eq. (46).

As mentioned earlier, the distance in Z is less straightforward when the code encodes
some logical rotors. For this reason, if one encodes logical rotors (besides qudits), we
can compare the distance of a logical Z operator to the weight of its bare implementation
and we denote this distance slightly differently, namely as

Wz (@Lz +vHz)

52 == min min , (65)
¢€G|€gica]?¢#0 veT" WZ(¢)
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where GIZOgical was defined in Eq. (50) and Wz (¢) = Zl;:l Vz(¢;), the sum of weights
on the k unencoded degrees of freedom. For example, if the rotor code encodes a single
logical qudit of dimension d we have logical shifts ¢ € Z;, which implies that W is
always bounded away from 0 by a constant C. This constant is noise-model dependent
but irrelevant for the distance scaling with the number of physical qubits and hence we
can omit the denominator and obtain a similar definition as dx. When the rotor code
encodes a logical rotor with logical shifts ¢ € T, the denominator goes to zero when
¢ — 0, but so does the numerator, hence, it is the ratio that matters. In this paper we focus
on codes encoding qubits so §7 is like dy. For the codes that we consider, a difference
between the X distance and the Z distance is that a lower probability logical Z can be
obtained by spreading the support of the logical operator by stabilizers; we discuss this
in Sect.3.3.2.

3.3.1. X Distance bound from qudit versions of the code We can compare the X distance
of the rotor code which encodes k logical rotors to the distance of the corresponding qudit
code for any qudit dimension /. Let us denote as C'(Hy, Hz) the quantum code obtained
by replacing each physical rotor by a qudit of dimension / defined using generalized Pauli
operators for qudits, see the definition in Appendix B. We denote the X distance of the
qudit code as dé( defined using the Hamming weight of logical operators.

Theorem 2 (Lower bound on dy). Given a rotor code C*™'(Hy, Hz) encoding k degrees
of freedom. Let M be the set of non-trivial logical operators with a representative of
minimal weight:

M in = {m € Gfggical, m # 0‘ srgzirrlX Wx(mLyx +sHy) = dx} . (66)
Let L be the set of qudit dimensions, | = 2, 3, ..., such that there exists a logical operator
of minimal weight which is non-trivial in C'(Hx, Hz):
L= {l e NZ2|3m € My, Vs € 7%, mLy # sHyx (mod l)} . 67)
Then dy is lower bounded as follows:
dy > max dé(. (68)
leL

Proof. Pick mpi, and spi, forming a minimum weight logical operator and consider
the obtained vector

Vmin = MminLx + Smin Hx, Wx (Vmin) = dx. (69)

Taking vmin (mod /) yields a valid logical operator for the corresponding qudit code.
If vmin (mod [) corresponds to a non-trivial logical operator then its weight is lower
bounded by the distance of the qudit code, meaning that

dx = Wx(Umin) = Wx (Omin  (mod 1)) > Wy (vmin  (mod 1)) > d%.  (70)

where Wg () is the Hamming weight of a vector x, counting the non-zero entries
Wy (x) = |{x;lx; # 0}|. This means that we can also take the maximum of the d’
over [/ for which there is a minimum weight logical operator in the rotor code which is
non-trivial in the qudit code. O

Note that if there is no torsion, i.e. there are only rotors in the code space then L = N22,
see Appendix B.
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3.3.2. Z Distance and logical operator spreading 1t is not clear that the distance mea-
sures that we have introduced are achieved by seeking logical operators which have
minimal support, as we are used to in the qubit case. This is particularly true for the log-
ical Z operators as we can spread such operator around by adding v Hz for a continuous
v e T

This can have non-trivial consequences for the stability and protection of the encoded
information, also for the rotor codes which encode a logical qubit. The question whether
spread-out logical operators have lower probability than minimal-support logical oper-
ators depends on the error model through the weight function Wz. This function has a
quadratic dependence on ¢ in Vz(¢) for small ¢ as in Eq. (57), thus making spread-out
logical Z operators consisting of many small shifts more likely than logical Z operators
with minimized support.

To bound this phenomenon, it turns out that a measure of disjointness of the logical X
operator* plays a role in minimizing the Z distance as captured by the following Lemma.
In this Lemma we focus on codes encoding a single logical degree of freedom, a rotor
or a qudit, for simplicity. In addition, we impose some constraints on the support of the
logical X which is obeyed by all the homological codes for which we wish to apply the
Lemma in this paper.

Lemma 1. Let C™'(Hy, Hz) be a rotor code encoding one logical degree of freedom
(k = 1). Suppose one can find a set Ax C 7" of Nx representatives of the logical
operator X (1). Suppose furthermore that any of these representatives m € Ax has only
entries in {—1,0, 1} and that they all have non-overlapping support pairwise. Define
Dx as the maximum weight among the elements of Ax, i.e Dx = maXmenay |m|. Then
for sufficiently large distance dx, as defined by Eq. (64), one can lowerbound the weight
of any logical Z(a), witha € Gégical, as

NxDX SiIl2 (ﬁ)
SZ >

- sin? (%)

(71)

When C™'(Hy, Hz) encodes a qubit, we have only one logical Z with @ = 7 and hence
Eq. (71) becomes

N 2
87 > NyDy sin? [ —— ) ~ 2XT_ (72)
2Dx )~ 4Dy

When C™'(Hy, Hz) encodes a rotor we have o € T (@ # 0) and hence Eq. (71) at
o — 0 becomes

Sy > -, (73)
X

Proof. Let Z () be realized by some vector of phases, ¢ € T", i.e. Z@)=Z (¢). For
all representatives m € Ax we require

X(m)Z(p) =™ Z(¢)X(m) = Ik €Z, m-¢ = a +2k7. (74)

4 Interestingly, disjointness of logical operators was studied previously [29] to understand which logical
gates can be realized by Clifford or constant depth operations.
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Note that for every index j where m has no support (;m; = 0) the value of ¢; is not
constrained. Since allm € Ax are non overlapping, one can impose all constraints simul-
taneously. Now consider minimizing the weight Wz (¢) of Z(«) under these constraints,
i.e. we have

min Wz(¢) > Nx min min Wz() | . (75)
PA0€T", keZ melAyx | ¢£0€T", keZ
VmeAyx, m-¢=a+2kn m-p=a+2kmw

In Appendix C we show that when m contains only 0, +1, —1, the minimum in the
previous equation for a fixed m is attained by spreading ¢ evenly over all non-zero
entries of m. That is, we prove for [m| = n (assuming a sufficiently large n and hence a
sufficiently large dx) that

Wz (@) = nsin (o). (76)

2n
Clearly, the bound is smallest when the (sufficiently large) weight n of m is maximized,
hence equal to Dy, leading to Eq. (71), using the definition of 5 in Eq. (65). O

3.4. Notation for the parameters of a quantum rotor code. Now that we have defined
quantum rotor codes, examined their code space and defined a notion of distance, we
can choose a notation to summarize the main parameters. The main difference with the
usual [[n, k, d] notation for qubit codes is that we have to fully specify the homology
group and both X and Z distances but it is otherwise very similar.

Definition 2 (Parameters of a quantum rotor code). Given a quantum rotor code C™
(Hyx, Hz) we say it has parameters

[[nv (k7 dl 'd2"'dk/)’ (dX7SZ)]]I‘Ot7 (77)

if it involves n physical rotors, it encodes k logical rotors and k' qudits of respective
dimensions dj, ..., dyr and has X distance dy as given by Eq. (64) and Z distance 67 as
given by Eq. (65).

When there are m qudits of same dimension d we write d™ in the sequence of qudit
dimensions.

3.5. Measuring stabilizers and Hamiltonian of the code. In active stabilizer quantum
error correction, we measure the stabilizer generators of the code in order to infer errors.
For qubits, Pauli stabilizers are directly observable and can thus be measured. Here, for
the X part of the stabilizer one can construct a set of r, Hermitian observables for each
generator SJX ,i.e.

X 45X . s¥ - sx7 A
opf = L = cos(nf-0).  0y¥ =L =sin(n} ). (8
i

Clearly, an eigenstate of S ]X with eigenvalue e'” is an eigenstate of OJC.’ X with eigenvalue

cos(f) and of 0% with eigenvalue sin(0). For the Z part of the stabilizer one can
construct a set of 7, observables, namely

0f =h% -1, (79)
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such that learning the integer eigenvalue, say a, of O, fixes the eigenvalue of SjZ (p) to

be ¢/%? for any ¢.

Instead of active error correction in which these observables are approximately mea-
sured, we can consider passive error correction and construct a (dimensionless) code
Hamiltonian whose groundspace (and excited spaces) is the code space. We thus seek
a suitable function of the observables which makes the code space have the smallest
eigenvalue. A natural choice is

rz

Hooge == 3 055+ 3 (07) = = oo (W -6) + 32 (07). 60
j=1 j=1 Jj=1

j=1

__One can compute the energy of an excitation of type X (im) or Z(¢) on a ground state

[¥r):
E(m)=m'H Hym, E(¢) = Xx:cos (hf -¢) . 81)
j=1

One observes that the Z(¢) excitations are gapless due to the continuous nature of ¢.
Since actual physical states are only supported on a finite range of ¢, and are thus only
approximate eigenstates for S}(, the spectrum in such physical subspace will not be
continuous, see e.g. the discussion in Ref. [30] and Sect.5.5.

4. Constructions of Homological Quantum Rotor Codes

In this section we give general as well as concrete ways to construct homological quan-
tum rotor codes and investigate their parameters. We start by using tessellations of 2D
manifolds, higher dimensional ones and then products of chain complexes.

4.1. Homological quantum rotor codes from tessellations of manifolds. A common way
of getting a chain complex is to consider a manifold with a tessellation [31]. Given a
D-dimensional manifold and a tessellation of it, one chooses some i € {1,..., D — 1}
and puts rotors on the i-cells. The (i + 1)-cells and (i — 1)-cells are used to define the
X and Z stabilizers respectively as in Eq. (27).

Note that we will always choose to put the X stabilizers on the higher dimensional
(i +1)-cells and the Z stabilizers on the lower dimensional (i — 1)-cells. This is opposite
to the usual choice for homological quantum codes, in particular on two-dimensional
manifolds. What is important is that in our case exchanging X and Z is not equivalent
and the opposite choice is less interesting, in particular in 2D.

In this section we consider tessellations of two-dimensional manifolds such as the
torus, the projective plane and the Mobius strip. For instance, the torus using a w x N
tessellation by square faces simply gives rise to a toric rotor code,—see also [9], and [6]
for the oscillator toric code—, encoding two logical rotors, as its homology is Z>. We
denote this code T, (w, N) and the parameters, in particular the distance, of this code
can be computed to be

. . (N w
Ty(w, N) : [2wN, (2, 0), <m1n(N, w), min (; N))]]mt. (82)
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Table 2. Homology and cohomology groups of the real projective plane RP2 over different coefficient groups
G. The Z and T rows give the possibilities for rotor codes. Depending on if one chooses to put X-type
stabilizers on vertices (highlighted in red) or on faces (highlighted in violet), one gets either an empty code
space or a logical qubit. The Z, row gives qubit codes [31]. The R and Z3 rows show what would happen for
oscillator and qutrit codes which would yield an empty logical code space in both cases.

Homology Cohomology
o2 - g P
System G Hy H Hy H? H! HO
Rotor Z 0 Zy Z Zy 0 Z
T Zs 0 T 0 Z, T
Qubit Zs 7y Zy Zs 7y Zy Zy
Qutrit Z3 0 0 Z3 0 0 Z3
Oscillator R 0 0 R 0 0 R

The X distance bound min(/N, w) is simply the minimal support of a loop along the
two directions. The Z distance bound comes from applying Eq. (73) in Lemma 1 twice.
Once with a set of disjoint representatives of X | and once of X7. One set can be chosen
as containing Nxy = N disjoint representatives each of size Dx = w. The other set can
be chosen as containing Ny = w disjoint representatives each of size Dy = N.

4.1.1. Real projective plane encoding a qubit The real projective plane, denoted as RP?,
is an interesting example since its first homology group has a trivial free part (i.e. not
encoding any logical rotor) but a non-trivial torsion part. Table 2 recalls the homology
and cohomology groups of the real projective plane for different choices of coefficient
groups.

To be concrete, let us construct some codes and see how the non-trivial qubit encoding
comes about. Given a tessellation of a surface, one associates an arbitrary orientation,
clockwise or anti-clockwise, with each two-dimensional face, the elements in C; in
Eq. (27). In addition, one associates an arbitrary direction with each edge, the elements
in C1. The properties of the code, i.e. what is encoded and what is the code distance, are
not dependent on these choices. To construct a row of Hy corresponding to a face in the
tessellation, we then place an integer entry m = m’ — m” for some edge, when the edge
is in the boundary (3) of the face with the same direction as the face m’ times, and when
the edge is in the boundary () of the face with the opposite direction as the face m”
times. Similarly, to construct a row in Hz, corresponding to a vertex in the tessellation,
we place an integer entry &1 for some edge, namely +1 when the edge is incoming to
the vertex, and —1 when the edge is outgoing to the vertex (when two vertices with an
edge between them are identified in the tessellation, one places both a +1 and —1 so 0
in total).

In Fig. 1 we give three tessellations of increasing size of the real projective plane
which encode a logical qubit.

The tessellation in Fig. 1a leads to a stabilizer group generated by the operator X (2),
in other words, Hy = 2 and Hz = 0. The logical operators of the encoded qubit are
X = X(1) = ¢ and Z = Z(x) = e™¢. The code Hamiltonian, H = — cos(Zé),
obtained through Eq. (80), can be viewed as that of a 0-7 qubit: the state [+) = |# = 0)
and |—) = |# = m) are related by the m-phaseshift Z = Z(r).
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(a) (b)

Fig. 1. In a—c, points on the outer circle are identified in antipodal pairs. a The smallest chain complex
describing the real projective plane RIP2 with one vertex, one edge and one face. The face is attached twice to
the edge (from “both sides”) seeing the same orientation twice. The vertex is attached twice to the edge with
two opposite (canceling) orientations. b A small tessellation of RP? with 4 edges and ¢ with 9 edges. The
potential support for the two complementary logical operators are shown in green and blue. One can observe
that twice the green path can be generated by the sum of all the faces. One can also observe that the blue path
can host a logical operator, satisfying face constraints, only with coefficients that double to zero, hence they
should be . These two observations can help developing an intuitive understanding for the (co)homology
groups in Table 2.

For the tessellation in Fig. 1b we have the check matrices, previously given in Eq. (38)
and the logical operators are X =X(0,-1,0,1) =¢ (63=02) and Z = Z(0,0, 7, ) =
e (3+08) For this code, aspread-outlogical, see Sect.3.3.2,isZ = Z (-%,-%,%, %) =

el 3 (Us+la=li=0) gpq 5 possible code Hamiltonian would be of the form

H=— COS(él — éz) — COS(é3 - é4) — COS(él +é2 — é3 — é4) + (él +éz +£3 +24)2.

(83)
This four-rotor projective plane code, RP?(4), has parameters
RP*(4) : [4, (0.2), 2, 2)]rot- (84)
For the third example code in Fig. 1c we have
1 =100 0 000 O 1 1.0 1 0 0 1 1 O
-1010-1010 0 0 0-1-1-10 0 O0 O
Hy=]10 00-11 001 —-1|,Hz=]|-1-10 0 1 1 0 0 1
0000 0 -11-11 001 0 0-1-10 0
0 11-10 100 O 00 0 0 0 0 0 -1-1
(85)
and we can define
Ix=(0,0,-1,100,-1,0,0), Iz=(0,0,0,1,0,1,0,0, 1), (86)

and the logicals are X = X (Ix) = e”x'z and Z =Z () = ei”lz‘é.
The parameters of this 9-rotor projective plane code, RIP?(9), can be estimated to be

)

RP*(9) : [9, (0,2), 3,82) o, 3 >87 >

(87)
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1 2 N-1 N
24 - 4046
N+1 N+2 2N-1 2N

Fig. 2. Thin tessellation of a Mdbius strip with a ‘rough’ boundary with no rotors on the dashed edges or
vertex checks on that boundary. The edges are numbered from 1 to 2N.

The lower bound is obtained by considering a set of three X logical operators of weight
three each. The support can be (3, 4, 7), (1, 8, 9) and (2, 4, 5) which has a single overlap
and equal weights so the minimization technique of Sect. 3.3.2 still works.

Table 2 shows what happens when one puts qubits resp. oscillators on the edges for
these tessellations, so that one encodes a single qubit resp. no logical information. We
can also directly verify here that one cannot interchange Hy and Hz: this is expressed
in the homology groups shown in Table 2. In terms of freedom to define the code, we
note that the £ signs in the matrices Hy and Hz depend on the choice of orientation for
each face, i.e. the signs in each row in Hy could be flipped. In addition, the choice for
orientation for each edge can be flipped which leads to a column in Hz and Hyx being
flipped in sign. Many other small tessellations of the real projective plane exist in the
form of projective polyhedra such as the hemicube [32] and the tetrahemihexahedron
[33, Table 1].

4.1.2. Mébius strip encoding a qubit The Mobius strip is known to be the real projective
plane without periodic boundaries on one side. One can thus obtain a Mobius strip by
removing a face, say, the face between edges 2,3,4 and 6 in Fig. Ic, i.e., the last row
of Hy in Eq. (85), and identify the removed face with the logical operators X (m) =
e!"M©2=04+03=06) of an encoded rotor. This makes a Mbius strip with so-called ‘smooth’
boundaries and the logical Z(¢) can attach to such smooth boundaries.

One can also make a Mobius strip with so-called ‘rough’ boundaries. It can be con-
structed from the real projective plane by removing a vertex (while keeping the edges
adjacent to it). On a closed manifold a single removed vertex is equivalent to the sum of
all the other vertices. Hence, no additional logical rotor is associated with the removed
vertex. Such Mobius-strip code will encode only a qubit due to the twist in orientation,
see Fig. 2.

In Fig. 2 the strip is very thin: it is only one face wide. This rotor code is defined on
a set of n = 2N rotors (one for each directed edge) where the rotors above each other
are labeled by i and N + i. The face stabilizers, corresponding to the rows of Hy are

Sj'( — ei(éj*éN+j+éN+j+1*éj+l)’ j=1,...,N—1,
Sﬁ — ei(éN—ézN—éN+1+él)’ (88)
where the last face is twisted. The vertex stabilizers are
Yo, SJ-Z((p) — ei(P(ij'*'éNﬂ’).
Let’s examine how to construct the logical Z. Imagine phase shifting the upper rotors

by € each, i.e. we apply e “%1 4 Due to the twisted check S])\,(, € can only be 7. For
this thin Mdbius strip, we can spread out the Z by moving half its support from the top



53  Page 20 of 59 C. Vuillot , A.Ciani, B.M.Terhal

*n/5
*2m/5
*4m/5 L

ol

:(n)
o o
G

JIr Ty Utwr
Jic S {E% JICIG
Jicic cicig JIGIC
J{CIC cicib Jicic f
T A AR

(a) (b) ()

Fig. 3. a A thicker Mobius strip with (odd) length N and odd width w = 5. In red is the support of the logical
Z and in green is the support of the logical X. b The support of the logical Z operator in red in a has been
shifted to all the rows (£ /5 phase-shifts) and 2 edges with 27 /5 and 2 with 477 /5 shifts occur at the twist: the
shift is done by multiplying with vertex stabilizers with values given in c. ¢ The value of the vertex stabilizers
to choose to perform the spreading-out operation. To obtain the phase shift applied to each edge, one sums the
values at its two neighbouring vertices (without changing the signs). Applying these shifts starting from the
logical operator with 7 shifts in the middle row (highlighted in red) yields the logical operator in b.

of the ladder to the bottom. Using Egs. (65) and (57) we see that this spread-out logical
has distance 67 = 2N sin?(;r/4) = N which is exactly the same as the minimal support
logical Z.

The matching logical X = ¢! =V+/) for any choice of j and it has distance dy = 2
using Eqgs. (64) and (58). So the parameters of the thin M&bius trip are given

[[ZN» (Ov 2)7 (27 N)]]rot- (89)

<k . . .
One can observe that X for any k also commutes with the stabilizers and is not equal

to X as an operator, but one can show that X" for even m is in the stabilizer group. To
understand this, observe that we can move the support of X over the strip while keeping

its form the same. This means that X - can be split to different rungs on the ladder, and
then we can move and annihilate them at the twist, since the face at the twist has the
appropriate opposite signs.

The previous choice of logical X and Z operators gives the logical |0) and logical

|1) code states for the thin Mobius strip, which in the angular momentum basis read:

|0) = Z €1, ..., N, —L1, oo, —EN), (90a)
N EL
S| tx=even
D= > [l by —br ..., —ty). (90b)
£y,..L y€EL
lecvzlszodd

In Sect. 5.4 we show how Kitaev’s current mirror qubit [15,16] can be interpreted as
a physical realization of the thin Md&bius strip code described above.

We can make the Mdbius strip code thicker: for example, we can take a strip of odd
length N and odd width w, see Fig. 3. This Mobius-strip code, denoted as M(w, N), on
2Nw — N rotors is defined by the following stabilizers. The X stabilizer generators are
labeled by the faces u and the Z stabilizer generators by the vertices v of the lattice:

w=1.. Nuw, SX = o Zicnw it with s, ; = £1,

v=1,...,Nw—1), Vg sz(w):e""’z"éai‘“”“"’z", with7,; = +1.  (91)
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Here the &1 values for the s, ; and ¢, ; variables depend on orientation. Along the
top and the bottom, the X stabilizers act on three rotors, representing rough boundaries.
The compact, minimal support, logical Z runs along a loop y* on the dual lattice (in red

in Fig. 3a) and applies a 7-phaseshift on each rotor, i.e. Z = ™ Lier li We observe

that the operator Z = ' Lier+ b with ¢ # km, k € Z does not commute due to the
fact that the twisted face has support on the rotors a and b over which y* runs of the
i (6

form ¢/ %a*%) (Note that an alternative commuting support for the logical of the form

el ta _@ would not work since it would not be commuting with all other faces). The
logical X runs over a straight line y from top to bottom (in green in Fig. 3a) and acts as

e'®a=%) on two adjacent edges a and b, incident to a vertex, in order to commute with

the vertex check which has support e/¢(¢«*) for any ¢. We can view X as applying
a sequence of angular momentum or Cooper pair jumps along y. The distance of the
logical X is thus dy = w, as y has to run from top to bottom in order to commute. These
logical operators Z and X overlap on one edge where they anti-commute.

To determine the distance §z one considers spread-out logical operators, as discussed
in Lemma 1 in 3.3.2. We observe that one can move the support of the logical Z in red
in Fig. 3a on all the rows by multiplying by all SZ(£27/5) for vertices alongside the
logical operator and SUZ(:ET[ /5) for vertices closer to the boundary, see Fig. 3c. This
creates a logical Z with 7 /5-phaseshifts on all vertical edges, and it includes four
horizontal edges with £27 /5 and 457 /5 shifts at the twist, see Fig. 3b.

We can apply Lemma 1 with dy = Dx = w and Ny = N since there are N disjoint
representatives of the logical X, all of weight w. One thus has

Proposition 1. The rotor Mobius strip code, Ml(w, N), of width w and length N encodes
one logical qubit with distance dx = w and, for sufficiently large w, distance §7 >

s 20wy . Nr?
Nwsin“(5-) ~ 7.

This directly implies that one should choose the length of the strip N = w? in order to
balance both distances and have them both increase with the number of physical rotors.
Indeed this would yield the following parameters

M(w, w?) : [2w? — w?, (0,2), (w, OW))]ror. (92)

This yields a Mobius strip which is in a sense asymptotically 1D as the length increases
quadratically faster than the width.

4.1.3. Cylinder encoding a rotor Instead of a Mobius strip, one can also choose a normal
cylinder with a rough boundary on one side and periodic boundaries on the other side.
The form of the checks is as in Eq. (91). In this case one encodes a logical rotor with

Z(p) = ¢ Liey+ b and X(m) =™ Liey i with alternating signs & between adjacent
edges i, see Fig. 4. We can again apply Lemma 1 in Sect. 3.3.2 using Dx = w disjoint
representatives for the logical X (1), each of weight w, and obtain

Proposition 2. The cylinder code of width w and length N encodes one logical rotor
. . . . Nuwsin? () N

with X distance dx = w and, for sufficiently large w, Vo, 67 > e w

Again, this implies that one should choose the length of the strip to be N = w? in

order to balance both distances and have them both increase with the number of physical
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Fig. 4. a A normal strip with (odd) length N and odd width w = 5. The support of the logical Zisinred and
the support of the logical X is in green. For this strip, one identifies the vertices at the left and right boundary.

rotors. The shape of the system is then also asymptotically 1D. In the next section we
show that in higher dimensions we do not have to change the dimensionality of the
system to obtain the same distance scaling.

As a curiosity one can also consider a tessellation of the Klein bottle: since the Klein
bottle has first homology group Hi(Klein bottle, Z) = Z x Z,, it encodes both a qubit
and a rotor with parameters [n, (1, 2), (dx, §2)]rot-

In general, using 2 D manifolds, we cannot encode more than a logical qubit alongside
some number of logical rotors. This comes from the relation between orientability and
the torsion subgroup of Hp_1(M, Z) at the D — 1 level of a connected and closed
D-dimensional manifold. More precisely, if M is orientable then there is no torsion
in Hp_1(M, Z) whereas if it is non-orientable the torsion subgroup is Z,, see [25,
Corollary 3.28]. We also give an elementary proof of this fact in the case where we
have a finite tessellation of M in Appendix D. In larger dimensions D > 2, the torsion
subgroups of Hy(M, Z) for k < D — 1 have no connection to orientability and can be
arbitrary and the number of encoded logical qubits or qudits is not restricted.

4.1.4. Higher dimensions To overcome the restrictions imposed by 2 D-manifolds on the
number of logical qubits and the Z distance scaling in, say, Proposition 1 and Proposition
2, an option is to turn to higher-dimensional manifolds, starting with 3 D. Take a 3-torus,
say the N x N x N cubic lattice with periodic boundary conditions. We identify the
edges with rotors, faces with X stabilizers and vertices with Z stabilizers, so that the
number of physical rotors is 3N>. We denote this code by T3. The homology at level
1 is Z3, implying that there are 3 logical rotors in the code space. With this choice of
dimensions, the X -type logical operators are non-trivial closed 1 D loops and the Z-type
operators are 2D cuts in 2 D-torus shape. We can compute the following parameters for
the 3 D-toric rotor code

Ts : [3N3, (3,0), (N, N)]ror. (93)

To get the lower bound on the Z distance via Lemma 1, we can exhibit a set of Ny =
©(N?) disjoint X-logical operators each of weight Dy = N. All the parallel lines along
the x-direction for instance. This yields using Eq. (73)

s,—0( M) —ow 94
7z = <D—>— (N). (94)

X
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— \/
(a) (b)

Fig. 5. a Representation of RP3 as a 3-ball with identified antipodal points on its boundary. b A specific
tessellation of RP? from which a point has been removed creating a rough boundary in the shape of a sphere.
The top rough boundary and the bottom rough boundary in the drawing are connected and form a single
boundary. They form the double cover of a real projective plane, i.e. a sphere. Each section plane is a real
projective plane and hosts a Z logical operator. There are N 2 vertical X logical operators of weight N each.

So here we have a genuine growing distance with the system size for both X and Z
without tweaking its shape.

To get an example with torsion at level 1 we can turn to the real projective space in 3D
denoted as RIP3. A way to visualize RP? is to take a 3-ball and identify antipodal points
on its boundary surface, see Fig. 5a. We have that H; (R]P’3, Z) = Z; hence encoding a
single logical qubit.

Similarly as how a rough Moebius strip can be obtained from the projective plane
by removing a vertex we can obtain a slightly simpler manifold than RIP?, with a rough
boundary in the shape of a 2-sphere by removing one vertex (but keeping the edges
attached to it) from RP3. To be concrete, we take againa N x N x N chunk of the cubic
lattice with rough boundaries at the z = 0 and z = L planes. Then we connect the four
other sides anti-podally, see Fig. 5b. For short we label this code as RP3".

This punctured RP? code has parameters

RP*: [3N? = N2, (0,2), (N, N)]ror- (95)

The Z distance is obtained using the same set of disjoint X logical operators as in the
3-torus case, i.e N vertical paths from the top rough boundary to the bottom one in
Fig.5b. In Sect. 5.5 we will come back to the impact of distance scaling on the protection
of the encoded information, although this is partially left to future work.

Many other 3-manifolds with different 1-homology can be found and some have been
tabulated [34]. For instance the 3-manifold named “m010(1,3)” in the “orientable closed
manifold census” of SnapPy [35] has its 1-homology equal to Z4;.

4.2. Constructions from a product of chain complexes. For qubit and qudit codes, con-
structions exist to build CSS quantum codes from products of classical codes. The first
construction of this sort was the hypergraph product construction [36] which can be
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reformulated as a tensor product of chain complexes [37]. We show here how to use it
to generate quantum rotor codes.

Given two chain complexes, (C , ac) and (D, BD) given by Z-modules C;, D; and
boundary maps 8JC :C; — Cj_yand BJD : Dj — Dj_y, we define the tensor product

(&, a¢ ), where we define its Z-modules and boundary maps as

Ec=@ ceDn;. o= afelp +(-Dlg®d’. (96)
i+j=k i+j=k

The tensor product of groups, A ® B, is defined by the following properties

Y(a,a') € A%, Y(b,b') € B>, Vn € Z, na®b=aQnb 97)
(a+d)Y®b=a®b+a @b  (98)
a@b+b)=a@b+a®@b. (99)

Note the following useful identities:
QUL =17, 7Q Ly =7Zyg4, ZLay ® Lgy, = Liged(dy,dy)- (100)

The homology of £ is readily obtained from the Kiinneth theorem, see for instance [25,
Theorem 3B.5].

Theorem 3 (Kiinneth Theorem). Given two chain complexes C and D such that the C;
are free, the homology groups of the product are such that

H@~| P H©OeH;D) |&| @ Tor(HC.HiD)|. (101)

i+j=k i+j=k—1

In order to compute the Tor part in our case, we only need to know that it maps pairs
of groups to some other group obeying the following rules [25, Proposition 3A.5]

Tor(A, B) = Tor(B, A), Tor (@ A, B) = @Tor(Ai, B),
i i

TOI‘(A, Z) = 0, TOI'(Zdl s Zdz) = chd(aﬁ )+ (102)

From Eq. (101) and Egs. (100) and (102), we see that if we want to construct rotor
codes encoding logical rotors we can take the product of chain complexes with free
homology and the usual parameter scaling will follow in the same way as with qubit
code construction. If we want a rotor code encoding qubits or qudits, the torsion groups
need to agree or we can combine free homology with torsion.

We can thus adopt different construction strategies depending on what we want our
logical space to be. In Appendix E we develop in detail three different ways to use
this construction to construct rotor codes. Notably we show how taking the product of
a repetition code and a good LDPC code with asymmetric code-lengths yields a code
family for encoding logical rotors with parameters

[, (©(/n), 0), (O(V/n), OCW/M)ror. (103)

The distance scaling is the same as that of the 3D-toric code, Eq. (93), or skewed 2D-
cylinder code but with a better encoding rate.
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We also show that taking a repetition code with a sign twist together with a good LDPC
code still with asymmetric code-lengths yields a code family with the same parameter
scalings but encoding logical qubits, so described by parameters

In. (0.29C7) . (©(m). O /)]t (104)

Again, the distance scaling is the same as for the 3D real projective space code, Eq. (95),
or skewed 2D Moebius code, Eq. (92), but with a better encoding rate.

5. Physical Realizations in Circuit-QED

Superconducting circuits form a natural platform for the realization of rotor codes, where
the superconducting phase 6 of a superconducting island of sufficiently small size can
realize the physical rotor degree of freedom, while its conjugate variable £ represents
the (excess) number of Cooper pairs on the island (relative to another island). Thus,
we seek to engineer the Hamiltonian or the stabilizer measurements of a rotor code
with circuit-QED hardware, namely using Josephson junctions and capacitors between
superconducting islands, and possibly inductors, to realize the X and Z terms in the
Hamiltonian. To this end, we will use standard procedures for converting an electric
circuit to a Hamiltonian [38—40]. This passive approach to quantum error correction
has been discussed in circuit-QED systems in Ref. [41], and pursued to obtain the
Hamiltonian of the GKP code [30,42—44] and of the surface code [45]. In what follows,
in order to avoid confusion, we will also denote matrices with bold symbols.
Naturally, in such superconducting systems, the number of Cooper pairs on an island
is confined to a range which is set by the capacitive couplings that the island has to other
conducting structures. In particular, we imagine that each island i is capacitively coupled
to a common ground-plane via a sufficiently large capacitance Cy, and for simplicity we
will take Cy; = C,. This sets an energy scale for the charge fluctuations on each island.

In the absence of any further couplings, the Hamiltonian would be H = 4Ec, > é?
with
2
Ec, = —, 105

C =73 c, (105)
where e is the charge of a single electron. We can then consider the effect of adding a
large capacitor C between two islands 1 and 2, with C > C,. The Hamiltonian of two
such islands is

482 A —1 ~
H=— PR/ (e ras (106)
i,j=1,2
with capacitance matrix
_(C+C;, —C
C—( _C C+Cg>' (107)
The eigenvalues of C “lare 1 /Cy (eigenvector (1, 1)) and ﬁ (eigenvector (1, —1))
hence
)

H =2Ec, ({1 + )" + (61 — 62)%. (108)

2C+C,
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For large C > C,, the second term is small and the first term enforces the constraint

? 1+ fz = 0. This shows that a rotor code with weight-2 checks of the form et itt) can
be fairly directly realized using capacitors as long as the pair (i, j) is disjoint from other
pairs (k, [). In the Sects. 5.2, 5.3 and Appendix F we will refer to this idea as gapping
out the ‘agiton’ variable %(Z,- +£;). The code Hamiltonian is realized in the low-energy

no-agiton sector with ¢; + £; = 0 where the ‘exciton’ variable %(Ei — £;) can still vary.
The Hamiltonian of a superconducting Josephson junction between two islands i and

jisgivenby H = —E; cos(; — 0 ), if we neglect the small capacitance induced by
the junction between the nodes. Hence, this naturally represents a code constraint of
weight-2.

To understand the challenge of engineering an electric network which implements all
code constraints, consider the following approach. One designs a capacitive network of
nodes (all coupled to ground) which is composed of disjoint connected components V,
withm =1, 2, ..., with the nodes in each connected component V,,, connected by some
large capacitance C > C,. The capacitance matrix C will have the smallest eigenvalue
of C, associated with eigenvectors of the form (1, 1, ..., 1) on the support of any of
the connected components. Hence one can obtain a set of capacitive code constraints
(Ziev,,, £)? for non-overlapping sets V,,. However, these capacitive constraints act
only on non-overlapping sets of nodes and thus we need a way of ‘identifying’ nodes.
However, if we would do this too strongly, then it was a priori incorrect to treat each
connected component separately. Instead, we want to identify the node variables only
in the subspace where one obeys the constraints ) ; eV, ¢; = 0 whose violation costs
energy Ec,. This can be in principle be done using inductors which should act as
closed circuits at sufficiently low energies. Furthermore, inside the subspace where the
capacitive constraints are obeyed, the pair wise Josephson junction terms should be
treated perturbatively so as to generate face terms which express the joint tunneling
of multiple Cooper pairs. In Sects.5.3 and 5.4 we will show this approach for some
particular known examples.

5.1. Subsystem rotor codes and Bacon—Shor code. One can easily generalize the defi-
nition of stabilizer rotor codes, Definition 1 to subsystem rotor codes where one starts
with a group G generated by non-commuting generalized Pauli operators X (m) and
Z(¢). The reason to study subsystem [46] (or Floquet) codes is that one can potentially
construct non-trivial codes with gauge checks operators acting only on two rotors. In
particular, due to the interest of rotor codes in circuit-QED, we consider codes of a
particular restricted form with 2-rotor X checks, which, as Hamiltonians, relate to a
Josephson junction between two superconducting islands, i.e. H ~ — cos(By — 0p). We
prove the following:

Proposition 3 (Josephson-Junction Based Subsystem Codes). Given n rotors, let G =

.1.X A . ~
<elh/ .07 e”phkz'e Vi=1,...,r,YoeT,Vk=1,..., rz>wherethevect0rhf isofthe

general restricted form hj-( =(0,...,1,0,...,0,—1,...,0). Let C(G) be the group
of generalized Paulis which commute with all elements in G. Let S = G N C(G) be
the stabilizer center.> Then either C(G) = S (i.e., one encodes nothing) or C(G) =

5 In this notation we ignore any phases by which elements in the center can be multiplied due to the
non-commutative nature of G, so that S is a stabilizer group with a +1 eigenspace.
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<S,Y,'(m),7,~(¢), VopeT,meZ,i=1,..., k> (i.e. one encodes some k > 1 logi-
cal rotors).

Proof. Consider a Pauli Z(¢) that should commute with elements of G. In order to
12X A
commute with some "7 with hf having nonzero entries on rotor a and b, the support

of Z(¢) on rotor a and b must be of the form ei0atl) for any ¢ € T (or its Hermitian
conjugate). NoticeA th?t the case ip vAvhich theAsuPport i§ of the forrp eta=ty) s g
special case of e/?(ta*ts) since ¢/ Catln) — i (la=ty) o127ty — oi7(ta=ts) Now consider
the support of the collection of vectors hj( : this could break down in several disjoint

connected components V,,. Then to make some operator Z(¢) commute with all A%,
without loss of generality, its support on a connected component V,,, must be of the

form ¢'® v i for some arbitrary ¢ € T. In subsystem codes logical operators are
operators that are in C(G), but not in G, i.e., not in the stabilizer center S. Thus, we just
need to exclude the possibility that an operator Z(¢) of the previous form is not in G
for some discrete set of d values of ¢ for any d. However, since the generators of the Z

part of G are of the form ei“ﬁhlg ‘t, V¢ € T, this cannot be the case. m]

Remark. 1f kY can be of the form A = (0,...,1,0,...,0,1,...,0), then the no-go
result expressed in the Proposition 3 would not hold. Such constraint would correspond
to a Hamiltonian with terms — cos(éa + éb) which would model a coherent increase or
decrease of the number of Cooper pairs on both islands a and b by 1 (instead of the
tunneling of a Cooper pair through the junction) which is not immediately physical.

The following example demonstrates that even though we have defined (stabilizer)
rotor codes in Definition 1 with checks for continuous values ¢ € T’z in Eq. (18) (no
modular constraints), a subsystem rotor code can have a stabilizer subgroup in which
Z-checks only appear for discrete values of ¢.

Example 1. Consider an even-length chain of » rotors with
G = <ei(é-fé-f+1), o €i=Lja) Vi=1,2,...,n—1 Vg e ']I‘>. The stabilizer subgroup

. n/2 55
isS=6NCG) =" Li21Gj1=8)) a¢ this is the only element which is in G and
which commutes with all elements in G. The subsytem code encodes one logical rotor,
— ) n 7. — . n j.
namely C(G)\G is generated by Z(¢) = €' Li=tti and X(m) = ™ Xi=17 obeying
Eq. (13).
The point of Proposition 3 is that it demonstrates that one cannot capture the difference

between a Mobius strip and a cylinder using such restricted (Josephson-junction based)
weight-2 checks.

5.1.1. Thin rotor Bacon—Shor code An example of a subsystem code is the rotor Bacon—
Shor code, of which we consider a thin example. For such thin Bacon—Shor code, in
analogy with the qubit Bacon—Shor code [47], the group G is generated by

G¥ = /=0, j=1,...,N—1, (109)
Gj( — ei(éN+_[*9AN+j+l), ] — 1, e N — 1’ (110)
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T 1
TeT . T. . T

Fig. 6. Electric circuit for the thin Bacon-Shor code: capacitances to ground for each node are not shown.

G%(9) = /ot j=1,....,N.Vo eT. (111)

The logical rotor operators can be taken as Z(¢) = !¢ T b and X (m) = ™=+
where we can choose k to be any k in {1, ..., N}, forming a row and column which
intersect on a single rotor as in the standard Bacon—Shor code [47]. The ‘double column’
operators and ‘double row’ operators generate the stabilizer group S = G N C(G):

SJX — G;((G;(H)il — ei(éj*éjﬂ*éN+j+éN+j+])’ (112)
N L 2N G

$%(p) = [[ G4 (p) = ¥ == % vg. (113)
j=1

The X distance of the code is dxy = 2 since X (m) acts on at least two rotors and the
minimum in the definition of the X distance in Eq. (64) is achieved at m = 1. For the
logical Z distance we consider §z in Eq. (65). One notices that one can make a slightly

spread-out logical 7((}5) = ei%(z-];;' ¢ _Zﬂ"’“ ¢ ), which extends over two rows, and
8z ~ N asthe expression in Eq. (65) is linear in N times a constant C (¢) which depends
on the choice of ¢ but which is bounded away from 0 for all ¢.

The targeted (dimensionless) Hamiltonian associated with this code is of the form

N—1 N
Hihin-Bs = — Z [COS(éj - éj+l) + COS(éN+j - éN+j+l)] + Z(ej +3N+j)2~
=1 =1

(114)

In principle Hin—Bs has a spectrum in which each eigenlevel is infinitely-degenerate,
i.e. in each degenerate eigenspace, we can build a rotor basis [€) with X (m)|€) = |€ + m).
In practice, the Hamiltonian is approximately realized by the circuit in Fig. 6, where each
node is connected to a ground plane via the capacitance C; < C. The Hamiltonian,
omitting the Josephson capacitances and assuming that the Josephson junctions are
equal, of the network then equals:

N—1
Hihin—BS, circuit = —EJ [COS(éj - éj+1) + COS(éN+j - éN+j+1)]
j=1
N N 62
AN A N
+2Ec, Z}(zjwmj) +2}m(zj—zmj) , (115)
J= J=

where the large capacitance C > C, suppresses the last term.
Itis clear that, in general, the constraints imposed by parity check matrices Hy and Hz
do not immediately translate to a circuit-QED Hamiltonian constructed from capacitors
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Fig. 7. Electric circuit of the four-phase gadget (showing capacitances to ground).

and Josephson junctions. However, two protected superconducting qubits exist, namely
the 0-7 qubit [12] and the current-mirror qubit by Kitaev [15] which can be identified as
rotor codes based on tessellating RP> and a Mabius strip respectively, as will be shown
in the next sections.

5.2. The four-rotor circuit. In this section, we introduce a fundamental circuit, shown
in Fig. 7, that will be the building block for obtaining a rotor code face term with four
rotors (with alternating signs) when we work in the regime C > C,. The Hamiltonian
of the circuit can also be interpreted as the approximate code Hamiltonian associated
with a four-rotor Bacon—-Shor code discussed in Sect. 5.1 encoding a logical rotor. One
can provide analytical expressions of its spectrum, in full analogy with the Cooper-
pair box spectrum [48,49], as we will see. When we treat the Josephson junction terms
perturbatively, we call this circuit element the four-phase gadget realizing an effective
four-rotor face term.
For the four-rotor Bacon—-Shor code, the group G is generated by

G = <ei‘ﬂ(él+é3)’ o9/ (atla) G i@r=61) iB3—0) 0.4 € T). (116)

We define the gauge rotor logicals in G as Yg (m) = ¢im@=01) and 7g (P) = ¢i(Ea+la),
The stabilizer is generated by

S = <SX(1) = ei(él 7ézfé3+é4)’ SZ(¢)) = eiw(él+é2+é3+é4)

Yo € T>. (117)
The encoded logical rotor has logical operators
Zi(@) = ) X (m) = oim G,

A basis for the four-rotor space is thus |£;, £g, ¢, € T, s, € Z) where ¢, is the eigen-
value of the S (1) check, i.e. SX (1) = ¢!%r, and s, = £ +£3+£3 +£4 is the syndrome of
the SZ-check. Here |£,) is defined by X o(m)[€e) = (£ +m)g), Zg(P)|€g) = €'P%|L,).
The targeted (dimensionless) Hamiltonian, a special case of Eq. (114), is

Hi_ps = (b2 +04)% + (€1 + £3)% — cos(@) — 62) — cos(O3 — Oa). (118)



53 Page 30 of 59 C. Vuillot , A.Ciani, B.M.Terhal

Looking at the circuit in Fig. 7 and setting C; = 0 and neglecting capacitive terms
~ 1/C, we have the circuit-QED Hamiltonian

A A 2 A A 2 A A A ~
He,—o ~ 2Ecg (@1 + 33) + 2Ecg (52 + @4) — Ejcos(01 —60y) — Ejcos(83 — 6y).
(119)

For simplicity, we now assume E; = 2E¢ . SO that we can remove the energy scales.
We can also include the effect of the Josephson capacitances C; in this description, by
using a first-order approximation in C; / C, in a Taylor expansion of C~ !, Applying this
to the dimensionless Hamiltonian, we get an extension of Eq. (118), namely

H = (éz + 54)2 + (él + 23)2 + E(é] + 63)(22 + 54) — COS(é] — éz) — COS(é3 — é4),
(120)

where € = 4C;/C,. All terms in H commute with S and the logical operators Z1($),
X;(m), and thus H has a degenerate spectrum with respect to the logical rotor. Each
eigenlevel can additionally be labelled by the quantum numbers ¢, and s,. It remains
to consider the spectrum of H with respect to the gauge logical rotor: this spectrum is
identical to that of a Cooper-pair box in the presence of some off-set charge set by s, and
€, and a flux-tunable Josephson junction with flux set by ¢,.. To derive this explicitly we
use

(€1, Ly, b s (D1+03)2 €1, Ly, b, 52)=(L1, . . 52 (52— La—L0) (€1, Ly, o 52),
(121)

and introduce the operators ¢ = ¢/(1792) and i ¢ = by + 04. Using a transformation

¢% = =% and dropping primes and the subscriptlabel g, Eq. (120) can be rewritten
as

.0 Sz 2 sZ2 € Ox A
H=Q2—-¢) <_l£ — E) +3 (1+5) — 2cos <7> cos(6). (122)

In the sector labeled by s, and ¢, this Hamiltonian has a spectrum E, (s;, ¢,) and
eigenfunctions ¥, (6) which are determined by the solutions of the Mathieu equation.
The analysis of the Cooper-pair box, which has the transmon qubit as a particular case
[49], is precisely done in this fashion [48]. For the Cooper-pair box, s;/2 models an
off-set charge and ¢, /2 models the effect of an external flux in a flux-tunable Josephson
junction. Unlike the Cooper-pair box, the spectrum also has a s,-dependent shift and the
groundstate sits in the sector with smallest s, = 0, see Fig. 8. To convert to the standard
form of the Mathieu equation, one defines g,(0) = e~ 2504, (20), (with ¥ (0 + 27) =
¥ (), thus translating into a different boundary condition for g, (0)), setting ¢ = 0 for
simplicity:

o2 P
[‘W —deos <7> c0s(20) + 257 = 2En (52, m] @® =0 (123)

It is known that the spectrum of the effective Hamiltonian in Eq. (122), depends only
on the parity of the integer s, (besides the s,-dependent shift) [48,49]. We show the first
three energy levels for even and odd s, as a function of ¢, in Fig. 8.

The encoded logical rotor is protected when events which change the logical rotor
state are (energetically) suppressed: such events are small fluctuations of phase and
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Fig. 8. First three energy bands of the four-rotor Bacon—Shor code as a function of ¢, for even (solid) and
odd (dashed) s; with € = 0. The ground states are associated with even s; at ¢y = 0 and ¢y = 27. When
¢y = m, the Josephson term is zero, and the degeneracies between the first and second band at odd s;, and
second and third band at even s;, are true degeneracies associated with the charging term.

Cooper-pair jumps on each rotor, such that two rotors are affected as characterized by
the weight-2 logical operators. Some of these events could happen in conjunction with
the excitation of the gauge logical rotor or changes in stabilizer quantum number, in
particular when these additional events cost little energy. If one encodes into the logical
rotor at s; = 0 at ¢, = 2, one observes from the spectrum in Fig. 8 that there is a gap
towards the second excited state (at s; = 0 and ¢, = 27), and one is at the minimum
for continuous variations in ¢y, so this seems a good working point. In addition, there
is a gap to the state s, = 1 at ¢, = 27, suppressing processes which change s,.

One could generalize this analysis of the four-rotor Bacon—-Shor code to the 2N-
rotor Bacon—Shor code where there will be one eigenvalue s, = Y j=itjand N —1

eigenvalues ¢'?*/ of the stabilizers ¥ in Eq. (113) as quantum numbers, besides N — 1
gauge logical rotors and 1 encoded logical rotor. Again the Hamiltonian, corresponding
to the circuit in Fig. 6 in the regime C > C, will only act on the gauge logical rotors

(égj =Ej +€Aj+N) as

N—1 N-1
H = Z wa,j + (s, — ngj)z -2 Z cos(¢x,j)cos(éj — éj+1).
j=1 J j=1

— . N 7
We note that the degeneracy of the spectrum with respect to Z(¢) = P Li=14 for all
¢ is only lifted when connecting the last nodes on this strip in twisted fashion as is done
in the Mobius strip qubit, discussed in Sect. 5.4.

5.2.1. The four-phase gadget For the four-phase gadget, we study a particular regime of
the circuit in Fig. 7: namely, the effect of the Josephson junctions is treated perturbatively
(while the dependence on C is kept in analytical form). In the language of the previous
analysis this corresponds to considering the Cooper-pair box spectrum when E; < E¢
and applying second-order perturbation theory with respect to the Josephson term which
connects states of different charge.
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The capacitance matrix of the circuit in Fig. 7 in terms of the nodes variables ¢y, k =
1,..., 4 reads

Co+C+Cy  —C, e 0
_ —Cy Cg+C+Cj 0 —C
=1 _c 0 Co+C+C;  —Cy (124)
0 e —C; G+ C+Cy

It is convenient to first introduce another set of variables, namely the left and right
exciton 6z, g, and agiton 6y, g, variables defined as

OLe 10-1 0\ /6 CLe %(1)—% 0 b
ore| _[01 0 1) (6] [tre] (0L 0 1]
o | =101 0 || ] e =104 o ||6] P
ORa 010 1/ \6s) \tra 010 1)\

|
|

M)

These variables have been employed in Ref. [16] to study Kitaev’s current mirror qubit
[15]. Note that the change of variables in Eq. (125) does not represent a valid rotor
change of variables as described in Appendix A which would require the matrices M
and (MT)~! to be integer matrices. This manifests itself, as one can see from Eq. (125),
in that the exciton and agiton charges on the left L (or right R) have either both integer
or both half-integer eigenvalues.

The choice for exciton and agiton variables is motivated by block-diagonalizing the
capacitance matrix C, i.e. we define

2C+Cg+Cy —Cy 0 0
~ _ _ 1 -C 2C+C, +C 0 0
_ Tl 1 J e+ Cy
C=M") "M =7 0 0  Ce+C; —Cy
0 0 —C] Cg+C]

Let the transformed charging energy matrix be

2 (e)
~ e ~—1 E 0
Ec=—C = C , 126
¢ 2 ( 0 E(Ca)) (126)

with the exciton and agiton sub-matrices given by

© e? 2C+Cy+Cy Cy (1272)
C 7 (2C+Ce)(2C +Cy +2Cy) Cy 2C+Cy+Cy )7
2
C,+C; C
E@ _ € gt Cy 7). 127b
C 7 Ce(Cg+2C) \ Cy Cg+Cy (1270)

The Hamiltonian of the circuit in Fig. 7 then equals

Hy—phase = 4E(Ce,)11 (E%e + E%?e) + SE(CE,)lszeeRe + 4Egl,)ll (E%a + e%?a)

+8EL 5 Lalra +V

2 2

e 2 2e
= —(ELe +ERe) +

— (fLe—tRe)?
2C+C, 20+ r2c, e tre)
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+262(e + o) + 2" (Cra —Lra)> +V (128)
Cg La Ra Cg+2Cj La Ra s

using matrix entries E g/lj) nd

V =-2E, cos[%(@m - eRa)] cos[%(@Le - eRe)}. (129)

We show in Appendix F that in the limit C > C,, C, and when E is much smaller
than the characteristic energy of an agiton excitation, the four-phase gadget gives rise to
an effective potential in the zero-agiton subspace given by

Vett = —E j 4 COS(é] + é4 — éz — é3), (130)
where the effective Josephson energy is given by
E2

@
4 EC diff

(131)

Jeft =

Here the typical energy of an agiton excitation E (C“ )diff is approximately given by, see
Eq. (F113) in Appendix F,

2
(@) ¢
ES 7 _— 132
C,dlff Cg + 2C] ( )
For later convenience, we introduce the typical energy of a single exciton as
o2
ES =4EQ, ~ 25 (133)

In the following subsections, we will see that the perturbative four-phase gadget is
a fundamental building block of the 0-7 qubit [12,13,50] in Sect. 5.3 and of Kitaev’s
current mirror qubit [15,16] in Sect. 5.4.

The crucial point here is that while the four-rotor Bacon—Shor encodes a logical rotor,
the 0-7 and current mirror circuits aim to encode a qubit. Note that if we were to treat
the Josephson junctions perturbatively in the four-rotor Bacon—Shor Hamiltonian, we
still encode a logical rotor. Hence, in order to encode a qubit with the four-rotor circuit,
one uses inductors to ‘identify nodes’ and effectively tessellate a non-orientable surface,
as we will see.

5.3. The 0-r qubit as small real projective plane rotor code. The 0-m qubit Hamiltonian
in [12-14,51,52] can be seen as the smallest example of a quantum rotor code obtained
by tessellating RP?. We start with the tessellation in Fig. 9a (left) with two rotors (on the
edges). The single face uses each edge twice so that the face constraintis Hy = (2 — 2).

For later convenience, we label the vertices 1 and 3. The two vertex constraints are
identical and equal 01 +03=0,0r H; = (1 1). The logical Z is a m-phaseshift on a

1(01

single edge, say Z = Z () = ¢ and X = ~03), The dimensionless Hamiltonian

associated with the code is

= (€1 +03)% — cos[2(d, — 03)]. (134)



53 Page 34 of 59 C. Vuillot , A.Ciani, B.M.Terhal

O ON e
) )
(a)

E;,Cy
01 » 02
o1 1 C
L >
O E;,Cy 04
(b)

Fig. 9. a A very simple tiling of the real projective plane with two rotors and a representation of how it can
be associated with the 0-r qubit circuit. Each node (on an edge) is split into two nodes (grey dots) and we put
an inductor between them. Then two (large) capacitances are added on the edges to implement the capacitive
‘vertex stabilizers’. Finally, Josephson junctions are added to implement the ‘face stabilizer’ perturbatively
leading to the circuit in b. b Final circuit of 0-7 qubit which can be viewed as a circuit-QED realization of
the code in a. The 0-7 qubit is essentially the four-phase gadget in Fig. 7, with inductances on the diagonal
(capacitances Cyq to ground are not shown in the picture).

It is clear that the potential energy has two minima, one at #; — 63 = 0 and one at
01 — 03 = . In particular, the (unphysical) logical codewords are

0) o 3 1261120, ) o [ avion o)
LeZ T
|T)O(Z|2Z+l)1|—2£—l)3, |:)O(/d@|9)1|7t +6)3. (135)
LeZ T

The question is how to obtain the second term in Eq. (134) using Josephson junctions.
A first solution was conceived in Ref. [12], which introduced the circuit of the O0-7 qubit.
We note that engineering a 0-rr circuit allowing an effective two-Cooper pair tunneling
process is also the goal of [53] which we do not analyze here. In Fig. 9a we sketch the
idea of how the 0-r circuit comes about from a simple tessellation of the real projective
plane, using the doubling of each rotor to two rotors coupled by an inductor. Figure 9b
shows the final circuit of the 0-7 qubit. We see that the circuit of the 0-7 qubit in Fig. 9b
is the same as that of the four-phase gadget in Fig. 7, with the addition of inductances
on the diagonal. More specifically, the system is operated in the regime of C >> Cy, C,
and when the perturbative analysis in Appendix F is valid.

In what follows, we provide a simplified and intuitive explanation of why the circuit
of the O-7r qubit gives rise to the code associated with the Hamiltonian in Eq. (134), using
the exciton and agiton variables introduced in Sect. 5.2. We remark that in the literature a
different change of variables is usually used to study the O-7 circuit[13,14,52]. However,
the exciton-agiton picture lets one see the connection to the rotor code more clearly.



Homological Quantum Rotor Codes... Page 35 0of 59 53

The impedance of an inductor in the Fourier domain is Z; (w) = iwL, which means
that at high frequencies the circuit behaves as an open circuit, while at low frequencies
it functions as a short circuit. In the four-phase gadget circuit, when C > C;, C, agiton
excitations have high energy, i.e., high frequency. Thus, we expect intuitively that if
the inductance is large enough, it will behave as an open circuit with respect to the
agiton excitations, which are consequently only Weakly affected. Mathematically, this

requires that the typical energy of an agiton excitation EY C. dlff given in Eq. (132) satisfies

2
E (Ca )dlff > Ep, with Ep, = 4q>2 7 the inductive energy of the inductor. This means that

the perturbative analysis in Appendix F is still valid if the previous condition is satisfied
and we expect that within the zero-agiton subspace the four-phase gadget effectively
gives a potential as in Eq. (130).

On the other hand, we want the inductor to behave as a short circuit within the low-
frequency, zero-agiton subspace. This condition requires that the energy of a typical
exciton E (Ce ) defined in Eq. (133) and approximately equal to % is much smaller than

E7 . In this case, we can identify él ~ é4, é3 ~ éz, and obtain
Vet = —E . cos[2(8) — 63)]. (136)

In what follows, we provide an analysis at the Hamiltonian level of the previous
argument. The classical Hamiltonian of the 0- circuit, using the exciton and agiton
variables, is

E; » EL 5
Hy_n = H47phase + T(eLa —0ORra)” + T(QRe +0Le)". (137)

where Hy phase is given in Eq. (128).
First, we note that the inductive terms do not couple excitons and agitons and the

effect of L (QLa éRa)2 is zero in the no-agitons subspace. This latter term induces
a couplmg between different agiton variables, which we do not expect to modify the

perturbative analysis in Appendix F, as long as E (Ca zjiff > Ep.
Next, in the zero-agiton subspace the idea is that the capacitive terms, which have

characteristic energy scale E (e), are small relative to the inductive term. Then, the in-

ductive term can enforce éLe + éRe = él — 93 + éz — é4 = 0 which leaves éLe éRe =
91 + 94 — 92 — 93 ~ 2(91 — 93) hence plugglng this into Eq (130) we realize the term

in Eq. (136). We note that this also implies ELe = —ERe =5 (61 — 63) Finally, we get
the Hamiltonian

Hon ~ EQ (81 — £3)% = 2E 1, cos[2(01 — 63)], (138)

where the eigenstates must satisfy the zero-agiton constraint
{1 +443=0, (139)
which effectively implements the Z-type stabilizer associated with the rotor code in

Eq. (134). Thus, in order for the eigenstates to represent the codewords of the rotor
code, we need to neglect the charging term in Eq. (138) and require

EY < Ej,. (140)
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Let us also examine the wavefunctions obeying these constraints. The zero-agiton sub-
space restricts the wavefunctions of the four variables 61, 6>, 63, 64 to be states of the
form

W)= D arel)l€)sl—31—L),.

LeZ U eT

Now consider that this state has to obey the inductive energy constraint, 0 1 —é3 +o§2 —é4 =
0. This requires at least that the state is an approximate +1 eigenstate of ¢! (1 =03+02=64)
hence gy 41 = g 0.

Now to be at a minimum of the effective potential in Eq. (130), one also wishes to
be a +1 eigenstate of e @re=0re) = i (1=63=02+04) "\yhich implies agy1 ¢—1 = g ¢, OF
a¢. ¢ = f(£+2') (only afunction of the sum £+¢"). Thus, both constraints together imply
that ag ¢ is some constant for even £ + £’ (and even £ — £’), and (another) constant for
odd ¢ + ¢’ (and odd ¢ — £'). Such states can be made from a superposition of orthogonal

basis states

0) = D 10011€+2Kk)l—0)31— = 2Kk)s,
LeZ kel

)= D [011€+2k+1)5|—)3]—€ — 2k — 1),. (141)
el kel

If we use Eq. (3) and Fourier sums, one can also write

4) o [0) + 1) = / o / d0'16)116')16)316").
=) o [0) — [1) = /défdé/whl@’)zl@ Fr)l6 ) (142)

We observe that |t+) are product states between nodes 1&3 and 2&4, i.e. they are of
the form |£) = |E)|E) where |E) are the codewords in Eq. (135). Hence, the O-
circuit represents the code in ‘doubled form’ and we observe that due to this doubling

the logical Z is now a m-phaseshift on two rotors ¢/ (¢1+£3) while the logical X is the
same as before.

We note that in this analysis we have connected each node to ground via a capacitance
C, while in the usual analysis one of the nodes is grounded itself. That grounding choice
would remove one degree of freedom, setting, say, & = 0 in Eq. (142), so we get the
code without doubling.

5.4. Kitaev’s current-mirror qubit as thin Mobius-strip rotor code. Kitaev’s current
mirror qubit [15,16] has a direct interpretation as the quantum rotor code of the thin
Mobius strip discussed in Sect.4.1.2 and Fig. 2. As stabilizer checks in the Hamiltonian
we have

OJC-’XZCOS(éj—é\N+j+9AN+j+] —éj+1), j:l,...,N—l,

05" = cos(Oy — oy — Ops1 +61), j=N. (143)
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Fig. 10. Kitaev’s current mirror qubit [15,16]. The circuit can be viewed as a sequence of four-phase gadgets
discussed in Sect. 5.2 (highlighted in red) in the limit C > C, Cg that we analyze in detail in Appendix F.
Each node is assumed to have a capacitance Cg to ground (not shown in the picture).

The weight-2 vertex Z checks are specified as
OjZ:éj+2N+j, j:l,...,N, (144)

The key to understand this mapping is the perturbative analysis of the four-phase
gadget circuit (in red in Fig. 10) as performed in [16] and shown in Appendix F. We
refer the reader to Appendix F for all the details, while here we highlight the main
features of the analysis:

e In the limit of C > C,, C, it is energetically unfavourable to have charges on
the Josephson junction capacitance C; and/or on the ground capacitance C,. This
translates into the ‘no-agiton’ constraints

Cj+8msej =0, j=1,...,N, (145)

which is exactly the stabilizer constraint imposed by the weight-2, Z-type stabilizers
in Eq. (144).

e The Josephson potential associated with the two junctions in the four-phase gadget
is treated perturbatively. The perturbative regime corresponds to the condition

E E;(C,+2C
J%J(g J)<<1

, (146)
(a) 2
ECa,diff ¢
with £ gl )diff defined in Eq. (132), under the additional assumption that
E E3C(C, +2C
Jeff ( g J) > 1’ (147)

EQ 8¢t

where we used the definition of the effective Josephson energy in Eq. (131), while
E (Ce ) is given in Eq. (133), respectively. In this regime, the four-phase gadgets in
Kitaev’s current mirror qubit in Fig. 10 contribute terms in the Hamiltonian that are
dominated by the purely inductive terms given by (see Eq. (F129) in the Appendix
F)

— E g COS(éj _éN+j +éN+j+l _éj+l), j=1,...,N—1,
— Ejycos(0y — oy — Oys1 +61), j=N, (148)

while the charging terms are smaller in magnitude. The contributions in Eq. (148)
are exactly the terms of the X-type stabilizers in Eq. (143).
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e Consequently, the (unphysical) codewords of the thin Mobius strip given in Eq. (90)
give an ideal representation of the degenerate ground states of Kitaev’s current mirror
qubit.

We remark that Eq. (147) is not in contradiction with Eq. (146). In fact, we can
satisfy both constraints if we take a very large ratio E(C“ éiff /Ec, which again means
C > Cy, Cy. In practice, we will have residual charging energy terms that can be seen
as a perturbation of the ideal rotor code Hamiltonian, and thus of the code subspace.

As for the spectrum of the Mobius strip qubit, we observe the following. If one takes
the Bacon—Shor strip with its circuit in Fig. 6 and adds the Josephson junctions with
a twist at the end to get the circuit in Fig. 10, then the degeneracy with respect to the
encoded logical rotor of the Bacon—Shor code is lifted through the additional Josephson
junctions. However, these rotor states still constitute many low-lying eigenstates (local
minima) as discussed in [16].

5.5. Distance and protection. In this subsection, we discuss in what way the distance
of the rotor code determines the level of noise protection of the encoded qubit or rotor.
It seems intuitive that the larger the X and Z distance, defined in Sect.3.3, the more
protected the encoded qubit or rotor should be.

As a first comment, we note that we have assumed that a superconducting island is
characterized by (an excess) number of Cooper pairs £, but in practice any superconductor
has a distribution of dynamically-active (single electron) quasi-particles, as excitations
above the superconducting ground state. Rotor codes do not intrinsically protect against
this source of noise, as it breaks the assumption of the rotor model.

Otherwise, noise in superconducting devices can physically originate from many
sources, but can be classified as either charge noise, coupling to ¢, or flux noise coupling to
¢'? . One can thus imagine that the code Hamiltonian in Eq. (80) is arrived at, imperfectly,
as Heode + f({'%)) + g({f,-}) where f() and g() are (time-dependent) functions which

are 1- or 2-local (or more generally O(1)-local) in the variables el resp. éi (and which
may involve other noncoding degrees of freedom).

A large X distance dy suggests protection against flux noise, as the logical X cor-
responds to changing the number of Cooper pairs on a collection of superconducting
islands, which, via the O jZ charging constraints in the code Hamiltonian in Eq. (80),
costs energy. If such processes, modeled by f({e!%}), are present in the Hamiltonian
itself, then, if they are sufficiently weak to be treated perturbatively, their effect on the
spectrum would only be felt in dy-th order. This captures the idea of (zero-temperature)
topological order which, for qubit stabilizer codes, has been proved rigorously [54].
Similarly, one can think about a large Z distance 6 as protection against charge-noise
processes, and these processes are modeled by the additional term g({éi}) in the code
Hamiltonian, for example representing fluctuating off-set charges. However, there is no
direct argument for a gap in the spectrum with respect to these fluctuations, i.e. the
spectrum of O;/ SXin Eq. (78) varies continuously, and this continuous freedom is also
expressed in the phenomenon of logical operator spreading suppressing the effective
distance 6z. Thus, we expect that the nature of a zero-temperature topological phase
transition for these systems would be fundamentally different than in the qubit case. In
particular, one may expect only a zero-temperature Kosterlitz—Thouless type transition
for a 2D rotor code, and only a proper memory phase for the 3D rotor code in Sect. 4.1.4.
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The nature of these phase transitions could be explicitly studied for a model of ac-
tive error correction in which one (inaccurately) measures the stabilizer observables,
and one can map the decoding problem onto a statistical mechanics problem, see e.g.
[6,55]. Our preliminary investigation shows that decoding the 2D rotor code under-
going continuous phase errors,—in a model of noiseless stabilizer measurements—,
maps onto a (disordered) 2D XY model, which does not exhibit spontaneous magneti-
zation due to the Mermin—Wagner theorem and can only undergo a finite-temperature
Kosterlitz—Thouless phase-transition. Similarly, the decoding problem for a 2D rotor
code undergoing discrete angular momentum errors can be related to a disordered 2D
solid-on-solid model [56]. It will be interesting to relate properties of these phase tran-
sitions in these disordered models to properties of a possible memory phase. A 3D rotor
code would similarly map to (disordered) 3D XY model and a 3D solid-on-solid model
for which one would expect a genuine memory phase for sufficiently weak noise. Natu-
rally, decoding the code when stabilizer measurements are inaccurate is the physically
more relevant question and can alter the nature of these phases.

Let us now further examine the consequences of distance for the Hamiltonians of
the 0-7 qubit and the Mobius-strip qubit in particular. For both qubits, dy is only 2, not
growing with system size. If the qubits are operated in the presence of external flux, then
the Hamiltonian will contain terms such as — E j cos (éa — 6 +¢ext(t)) & —Ey cos(éa —
éb) + E jhext (1) sin(éa — éb) + O(qbezxt(t)), directly proportional to logical X of the thin
Moebius-strip code. Since the dependence on external flux (noise) only depends on a
small Ej in these circuits and one can work at a flux sweet-spot to remove first-order
effects, its effect on 77 and Ty may be small, but should however get progressively worse
with N. Hence this qubit does not have flux noise protection beyond standard sweet-spot
arguments.

For the thin Mobius-strip qubit, §7 scales with N and this results in Ty increasing
with N [16]. The effect of charge noise on 77 depends on transitions between the logical
|0) and |1) via multiple perturbative steps to higher levels, i.e. an individual noise term
in the Hamiltonian has the property that (0| g({é,-})ﬁ) = 0 as g() only affects O(1)
rotors. However, the analysis in [16] suggests that 77 decreases with N, but this may
be due to the authors defining 77 by any transition to a low-lying excited state (instead
of transitions from ‘a valley of states’” around |0) to a valley of states |1)). However, as
the authors also note, transitions from |0) to |1) require stepping through N multiple
low-lying (energy scaling as 1/N) excitations,—these excitations are the logical rotor
encodings of the Bacon—Shor code—, and one may expect that 77 = O (1) instead.

6. Discussion

In this paper, we have introduced a formalism of quantum rotor codes and have explored
how such codes can encode qubits via torsion of the underlying chain complex. We have
discussed physical realizations of these codes in circuit-QED and we have pointed out
some challenges and opportunities. Here we like to make a few concluding remarks.

It is not clear that a Hamiltonian encoding is preferred over realizing the code by
active error correction, measuring face and vertex checks, or perturbatively, by mea-
suring weight-2 checks by employing weakly-coupled circuits. It might be possible
to continuously measure a total charge on two islands (E +0; ;) and mmultaneously

weakly measure the current through a junction proportional to sin(f, — 6p), to realize
the four-rotor Bacon—Shor code, in analogy with continuous monitoring of the four-qubit
Bacon—Shor code [57].
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On the topic of two-body measurements, recently new families of quantum error cor-
rection protocols, named Floquet codes, have attracted interest [58]. They use carefully
chosen sequences of two-qubit measurements to stabilize a dynamical code space. The
first schemes involved Y operators and present a periodic Hadamard transformation of
the logical information, this hints that they most likely cannot work with quantum rotors.
Some other schemes use only ZZ- or X X-measurements [59,60] and could possibly be
adapted for quantum rotors. While it seems that the adaptation would work well on 2D
orientable manifolds, it is less clear if it would work on non-orientable manifolds which
is required in order to encode a logical qubit.

For a bosonic code such as the GKP code, a useful theory of approximate codewords
has been developed in various papers. It would be of interest to develop numerically-
useful approximations to explore rotor codes since the Hilbert space of multiple large
rotor spaces grows rather quickly and limits numerics.

The Josephson junction has been invoked to contribute a — cos(éa — éb) term to the
Hamiltonian, but the tunnel junction can also include some higher-order terms of the
form — cos(k (9, — 0p)) for k > 1, which relate to the tunneling of multiple Cooper pairs
[61,62]. It is not clear whether such higher-order processes could help in engineering
the targeted code terms more directly.

As a separate observation, we note that the encoded qubit proposed in [63] does not
seem to be captured by the rotor code formalism. In [63] one uses Josephson junctions
and external fluxes ¢ex; through loops to generate terms of the form — cos(éu —éb +Pext)-
Degeneracy in the spectrum comes about from classical frustration in these (commuting)
potential terms, allowing to encode a qubit.

Another interesting avenue for further investigations is that of better constructions
of quantum codes based on quasi-cyclic codes [64—66] or modified products [67-70].
Notably it would be interesting to see if LDPC rotor code families with linear encoding
rate as well as growing distances for both dy and §z exists. The main difficulty we see
is to be able to guarantee a lower bound on §z. In the examples we presented we had to
degrade the other parameters of the codes to be able to prove a lower bound on 7.

Finally some manifolds are equipped with a Riemannian metric, in such cases, a
relation can be established between the distance of the codes based on this manifold and
the size of the smallest non-trivial p-dimensional cycle according to the metric, called
the p-systole. Some D-dimensional Riemannian manifolds can exhibit so-called systolic
freedom, meaning that the size of the p-systole and g-systole, for p+¢g = D, multiply to
more than the overall volume of the manifold. Systolic freedom has been used to build the
first qubit codes with larger than ./n distance [71]. Strikingly, this feature is more easily
obtained with integer coefficients than Z; coefficients [72,73], and only recently more
than logarithmic freedom was obtained over Z, [74]. An interesting question one can
ask is whether systolic freedom over integer coefficients can be used to obtain quantum
rotor codes with good parameters and what is the interplay between torsion and systolic
freedom. One complication needing further investigation is that contrary to the direct
relation between the p-systole and the corresponding dx the connection between the
p-cosystole and 87 is less straightforward due to the possibility of operator spreading.

Supplementary information

Relevant code to reproduce the results of the paper is available at Ref. [28].
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Appendix A Quantum Rotor Change of Variables

For continuous variable degrees of freedom representing, the 2n quadratures of, say
n, oscillators, it is common to perform linear symplectic transformations [6] which
preserve the commutation relations and which do not change the domain of the variables,
namely R?". For n rotor degrees of freedom one cannot perform the same transformations
and obtain a set of independent rotors. Imagine we apply a transformation A, with

@/ =>,A jkfk, defining new operators. This in turn defines an operator Z'(¢) =
[1; %% =TT, &% ZeAnle = T, o Xr94n% = Z(¢') with ¢’ = AT ¢. We require
that ¢’ € T”, implying that A7 is a matrix with integer coefficients. Similarly, we can
let 9} = >4 B bk, defining X'(m) = X (m’) with m’ = B" m. We also require that

m’ € 7", which implies that BT is a matrix with integer coefficients. In order to preserve
the commutation relation in Eq. (16), we require that

Vm, ¢ X' (m)Z' () = e ™ 2/ )X (m) = e ™" 7' (¢)X'(m).

which implies that BAT =1,0rA = (B T)_ ! Thus A needs to be a unimodular matrix,
with integer entries, having determinant equal to 1. An example is a Pascal matrix

100 1-11
A=1[110], B=|01 =2
121 00 1

In the circuit-QED literature other coordinate transformations are used for convenience
which are not represented as unimodular matrices. For example, for two rotors one can
define the (agiton/exciton) operators

~ ~ A~ A 1 - ~
0F =0, + 65, F:E(zlizz).

In such cases it is important to understand that the new operators, even though the correct
commutation rules are obeyed, do not represent an independent set of rotor variables.
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Appendix B Quantum Qudit Code Corresponding to a Quantum Rotor Code

First, recall the definition of the cyclic groups Z; and Zj in Eq. (1) in Sect.2, where
the group operation for Zg is addition modulo d and for Z it is addition modulo 27.
Given a qudit dimension d € N=2, the Hilbert space of a qudit, Hz,, is defined by d
orthogonal states indexed by Z4,

Vj€Za, |j)e€Hg,. (B1)
The qudit quantum states are
d d
W) =Y ajli), D lejlP=1. (B2)
j=1 j=1
The qudit generalized Pauli operators are given by
Vk € Za, Xa(k)|j)=1j+k (modd)), (B3)
Vo € Ly, Za(@)|j) =¥ |j). (B4)

By direct computation we have the following properties

1 =X4(0) = Z4(0), (BS)
Xak1)Xa(ka) = Xq(ky + k2 (mod d)), (B6)
Za(91)Za(¢2) = Zg($1 +¢2 (mod 27)), (B7)

and the commutation relation

Xa(k)Za(p) = e Za(¢) X a (k). (BS)

The multi-qudit Pauli operators are defined by tensor product of single-qudit Pauli op-
erators and labeled by tuples of Zy and Z} similarly to the rotor case. If we have integer
matrices Hx and Hz as in Definition 1 we can define a qudit stabilizer code as follows.

Definition 3 (Quantum Qudit Code, C?(Hx, Hy)). Let Hy and Hy be two integer ma-
trices of size ry x n and r; X n respectively, such that

HyH} =0. (B9)
We define the following group of operators, S, and call it the stabilizer group:
Si = (Za(pHz)Xa(sHx) | Vo € Zj*, Vs € Lj). (B10)

We then define the corresponding quantum qudit code, C?(Hy, Hz), on n quantum
rotors as the code space stabilized by S:

CY(Hx, Hz) = {ly) | VP € S4, PI¥) = |¥)}, (B11)
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In other words: to go from the quantum rotor code to the qudit code we restrict the phases
to d™ roots of unity and pick the X operators modulo d. A general definition of qudit
stabilizer codes % (beyond the ‘CSS’ codes described here) can be found at the error
correction zoo.

We can relate logical operators from a quantum rotor code and the corresponding qudit
code. Pick a non-trivial logical X operator for C*'(Hy, Hz), that is to say, let

X(m) = X(mLyx +sHy). (B12)

The following then holds:
0= (mLx +sHy) H (B13)
/HS/, S/HX =mLx +SHx. (B14)

Eq. (B13) still holds if taken modulo d so X4(mLx +s Hy) is a valid logical X operator
for C?(Hy, Hz). On the other hand, Eq. (B14) might not hold when considering things
modulo d. This is the case for instance in the projective plane where taking d = 3 makes
the logical operator become trivial since —2 = 1 (mod 3). Note that these cases only
occur for logical operators in the torsion part of the homology.

For the Z logical operators we can get a logical operator from the rotor code to the
qudit code if and only if the logical operator is generated with Z; phases.

b.v e ZF, Z(¢p)=Z($Ly +vHy). (B15)

In this case we have that
0= (¢Lz+vHz) HL, (B16)
A eT?, VvH; =¢Lz+vHy, (B17)

and Egs. (B16) and (B17) will remain valid when restricting phases to Z}; (note that
addition is modulo 277 in Egs. (B16) and (B17)). That is to say, some Z logical operators
present in the quantum rotor code can be absent in the qudit code if these logical operators
come from the torsion part, from some Z, and d does not divide p.

Appendix C Bounding the Z Distance from Below

This appendix proves Eq. (76) in the proof of Lemma 1. Given m € Ay, withn = |m|,
we want to lower bound the following quantity from Eq. (75):

n
. . .o (D)
Wz(¢) = 2L, C18
¢e’§1‘1;'u,111<€Z Z(¢) ¢e{1'1;'u,111<€Z Zsm < 2 ( )
m-¢p=a+2km m-p=a+2kn /=1

We define the Lagrangian function
L(p, 1) = lein2 (7’> —A(m-¢—a—2kn). (C19)
j:

We can compute the partial derivatives of £

AL 1
Vi, — ==

3¢j ) sin(¢j) — mjk, (CZO)


https://errorcorrectionzoo.org/c/qudit_stabilizer
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oL

a=a+2kn—m-¢. (€C21)
According to the Lagrange multiplier theorem [75] there exists a unique A* for an optimal
solution ¢* such that

Vj, sin(qS;T) = 2m;\¥,
{ m-¢* = a+2km. (€22)
For the optimal solution we have, for each j, two options for qb;‘:
arcsin (ijk*) ,
% = . (C23)
7 — arcsin (2m;1*).

We set a binary vector x with x; = 0O if it is the first case and x; = 1 if it is the second.
We deduce that

o +2kw = ijcpj (C24)
j=1

= > (=1)%mj arcsin (2m;3*) + wr  (w = Wg (x)). (C25)
j=1

with Hamming weight Wy (). From now on we restrict ourselves to the case where
mij = +1.
+ (2k —
@+ @k —wm = arcsin (ZA*) . (C26)
n—2w

Let’s compute the objective function

Wz (¢*) = Zsin2 (%’) (C27)
j=1
— (n — w) Sin2 <M) +w 0052 ((;H(ZI(—_W) (C28)
2(n —2w) 2(n — 2w)
(n—w)( <a+(2k—w)n)) w( (a+(2k—w)7‘r))
= l—cos{ ———— ) )+=(1l+cos| —————
2 n—2w 2 n—2w
(C29)
n 2w-—n o+ 2k —w)mr
= —+ cos ( ) . (C30)
2 2 n—2w
We can assume that
n
w < 7 (C31)

as the other case behaves symmetrically and the case w = n/2 always yields Wz (¢*) =
n/2 (see Eq. (C28)). Minimizing over w and k will give the lower bound. From Eq. (C30)
we always have

Wz(¢™) > w. (C32)
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We consider the asymptotic regime when n — oo. If w grows with n then Wz (¢*) has
to grow as well. Therefore choosing w constant can (and indeed will) yield a smaller
value for Wz (¢*). Hence we fix w to a constant from now on. We can always put each
¢;f in the range [—, 7) so that k is in the range [—n/2, n/2]. To minimize Wz (¢*) one
needs to make
+ 2k —
@+ 2k — w)m ~0, (C33)
n—2w

for which the best choice of k € [—n/2,n/2] is k = 0. In fact w = 0 is also the best
choice, since

" n 2w-—n o+ 2k —w)w
Wz(@") = -+ cos (C34)
2 2 n—2w
2w — _
S0 T s (T (C35)
2 2 n—2w
1 2
=w+—(a—nw)2+0(w—>. (C36)
4n n
Therefore, with w = 0, we have
2
o = —cos () = so( L
W2(¢") =3 (1 cos(n>) =40 (n> . (C37)

Appendix D Orientability and Single Logical Qubit at the (D — 1) Level

We consider the case of a rotor code C™'(Hyx, Hz) where the entries in Hy and Hyz
are taken from {—1, 0, 1} and Hy has the additional property that each column contains
exactly 2 non-zero entry. This corresponds to the boundary map from D to D — 1 in the
tessellation of a closed D-dimensional manifold (in 2D edges are adjacent to exactly 2
faces, in 3D faces are adjacent to exactly 2 volumes etc....). We also assume that the
bipartite graph obtained by viewing Hy as an adjacency matrix (ignoring the signs) is
connected. This corresponds to the D-dimensional manifold being connected.

‘We want to consider the possibility that there is some Z, torsion, for an integer p > 2,
at the (D — 1)-level in the corresponding chain complex. For this it needs to be the case
(see Eq. (42)) that there exist s € Z'X such that

sHx = pv, (D38)
and such that
v & im(Hyx). (D39)
For any entry of pv, say j, we have that
pvj = £ £ 57, (D40)

for some k and /. Since the manifold is connected this implies that all entries of s have the
same residue modulo p, say r € {1, ..., p — 1} (r cannot be zero without contradicting
Eq. (D39)). In turns this means that

pv =2ru+ pw, (D41)
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where u is a vector with entries in {—1, 0, 1} and w some integer vector. We conclude
from this that p is necessarily even, so p = 2¢g. Hence we have

q(v—w)=ru. (D42)

This implies in turn that ¢ divides r, say r = tq. Although we have tq =r < p = 2¢q
hence

r=gq. (D43)
Which yields
quHy = 2qv/, (D44)

where v’ differs from v by the boundary of the quotient of s by p. We see that v has in
fact order 2 as the g simplifies and so we can fix ¢ = 1 and p = 2. This leaves the only
the possibility of » = 1 and so s has only odd entries.

Finally any Z, torsion generator v; and v are related by a boundary since the cor-
responding s1 and s7 (having each only odd entries) sum to a vector with even entries
S0

S1+82
2

This concludes the proof that any finite tessellation of a connected closed D-dimensional
manifold has either Z, or no torsion in the homology group Hp_1 (M, Z) atthe (D —1)-
level. In particular rotor codes obtained from a 2 D manifold will have at most one logical
qubit and some number of logical rotors.

We remark that in this picture the manifold is orientable if there is a choice of signs
for the D cells s € {—1, 1} such that

sHy = 0, (D46)

Hxy = vy +vs. (D45)

in which case there is no torsion since v is necessarily trivial.

Appendix E Products of chain complexes

In this Appendix we detail the construction of quantum rotor codes from the product of
chain complexes given in Sect.4.2. We explore three settings, the first to encode logical
rotors, the next two to encode qudits.

We use this construction on two integer matrices seen as chain complexes of length
2. Take two arbitrary integer matrices ¢ € Z"c*"¢ and 9P e Z"P*™D_ They can be
viewed as boundary maps of chain complexes

€

C: Zmc — Zc
—_ C __ mnc /; C
H{(C) = ker(3%) - Hy(C) = Z"¢ /im(3%) (E47)
D: 7"p — Zmp

HI(D)=ker@P)  Hy(D) = 2" Jim(3D),

where the homology groups are given in the second row. Taking the product C ® D will
give a chain complex of length 3 characterized by two matrices Hx and Hz

coD: zrew M5 gronpwmemn ML gnemp (E48)
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The matrices Hy and Hz can be written in block form as
Hyx = (3 ® 1y, —1lme ®9P), (E49)
HZ = (]]'”C ® 8'DT BCT ® ]lmD> . (ESO)

The homology in the middle level, corresponding to the rotor code logical group, can
be characterized according to the Kiinneth formula in Eq. (101) as

H (C® D)~ (ker(ac) ® Z"P /im(aD))
® (Z”C /im(3¢) @ ker(aD))

& Tor (Z”C /im(3€), 7P /im(E)D)) . (E51)

E.1 Free+Free product: logical rotors. By picking, for € and 97, matrices which are
full-rank, rectangular, with no torsion and with

kc =nc —mc > O, (E52)
kD:nD—mD>O, (E53)

we can ensure that
7" /im(3°) = Zk¢,  ker(dP) = ZF», (E54)

and, that all other terms in Eq. (E51) vanish, such that we get, using Eq. (100)
H\(C® D) = 7" /im(3°) @ ker(dP) = z*ckp, (E55)

that is to say, a rotor code encoding logical rotors. This configuration is the common
one when using the hypergraph product to construct qubit codes. To obtain the X logical
operators we can use the following matrix, L x, acting only on the first block of rotors:

Lx =(Ec®Gp0), (E56)

where G p and E¢ are the generating matrices for ker(37) and Z"c / im(3°) respectively.
It is straightforward to check that Hz L)T( = 0 by definition of G p and that Hy cannot
generate the rows of Lx by definition of Ec. To obtain the Z logical operators we can
use the following matrix, Lz, also acting only on the first block of rotors:

Lz =(Gc®EpO), (E57)

where G¢ and Ep are the generating matrices for ker (3CT> and Z"? /im <8DT) re-

spectively. It is straightforward to check that Hy L. = 0 by definition of G¢ and that
H7z cannot generate the rows of Lz by definition of Ep.

If 37 is a full-rank parity check matrix of a classical binary code with minimum
distance d7, we get the following lower bound on the X distance

d$®P > 4P, (E58)
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using Theorem 2 and the known lower bound of the X distance of the qubit code corre-
sponding to the hypergraph product obtained by replacing all the rotors by qubits [36].
So we have for parameters

[ncnp +memp, (kckp. 0). (2(dP), 0d))]or- (E59)

The weight of the logical Z operators in Eq. (ES7) is 0(dC) but they could be spread
around using Z stabilizers. To bound the Z distance using Lemma 1 one can try to get
a large set of disjoint logical X operators by considering sets of the type

Axef @ gP)={((e @) g7 0) |se sz, (E60)

where e? is the ith row of E¢ and ng the jth row of Gp and the set S is the largest

subset of Z™¢ which generates elements e; @ 9C(s) that are pairwise disjoints. The best
to hope for is a set S of size linear in n¢ for which we would have per Lemma 1

57 = Q (Z%) | (E61)

This is guaranteed for instance if aC is the parity check matrix of the repetition code.
Very similar to the Mobius and cylinder rotor codes in Sects.4.1.2 and 4.1.3, one needs
to ‘skew the shape’ in order to have a growing distance 6z. So choosing for € the
standard parity check matrix of the repetition code with size n¢ = @(n%) and a good
classical LDPC code for 8P, with dP = ®(np) and kp = O(np), one would have as
parameters of the C ® D code

[n, (©(/n),0), (B(/n), ©(Y1))]ror- (E62)

To provide a concrete example, we can pick the [7, 4, 3] Hamming code with parity check
matrix, H, generator matrix, G, and generator matrix for the complementary space of
the row space of the parity-check matrix, E, given by

1000—-1—-10 1000000
1110010
0100 0 —1—1 0000100
H= (1)(1)}}(1’8(1) - G=o010=1-1-1]" E={o0000010
0001-10 —1 0000001
(E63)
‘We can set
¢ =H P =HT, (E64)
and so for the stabilizers
Hx=(H®17 -13® HT) (E65)
Hz; =(1® H HT ® 13). (E66)

This rotor code has 58 physical rotors and 16 logical rotors. The minimal X distance is
dy = 3 and the minimal Z distance, &, is such that
3sin® (%) +9sin? (&)

3>46 >
- Z(Ol) - sinz(%) a—0

A—l (E67)
5
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This last inequalties are obtained by picking for the upper bound a logical Z represen-
tative

Z=Z(x(e1®g,0)), (E68)
and, for the lower bound, picking Ax(e; ® g;) as in Eq. (E60),
Axe1®g) ={(e1®g0),(e1+h)®g 0)}. (E69)

To summarize the parameters we have

4
Hsgs (167 O)a (37 az)ﬂrot, 3 = 82 > 5 (E70)

E.2 Torsion+free product: logical qudits. In order to get some logical qudits in the
product we can do the following: Pick for a€ a square matrix (nc = mc), with full-rank
still, but also some torsion, that is to say

Z"C/im(ac) =2Za, & ® L. ker(dP) = Z*». (E71)
The other terms in Eq. (E51) vanish and we get, using Eq. (100)

kp
H\(C® D) = 2" /im(3°) @ ker(30) = (Zdl D@ dec) . E7)

In this case the rotor code encodes logical qudits. The generating matrix for the logical
X operators is given by the same expressions as Eq. (E56). For the Z logical operators,
the expression is similar to Eq. (ES7)

Lz = (G- ®Ep0), (E73)

but the generating matrix G has a slightly different interpretation. It is actually related
to the weak boundaries defined in Eq. (42). The ith row of G/C, gi, 1s such that

el = die”, (E74)
for some integer vector e ¢ im(BC) and d; comes from Eq. (E71). This allows for

. T
Hy (%gi ® e} 0) = (0 ® Lny —Lnc ®07) (ﬂ—’fgi ®e; O) ®7)
— o (e®ejD O)T’ (E76)

where ejD is the jth row of Ep, i.e some element not generated by aP.

One simple choice for 3C€ is derived from the repetition code with a sign twist:

1 -10 "0 0
01 -1".00

¢ = . (E77)

—
(e}
(=)
()
—
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This matrix is full rank and exhibits Z; torsion with Z"¢ /im( BC) = Zy. This implies that
the logical code space of the product code contains kp qubits. This also guarantees we
can find a set of disjoint logical X representatives of size linear in n¢ as in the previous
section, see Eq. (E60). All in all with this choice, a good classical LDPC code for aP
with dP = ©(np) and kp = O(np), and choosing once again a ‘skewed shape’ with
nec = @(n%), we can get a family of rotor codes with parameters

[, (0,299 (O, ©(/m)rr (E78)

An other way to obtain a square matrix, BC, with more torsion of even order say, is to
take the rectangular, full-rank parity check matrix of a binary code, say H € {0, 1}"*"
and define

¢ =HTH (mod2). (E79)

In some cases such matrix will be full rank over R but not over [». In particular for a
codeword of the binary code g € ker(HT) we would have

gl =HTHg" =2¢", (E80)

for some integer vector e ¢ im(d€) which then represents some even order torsion. This
choice can yield better encoding rates but we do not have a general way of bounding the
&7 distance in this case.

For instance, for the [7, 4, 3] Hamming code given in Eq. (E63), we have

¢ =HTH (mod2)=

, (ES81)

which is full rank, so ker(3€) = {0}. We have Z"¢ /im(3) = Z» & Z» & Z> & Z4, and

100101 -1 100-1000

, [-1000110 , (1010000

Ge=|_110010-1]" Ec=|1-100 000 (E8D
11 -1111-1 1000000

where E . gives generators for Z"C / im (%), the last row of E ¢ is the generator of order
4 and G, is related to E. according to Eq. (E74).
So choosing 3¢ = HTH (mod 2) and 8P = HT yields a code with parameters

[70. (0.2'2 - 4%), 3,6 )], 3 > 87 > 18sin? (;T—z) (E83)
For the lower bound on 87 we pick Ax (e} ® g;) as in Eq. (E60),

Ax(e®g) ={(¢;®810),(,+35)®g,0).(+35) g, 0)}. (E84)
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E.3 Torsion+Torsion Product: Logical Qudits. Finally, one can take for both 9€ and 9P
such full-rank square matrices with some torsion, and then get a logical space through
the Tor part of Eq. (101). Since the torsion groups have to agree (see Eq. (102)) we can
pick, for instance, both € and 8 in the same way as Eq. (E79), ensuring that they have
a common Z; part. We would have

77 /im(3) = Zg, ® - B Ly, z" im@P) =Z, & @ Zp,,. (E85)

where the d; and p; are all even integers. All other terms vanish and we get

H)(C ® D) = Tor (2" im(6©), 2" /im(@P)) = D Zeaw.py-  (ES6)
i,j

Since the d; and p; were all chosen to be even, each term of Eq. (E86) is at least Z; or
larger. The X logical operators are now slightly different than Eq. (E56),
Lx = (Ac (E; ® G)) —Ap (G ® Ep)). (E87)

The matrices A¢ and A p are integer diagonal matrices of size (k¢ x kp)? defined as

. d; . Pj
Ac=Diag | —% ), Ap=nDiag|—2 ). (ES8)
¢ g<g0d(di717j)> P g<ng(di,Pj)>

They are such that given the matrices with the torsion orders on the diagonal, D¢ and
Dp,

D¢ = Diag (dl,dz,...,dkc), Dp = Diag (pl,pz,...,ka), (E89)

we have that

ged (di, pj)

The matrices G’C and E/C, and G’D and E}), in Eq. (E87), are related to the weak
boundaries. More precisely, we have

d‘ .
(ke ® Dp) Ac = (Dc ® 1y,) Ap = Diag (¢) . (B90)

T
¢ G6." =E."Dc, (E91)

T
a2 G, =E, Dp. (E92)

With this we can check that

HzL% = (Ilnc 9P 5¢T g 1mD> (Ac (El-® G))) —Ap (G ® Ep))| (E93)
= (E/CT ®E’DTDD) Ac — (E/CTDC@)E/DT) Ap (E94)
= (Ec" @By )@@ Do) Ac - (Ec" @ Ep' ) (Dc@ D AD  (B95)
=0, (E96)

where the last line is obtained from the previous one using Eq. (E90). One can see that it
is crucial to get some common divisor in the torsion of C and D. If there is no common
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divisor for some pair (d;, p;) then the corresponding entries in A¢ and A ; would be d;
and p; respectively. It would still follow that the corresponding row in Ly commutes
with the Z stabilizers but it would also be trivial (because generated by the X stabilizers)
since we have that

gci®gpiHx =8¢ ®8p) (0° ® Ly —1me ® 9P) (E97)
= (diec; ® gp’; —pj8c; ®en’). (E98)

For the Z logical operators we have
Ly = (U(Ge® Ep) V (E; ©.Gp)). (£99)

where the matrices U and V are diagonal matrices of size (k¢ X kp)? recording the
smallest Bézout coefficients for all pairs (d;, p;),i.esothatd;u;; — pjv;; = ged(d;, p;),
we therefore have that

(Dc® 1)U — (1 ® Dp) V = Diag (ged(d;, p))) . (E100)
‘We can check that

HyLY = (¢ ® 1, —1m ® 00) (U (G ® E})) V (E-® G),))  (E101)

- (E’CTDC ® E/DT) U— (E;;T ® E/DTDD> % (E102)
= (Ec" @ Ep") (Dc®@ 1)U — (@ Dp) V) (E103)
— (E’CT ® E})T) Diag (ged(d;, p;)) - (E104)

k
cd(d;i,pj)°
As for a concrete example, we can again use the Hamming codeg and th]e square matrix
in Eq. (E81) for both € and 8P This example as well as other examples of square parity
check matrices of classical codes can be found in [76] where they are used in a product
for different reasons. The parameters are given by

We see that this would be trivial when multiplied by phases in Z

[98, (0,21 - 4), 3,82)]rot» 3> 6z (E105)

Observe that compared to the qubit version,—a qubit code with parameters [98, 32, 3]
given in [76], the quantum rotor code has a bit above half as many qubits. This is due to
the fact that in the qubit case the two blocks do not have to conspire to form logical X
operators but can do so independently.

Appendix F Schrieffer-Wolff Perturbative Analysis of the Four-Phase Gadget

In this Appendix, we derive an effective low-energy Hamiltonian for the four-phase
gadget introduced in Sect. 5.2 and shown in Fig. 7. We will focus on the regime where
C > C,, Cy and when E; is smaller than the typical energy of an agiton excitation.
Our analysis will closely follow the one of the current-mirror qubit in Ref. [16]. In order
to perform the perturbative analysis, we work with exciton and agiton variables, and our
starting point is the quantized version of the classical Hamiltonian shown in Eq. (128).

When C > Cg, C; the charging energy of a single exciton in either the left or the right

rung is given by E(Ce) given in Eq. (133) in the main text, which is much smaller than
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the energy of a single agiton 4E . = 42 —S*C/__ We want to obtain an effective
gy gle ag c11 = Co(Cg+2C)) "

low-energy Hamiltonian for the zero-agiton subspace defined as

Hazo = {1¥) | {1 ral¥) =0} (F106)

We will denote the non-zero agiton subspace, perpendicular to H,—o as H 0.
We carry out the perturbative analysis using a Schrieffer-Wolff transformation follow-
ing Ref. [77]. In our case, the unperturbed Hamiltonian is the charging term

Hy =4ES\ (63, + 0%,) + SES 1 lrelre + AL (63, + 03,) + 8EL 1 l1al ra
(F107)

while the perturbation is given by the Josephson contribution
1,4 A 1,4 A
V = —2E; cos E(GL” — ORa) | cos E(eu — Ore) |- (F108)

In order to understand the relevant processes, let us consider a state with m, € Z excitons
on the left rung and m/, € Z excitons on the right rung. We denote this state as |m,, m,,)
and it is formally defined as a state in the charge basis such that

|me, m;) = |lpe=me, lge = m;’ Lra =0,8ps =0)
= by =me, by =m),, €3 = —m,, by = —m)). (F109)

We also wrote the state in terms of the original charge operators because the action
of the Josephson potential is more readily understood in terms of these variables. In
fact, the Josephson junction on the upper (lower) part of the circuit in Fig. 7 allows
the tunneling of a single Cooper-pair from node 1 (3) to node 2 (4), and vice versa.
Thus, a transition |m,, m,) <> |m, — 1, m}, + 1) within the zero-agiton subspace can be
effectively realized via two processes which are mediated by the non-zero agiton states

1 1
lay; me, m/g> =lpe =m, — 57 LRe = m/e + 5’ bra = _Ea LRa = 5)
= ¢y :me—l,@gzm;+l,€3:—me,€4:—m;), (F110a)
1 1
la_; me, m;) =lpe =m, — 55 LRe = mé + E’ bra = +§’ LRa = _E)
= |4 =me,£2=m;,ﬂ3=—me+1,£4=—m/e—1). (F110b)
The two processes are
|m6‘7m;> e |a+; Me, m;) e |m(3 - 1’m; + 1)7 (Fllla)
[me,m.) — la_; me, m.,) — |m, — 1, m,, + 1), (F111b)

as well as the opposite processes.

The above-mentioned processes cause hopping of two Cooper-pairs from one rung
to the other. However, we also have to take into account the second order processes
which bring back a single Cooper-pair to the rung where it was coming from. These
processes are also mediated by the non-zero agiton states in Eq. (F110). The effect
of these processes is to shift the energy of |m,, m,), but we will see that in a first
approximation each state |m,, m}) gets approximately the same shift and so we are
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essentially summing an operator proportional to the identity in the zero-agiton subspace,
which is irrelevant.
The charging energy of an exciton state |m,, m,) is
e

E(me, m)) = 4ES) (m2 +m?) +8ES) ymem),, (F112)

while the intermediate non-zero agiton states |a4+; m., m,) both have the same charging
energy

1\2 1\2 1 1
E(a; me, m’e) = 4E(Ce’)11 (me — 5) +4Eg’)11 (mé + E) + 8E(C€’)12<me — E) (mé + E)

2
+2E9, @ @ _ p@ 2e

cn —Ecn) ®2EC —Echy) = Cp+2C, — CC.dft (F113)

where the last approximation is valid when m,, m/, are small. Analogously, the states
la+; me, m,) have energy

1\2 1\2
E(ame.my) = 4E(Ce,)1l(me ¥ 5) +AES, (m/e - E)

1 1
+ 8E(Cf)12<me + 5) (m; - 5) +2EQ, - ED) ~2ESy. (LI
In the limit of C > C,, C; we can also make the approximation

E(a;me,m)) — E(me, m)) ~ 2E& g (F115)

The matrix elements of the perturbation, i.e., the Josephson potential in Eq. (F108)
between the exciton states and the intermediate agiton states are given by

1 ’ E;
(me. me|Vlazime, my) = ——=. (F116)
Importantly, these are the only non-zero matrix elements of V between states in H;—

and H, 0.

We now proceed with the perturbative Schrieffer-Wolff analysis. Let £,—o (E40) be
the set of eigenvalues of Hp associated with eigenvectors in Hy—o (Hax0). We denote
by P, the projector onto the zero-agiton subspace and by P, the projector onto the
subspace orthogonal to it. We define the block-off-diagonal operator associated with the
perturbation V in Eq. (F108) as

Vod = Pa:oVPa;,go + Pa;,goVPa:() = Pa:0VPa7go +h.c. (F117)
The effective second order Schrieffer-Wolff Hamiltonian is given by
1
Heft = Pa=0(Ho + V) Pa=0 + EPazo[Sl» Vod] Pa=o0, (F118)

where the approximate generator of the Schrieffer-Wolff transformation is given by the
anti-Hermitian operator

S =8 —hec., (F119)
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with
(E|Voad|E")
=y v e (F120)
Ee&, —()EES,/,#O

The first term on the right-hand side of Eq. (F118) reads
Paco(Ho + V) Pao = AES ()% + AES, (B )% + BES L) £ k. (F121)

where the operators 670, L and éée)R are the projection of the exciton charge operators 1 (Le) R
onto the zero-agiton subspace, i.e., f(e) = P _of(e)P _o and f(geie = Puzoé%)) Pi—o.
The operators E(e) and E(e) have only integer eigenvalues.

The exphclt calculatlon of S} using Eq. (F116) gives

- E;
S =—3 ,m im,, m,| —h.c..
Z 2 E g, mly — E@: my,mpy e el (dsi e, me|
mem L el.s==%

(F122)

Straightforward algebra shows that the last term in Eq. (F118) can be simply rewritten
as

1 1-
zPazo[Sl, Vodl Pa=0 = ESI PyzoV Py—o +h.c.. (F123)

Writing explicitly P,oV Py—o gives

PazoV Paco = ——= > lagi me, m)(me, m)|. (F124)

me,m/,€Z s=+

Plugging into Eq. (F123), we obtain®

1 1 E2
_P =i S 5 V P —0=— J , / , /
27 o1, Voal Fuzo 4m§eZ E(m,, m),) —E(a;me,mé)|me me){me, m,
| E2
+Z Z E(m m)—E(am m)| E’m/g)(me_l,m/e+1|+h.c.
Me,myEL € €
1 E2 , /
T2 2 E(m,,m}) — E(a; me,m)| e Me) e, me
Mme,m,eZ
1 E2
+Z( Z E(m m)—E(a m m)| e,mé)(me—l,m;+1|+h.c.>.
me,m,€Z € e

(F125)
We obtain the effective Hamiltonian

Hef = 4Eg’)11(£(3) ) +4Eg)11(€(6’) )2 +8E(e) (L) g(é’)

6 Notice that all the > sums account for a factor of 2 here.
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1 E? ,
+ = Z |me»m )(mg,m
2 E(me, m)) — E(a; mg, m,)
me,m,eZ
1 E? .
+— me,mYm, —1,m’,+1|+h.c.).
4( 2 E(me,m:,,)—E(a;me,m;)' e el e e+l )

me,ml,eZ

(F126)

Using the approximation in Eq. (F115) we can write the effective Hamiltonian more
compactly as

Hetr = 4ES, | (65))% +4ES,  (650)? + 8ES L0 €5

i E% 1 ’ E%
— %) (— Z lme, my)(me — 1, m; + 1]+ h.C.) — TPa:O’ (F127)
4EW \2 AE@
Caitt N ez O

where the last term proportional to P,—( can be neglected since it is the identity on the
zero-agiton subspace. We identify the operators ¢/%.L and /%% as

. (e) . (e)
L =" jmy(me— 1| @1, ¢Pk=1® Y |m,)(m,—1] (FI128)

me€Z m),eZ,

where the subscript O specifies that these are defined within the zero-agiton subspace.
In this way we rewrite the effective Hamiltonian as

Hetr = 4ES, | (65))% +4ES, (B0 + 8ES L0, €5 — E et cosBy) — B3 %),
(F129)

with the effective Josephson energy E; o defined in Eq. (131) of the main text. Finally,
in terms of the original node variables projected onto the zero-agiton subspace that we
denote as 6p ; we get

cos(By) — Oyx) = cos(@o.1 +bo.4 — o3 — bo.2). (F130)
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