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Abstract

This paper introduces two models. First, it introduces a model for geometric pressure loss in horizontal
pipe junctions with arbitrary amounts of in-/outlets, under assumption of steady-state, incompressible,
single phase flow and no wall friction. The model is shown to be in agreement with experimental data
via another model.

Second, the junction model is incorporated in a pipe flow network model under the same assumptions
as the junction model. The resulting pipe flow network model is compared to a pipe flow network model
in which pressure loss due to junctions is neglected. The results show that for long pipes L > 600
m the addition of junction pressure has negligible influence on the total static pressure drop in the
network. However, for L < 600 m the influence is bigger than 10%.



1 Introduction

Between 1983 and 2013 the oil consumption worldwide has increased by 44%, which resulted in a total
oil consumption of 4.5 - 10? liter oil per day[1]. The distribution of these huge amounts of oil is done
by vast pipe flow networks, large networks of pipes used for distribution of fluids between different
points of interest. Other examples of flow networks are the water distribution network in a city, the
gas distribution system in a car or the networks used for transport of chemicals in factories.

The development and construction of such a pipe flow network is a very time consuming and costly
endeavor. Therefore it is paramount to be able to calculate critical properties, such as mass flow rates
through pipes and static pressures at nodes in the pipe flow network, beforehand. To calculate these
properties mathematical models have been developed. These models find their origin in underlying
physical principles such as the laws of fluid dynamics.

In 1936 Hardy Cross published his article “Analysis of Flow in Networks of Conduits or Conductors”
in which he describes an at that point revolutionary method for solving pipe flow networks[7]. The
method is based on the two observations that both the sum of the mass flow through a node, for an
incompressible fluid, and the sum of pressure difference along a loop amount to zero. Furthermore it
assumes that all ingoing and outgoing characteristics are known, and then it uses the linearization of
the Darcy-Weisbach equation! to iteratively solve for the internal characteristics. Though this method
was first developed in the pre-computer era, due to its iterative nature the method was well suited
for a computer implementation. In 1957, Hoag and Weinberg implemented an adapted version of the
Hardy Cross method in a computer application and applied it to the water distribution network of the
city Palo Alto, California[12].

The limitations of the Hardy Cross method, such as slow convergence and the limitation to closed loop
systems, ignited the spark to research algorithms which were better suited for large networks. In 1963,
Martin and Peters were the first researchers ensuing the present day form of pipe flow network analysis
algorithms, namely producing a system of equations which characterize the network and solving that
system of equations using Newton-Rhapson or some other root finding algorithm[12].

One of the returning aspects in most, if not all, of the pipe flow network models published up until
now is the assumption that pressure differences at the nodes due to geometric effects of the junctions
are negligible. Now if the pipes in the network are long enough this is undoubtedly true as the pressure
differences due to the long pipes will dominate the characteristics of the network. But what happens
in a network with short pipes, and at what pipe length will the influences of the junctions play a
significant role in a network? In this paper a model is derived to determine the static pressure loss
as a result of fluid flowing through a junction. This junction pressure loss model is constructed in
such a way that it can be used in a pipe flow network model, such that the mass flow rate and the
static pressure distribution of a pipe flow network may be calculated without neglecting the junction
pressure loss. Points of special interest concerning the resulting pipe flow network model are the
increase in numerical complexity, increment of accuracy of the model, in what situations the model is
more accurate than the current model and the difference in information needed for both models.

Because the flow direction of the inner pipes of a network are, in most cases, not directly evident, the
junction model has to be flow-direction independent. More specifically the model should still work
even if the direction of flow in all branches of the junction are chosen at random, provided that the
mass continuity equation? is satisfied. Furthermore, the model should not influence the well-posedness,
in the sense of Hadamard, of the pipe flow network model. To keep the model as general as possible it

1The Darcy-Weisbach equation is a phenomenological equation relating the pressure drop over a pipe containing
flowing fluid to the characteristics of the pipe such as length, friction factor and diameter.

2The mass continuity equation simply states that for incompressible flow the mass in a certain volume should always
be constant. Thus there should be equal inflow as outflow.



should be valid for arbitrary cross sectional areas and for subsonic laminar- and turbulent flow. The
model shall furthermore assume a steady-state situation with an incompressible single-phase fluid.

The subsequent chapter gives an introduction into pipe flow networks with a general description of
such networks and the model which is currently used to solve pipe flow networks. The second chapter
elaborates on junctions, with emphasis on finding a general pressure loss model and the derived model
is compared to experimental data via an existing model. In the third chapter the general pressure
loss model is incorporated in a pipe flow network model, and some characteristics of this model are
derived. Thereafter, an implementation of the pipe flow network model with the general pressure loss
model is presented in python. And lastly, the newly derived model is compared to a pipe flow network
model neglecting pressure loss due to junctions, and some recommendations for a follow-up study are
conferred.



2 Introduction to pipe flow networks

This section gives an introduction to pipe flow networks with first a short general description, and
after that a mathematical description of such networks. The section continues with the introduction of
two laws of fluid mechanics, mass continuity and the Darcy-Weisbach equation. The Darcy-Weisbach
equation is derived merely to introduce the reader to the general approach of derivations in fluid
mechanics. Lastly the physical laws will be used to derive a simple model to solve pipe flow networks.

But first a short description. Pipe flow networks range from simple systems, such as a watering system
of a garden, to vast complex networks, such as the water distribution network of a city. In our case a
pipe flow network is a network of pipes interconnected by junctions and filled with an incompressible
fluid. A pipe flow network can have points of external inflow as well as points of external outflow. The
aim of this text is to derive a method to calculate the mass flow and static pressure distribution of any
arbitrary network given a set of boundary conditions, which could be either ingoing or outgoing mass
flow rates, predefined static pressures or combinations of the two. To be able to calculate characteristics
of such networks a mathematical analysis of the problem is needed.

2.1 Mathematical description

To allow for mathematical analysis of a pipe flow network, it is convenient to represent the network in
a more abstract mathematical form. A convenient form for any network is a mathematical graph, as
it already contains the characteristics of a network. However because the flow through the pipes of a
network have a direction a directed graph is needed. Therefore consider a directed graph G = (V, E)
where the nodes ¢ € V represent junctions, points where two or more pipes are joined together, and
points of external in-/outflow, where mass flow is added or removed from the network. The arrows of
the graph (¢, j) € E depict the pipes of the network, where the direction of the arrow may be arbitrarily
chosen. It is very important to note that the direction of the edge does not correlate in any way with
the direction of the flow through the pipe it represents. This can be formally summarised as

Definition 2.1: Graph representation of a pipe flow network

A pipe flow network can be represented as directed graph G = (V, E), where the nodes i € V
represent the junctions or external in-/outflows and arrows (i, j) € E represent the pipes.

Now to fully describe a network using the graph representation, it has to account for the geometric
characteristics of the network. As a graph, per definition, has no geometrical properties, the properties
have to be added externally. Therefore we have to define the cross sectional area, A4; ; € R, and length,
L; ; € R, for each pipe (i,j) € E. As the angles between the branches of a junction do not play any
role in this section, they are left unconsidered for the moment. Therefore formally the network can be
described by defining

A; j := The cross sectional area of pipe (i,7) in [m?|  V(i,j) € E (2.1)
and
L; ; := The length of pipe (4, ) in [m] Y(i,j) € E. (2.2)

Do note however that to get a graph which fully describes the network, the angles between pipes as
well as many more characteristics should be accounted for.

As previously stated the main objective is to describe the flow through the network. To that end
characteristics of the flow have to be defined on the graph representation of the network. Firstly, the
characteristics of the fluid flowing through the network, such as the density p and the dynamic viscosity



1 have to be defined®. In addition, variables describing the flow itself have to be incorporated. Two
important quantities concerning the flow through a network are mass flow rate, 7, and static pressure,
P. As we will later discover due to the assumptions we make in this text 7 is constant throughout a
pipe, therefore it is convenient to define it as a variable on the pipes of the graph. Which can formally
be defined as

The mass flow rate through pipe (4, j) in {k—f} which is positive if the
V(i,j) € E

Mij -= | fluid flows from i to j and negative if the fluid flows in the opposite

direction.
(2.3)
However, static pressure can vary throughout the pipe and is only constant in a point of of the network.
As we, for now, take nodes to be infinitisimally small points, it is convenient to define static pressure
as a variable on the nodes of the graph. Which can formally be defined as

k
P; := The static pressure at node ¢ in { g 5
m-s

} VieV (2.4)

Lastly we must not forget external in-/outflow, otherwise there would be no flow at all*. To incorporate
this in the description external in-/outflow variables, s, are defined on the nodes®. Formally defined
by

k
s; = The fluid in-/outflow to the whole system at node 4 in [g] VieV (2.5)
s

Now, if all these distributions were known our mathematical description of the pipe flow network would
be finalized. But in most real-life scenarios not all distributions consist of solely known variables, they
can be a combination of both known and unknown variables. If this is the case we speak of a partial
distribution, which only consists of numerical values for the known variables and maintains symbolic
variables for unknown quantities.

To better illustrate this subsection example 2.1 drafts a mathematical description for a network of
three pipes connected to a junction.

3We assume incompressible fluid in this text and therefore these fluid characteristics are constant throughout a
network.

4Note that pumps are not considered in this text, and therefore friction would make the steady-state the trivial one.

5Note that one could simply introduce a node to create an in-/outlet and therefore this does not narrow the applica-
bility of the description.



Example 2.1: Three pipe junction

Consider the pipe flow network in figure 2.1 filled with water at 25°C which implies density
997.08% and dynamic viscosity 9.00 - 10~* Pa s.[9)

200 k¢ 500 &2
X I'4 1 2
100 m,
1 m?2 1 m?2
m ® 3
100 m
2 m?
4 4
1-10° Pa

Figure 2.1: Schematic and graph representation of the example network. Note the density is
997.08% and the dynamic viscosity 9.00 - 10~* kg

m-s

Using the notation introduced in section 2.1, we can deduce

V =1{1,2,3,4},
E={(1,3),(2,3),(4,3)},
A=(A13:1,A23:1,A443:2),

L= (Ly3:400, Ly 3 : 100, Ly 3 : 100),
p = 997.08,

pw=29.00-10"%,

such that the mathematical description of the pipe flow network is given by G = (V, E).
Furthermore, the initial conditions of the flow are described by

(s1: 200, s2 : 500, s5 : 0),
(Py:1-10%),
0,

which in totality describes the situation. The unknowns of this network are

Sk
P
m

{54, P1, Py, P3,11 3, M2 3,143}

and our aim is to solve these.

\ J

To solve the unknowns in a given network we need a model that describes the physical phenomena in
the scenario. But in order to arrive at such a model a thorough understanding of the physical laws



involved with pipe flow networks and pipe flow itself are a prerequisite. These will be addressed in the
following subsection.

2.2 Physical laws

To solve the mass flow and pressure distribution of a pipe flow network, the behaviour in such a network
has to be described by physical laws. In this section two such laws will be described, one fundamental
law of fluid mechanics, mass continuity, and a law called the Darcy-Weisbach equation which relates
the static pressure difference over a pipe to the mass flow rate through the pipe.

2.2.1 Mass continuity in a steady-state system

In fluid mechanics there are three fundamental conservation laws, mass continuity, conservation of
momentum and conservation of energy. These laws describe the behaviour of quantities inside a
control volume. A control volume is a, possibly time-dependent, volume in 3-dimensional space. Its
closed boundary is referred to as the control surface. In this text both mass continuity as well as
conservation of momentum will be encountered. The formal definition of mass continuity is

Definition 2.2: Mass continuity [2]

Given a control volume the law of mass continuity states that the rate of change of mass
inside the control volume is exactly equal to the total mass transfer through the control surface.

In mathematical form this yields
dM

dt

where M is the total mass of the control volume in [kg], ¢ is time in [s], 7h;,, is the total ingoing

= mzn - mouta (26)

mass flow rate crossing the control surface in {k—f} and 1yt is the total outgoing mass flow

rate crossing the control surface in {%}

Note: The law of mass continuity holds to good approximation when the control volume does
not contain a chemical reaction. However, the law does not hold when the control volume
contains a nuclear reaction.

. J

This is, in itself, a very intuitive physical phenomenon. Consider a bottle of water, the mass in that
bottle of water will not change unless you pour some water out via the hole on the top. In this case
the control volume is the bottle. When the bottle is closed the water mass in the bottle stays the same
as no water goes out of the bottle or crosses the control surface. But when water is poured out of the
bottle the mass of the water in the bottle is decreased by precisely the amount of water poured out of
the bottle, which by going out of the bottle crossed the control surface.

In case of the bottle the mass in the bottle changes over time. This is a perfect example of a time
dependent, or transient, system. In the case of pipe flow networks we are more interested in time
independent solutions, which are more commonly called steady-state solutions. Therefore we can
assume



Assumption 2.1: Steady-state

A steady-state situation is a time invariant situation. In other words it does not change in
time. This mathematically manifests itself as

de

— =0 2.7
o (2.7)
where e can substituted with any situation defining quantity and ¢ is time.

\ J

Now equation (2.6) in combination with equation (2.7) leaves us with
min = mouty (28)

which is true for all control volumes in steady-state, given the law of mass continuity holds.

Now the questions remains how this can be applied in a pipe flow network. As discussed above, a
network consists of pipes and junctions. Therefore, first consider a pipe along the z-axis with a control
volume from z = a to & = b such as schematically drawn in figure 2.2a. Consider a fluid flowing
through the pipe along in the positive z-direction. The control surface consists of three parts, the
circular surface at * = a and = = b, respectively A, and A, and the remaining cylindrical surface
situated along the wall, A,,4;. Now, obviously, there is no flow though A,.;. However there is flow
through A, and Ay, call these mass flow rates 1, and 7, respectively. Then as the fluid flows in the
positive a-direction, we have inflow at = a and outflow at x = b, thus considering equation (2.8) we
can conclude that
Mg = Mp.

But as a and b are arbitrarily chosen, this means that the mass flow rate is constant throughout the
pipe if it is in steady-state.

In the same fashion a somewhat similar expression can be derived for a junction. Therefore consider
a junction with an arbitrary amount of N > 2 branches. Now consider a spherical control volume
such that the junction is contained in the control volume and the control surface only intersects the
branches of the junction. This control volume is schematically drawn for a four branch junction in
figure 2.2b. Now fluid can only enter or exit at the surfaces where the control surface intersect with
one of the branches, call these surfaces Ay,..., Ay. The rest of the control surface does by definition
not intersect with anything else.

Now we can divide the branches into two sets, one containing all branches with ingoing flow and one
containing the rest of the branches. Call the set with ingoing flow I and the other set O. Formally

I ={i:Branch 1 <i < N has a flow going into the junction}

and
O ={j : Branch 1 < j < N has either a flow out of the junction or no flow at all}.

Furthermore consider the external in-/outflow of the network at the junction, s, in [%} where s is

positive with inflow and negative with outflow.

i€l j€O

Then using equation (2.8) we get

which is a very convenient equation when solving the mass flow distribution of a pipe flow network.



——
gl N

I
!
/
2

o

(a) A schematic representation of a cylindrical pipe (b) A schematic representation of a junction with 4

with its azis along the x-axis, and a control volume branches with a spherical control volume such that the

along the pipe from pipe x = a to x = b. junction is contained in the control volume and the
control surface only intersects the branches of the junc-
tion.

Figure 2.2

2.2.2 Darcy-Weisbach equation

Just like the mass continuity equation, we can also use the law of conservation of momentum, which
is defined as

Definition 2.3: Law of conservation of momentum

Given a control volume the law of conservation of momentum states that the rate of change
of momentum in a control volume is exactly equal to the sum of the momentum transfer through
the control surface and the forces applied to the control volume. The mathematical form yields

d (Mﬁ) B
T = mznﬁln - moutﬁout + Z F (210)
where U is the total velocity of the fluid in the control volume in [%], Uiy, and Uy, are the
average velocities respectively in and out of the control volume in [%], weighted by mass flow
k:g-m:|

52

rate, and 3 F the sum of all forces working on the control volume in [N] = [

Notice that the law of conservation of momentum is a vector equation, which in 3-dimensional space
would produce three separate equations. In most cases we will only use one of those. Furthermore, by
definition a control volume is required to obey the law of conservation of momentum.

Again, consider a pipe segment along the x-axis but this time of length L and constant diameter D,
thereby making the segment cylindrical. Let a fluid flow through the segment with in-/outgoing speed



respectively i, (1) and wyqy¢ () in the positive z-direction, where r is the radial coordinate. The static
pressures at the in- and outlet of the segment are respectively p;, and po,: and the pipe is completely
filled with fluid. This situation is schematically drawn in figure 2.3. Furthermore, let the situation

1D
Uin (7“) \\‘ \“ Uout (T)
—> | ) —>
I )
| |
-Pzn ,I ,I Pout
Zo xo+L
; R
L

Figure 2.3: Schematic representation of a cylindrical pipe segment of length L and diameter D with

in-/outgoing flow velocity respectively win (1) and uey(r) and in- and outlet pressure respectively Py,
and Ppy;.

be steady-state. Then according to section 2.2.1 the mass flow rate is constant throughout the pipe
segment. Now because

m=A p-1, (2.11)

where A is the cross sectional area in [mQ], p is the density of the fluid in [%} and u is the average

speed in [m

S

], this results in
[A-p-ul, =[A-p-1]
As the diameter of the pipe was assumed constant and thereby cylindrical pipes as well we get
Lo
Aip = Aour = ZD .

Additionally, assume that the fluid is incompressible, which is formally defined as

Assumption 2.2: Incompressible fluid

An incompressible fluid is a fluid with constant density. Which is mathematically described
as

(2.12)

out *

p = constant (2.13)

where p is density in [ﬁ%]

m

. J

Then it follows that
Pin = Pout *= P,
which, together with equation (2.12), results in

Tin = oyt = T- (2.14)

Now the law of conservation of momentum, equation (2.10), in the x-direction in combination with
steady-state and equation (2.14) yields

Ap(@® —7®) + ) F, =0,

thus

> F, =0, (2.15)



where > F), is the sum of all z-components of forces working on the control volume.

To solve this equation a listing of the forces working on the control volume is needed. Fluid dynamics
and general mechanics tells us there are three forces working on the control volume

Static pressure force The force as a result of static pressure p working on a surface A (Fp = A- P)
Shear stress force The force as a result of shear stress between the wall and the fluid (F; = Ayet-7)
Gravitational force The force as a result of a height difference (Fy; =g - M)

where A,.; is the area of the wall that is in contact with the fluid in [mz], T is the shear stress in
[25] and g is the gravitational constant in [Z]. As the aim of this derivation is to find the static
pressure difference as a result of the frictional forces due to the pipe wall we assume a horizontal pipe
and therefore

[Fyl, =0, (2.16)

as there can be no gravitational pull in the z-direction if the z-axis is perpendicular to the “downward”
direction.

To find the shear stress force a development of the shear stress, 7, is needed to complete the research
into the forces acting on the control volume. In theory, if we assume the fluid to be newtonian it

follows|[2] that
. Ouy
T = 2 8T ’

in which r is the radial direction orthogonal to the z-axis and p is the dynamic viscosity of the fluid.
However, for this to be useful the full flow velocity profile in the r-direction should be known, which
it is not. Therefore we are left with dimension analysis. For that purpose assume

Assumption 2.3: Dimension analysis of shear stress

Assume that the shear stress 7 in [%] is a function of p in {%]7 D in [m], win [2] and p

in [ﬁq—], such that
pro

S

7o p®-DPaY -yl (2.17)

Dimensional analysis reveals

m: —3a+pf+y-0=-1

kg: a=1-0 B=-6

s: y=2-96

and thus s
T p-T - (ﬁ) = (Re)fd (2.18)

where Re is the Reynolds number, one of the various dimensionless quantities in fluid mechanics.

To complete the derivation all parts have to be substituted into equation (2.15), which leaves
APy — A Poyy — Ayer -p-° - f (Re) =0 (2.19)
where the flow in the positive z-direction results in the shear stress force being negative and
f(Re) =k - (Re)™’

with &k, € R dependent on the situation, this f(Re) is called the Darcy friction factor.

10



Lastly, because the whole pipe is filled with water
Apet L-D-m 4-L

A _%-D2-7r_ D -

Which leads us to the Darcy-Weisbach equation,

L 1
P. — P —_ — . Re.f. .72
I3 out D f( ) 2 p-u
where a factor 8 is absorbed into f(Re) for historical reasons, which concludes the derivation and gives
us an expression for pressure loss in a pipe due to wall friction.
Note: It is possible to analytically derive f(Re) = % for laminar flow, however for turbulent flow
f(Re) cannot be explicitly expressed.

(2.20)

2.3 Elementary pipe flow model

Using the physical laws in the previous subsection, an elementary pipe flow model can be derived.
Though in order to use these laws they have to be rewritten in the variables of the mathematical
description of a pipe flow network.

2.3.1 Mass continuity

The first law was mass continuity for which equation (2.9) yields the useful result. At every junction

8+Zmizzmj

iel j€O

holds®, where s is the in-/outflow of the total network at the junction in [%g}, I and O are the sets

of branches with in- and outgoing flow respectively and rh; is the mass flow rate through branch 7 in
]
2.

Now consider an arbitrary pipe flow network G = (V, E) and an arbitrary node k € V. Then sy is
defined, by equation (2.5), as the in- or outflow at node k. Furthermore, define I, C V as the set of
nodes i € V such that there is an arrow in the graph from i to k, in graph notation

Iy ={i e V:(ik) € E}. (2.21)

In much the same way O, C V can be defined as the set of nodes j € V' such that there is an arrow
in the graph from k to j, again in graph notation

On=1{jeV:(kj) e E}. (2.22)

It is very important to note that I} and Oy are not the equivalent of I and O in the flow network, I,
and Oy are only dependent on the direction of edges in the graph and do not depend on the direction
of flow of their elements in any way.

The direction of flow can be recovered using equation (2.3),

) The mass flow rate through pipe (4, ) in {k—j} which is positive if the o
Mij *= | fluid flows from i to j and negative if the fluid flows in the opposite v(i.j) e B

direction.

6This is only true if the fluid in the network is incompressible and the situation is steady-state but for the rest of this
section we consider these assumptions to be assumed.

11



implying that for each ¢ € I, there exists a i, i such that ;i is positive when the flow through (4, k)
is towards k and negative when the fluid flow through (i, k) is away from k.

In the same fashion, for each j € Oy there exists a 7 ; such that 7 ; is positive when the flow
through (k, j) is away from k and negative when the fluid flow through (k,j) is towards k.

From this analysis can be concluded that, if I, O and rn; are defined as in equation (2.9),
DD SRS SN o
1€l JEO 1€y, JEOL

and obviously s = si. Therefore, equation (2.9) is equivalent to

skt Y tig— Yt =0 VkeV. (2.23)

i€ly JEO

2.3.2 Darcy-Weisbach

The second physical law is the Darcy-Weisbach equation, equation (2.20), for every pipe

L 1
Pzn*PoutZEf(Re)ipﬂz

holds, where P is the static pressure, the subscripts in and out refer to the in- and outlet respectively,
L is the length of the pipe in [m], D is the diameter of the pipe in [m], f(Re) is the Darcy friction
factor which is dimensionless, p is the density of the fluid in [%} and u is the mean flow velocity in
[%] which is constant throughout the pipe by equation (2.14).

Again, consider an arbitrary pipe flow network G = (V, E) and in that network an arbitrary pipe

(i,4) € E. For clarity, the selected pipe is directed from node i € V' to node 5 € V but the flow can
also be from j to i if r1; ;, as defined in (2.3), is negative. Therefore, define

P, —P; ifrn,; >
APy =t g 20 (2.24)
Pj*Pi lmej <0

where P; and P; are defined by equation (2.4).

For the pipe itself the cross sectional area A; ;, length L; ; are defined by definition 2.1 and p and p
are the density and dynamic viscosity respectively. To rewrite the left hand side of equation (2.20),
some elementary relations have to be derived. Firstly the diameter D can easily be expressed in terms

of Ai,j by
D =oy/ i,
™

Furthermore, using equation (2.11) simple algebra shows
Aij-p

u =

Now by definition of the Reynolds number[2] in combination with the previous two conversions

:pﬂ.D:2 |m27]|
lj, /‘L /Ai,j"ﬂ'

where |1i; ;| is absolute because the Reynolds number is independent of flow direction.

Re

12



Note that there is no closed form for f(Re), and the approximation of this factor is outside the scope
of this section.

However, as an example, for linear flow there exists an analytica solution to f(Re),[2]

f(Re) = 3 got VAT (2.25)

Re B mi’j
Using all the expressions derived above in combination with equation (2.20), we can derive

pom L lmggl
AP, ; —8- PRty -0
2%

Notice AP; j o |1, |, but the definition of AP, ; is dependent on the sign of ; ;. Therefore we can
rewrite the expression to
pom L
P_P —8. Y B R (2.26)
Y P A

which is the Darcy-Weisbach equation for laminar flow.

2.3.3 Final model

In conclusion, any pipe flow network G = (V, E') with (partial) mass flow rate distribution 7, (partial)
static pressure distribution P, (partial) in-/outflow distribution s and laminar flow can be solved using
algorithm 1. Do note, the function call Solve(S) simply denotes that the system of equations, S, is
solved, this can be done using a multitude of methods. Most often this is done using a numerical
root-finding algorithm which approximates the distributions.

Algorithm 1 Algorithm to solve the mass flow rate, static pressure and in-/outflow distribution of a
pipe flow network.
S:=0
for k € V do
I, :={ieV:(ik)e E}
Or:={je0O:(kj)eE}

S=SUSsp+ Y mupg— > mlw‘:o}

1€l JEO
end for
for (i,j) € E do
SIZSU{Pi—Pj—8~%-%:O}
end for v
return Solve(S)

Notice that in this model there are #V +#FE equations’, which suggests it can solve a system with the
same amount of unknowns. However, the three distributions, m, P and s, without any prior knowledge
about any of the distributions have a total amount of 2-#V + #FE unknowns. Therefore, to be able to
solve the distributions using the presented model, a total of #V variables in the distributions should be
known. Lastly, notice that the static pressures P; € P are only encountered in the system of equations
in relative form, thus P; — P;, therefore to get an absolute distribution at least one static pressure
should be known. Concluding, to solve the three distributions in a pipe flow network, a total of #V

"Here the # set-operator signifies the cardinality operator, thus #A is equal to the amount of elements in set A.
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weights in those distributions should be known beforehand one of which has to be a static pressure
weight.

Lastly, to illustrate its usage the model described in this section is applied to the three pipe junction
of example 2.1 in example 2.2

s \

Example 2.2: Three pipe junction (continued)

Consider the situation from example 2.1. We can use the simple model to calculate the total
distribution.
As node 3 € V is most illustrative for the algorithm we will give a full account of the algorithm
for that node. So first I3 and O3 have to be generated. As (1,3), (2,3) and (3,4) are the pipes
in E of the form (4, 3),

I3 ={1,2,4}.

There are no pipes in F of the form (3, ), thus
O3 = 0.
Now equation (2.23) gives us
83 + 1My 3 +1hg3 + g3 =0 (2.27)

where bold font signifies the weight is known. The same method for the other nodes result in

s1 — 13 =0, (2.28)
S — 7’;12,3 = O7 (2.29)
Sq4 — T-YL473 = 0, (230)

which concludes the analysis of the nodes.
Next up in the algorithm the pipes of the network are concerned. Consider (1,3) € E, then
equation (2.26) gives us

T L1,3.

Ph—P; -8 ——2*=
' ? P A%,s

my3 =0 (2.31)
The same method for the other pipes result in

p-m L s

P,—P3—8 - —— oz =0 (2.32)
P A§,3
p-mLas .
P4—P3—8'7 7’I”I’L4’3:0 2.33
P A421,3 ( )

Now our system of equations, S in the algorithm, are equations (2.27) to (2.33). The last step
of the algorithm is to solve this system, as it is a linear system, solving this system is left as an
exercise for the reader.

The solution is

(s1:200,s2 : 500, 83 : 0,84 : —700)
(P1 : 100049.31, P : 100033.17, P5 : 100031.37, P4 : 10000.00)
= (T-TLLg : ZOO,T.TLQ,g : 500,?7.1473 : —700)

S
P
m

Note the negative 143, it is negative because the graph edge and the flow have opposite
directions.
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3 Pressure loss model for pipe junctions with n-branches

In the previous section a pipe flow network model was developed, however it neglects pressure loss
due to junctions. To accomodate for that, this section will concentrate on pressure loss models for
junctions, nodes in a pipe flow network where multiple pipes meet. In the first subsection multiple
possible types of junction models are considered, and their advantages and disadvantages discussed.
The second subsection will dive deeper into one of those types, the pressure coefficient model, a popular
model in fluid mechanics. The subsection thereafter contains the derivation of a new model, based
on a model published by Basset[3]. The section is concluded by a summary of the new model and its
domain of validity.

3.1 Possible models

Throughout the years several models have been used to get a more thorough understanding of junctions
in a pipe flow network. This subsection will list a variety of common or interesting models, to get a
better understanding of what is important in a junction model.

3.1.1 No friction model

In the no friction model only pressure losses due to the pipe segments in the junction are considered,
thereby neglecting all geometrical effects of the junction. The mass flow rates through the in-/outlets
are related to eachother using mass continuity, equation (2.9).

By neglecting the geometrical effect of the junction an inaccuracy is introduced into the model, which
is its main disadvantage. This neglection is justified if the network on which it is used has very long
pipes. In that case the frictional losses due to the pipes will dominate the pressure losses in the
network.

In addition, by completely neglecting the geometrical effects of the junction, there is no need for
knowledge about the geometry of the junction. This is not its main advantage. The main advantage
is that this model is computationally cheap, it introduces far fewer calculation steps than any other
junction model.

3.1.2 Balance method

The balance method is a very general method to analyse fluid mechanical problems. When using this
method on a junction, one would consider the volume of the junction to be a control volume. By using
the conservation laws, conservation of mass, momentum and energy, the pressure drop over different
in-/outlets of the junctions can be calculated.

The biggest disadvantage of this method is that every junction has to be analysed separately, and the
analysis of a junction is hard to automate. The method however is physically completely sound, and
it allows for very good management of assumptions made in the analysis of a junction.

3.1.3 CFD
Computational fluid dynamics, is a very popular branch of fluid mechanics that uses numerical analysis

to solve problems that involve fluid flow. As already discussed with the Balance method, fluid me-
chanics is governed by conservation laws. These laws produce systems of partial differential equations.
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Using numerical schemes the solution of these systems can be approximated[8]. This approach can
also be used for pipe junctions.

Using this approach gives very detailed solution of the problem, it is the virtual equivalent of doing an
experiment. It is however very computationally expensive, calculating the pressure loss over a single
T-junction could easily take a few minutes using this approach. Furthermore, just like the Balance
method every junction in a network would have to be analysed separately, making the approach simply
impractical for use in a pipe flow network.

3.1.4 Pressure coefficient

A very popular model in the field of pipe flow networks is the pressure coefficient model, the model
assumes that the pressure loss due to a component in the network can be given by

AP = C - pu?,

where C' is a dimensionless, component dependent factor called the pressure coefficient and p and u
are the density and flow velocity of the fluid through the component.

The pressure coeflicients are generally quite hard to obtain in closed form, therefore most coefficients are
empirically obtained. Moreover in the case of closed form pressure coefficients, they are often subject
to a myriad of assumptions. However, when a sufficiently general closed form pressure coefficient
can be derived this approach is computationally inexpensive. However, the solution is probably less
accurate than the balance method or CFD. We would like to generalize this model for use in case of
a junction. Mainly because, this is the only one of the four models which does consider pressure loss
due to junction, but does not involve very junction specific computations.

3.2 Pressure coefficient model

From the models examined in the previous subsection the pressure coefficient model is the only one
showing potential for use with pipe flow networks. Therefore this subsection is dedicated to get a
thorough understanding of that model.

First of all the model seems to find its origin in the Darcy-Weisbach equation, as derived in section
2.2.2. Although the derivation of the Darcy-Weisbach equation is specifically for flow through a pipe,
it is not that much of a leap to say an equivalent derivation is possible along a streamline® in a different
type of component.

Another point of view is considering the pu? factor, this is the momentum flux® through the com-
ponent, and one could argue that due to frictional losses momentum should be reduced by passing
the component. To counter these effects the pressure downstream has to decrease, and as this is a
countering effect it makes sense that the amount of difference should be proportional to the momentum
flux.

However, these arguments are mere interpretations of the pressure coefficient model. The actual
rationale for using this model is that it seems to be the standard in pipe flow network models, and in
most texts about this subject, such as [3, 10, 13], the relation is posited without any real reasons as
to why this is justified.

8A streamline is a line that follows the direction of the fluid flow, just like following a single particle along its path
from one end of the component to the other.
9The flux of a quantity, simply means the quantity per unit area.
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3.2.1 Coefficients in literature

Before deriving a pressure coefficient it is important to get a feeling for what variables influence such
a pressure coefficient. This insight is most amply acquired by a brief chronological account of pressure
coefficients for pipe junctions in literature.

In 1963, Blaisdell and Manson|[5] published a paper with a comprehensive account of the research in
the field before 1963. According to that publication the research of pipe junctions was limited to
T-junctions, a junction consisting of a straight main pipe and a branch at variable angles. Moreover
the research up until and including the work of Blaisdell and Manson consisted of mostly empirical
data, and in the case of a theoretical analysis only the general form of the coefficient is derived and
then fitted to experimental data. Although not supplying a purely theoretical pressure coefficient, the
works described in [5] do lend some insight into possible influential quantities such as the ratio of mass
flow rate, angle and ratio of cross sectional area between two in-/outlets.

In 1971 a book was published by Miller[10] titled “Internal flow systems: A guide to losses in pipe
and duct systems”, which is viewed as “the reference” for losses in pipe systems by many people in
the field of pipe flow networks. Though Miller proposes a purely theoretical derivation of a pressure
coefficient for T-junctions, he concludes that the resulting model does not confer with experimental
data and subsides to an empirically determined relation. In the book he does however make interesting
notions about negligible geometric quantities. For example, he states “The cross-sectional shape of
the pipes forming a tee has only a secondary effect compared to the flow and area ratios.” [10] as well
as “If the components are separated by a spacer of more than 30 diameters, interaction effects are not
important”[10].

In 2001, Bassett et al. proposed a closed form pressure coefficient for flow through a T-junction[4],
based on balance model analyses of a general T-junction with a variable angle between the main
pipe and the branch and a variable cross sectional area ratio between the main pipe and the branch.
The general junctions are analysed separately for all possible flow direction configurations, which for a
junction with three in-/outlets are 6 possible configurations. For each of these, two pressure coefficients
are derived, one for each streamline!®. Resulting in a total of 12 different pressure coefficients. The
generalisation of this model to a junction with an arbitrary amount of in-/outlets would lead to an
exponential increase of pressure coefficients, which is simply impractical. However, the model proposed
by Bassett et al. is supported by experimental data, and therefore it makes for a good reference model
to check validity of any other model in the case of T-junctions.

Lastly in 2003, Bassett et al. proposed a generalisation of the model published in 2001[3]. The new
model can be used to calculate the pressure loss for flow through a junction with an arbitrary amount
of in-/outlets. It is based on a single closed form pressure coeflicient for pressure loss from the inlet
with highest mass flow to an arbitrary outlet. The pressure coefficient is a function of the mass flow
ratio, cross sectional area ratio and angle between the inlet and the outlet. Furthermore the model
assumes the pressures at all inlets to be equal, which finalises the model. Do note that this model does
have its drawbacks. For one, it completely ignores any incoming flows other than that of the most
significant inlet!'!. Furthermore, the assumption that the pressure is equal at all inlets is not supported
by experimental data, such as the cross junction data of Sharp[15]. The model can however function
as a good basis for a more advanced model.

3.3 The new junction model

In this section a new junction model will be developed. This junction model is heavily based on the
model proposed by Bassett et al. in 2003. The first subsection will aim to derive a more general

10Tp this case a streamline is a flow from an inlet to an outlet
11 The inlet with the highest mass flow rate
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version of the pressure coefficient first derived by Bassett et al.[3] After the derivation additions to the
model will be proposed to improve the model. After that the newly derived model will be compared
to the model Bassett et al. published in 2001, which shows agreement with experiment.

3.3.1 Derivation of pressure coefficient

Consider an arbitrary junction with n € N inlets and m € N outlets. Then two sets can be defined
I the set of inlets and O the set of outlets, where in the special case of no flow we speak of an inlet.
Now for any combination of an inlet and outlet, (i, j) € I x O, a stagnation pressure coefficient, K; ;,
is introduced, defined by

x _ (p)i—(po); _ Putypif — (Pt 5p5u))
©j 1,2 - 1. .2
2 Pil; 2Pl

; (3.1)

where p, is stagnation pressure in [Wk%}, p is the density of the fluid in {’%}, u is the flow velocity

m

in [%] and P is the static pressure in {anQ]

To continue the derivation, the fluid is assumed to be incompressible. Specifically

Assumption 3.1: Incompressible fluid

An incompressible fluid is a fluid with constant density. Which is mathematically described
as
p = constant (3.2)

where p is density in [%]

\. J

Now (3.1) can be rewritten as follows

Pt gpui — (P + 3p,u3)

Ki ] — 9
3J %PU?
P — P uf
Kij=— zj +1- _;7
5PU3 u;
Lo uj

which leaves an expression for the pressure difference between the in- and outlets. Due to practicalities
it is more convenient to rewrite the expression in terms of mass flow ratio defined as

dij i ( )

and cross-sectional area ratio defined as
i, — i7 3.5
w 5] 4]' ( )

where 7 is the mass flow rate in [%9] and A the cross-sectional area in [mg]. Now using the relation

between mass flow rate and flow velocity[2]

m = pAu, (3.6)
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and using equation (3.2) we can express u; in terms of u;,

v, = i
J p- A] ui7
A; 1
= ——u,
Aj m;
wj = Gi,jPi,jUis (3.7)
which leaves us with w
=L = gi i, (3.8)
u;
with this (3.3) results in
1l
P= Py = gpoia (Kij = 14+ q207;)
%,V
1 K ; 1
P, — P; = —pu? Bl +1].
L2 (q?,j L

Now, the pressure coefficient C; ; is defined as

P, — P; 1 K; . 1
pu; 2\ 4% ¥y

which leaves us with an expression for the pressure coefficient between an inlet and an outlet of a
junction given the stagnation pressure coeflicient, Kj ;.

Now we are left with the task of finding the stagnation pressure coefficient. Therefore, take a random
combination of an inlet and an outlet, (i,7) € I x O, then our goal is to find the stagnation pressure
difference between the inlet, ¢, and the outlet, j. Both ¢ and j are schematically drawn in figure 3.1,
where subscript ”others” signifies all in-/outlets of the junction other than i and j. Note that the angle
between 4 and j is 0 < 6; ; < 7, because of this angle and the momentum of the fluid a recirculation
area is induced, which is depicted by D-R-P in figure 3.1. Furthermore g; ; is defined as in (3.4), and
0 < & < 1 is the ratio between the minimal free flow area, the cross-sectional area of flow where the
pipe is most restricted by the recirculation area, Arp/, and the total pipe area, A;, thus

_ Agp
£= A (3.10)

Now to calculate the stagnation pressure coefficient, K; ;, as defined by (3.1), we consider two control
volumes D-D’-R’-R and R-R’-P’-P separately.

3.3.2 Control volume: D-D’-R’-R

Consider the control volume D-D’-R’-R, note that D’-R’ is a wall and D-R is a boundary to the
recirculation area which imply there is no mass transfer through these areas. Therefore there can only
be mass flow through D-D’ and R-R’ and mass continuity (2.8) states that mrr and mmpps are equal
in size. To be precise this only holds in a steady-state which we will assume
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Figure 3.1: Schematic representation of a junction of N-pipes

Assumption 3.2: Steady-state

A steady-state situation is a time invariant situation, in other words it does not change in
time. This mathematically manifests itself as

de
— =0 3.11
==, (3.11)
where e can substituted with any situation definining quantity and ¢ is time.
Now again using equation (2.8) we can deduce
MRrr = Mpp = M. (3.12)

Furthermore, because D-D’-R’-R is a closed control volume the law of conservation of momentum
should hold, which is defined in definition 2.10. The law of conservation of momentum is a vector
equation, which in our 2-dimensional representation'? leads to two equations. Only one of them is
needed to find K ;. In the rest of this subsection we will consider the law of momentum conservation
in the direction of mass flow through outlet j, ﬁlj, which in combination with a steady-state and
equation (3.12) yields

(mjﬁDD’ —sitnn + (Y F) DD/R/R) Sy =0, (3.13)

where #pps and @grg are the velocity vectors of the flow through D-D’ and R-R’ respectively and
o F )pp'r'r represents the sum of the forces acting on the control volume. Do note the only way
mass can enter or exit the control volume is via D-D’ and R-R’ and the dot-product at the end of the
left hand side of the equation ensures only the components in the ﬁzj direction are taken into account.

12Note that we can use a 2-dimensional representation because according to Miller the effect of cross sectional shape
is negligible[10]
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To solve this equation the magnitude and the direction of the flow velocities crossing D-D’ and R-
R’ have to be known. Bassett et al. state that experimental observations made using T-junctions
suggest that the velocity magnitude of the flow entering j from i, thereby crossing D-D’; is equal to
u;[3]. Furthermore, Bassett et al. suggest that the direction of @pp makes an angle of ”T_g with the

“horizontal” [3], meaning m,;. Thus assume

Assumption 3.3: Magnitude and direction of upp/

The magnitude of @pp is equal to |u;| and the direction of @pp makes an angle of ”T_e with
;. The approximate direction is drawn in figure 3.1.

which implies
s 3
Upp - Mj = U; COS (4_1 (m— 9)) . (3.14)
To determine the direction of Wgp/ note that the at R-R’ there is no compression or expansion of free
flow area, therefore the flow direction is parallel to the outlet axis, thus
’Z_J:RR/ . ’n?’lj = UR, (315)

where ug represents the magnitude of igg.

Now to solve equation (3.13) we need to analyse the forces acting on the control volume. To significantly
simplify the derivation we make four assumptions

Assumption 3.4: Horizontal junctions

The junction is assumed to lie in a horizontal plane, thereby neglecting any gravitational influ-
ences.

Assumption 3.5: No wall friction

The junction is assumed to have no wall friction, the model only accounts for geometrical effects
of the junction.

7
\.

Assumption 3.6: Static pressure in recirculation area D-R-P

The static pressure in D-R-P is assumed to be constant and equal the pressure along R-R’, Pg.
Rationale: As there is no mass transfer through D-R-P, the pressure has to be constant. A
pressure difference would lead to flow towards the point of lower pressure implying mass transfer
through D-R-P. Furthermore, as R-R’ is the point of smallest free flow area, Pobrp = Pg. If not
R-R’ would either become smaller or larger as the pressure difference would move the position
of R.




Assumption 3.7: Static pressure at D-D’

The static pressure at D is equal to the pressure at the inlet,
Pp = Pi.

Furthermore, the static pressure at D’ is equal to the stagnation pressure at the inlet. Thus

Ppr = (po)i = P + %pU?
where P; is the static pressure at ¢ and u; is the flow speed at i. Lastly, the mean static pressure
over D-D’ is equal to the mean of the static pressure at D and at D’. Thus
Pppr = EpFpr P+ lpuf (3.16)
2 4
Rationale: As there is no frictional loss and no hindrance to the flow there is no energy
conversion from or to potential energy between the inlet and D, furthermore all gravitational
influences are neglected thus there can be no pressure difference between those points.
At point D’ all flow from the inlet is halted, Bernoulli’s principle then states that the kinetic
energy is transformed to potential energy. As we are talking about a horizontal system the
potential can only be stored in static pressure.
Considering the first two parts of this rationale it is not a leap to assume the amount of
conversion of kinetic energy to potential energy goes linearly between point D and D’ which
would account for the choice of Ppp:.

Due to the first two assumptions gravitational and frictional forces are neglected, leaving only the
pressure terms to contribute to the sum of forces. As D-R’ is parallel to fnj the pressure force due to
D-R’ is perpendicular to ﬁlj and therefore the inner product is zero. Now note that D-R and R-R’
have the same static pressure by the third assumption. Furthermore, considering figure 3.1 a rather
straight forward geometrical argument implies

PrApg -1h; = —Pr(1 —£)A;, (3.17)

where Ap r has a direction perpendicular to D-R and magnitude Appr. Therefore, because R-R’ is
perpendicular to 7i; combining the pressure forces due to D-R and R-R’ yields

Pr (/TDR + gRR’) -y = —PrA; (1 — &) + &) = —PrA,. (3.18)

Revisiting figure 3.1 in combination with the fourth assumption results in
- . 1
Ppp App: sMmy = (Pz—i-zpuf) Aj. (319)

Note the subtle geometrical argument that Appr - m; = A;, which is best understood by closely
inspecting figure 3.1.

To finalize the analysis of forces equations (3.18) and (3.19) are used to form

. - 1,
(Z F) o = (R + o PR) A;. (3.20)
Using equations (3.14), (3.15) and (3.20) we are able to fill in (3.13), resulting in
3 1
Thj (Ui [¢0)] <4_1 (71' — 0)) - UR> + (Pz + Zpu? — PR> Aj =0. (321)
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To further solve this equation we need another assumption. Bassett et al. proposes that, “as flow
converges (in the region D-D’-R’-R), the stagnation pressure remains almost constant”[3] and thereby
that the overall stagnation pressure loss occurs as the flow diverges, in R-R’-P’-P. Therefore assume

Assumption 3.8: No stagnation pressure loss in D-D’-R’-R

There is no stagnation pressure loss in D-D’-R’-R, thus

3 1
(Po)DD' = (Po)RRF = P; + Zpuf =Pr+ ipu%, (3.22)

where the % factor on the right hand side is a consequence of equation (3.16).

Using equation (3.22) we can derive an expression for Pg
3 0, 1
Pr =P, + 1PUi ~ 5PUR- (3.23)
Substitution in equation (3.21) yields

3 1 3 1
mj (u;cos| —(m—6) | —ur |+ Pi—l——pu?—Pi——pu?—i——pu% A;j=0,
4 4 4 2
3 1, 1,
Ajpuj | u; cos Z(W—G) —ugr |+ —QUi +§uR Aip=0,
1 1
u;j (uZ cos (% (m— 9)) - uR> - éuf + §u% = 0. (3.24)

To further analyse this expression, two conversions have to be considered. The first one was already
used in the derivation, namely equation (3.8) or

uj

Uy = . 3.25
Y i (3.25)
The other conversion is derived using equation (3.12) as follows
u MR
R= 771 o
§Ajp
_ Ajpu;
§Aip
uj

Substitution of these relations into equation (3.24) yields
2 2
Uj 3 ) Uj > 1 u; 1 U
U cos|-(m=0))—— )| —=—5+=-= =0,
! <wi,jQi,j (4 =0)=%) 2 Vi 2€

1, 2 <3 ) 2 1 1
—us COS —71-_6 ___—+_ :07
27 <wi,j%‘,j 4( ) 3 2t €

1 2 2 3 1
— -4+ = cos —71'—0)——:07
2 & Yija (4 ( ) U754

1\? 2 (3 ) 1
1—-) -1+ cos|-(m—0)) ———=0
( f) Vi jqi.j 4 ( ) Qp?,jqzz,j
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which leads us to the end result of our endeavour with this control volume

1\? 1 ) ( )
=2 =1+ — cos |- (mr—0)]). 3.27
( §> 1'2,jqi2,j Vi iqi,j 4 ( ) ( )

3.3.3 Control volume: R-R’-P’-P

2

Now that we have an expression for (1 — %) we can use this to derive an expression for the stagna-
tion pressure loss, and with that an expression for K; ;. First of all, again consider conservation of
momentum in the m; direction. In much the same way as equation (3.13) for R-R’-P’-P this yields,

(msinn = igape + (3 F) RR,P,P) 1y = 0. (3.28)

Using equation (3.15) )
ThjﬁRR/ 'mj = ThjuR, (3.29)

and as P-P’ is perpendicular to ﬁzj, and there are no expansion effects at P-P’, the flow speed is parallel
to m;. Therefore

mj’ljpp/ 'mj = m]‘uj‘. (330)
Which leaves the task of finding (Z F ) BR P Due to assumptions 3.4 and 3.5, again only pressure
forces are taken into account. As in this case R’-P’ is parallel with the ri; direction, there is no force
component due to R’-P’.

Now using the same geometrical argument for R-P as used for D-R results in
PrAgp -1hj = Pr(1 - €)A;, (3.31)
and using the same argument for R-R’ as used in the previous subsection results in

PrAgpps -mj = PrEA;. (3.32)

Do note that /TRR/ in this control volume has its direction exactly opposite to its direction in the
D-D’-R’-R. control volume, this is because area vectors are chosen to be directed inward in case of a
control volume. All in all this leads to

(PRA'RP + PR/TRR,) iy = Pr(1 — €)A; + PreA; = A; P, (3.33)

just like in the D-D’-R’-R control volume.

Furthermore, the fact that D-D’ is perpendicular to the fnj direction and situated at the outlet results
in
PjADD’ . Thj = —PjAj. (334)

Using the last two equations and the fact that R’-P’ does not supply a pressure force term, we can
conclude that

F) ;= A;(Pr — Pj). .
(3°F) 1 = Ai(Pr— ) (3.35)
Substitution of this expression and equations (3.29) and (3.30) in equation (3.28) yields

Thj(UR —Uj) +Aj(PR — Pj) =0,
Pr — P; = puj(uj — ugr),
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where to make the step the definition of 1; = A;pu; is used.
To retrieve the stagnation pressure coefficient, consider its definition (3.1).
Pi+ 3pui — Py — 5pu3

1 2
2PU;

K= (3.36)

Now, as a result of assumption 3.8, that all stagnation pressure loss between i and j is the stagnation
pressure loss in R-R-P’-P, we can rewrite
Pr + %pqu - P - %puZ

R J
v»J T )

39U
ous (g — un) + 1ol — oo
Ki,j = 3 .
30U

Combining the conversions of the previous subsection, equations (3.25) and (3.26), results in

2
uws
puj(u; — F) + 5pet — 3P
Ki,j = 1 ug b
1 J
2PV
1 11 1
=27 .q} (1—34—5&—2—5),0%
= 2¥i,i%,5 pu? ’
2 1
U’ 1,3 m ( o E + 7

2
Ki»j = ’L]q’bj (1_ )
)

Note the (1 — ) factor, substituting equation (3.27) yields

1 2 3
Ry — “(r—
Ho = vt (1 ’ 2aE Vi (4 (n 9))> ’ (3:37)

which concludes our encounter with this last control volume.

Now that we have an expression for K; ; we can easily find an expression for the pressure coefficient
using equation (3.9)

K; ; 1
Cij=x w +1],
v (ﬁw% @075

[a—y

[\

2 3
1 UG (1 + wfyqu’j T Vi, CO8 (3 (m— 9))) 1
Cij= 9 5 2 -5 t1],
9i,5Vi 4;,;i¥i
1 1 2 3 1
Cij==-1+ cos( 7T9)+1 ,
72 ( 22 it 19 2 2
Cryj=1——2 (3( m) (3.38)
i =1— cos | = (m— . )
’ Vi j%,5 4

Which finally gives us an expression for the pressure coefficient and concludes the derivation based on
the work of Bassett et al.[3].
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3.3.4 Flow independent generalization

Now that we have an expression, we can analyse it to see when it is valid. First of all taking a close
look at figure 3.1 tells us immediately that by choice of control volume there is no room in the outlet
for any other inflow than that of the observed inlet. However, in a pipe flow network it is quite common
to have combining flow. Thus, it is critical to account for multiple inflows into one outlet.

Therefore, consider the control volume in figure 3.2. In the figure we look solely at ¢ and j again,
where 7 is an inlet and j is an outlet. But we assume that all flow from ¢ goes to j. Thereby, it follows
that

which, by equation (3.4), implies that
qi,j > 1.
s N mothers
m; A N —>
e i N <+—

Figure 8.2: A schematic representation of an inlet i and outlet j of a junction. A control volume,
represented by dashed lines, is drawn which accounts for multiple inflows.

Now, the derivation above does not account for this kind of flow. However, we can pretend the outlet
has a different cross-sectional area A;. By choosing A; such that

= i, (3.39)
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we are able to apply the result of the derivation above. Note that equation (3.4) and (3.6) imply

___mj
Qi,j = —
m;
mj
A
mj

ijUj

pA;.’LLj7
A
gy =
1,7 A‘/77
4

A/, = —
qi.j

j (3.40)

Therefore, by equation (3.5)
A A

Vi = AT ot = Vi .55 (3.41)
j J

where the accent means in our pretence that j has cross-sectional area A;-. Furthermore, equation
(3.4) in combination with (3.39) results in

g, =~ =1 (3.42)

po_q_ L 3o
Cw-—l Tﬂ;,jq;,j cos 4(77 0) |,

1 3
=1———cos|-(m—0) |,
Vi i, -1 (4 ( )>
Cl=Cij. (3.43)

So, we can conclude that equation (3.38) is valid for all ¢; ; > 0. Note that ¢; ; < 0 do not exist as
m; > 0 and m; > 0 by definition of O, or more accurately I “where in the special case of no flow we
speak of an inlet.” Therefore, we can finally conclude that we have found a pressure coefficient between
an arbitrary combination of inlet and outlet which is defined for all possible flow configurations.

A similar derivation as above is presented in appendix A to show that the expression of C; ; holds for
junctions with n inlets and m outlets. However, this derivation assumes that any inlet can flow to any
outlet, which in practice does not have to hold.

Now that we have such a pressure coefficient it is time to consider how we can put them together
to create a junction model. First, it is important to consider what is needed from a junction model.
Remember that to allow for pressure loss between inlets and outlets, additional pressure variables at
those in-/outlets have been introduced. Specifically, if a junctions consists of n inlets and m outlets,
n +m — 1 additional pressure points have been introduced'®. In general, for the mathematical model
to be consistent it should introduce the same amount of equations as variables. Therefore, the pressure
coefficients should be manipulated in such a way that n+m-1 independent equations remain.

In the current state the model has n - m equations, namely

P;— Py =C;pu; V(i j)€IxO. (3.44)

13The —1 is due to the pressure point which would be already present in a no-friction model.
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Because,
n-m>n+m-—1 Yn,m >1

usage of the “raw” equations, given by equation (3.44), would lead to an overdetermined system
which in general means that it does not , with certainty, yield a solution. However, in some cases
an overdetermined system can be transformed to a linearly independent system by making linear
combinations of the system of equations. Therefore, for all ¢ € I consider a; € R and equally for all

Jj € O, bj € R such that
Zai =1 and Z b; =1. (3.45)
il jeo

Then we can define a linear combination of equations (3.44) by

Sy (2 ) = XY an ot

icl jeO icl jeO
ZaiPi - Z bij = Z Z aibjC','qu?. (346)
iel j€0 i€l jeO

Now consider an arbitrary ¢ € I then by setting a; = 1 and thereby ay = 0 for all k € I'\ {i}. Then
(3.46) becomes

Pi — Z bjpj = Z bij-pu?. (347)

j€o j€o
This equation can be interpreted by noting that
>_biP
jeo

is a weighted average pressure of the outlets. Now consider two outlets with equal mass flow, it makes
sense that these two should add equally to this average pressure. However, when considering two
outlets where one has far more mass flow than the other, it is natural to make the one with more mass
flow contribute more to the weighted average then the one with less flow. To incorporate this insight

define
M= ;= ru, (3.48)
j€O kel

where the second equality is a direct consequence of the mass continuity, equation (2.9). Then by
specifying

b = % (3.49)
equation (3.47) becomes
m; m;
Pi=> ﬁpj = ﬁjci,jpuf, (3.50)
j€o j€o

which is the mass flow rate weighted average of equation (3.44), concerning an arbitrary ¢ € I.

Equivalently, for an arbitrary j € O we can deduce the mass flow rate weighted average, which results

m
myg m;g
Zﬁpi - Pj= Zﬁci,jpuﬁ. (3.51)
icl i€l

Do note however that this method generates n + m equations, which is still one too many.
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To reduce the size of the system, matrix analysis is used. The system of equations (3.50) and (3.51)
gives rise to the following system matrix

[ 1 U e -
0 1 0 7% 7m1\i[m Biz
0 0 1 T M | B, | (3.52)
S %o G -l 0| 8,
- n;\}l ﬁ;\}z T 0 71 B]m -
where . )
m; m;
Bik = Z M]Ci’“jpu? and Bjk = Z M0i7jkpu?k,
j€O i€l
and which after Gaussian elimination!? gives the equivalent matrix
o0 0 ... 0 0 ... O 0 T
-11 ... 0 0 ... O B,;, — B;,
-1 0 ... 1 0 ... O B;, —_Bil . (3.53)
10 ... 0 -1 ... 0 le_ZiGI\il%(Bi_Bil)
L 1 0 ... 0 0 ... =1|Bj, —Ycn, 5 (Bi—Bi) |

Note that the system matrix has rank n + m — 1 which is precisely what we need, and that there are
no restrictions to which inlet is i; therefore ¢; can be chosen arbitrarily in .

Now pick ref € I arbitrarily, then using equation (3.53) we get the following system

Py — Pt = Z % (Cij — Cret,j) pu’ Vi e I\ {ref}
j€O
(3.54)
Pref - Pj = Z %01,30%2 - Z % Z % (Ci,k - Oref,k) Pui = Cref,jpui v.] €O
i€l 1€I\{ref} keO
(3.55)

where the last equality is a result of equation (3.44). This system is linearly independent as shown in
equation (3.53) and has n +m — 1 equations. Therefore this system constitutes a model conforming
to all requirements.

3.3.5 Validity

Now that we have a model, it is time to confirm its validity. This is normally done by comparing it
to experimental results. However, due to lack of experimental results this cannot be done. Therefore,
the model is compared to the T-junction model published by Bassett et al. in 2001[4], which shows
agreement with experimental data.

14This is simply using elementary row operations to get an equivalent matrix in row echelon form. (NL: “matriz
vegen”)
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Consider a T-junction consisting of a main pipe and a branch attached at an angle 6 to the main pipe.
Now call the two in-/outlets of the main pipe a and ¢ and the branch b. Furthermore, consider the
cross sectional area of the main pipe to be constant thus

This situation is schematically drawn in figure 3.3.

A, = Ac

Mg
L =S

F,

T EE

Figure 8.3: Schematic representation of a T-junction, consisting of a main pipe and a branch which
makes an angle of 0 with the main branch.

In 2001, Bassett et al. published a model which can describe the pressure coefficient, C; ; between
an inlet, ¢, and outlet, j, for arbitrary flow conditions with good agreement to experimental results.
Therefore, it is informative to compare that model to the new model derived here. However, due to
symmetry only two flow types have to be examined, namely flow from a to b and flow from b to a.
In figure 3.4a the pressure coefficient C, ; is plotted against the mass flow ratio g, ; for both Bassets
model and the new model derived here. The same is done for C; , and ¢, in figure 3.4b. Thus, in
figure 3.4a the flow from a to b is observed, and in figure 3.4b the flow from b to a is observed.
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(a) Plot of Cqp against qa.p from the model proposed by
Bassett et al.[{] and the new model for various angles
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0. Note the logarithmic scale.
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(b) Plot of Cy,q against qv,o from the model proposed by
Bassett et al.[4] and the new model for various angles
0. Note the logarithmic scale.

Figure 3.4: Plots to compare the new model to the model of Bassett et al.[4].
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Both figures seem to follow the same pattern, for ¢ < 1 the two models seem to match perfectly. Note
that in for ¢ < 1 there is only one inlet due to mass continuity. However, for ¢ > 1 the new model does
not seem to agree with the old model, this would imply that the new model does not hold for multiple
inlets. But it should, after all we have specifically looked into that case. No, the difference finds its
nature in an assumption of Bassett et al, namely “it will be assumed that the static pressures in the
inflow branches are equal”[4]. This assumption is a fundamental difference between the new model
and that derived by Bassett et al. In addition, Bassets model seems to deviate from experimental
data as ¢ > 1 increases. A possible explanation for this phenomenon could be the assumption of equal
static pressure.

To further compare the models the assumption by Bassett et al. can be emulated in the new model
by considering equation (3.51)

My my; 9
> P b= > 27 CiiPs (3.56)
iel i€l
By considering ) _,; mﬁR to be the static pressure for all inlets the assumption of equal static pressure
for inlets is incorporated. In figures 3.5a and 3.5b, the pressure coefficients are again plotted against

the mass flow ratio but with the assumption of equal static pressure at the inlets.
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/ Basset 2001 (=60°) / Basset 2001 (=60°)
/ New model (#=60°) / New model (§=60°)
“10}/ Basset 2001 (§=90°) ~10}/ Basset 2001 (#=90°)
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(a) Plot of Cap against qap from the model proposed (b) Plot of Cy.o against gy from the model proposed
by Bassett et al.[4] and the new model with equal static by Bassett et al.[4] and the new model with equal static
inlet pressure for various angles 0. Note the logarith- inlet pressure for various angles 0. Note the logarith-
mic scale. mic scale.

Figure 3.5: Plots to compare the new model with the assumption of equal static pressure for all inlets
to the model of Bassett et al.[]].

The figures show that both models follow exactly the same curves for both flow types. An argument
showing that this equivalency is analytical can be made rigorous by equating the expressions of the
pressure coefficients. From this analysis can be concluded that the difference between both models is
purely due to the assumption of equal static pressures at the inlets.
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To understand what this means a specific configuration is examined. Consider the situation where

0 = 90°,

Ay =Ap = Ao = 1 m2,
P, =10° Pa,
I=1{b,c},
0= {a}7

k
mn_m@:mof,
. kg
my = >
S
k
= 1000 ~2.
m

Note that
e + my — 1 = 100 — 100 =0

thus the situation satisfies mass continuity. Now the newly introduced junction model equations (3.54)
and (3.55) imply

Pc - Pb - (Cc,a - Cb,a) pU§>
Pb - Pa - Cb,apuza

where according to equation (3.38),

1 3
Con=1- cos | —(m—6cq) ),
’ ¢c,aQC,a (4 ( ))
1
Coa=1- —1-1=0.
wc,aqc,a

where we can make the step because by definition 6., = 180°. Furthermore, equation (3.38) implies
that

Cb,a =1-

1 3
cos | = (m—6pa) ),
¢b,aqb,a (4 ( b )>

Cra=1— ¢bm;”b cos (i (m— 91,,,1)) ,

Cha=1-0=1.

In addition note that according to equation (2.11)

. 2
puZ = p [ 2
a p-Ag)

100 \?
21 —
pu;, 000 000 ) °

pug = 10.
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Therefore, the new model gives us

Pc_Pb:_pugv
Pb—Pa:puz,
P.—P,=0.

By following Bassett et al. [3], where equal inlet pressure is assumed we get

P.— P, =0,
Pb*Pa:pua
Pc_Pa:puia

where P, — P, = 0 follows from the assumption of equal inlet pressure.

Consider figure 3.6a and 3.6b which were taken from Bassett et al. 2001[4]. In 3.6a ¢ = % and in
3.6b g = % Therefore for 3.6a g = 0 is of interest and for 3.6b ¢ = 1 is of interest in this situation.
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(a) Plot of the total pressure coefficient K7 as de- (b) Plot of the total pressure coefficient K8 as defined
fined in Bassett. 2001. in Bassett. 2001.

Figure 3.6: Plots of Bassett et al. showing experimental data.[4].

Now as K7 is the total pressure normalized by pu? we get for both models that K7= —1 which is
conform figure 3.6a, however for Basset 2003 we get that K8 is 1 where the new model is 0 and
only the new model conforms to figure 3.6b. Therefore we can conclude that by allowing for pressure
difference between the inlets the model has better agreement with experimental results in this situation
than the model with equal static pressure for all inlets. However, more experimental data is required
to generalize this statement.

3.4 Summary of the model

To conclude this section, a short summary of the model and its domain of validity is given. This
section describes that in case of

Single phase flow The fluid is in a single phase
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Incompressible fluid A fluid with constant density

Steady-state The system is time invariant.

Horizontal junction The junction does not encounter gravitational effects
No wall friction There are no losses due to wall friction

and some more derivation specific assumptions, the pressure differences in a junction with inlets I and
outlets O are described by

Pi— Pt = ﬁf (Cij — Cretj) pu’ Vie I\ {ref} (3.57)
jeo
Pret = Pj = Cregjpu’ VjeO (3.58)

where

Py the static pressure at in-/outlet k in [ kg }

mes2
my the mass flow rate through in-/outlet &k in {%}
M the total mass flow through the junction defined by M =3, ;1 =350,
p the density of the fluid in {%}

ug the flow velocity at in-/outlet k& in [%]

Furthermore ref € I can be arbitrarily chosen and

1 3
Cii=1-— cos | — (m—0;; 3.59
i=1m g (4 ( ,J>) (359)

where
i the cross sectional area ratio between inlet ¢ and outlet j defined by ; ; = %
J
Ay the cross sectional area of in-/outlet k in [m?]

m;

qij the mass flow rate between inlet i and outlet j defined by ¢; ; = 7
J

0;; the angle between inlet 7 and outlet j.
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4 Pipe flow network model with incorporation of junction
model

In this section the junction model introduced in section 3 will be incorporated in a pipe flow network
model, which was introduced in section 2. Thereafter, the section will be concluded with a short
digression to numerical methods which can be used to solve the pipe flow network model.

4.1 Addition of junction model

To incorporate the junction model in a pipe flow network model some changes to the mathematical
description as proposed in section 2.1 have to be made. Namely, the junction model introduces n+m—1
new pressure variables to the network for a junction with n inlets and m outlets. In other words, every
pipe (4,7) € E in the network now has an ingoing pressure, (Pm)i,j, and an outgoing pressure, (Pout)w..
Where (Pm)i,j represents the static pressure of pipe (7, j) at node 4, and (POUt)iJ‘ represents the static
pressure of pipe (7,j) at node j. Thus the in and out refer to the direction of the pipe in the graph,
not the direction of flow. Formally,

(Pin)i,j
(Pout); ; = The static pressure of pipe (i,j) € £ at node j € V V(i,j) € E. (4.2)

= The static pressure of pipe (i,j) € E at node i € V V(i,j) € E,

Furthermore, to calculate the pressure coefficient between an inlet ¢ and an outlet j the angle 6; ;
between i and j has to be known. Therefore it has to be added to the mathematical description. This
is in no way an easy task as it links two pipes in a junction to each other. On first sight this would lead
to something awkward like 64 4),(c,qy Which would represent the angle between pipes (a,b), (c,d) € E.
However, by giving every node a predetermined axis we can specify an angle (6;,) i which represents
the angle between pipe (i, j) € E and the reference axis of node i.!5 In an equivalent manner (6,;)
can be defined. Thus, formally

4,3

(0in); ; = The angle between (i, j) € E and the predetermined axis of node i  V(i,j) € E, (4.3)
(Oout); ; = The angle between (i, j) € E' and the predetermined axis of node j V(i,j) € E. (4.4)

For good measure, note that the axis of a node is solely there to create a reference axis on which the

angles can be based and the angles should be measured counter-clockwise'®.

Now that the necessary variables are added to the mathematical description the new pipe flow network
model can be introduced. To be rigorous, consider an arbitrary pipe flow network. Using section 2.1
an equivalent graph, G = (V, E), can be generated where by equations (2.1) to (2.3) and (2.5) the
variables for pipe cross sectional area, A; ;, pipe length, L; ;, mass flow rate through a pipe, 10; ;, and
external in-/outflow at a node, s;, are defined. Furthermore using equations (4.1) to (4.4) the static
pressures at both ends of a pipe, (Pm)m. and (Pout)i’j, and the angles (Hin)i’j and (HOut)m with respect
to the reference axis of the node at each respective end are defined. Note that all variable distributions
are presumed known, except for 7h, s, (P;,) and (P,y:) which are presumed to be partial distributions
as defined in section 2.1.

To complete the model we need equations to govern the unknown variables in the partial distributions.
By assuming steady-state, equation (2.23) gives us

skt Yy tig— Yt =0 VkeV, (4.5)

i€l J€OK

15Note that the assumption that the network lies in a single flat plane has been made here. A 3-dimensional network
would lead to the introduction of two angles the polar and azimuth angle as in the spherical coordinate system.
16The choice of direction does not matter, it only matters that the same convention is used for the whole network.
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where Ij, and Oy, are defined as in equations (2.21) and (2.22),

I={ieV:(ik) € E}, (4.6)
Ow={jeV:(kjeE} (4.7)

If we assume cylindrical pipes with constant diameter and incompressible fluid, equation (2.20) gives
us

(Pinflow)ivj - (Poutflow)iJ‘ = -[D/ZJJ . f((Re)i}j) ’ % P ﬂij V(Zh]) ek, (48)
where Piy, 10w and P,y fiow are the static pressure at the side of inflow and outflow respectively, D; ;
is the diameter of pipe (i,7), f((Re), ;) is the Darcy friction factor which is depend on the Reynolds
number!” which is defined as B

(Re)iJ’ = Ma (4.9)

I

and w is the average flow velocity through pipe (,7). To use this in the model the equation has to
be rewritten in quantities defined in the mathematical description. First of all, as (melow)m. and
(Poutflow)m are static pressures at both ends of the pipe then can be related to (Pin)i,j and (Pout)i’j.
Do note that (P;p); ; and (Pout), ; are related to the direction of (4, j) in the graph and not to the flow
direction. However, 1h; ; relates the flow direction to the direction of (¢, j) in the graph by its sign.
Therefore, we can deduce

<Pin)i,j - (Pout)id if mi,j Z 0

. 4.10
(Pout)i,j - (Pm)i,j if i ; <0 ( :

(Pinflow)iJ - (Poutflow)l'ﬁj - {

The next undefined quantity is D; ;, but as we have already assumed the pipes to be cylindrical we
can simply use the area of a circle to rewrite D; ; in terms of A; ; resulting in

A
D, ;=24 —L. (4.11)
’ m

Lastly, we have to rewrite u; ; which can easily be done using equation (2.11), resulting in

mij

Uy = —o 4.12
J p- Ai,j ( )
By substituting all conversions found above into equation (4.8) we get

P). . — (Pous), . if1h;; >0 L;j-m?.

ik = ol s 200 _ pipey. 20 00 [T G jyem @ag)

(Pout); j = (Pin); ;i 1hi; <0 P AL Aij

Note that f(Re) is still present in the equation even though it is not specified in the mathematical
description. That is done because the conversion of f(Re) is more complex than the other conversions,
and therefore deserves special attention.

Many a paper has been written about the Darcy friction factor. The problem with this friction factor
is that it is dependent on the flow regime, so whether the fluid flow is laminar or turbulent. This is
a problem because in the transition area between laminar and turbulent, 2000 < Re < 4000, the flow
regime is undefined. But apart from this hiccup, the factor for commercial pipes in turbulent flow is
governed by the Colebrook-White equation[16]. The main problem with this equation is that it is an
implicit equation. Therefore, there exist many papers that approximate the Colebrook-White equation

17The Reynolds number is a dimensionless quantity indicating the regime of the flow.
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in explicit form, whose analysis is outside the scope of this text. One of those approximations is the
Blasius correlation[17],

0.079
= 1

R
fRe) = 7

for turbulent flow (Re > 4000), (4.14)
which we will use in this paper because of its simplicity. The friction factor is much simpler for laminar
flow, it can be derived that

f(Re) = % for laminar flow (Re < 2000). (4.15)
e

To accommodate for the undetermined transition area, 2000 < Re < 4000, the sigmoid function®®

defined by
. 1
Sig(r) = Tte

will be used to stitch the turbulent and laminar approximations together to one function yielding

(4.16)

, (4.17)

F(Re) = Sig (_4.5- Re — 3000) _ 64

1000 — + Sig <4.5 .

Re — 3000\ 0.079
Re

1000 Rer

where the factor 4.5 inside the sigmoid function comes from the fact that Sig(4.5) =~ 0.99. It is very
important to note that this definition of f(Re) is merely chosen for its favourable properties, such
as continuity. Readers interested in explicit approximations of the Darcy friction factor are urged to
read a paper specifically about this topic, such as “Review of explicit approzimations to the Colebrook
relation for flow friction” by Dejan Brkié[6], as such approximations are out of the scope of this text.

Using the prior conversions and equation (4.9) yields

|71 5
u . /Ai7j . ’7T
where the absolute of 7h; ; is taken because Re is per definition always positive. And with this the

analysis of the Darcy-Weisbach equation for this model is concluded. For good measure, the procedure
to generate a Darcy-Weisbach equation for an arbitrary pipe (i,5) € F is provided in algorithm 2.

Re =2 (4.18)

Algorithm 2 Procedure to generate a Darcy-Weisbach equation for an arbitrary pipe (i,j) € E.
Re := 2 1Ml
pey/As g

= Sig (<45 BGE) - i+ Sig (15 BgiRe) - 0

AP = (POUt)i,j - (Pin)i,j

if mi,]’ Z 0 then AP = (P”L)l,] — (Pout)i’j
end if

return AP — f -

.2
Lw‘mi.j s

o, =0
p-A7; A

The one thing that remains is incorporating a junction model. Note that up until this point the deriva-
tion is independent of junction model and the above equations make up the basis of the Frictionless
model. Such a Frictionless model would be finalized by introducing, for all k € V| equations

(Pout)ref,k - (Pout)i,k =0 Vi € I \ {i}, (4.19)
(Pout)ref,k - (Pin)kd‘ =0 Vj € Oka (4'20)

18The sigmoid function is a continuous approximation of the Heaviside function with the property that Sig(z) +
Sig(—2) = 1)
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for an arbitrarily chosen ref € I, where I}, and Oy, are again defined by equations (2.21) and(2.22)

In={i€V:(ik) € E} (4.21)
Ow={jeV:(kjeE} (4.22)

However, section 3 introduces a new junction model and this derivation has been working towards
implementing that model. So, without further ado, for each node k € V' consider I and Oy as defined
by equations (4.21) and(4.22). To adhere to the notation used in section 3.4 define the set of inlets, T
as

I={iel:m;, >0tU{j€O0y:my; <0} (4.23)
Equivalently the set of outflows, O as
OZ{iEIk2mi7k<O}U{jEOk:mk7]’>0}. (4.24)

Note that I and O are disjunct sets and I U O = I}, U Oy. Moreover, it is very important to note that
where I, and Oy, are defined by graph direction, I and O are defined by flow direction.

To further convert the notation used here to the notation used in section 3.4 consider an arbitrary
inlet ¢ € I. We can define the mass flow rate, 7;, cross sectional area, A;, static pressure, P;, and
angle to the reference axis of the junction 6; of the inlet by

gl
I (4.25)
—Mk.q if i € O

A = Ai,k le e I , (426)
A itie Oy
Pout). if i € 1,
p = Foudig TTE T (4.27)
(Pin)y,; ifi€Og

and

6, = { Vout)ipe i€l (4.28)
" Gin)y;  ifi€ Ok

Equivalently, for an outlet, j € O, m;, A;, P; and §; are defined by

o e
iy = { o e D (120)
M if j € Og

A — Aj,k lf]EIk (4 30)
T Ay ifje0y’ '
R (41
(Pin)y; ifj €Oy

and

g o)y i€l (432
! (Oin)y; ifj €Ok '

Note that 7;,m; > 0 just like in section 3.4.
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Now pick ref € I at random, then according to section 3.4 the pressure distribution of the junction is
governed by equations (3.57) and (3.58),

Pi—Per=Y_ ﬁf (Cij — Cretg) pu Vi e I\ {ref}, (4.33)
jeO
Pret — Pj = Orcf,jpu? VJ € O, (434)

where M is the total mass through the junction defined by
M =Y 1= 1y, (4.35)
il j€O
and u; is the flow speed in outlet j € O defined by
= mJ .
p-Aj

U (436)

Furthermore, C; ; is the pressure coefficient for flow between inlet 7 and outlet j defined by equation
(3.59),

1 3
Cii=1-— cos | —(m—6;;) |, 4.37
Tt (437

where 1; ; is the cross sectional area ratio defined by

A

Vi = A7;7 (4.38)
and g¢; ; is the mass flow rate ratio defined by
s
qij = HZ (4.39)

In addition, the angle between an in- and outlet, §; ;, is defined as
0;;=0;—0; modm, (4.40)

where the modulo 7 is to ensure that 0 < §; ; < 7, which is necessary for use in the model of section
3.4.19

Consideration of all equations, mass continuity, Darcy-Weisbach and the equations as a result of
the junction model, results in a system of equations governing the variables. Solving this system of
equations yields the end result where all unknowns have been solved. However this model cannot
be used on an arbitrary set of unknowns, for example if all variables are unknown it is obvious that
the network can not be solved. For a network to be solvable by this model, it should have an equal
amount of unknowns and independent equations in the model. We start by counting the total amount
of equations. Looking at pipes, the Darcy-Weisbach equation supplies one equation for each pipe thus
in total #F equations. For the nodes it is a little more complex. Equations on the nodes are the mass
continuity equation which supplies one equation per node and the junction model which supplies the
ng — 1 equations for each node k € V where ny is the amount of pipes connected to k. Thus in total
each node k € V supplies ny equations. By noting that each pipe is by definition connected to two
nodes, we can deduce that

> np=2-#E (4.41)

keV

19In layman’s terms 0 < 6; ; < 7 is defined such that 6; — 0; = k- 7 + 0, ; with k an integer, it can be proven that
such a 6; ; always exists.
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which brings the total amount of equations to 3 - #FE.

To count the variables consider that only the 1, (P;,), (Pout) and s distributions are allowed to be
partial and therefore contain unknowns. As i, (P;,) and (P,,:) are defined on the pipes they amount
to 3 - #FE variables. The s distribution is defined on the nodes and therefore introduces #V variables.
This brings the total to #V +3-#FE variables. As we have #V +3-#F variables and 3-#FE equations,
the model becomes solvable if #V + 3 - #FE — 3 - #E = #V variables are known.

Hereby, we have completed the pipe flow network model with incorporated junction model. For clarity,
the whole model is summarized in algorithm 3.

Algorithm 3 Pipe flow network model with junction model incorporated

Require: The mathematical description of a pipe flow network consisting of a graph G = (V, E),
variables for each pipe (4, j) € E for cross sectional area A; ;, pipe length L; ;, mass flow rate through
pipe 1 ;, static pressure at in- and outflow (Pn); ;, (Pout), ; respectively and angles with respect to
the reference axis at the nodes of the in- and outflow (<9m)Z ; and (0put) i respectively. In addition,
the external in-/outflow variable s; for i € V has te be given, and the fluid density p and dynamic
viscosity p. Note that the mass flow rate, static pressure and external in-/outflow distributions can
be partial distributions as long as these partial distributions combined have precisely #V knowns
and atleast one static pressure is known.

S=0

for k €V do
I ={ieV:(ik)e E}
Op:={j€V:(kj e€FE}
8= SU {5k + Lier, ik = Ljeo, s =0}
I := {iEIkZmi7kZO}U{j€Oktmk)j SO}
OZZ{iEIk:mi7k<O}U{jEOktmk7j >0}
for: e TUO do

A A ifiely
T Ags ifi€ Oy
o {(Pwt)i,k ifi € Iy
(‘Pln)k,ﬁ if i € Oy
o {(eout)i’k if i € I
i)y i€ Oy
m,-,k ifielyandiel
. —my,; ifi€eOpandiel
TN Ly ifielyandieO
M.; ifieOpandiec O
end for
Take ref € I randomly
for j € O do
Vref,j = Afjf
Gref,j = F-
Oret,j = @ mod 1
Cretj =1 — m cos (2 (7 — Oret,j))
uj = 54
S:=5U {Pref — Pj — C’reﬁjpu?}
end for
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Algorithm 3 Pipe flow network model with junction model incorporated (continued)
M= Zjeo 1
for i € I'\ {ref} do
for j € O do
Vi = 2‘;

LTy
4ij =

0;; = 9’5;93' mod 1
1 3
Cij=1= ggcos (3 (m—0:))

end for .
S = S U {Pz - Prcf - ZjEO % (C»L,] — Orcf,j) pu?}
end for
end for
for (i,j) € F do
Re Ve
f = Sig (~45- B0) - o+ Sig (15 - Beghe) - L

AP = (Pout)z',j — (Pin)
if mi,j > 0 then
AP = (Pin)iﬂ' - (Pout)id‘
end if
S=Sulap—f lumis . 5
= U - f * p'A?,j : Ai,j == 0

end for
return Solve(S)

2]

4.2 Numerical methods

To solve the system of equations which results from the model numerical root-finding algorithms can,
and most often will, be used. These algorithms come in a lot of flavours, probably the most intuitive
algorithm is the bisection method which will be discussed first. However the bisection method can
only be used for univariate equations, equations with one variable. The model consists of a system of
multivariate equations. Therefore, we have to look for an algorithm for multivariate equations. The
Newton method is such an algorithm, probably the most well known of its sort, and will be discussed
next. After that the subsection will be concluded with a notion about pre-implemented algorithms.

4.2.1 Bisection method

As already said the bisection method is an algorithm to find the root?° of a univariate continuous real
function f. It is a very robust method, meaning that it will always find a root, x € R if it exists. It
does however request an interval [a, b] C R from the user in which the root is situated, or more precisely
such that f(a)- f(b) < 0. Then the iterative step is pretty straight forward, consider ¢ = a + (b;a),
which is just the middle of a and b, then if f(¢) = 0 stop iterating, else if f(c) has the same sign as
f(a), a = ¢ and otherwise b = ¢. This approach is summarized in algorithm 4. The general idea is
that the width of the interval is halved with each iteration, while keeping the root in the interval and

thereby approximating the root with the centre of the interval.

20In mathematics a root of a real function, f : R — R, is an = € R such that f(z) = 0.
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Algorithm 4 The Bisection method.

Require: A univariate continuous real function f : R — R, an interval (a,b) C R such that f(a)-f(b) <
0 and a threshold value € > 0.
while b —a > ¢ do

if f(c) =0 then
a:=c
b:=c

else if f(c)- f(a) > 0 then
a:=c

else
b:=c

end if

end while

4.2.2 Newton method

Another method, more appropriate to the model, is the multivariate Newton method. Consider a
vector of real multivariate differentiable functions f : R¥ — R™. The aim is to derive a method to
approximate an ¥ € R* such that f(#) = 0 given an initial guess ¥y € R¥. Consider the first order

Taylor expansion of f; € f,

afi

fi(@+6%) = fi(Z) + ZA Bz, (Z) - 6% + O(67%), (4.42)
Tn €T
which in vector form yields . . .
f(@+40%) = f(Z) + J§(2)dZ, (4.43)
where J; is the Jacobian of f defined as
of ofr
8901 e a(Ek
Jp=1| 1 . Sl (4.44)
Ofm Ofm
oxq e oz

Consider the situation where we have an approximation of the root #,, and we want a better approxi-
mation &, 1 such that

]?(fn+1) =0, (4-45)
then using equation (4.43) we get

f(f’ﬂJrl) ~ (_‘n) + f(fn)(fnJrl - xn)a
0~ (&) + J7 (Tn)Tas1 — T (Fa)Tn,
Jf(fn)fnJrl ~ f(_’n)fn - (fn)

Thus we get an approximation of Z, 1 by solving

-

Tp (@) T g1 = Jp (@) T — f(En), (4.46)

which is a linear equation and therefore can easily be solved using linear algebra. So using this as
iterative step, we can deduce algorithm 5. It is important to note that this method is not robust
like the bisection method, meaning it can diverge and not find the root. Therefore it is important to
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specify a maximum amount of iterations N € N. For a more extensive account of the Newton method
and other numerical root-finding algorithms the reader is recommended to have a look at chapter 9
of the book “Numerical recipes in C: The art of scientific computing” by Saul Teukolsky and William
H. Press [14].

Algorithm 5 Newton method

Require: A real multivariate differentiable functions f : R¥ — R™, the Jacobian matrix of f, ff, an
initial guess of the root £y and N € N the amount of iterations.
forie {1,...,N} do
Solve(Jf(:E'i_l)fi = Jf(fi—l)fi—l - (fz—l))
end for

4.2.3 Pre-implemented algorithms

Nowadays, most programming languages have libraries for scientific work. Which most often include
a wide range of implemented root-finding algorithms. Using one of these implementations has the
big advantage that the implementation is generally highly optimized and therefore runs very fast. In
addition, a big advantage over implementing a root-finding algorithm yourself is that it is less prone
to bugs, as the code is checked by many more people than just yourself. In the rest of this text a pre-
implemented root-finding algorithm will be used, the next section will elaborate on the implementation
of the model and the algorithm used.
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5 Implementation

The model described in section 4 is implemented in a programming language called Python. This
chapter gives a short introduction to Python, after that two libraries used in the implementation are
discussed. The section concludes with a description of the actual implementation.

5.1 Python

Python is one of the most popular programming languages in the world[11]. The language was de-
veloped in the 1980s at the Centrum voor Wiskunde en Informatica in Amsterdam (Netherlands) by
Guido van Rossum. Nowadays it is used by big companies such as Google, large open-source projects
such as Blender?! and well known research institutions like CERN.

The main advantage of Python is the relative ease of use when compared to languages such as C and
Rust due to higher-level data structures and the fact that it is can be used as interpreted language.
Because of this ease of use it is an ideal language for fast prototyping and proof-of-concept programs.
Furthermore, because of the popularity of Python in combination with being open-source, many func-
tionalities not readily built in into the standard Python library are implemented in external libraries
such as the scientific ecosystem SciPy.

5.1.1 SciPy suite

According to SciPy.org “SciPy (pronounced ‘Sigh Pie’) is a Python-based ecosystem of open-source
software for mathematics, science, and engineering.” It consists of multiple open-source Python li-
braries and is widely accepted as the golden standard for computational- and scientific work in the
Python community. It can be viewed as the pythonic equivalent of Matlab, but combined with the
powerful constructs inherent to the Python language. Its features range from simple linear algebra to
signal processing to symbolic integration, and it also contains a comprehensive plot library.

5.1.2 NetworkX

According to NetworkX.github.io “NetworkX is a Python language software package for the creation,
manipulation, and study of the structure, dynamics, and functions of complex networks.” It is an
open-source Python library implementing data structures for graphs, directed graphs and even multi
graphs. Its data structures are very general purpose, any node and any edge can hold any type of
data, from single weights to large XML records. Though in this text only the data structures are of
interest, the package also allows for advanced analysis of graphs.

5.2 Pipe flow model implementation

In appendix B the source code of the implementation discussed here is given along with a usage
example. To make the implementation applicable for different pipe flow networks it is written as a
framework. Meaning the program is not written to solve one specific network, but rather to solve a
user specified network. This framework was implemented in the FlowNetwork class, so to create a new
network a new instance of this class has to be made. During initialization the fluid properties, density
(float) rho and dynamic viscosity (float) mu, can be supplied, they default to the properties of
water at 25°C and can later on be changed using their respective set methods.

21Blender is a very popular open-source 3D content creation suite. Link: www.blender.org
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The initializer returns a FlowNetwork instance which has methods such as addnodes and addcomponents
to add nodes and pipes to the network. A node can have two variables the external in- or outflow on

the node, (float) sin [%], and whether or not the node is a junction, (bool) junction. Note that

for each node one has to specifically state that it is a junction, this is done because the junction model
requires the angles of the pipes connected to this junction to be specified. Therefore, by introducing
the junction variable the user can choose to use the friction or no-friction model on a per junction
basis.

A component (or pipe) should have at least two variables, the cross sectional area of the pipe (float) A
in [m2] and the length (float) L in [m]. A component can however have up to 5 additional variables,

kg

—1>|, the in- and

the in- and outgoing pressure (float) pin and (float) pout respectively in [
outgoing angle with the node reference axis, (float) thetain and (float) thetaout respectively in
[°], and lastly the mass flow rate through the pipe (float) m in {k—f} The variables of a component

can all be easily correlated with the variables in section 4.

After the network has been input properly in the FlowNetwork instance the network can be prepared
for numerical solving. This is done using the getunknowns method, this method takes the network
and checks for any missing variables. If any are found an initial value is added to the initials list and
their place in the graph in combination with their index in the initials list is saved to a dictionary
object??. The method returns the dictionary object and the initials list.

The initials list is used to solve the network using a numerical solver such as scipy.optimize.root
of the SciPy suite. Such a solver needs a residue function to find the root of, for the FlowNetwork
instance this residue function is given by the residue method. This method is an implementation of
algorithm 3 with some additional functionalities such as falling back to a no-friction model when the
junction is not specified or the reference inlet cannot be established.

After the numerical solver is done, the getresult method returns a new FlowNetwork instance con-
taining the numerically determined values. The info method of the resulting FlowNetwork instance
can then be used to get the info from the nodes or the pipes or both. Which concludes the elaboration
on a typical usage of the implementation.

To conclude this section an implementation choice of the framework has to be highlighted. Namely,
both the pipe model as the junction model have been implemented using static functions. This implies
that they can be interchanged with other models by calling their respective set methods setPipeModel
and setJunctionModel. This functionality allows for testing of other pipe flow- or junction models
with this framework.

22In layman’s terms a dictionary object is a list which relates specific indices to data, just like an ordinary dictionary.
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6 Comparison of the simple model and the model with junc-
tion integration

In this section the pipe flow network model with junction model, introduced in section 3.4, will be
compared to the pipe flow network model without junction model, or more precisely with the no
friction model. This is important because from the comparison the added value of incorporating the
junction model can be determined. And even more important, using the data presented here a feeling
can be developed for which situations lead to a significant difference to use the junction model. For
the comparison the implementation as described in section 5 will be used.

6.1 Results

To obtain results consider a T-junction with a straight horizontal main pipe from a to ¢ with a constant
cross sectional area of 1 m2. In the middle of the main pipe a branch pipe is connected making an
angle of # with the side of a, and implicitly an angle 7 — € with the side of ¢. The cross sectional area
of bis A in [mﬂ. The centre of the junction which arises is called j. The lengths of the pipes are all
L in [m], thus,

Laj=1Lpj=Lej=1L (6.1)

Now that the structure of the network is set, we can focus our attention on the fluid flow inside
the network. The network is filled with water at 25°C' from which we can derive that the density
p= 997.08% and dynamic viscosity u = 9.00 - 1074 Pa s where we assume to work in the order of 1
atmospheric pressure[9]. We also assume the external in-/outflow to be known at a and b thus s, and
sp are known and we assume the static pressure at the entrance of pipe (a, j) to be (Pm)% ;= 10° Pa.

Lastly, we assume that there is no external in-/outflow at the junction so s; =0 % This situation is
summarized in figure 6.1.

Using this network we can get an insight in when the incorporation of a junction model into a pipe
flow network model yields substantial differences in the result. This is done by solving the network
using the implementation in section 5. On first sight the most influential factor will probably be the
length of the pipes in the network L because the total static pressure loss in the network is made up
out of the pressure loss due to junctions and due the pipe friction which is proportional to the pipe
length. In figure 6.2a the pressure loss AP = (Pin)a,j — (Pout)b,j is plotted against the length of the
pipes in the network L for different values of the external in-/outflow at b, sp. In the figure s, = 10
%,A:lm2 and 6 = 90°.

Figure 6.2a clearly shows that, at least for higher values of s;, there is a significant difference in pressure
loss between the two models. The junction model increases the pressure loss over the network, which
is to be expected as the fluid loses energy due to geometric friction in the junction. On the other hand,
the pipe length, L, seems to have no influence on the absolute pressure loss difference between the
two models. However, as the total static pressure loss increases linearly with the pipe length and the
pressure loss difference is constant throughout, the pipe length should have an impact on the relative
pressure loss difference.

To further investigate this the relative pressure loss difference, defined by

A-Pfriction - A-Pnoff'r'iction (6 2)

A]D’no—friction

is plotted against L in figure 6.2b. Note that the lines of this figure start at L = 20 m because the
relative pressure loss difference becomes very big as L goes to zero because the pipe friction goes to
zero. Figure 6.2b clearly shows what was expected, namely that the relative difference goes to zero as
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Figure 6.2

L becomes large. However, especially for large s, the relative pressure difference is very significant,
more than 10%, for L < 600 m and even longer than that.

Apart from the pipe length, other quantities are believed to play a role in the pressure loss difference.
For example, for smaller angles between a and b, 8, the fluid has to make a sharper bend and therefore
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the pressure loss would intuitively become bigger. To illustrate these effects the relative pressure loss
difference is plotted against the angle between a and b, 6, in figure 6.3a for various values of s,. In
the figure s, = 10 k—f, A =1m? and L = 200 m. The aforementioned effect is clearly visible in the
figure, especially for s, = —10 ks—g where the junction model adds approximately 30% extra pressure
loss to the system for small angles. Another thing to note is that for s, = —10 %, where there is only
flow from a to b, the relative pressure loss difference goes to 0 as 6 approaches 180°. Thismplies that
the junction model does not impose any geometrical effects which is intuitive because the ”junction”,
geometrically, approaches a pipe. However, note that for s, # —10 % this is not the case which is
probably due to the interaction of the flow from a to b with the flow between a and ¢ or b and c. Lastly,
another interesting result is the negative relative pressure loss for s, = —1 % at large angles. Which
could be due to a pressure applied by the 9 times bigger flow from a to ¢ which has to be countered or
it could be an artefact in the model, further comparison with experiments, which is out of the scope
of this text, should bring closure in this matter.

Another quantity of interest is the cross sectional area ratio between pipe a and pipe b,

1
A b
because a pipe flow network can be made up of a lot of different sized pipes. Therefore, the relative
pressure loss difference is plotted against the cross sectional area of pipe b, A, in figure 6.3b, again
for different values of s,. The figure shows that the relative pressure loss difference has a peak cross
sectional area which is dependent on s. This can be explained by considering that, according to the
Darcy-Weisbach, the pressure loss over a pipe is proportional to u2, where u is the average flow velocity
through a the pipe. Now because

Yap = (6.3)

o
=1,
the pressure loss due to pipes for A < 1 is approximately proportional?? to A~2. Now by considering
the junction to be a contraction for A < 1 literature [9] states that the pressure coefficient is propor-
tional to A. Therefore, the pressure loss due to the junction is more in the order of A=!. This implies
that the pressure loss due to the pipes will dominate the pressure loss of the system, and therefore
the relative pressure loss difference will go to 0 for A < 1. For A > 1 the junction functions as an
enlargement. Then according to literature[9] the pressure coefficient is approximately proportional to
(1- %)2 which implies that the pressure loss due to the junction is approximately proportional to A~2
and goes to zero for A > 0. This inherently means that the relative pressure loss difference goes to
zero for A > 0.

m (6.4)

We conclude this section by observing one last quantity. From the plots above we observe that s; has a
large influence on the relative pressure loss difference. Therefore, figure 6.4 shows a plot of the relative
pressure loss difference over a and b versus the external mass outflow in b, s;. In the figure s, = 10 %,
A =1m? and 0 = 90°. From the figure it is clearly observed that the relative pressure loss difference
increases with the decrease of s?*. This can be explained by considering that the mass that flows out
of the network at s, has to go through the junction. In the junction it changes direction, by 90° to be
exact, and in that process energy is lost in the form of a pressure loss. The higher the mass flow rate
the more momentum the fluid has in the junction and the more force has to be exerted by the junction
to “bend” the flow. Thus the more energy in the form of pressure is dissipated in the junction.

Figure 6.4 also shows negative relative pressure loss difference for s, > —5. Note that because s, = 10,
sp > —b implies that s. < —b thus the flow in the junction from a towards c is bigger than the flow
from a to b. Then it could be that additional pressure has to be applied at b to keep the fluid from
flowing towards it. Note that this is only an interpretation and experiments should establish whether
this kind of this negative relative pressure loss difference even occurs in practice.

23Note that this is a mere approximation and in most cases the Darcy friction factor is also a function of A.
24Note that s is negative in the plot.
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7 Conclusion

This text introduces a steady-state pressure loss model for flat horizontal junctions with arbitrary
amounts of in-/outlets and incompressible single phase flow. From the literary research concerning
junction models can be concluded that the quantities with most influence on the pressure loss due to a
junction are the mass flow rate ratios, cross sectional area ratios and angles between inlets and outlets
in the junction. The model that was derived using this information shows agreement with an existing
model that is verified with experimental data. Furthermore the model shows promise of improving the
existing model, this however should be verified with experimental data.

Using the aforementioned junction model, the mass continuity equation and the Darcy-Weisbach equa-
tion a pipe flow network model is derived. This model can solve the flow in an arbitrary pipe flow
network if the geometric properties of the network, the fluid properties and enough data about the
flow are provided.

Using a Python implementation of the pipe flow network model the model is compared to a model
for pipe flow networks where the pressure loss due to junctions is neglected. The comparison shows
that using the new pipe flow network model yields different results when pipe lengths in the network
average to less than 600 meters, and the difference becomes greater with smaller angles and a higher
mass flow rate. It should however be noted that the pipe flow network model is not compared to
experimental results, and therefore it is hard to say whether the new model yields an improvement
over the model without junction friction.

For future research it is highly recommended to compare the here proposed model to experimental
results. This would help to verify the model and could lead to more insight in multi pipe junctions
and their influence on flow in a pipe flow network. In addition, mathematical properties such as the
well-posedness of the model should be determined to form rigorous notion about how well the model
behaves under all circumstances. Lastly, the model could be used to solve large networks again to
observe its behaviour in a more complex setting.
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A  Junction model extension for n inlets and m outlets

In section 3 a pressure loss model for junctions with arbitrary amounts of in-/outlets is derived.
However, the derivation only accounts for either one inlet and multiple outlets, or one outlet and
multiple inlets. This appendix will give an extension to n inlets and m outlets. Note that during the
derivation it will be assumed that any inlet can flow to any outlet, in reality this does not have to be
true as flows can not cross each other.

Consider a junction with n inlets and m outlets, call the set of inlets I and the set of outlets O conform
section 3. Then we can define the total mass flow to be

M=> ;=Y 1y (A.1)
iel jeo
where 1; is the mass flow rate in in-/outlet ¢ and the last equality is a result of mass continuity in
combination with an incompressible fluid.

Now consider an outlet j € O. We can assume that every inlet i € I of the junction has a flow towards
j proportional to its total mass flow rate. Thus an inlet with a large mass flow rate supplies more
mass to ¢ then an inlet with a small mass flow rate. Mathematically this can be formulated as

’n.’LZ"j = Q- ?’hi, (AQ)

where 1 ; is the flow from inlet ¢ to outlet j and o € R is the proportionality factor. Note that the
sum of the mass flow rates toward j has to be equal to the mass flow rate of j, thus

_my
o = Wi .
Therefore, o
T = % V(i,§) € I x O. (A.3)

Note that r; < M, which implies 7, ; < 71, and similarly rn; < M implies 1, ; < 1.

Now consider an arbitrary combination of inlet and outlet, (¢, j) € I x O. Then the flow from i to j is
given by equation (A.3). But as r; ; < 7i7; there must exist a part A’; of the cross section A; such that
all flow from ¢ goes through that cross sectional area A;. Similarly, there must exist and A} < A; such
that all flow going towards j must go through that. This situation is schematically drawn in figure
A.1. Note that we assume A} consists of one part and is as close to j as possible, and the same for A;
and ¢. Then by assuming radially uniform flow velocity we get

ey
WM

AQ'P'Ui:Ai'P'Ui%a
AL = A, M, (A.4)
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Figure A.1: A schematic representation of an inlet i and outlet j of a junction with n-inlets and
m-outlets.

and using an equivalent manner we get

(A.5)
Using the definition of the area ratio we get

/
o= i
2,7 /0
Aj

* M

S
A5t

_ Aimi

B A,

= —,
Ajmi

Vi =i

Now by considering the surface A} to be an inlet and A; to be an outlet of a junction with only
combining or separating flow, which we can do because q;j =1 in that case, we can use the model of
section 3. From which it follows that

1 3
Cla =1~ g, (fe-9).

1 3
=1—-———cos|-(mr—0)],
Vi -1 (4 ( ))
C'{’j =Cij, (A.6)

and therefore the model as derived in section 3 can be used for a junction with n-inlets and m-outlets,
given that the crossing of flows is neglected.

53



B Implementation source-code

The pipe flow junction model with the junction model of section 3.4 incorporated has been implemented
in Python. The implementation has been built as a framework allowing for easy solving of arbitrary
networks. An example setup for a three pipe junction network is given in source-code 1. The framework
itself is printed in source-code 2.

The code is also available at: https://github.com/realtwister /FlowNetworkLibrary

Source-code 1: Use case for the pipe flow junction model with junction model incorporation. Consisting
of a three pipe junction network.

from FlowNetworkOnEdge import = # Import the framework

from scipy.optimize import root # Import the numerical solver

N = FlowNetwork () # Create the class instance
N.addnodes ([ ('a',{'s' : 1}, ('b',{hH, (', {H # Create three nodes a,b,c with node c

# having inflow 1 kg/s

N.setJunction('J") # Create a new node j and set it to be a
# junction, this implies that the inflow
# on this node is 0 kg/s

N.addcomponents ([ ('a', 'j', {'A':1, 'pin':0,'thetaout': 0}),
(‘c', "3',{'A": 1, 'thetaocut': 180}),
('‘b', '3, {'A':1,'pin':0, 'thetaout': 90} 1) # Add the components with their

# respective angles
(dict, vec) = N.getunknowns (True) # Get the initials list

sol = root (N.residue, vec,method='krylov') # Solve the system using the Newton-
# Krylov algorithm

result = N.getresult () # Get the results network

print result.info (True, True) # Print the final network.

Source-code 2: Implementation of the pipe flow network model with junction model incorporation as
described in algorithm3

import networkx as nx

import collections

import numpy as np

from scipy.special import expit as sig
from collections import defaultdict
from copy import deepcopy

class FlowNetwork:
"""Base class for flow networks"""

def __init__(self, rho=998.0, mu=8.9 % 10 %% -4, nodes=None) :
"""Initialize a flowNetwork by creating a graph from the nodes and setting rho and mu.

Args:
rho (float): Density
mu (float): Dynamic viscosity
nodes (Nodes datatype): Nodes to add directly

nun

self.rho = rho # Density of the fluid
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self.mu = mu # Dynamic viscosity of the fluid

self.graph = nx.DiGraph (nodes)

self.junctionmodel = self.standard-junctionmodel

self.pipemodel = self.standard_pipemodel

# Specify standard variables for nodes and components

self.nodevVariables = {'s': 0}

self.componentVariables = {'A': 1.0, 'm'": 1.0, 'pin': 1.0%10%x%5, 'pout': 2.0*10**5}
self.translation = {}

self.vec=[]

def addnodes (self, nodes):
"""Add nodes to the flowNetwork.
:param nodes: the nodes to add
if not isinstance (nodes, collections.Iterable):
# Add single node
self.graph.add-node (nodes)
elif isinstance (nodes, tuple):
# Add nodes with data
if not isinstance (nodes[0], collections.Iterable):
# Single node with data
self.graph.add.-node (¥nodes)
else:
# List of nodes with same date
self.graph.add-nodes_from(nodes[0], **nodes[1l]
else:
# Add any list of nodes
self.graph.add-nodes_from(nodes)

def addcomponents (self, edges):
"""Add components to the flowNetwork.

Args:
edges (multiple): the components to add
if isinstance (edges, tuple):
if isinstance(edges([0], list):
# Add multiple edges with same data
self.graph.add-edges_from(edges[0], **edges[l]
else:
# Add single edge
self.graph.add_-edge (xedges)
else:
# Add multiple edges with or without own data
self.graph.add_edges_from(edges)

def setJunction(self, nodes):
"""Set a specific node to be a junction

Args:
nodes (String):

nun

for node in list (nodes) :
self.addnodes ((node, {'junction': True, 's': 0}))

def setJunctionModel (self, func):
"""Set the junction model to use

Args:

func (reference): reference to the function to use.
wnn

self.junctionmodel=func

def setPipeModel (self, func):
"""Set the junction model to use

55



def

def

Args:

func (reference):

nun

self.pipemodel=func

getJunction (self,

nun

node, vec):

Args:
node (node type): The node to get the junction for
vec (object): The variable vector
wwn
junction = {'in': [], 'out': []}
for component in self.graph.in_edges_iter (node[0],data=True) :
direction 'in'
m = self.getval ((component[0], component[l]), vec, 'm'")
if m< 0:
direction = 'out'
m x= -1
junction[direction].append({'theta': (component [2] ['thetaout'] if 'thetaout'
'p': self.getval ((component[0], component[l]),
'm': m,
'A': self.getval ((component[0], component[l]),
for component in self.graph.out_edges_iter (node[0], data=True):
direction = 'out'
m = self.getval ((component[0], component[l]), vec, 'm')
if m < 0:
direction = 'in'
m x= -1
junction[direction].append({'theta': (component [2] ["thetain'] 1f 'thetain'
'p': self.getval ((component[0], component[l]),
'm': m,
'A': self.getval ((component[0], component[1l]),

return junction

getunknowns (self, vector=False):

reference to the function to use.

Get the junction type as used by the junction model for the given node.

"""Find the unknowns of the network and create a vector with initial wvalues

'components':

defaultdict (dict) }

:return: unknown dict, (solution vector)
Args:
vector (bool): should the initial value vector be returned?
unknown = {'nodes': defaultdict (dict),
vec = []
i=20
for key, value in self.nodeVariables.iteritems():
n=0;
sum=0;

for node in self.getnodes (True) :
if key in node[l]:
sum+t=np.abs (node[1l] [key])
n+=1;
if n>0:
self.nodeVariables[key] =
#print self.nodeVariables
for node in self.getnodes (True) :

sum/n;

# For every node check if all keys have a value,

# vector entry

if not create a

for key, value in self.nodeVariables.iteritems():
if key not in node[1l]:
unknown [ 'nodes'] [node[0]] [key] = 1
vec.append (value)
i+=1

vec,

vec,

in component[2]

vec,

vec,

56

in component [2]

'pout'),

A}

'pin'),

A}

else

else 0O



for key, value in self.componentVariables.iteritems() :
n=0
sum=0
for component in self.getcomponents (True) :
# For every component check if all keys have a value, if not create a
# vector entry
if key in component[2]:
sum+=np.abs (component [2] [key])

n+=1;
if n>0:
self.componentVariables[key] = sum/n;
elif key is 'm':
self.componentVariables[key] = self.nodeVariables['s'];

#print self.componentVariables
for component in self.getcomponents (True) :
# For every component check if all keys have a value, if not create a
# vector entry
for key, value in self.componentVariables.iteritems() :
if key not in component[2]:
unknown [ 'components'] [ (component [0], component[1l])][key] = 1
vec.append (value)
i4+=1
self.translation = unknown
self.vec = vec
if vector:
return unknown, vec
return unknown

def getresult (self, vec):
result = deepcopy (self)
if self.translation is {}:
print 'Error: network unknowns are unknown.'
return False
for node in self.translation['nodes']:
for (k,v) in self.translation['nodes'] [node].iteritems() :
#print node
#print k
result.addnodes ( (node, {k:self.getval (node, vec, k)}))
for component in self.translation['components']:
for (k,v) in self.translation(['components'] [component].iteritems() :
result.addcomponents([(component[O},component[l],{k:self.getval((component[O], component [1]),
return result

def setrho(self, rho):
""" Set the fluid density

Args:
rho (float): fluid density

nun

self.rho = rho

def setmu(self, mu):
""" Set the fluid dynamic viscosity

Args:
mu (float): Fluid dynamic viscosity

wwn
self.mu = mu

""" Cost Functions"""

def residue (self, vec=None) :

nun
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def

The root function of the flowNetwork.

Args:
vec (list): the solution vector

cost = []

self.vec = vec

for node in self.getnodes (True) :
# Conservation of mass for every node.
# add source
masseq = self.getval(node[0], vec, 's'")
if 'Junction' in node[l]:

junceq = self.callJunctionModel (node, vec)

else:

junceq = self.callJunctionModel (node, vec, junction= False)

for component in self.graph.in_edges_.iter (node[0]):

# add incoming mass flows

masseq += self.getval ((component[0], component[1l]),
for component in self.graph.out_edges_-iter (node[0]) :

# subtract outgoing mass flows

masseq —-= self.getval ((component[0], component[1l]),

#print 'continuity:'+str (masseq)
cost.append (masseq)
cost.extend (junceq)

for component in self.getcomponents(True, False):
# Pressuredrop over every component
# calculate pressure drop (k*( m/A)"2)
1 =1.0 if '"1"'" not in component([2] else component[2]['1l"
cost.append(self.pipemodel (
pin=self.getval ( (component[0], component[l]), vec,
pout=self.getval ( (component [0], component[l]), vec,

m=self.getval ((component[0], component[l]), vec, 'm'
A=self.getval ( (component [0], component[l]), vec, 'A'
1=1,

rho=self.rho,
mu=self.mu))
return cost

noJunctionResidueModel (self, node, vec):

vec, 'm'")
vec, 'm'")
]

pin'),
'pout'),

)I
)7

""" Calculate the residue in case of no junction, all pressures should be the same.

Args:
node (node type): The junction node
vec (list): The solution vector
ps = []
for component in self.graph.in_edges_-iter (node[0]):
# add incoming mass flows
ps.append(self.getval ( (component [0], component[l]), vec,
for component in self.graph.out_edges_iter (node[0]):
# subtract outgoing mass flows
ps.append(self.getval ( (component [0], component[l]), vec,
eq = []
for i in range(len(ps) - 1):
eq.append(ps[i] - ps[i + 17)
return eq

callJunctionModel (self, node, vec, Jjunction=True):

""" Call the set Jjunction model and return residue

Args:
node (node type): The junction node
vec (list): The solution vector

"pout'))

'pin'))
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if junction:
return self.junctionmodel (self.getJunction (node, vec), self.rho)
return FlowNetwork.nofriction_junctionmodel (self.getJunction(node, vec), self.rho)

@staticmethod
def nofriction_junctionmodel (junction, rho):
""" Calculate the residue of the function according to the no friction model.

Args:
junction (junction type): The Jjunction
rho (float): Fluid density

nun

egs = []
if len(Jjunction['in'])>0:
ref = junction['in'][O0]
junction['in'] .pop (0)
else:
ref = junction['out'][0];

junction['out '] .pop (0)
for i in junction['in']:
egs.append(ref['p']-i['p'])

for j in Jjunction['out']:
eqgs.append(ref['p']-J['p'])
return egs

@staticmethod
def standard_junctionmodel (junction, rho):
""" Calculate the residue of the function according to the new model.

Args:
junction (junction type): The Jjunction
rho (float): Fluid density
junction = junction.copy ()
egqs = []
if len(junction['in'])<1:
#print 'no ref'
return FlowNetwork.nofriction_junctionmodel (junction, rho)
ref = junction['in'][O0];
junction['in'] .pop(0)
for j in junction['out']:
uj = 30'm'] / (J['A'] = rho)
g = Jjl['m"'"] / ref['m'] #TODO: Deling door nul
psi = ref['A'] / J['A"]
theta = np.abs((180-np.abs(ref['theta'] - Jj['theta']) % 360)-180) * np.pi / 180.0
#print 'theta:'+str (theta/np.pi*x180)
egs.append(ref['p']-Jj['p']-FlowNetwork.C(uj, g, psi, rho, theta) x rho x uj *x 2)

0
for j in Jjunction['out']:
M J['m'] #TODO: kan nul worden

+
I

for i in junction['in']:
sol = i['p']l-ref['p']
for j in junction['out']:
uj = Jjl'm'] / (JI['A"] % rho)
[

g=30'm'] / il'm']
psi = i['A'] / JI['A']

theta = np.abs((180-np.abs(i['theta'] - j['theta']) % 360)-180) » np.pi / 180.0
# print 'theta:'+str(theta/np.pi*180)

gref = jl'm'] / ref['m']
psiref = ref['A'] / J['A"]
thetaref = np.abs((180-np.abs(ref['theta'] - j['theta']) % 360)-180) % np.pi / 180.0
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sol -= j['m'] / M » (FlowNetwork.C(uj, g, psi, rho, theta)-
FlowNetwork.C(uj, gref, psiref, rho, thetaref)) x rho » uj »x 2
egs.append (sol)

# return the equations
return egs

@staticmethod
def C(uj, g, psi, rho, theta):
""" Calculate the pressure difference in a junction

Args:
uj (float): flow speed of fluid in outgoing pipe
m (float): massflow ratio
psi (float): area ratio between pipes
rho (float): density of the fluid
theta (float): the angle between the pipes

return 1.0-np.cos(3.0/4.0*x (np.pi-theta))/ (psix*q)

@staticmethod
def standard.pipemodel (pin, pout, m, A, 1, rho, mu):
""" Calculate the pressure difference in a pipe

Args:
pin (float): pressure at ingoing pipe
pout (float): pressure at outgoing pipe
m (float): massflow through pipe
A (float): crossectional area of pipe
1 (float): length of pipe
rho (float): density of the fluid
mu (float): dynamic viscosity of fluid
Re = 2.0+np.abs(m)/ (mu*np.sqgrt (A+xnp.pi))
#print Re
f = sig(-4.5%x(Re/1000.0-3.0))*64.0/Re+sig(4.5% (Re/1000.0-3.0))*0.079/Rex*0.25
f = 64.0/Re
dp = pin - pout
if m<O:
dp = -1.0
return dp - fxlxm*%2/ (rhoxAx*2)+np.sqrt (np.pi/A)

"mv HELPER FUNCTIONS """

def getnodes(self, data=False):
return self.graph.nodes (data=data)

def getcomponents (self, data=False, node._data=False):
get all components of the network
:param data: Need data from components
:param node_data: Need data from nodes
:return: Components (with data)
components = self.graph.edges (data=data)
if node_data:
for n, component in enumerate (components) :
components[n] = ((component[0], self.graph.node[component([0]]),
(component [1], self.graph.node[component[1]]), component[2])
return components

def getval (self, obj, vec, key):

Get value if in graph otherwise get from solution
:return: the data asked for
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def

Args:
obj (object type): either the node or the component
vec (list): Solution vector
key (string): variable key

nnn

if not isinstance (obj, tuple):
if key in self.graph.nodelobj]:
return self.graph.node[obj] [key]
return vec[self.translation['nodes'][obj] [key]]

(a, b) = obj
if key in self.graphla] [b]:
return self.graphla] [b] [key]
return vec[self.translation['components'][obj] [key]]

info(self, nodes=False, edges=False):
""" Print some general info about the network.

Args:

edges (bool): print edges

nodes (bool): print nodes
# print (nx.info(self.graph))
if edges and nodes:

return (self.graph.edges (data=True),self.graph.nodes (data=True))
if nodes:

return {node[OJ:node[l] for node in self.graph.nodes(data=True)}
if edges:

return {(comp[O],comp[l]):comp[Z] for comp in self.graph.edges(data=True)}

print (nx.info(self.graph))
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